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MARCEL GROSSMANN AWARDS 


FIFTEENTH MARCEL GROSSMANN MEETING 


Institutional Award 


Planck Scientific Collaboration (ESA) (ESA) 


"for obtaining important constraints on the models of inflationary stage of the 
Universe and level of primordial non-Gaussianity; measuring with unprecedented 
sensitivity gravitational lensing of Cosmic Microwave Background fluctuations by 

large-scale structure of the Universe and corresponding Bpolarization of CMB, the 
imprint on the CMB of hot gas in galaxy clusters; getting unique information 
about the time of reionization of our Universe and distribution and properties of 
the dust and magnetic fields in our Galaxy." 
— presented to its Director General Johann-Dietrich Woerner 


Institutional Award 


Hansen Experimental Physics Laboratory (HEPL) at Stanford University 


“for having developed interdepartmental activities at Stanford University at the 
frontier of fundamental physics, astrophysics and technology.” 


Individual Awards 


Lyman Page 
“for his collaboration with David Wilkinson in realizing the NASA Explorer 
WMAP mission and who now leads the Atacama Cosmology Telescope as its 
project scientist.” 


Rashid Alievich Sunyaev 
“for the development of theoretical tools in the scrutinising, through the CMB, of 
the first observable electromagnetic appearance of our Universe.” 


Shing-Tung Yau 
“for the proof of the positivity of total mass in the theory of general relativity and 
perfecting as well the concept of quasi-local mass, for his proof of the Calabi 
conjecture, for his continuous inspiring role in the study of black holes physics .” 


Each recipient is presented with a silver casting of the TEST sculpture by the 
artist A. Pierelli. The original casting was presented to His Holiness Pope John 
Paul II on the first occasion of the Marcel Grossmann Awards. 
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FOURTEENTH MARCEL GROSSMANN MEETING 
Institutional Award 
European Space Agency (ESA) 
Individual Awards 


Frank Chen Ny Yang, Tsung Dao Lee, Ken'ichi Nomoto, Martin Rees, 
Yakov G. Sinai, Sachiko Tsuruta 


THIRTEENTH MARCEL GROSSMANN MEETING 
Institutional Award 
ALBANOVA UNIVERSITY CENTER, STOCKHOLM 
Individual Awards 


David Arnett, Vladimir Belinski and Isaak M. Khalatnikov, Filippo Frontera 


TWELFTH MARCEL GROSSMANN MEETING 
Institutional Award 
Institut des Hautes Études Scientifique (IHES) 
Individual Awards 


Jaan Einasto, Christine Jones, Michael Kramer 


ELEVENTH MARCEL GROSSMANN MEETING 
Institutional Award 
Freie Universitàt Berlin 
Individual Awards 


Roy Kerr, George Coyne, Joachim Triimper 


TENTH MARCEL GROSSMANN MEETING 
Institutional Award 
CBPF (Brazilian Center for Research in Physics) 
Individual Awards 


Yvonne Choquet-Bruhat, James W. York, Jr., Yval Ne'eman 


NINTH MARCEL GROSSMANN MEETING 
Institutional Award 
The Solvay Institutes 
Individual Awards 


Riccardo Giacconi, Roger Penrose, Cecile and Bryce DeWitt 
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EIGHTH MARCEL GROSSMANN MEETING 
Institutional Award 
'The Hebrew University of Jerusalem 
Individual Awards 


Tullio Regge, Francis Everitt 


SEVENTH MARCEL GROSSMANN MEETING 
Institutional Award 
'The Hubble Space Telescope Institute 
Individual Awards 


SUBRAHMANYAN CHANDRASEKHAR, JIM WILSON 


SIXTH MARCEL GROSSMANN MEETING 
Institutional Award 

Research Institute for Theoretical Physics (Hiroshima) 
Individual Awards 


Minora Oda, Stephen Hawking 


FIFTH MARCEL GROSSMANN MEETING 
Institutional Award 
The University of Western Australia 
Individual Awards 


Satio Hayakawa, John Archibald Wheeler 


FOURTH MARCEL GROSSMANN MEETING 
Institutional Award 
'The Vatican Observatory 
Individual Awards 


William Fairbank, Abdus Salam 


Fig. 1. TEST: sculpture by Attilio Pierelli 
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PLANCK SCIENTIFIC COLLABORATION (ESA) 
presented to Jean-Loup Puget, the Principal Investigator of the High Frequency Instrument (HFI). 


"for obtaining important constraints on the models of inflationary stage of the Universe and level of 
primordial non-Gaussianity; measuring with unprecedented sensitivity gravitational lensing of Cosmic 
Microwave Background fluctuations by large-scale structure of the Universe and corresponding B- 
polarization of CMB, the imprint on the CMB of hot gas in galaxy clusters; getting unique information about 
the time of reionization of our Universe and distribution and properties of the dust and magnetic fields in 
our Galaxy" 


Planck ESA's mission, 
was designed to image 
the temperature and 
polarization 
anisotropies of the 
CMB over the whole 
sky, with unrivalled 
angular resolution and 
sensitivity, pushing the 
technology to 
unprecedent limits. In 
the framework of the 
highly precision 
experimental 
cosmology the legacy 
Planck results on 
: testing theories of the 
Photo of the Planck satellite early universe and the Planck focal plane (Courtesy of ESA) 
(Courtesy of ESA). origin of cosmic 

structure, has provided a major source of information crucial to many 
cosmological and astrophysical issues. Planck carried out two instruments: 
- the High Frequency Instrument (HFI), Principal Investigator: Jean Loup Puget; 
- theLow Frequency Instrument (LFI), Principal Investigator: Nazzareno Mandolesi. 
The instruments were complementary and using different technology to cross check independently final 
results and systematic errors. They worked together to produce the overall mission results. The Planck space 
mission (ESA) has been a wonderful example of Team effort in a large international collaboration, involving 
scientific, technical and managerial aspects. The unprecedented accuracy of the Planck measurements have 
established new standards in the determination of fundamental cosmological parameters, as well as new 
insight in Galactic and extragalactic astrophysics. The Planck full-sky maps in temperature and polarization 
will remain a lasting legacy for at least dozen years to come. More than 100 papers signed by Planck 

E collaboration have already 30 000 KE 

citations in scientific literature. The 
success of Planck HFI and LFI would 
not have been possible without the 
contribution of a large number of 
talented and dedicated scientists and 
engineers from many countries of 
Europe, USA and Canada. HFI was 
designed to produce high-sensitivity, 
multi-frequency measurements of the 
diffuse radiation permeating the sky in 
all directions in the frequency range of 
84 GHz to 1 THz cooled at 100 mK. 
The instrument consisted of an array 
of 52 bolometric detectors placed in the focal plane of the telescope. LFI, a microwave instrument, was 
designed to produce high-sensitivity, multi-frequency measurements of the microwave sky in the frequency 
range of 27 to 77 GHz. The instrument consisted of an array of 22 tuned radio receivers located in the focal 
plane of the telescope, cooled at 20 K. 


Jean Loup Puget - PI of the HFI. Nazzareno Mandolesi - PI of the LFI. 
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HANSEN EXPERIMENTAL PHYSICS LABORATORY AT STANFORD UNIVERSITY 


presented to Leo Hollberg, HEPL Assistant Director 


"to HEPL for having developed interdepartmental activities at Stanford University at the frontier of 


fundamental physics, astrophysics and technology" 


Brief History of Stanford's HEPL and Ginzton 
Laboratories 


In 1947, working in the Stanford Physics 
Department's Microwave Lab, Physics 
Professor, William W. Hansen and his 
research team, along with Assistant 
Professor of Physics and microwave 
expert, Edward L. Ginzton, completed 
development on the world's first traveling 
wave electron linear accelerator. Dubbed the Mark I (see 
photo) it generated a 1.5 million electron volt (MeV) beam. 
Hansen's entire report to the U.S. Office of Naval Research 
(ONR) that funded the project was just one sentence: "We 
have accelerated electrons." 

This successful first step in linear electron acceleration 
spawned the birth of Stanford's High Energy Physics Lab 
(HEPL) and Ginzton labs. In 1990, HEPL was renamed the 
WW Hansen Experimental Physics Lab (also HEPL). 
HEPL and Ginzton were setup as Stanford’s first 
independent labs. They were organized to facilitate cross- 
disciplinary research, enabling scientists, engineers, staff 
and students to work towards common research goals using 
cutting edge lab equipment and technologies on medium- 
scale projects. For the past 70 years, the HEPL and Ginzton 
Labs have spearheaded Stanford's leadership in cross- 
disciplinary physics and become nurturing homes to a 
variety of physics-based, research projects: including the 
following examples: 


Robert H ofstadter’s Nobel Prize & Later Work 

In 1961, Stanford Professor Robert Hofstadter was awarded 
the Nobel Prize for his HEPL Mark III Linear Accelerator 
work on nuclear form factors (nucleons). In the 1980s, 
Hofstadter became interested in astrophysics and helped 
design the EGRET telescope in the NASA Compton 
Gamma Ray Observatory (CGRO). 


Probe B (GP-B 

In 1959, Physics Department Chair, 
Leonard Schiff, became interested in 
using gyroscopes in a satellite to measure 
the Earth's geodetic effect and the 
miniscule frame-dragging effect 
predicted by Albert Einstein's general 
theory of relativity. Schiff discussed this 
project with Stanford cryogenic 
physicist, William Fairbank, and gyroscope expert, Robert 
Cannon (Aero-Astro department). 

In 1962, Fairbank invited post-doc, Francis Everitt, to join 
the research effort. The team sent a proposal to NASA’s 
Office of Space Sciences requesting funding to develop 
gyroscopes and a satellite to carry out this unprecedented 
test. It took 40 years of R&D at Stanford and other places to 
create and ready the cryogenic satellite and all of its 
cutting-edge technologies for launch. In 1975, Leonard 
Schiff moved the GP-B program to HEPL, breathing new 
life into the lab. In 1981, Francis Everitt became Principal 
Investigator, a position he still holds. In 1984, Brad 


Gravi 


200 francis Everitt (ett) and Brad 
Parkinson holding o GP-B gyro 


Parkinson became Project Manager and a Co-PI, along with 
Co-PI’s John Turneaure and Daniel DeBra. 

On 20 April 2004, GP-B launched from Vandenberg AFB 
into a polar orbit. Data collection began on 28 August 2004 
and lasted 50 weeks. Data analysis took five years in order 
to remove confounding factors in the data. The final results, 
published in PRL on 31 May 2011, yielded highly accurate 
geodetic and frame dragging measurements, with 0.2896 
and 19% margins of error, respectively. 


GPS Spinoffs from GP-B 

In the 1990s, Brad Parkinson's research on GPS solutions 
for positioning the GP-B satellite led to two revolutionary 
spin-off projects: 1) Wide Area Augmentation System 
(WAAS) provides highly precise positioning accuracy and 
itegrity for navigation and the automatic landing of 
airplanes and 2) Precision Farming adding GPS technology 
to tractors has enabled the automation of many aspects of 
farming and has spawned a $1 billion/year industry. 


Fermi Gamma Ray SpaceT elescope (GL AST) 

Stanford Physics Professor, Peter 
Michelson, is a former HEPL Director and 
the Principal Investigator for the Large 
Area Telescope (LAT) on board NASA's 
Fermi Gamma Ray Space Telescope, the 
successor to CGRO/EGRET. Launched on 
11 June 2008, Fermi has been highly 
successful mapping the gamma-ray sky. Under Michelson's 
guidance, HEPL’s collaborations with Italy are 
noteworthy. The development of cryogenic bar detectors of 
gravitational waves, in collaboration with Edoardo Amaldi 
and his colleagues, established new stringent upper limits to 
the gravitational waves incident on the Earth. Likewise, the 
Fermi LAT was developed by a collaboration between 
Italian INFN and ASI, NASA, and international partners in 
France, Japan, and Sweden, and used tracking detectors 
developed, integrated, tested, and qualified for the mission 
by Italy. GP-B provided the first evidence of frame- 
dragging on a spinning, superconducting gyroscope. The 
Fermi detector offers the potential of seeing, through the 
GeV emission in the Binary Driven Hypernova subclass of 
long GRBs, the emission from a newly born Black Hole, 
originating in the induced gravitational collapse of a 
supernova hypercritically accreting on a binary neutron star 
companion. 


Robert Byer'sLIGO and ACHIP Projects 

—-— Robert Byer, former Stanford Dean of 
Research and former HEPL Director, nurtured 
the GP-B, GPS and Fermi programs to 
success during his tenure. He is currently an 
Applied Physics Professor specializing in 
lasers and optics. His LIGO Group provided 
seismic isolation, coatings and materials for the LIGO 
observatories. His ACHIP project is developing a particle 
accelerator on a microchip—bringing the HEPL/Ginzton 
Labs full circle to — Hansen's 1947 research. 


Peter Michelson, Fermi 
LAT Principal investigator 


Professor Robert Byer 
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Professor LYMAN PAGE 


"for his collaboration with David Wilkinson in realizing the NASA Explorer WM AP mission and as founding 
director of the Atacama Cosmology Telescope" 


k Y. 

Lyman Page David Wilkinson 
This award is given in recognition of Lyman Page's pivotal role in transforming cosmic microwave 
background observations into a high-precision experimental science over the past two decades. In particular 
Page provided major contributions to the success of the Wilkinson Microwave Anisotropy Probe (WMAP) 
space mission, which delivered outstanding measurements of the CM B anisotropy and polarization pattern. 
Heis now continuing his effort by promoting a new generation of experiments like the A tacama Cosmology 
Telescope to study CM B polarization to greater precision. 


The CMB, the faint afterglow of the Big 
Bang, is the most powerful probe of the 
early universe. From its study, we have 
learned the age of the universe, its major 
constituents, and have characterized the 
fundamental fluctuations in gravity that 
gave rise to cosmic structure. The desire 
&» to measure the CMB ever more precisely 

, has driven the development of 
extraordinary detectors and techniques 
which will be reviewed in the Lectio 
Magistralis by Lyman Page. He will 
describe what we might hope to learn 
from the CMB in the next decade, 
including detecting gravitational waves 
from the birth of the universe if they exist 


Photo of the Atacama Cosmology Telescope at sufficient amplitude. 
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Professor RASHID ALIEVICH SUNYAEV 
"for the development of theoretical tools in the scrutinising, through the CMB, of the first observable 
electromagnetic appearance of our Universe" 


"m mm 


Rashid Sunyaev and 
Yakov Borisovich Zeldovich 


Rashid Sunyaev 


Rashid Sunyaev gave extraordinary contributions to the understanding of physical processes in the universe 
which identified new and uniquely informative targets for observational cosmology. In particular, the 
Sunyaev-Zeldovich effect, now observed in thousands of clusters of galaxies over the entire sky, has become 
a cornerstone of cosmology and extragalactic astrophysics, so much so that it is now considered a research 
field in its own right. Furthermore, Sunyaev's studies of processes in the early universe responsible for 
angular anisotropy and frequency distortions of the cosmic microwave background have left a profound and 
lasting legacy for cosmology. In particular, Sunyaev and Zeldovich predicted the presence of acoustic peaks 
in the CM B angular fluctuation power spectrum and the existence of baryonic acoustic oscillations. 

He is currently the project scientist leading the scientific team of the international high-energy astrophysics 
observatory Spektr-RG being built under the direction of the Russian Space Research Institute. 


Yakov Zeldovich and Remo Ruffini at the audience with Pope J ohn Paul II 
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Professor SHING-TUNG YAU 

"for the proof of the positivity of total mass in the theory of general relativity and perfecting as well the 
concept of quasi-local mass, for his proof of the Calabi conjecture, for his continuous inspiring role in the 
study of black holes physics" 


Shing-Tung Yau 


Shing-Tung Y au has made fundamental contributions to differential geometry which have influenced a wide 
range of scientific disciplines, including astronomy and theoretical physics. With Richard Schoen, Y au 
Solved a longstanding question in general relativity by proving that the combined total energy of matter and 
gravitational field in an asymptotically flat universe is positive. In 1982 Y au was awarded the Fields M edal, 
the highest award in mathematics, and in 1994 he shared with Simon Donaldson the Crafoord Prize of the 
Royal Swedish Society in recognition of his development of nonlinear techniques in differential geometry 
leading to the solution of several outstanding problems. 


Another outstanding achievement of Y au is his proof of the Calabi conjecture which allowed physicists to 
show that string theory is a viable candidate for a unified theory of nature. Furthermore in 2008 Y au (with 
M.T. Wang) introduced the concept of "quasi-local mass" in general relativity which can be of help to get 
around the old conundrum — the non-locality of the energy density in relativistic gravity. 


During his scientific carrier Y au had more than 50 successful PhD students. At present he is a professor of 
mathematics at Harvard University where along with research he continues many pedagogical activities. For 
example, he has created the "Black Hole Initiative", an interdisciplinary center at Harvard University 
involving a collaboration between principal investigators from the fields of astronomy (Sheperd Doeleman, 
Avi Loeb and Ramesh Narayan), physics (Andrew Strominger), mathematics (Shing-Tung Yau) and 
philosophy (Peter Galison). This "Black Hole Initiative" is the first center worldwide to focus on the study of 
the many facets of black holes. 


M G16 in 2021 will mark the 50" anniversary of the mass-energy formula for black holes based on the K err 
metric. This timing is an omen that Y au and his school will soon further enlarge our knowledge of this 
formula with their powerful mathematical analysis. 
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PREFACE 


'The Marcel Grossmann Meetings on Recent Developments in Theoretical and Ex- 
perimental General Relativity, Astrophysics and Relativistic Field Theories have 
always had the goal of bringing together scientists from all over the world enabling 
them to share recent developments in general relativity and cosmology, paying at- 
tention to the interplay between physical predictions and mathematical foundations. 

More than 800 scientists met at the University of Rome “la Sapienza” for the 
Fifteenth Marcel Grossmann Meeting (MG15) during the week of July 1-7, 2018 
to discuss theoretical topics and the status of the experimental testing and ob- 
servations of Einstein's theory of gravitation together with the broad spectrum of 
gravitational physics related phenomena. The topics discussed ranged from clas- 
sical and quantum aspects of gravity, relativistic astrophysics, branes and strings, 
inflation theory, the thermal history of the Universe, to more concrete astrophysics 
experiments, observations, and modeling, reviewing the current state of the art in 
theory, observations, and experiments related to relativistic gravitation. 

'The meeting featured 39 plenary talks during the six mornings of the meeting, 
plus 6 public lectures given by experts in gravitation and cosmology. 73 parallel 
sessions, some of which were split over multiple days, kept participants busy with 
the crucial support of 33 students from Sapienza who managed the coordination of 
each parallel session and offered technical help. 

'Three scientists and two collaborations were presented with Marcel Grossmann 
awards. These were: Lyman Page, Rashid Alievich Sunyaev, Shing-Tung Yau, the 
Planck Scientific Collaboration (ESA) represented by Jean-Loup Puget, and the 
Hansen Experimental Physics Laboratory (HEPL) at Stanford University, repre- 
sented by Leo Hollberg, 

'The detailed program of plenary and public talks is as follows: 


Shing-Tung Yau (Harvard University): Quasi-local mass at null infinity 
Malcolm J. Perry (University of Cambridge): Black hole entropy and soft hair 
Thomas Hertog (KU Leuven): A smooth exit form eternal inflation 

Jean-Luc Lehners (Max Planck Institute for Gravitational Physics): No smooth 
beginning for spacetime 

Ivan Agullo (Louisiana State University): Loop quantum cosmology and the cos- 
mic microwave background 

Elena Pian (IASF Bologna):Kilonovae: the cosmic foundries of heavy elements 
Nial Tanvir (University of Leicester): A new era of gravitational-wave / electro- 
magnetic multi-messenger astronomy 

Tsvi Piran (Hebrew University of Jerusalem): Mergers and GRBs: past present 
and future 

Stephan Rosswog (Stockholm University): Neutron star mergers as heavy ele- 
ment production site 


David Shoemaker (MIT LIGO Laboratory): LIGO's past and future observations 
of black hole and neutron star binaries 

Yu Wang (ICRANet) On the role of binary systems in GW170817/ 
GRBI170817A / AT2017gfo 

Hao Liu (University of Copenhagen): An independent investigation of gravita- 
tional wave data 

Stefano Vitale (University of Trento): Gravitation wave astronomy in ESA science 
programme 

Takaaki Kajita (University of Tokyo): Status of KAGRA and its scientific goals 
Masaki Ando (University of Tokyo): DECIGO : Gravitational-Wave observations 
from space 

Jun Luo (Sun Yat-Sen University): TianQin: a space-borne gravitational wave 
detector 

Jo Van Den Brand (Dutch National Institute for Subatomic Physics Nikhef, and 
VU University Amsterdam): Gravitational wave science and Virgo 

Ernst Maria Rasel (Leibniz Universitat Hannover): Science fiction turns into 
reality: Interferometry with Bose-Einstein condensates on ground and in space 
Manuel Rodrigues (Université Paris Saclay): The first results of the MICRO- 
SCOPE test of the equivalence principle in space 

Victoria Kaspi (McGill University): Fast radio bursts 

Bing Zhang (University of Nevada): From gamma-ray bursts to fast radio bursts: 
unveiling the mystery of cosmic bursting sources 

Jean-Loup Puget (CNRS): The Planck mission 

Jorge Armando Rueda Hernandez (ICRANet): Binary-driven hypernovae and 
the understanding of gamma-ray bursts 

Remo Ruffini (ICRANet): The essential role of the nature of the binary progeni- 
tors for understanding gamma ray bursts 

Heino Falcke (Radboud University Nijmegen): Imaging black holes now and in 
the future 

Luc Blanchet (Institut d'Astrophysique de Paris): Post-Newtonian theory and 
gravitational waves 

Jean-Loup Puget (Université Paris): Frome Planck to Atacama Cosmology Tele- 
scope 

Razmik Mirzoyan (Max Planck Institute for Physics) Gamma-ray and multi- 
messenger highlights with MAGIC 

Elisa Resconi (Technical University Munich): Neutrino astronomy in the multi- 
messenger era 

Francis Halzen (University of Wisconsin-Madison): IceCube: opening a new win- 
dow on the universe from the South Pole 

James Lattimer (Stony Brook University): The history of R-process 

Ralph Engel (Karlsruhe Institute of Technology): What have we learned about 
ultra-high-energy cosmic rays from the Pierre Auger Observatory? 
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Paolo De Bernardis (Sapienza - University of Rome): 

Fabio Gargano (INFN Bari): DAMPE and its latest results 

Markus Arndt (University of Vienna): Experiments to probe quantum linearity 
at the interface to gravity & complexity 

Tobias Westphal (University of Vienna): Micro-mechanical measurements of 
weak gravitational forces 

Shu Zhang (Institute of High Energy Physics, Chinese Academy of Sciences): 
Lorenzo Amati (INAF - OAS Bologna): Cosmology and multi-messenger astro- 
physics with Gamma-Ray Bursts 

Elisabetta Cavazzuti (ASI): Gev LAT observations from GRBs and active galac- 
tic nuclei 

Remo Ruffini (ICRANet): Concluding Remarks 

Roy Kerr (University of Canterbury): Towards MG16 


Public Lectures 


Jeremiah Ostriker (Columbia University): Ultra-light scalars as cosmological 
dark matter 

Malcolm Longair (University of Cambridge): Ryle and Hewish: 50 and 100 year 
anniversaries |Radio astrophysics and the rise of high energy astrophysics] 

Lyman Page (Princeton University): Measuring the Cosmic Microwave Back- 
ground 

Marc Henneaux (Université Libre de Bruxelles): The cosmological singularity 
Anne Archibald (Newcastle University): Does extreme gravity affect how objects 
fall? 
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Concluding remarks by Prof. Remo Ruffini 


For over more than four decades the Marcel Grossmann Meetings have been 
fostering the interaction between mathematics, relativistic field theories and 
observations in physics and astrophysics and has witnessed the birth and 
exponential growth of various new subfields within astrophysics. This has 
also occurred in 2018 during the MG15 (see Fig. 1), which has seen the 
participation of approximately one thousand participants from 71 different 
countries (see Fig. 2). In MG15, as is clear from the above program, we 
have seen considerable progress in theory on topics ranging from models of 
quantum gravity to the mathematical structure of Einstein's equations. 
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Fig. 2. umm TH of MG15 participants in the Aula Magna, Sapienza University of Rome. 
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In particular, an MG15 individual award was given to Prof. Rashid 
Sunyaev, as a member of the relativistic astrophysics school of Zel’dovich- 
Sunyaev (see Fig. 3) and to Prof. Shing-Tung Yau, as a representative of 
the Chinese-American school of differential geometry and general relativity 
(see Fig. 4). 


Fig. 3. Rashid Sunyaev receiving the MG15 individual award from Roy Kerr. 


Fig. 4. Shing-Tung Yau receiving the MG15 individual award from Roy Kerr. 


This has been accompanied by extensive developments in the 
exploration of the cosmic microwave background with announcements of 
the final results of the Planck satellite that followed earlier predecessors, 
like WMAP. In this sense, particularly meaningful have been the MG15 
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Awards presented to Prof. Jean-Loup Puget, who has successfully 
accomplished the ESA Plank mission (see Fig. 5) and to Prof. Lyman Page, 
one of the main participants of the glorious NASA WMAP mission, 
successfully lead by David Wilkinson (see Fig. 6). I was very fortunate to 
be in Princeton as an assistant professor at the time WMAP was initially 
conceived. 


e 


Fig. 5. Jean-Loup Puget accepting the MG15 institutional award on behalf of the Planck Scientific 
Collaboration (ESA) from Roy Kerr. 


Fig. 6. Lyman Page accepting the MG15 individual award from Roy Kerr. 


X-ray astrophysics gradually successfully evolved from the first rockets 
of Riccardo Giacconi discovering Scorpius X-1 using well tested Geiger 
counters, moving on to larger missions using X-ray mirrors in the Einstein 
Observatory, in XMM and on to the NASA Chandra mission, each new 
mission introducing new technologies based on previous successes. The 
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Chandra data on GRB 170817A were amply discussed in the MG15 
meeting. Analogously, starting from the earlier gamma ray detectors on the 
Vela satellite, gamma ray astrophysics reached maturity with the Compton 
Observatory with the BATSE instruments on board. These two fields joined 
their separate expertise together in the hybrid Beppo SAX satellite. Equally 
impressive was the transition from Beppo SAX to the Neil Gehrels Swift 
Observatory and the Fermi Gamma-Ray Space Telescope that followed 
EGRET and opened up the field of high energy gamma-ray astrophysics, 
adding further successes to this ongoing story. One of the most significant 
contributions to the success of the Fermi mission has been the LAT detector, 
jointly led by the Hansen Experimental Physics Laboratory (HEPL) at 
Stanford University, which received the MG15 institutional award, 
presented to Prof. Leo Hollberg (see Fig. 7). 


Experimental Physics Laboratory at Stanford University. 


More recently we are witnessing the birth of TeV astrophysics springing 
from the ground-based MAGIC, HESS and Whipple telescopes, as well as 
neutrino astrophysics associated with underground (ICE Cube) and 
underwater laboratories. New tantalizing results concerning the spectrum 
and composition of cosmic rays have been reported by the Alpha Magnetic 
Spectrometer experiment on the international space station. All of these 
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together mark the gradual development of the largest observational effort in 
history, well recorded in these MG meetings (see Fig. 8). Today relativistic 
astrophysics is offering us the possibility of utilizing all of these multi- 
wavelength observations simultaneously in the study of GRBs and active 
galactic nuclei. Indeed the description of the distinct temporally discrete 
episodes for the GRB 1304274, one of the most complex astrophysical 
objects ever observed, requires the simultaneous knowledge of observations 
from all of these various wavelengths. This exponential growth in all these 
areas of astrophysics has been accompanied by attempts at data acquisition 
of gravitational wave signals arriving on the Earth. After the failure of the 
initial attempt by Misner and Weber in 1972, the new attempt by LIGO- 
VIRGO was discussed extensively in this MG15 meeting. 
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Fig. 8. From the if to right: Leo Hollberg, Rashid Sunyaev, Shing-Tung Yau and Remo Ruffini during the 
MG15 official awards ceremony. 

Indeed in addition to the many topics discussed in the plenary lectures, 
there was a special session dedicated to kilonova and gravitational waves 
chaired by Enrico Costa on July 3 and a session on gravitational waves 
chaired by Claus Lámmerzahl on July 4. Many intense discussions took 
place at the meeting, both in the plenary and parallel sessions, bringing 
together different points of view, at times controversial, which stimulated a 
large number of articles published in leading scientific journals in the 
months following the meetings. The impossibility of finding these 
discussions in these proceedings is simply explained: it is due to the 
incomprehensible decision by Sapienza University not to renew the 
collaboration agreement with ICRANet. What is incomprehensible is that 
both the research and teaching activities of ICRA and ICRANet are 
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recognized internationally at a worldwide level, in more than 70 nations. 
Locks were put on the ICRA Offices (see Fig. 9). 


Fig. 9. Remo Ruffini shows to Barry Barish the locked offices of ICRA at Sapienza University. 


The preparation of the proceedings was halted. It was not possible to 
follow up with post-conference interactions and the impossibility of access 
to our offices and interact with our students. The invited lecturers, clearly 
indicated in the conference program and some of the world leaders in their 
fields who had just presented their extremely interesting lectures 
stimulating widespread interest, mostly chose to publish their results in 
international journals giving rise to some of the most highly cited articles in 
recent times. Only a minority were published here. This was also the case 
for some of the ICRA-ICRA Net lectures, which appeared in: 


e J.F. Rodriguez, J.A. Rueda, R. Ruffini, On the final gravitational 
wave burst from binary black hole mergers, Astron. Rep. 62, 940 
(2018). 


e J.A. Rueda, R. Ruffini, Y. Wang, Y. Aimuratov, U. Barres de 
Almeida, C.L. Bianco, Y.C. Chen, R.V. Lobato, C. Maia, D. 
Primorac, R. Moradia, and J.F. Rodriguez, GRB 170817A- 
GW170817-AT 2017gfo and the observations of NS-NS, NS-WD and 
WD-WD mergers, JCAP 10, 006 (2018); and J.A. Rueda, R. Ruffini, 
Y. Wang, C.L. Bianco, J.M. Blanco-Iglesias, M. Karlica, P. Lorén- 
Aguilar, R. Moradi and N. Sahakyan, Electromagnetic emission of 
white dwarf binary mergers, JCAP 03, 044 (2019). 
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e R. Ruffini, R. Moradi, J. A. Rueda, L. Becerra, C. L. Bianco, C. 
Cherubini, S. Filippi, Y. C. Chen, M. Karlica, N. Sahakyan, Y. 
Wang, and S. S. Xue, On the GeV Emission of the Type I BAHN GRB 
130427A, The Astrophysical Journal, 886, 82 (2019). 


The dialogue we had started at MG15 undoubtedly had a very 
stimulating effect on the community which have been followed up and 
expanded upon in the subsequent MG16 meeting in 2021. Paradoxically, 
the moments of greatest difficulty for ICRA members have coincided with 
the flow of new ideas which promoted the steps forward towards the final 
identification of some fundamental laws of black hole electrodynamics. The 
very night ICRA offices were locked up and its electronic communications 
cut, we had submitted a paper to The Astrophysical Journal for publication 
containing the first fundamental steps for identifying the “inner engine" of 
GRBs as discussed in talks in this conference. After one year and four 
months a judge ordered Sapienza to return the ICRA offices. 


I am looking forward to a renewed successful collaboration with 
Sapienza University, enjoyed for more than three decades, to pursue a new 
common "path" for the rapidly expanding knowledge of the largest distant 
objects in our Universe. There is still room for improvement: now that the 
differences have been identified in published articles, a joint effort on an 
attentive scientific analysis on both sides can lead to the understanding of 
the nature of these differences and to jointly converge to common solutions. 
For this to occur, dialogue and not obstruction of office space is needed. As 
soon as these clarifications will be achieved, we will be able to proceed in 
a broad scientific effort of common topics of interest in Einstein's theory, 
in relativistic astrophysics, ranging from the astrophysics of black holes, 
neutron stars, dark matter and primordial cosmology, observing the rules of 
basic academic relations. 


I am grateful to all members of the IOC and to Carlo Luciano Bianco, 
Nathalie Deruelle, Rahim Moradi, Tsvi Piran, Jorge Rueda and Narek 
Sahakyan for advice and discussion. 


Remo Ruffini 

Chair of the MG International Organizing Committee 
Director of ICRANet 

President of ICRA 


January 10, 2022 
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Radio Astronomy and the rise of high energy astrophysics: 
Two anniversaries 
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'This essay celebrates the 100th anniversary of the birth of Martin Ryle and the 50th 
anniversary of the discovery of pulsars by Jocelyn Bell and Antony Hewish. Ryle and 
Hewish received the 1974 Nobel Prize in Physics, the first in the area of astrophysics. 
Their interests strongly overlapped, one of the key papers on the practical implementa- 
tion of the technique of aperture synthesis being co-authored by Ryle and Hewish. The 
discovery of pulsars and the roles played by Hewish and Bell are described. These key 
advances were at the heart of the dramatic rise of high energy astrophysics in the 1960s 
and led to the realisation that general relativity is central to the understanding of high 
energy astrophysical phenomena. 


Keywords: Martin Ryle, Antony Hewish, Jocelyn Bell-Burnell, earth-rotation aperture 
synthesis, high energy astrophysics, radio sources, neutron stars, supermassive black 
holes 


1. Two Anniversaries 


2018 is a cause for celebration in the high energy astrophysical community. The 
two anniversaries are the centenary of the birth of Martin Ryle (1918-1984) and the 
50th anniversary of the announcement of the discovery of pulsars in 1968, associated 
with the names of Antony Hewish and Jocelyn Bell-Burnell. They were all members 
of the Radio Astronomy Group in the Cavendish Laboratory. I was present as a 
graduate student and research fellow through the exciting period from 1963 to 1970. 

Martin Ryle and Antony Hewish were awarded the Nobel Prize in Physics in 
1974, the first to be awarded in astrophysics. The citation reads: 


‘for their pioneering research in radio astrophysics: Ryle for his observa- 
tions and inventions, in particular of the aperture synthesis technique, and 
Hewish for his decisive role in the discovery of pulsars.’ 


Their experimental work was central to the realisation that high energy particles 
and strong magnetic fields play a major role in modern astrophysics and that general 
relativity is essential in order to understand high energy astrophysical phenomena. 


2. The Origins of Radio Astronomy and the Impact of the Second 
World War 


The story begins in 1933 with the discovery of radio waves from our Galaxy by Karl 
Jansky who was working at the Bell Telephone Laboratories.! The discovery arose 


from the need to understand sources of radio interference in radio communications. 
Grote Reber followed up Jansky's discovery with his own home-made radio tele- 
scope. By 1940, he had succeeded in making the first map of the radio emission 
from the Galaxy, the results being published in the Astrophysical Journal.? Little 
attention was paid to this work by professional astronomers. The only paper was 
a discussion which showed that the spectrum of the radiation found by comparing 
Jansky's and Reber's intensity measurements could not be the thermal emission of 
hot gas clouds.? 

Immediately after the Second World War, astronomy was about to be changed 
out of all recognition as compared with the pre-War era. The contributory causes 
can be summarised as follows: 


e The opening up of the whole of the electromagnetic spectrum for astronom- 
ical observation was facilitated by huge advances in radio and electronic 
techniques as well as by the availability of rockets from which observations 
could be made from above the Earth's atmosphere. 

e Investment in pure science increased dramatically as the benefits of basic 
research for defence purposes and for the benefit of society were appreciated. 

e Scientific electronic computation began in earnest and would provide the 
means for advancing all scientific disciplines dramatically. 

e Astronomy became one of the ‘Big Sciences’. 


These all contributed to many of the great and unexpected astronomical discoveries 
of the succeeding years.? 

After the Second World War, a number of University Groups began to investigate 
the nature of the cosmic radio emission discovered by Jansky. The principal groups 
involved were at Cambridge, Manchester and Sydney, all of them led by scientists 
who came from a background in radar. The science of radio communication and 
detection developed at a great pace during the War under the combined pressures 
of defending the UK from incoming enemy aircraft and rockets and developing 
air-borne radar and radio location techniques. The Cambridge efforts were led by 
Martin Ryle who assembled a brilliant team of young physicists to attack these 
problems. The Radio Astronomy Group was remarkably tight-knit and everyone 
contributed to the various technical challenges. 

Two of these were of particular importance. The first was the need to achieve 
higher angular resolution and sensitivity of the antennae and receiver systems. The 
second was the need to understand the origin and nature of the ‘twinkling’ or 
‘scintillation’ of the radio sources. Ryle and Hewish worked on both problems, as 
can be appreciated from a list of some of their joint papers. 


?For more details, see my book The Cosmic Century: A History of Astrophysics and Cosmology. 
Cambridge: Cambridge University Press (2006). For the high energy astrophysical aspects of 
the story, see also my book High Energy Astrophysics: third edition. Cambridge: Cambridge 
University Press (2011). 


Fig. l. The Cambridge Radio Astronomy Group in the early 1950s. Those seated in the middle 
row are (left to right) Francis Graham Smith, Martin Ryle and Antony Hewish. (Courtesy and 
copyright the Cavendish Laboratory, University of Cambridge. 


e Ryle, M. and Hewish, A. (1950), The Effects of the Terrestrial Ionosphere 
on the Radio Waves from Discrete Sources in the Galaxy. 4 

e Ryle, M. and Hewish, A. (1955), The Cambridge Radio Telescope.? 

e Ryle, M. and Hewish, A. (1960), The Synthesis of Large Radio Telescopes. ê 

e Scott, P.F., Ryle, M. and Hewish, A. (1961), The First Results of Radio 
Star Observations using the Method of Aperture Synthesis. " 


Immediately after the Second World War, there was very little money, but Ryle 
and his colleagues were able to make very good use of surplus war equipment, 
including high quality radio antennae, a large amount of coaxial cable and other 
items brought back to the UK as German war booty. It was quickly understood that 
the way to achieving the goals of higher angular resolution and greater sensitivity 
was to use radio interferometry and, in particular, to implement the techniques of 
aperture synthesis in which both the amplitude and phase of the interferometric 
observations are preserved. Martin Ryle's contribution of genius was the practical 
implementation of Earth-rotation aperture synthesis which resulted in both high 
angular resolution and high sensitivity images of the radio sky. 

Optical telescopes reflect the light of a distant object from a parabolic mirror 
which has the property that the signals from a distant object reflected from all parts 
of the mirror surface travel the same distance to the focus. The radio astronomers 
realised that the reflecting surfaces do not need to be part of the same surface. If 


the path lengths to the focus from the source are the same, the interferometric data 
provide the necessary amplitude and phase information to begin the reconstruction 
of the image on the sky. To ensure that the waves travel the same distance, delay 
lines needed to be introduced so that the signals from the two telescopes were 
combined in phase. Increasing the number of antennae increases the number of 
possible pairings of antennae, the short baselines providing the large-scale structure 
and the long baselines the fine detail. 

These techniques were exploited in a series of radio interferometers constructed, 
first of all, at the Rifle Range site just behind the Cambridge University Rugby 
Ground and then at the Lord's Bridge Observatory which was opened in 1957 once 
the full significance of radio astronomy for astrophysics and cosmology had become 
apparent. Radio astronomy hit the headlines in 1955 with the first results of the 
Second Cambridge (2C) Survey. The dramatic result was that there is a large 
excess of extragalactic radio sources at large distances, implying that these objects 
had evolved strongly with cosmic epoch. This was initially a controversial result 
but it led to the need for deeper surveys and the continued development of radio 
interferometric techniques. The first large interferometer on the Lord's Bridge site 
was the 4C radio telescope completed in about 1960. The surveys of the Northern 
Sky carried out by the telescope showed convincingly the evolutionary nature of the 
radio source population. These radio surveys were carried out with fixed telescopes 
which mapped the sky by allowing the Earth's rotation to provide a scan of the sky 
above the telescope. 

To sample the two-dimensional structure of the sources, Ryle and his colleagues 
pioneered the concept that it is simplest to build a one-dimensional interferometer 
and then use the Earth's rotation to carry one telescope about another as viewed 
from a point on the sky. In this way information is obtained corresponding to the 
annulus of a large telescope with diameter equal to the maximum separation of 
the elements of the interferometer. By adding together a number of baselines with 
different spacings, the equivalent of a single large telescope with diameter equal to 
the longest baseline separation can be synthesised with much improved sensitivity. 
Ryle and Ann Neville used the 4C telescope system in 1962 to create the first 
fully two-dimensional map of a region about the North Celestial Pole using the 
Earth-rotation synthesis technique. Every available receiver in the Observatory 
was needed to make the observations. 

The implementation of fully-steerable aperture-synthesis radio telescopes was 
realised with the construction of the Cambridge One-Mile Telescope (OMT). It 
required a great deal of innovation in electronics, path compensation and com- 
putation. The new generation of electronic computers, the Cambridge EDSAC-1 
and 2 machines, was essential to carry out the Fourier transforms to convert the 
interferometric data into two-dimensional maps. The Fast Fourier transform was 
implemented to make these computations feasible in a reasonable time. 


Fig. 2. The Cambridge One-Mile Telescope, the world's first fully-steerable, general purpose, 
Earth-rotation aperture synthesis radio telescope. 


In 1965, the first radio images from the One-Mile Telescope, the world's first 
fully-steerable, general purpose, Earth-rotation aperture synthesis radio telescope 
(Fig. 2), were made of the radio galaxy Cygnus A and the supernova remnant Cas- 
siopaeia A.’ I was there in the EDSAC control room when the first maps came 
out of the computer printer. The next step was to extend these techniques to 
higher frequencies with larger numbers of telescopes and this was achieved with 
the 5-kilometre (Ryle) in the early 1970s. This resulted in much higher angular 
resolution and sensitivity. The success of these telescopes led to the construction of 
even more powerful instruments such as the Very Large Array in the USA. 

It is remarkable that over the 25 year period from the end of the Second World 
War, the sensitivity of radio astronomical observations increased by a factor of about 
one million and the imaging capability of the telescope system improved from several 
degrees to a few arcseconds, comparable to that of ground-based optical telescopes. 
This was Martin Ryle's legacy to radio astronomy. After 1972, his health declined 
and his interest changed to wind power, sustainability and opposition to nuclear 
power. 

The major impact of radio astrophysics upon astrophysics and cosmology in 
general cannot be overstated. The discovery of Galactic and extragalactic radio 
sources revealed the importance of relativistic astrophysics for astronomy in general. 
To summarise the change of perspective: 


e Enormous energies in relativistic particles and magnetic fields were needed 
to account for the synchrotron radio emission of the radio sources and 
involved the conversion of 109 Moc? of mass into these forms of energy, at 
the same time ejecting them far beyond the confines of the host galaxy. 

e The role of relativistic jets in powering the huge energies in relativistic 
particles and magnetic fields became apparent. 

e The discovery of the quasars and the BL-Lac objects opened up quite new 
challenges for the astrophysics of these objects in all wavebands. 

e The extreme variability of some of the quasars and BL-Lac objects led to 
the realisation that supermassive black holes had to be involved in the most 
extreme active galactic nuclei. 

e Evidence for the cosmological evolution of extragalactic radio sources, both 
radio galaxies and quasars, showed that major changes had taken place in 
the properties of these objects over the last 7596 of the age of the Universe. 


These discoveries were first reviewed internationally at the first Texas Sympo- 
sium on Relativistic Astrophysics held in Dallas, Texas in 1963. At the closing 
dinner, Thomas Gold remarked: 


‘Everyone is pleased: the relativists who feel they are being appreciated, 
who are suddenly experts in a field which they hardly knew existed; the 
astrophysicists for having enlarged their domain, their empire by the an- 
nexation of another subject - general relativity.’ 


This was the beginning of high energy astrophysics in its modern guise. 


3. The Discovery of Pulsars 


'The discovery of pulsars in 1967 is associated with the names of Antony Hewish 
and Jocelyn Bell-Burnell, but the seeds of their achievement were sown long before 
during the immediate post- War years. During that period, part of Hewish's research 
involved understanding the nature of the scintillations of the intensities of radio 
sources caused by intervening moving plasma clouds. Just as stars twinkle even on 
the clearest nights, so point sources of radio emission are observed to scintillate, 
particularly at long radio wavelengths. Their cause is the deflections of radio rays 
when they pass through irregularities in the ionospheric plasma. 

The theory of the process of scintillation was worked out in detail by Hewish in 
1951 in a paper entitled ‘The diffraction of radio waves in passing through a phase- 
changing ionosphere'.!? The paper set out the theoretical background needed to 
understand the short-term fluctuations in the intensities of radio sources due to 
irregularities in an ionised plasma. The same concepts could be used to understand 
the physics of fluctuations due to ionospheric, interplanetary and interstellar elec- 
tron density fluctuations. This theoretical paper was followed in 1952 by another 
entitled ‘The Diffraction of Galactic Radio Waves as a Method of Investigating the 


Irregular Structure of the Ionosphere'.!! Applying these concepts to observations 
of the fluctuating radio signals, Hewish showed that the scale of the irregularities 
ranged from 2 to 10 km, that the variation of the electron content was about 5 x 10? 
electrons cm~? and that the irregularities are at a height of about 400 km. These 
irregularities moved with a steady wind-like motion at a velocity of the order 100 
to 300 m s^ !. 

The same technique could be used to study the solar corona, the region of hot 
plasma surrounding the Sun. The radio source Taurus A (the Crab Nebula) was 
observed at varying angular distances from the Sun and the variability of the signal 
could be accounted for by scattering because of the presence of fluctuations of the 
electron density in the solar corona. In his paper of 1955 "The Irregular Structure 
of the Outer Regions of the Solar Corona', Hewish derived the sizes and electron 
densities of coronal irregularities in the distance range 5 to 15 solar radii. ? 

In 1954, Hewish had remarked in his notebooks that, if the angular sizes of 
the extragalactic radio sources were small enough, they would illuminate the solar 
corona with a coherent radio signal and so give rise to rapid time variations in their 
intensities. This idea was forgotten until about 1962 when Margaret Clarke showed 
that two of the compact 3CR radio sources (0 X 2 arcsec) varied very rapidly in 
intensity. Hewish realised that his old idea was the answer. 

By 1964, a number of radio quasars were known and some of these radio sources 
had small angular sizes. With Paul Scott and Derek Wills, Hewish showed that the 
radio scintillations were due to scattering of the radio waves by inhomogeneities in 
the ionised plasma flowing out from the Sun, the Solar Wind. This wind had been 
predicted by Eugene Parker in 1958 and observed by the Soviet Luna satellites in 
1959 and by the US Mariner-2 satellite in 1962. The paper by Hewish, Scott and 
Wills showed how radio source scintillations could be used to map the outflowing 
Solar Wind. !? 

Hewish realised that a large, low-frequency array dedicated to the measurement 
of the scintillations of compact radio sources would provide a new approach to the 
study of three important astronomical areas: 


e it would enable many more quasars to be discovered, 
e their angular sizes could be estimated, 
e the structure and velocity of the Solar Wind could be determined. 


In 1965, he designed a large array to undertake these studies and was awarded a 
grant of £17,286 by the UK Department of Scientific and Industrial Research to 
construct it, as well as outstations for measuring the velocity of the Solar Wind. 
To obtain adequate sensitivity at the low observing frequency of 81.5 MHz (3.7 m 
wavelength), the array had to be large, 4.5 acres (1.8 hectares) in area, in order to 
record the rapidly fluctuating intensities of bright radio sources on time-scales as 
short as one tenth of a second. 
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Jocelyn Bell joined the 4.5 acre array project as a graduate student in October 
1965. She was involved in the construction of the telescope, including knocking 
the posts into the ground, and then became responsible for the network of cables 
connecting the dipoles. The telescope was commissioned during July 1967 with the 
objective of mapping the whole sky once a week so that the variation of the scintil- 
lation of the sources with solar elongation could be studied. The array consisted of 
2,048 full-wave dipoles arranged in 16 rows of 128 elements. Each row was 470 m 
long and the north-south extent of the array was 45 m. 

A key aspect of the array was that it had to measure the fractional scintillations 
of the radio sources in real time. Before the days of high speed digital computers, 
this was achieved by electronic processing of the incoming signals. On a strip chart, 
the top trace showed the intensity of the source as it passed through the beam 
of the telescope. This signal was then passed through a high-pass filter so that only 
the fluctuating component was registered in the middle trace, from which the noise 
power in the fluctuating component could be displayed in the bottom trace. 

While the array was being constructed, Leslie Little and Hewish carried out a 
theoretical investigation of the strength of the scintillations as a function of he- 
liocentric coordinates. They demonstrated how the angular sizes of the sources 
could be estimated from measurements of the amplitudes of the scintillations when 
sources were observed at different solar elongations.!^ A key point was that the 
scintillations decrease to very small amplitudes when observed at large angles from 
the Sun. 

The commissioning of the 4.5 acre array proceeded through the summer of 1967. 
Hewish suggested that Bell create sky charts for each strip of the sky each day, 
noting all the scintillating sources. If the scintillating sources were present on suc- 
cessive weeks at the same astronomical coordinates, they were likely to be real 
sources, whereas if they were simply interference, for example caused by a nearby 
unsuppressed tractor or motorcycle, they would not recur at the same astronomical 
coordinates. This was a very demanding task requiring great persistence, patience 
and attention to detail on Bell's part since she had to keep up with the very high 
rate at which the charts were being produced by the telescope, over 200 metres per 
week. 

The discovery of the pulsar CP 1919 was made by Bell on 6 August 1967, the 
story of the discovery being contained in Appendix 1 of her PhD dissertation. The 
remarkable feature of CP1919 was that the source scintillated at roughly the 10096 
level in the anti-solar direction, quite contrary to the expectations of the scintilla- 
tion models of Little and Hewish. Furthermore, the source was highly variable and 
not always present. It was not observed again until 28 November 1968, this time 
with a much short time-constant in the receiver system — the pulses were detected 
separately for the first time. To everyone's astonishment, the signal consisted en- 
tirely of a sequence of pulses with repetition period 1.33 sec, the period being stable 
to better than one part in 10°. 

The following two months were what Hewish described as the most exciting of 
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Fig. 3. The discovery record of CP 1919 taken on 6 August 1967. (Courtesy and copyright the 
Cavendish Laboratory, University of Cambridge and Churchill College Archives.) 


his scientific career. Nothing like this had been observed in astronomy before and 
Hewish and his colleagues had to be absolutely certain of the correctness of the 
observations. It was essential to carry out follow-up observations and experiments: 


e All sources of terrestrial inference had to be excluded. 

e If the source was associated with extraterrestrial emissions, including the 
notorious ‘Little Green Men (LGM)’, the motion of a planet about the 
parent star would be easily detectable. The motion of the Earth about 
the Sun was observed, but no orbital motion of the source. 

e The low frequency signals displayed dispersion, the high frequency signals 
arriving earlier than the low frequencies. This enabled a rough distance of 
65 parsec (about 200 light years) to be estimated for the source. 

e Three other similar sources were discovered by Bell including one with a 
period of only 0.25 seconds. 


The discovery was kept under tight wraps until Hewish and his colleagues were 
absolutely convinced that they had discovered a new type of astronomical phe- 
nomenon. I was in the next door office to Hewish at the time and I knew nothing 
about what was going on until he gave a lecture about the discovery in the week 
before the Nature paper was published. The paper ‘Observation of a Rapidly Pul- 
sating Radio Source’ was submitted for publication in Nature on 9th February 1968 
and published on 24th February 1968. 15 


12 


Within a few months, Thomas Gold convincingly associated the pulsars with 
magnetised, rotating neutron stars. 16 The radio pulses are caused by beams of very 
high energy particles emitting coherent radiation of extraordinarily high brightness 
temperature escaping from the poles of a magnetised rotating neutron star. When 
the beam passes across the line of sight to the observer, an intense burst of radio 
emission is observed. 

Very soon after the discovery, large numbers of pulsars were discovered. By now, 
well over 2000 radio pulsars are known and they are of the greatest astrophysical 
importance as the last stable stars before collapse to a black hole ensues. The neu- 
tron stars represent matter in bulk at nuclear densities and offer many challenges 
for physicists and astrophysicists. Perhaps most significant was the fact that rela- 
tivistic stars really exist in nature — general relativity is essential in working out 
their stability. 

In 1972, neutron stars were discovered as the compact X-ray emitting sources 
in X-ray binary systems by Riccardo Giacconi and his colleagues from observations 
with the UHURU X-ray observatory.!" In these sources, the energy source is the 
accretion of matter from the normal primary star onto the poles of the neutron star. 

In 1975, Russell Hulse and Joseph Taylor discovered that the pulsar PSR 
1913+16 is a member of a binary neutron star system. 18 This was a fabulous gift 
to relativists since it can be considered to be a perfect clock in a rotating frame of 
reference. The binary neutron star system loses energy by the radiation of gravita- 
tional waves and one of the great discoveries was the measurement of the speeding 
up of the binary due to this process. The remarkable agreement between theory and 
experiment shows that general relativity is the best theory of relativistic gravity we 
possess. 

The discovery of the pulsars resulted in the award of the Nobel prize to Hewish in 
1974. Hewish continued his research on the use of the scintillation technique to chart 
‘interplanetary weather’, work which is of the considerable importance because of 
its impact upon the GPS system. Bell went on to become a distinguished member 
of the UK scientific community and has received many awards recognising her role 
in the discovery of pulsars, most recently the $3 M. Special Breakthrough Prize in 
Fundamental Physics in 2018 — she has generously donated this remarkable prize 
to the Institute of Physics to support research studentships. In June 2007, she was 
created Dame Jocelyn Bell-Burnell in the UK honours list. She has been President 
of the UK Institute of Physics and of the Royal Society of Edinburgh. She has 
recently been appointed Chancellor of the University of Dundee. 
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from when Remo Ruffini was starting his academic career and watching the field’s de- 
velopment to the present. 
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1. Ruffini and Wilkinson at Princeton 


Remo Ruffini and Dave Wilkinson and were faculty colleagues at Princeton in the 
early 1970s. Remo was working in the group established by John Wheeler on 
theoretical aspects of general relativity: gravitational radiation, black holes, neutron 
stars, and the coupling of electromagnetic and gravitational radiation process to 
name a few topics. Dave on the other hand was working with colleagues in Bob 
Dicke’s “gravity research group” on experimental aspects of gravity: tests of the 
equivalence principle, lunar laser ranging, pulsar timing, measurements of the CMB, 
and the search for primeval galaxies. Just this simple listing gives a sense for what 
the intellectual atmosphere must have been like. So many possibilities were just 
about within reach but yet beyond the limits of the empirical tests of the times. 
Peebles describes the environment at Princeton in these days, and what led Dicke 
and Wheeler, quite independently, to pursue general relativity!. The topics with 
which Remo and Dave were engaged are, of course, at the forefront of modern 
physics and as exciting as ever. In the following I'll focus on just one element of the 
activity in the 1970s, the cosmic microwave background (CMB), and give a brief 
update on the status of observations. 


2. The CMB anisotropy in the 1970s 


Figure 1 shows the state of measurements of the anisotropy as of 1979. It is taken 
from “Finding the Big Bang"?. It was known that the anisotropy should be present 
at some level because there are galaxies and clusters of galaxies. They formed via 
gravitational instability and the same instability affects the CMB. But the level 
was uncertain and it was not known whether foregrounds or, for example, an early 
epoch of reionization would mask the anisotropy. The number of groups who were 
measuring the anisotropy was small. Those who had published results between 
1965 and 1979 are shown in the figure. The year 1967, not long after the initial 
discovery, was particularly active, with limits coming from the “Isotropometer,” 
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the first instrument designed explicitly to measure the anisotropy ^^, “Stanford” 56, 
“Crawford Hill" *, and “Aerospace” 8. 

*White Mountain"? was also run by the Stanford group. Conklin was searching 
for evidence of the CMB dipole. It was not appreciated until many years later 
that his was probably the first experiment to detect anomalous microwave emis- 
sion!?, With “RATAN” 11-13 the Soviets were limiting the anisotropy with a highly 
asymmetric beam while Steve Boughn published his senior thesis at Princeton, 
*KaDip" 4, on a search for the quadrupole. *XBal" ? was the first CMB balloon 
experiment for measuring the anisotropy. Additional limits came from “NRAO- 
p” 16, “Goldstone” 1”, and “Parkes” !5. The *U2" !? experiment made a big splash 
because of its novel platform, a modified U2 spy plane, and a clear detection of 
the CMB dipole, although at least one other measurement of the dipole had al- 
ready been presented at a conference??. In addition, the U2 was a testing ground 
for the DMR experiment aboard COBE that discovered the anisotropy?!. “Testa- 
Griga"?? is of special note. It was the first experiment to use bolometers on the 
ground to search for the anisotropy. Today, all active CMB anisotropy experi- 
ments use bolometers. Towards the end of the decade came *GBank-R" ?? and then 
“MIT” 2425, a balloon-borne bolometric radiometer. 

These were small experiments (or small observing programs on existing tele- 
scopes) by today’s standards. The total number of separate authors in all the 
sixteen different measurements spanning this fifteen-year period is about thirty. By 
comparison, the Planck mission began around 1996 and the number of authors on 
the most recent parameters paper?Ó is just over 175. 


3. Wilkinson in the 1990s 


Before the MAP collaboration formed, Dave had been thinking about a satellite 
to follow on from COBE. Not much more than a decade had passed since the 
results in Figure 1 but the field was advancing rapidly. Figure 2 shows what Dave 
had on his mind. One day when I was walking by his office he called out and 
asked if I was interested in working on a satellite project. I said “sure!” Dave 
formed a small group of Ed Wollack, one of his graduate students (affectionally 
called ^Waveguide Wollack" by Ken Ganga, Michael Joyce, and José Gonzalez), 
Norm Jarosik, a research scientist in the group, and me. When we weren't working 
on other experiments, we'd iterate on the design shown in the figure. Telling of 
the times, Dave called the satellite PIE, the Princeton Isotropy Experiment. The 
anisotropy had yet to be discovered. His vision, though, was far from “PIE in 
the sky." After pursuing a few different paths?, we ended up collaborating with 
the group at NASA Goddard Space Flight Center with Chuck Bennett as the PI. 
'The Goddard group had independently been thinking about a space mission. The 
proposal, submitted in 1995, was a partnership between Princeton and Goddard. 
Although Dave passed away in 2002, he saw the first maps from the mission he 
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Fig. 1. Status of anisotropy measurements as of 1979. The quantity on the y-axis is ôTọ = 
(€(€ + 1)Cz/2x)!/? where Ce is the angular power spectrum of the CMB. At the time of the 
measurements, different conventions were used. The original data were converted to the modern 
standard format as discussed in “Finding the Big Bang" ?. The triangles show lo upper limits; 
the horizontal lines show the range of £ corresponding to the limit. The smooth curve near the 
bottom of the plot shows the LCDM model in the same units. 


had dreamed about just a decade earlier. T'he satellite was renamed the Wilkinson 
Microwave Anisotropy Probe (WMAP) in his honor. 


4. The state of the art 


Figure 3 shows the state of the art in anisotropy measurements from groups that 
have published in the past few years. Since the discovery of the anisotropy by 
COBE in 1992 a whole field has been born and matured. We have learned more 
than we ever thought, or even knew, possible in the early 1990s. Although I don’t 
think Dave would have been surprised by the advance in instrumentation, I think 
he might have been surprised at how kind Nature has been in revealing her secrets 
through the CMB. 

There is a lot captured in Figure 3. For the temperature anisotropy (TT), 
Planck has the smallest error bars up to about £ = 2000. The higher resolution 
ground-based ACT and SPT data fill in from @ = 500 up to about £ = 8000. For 
those in the field, there are important differences between the measurements, but if 
one takes a step back the agreement is a major success for the field. It is important 
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Fig. 2. Dave Wilkinson in front of the blackboard and his 1991 vision for a dedicated CMB 
satellite. 


to note that the agreement is not just in the power spectrum but is in the maps. 
Different competing teams with different methods of analysis measure the same 
thing when compared. Both ACT and SPT calibrate off of the Planck maps in a 
range of és near £ ~ 1000. 

The two lines through the TT spectrum are the WMAP and Planck basic six- 
parameter LCDM models. The first thing to note is their similarity. Two completely 
different satellites, based on different technologies, and analyzed with different meth- 
ods give the same results. 

Sometimes the LCDM model is characterized as just the six parameter fit to 
cosmological data but it is, of course, more than that. To the limits of measurement, 
the anisotropy is Gaussian and the fluctuations are adiabatic. In addition, the 
fluctuations are super horizon. As the universe expands, we sample ever more of a 
pre-existing sea of primordial fluctuations outside our current Hubble volume. 

The Planck/WMAP agreement is especially notable because the data sets are 
considerably different. Although Planck was the union of two different technologies 
so that it could cover, importantly, from 30-800 GHz, the following will just address 
the HFI. On the one hand, Planck is much more sensitive than WMAP. For example 
the Planck 143 GHz channels, their most sensitive, have a combined instantaneous 
sensitivity? of 14 [/Ks!/? relative to the CMB whereas for WMAP, the instantaneous 


? AII quoted sensitivities are relative to the CMB and for the temperature anisotropy, as opposed 
to the polarization. 
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Fig. 3. Recent CMB anisotropy measurements. The y-axis in this plot is the square of the quan- 
tity in Figure 1. The TE spectrum is not shown. The data come from Planck, ACTPol, SPTPol, 
BICEP2/Keck, and Polarbear/Simons Array. Maps from ACT, SPT (and of course WMAP) are 
publicly available through NASA's LAMBDA site (https:/ /lambda.gsfc.nasa.gov) and Planck’s are 
available through https://wiki.cosmos.esa.int /planck-legacy-archive/index.php/CMB.maps. The 
rms fluctuations for the full range of Zs are TT: 113 uK, EE 6.4 uK, BB lensing: 0.43 uK, and BB 
primordial: 0.12 uK for the full range for r = 0.1 but 0.09 uK for 30 < £ < 160. 


sensitivity in any band is a factor of 30 or more higher?". On the other hand, the 
WMAP data are much cleaner. There are no A/D non-linearities, no long detector 
time constants, and barely any cosmic rays or glitches to excise. The distribution 
of WMAP's raw data is Gaussian?® so that the noise in the sky pixels can be 
characterized simply by the number of observations. 

The HFI sensitivity is notable. Planck still holds the record for the single most 
sensitive detector that has observed the CMB??, 50 Ks!/?. These bolometers came 
through the efforts of Andrew Lange and Paul Richards, and their power was dra- 
matically demonstrated with the Boomerang experiment??, led by Lange and La 
Sapienza's Paolo deBernardis. WMAP was based on the much different broad-band 
coherent amplifiers developed by NRAO's Marian Pospieszalski. 

The next line down on the plot shows the EE spectrum. To minimize “clutter,” 
the TE spectrum is not plotted. 'The largest discrepancy between WMAP and 
Planck is on the optical depth, 7. This is a difficult parameter to pin down because 
it is manifest at large scales, where the foreground emission is large and instrumental 
systematic errors can have an outsized effect. In Figure 3 the discrepancy is seen as 
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the difference between the two thin solid curves at £ « 20 for the EE polarization. 
Planck simply does not see as much low- power as WMAP did. The Planck value 
is T = 0.054 + 0.007676. Weiland et al.,?! taking into account WMAP and a range 
of systematic errors recommends 7 = 0.07 + 0.02. Reionization is process that is 
begging to be measured better. Among other things our understanding of it impacts 
how well one can determine the sum of neutrino masses from the CMB??, 

The LCDM model has a number of built-in cross checks. The same model that 
fits TT predicts the TE spectrum, the EE spectrum, and the lensing BB spectrum. 
The physics of these spectra are different. For example, the polarization is produced 
in a relatively short time right around decoupling as opposed to the longer time over 
which the temperature anisotropies are produced. As can be seen in the plot, the 
EE pattern is in excellent agreement with the model that fits TT. The adjustable 
parameters between them are the polarization efficiency and detector angles. 

In Figure 3 one can also see that the Planck TT spectrum runs out of statistical 
power near £ ~ 2300 and the EE spectrum does so at € ~ 1500. Both ACT and 
SPT are more sensitive in this range. In particular, this means that with increased 
sensitivity the cosmological parameters can be redone using only CMB polarization. 
This program is in the works. 


The bottom curve shows the lensing BB spectrum. The signal is produced by 
gravitational lensing of the CMB E-modes?? as the CMB propagates to us from the 
decoupling surface through the matter fluctuations in the volume of the universe. 
The fluctuations in matter density arise from the same primordial power spectrum 
that gives rise to the TT/TE/EE CMB spectra. Thus the lensing ties together 
two manifestations of the primordial power spectrum. Lensing also affects TT and 
TE and, to within a few c, the lensing effects agree with the those of the primary 
anisotropy. 

The much-discussed primordial B-modes are shown on the bottom left. If they 
exist at measurable levels, they will give us new insights into the physics of the 
birth of the universe and to how gravitational waves couple to fundamental fields. 
The plotted data are from the BICEP2/Keck experiment **. 


5. Challenges 


Between the COBE discovery in 1992 and 1995, there were half dozen groups pub- 
lishing measurements of the anisotropy. Most of the results were in the form of 
power spectra and only a few could be confirmed through cross correlation with an- 
other experiment or through a repeated independent measurement in, say, a subse- 
quent year. This prompted Dave Wilkinson, who often admonished the community 
to “show our warts,” to write “A warning label for cosmic microwave background 
735. The abstract is still relevant: 

It is demonstrated that there may be undetected systematic errors or foreground 


anisotropy experiments. 


sources lurking in measurements of anisotropy in the cosmic microwave background 
radiation (CMBR). The elaborate statistical analysis techniques used to identify tiny 
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signals in hours of noisy data are discussed. The important errors in the results are 
probably not generated by Gaussian noise, but by spurious signals amd unknown 
foreground sources that are hiding in that noise, along with whatever CMBR signal 
is being detected. It is likely that among the many reports of statistically significant 
sky signals there are some real detections of CMBR anisotropy. However, given the 
number of ways that results can be contaminated, and the modest level of candor 
and quantitative assessment of possible systematic effects in the experimental papers, 
theorists should treat most current “detections” with skepticism. 

The field has advanced enormously since then. We routinely produce maps of 
the temperature anisotropy and maps of the polarization that can be compared 
between experiments. In contrast to reporting power spectra, maps allow one to 
check both the amplitude and phase of any purported signal. This gives faith in 
the results, but also assumes that the maps are public. There are still claims of 
different, beyond LCDM, phenomena at the 2-30 level and time will tell if these 
turn into something real. The statistical methods are now much more sophisticated 
but at the same time Dave's “tiny signals" have been redefined. In 1995, a typical 
error bar was 10 — 20 uK for ôl ~ 50; today it is an order of magnitude or more 
smaller. The warning label still obtains: one must be skeptical of new unconfirmed 
claims based on coadding months and months of data. 

The overall challenge of the measurement can be appreciated from a few num- 
bers. On the ground, the best sites are at the South Pole and Chile. At 150 GHz, 
the physical temperature of the surroundings is 250 K and the atmosphere is 10 K. 
The rms of the E-mode polarization is 6 uK. To measure this to an accuracy of 1% 
requires control/understanding of the environment to better than a part in 109. The 
advances over the years have not only been in detector sensitivity but in technique. 
In the mid-1990s we did not know how best to extract such small signals. 

The field is entering a new era. For example, when one measures B-mode polar- 
ization at large angular scales, one is measuring foregrounds. Thus understanding, 
measuring, and modeling polarized foregrounds has become an active area of re- 
search. So far, the only measured polarized foregrounds are from synchrotron and 
dust emission. In temperature these components show spatial variations in their 
spectra indices and they are non-Gaussian. The polarized emission comes from dif- 
ferent regions of the interstellar medium and a definitive departure from power law 
behavior has not been published. Though we might get lucky in modeling them, 
the field is prepared for the challenge of dealing with a complicated sky. To measure 
primordial B-modes with say r — 0.001 with a S/N of a few entails measuring a 10 
nK level signal with a few nK precision. The lensing produces a corresponding rms 
of roughly 65 nK. In a clean part of the sky, the rms level of dust emission of the 
sweet spot for ground observing at 30 < £ < 160 is roughly 220 nK. 

At smaller angular scales, gains can still be made with only modest cleaning. 
Figure 4 shows the dust foregrounds at 150 GHz, one of the prime observing frequen- 
cies. The top grey line is for TT. The bottom two swaths are for the polarization 
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Fig. 4. Foreground emission from dust at 150 GHz for different regions of sky. The top grey line 
is for TT and the bottom two swaths are for polarized emission in a typical off-plane (top) and a 
relatively clean (bottom) region. Cleaner parts of the sky exist. 


in different regions. The BB foreground levels are typically a factor of two smaller 
than the EE levels as indicated by the width of the various bands. 


6. The future 


The CMB is the gift that keeps on giving. We are far from learning all we can from 
it. Largely driven by the different demands of measuring large and small angular 
scales, there are two broad classes of instruments: “small telescopes” for large 
angular scales, particularly primordial B-modes, and “large telescopes” for smaller 
angular scales corresponding to / > 300. The Polarbear/Simons Array instrument? 
straddles these two broad classes. 


6.1. Large angular scales 


On the ground, the leading large-angular scale experiment is BICEP2/Keck which 
operates from the South Pole. It's advantages are the relatively stable atmospheric 
conditions at the South Pole, a large array of detectors, and the nearby SPT to help 


bThe Polarbear/Simons Array project is distinct from the Simons Observatory project. 
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delens the signal. The limitation is access to large clean, perhaps even the cleanest, 
areas of sky. The current results are from 400 deg?. As can be seen in Figure 3, 
delensing will be needed before too long. 

The CLASS experiment is operating in Chile with the most sensitive array yet at 
40 GHz: 32 pKs!/ 2. (The previous record holder was the QUIET experiment?’ at 
69 wKs!/ ?.) Higher frequencies are fielded and observing. Their strategy is to cover 
a large area of sky, currently 75%, to search for primordial B-modes and measure 
the optical depth?’. 

The QUBIC?? team is building a novel bolometric interferometer to search for B- 
modes. It will be situated in northern Argentina, not too far from the ACT /SO/PB- 
SA/CLASS site. This is the most novel of the current generation of experiments. 
It is the sort of thing I think Dave would have liked to try. Other examples of him 
taking a direction different from the rest of the field are his dual-horn correlation 
receiver experiment done with Peter Timbie?? and his development of a mm-wave 
detector based on Rydberg atoms which was never published. The first of these 
presaged the successful compact interferometric arrays of CBI and DASI. 

The Simons Observatory collaboration is in the process of building three “Small 
Aperture Telescopes” (SATs)*° that will be situated in Chile. As of this writing, 
the first is scheduled to be fielded in 2020. In contrast to BICEP2/Keck, they 
will observe roughly 4000 deg?. For this area, delensing is not needed to reach a 
sensitivity of øy = 0.002. (See Table 1 ). The CMB-S4 collaboration envisions a 
collection of 14 half-meter aperture receivers. 

There are a number of balloon-borne experiments in various stages of develop- 
ment. Currently the most advanced is SPIDER*!. It has completed one balloon 
flight mapping 4000 deg? of the sky at 90 and 150 GHz. The preliminary in-flight 
net sensitivity is 7.1 uKs!/? at 90 GHz and 5.3 uKs!/? at 150 GHz. The LSPE*?, 
EBEX-IDS? (next generation EBEX 4), and PIPER* experiments (with first 
flight in Oct. 2017) are in various stages of testing. There are also some recent 
proposals for measuring the optical depth from balloons. During the conference, La 
Sapienza's OLIMPO experiment was launched. While its science goal is the char- 
acterization of SZ clusters, it has advanced detector technology relevant to B-mode 
measurements. In particular, it gave the first demonstration of KID detectors in a 
space environment ^6, 

Space is the ultimate environment for CMB measurements. For a measurement 
as important B-modes, a new satellite mission is a natural and arguably neces- 
sary next step. There have been a number of proposals that have reached various 
stages of review. They include COrE, COrE+, PRISM, PIXIE, EPIC, EPIC-IM, 
CMB-Bharat, PICO, and LiteBIRD. The number of proposals indicates the general 
realization of the importance of such a mission. One clear advantage of space is 
the ability to look at a wide range of frequencies to clean foreground emission as 
assessed, for example, by Remazeilles et al.^". The most developed of the satellite 
missions is LiteBIRD, which has already passed a number of review milestones. 
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Table 1. Comparison of some projections for future large experiments 


Existing Simons Observatory CMB-S4 LiteBIRD PICO 
Estimated first light Current 2021 2027 2027 TBD 
Angular scale £> 30 £> 30 £ < 200 £ < 4000 
Or 0.03 2x 107? 0.5x 107-3 1x 1073 1x 1074 
Nerf 0.2 0.05 0.03 0.06 (95% cl) 
Or 0.0076 0.002 
oom, (meV) 100 30 26 15 


Note: The current values of c are from BICEP2/Keck 34 for the tensor to scalar ratio, r, and from 
Planck? for the other parameters. The Simons Observatory values? are the “goals” and include 
foreground cleaning. The CMB-S4 projections?? for osm, Were originally 15 meV but are here 
modified according to Allison et al.3?. The other projection are from the LiteBIRD?? and PICO?! 
projects. See references for constraints on additional parameters. 


6.2. Small angular scales 


At angular scales where one can measure multiple SZ clusters as well as the high 
£ part of the CMB (200 « £ « 8000) the two major telescopes are ACT and SPT. 
'There are both in their third generation of receiver and continue to produce great 
science. ACT, of which I am a part, has mapped half the sky with receivers that 
have a combined sensitivity, for just two of three arrays, of about 8 uKs!/? at 90 
GHz and 11pKs!/? at 150 GHz?? in nominally good (pwv=1.3 mm) observing 
conditions. In other words, they exceed the sensitivity of Planck even though they 
are observing through the atmosphere. 

The next generation of large telescopes are already in the works. The Simons 
Foundation has made a significant award for a new effort, called the Simons Obser- 
vatory ©, to be built in Chile. Not only are there the three SATs mentioned above, 
but there will be a new 6-m telescope based on the CCAT-prime design??. The 
telescope and the associated receiver are currently under construction. The cur- 
rently scheduled delivery date for the telescope is late 2020. There are yet further 
plans for additional large telescopes under the CMB-S4 umbrella. Table 1 shows 
projections for what these new efforts aim to achieve. 

'The CMB field is alive and growing. There is steady progress on new techniques 
and on improving the detector sensitivity. The more we learn, the more we know 
what we can learn. Through the CMB, and the CMB combined with other observa- 
tions, we are piecing together an interlocking picture of the universe that combines 
high energy theory, particle physics, general relativity, and a host of exciting astro- 
nomical phenomena. The potential for discovery is high and the future prospects 
exciting. 


*See https:/ /simonsobservatory.org for more details. 
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We give a brief review of the definition of the Wang-Yau quasilocal mass and discuss the 
evaluation of which on surfaces of unit size at null infinity of an axi-symmetric spacetime 
in Bondi-van der Burg-Metzner coordinates. 


1. Introduction 


As is well known, it is not possible to find the mass density of gravity in general 
relativity. The expression for the mass density would have to consist of first deriva- 
tives of the metric tensor which are zero in suitable chosen coordinates at a point. 
But we still desire to measure the total mass in a spacelike region bounded by a 
closed surface. The mass due to gravity should be computable from the intrinsic 
and the extrinsic geometry of the surface. It has been considered to be one of the 
important questions to find the right definition. Penrose gave a talk?^ at the Insti- 
tute for Advanced Study in 1979 and listed it as the first one in his list of major 
open problems. The quantity is called quasilocal mass. 

Many people including Penrose,?  Hawking,!ó Brown-York,? Hawking- 
Horowitz,!  Bartnik? and others worked on this problem and various definitions 
have been given. Several important contributions have also been made by Bart- 
nik,! Shi-Tam,?? and Liu-Yau.?9?! This article discusses the Wang-Yau quasilocal 
mass definition discovered in 2009 5:94, 
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2. The definition of Wang-Yau quasilocal mass 


Quasilocal mass is attached to a 2-dimensional spacetime surface which is a topo- 
logical 2-sphere (the boundary of a spacelike region). But with different intrinsic 
geometry and extrinsic geometry, we expect to read off the effect of gravitation 
in the spacetime vicinity of the surface. Suppose the surface is spacelike, i.e., the 
induced metric ø is Riemannian. An essential part of the extrinsic geometry is 
measured by the mean curvature vector field H, which is a normal vector field of 
the surface such that the null expansion along any null normal direction £ is given 
by the paring of H and £. 

To evaluate the quasilocal mass of a 2-surface X with the physical data (c, H), 
one solves the optimal isometric embedding system (see (1) in the next paragraph), 
which gives an embedding of X into the Minkowski spacetime with the image surface 
Xo that has the same induced metric o as X. We then compare the extrinsic 
geometries of X and No and evaluate the quasilocal mass from c, H, and Ho. 

The physical surface © with physical data (c, H) gives (c, |H|, vg), where |H] 
is the norm of the mean curvature vector field and ay is the connection one-form 
determined by the mean curvature gauge. As long as the mean curvature vector 
field H is spacelike, |H| is positive and og is well-defined. Given an isometric 
embedding X : X > R?! of c, let No = X(X) be the image and (c, |Ho|, ano) be 
the corresponding data of Xo. Let T be a future timelike unit Killing field of IR?! 
and define 7 = —(X,T) as a function defined on the surface © where (-,-) is the 
Minkowski metric on R?. 

The optimal isometric embedding system and the quasilocal mass can be ex- 
pressed in terms of a function p and a 1-form ja on X given by 


AT)? AT)? 
y Bo? + iere — y IBP + rio 


or V 1-|VrP? 

egy v, (smi* ge )) T 
a — aT — a | S aru P ET: — (€ a Q as 
A |Ho|]H] Ho B 


where V, is the covariant derivative with respect to the metric c, |Vr|? = VTV aT 
and Ar = V?V,r. 
The optimal isometric embedding system seeks for a solution (X, T) that satisfies 


(1) 


We note that the first equation is the isometric embedding equation into the 
Minkowski spacetime R?^:!. The quasilocal mass is then defined to be 


E(X, X,T) — s fe (2) 


Several remarks are in order: 
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(1) Xo is the “unique” surface in the Minkowski spacetime that best matches 
the physical surface X. If X happens to be a surface in the Minkowski spacetime, 
the above procedure identifies X9 = X up to a global isometry. 

(2) A prototype form of the quasilocal mass which corresponds to the special 
case T = 0 in (2) (due to Brown-York,? Liu-Yau,?? Booth-Mann,* Kijowski !?) is 


1 
a; [ (Bol - IH). 
TJS 


The positivity is proved by Shi-Tam?? and Liu-Yau.?! However, for a surface in the 
Minkowski spacetime, the above expression may not be zero. ?? 

The optimal isometric embedding system gives the necessary correction, so that 
the Wang-Yau definition is positive in general and zero for surfaces in the Minkowski 
spacetime. 33-34 

The derivation of the Wang-Yau definition (2) relies on both physical theory and 
mathematical theory. From the Hamilton-Jacobi analysis of the Einstein-Hilbert 
action (Brown-York,? Horowitz-Hawking!") a surface Hamiltonian (5) is obtained 
and the quasilocal energy should be (=) — (Xo) for a reference surface Xo in the 
reference Minkowski spacetime. The precise definitions of the surface Hamiltonians 
still depend on the choices of a normal gauge and a timelike vector field along the 
surface © as an observer. 

On the other hand, the mathematical theory of isometric embeddings (Niren- 
berg,?? Pogorelov?9) is used to find the reference surface X9 and a variational 
approach leads to a canonical gauge that anchors the choices of the gauge of the 
surface Hamiltonian. 

In general, the optimal isometric embedding system is difficult to solve. Suppose 
(X, T) is a solution and suppose the corresponding p is positive, then E(X, X, T) is 
a local minimum? and the nearby optimal isometric embedding system is solvable 
by an inverse function theorem argument. In a perturbative configuration, when 
a family of surfaces limit to a surface in the Minkowski spacetime, then the opti- 
mal isometric embedding system is solvable, again subject to the positivity of the 
limiting mass. This applies to the case of large sphere limits’ and small sphere 
limits. !? 


3. Quasilocal mass at null infinity 
3.1. Large sphere limit at null infinity 


Consider an isolated system surrounding a source. In terms of the Bondi-Sachs 
coordinate system (u,r,z? = 0,2° = o),%?7:31,92 
spacetime metric takes the form: 


near future null infinity J* the 


—Vdu? — 2Ududr + oda? + W*du)(dzx* + W*du), a,b = 2,3 
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such that each V, U, W* admit expansions in terms of integral powers of r with 


2 0 
V=1- m(u, ,$) s O(r ?) 
T 
U=1+0(r-*) 
cauda" dx = r?(d0? + sin? Odd) + 2r(cd0? — csin? Odd? + 2csin 0d0d$) + O(1) 
W° = O(r-?) 
The Bondi-Trautman mass is 
1 
Mgr(u) = 4n m(u, 0, $), (3) 
T S2 


where m(u,6,) is the mass aspect function defined at J+. As a result of the 
vacuum Einstein equation, the mass loss formula states 


d; Meru) = -i |, (e 9) <0. (4) 


This important formula represents the first theoretical verification of gravitational 
wave/radiation in the nonlinear setting. 

In Ref. 7, we evaluate the large sphere limit of quasilocal mass which recovers 
the Bondi-Trautman mass. At a retarded time u = uo, we consider the family 
of large spheres X, parametrized by an affine parameter r. The positivity of the 
Bondi-Trautman mass guarantees the unique solvability of the optimal isometric 
embedding system (1) with a solution (X,, Tj). Suppose X, and T, admit expan- 
sions: 


T= PO 4Y Tr 
k=1 


X, 2 rX(O 4 XO 4 Xa teet. 
k=1 
then T 9 is shown to be proportional to the Bondi-Sachs energy-momentum and 
T© being future timelike makes T7? and X(-^*U solvable inductively for k = 
ii 


3.2. Unit sphere limits at null infinity 


Both the Bondi-Trautman mass and the mass loss formula are global statements 
about J+, ie. they require the knowledge of all directions of (0,9). The limit of 
quasilocal mass introduced in the following provides a quasilocal quantity along a 
single direction (0, 9) at Jt. 

Consider a null geodesic ^(d) that approaches J+. Around each point on ^/(d), 
consider a geodesic 2-sphere gq of unit radius. The geometry of Ug approaches the 
geometry of a standard unit round sphere of R3. 
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In the limit d > oo, we obtain two quantities. The first one is lima. s; E(Xa) 
which is of the order of 7; with E(X44) > 0. The second one is obtained by exploiting 
the vanishing of the 4 term and appears as a loop integral on the limiting surface 
that is of the order of 4. 

Several cases have been computed: 

(1) Linear gravitational perturbation of the Schwarzschild black hole à la Chan- 
drasekhar. The linearized vacuum Einstein equation is solved by separation of 
variables and solutions of linearized waves are obtained. The optimal isometric em- 


bedding system can be solved and the quasilocal mass can be evaluated by solving 
A(A + 2)r = physical data, (5) 
(A + 2)N = physical data, 
where 7 and N are functions on the standard 2-sphere and A is the Laplace operator. 
All distinctive features of the waves such as frequency and mode parameters are 
recovered. 
(2) The Vaidya spacetime ? 


2m(u) 


)du? — 2dudr + r?(d0? + sin? 0de?) 


(1 
'The quasilocal mass of a unit sphere approaching null infinity is 


1 
8rd? 


The positivity of quasilocal mass corresponds to the mass loss formula in the Vaidya 
case. 

One may expect that the limit of quasilocal mass in the direction of (06, o) 
will recover the value of the mass aspect function m(u, 60, 99). But notice that the 


E(Xa) = ri , (0m) sin?(0) + l.o.t. > 0 (6) 


mass aspect function is not pointwise positive, only the integrated Bondi-Trautman 
mass is positive by Schoen-Yau?? and Horowitz-Perry.!? In the Vaidya case, 
the mass aspect is recovered from the loop integral. 


4. Unit sphere limit in BVM coordinate near null infinity 


'The Vaidya spacetime is a model for the Einstein-null dust system. In particular, the 
condition —Q,m > 0 in (6) can be interpreted as local energy condition for matters. 
In order to study the contribution of quasilocal mass at the purely gravitational 
level, we study the null infinity of a vacuum spacetime. We discuss the case of an 
axi-symmetric spacetime in the Bondi- van der Burg-Metzner coordinates near null 
infinity. The leading terms of the spacetime metric are of the form: 


2M 
(1 
" 


where M, U, C are functions of u and 0. 


)du? — 2dudr — 2Udud0 + (r? + 2rC)d6? + (r? — 2rC) sin? 0de?, 


“The mass aspect function used here differs to that of Ref. 13 by a factor of 2. 
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The E term of the quasilocal mass of a unit sphere approaching null infinity is 

(up to a constant factor) 
= 1 oue 
I [(8,C)? + det(A ® — nC 9)] + 3 [trs k D)? — 7€CDA(À 4 2)7(79], (7) 

B3 S2 
in which h(7U and k) depend on the physical data and hi!) and r-) depend 
on the solution of the optimal isometric embedding system. A priori, the expression 
may depend on all M, U, and C. However all occurrences of M and U are cancelled 
and the final answer only involves the function C and is completely independent of 
the mass aspect function M. The expression (7) is manifestly positive by Wang- 
Yau's theorem. 


4.1. Final remark 


Given a spacetime surface (3,c,H), we find the reference surface (39,0, Hg) 
through the optimal isometric embedding equation and evaluate the quasilocal mass. 
'This is a nonlinear and coordinate independent theory. The procedure is canon- 
ical and is accompanied by a uniqueness statement. In particular, the definition 
does not involve any ad hoc referencing or normalization. The calculation of the 
quasilocal mass does not assume any a priori knowledge of null infinity. 

The positivity of the unit sphere limit should correspond to a “quasilocal” mass 
loss formula, or *quasilocal gravitational radiation" at null infinity. The evaluation 
in the full generality of Bondi-Sachs coordinates (without assuming axi-symmetry) 
will appear in an upcoming paper. 
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We start by looking at why we believe that black holes have entropy. According to 
Boltzmann, the entropy is a measure of the number of microstates of a system. We 
suggest here that the entropy arises from a holographic conformal field theory on the 
black hole horizon. Finally, we discuss some of the implications for the information 
paradox. 
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1. Introduction 


Black holes were first thought about by John Michell back in 1784.! He reasoned 
that if the escape velocity from an object like a star exceeded the speed of light, 
then it would give rise to an object that cannot be seen optically but whose grav- 
itational field would betray its existence. These ideas were given substance by 
Einstein’s general theory of relativity and the subsequent discovery of solutions of 
the field equations that represented stationary black holes.? © One puzzling feature 
of stationary black holes is that they are completely characterised by just a few 
parameters; their mass M, angular momentum J and electric charge Q." !! It is 
this observation that is the basis for the information paradox. 1? 

The thermodynamics of black holes in general relativity has a history starting 
in 1972. The first relevant discovery, the area theorem, was made by Hawking. 13 
He found that the area of a black hole horizon could never decrease provided the 
null convergence condition Rak*k® > 0 holds for every null vector k^. Shortly 
after this, Jacob Bekenstein suggested !^ that the entropy of a black hole must be 
proportional to the area of its event horizon. His reasoning was based on three 
observations. The first was that if a Kerr-Newman black hole increased its mass by 
an amount dM, then 


am = 8L edQ +9.43 (1) 
T 


where & is the black hole surface gravity, A the area of the event horizon, ® the 
electrostatic potential of the black hole and Q its angular velocity. &, A, ® and 
Q are all determined in terms of M, J and Q. The second piece of evidence was 
that he reasoned that a black hole must have some kind of internal structure that 
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resulted from it method of formation. That would give rise to an entropy 


S-— b In p, (2) 


arising from the probability of the occupation of the n'^-state being pp. Finally, 
he showed that it was necessary for this black hole entropy to be added to the 
thermodynamic entropy of the rest of the universe in order to have a consistent 
theory of thermodynamics. This came about because otherwise dropping a box of 
radiation into a black hole would cause the entropy of the universe to decrease, in 
contradiction to the second law of thermodynamics. 

His ideas were met with a certain amount of scepticism because black holes 
were thought to have vanishing temperature. Despite that, Bardeen, Carter and 
Hawking!? pointed out the similarities between the first law of thermodynamics 
and (1) and also the second law of thermodynamics and the area theorem. 

In 1974, Hawking 1617 showed that black holes had a temperature Ty of h«/(27). 
Unlike previous work, his calculation was quantum mechanical in nature. Black 
holes would emit particles with a thermal spectrum at a temperature given by Tp. 
By identifying (1) with the first law of thermodynamics, one can immediately infer 
that the entropy must be given by A/(4h). The area theorem is thereby identified 
with the second law of thermodynamics. A somewhat different view of entropy was 
taken in Ref. 18. The idea here was to use the path integral for gravity to derive 
black hole entropy. Although gravity is unrenormalizable, there is no obstacle to 
using the path integral to lowest order as the uncontrollable divergences only occur 
at one loop or beyond. The action for pure gravity is, including the Gibbons- 
Hawking-York boundary terms 18-19 


lg h= | Resize do KVEpATézeCH] 8) 
l6- Jm 87 Jom 


where now M is the spacetime manifold with metric g and Ricci scalar R(g). The 
boundary of M is 0M with metric h and second fundamental form K. Ch] is 
any functional of h and is designed to make the action of flat spacetime vanish. 
Suppose one wants to find the partition function for a black hole spacetime. Then 
one wants to compute Z = tr(e~°”) where 8 is the inverse temperature and H the 
Hamiltonian. This can be done by realising that e/?** is the time evolution operator 
and so if t is identified with t + 28 then Z is given by 


Z= | Digle TeV, (4) 


where now the integral is over all metrics g of positive definite signature and that 
approach flat space at infinity and are periodic in imaginary time t with period 
mguqo 

The Schwarzschild metric is 


2M 2M 
ds? = -(1 — jJd + (1 — yat (5) 
gs T 
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where M is the mass of the static black hole with horizon at r = 2M and dQ? is 
the metric on the unit 2-sphere. Taking t = 77 so that the geometry is as described 
above gives the Euclidean metric 


2M 2M 
ds? = (1— —)dr*+(1- : ——) dr? + 7d? (6) 


T 


Now, r — 2M is a conical singularity that is resolved provided that 7 is identified 
with period 87.M .?? This periodicity is precisely the same periodicity expected from 
the Hawking calculation of the black hole temperature. Interpreting the exponential 
of the action as the partition function, reproduces the black hole entropy. In this 
calculation, the region r « 2M has been removed from consideration. Implicitly this 
means that the internal degrees of freedom have been traced over. One is thereby 
led to believe that the black hole does have some kind of internal structure that 
cannot be probed by external observers who just look at the classical geometry. 
'The same kind of reasoning can be applied to the Kerr-Newman metric too. 

Black holes evaporate. 'The black hole uniqueness theorems suggest that the 
only properties that a stationary black hole has are just the mass, charge and spin. 
As a consequence, there is a tension with the ideas of quantum mechanics. If a 
black hole completely disappears, then the final state should be unitarily equivalent 
to the initial state. Obviously, there are enormous number of ways in which the 
black hole could form. The black hole, once it has settled down to a more or 
less equilibrium state, is described by just those three parameters. The Hawking 
radiation is thermal and characterised by the Hawking temperature. Such a final 
state consisting of Hawking radiation will not be unitarily related to the initial 
state that gave rise to the black hole. This is the information paradox. It might 
be that quantum mechanical information really is lost in gravitational collapse. 
But then, the whole edifice of quantum mechanics would need to be rethought. The 
incredible success of quantum mechanics would seem to discourage such a viewpoint. 
Alternatively, there might be something wrong with the uniqueness theorems. It is 
this latter possibility that we will investigate here. 

In what follows, we will use covariant phase space methods?! ?" to understand 
the nature of charges in general relativity and the consequences for the physics of 
black holes. The reason for using the covariant phase space method is to preserve as 
much as possible of the covariance of theory. Had we picked the more conventional 
canonical methods, we would be forced to pick a particular time coordinate which 
would obscure matters. Furthermore, it would it impossible to understand what 
happens on null surfaces such as the event horizon. Our aim now is to try to 
understand something about the microscopic origin of black hole entropy. The 
hope is that this will aid a resolution of the information paradox. 

In pure general relativity, one can start with the Einstein-Hilbert action / given 
by 


=a h, Revise. (7) 


42 


'This action omits the boundary terms, but these are not germane to the discussion 
that follows. One finds the Einstein equation by performing a variation of the action 
induced by a variation of the metric gab — Jab + hab. This results in the variation 
ôI given by 


1 
i= f Ra- 5Roa) h Vaden + f o (8) 
M ƏM 


The three-form on the boundary 0(g,h) is known as the presymplectic potential 
and has components 

1 
~ 16x 
where h = habg®™®. In canonical general relativity, the boundary term would be 
thought of 


(*0)a (Veh? = Vah) (9) 


I. D ndi (10) 


where q^ are the generalised coordinates, p; are the generalised momenta and i 
represent the tensor indices of these fields. 
The presymplectic density w(g;h,h’) is defined by a second variation gab — 
Jab + hip 
w(g; h, h^) = 60(g, h’) — O(g, h) (11) 


Finally, the symplectic form for general relativity is 


Qs = f T (12) 


where X is any partial Cauchy surface in the spacetime. In the language of the 
canonical theory, Qx would be 


1 2 óp; ^ dq’. (13) 


One property that w has is that if the background metric gap obeys the Einstein 
equation and both hab and h/, obey the linearised Einstein equations, then w is 
closed. Thus Qs is constant under variations of X as long as the boundaries of X 
are fixed. 

In general relativity, the symmetry group is the group of diffeomorphisms. An 
infinitesimal coordinate transformation is specified by a vector field G^. This induces 
a variation in any tensor field given by the Lie derivative of that field. Thus, for 
example, the variation of the metric is given by 


dgab = Écgab = Jab + Vako + Voka- (14) 


The bulk term in the variation of the action 6J is invariant under such a transforma- 
tion but the boundary term is not. The infinitesimal co-ordinate transformations 
obey an algebra whose composition law is 


Lok — Enl = Lien] (15) 
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where C and 7 are two (smooth) vector fields and 


[Cn] = Len = -Lng (16) 


Suppose now that in Q one makes h’, a gauge transformation given by the vector 
field ¢. Then Q can be written as a boundary integral. Explicitly, 


1 


=. Fap ds” 17 
167 ax d ( ) 


Qc 
with 
Fab = —2Ga Vajh + 26a V “sje = 2C^V [ahojc E hV [aĝo] + 2heja V° Co]: (18) 


Let ðX is a closed 2-surface S, for example the celestial sphere or a black hole event 
horizon. One would like to interpret Q¢ as the variation in the Noether charge 
conjugate to ¢ that is enclosed in the interior of S as one moves between the metric 
Jab and gap + hay. There is a complication with this idea because in such a change, 
there might be a flux of charge crossing S. To take account of this possibility, 
one needs to examine Qg and identify such terms and subtract them out. In more 
mathematical language, one we want Qc to be a function of state. As such it must 
be a 1-form on the infinite-dimensional phase space of the theory. This 1-form needs 
to be exact so that if one goes along a path T between ga, and gay + hay, then Qc 
is independent of the path T, and therefore dependent only the end-points of that 
path. The definition on Q¢ thus needs to be modified by the ddition of a suitable 
counterterm Qc > Qc + QË. Finding Q needs to be done on a case by case basis 
as has been elegantly explained in detail by Wald and Zoupas.?$ 

In the case that Ç were a time translation, then Qc would be the quasi-local 
mass enclosed in S.?? If it were a spatial translation then the momentum. If Ç 
were a Killing vector, then Qc would be the same as the Komar integral.?? If ¢ 
were a supertranslation or super-rotation at null infinity, then Qc would be the 
corresponding supertranslation or super-rotation charge. Equally, one can define 
charges on the black hole horizon and these are the soft charges or soft black hole 
hair. 2° 

Diffeomorphism invariance of general relativity means that the charges Q¢ lie in 
some representation of group of coordinate transformations. Thus 


ócQn zo ónQc E Qin] (19) 


Were this relation not to hold, general coordinate invariance would be violated, in 
gross contradiction to our expectations of what should be true in physics. However, 
what we find is that this relationship does not hold for charges on black hole event 
horizons. Instead, we find 


6¢Qn — Qe = Vien + K(6,m) (20) 


where K(¢,7) is a central extension of this algebra.?! We will now explore a par- 
ticular example and move on to its interpretation. 
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We start from the Kerr metric in Boyer-Lindquist coordinates. 


ds? — pa + d0?) + (r? + a?) sin? 0d? — dt? + 2: (asin? Odo — dt)? — (21) 
where 
A =r? —2Mr+a? (22) 
and 
p^ — r? +a? cos? 0. (23) 


M is the mass of the black hole and J — Ma is its angular momentum. A — 0 
at r4 with r} being the location of the outer horizon, r_ the location of the inner 


horizon and 


my =M+ VIP -F (24) 


2 


and assume that the black hole is 


wt = 4/ Pott ?rTro (25) 
; aa N 
w- = Jr — T+ e2?7TLġ—t/2M (26) 
T =a 
y= {T+ —T- et (Tz Tn)6—t/AM (27) 
qe queen 


Now we will define “conformal” coordinates? 
not extreme so that m? » a?. 


where 
re tre Tc. 
Tj = ——— and Tr = — (28) 
4ra 4ra 
The future outer horizon is w^ = 0 and the past outer horizon is w* = 0. The 
azimuthal coordinate ¢ is identified with period 27 and this induces an identification 
on w*,w- and y as 
wt 2 ei Trut, w — em lay, y e Go TR).. (29) 
The line element close to the horizon bifurcation surface wt = w- = 0 is? 
Ap? 16M?a? sin? 0 
ds? — P dw*dw- + ERE y? + pi dé? + O(w* w7) (30) 
y PLY 


where pi. = r? +a? cos? 0. If one looks at the w, w^, y— plane by setting 0 to be a 
constant, then this line element is that of AdS3/T with T being some discrete group. 
So close to the horizon bifurcation surface, the geometry of spacetime is some kind 
of warped product of the line segment 0 € [0,7] and a deformed portion of three- 
dimensional anti-de Sitter space. The classic work of Brown and Henneaux?! shows 
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that in spacetimes that are asymptotic to anti-de Sitter spacetime, the diffeomor- 
phism algebra has anomalies. One might therefore suspect that something similar 
happens in the case of the Kerr black hole. 

Consider the diffeomorphism given by the vector field Çn 


il 
On = en (w*)8, + 3€ (w*)y0, (31) 
with 
en (w^) = 2nTg(w* srt) (32) 


and n being any integer. It should be noted that under the identifications of either 
wt — wett TR or y > ye?7 (Te+TR) that (, is invariant. This vector field is 
well-defined on the future horizon. These vector fields obey the Witt (or centerless 
Virasoro) algebra with the commutator 


[Cn Sm] = i(m — 2)Cn+m (33) 
Similarly, one can find a second vector field Ch given by 
Cn = En(w )0.. + 4ë' (w7 )yðy (34) 
and € being given 
En(w) = 2n T, (w- tt sz? (35) 


again with n being any integer. This vector field is well-defined on the past horizon. 


. . . . . . . . = — 2 2 
Again, it is invariant under the identifications w^ — w^ et" Tr or y — ye?” (Tu* T8), 


It too obeys the Virasoro algebra 
[Sn Cm] = (m — 2) Ont: (36) 


Both of these vector fields are well-defined on the bifurcation surface and commute 
with each other there 


[Crs am =0. (37) 


These vector fields can be used to generate charges on the bifurcation surface. 
To do this we need to introduce an appropriate counterterm. This is given by 


ec J dS" ACH Noa (38) 
81 


where Nap are the components of the volume form on the normal bundle to the 
horizon. There is a precisely similar expression for the fields Çn. One then finds 
that the charges on the bifurcation surface obey the algebra 


Qn Qm] = i(n 7 M)Qn4+m + in? JÀ, —m (39) 
for the right-handed algebra and 
[Qn Qm] = i(n — m)Qs o + in? Jón, -m (40) 
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for the left-handed algebra. Finally, the left and right algebras commute with each 
other 


(Q;. On| = 0. (41) 


In both cases, the central terms shown here correspond to the conventionally nor- 
malised Virasoro algebra with central charges given by cr, = cg = 12J. Thus the 
diffeomorphism algebra has an anomaly. 

We postulate that this anomaly is cancelled by holographic degrees of freedom on 
the horizon expressed in terms of a two-dimensional conformal field theory. Consider 
for a moment the expressions for the absorption probabilities for particles incident 
on a Kerr black hole. Suppose we look at a particle with energy ôE and angular 
momentum parallel to the black hole spin 6. Then we observe that the absorption 
probability obtains a suggestive factor of 


WWE 2 IWR 2 
I(1 I(1 42 
a+ zl a+ sa (42) 
where 
2M3 2M? 
WL = J ôE WR = J ôE — oJ. (43) 


This is precisely what is to be expected for a conformal field theory where the 
left-handed degrees of freedom are at a temperature of Tr and the right-handed 
degrees of freedom are at a temperature of Tr and one is asking for the absorption 
probability for particles of energy wz in the left-handed sector and energy wg in 
the right-handed sector. We take it that there are no coincidences in nature and 
therefore we really can attribute our observations to the existence of holographic 
degrees of freedom on the horizon described by a two-dimensional conformal field 
theory. 

A general property of conformal field theories, provided the central charge is 
sufficiently large, was first described by Cardy.?^ The entropy for a system with 
central charges cr, and cg for the two sectors at temperatures Tr and Tg is given 
by 

x 
S= 3 e + CRTR). (44) 


Plugging in our expressions for cr, cg, 7; and Tg gives 
I 
S= -A. 45 
1 (45) 


It is hard to believe that this is a coincidence. It appears therefore we have identified 
the degrees of freedom responsible for black hole entropy. ?? 

Subsequent to the conference, it has been shown that the same methods repro- 
duce the entropy for the Kerr-Newman family of black holes?? and for uncharged 
black holes in anti-de Sitter spacetime.?9 
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A key question is to ask how this affects our view of the information paradox. 
We have shown how to account for black hole entropy in terms of a holographic two- 
dimensional conformal field theory living on the black hole horizon. It is however far 
from clear that the states of such a theory can record all of the quantum mechanical 
information that is pertinent to black hole formation from ordinary matter. We are 
therefore left with a collection of problems that need exploration and solution before 
there can be any claim of solving the information paradox. We conclude this essay 
with a summary of outstanding issues. Does the horizon conformal field theory 
contain a complete description of the black hole formation process? How does the 
Hawking radiation encode this information so as to preserve unitary time evolution? 
Why is it that the black hole entropy is independent of the spectrum of elementary 
particles when the number of ways a black hole can be formed is highly dependent 
on that spectrum. For example, if there were a million different species of electron, 
the number of ways a black hole could form would be vastly higher than if there a 
single type of electron. Nevertheless, the Hawking entropy would be same. 

Suppose a particle falls into a black hole. Classically, a co-moviong observer sees 
it pass through the horizon without anything obvious happening. In the case of a 
Schwarzschild black hole, it will reach the singularity in a finite amount of proper 
time. The singularity is a boundary of spacetime and so we believe the particle 
to have disappeared. In the case of rotating black holes, it seems plausible that it 
will also inevitably reach a singularity as the inner horizon of a Kerr black hole is 
unstable and is presumed to become singular once any energy-momentum arrives 
there. However, if the particle is to leave an imprint on the state of the horizon 
conformal field theory, it appears to have violated the quantum no-cloning theorem. 
Roughly speaking, the no-cloning theorem says that you cannot duplicate the state 
of a particle by unitary time evolution. A number of technical assumptions go into 
this amongst which is a notion of locality, a dubious assumption in the case of 
gravitation. 

'Then there are some more challenging issues. What happens to the singularity? 
It is a classical concept and shows that classical general relativity is an incomplete 
theory. What happens quantum mechanically? There is no satisfactory answer 
at present. What are the final stages of black hole evaporation? The picture 
presented seems to suggest that all symmetries in nature are gauge symmetries and 
not global symmetries. For example in the standard model, baryon number is a 
global symmetry, but it is hard to see how this could be encoded in the picture 
presented here. There is one ambitious theory that predicts that all symmetries are 
gauge symmetries and that is string theory. Although string theory is successful in 
resolving the divergence problems of quantum gravity, and potentially geometrizing 
the spectrum of elementary particles, it is far from being a theory of spacetime. 
Hopefully, the picture here will provide a guide to the true nature of quantum 
gravity, but there are immense and exciting challenges to the construction of such 
a theory. Eventually, we hope that the construction of such a theory will lead to 
deep insights into the nature of our Universe. 
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No smooth beginning for spacetime 
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In these proceedings, I will review an obstruction for theories of the beginning of the 
universe which can be formulated as semiclassical path integrals. Hartle and Hawking’s 
no boundary proposal and Vilenkin’s tunneling proposal are examples of such theories. 
Each may be formulated as the quantum amplitude for obtaining a final 3-geometry by 
integrating over 4-geometries. The result is obtained using a new mathematical tool — 
Picard-Lefschetz theory — for defining the semiclassical path integral for gravity. The 
Lorentzian path integral for quantum cosmology with a positive cosmological constant is 
mathematically meaningful in this approach, but the Euclidean version is not. Framed 
in this way, the resulting framework and predictions are unique. Unfortunately, the 
outcome is that primordial gravitational wave fluctuations are unsuppressed. 


Keywords: Quantum cosmology; Big bang; MG15 Proceedings. 


1. Introduction 


There is an old and attractive idea that the universe could have been created out of 
“nothing” via a quantum creation event. More specifically, since in a closed universe 
all total charges are zero, there is the intuition that no conservation law can prevent 
such an event from happening — and since everything that is not forbidden will 
eventually occur, so goes the logic, such a process must be possible. One could 
object to this line of reasoning by saying that in the absence of time, it is not 
at all clear that such a process must “eventually” occur. A more pertinent line 
of enquiry however is to first see if such an idea can be made concrete. This has 
indeed been attempted, in particular with the *no-boundary" proposal of Hartle and 
Hawking! and the tunneling wavefunction of Vilenkin ^. These proposals have 
been heuristically formulated within the path integral approach to quantisation, 
but now with gravity included. The idea then is that the big bang is replaced by 
a closed and regular geometry corresponding to the Euclidean version of de Sitter 
space (for an illustration see Fig. 7). Such a geometry can arise as a saddle point of 
the path integral for gravity with a cosmological constant A, as we shall see in more 
detail below. What was left unspecified in these proposals is how to properly and 
precisely define the original path integral itself. Here Hartle and Hawking implicitly 
had in mind a Euclidean version of the path integral, since they hoped that this 
would lead to better convergence properties. Meanwhile Vilenkin stated that his 
proposal was to be viewed in the framework of a Lorentzian path integral. However, 
neither approach was made very precise, and thus the true consequences of these 
proposals remained somewhat heuristic. 

'The object of our work was to make both proposals mathematically precise. The 
outcome of this clarification was however rather negative: we discovered that both 
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proposals lead to unstable fluctuations, and that consequently the replacement of 
the big bang by a smooth geometry remains an untenable proposition at present. 
The present review is based on Refs." 1! 


2. Path Integral 


In this overview we consider a universe with a positive cosmological constant A, 
described by the action 


S= 7 diz4/—g (R — 2A) «f d^yy gG K , (1) 
2 JM 8M 
where we have set 87G = 1. The second term, involving the 3-metric m and 
the trace of the second fundamental form K of the boundary 0M, renders the 
variational principle well posed. We start by truncating the theory to the simplest 
cosmologies, with line element 


ds? = -N (t?dt? + a(t)?a02 , (2) 


with dQ3 the metric of a homogeneous, isotropic 3-sphere. Later on, we will add 
gravitational wave perturbations. 
'The Feynman path integral for the reduced theory is 


Gí[a1; ao] = | DNDnDaDpDCDP e Jo |NrtóprCP-NH]at | (3) 


where, in addition to a, N and the fermionic ghost C, we have introduced the 
conjugate momenta p, 7 and P, and the corresponding Liouville measure. Without 
loss of generality, we can choose the range of the time coordinate to be 0 € t < 
1. The Hamiltonian constraint H[a,p; N,*; C, P] = Hgn[a,p] + H,[N,7;C, P] 
consists of the Einstein-Hilbert Hamiltonian Hgy, in our case a minisuperspace 
Hamiltonian, and a Batalin, Fradkin and Vilkovisky (BFV) ghost Hamiltonian H,. 
The ghost term breaks time reparametrization symmetry and fixes the proper-time 
gauge Ñ = 0.7? For minisuperspace models, most of the path integrals can be 
performed analytically, yielding 


oo a=a, . 
G|a1; ao] = | an | Dae ae. (4) 
0t a=ao 


which has a very simple interpretation. The path integral f DaeiS(N,a)/A 


the quantum mechanical amplitude for the universe to evolve from ao to aj in 
a proper time N. The integral over the lapse function indicates that we should 
consider paths of every proper duration 0 < N < oo. Teitelboim!’ showed that 
this choice of integration domain leads to the causal ordering of the ao and ay, 
i.e. ag precedes a1. This allows us to describe both an expanding a, > ao and a 
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contracting a1 < ao universe, since the direction of the arrow of time is determined 
by the Feynman propagator and not by the choice of boundary conditions. 
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The action in (4) reduces to 


1 :2 
S= an? f dtN (-3055 +3a— a) : (5) 


We are faced with a functional integral over a(t), and an ordinary integral over the 
proper time N. In fact, we can simplify the calculation by noticing that redefining 
the lapse function N(t) — N(t)/a(t) renders the action (5) quadratic in q(t) = 
a(t)?, allowing the path integral over q(t) to be performed exactly !4. In these new 
variables, the action (5) becomes 


1 
3 
s t| -=P + N(3— Aq) ) . 
saan [a (if NG- 0) (6) 
The equation of motion and the constraint following from this action are 
2A 3 
se 25 y2. D o3 xA 
j—N5 Typed +3=Ag (7) 


With boundary conditions q(0) = qo and q(1) = qi, the general solution to the first 
equation (before imposing the constraint) is 


= A A 
E | ( jM + Qi wo) t+ a0. (8) 
Writing the full solution as 
q(t) = q(t) + Q(t), (9) 
the path integral becomes 
oo re Q[1]-0 2 
Gla; qo] =| dNe?" am Doe tua (10) 
0 Q[0]—0 
with 
1 Sas 3 faa 
= dt | —— q N- NAG = ——_ tQ". 11 
s-fae(-uPüesw- NM). &=- fag. an 
The path integral over Q is Gaussian and can be evaluated exactly: 
Q[1]=0 2; By 
DQe?" iSo/h E : (12) 
ni an 


The propagator thus reduces to an ordinary integral 
377 s dN ni 
Gai; qo] = V a N pu. (13) 


A? A 1 3 
8 - Nace (30 ea) +3) *x (a-w) : (14) 


Equation (13) is an oscillatory integral, implying that it is only conditionally con- 
vergent. Below, we will use Picard-Lefschetz theory to show that it is indeed con- 
vergent, and to evaluate it. However, it is instructive to see that an elementary 


with 
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proof of convergence may be provided, without the use of analytic continuation. 
We will sketch it here. 

For many oscillatory integrals, convergence can be demonstrated with the Leib- 
niz convergence test for alternating series. A real alternating series is defined as 


oo 


ES (-1)'ai, (15) 


i—0 


a 
I 
Q 


with a; positive real numbers. The Leibniz convergence test states that the se- 
ries is convergent when the arguments decrease monotonically, ie. a;,1 < aj 
for sufficiently large i, and the argument goes to zero in the limit of large i, i.e. 
lim; a; = 0. To see the relation to oscillatory integrals, consider the integral 


i=] da efe) | (16) 
0 


for a real valued polynomial f (for the Fresnel integrals f(x) = z?). The real and 
imaginary parts of J are given by 


ne = [^ de cae), ld d. daas e (17) 


For simplicity we concentrate on the real part. Let us assume that the leading term 
of f goes like z” in the limit x — oo for n € N. A change of coordinates u = x” 
gives the integral 


* d 
Rell] [| A oG), (18) 
o nu /n 
and ensures that f ( 4/u) ~ u for large u. Now let the zero crossings of the argument 


be given by z; for i € N. The real part of the integral can be written as an alternating 
series 


Re[7] = ra 2» — cos(f(ul/”)) , (19) 
i=0 "7 
=c cy l| — cos(f(ul/”))| , (20) 
i=0 d 
=c+ 5 (-1)'a;, (21) 
i=0 


without changing the order of summation, with c the integral over the interval 
(0, zo), either the positive or the negative sign for + depending on the details of f, 
and the positive real numbers 


Qj = 


| erem). (22) 


nul-1/n 
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'The argument of the alternating series can be dominated with a simple approxima- 
tion 


Qi = 
* nul-1i/n 


Zi+1 du 
/ et .. cos(f (u!/^)) (23) 

tul du 
Ji rom 7 VAuac- Ya = bi. (24) 


In the limit of large u the function f( 4/u) asymptotes to a function proportional to 
u. For this reason, in the limit of large 7, the zero crossings z; in u will asymptote to 
a regular spacing, leading to the conclusion that for n > 1 and for sufficiently large 
i, the coefficients b; satisfy the conditions of the Leibniz convergence test. Since 
ai < bj for all i we conclude that Re[Z] converges when n > 1. A similar argument 
can be given for the imaginary part of J, making J conditionally convergent. This 
discussion applies to a more general class of integrals. When the integral function 
f(x) diverges as z^" in the limit x — 0 with n € N, the change of coordinates 
u = x~” leads to convergence for n > 1. More generally, when f is not a polynomial 
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but dominates some polynomial x” with n > 1, the oscillatory integral can be 
shown to converge due to cancellations from oscillations at large x. Our integral 
above, when expressed in terms of the canonically normalised integration variable 
M = N‘/?, involves the asymptotic behaviour ~ f dMei(4’ M*-41/M^)/^. and hence 
is manifestly convergent. In order to evaluate its value, however, Picard-Lefschetz 
theory is a preferable tool to which we turn our attention now. 


2.1. Picard-Lefschetz theory 


Picard-Lefschetz theory deals with oscillatory integrals like 


T= [| asesi, (25) 


where fi is a real parameter, the action Sx] is a real-valued function and the integral 
is taken over a real domain D, usually defined by the singularities of the integrand 
or, in higher dimensional or path integral cases, its partial integrals (see e.g. !? for a 
more complete overview). One is typically interested in the behavior of the integral 
for small values of the parameter fi: in quantum mechanical applications, taking A 
to zero is a nice way to study the classical limit. 

When faced with an integral in the form of (25), the idea of Picard-Lefshetz 
theory is to interpret S[r| as a holomorphic function of x € C, the complex plane. 
Cauchy's theorem allows us to deform the integration contour from the real domain 
D on the real x-axis into a contour we now call C in the complex z-plane, while 
keeping its endpoints fixed. In particular, we seek to deform C into a "steepest 
descent" 
where 0,5 = 0. By the Cauchy-Riemann equations, the real part of the exponent, 
Re[iS[x], which controls the magnitude of the integrand, has a saddle point in 
the real two-dimensional (Re[r],Im[r])-plane there. The steepest descent contour 


contour passing through one or more critical points of S[x], i.e. points 
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through the saddle point is defined as the path along which Re[;S[x]] decreases as 
rapidly as possible. 

A simple example is provided by S[r| = z?, with a critical point at x = 0. 
Writing x =Re[z] + i Im|z], we have Re[;S[x]] = —2 Re[x|Im[xr]. The magnitude of 
the integrand decreases most rapidly along the contour Im[r|—---Re[x] which is the 
steepest descent contour. Conversely, it increases most rapidly along the contour 
Im[r| = —Re[z], which is the steepest ascent contour. As we shall discuss, steepest 
descent contours generically lead to convergent integrals, and in this case they are 
known as Lefschetz thimbles Js. 

In more detail, we write the exponent 7 = iS$/h and its argument x in terms of 
their real and imaginary parts, ZT = h + iH and x = ul + iu? 
then defined by 


. Downward flow is 


du? .. Oh 
= — M TT 
EP AS (26) 


with A a parameter along the flow and gi; a Riemannian metric introduced on the 


complex plane. The real part of the exponent h (known as the Morse function) 


: oC. : f dh — Oh dut . 
decreases on such a flow away from its critical points, because $* = »5; 5295 = 


—» (Bh « 0, with the fastest rate of decrease occuring in the direction of 
"steepest descent", which maximises the magnitude of the gradient. Defining the 
latter requires that we introduce a metric. 

For the simple examples we discuss here, the obvious metric ds? = |dz|? is suffi- 
cient. Defining complex coordinates, (u, à) = ((Re([r] + iIm[z]), (Re[r] — iIm[z])), 
the metric is guu = gau = 0, gua = Jau = 1/2. Then h = (T + Z)/2 and (26) 
becomes 


du OL du OT 

==- Ie. 27 

dA ðu’ dA Ou d 
The imaginary part of the exponent H = Im[iS/h] is conserved along these flows, 


since 


dÀ 92i dà 2i 


dH  1d(2-Z) 1 (Adu Zda) _ 
[s sat) = 9 ES 


Thus the integrand e/5*]/^ — which was a purely oscillatory factor in the original 
integral — does not oscillate at all when evaluated along a downward flow (see Fig. 1). 
Instead, it decreases monotonically so that the integral converges absolutely and 
“as rapidly as possible." For a downward flow originating at a saddle, A runs from 
—oo at the saddle point to positive values as h decreases. The Lefschetz thimble 
associated with a given saddle is defined as the set of downward flows leaving the 
saddle in this way. 


Analogously, upward flows are defined via 


— = +g) — (29) 
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Fig. 1. Left panel: From a saddle point c emanate upward (Ko) and downward (Jos) flows, which 
are located in the wedges J, (in green) and Ko (in red) respectively, defined as the regions where 
the Morse function h is lower (higher) than its value at the saddle, respectively. The arrows along 
the flows indicate the direction of descent, and the downward flow Je is known as a Lefschetz 
thimble. The wedges are separated by blue lines along which h is constant and equal to the value 
at the saddle point h(po.) Right panel: Along a Lefschetz thimble the real part h of the exponent 
decreases as fast as possible, ensuring an absolutely convergent integral. 


with H likewise being conserved along these flows. Every critical point has an 
upward flow which, in analogy to the downward flow, is labelled Ko. 

Lefschetz thimbles and upward flows only intersect at a single critical point (in 
case of a degeneracy, a small perturbation may be added), the one where both are 
defined. With a suitable choice of orientation, we can write for the intersection 
number 


Int(AJ5, Ko) = so. (30) 


Our objective is to deform the original integral (25) into one evaluated over a sum 
of Lefschetz thimbles. That is, we would like to write 


C= 3 noJa, (31) 


in a homological sense, for some integers no which may take the values 0 or +1 
when accounting for the orientation of the contour over each thimble. It follows 
from these equations that ng = Int(C,K,) = Int(D, Ko), since the intersection 
number is topological and will not change if we deform the contour C back to 
the original, real domain D. Thus a necessary and sufficient condition for a given 
thimble Js to be relevant is that a steepest ascent contour from the critical point po 
intersects the original, real integration domain D. In this circumstance, intuitively, 
there is no obstacle to smoothly “sliding” the intersection point from the real axis 
along Ko down to pz, and in the process deforming the original integration contour 
onto the the thimble Js. This is an argument that shows that if one starts from 
a real Lorentzian theory, then as long as the action is analytic one never obtains 
semiclassical enhancement factors such as are found in the Euclidean approach. 


58 


Once we have deformed the contour from the real axis to run through a set of 
thimbles associated with the contributing critical points, we have: 


r= [| arest = [aces -Dre f dee l/®, (32) 


As (32) indicates, typically more than one Lefschetz thimble contributes to the 
Lorentzian path integral, with given boundary conditions, even in mini-superspace 
quantum cosmology. 

The integral taken over a thimble is absolutely convergent if 


<f GEJ estin sj |dxje” < oc. (33) 
Jo Je 


Defining the length along the curve as | = f |dz|, the integral will converge if 
h(a(l)) < —In(l) + A, for some constant A, as | — oo, which is a rather weak 
requirement. 

We have then expressed the original integral as a sum of absolutely convergent 
steepest descent integrals. In an expansion in h, we have 


r= f dg eSI /h 5 ng e! pe J eda z 5 No giri) m [As + O(h)], (34) 
d c 


o 


dreiSlel/h 


ff, 


where A, represents the result of the leading-order Gaussian integral about the 
critical point pz. Sub-leading terms may be evaluated perturbatively in A. 


2.2. Relevant and irrelevant saddle points 
The action So has four saddle points in the complex plane, which are solutions of 


889/0N = A? NF + (—6A(qo + q1) + 36) N2 + 9(q — qo)? — 0, (35) 


A 1/2 A 1/2 
(5o = 1) + C2 (Fa = 1) ; (36) 


with c1,c2 € {—1,1}. The action evaluated at these saddle points is given by 


A 3/2 A 3/2 


Each of these four saddle points corresponds to a Lefschetz thimble [5], and a 
steepest ascent contour {Ke}. Each is also associated with wedges Je, Ko in which 
the real part of the exponent iS/h is respectively lower and higher than the saddle 
point value. Writing the original integration contour in terms of the Lefschetz 
thimbles 


given by 


3 
Ns = CUX 


saddle 
So = —€1 


A 


=) nad, (38) 
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we approximate the propagator using the saddle point approximation in the limit 
h — 0, 


e27 ^8 /h 
Gla; qo] = ee 2h s N12” Í 
Qn 2igsodate h "m 
Re Lre e = - / / d Ne S So (N - NL? E +0 (5/2) 
Je 
2r ?4gsaddle h 
£d 2 neN ah ida -o / ——— Í dne” = 1So. In? [1 +0 (n2) 
Je 


«Leela aa G) em 


where we defined N — N, = net? with n real and 0 being the angle of the Lefschetz 
thimble with respect to the positive real N axis. 
Earlier approaches amount to choosing a particular contour in the complex N 


plane “by hand,” on the basis of some preconceived notions. However, the virtue 
of the Lorentzian path integral combined with Picard-Lefschetz theory is that the 
proper combination of saddle points and relative phases between them is completely 
fixed. 

The *no-boundary" conditions were proposed by Hartle and Hawking as a the- 
1-3. The idea is that in the path integral 
one should sum only metrics whose only boundary is provided by the final spatial 


ory of initial conditions for the universe 


hypersurface (corresponding to the current state of the universe). To implement 
^no-boundary" conditions, we must take gg = 0 and find a 4-metric which is regular 
there. This is possible for positive spatial curvature, as assumed here. The 
boundary" condition is supplemented with the constraint equation (7) evaluated at 
q — 0, 


“no- 


d —-AN? (q=0). (40) 


We will take the final boundary to correspond to a late time configuration, where 
the universe has become large, qı > 3. The saddle points of the action are given by 


AK 1/2 3[.. fA 1/2 
r EZ cies 1) | ; Ne nb2 = UN 1E EZ BE 1) E (41) 


with corresponding actions 
A 3/2 
—i £ (Fa — 1) . (42) 


6 A 3/2 6 
S = —— |—i + | =q- 1 ; Si =+— 
0,nb1 3 ( 3 qi ) 0,nb2 A 
Note that saddle points in the upper half plane lead to a e??? So ~ e-127^/(hA). 
while those in the lower half plane lead to e/27^ 50 ~ e+127?/(RA), 
Given the saddle points, we can determine the wedges and the curves of steepest 
descent and ascent emanating from them. We use the fact that curves with Re(iSo) 


3 
Ns = iy 
nbl TX 
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Fig. 2. For this numerical example we have chosen A = 3,qo = 0,q1 = 10. The saddle points 
then lie at +3+7. Shown in the present figure are both the boundaries of wedges (lines of constant 
real part of the integrand/imaginary part of the action — light blue lines) and the flow lines (lines 
of constant real part of the action — red/green lines). More specifically, the plot shows both 
Abs[Im(S(N) — S(Ns))] and Abs[Re(S(N) — S(Ns))], where lighter colours correspond to smaller 
values. The four saddle points are located at the intersections of the flow lines. More details are 
provided in Fig. 3. 


specify the boundaries of the wedges, and that Im(iSo) is constant along the flow 
lines to determine them numerically — see also!®. For the case of interest to us, the 
wedge boundaries and flow lines are shown in Fig. 2, while the directions of the 
flows are sketched in Fig. 3. 

Note that the downward flow lines (Lefschetz thimbles) of the upper saddle 
points can indeed be deformed to the real N line, while the downward flow lines 
of the lower saddle points cannot. Moreover, only saddle point 1 can be linked 
to the original integration contour (the positive real half line) via an upward flow, 
and hence the appropriate integration contour, along which the integral will be 
manifestly convergent, is given by the Lefschetz thimble Jı also indicated by the 
dashed orange line in Fig. 3. Saddle point 1 lies at 


3|. JA 
NL cH i+ Ga- D], (43) 
and the action evaluated on the saddle point is 


6 ek 
Stun = -F [i+ Ga - f] (a4) 
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Fig.3. A sketch of the wedges and flow lines emanating from the saddle points in the complex N 
plane, for ^no-boundary" conditions qo = 0,q1 > 3. The loci of the steepest ascent /descent flows 
(in black) and of the boundaries between wedges (in blue) were determined numerically in Fig. 2. 
Here the arrows indicate the direction of steepest descent. We have coloured the wedges such that 
regions Jọ with a lower value of the magnitude of the integrand than the corresponding saddle 
point are green, and regions Ko with a higher value are red, with the exception of the yellow 
regions which have a value intermediate between the two saddle point values. Comparing with the 
adjacent colours then avoids any ambiguity. The original integration contour along the positive 
real axis is shown in orange, and the deformed contour which Picard-Lefschetz theory picks out 
as the preferred integration cycle is marked in dashed orange. Again neither the flow lines, nor 
the original or final integration contours, include the point at N — 0. Only saddle point 1 in the 
upper right quadrant can be linked to the original integration contour via an upward flow, and this 
implies that the (orange-dashed) downward flow from this saddle point is the correct Lefschetz 
thimble along which the path integral should be performed. 


For saddle points of the form (36), we have 


2c 
So,NN = X (Aqo — 3)? (Aqı — 3)? j (45) 
implying that Arg(N,) = —o + Arg [Ago — g^ (Aqi — a) . For the “no- 
boundary" conditions we thus find Arg(N;) + o = $, and this implies 0 — 


zArg(N.) = 0. In the saddle point approximation, we thus obtain the wavefunction 


31/4 


2(Aqi -3)/4 g Tar dote S ac RON (46) 
qı = 


eja 


Gno[qi; 0] ~ e' 


Note that the real part of the classical action for the dominant saddle point is 
negative, as expected from the general arguments presented earlier. This concludes 
the explicit derivation of our result that the relevant saddle point contributes a 
weighting e-127^/0), the inverse of the Hartle-Hawking result. 
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3. Unstable Perturbations 


We now turn our attention to the perturbations, treated in general relativistic linear 
perturbation theory. The second order action for a linearized (tensor) perturbation 
g with principal quantum number / is given in terms of the background squared 
scale factor q(t) as 


dt 


II 


1 12 
Sl ew] = 5 f e$- viuse 


t g d Ul+2)\ 5 1 psg 
“= ae ee pose sm 4 
a E 7 (i q? )u]« 2N EJE (m) 


where we have re-expressed the dimensionless tensor metric perturbation œ; in terms 
of the canonically normalized field y; = q ģı. Note that we have orthonormalized 
the modes on the unit sphere (thus no prefactor of 27? appears in the action). Also, 
to avoid needless complexity in the equations we only consider a single mode. It is 
straightforward to amend all the formulae we derive by replacing /(/-+1)(J+2)¢? with 
S ama I 4 1)(04- 2)02,,, where the @1, mn are the expansion coefficients expressing 
in the final tensor perturbation in terms of orthonormal tensor spherical harmonics 


on the three sphere. For ease of notation, where there is no danger of confusion, we 
will also usually drop the subscript |. Note that the perturbation of the lapse N is 
non-dynamical in the absence of matter and may be set to zero. 

If we neglect the backreaction of the linear perturbations on the background, 
such as is certainly reasonable for small final amplitude $1, then we can evaluate the 
path integral first for q and then for ¢, using the classical solution for the background 
q in the action (47) for 9. To integrate out the perturbations, we again just find the 
classical solution and use this to evaluate the classical action. The total semiclassical 
exponent is then given by S? [q,; N] + S? [q,, $1; N] and we then perform the final 
ordinary integral over N using saddle point methods. We shall not calculate any 
functional determinants here, although this is perfectly possible. These should not 
alter any conclusions about the Picard-Lefschetz flow, nor the final semiclassical 
exponent, in any regime where the semiclassical expansion is valid. 

The no boundary path integral on a contour C is then given, in this leading 
semiclassical approximation, by 


iS m N]/h4-iS D [gn di N]/h.— (48) 


dN 
Gela, ¢1; 0] < | mS 


where S? fq, 61; N] is the classical action for the perturbation, in the background 
q, satisfying é(1) = $1 as well as a second condition we shall define shortly. The 
quantity D(N,qi,h) is the functional determinant which is in principle calculable 
in terms of the classical modes and as a series expansion in h. 

In the leading semiclassical approximation, we can perform the path integral by 
the saddle point method, i.e., by solving the equations of motion and computing the 
classical action. The boundary condition on the perturbations at t = 0 is delicate 
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because the background geometry is sufficiently singular for a range of real values 
of the lapse, that the perturbations obey a singular equation of motion. We shall 
find that, nevertheless, for generic complex N, the criterion of finite classical action 
selects a unique perturbation mode. 

At fixed N, the classical equation for x following from (47) is 


-(i- 2300. (49) 


q g 
Near t = 0, this becomes 


N?((I--2) y _ 7-1x 


(m — AN?/3)? P 4 P’ (e) 


ie 


from which we see x ~ t307), as t — 0. Notice that the equation of motion for x 
is singular and this results in some unusual properties of the perturbations, as we 
explain below. 

For small real N, we take y to be real and positive. Provided N is real and 
smaller in magnitude than a particular value N_, then both solutions for x are 
monotonic in t and both vanish at t = 0. However, only one of them has finite action 
so it is natural to select that one as the saddle point solution. For real N larger in 
magnitude than N_ but smaller than another, larger value, N4, y is imaginary and 
the solutions oscillate an infinite number of times as they approach t = 0. In fact, 
both solutions have a finite regularized action, so the finite action criterion becomes 
ambiguous for N in this range. Increasing the magnitude of N beyond N4, while 
keeping N real, we see that y becomes real once again. However, as we explain 
shortly, in this latter regime, there are no finite action classical solutions. 

The two critical values are given by 


N_= Ž Jaq +2) dS 2V0 F JUU F 2) F q A9); (51) 
Ny = Ia +2) q A/3 + 2/3 2) 2) + A73), (52) 


with geometric mean N, = ,/N,N_ = 4/3q1/A. It follows that we can take 


(NE N?)( N4 — N?) 
(Nè — N?) ' 
defined to be real and positive for small N and defining y at complex N by analytic 
continuation. The branch cuts needed to define the square roots are conveniently 
placed along the real intervals —N, < N < —N_ and N- < N < N,. On the 
upper side of the cuts, y is negative imaginary and on the lower sides it is positive 


= (53) 


imaginary. Away from the cuts, as is evident from (47), the action integral converges 
at t = 0 only for the mode behaving as (3090 as t 5 0. The complete solution of 
(49) with this small t behavior is 


y 


] ) : ((334 — AN?)(1 +7) - 2AN?t) , (54) 


E + (t — 1)N?2A 


[v 


x(t) = a(t) 
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and the corresponding, correctly normalized classical solution is 


x(t) a 
o(t) = $1 5 ——. (55) 
q(t) x(1) 
This solution allows us to calculate the classical action from (47). With an integra- 
tion by parts and using the equations of motion, we find 


zu 
(2) . N] = 299 ES Ul + 2)n 94 Los a APD 2. 72 
B Ignis] = less E INGIO 2) aA) | due Eo 
(56) 


which is real where y is real, but gains a negative or positive imaginary part (mean- 
ing that the semiclassical exponent i$/h gains a positive or negative real part) as 
N approaches the real axis from above or below the branch cuts. This behavior is 
illustrated in Figure 4. 
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Fig. 4. The Morse function h = Re(iS/h) around a branch cut, in units where A = 1 and for the 
parameters A = 3,q1 = 101,1 = 10, 91 = 1. At the cut, the Morse function reaches its maximum 
at N, — 10 coming from the upper half plane, and its minimum also at N,, though approaching 
the cut from below. 


There is one additional important consideration: for real N, the background 
solution for the scale factor is real and quadratic in t. For N > N, (or N < —N,) 
the background solution starts at q = 0, then turns negative before crossing q = 0 a 
second time, at ts = 1— re, to eventually reach qı at t = 1. Thus there is a second 
singularity in these real but off-shell-in-N background geometries. It is obvious from 
(54) that if x behaves as t2?¢+7) near t = 0, then it behaves as (ts — t)! 9?) near 
t=t,. Thus, for real y and N > N, then if the action integral converges at t = 0, 
it diverges at t = ts, and vice versa. We conclude that for N > N} or N < —N, 
no solution of the perturbation equations of motion has finite action. Hence, in 
performing the integration over N in the last step (48) of our calculation, however 
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we deform the contour C, we cannot allow it to cross the real N-axis for real N 
beyond the outer ends of the two branch cuts. 

Finally, notice that at large |N| in the complex N-plane, the background action 
§©) ~ N3 — dominates over the perturbation action S@) ~ N. The same holds 
in the small |N] limit, where both the background and the perturbation diverge 
like 1/N (the background and the perturbation action have opposite sign). As 
a consequence the asymptotic regions of convergence are preserved when we add 
linearized tensor perturbations. 

'The leading contribution of the perturbations, in the semi-classical approxima- 
tion, comes from the relevant saddle point of the background. At this saddle points, 
the parameter y is precisely equal to |-- 1, meaning that the tensor modes ¢; behave 
as t'/? near the singularity, which means they are regular there. The value of the 
classical action at the relevant saddle point is then 


in I(l + 2) 

2 1+1+i/mA/3—1 
There are two simplifying regimes. If the wavelength on the final three-geometry, 
~ V/dil- | is well within the Hubble radius \/3/A, we obtain 


.SO(NT) idi Ag 
a A eai (58) 


a result which is independent of A. In the opposite limit, we obtain the result for 
the "frozen" modes in the expanding de Sitter spacetime, which have passed out of 
the de Sitter Hubble radius and ceased to evolve. In this case, we obtain 


SONT) 3 2 . [34 2 Aq 
i— Hall + DEF 2)b1 — 4 Fel 2)61, Vo >L (59) 


As we can see, the relevant saddle point leads to an inverse Gaussian distribution, 
meaning that the tensor modes are out of control. 


S@) (N+) = -4 


(57) 


4. Comments 


In view of the unsettling nature of our result, one may ask whether our approxima- 
tions have broken down, or whether we have somehow incorrectly implemented the 
idea of the no-boundary proposal. In this section we will address these issues and 
show that our result, to the best of our knowledge, really is robust. 


4.1. Backreaction 


First one may wonder whether the instability which we have demonstrated only 
occurs for very small perturbations, and whether it will be cured for larger pertur- 
bations. The | = 2 modes are particularly interesting in this regard, as a possible 
non-linear completion of the metric exists in the form of the Bianchi IX line element 


lt) V 
dst = —Np(t)dt? + 5 ( l L) ae (60) 
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where N, is the physical lapse function and e, = sinwvd0 — cosvsin0do, o2 = 
cos i» dO + sin Y sin Ody, and 03 = — (dy + cos Ody) are differential forms on the three 
sphere such that 0 < v € 47,0 € 0 € 7, and 0 € ¢ < 2r. For ease of notation we 
will denote a derivative w.r.t. physical time tp by an overdot in this section (and 
only in this section). Employing the original definition of Misner, we can re-write 
the three scale factors as 


halto) = alt) exp [5 (8) 85-6) (61) 
laltp) = a(tp) exp [-B+(t)] (62) 


which makes it clear that a is the average scale factor while the 6s quantify 
anisotropic perturbations. In these coordinates the action becomes 


1 
S= 2a? fase s (- 342 4. 3 1^ > (8 +82) ) - 008.8], (63) 
where the full non-linear potential is given by 


U(84,B-) = —2 (ei^ 4 e7 87 V3B- 4 gias 


+ Cas sgh VOR. 4 QR (64) 
The equations of motion for a, 84, 8- are given by 
ä det. 3 das 5 NI 
E "3g dC: H 62) ca U (B... B-) — 0, (65) 
" à. 2N? 
Bs + 37B& + 333 Us =, (66) 


Expanding the last equation to linear order we obtain 

. 2 N? 

Bx +3-8+ +8— b+ — 0. (67) 
a a 


A comparison with Eq. (49) confirms that the 5s are non-linear versions of the 
l = 2 modes — more specifically, they are non-linear versions of two | = 2 modes 
which are such that they preserve the Bianchi IX symmetry. To match with our 
earlier normalization conventions, one has to re-scale 


b+ = ——óx, (68) 


where ¢4 denote two separate | = 2 modes. The structure of the potential U 
shows that when going beyond linear order, the equations of motion lead to direct 
couplings between these two | — 2 modes. 


In the present section we work in a gauge where N, = 1 and where one then has 
to determine the value of the time coordinate of the final hypersurface on which the 
boundary conditions qo = 0,q1 = a?,¢4 = $14. are satisfied. This is done using the 
shooting method discussed int”. In this method, the (generally complex valued) 
second time derivatives of 64. at the no boundary point a = 0 are adjusted using an 
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Fig. 5. These graphs show the weighting at the saddle points (left panel) and the imaginary part 
of the saddle point locations (right panel) as a function of the l = 2 anisotropy mode amplitude 
$1—, for A = 3. In the plot of the action (left) the line starting at +127? /A = +47? for $1. = 
0 corresponds to the saddle points in the lower half N plane, while the line starting at —4z? 
corresponds to the saddle points in the upper half plane. In black (mostly hidden behind the red 
line) are the linear results without backreaction, in red the results including backreaction but still 
in linear perturbation theory, and in blue the results stemming from solving the fully backreacted 
Einstein equations. For values of $1. below 1 the linear and non-linear results agree to high 
precision, while one can see that at larger values of the anisotropy the non-linear corrections 
enhance the instability of the fluctuations, and move the saddle points further towards the real 
N-axis. Note that the weighting of the upper saddle points surpasses that of the lower ones 
when backreaction is still entirely negligible. Moreover, the non-linear effects of the full Einstein 
equations imply that the (unstable) upper saddle points come to dominate already for smaller 
amplitudes of the fluctuations. 


optimization algorithm such that at a final time ty the desired real values q1, $14 
are simultaneously reached. The total time interval f N,dt, = t; can then also be 
related to the lapse function N using the change of coordinates Npdtp = Nq-!/?dt, 


az f " Nat = n um (69) 


Our results are shown in Fig. 5. For ease of comparison with linear perturbation 
theory, we only show results for the case where a single | — 2 mode (here chosen 
to be $1.) takes on a non-trivial value on the final hypersurface. The left panel 
shows how the weighting of the saddle point solution (for saddles in the upper half 
plane) increases as the perturbation amplitude is increased. The opposite behavior 
is seen for the saddle points in the lower half plane. As is evident from the figure, 
backreaction at second order in perturbation theory is utterly negligible. Even 
more importantly, the effects of the instability are even stronger when non-linear 
terms are included, and the dominance of the upper saddle point over the lower 
ones occurs already for smaller values of ġı— than in the linear theory. Also, as 
shown in the right panel, the saddle point moves faster towards the real N-axis in 
the non-linear theory. These results consolidate our analytic results, and indicate 
that the inclusion of non-linear terms only reinforces the instability that we have 
identified. 
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Fig. 6. We may consider a path integral over purely regular geometries, having as their only 
boundary a large late time universe with scale factor a4. The integral can be pictured as a sum 
over complexified 4-spheres, bearing in mind that a complexified 4-sphere contains a Lorentzian 
de Sitter section. One may argue that such a restricted sum is closest in spirit to the original idea 
of the no-boundary proposal ^2. 


4.2. Sums over regular metrics 


'The idea of the no-boundary proposal is to sum over compact and regular metrics. 
However, as we have seen, in the minisuperspace example discussed so far there were 
many singular metrics off-shell, although the saddle point geometries were regular. 
One may wonder if one should restrict the sum in the path integral even furthst, 
so as to allow only regular metrics off- and on-shell. Could this lead to a different 
result? Following!? we can consider the simplest and most symmetric possibility, 
namely a sum over 4-spheres with given boundaries ag = 0 and a; > 0 and arbitrary 


radius, 
Ngt 
a(t) = +r sin ( = ) (70) 
with a, = +r sin (*2) and a, = Ng cos (*2). Accordingly, one should think of 


Ng as being fixed by the boundary conditions and the sum to be over r. Given that 
Ng will in general be a complex number, we should also expect r to be complex, and 
that the integral will be over a contour in the complex r plane. As discussed in!!, 
in fact the relevant saddle point geometry remains the same, and the associated 
perturbations remain unstable. Moreover, one can also explicitly check that in this 
calculation backreaction effects are small, so that the instability is confirmed. 


5. Outlook 


Despite the fact that intuitively, the idea of a smooth beginning for spacetime is very 
attractive, and of clear aesthetic appeal, our results have shown that upon closer 
inspection it does not work, as it leads to unsuppressed fluctuations (see Fig. 7). 
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One lesson to be drawn from this result is that it is worthwhile analysing the 
mathematical setup of a physical theory in some detail, as heuristic arguments can 
be misleading in unexpected ways. Moreover, quantum gravity appears to be much 
more restrictive than naively thought. This is in fact an extremely encouraging 
thought, as it may allow us to make progress regarding the unification of quantum 
theory and general relativity. 


Fig. 7. 'The beginning of the universe is depicted at the bottom, while our current state of the 
universe should be thought of as the boundary at the top. Left panel: 'The originally hoped for 
situation of a smooth beginning. Right panel: A detailed investigation of the path integral shows 
that fluctuations are unstable, and the probability for large perturbations is unsuppressed. Thus 
the no-boundary and tunneling proposals are untenable in their current forms. 


'The most important result of our investigations is probably that the Lorentzian 
path integral is well defined: it gives sensible results for other types of boundary 
conditions, in particular for classical boundary conditions", and it is in fact simply 
the no-boundary condition that fails. Moreover, our analysis clearly shows that the 
Euclidean path integral does not exist (see Fig. 3 where one can see that integral 
along imaginary lapse direction necessarily diverges, either near N — 0 or towards 
imaginary infinity). Other, intrinsically complex integration contours for the lapse 
were proposed in reaction to our work !?:??, but these ultimately lead to inconsistent 
940. Thus one may take the Lorenztian path integral as a solid basis for 
further investigations into quantum cosmology, allowing us to explore questions 


results 


such as: what are the conditions for quantum field theory in curved spacetime 
to be a good approximation? Are the complex big-crunch-avoiding solutions that 
were found heuristically in?! of physical relevance or not? How severe is the trans- 
Planckian problem of inflation? Which assumptions must be modified in order to 
obtain a consistent theory of initial conditions? The search remains wide open! 
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In this work, we extend our previous blind GW signal estimation method! to the 
case of multiple detectors and show that, with a full use of redundancy, it gives promis- 
ing results, e.g. a faster decay of fluctuations than that expected from the central limit 
theorem. This method, whose design explicitly accounts for redundancy in multiple mea- 
surements, considerably improves the efficiency of signal extraction in a multi-detector 
network. 


1. Introduction 


Given that detector noise is several orders of magnitude larger than expected gravi- 
tational wave (GW) signals from black hole mergers, the analysis of LIGO’s data is 
challenging. This is one reason why LIGO consists of two independent detectors sep- 
arated by 3000 km. It is reasonable to divide the task into three relatively distinct 
parts. These include event detection, waveform extraction, and the identification 
of its physical origin. Here, we will be concerned with the two final steps in this 
process, focusing on black hole mergers like GW150914. Since thermal and seismic 
effects lead to substantial low frequency noise and since quantum noise is dominant 
at high frequencies, it is possible to reduce the effects of noise by band-pass filtering 
(or equivalent operations) to a restricted frequency range e.g., 30 — 300 Hz. LIGO 
extracts waveforms by comparing the data from the Livingston and Hanford de- 
tectors with (suitably time-shifted) elements of a bank of templates describing the 
merger of two black holes with various masses, spins and initial conditions. A sat- 
isfactory level of agreement would then lead to the acceptable conclusion that the 
data is not inconsistent with a black hole merger. An equally satisfactory conclu- 
sion would be that, if the event is due to a black hole merger, it has the parameters 
corresponding to the best-fit template. However, in our view, the far stronger con- 
clusion that such agreement proves that the event actually is due to a black hole 
merger with the corresponding parameters is unwarranted. 
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Moreover, there are disturbing features in the noise associated with LIGO's 
events. Although this noise is complex, its two essential characteristics are clear 
and unambiguous. First, LIGO noise is neither stationary nor Gaussian.? In fact, 
both stationarity and Gaussianity are implicitly assumed in the Bayesian likelihood 
analysis as a diagonal approximation for the noise covariance matrices for both 
the Hanford and Livingston detectors.? Second, the LIGO “residuals” (defined as 
the cleaned data minus the best-fit template) for the two detectors should not be 
correlated. In fact, the residuals associated with GW150914 are strongly correlated 
when shifted by the same time lag as the template itself and considerably larger than 
the expected level of “accidental” correlations for LIGO data. ^? Since the Hanford 
(H) and Livingston (L) detectors are assumed to be completely independent except 
for a possible GW signal, this correlation in the residuals tells us that a template- 
based analysis does not provide a reliable description of the common signal seen by 
the H and L detectors. 

Template-based analyses have a strong tendency to be self-fulfilling, this alone 
should be sufficient to emphasize the importance of maintaining a clean separation 
between the extraction of a signal and attempts to divine its physical origin. 

In order to make optimal use of the independence of the H and L detectors 
and to quantify the uncertainties in previously extracted waveforms, we have con- 
structed a template-free method that includes minimization of residual correlations 
in order to determine a *best common signal" for GW150914.! Since the residual 
for an individual detector is a complicated function of time (or frequency), there 
are many ways to realize the desired absence of correlations. This means that our 
algorithm yields a family of best common signals that enable us to estimate the 
probability, p, that the best common signal is a black hole merger template. For 
GW150914, we find p — 0.008. It is unclear whether this small probability is indica- 
tive of inadequacies in the gravitational wave templates, imperfect knowledge of the 
acceptance of the instruments, or of a completely different physical explanation — 
either astrophysical or terrestrial — of this event. As the amplitude of the signal 
becomes smaller with respect to the noise level, the relative width of the envelope 
of best common solutions obtained by this method grows and eventually covers the 
line of zero signal. The signal to noise ratio (SNR) for other possible black hole 
merger events is smaller than that found for GW150914, and we find that all of 
these subsequent events are consistent with a best common signal of precisely zero. 

'The fact that LIGO does not make use of the only relevant information available 
about noise properties (i.e., the fact that L and H residuals must be uncorrelated) 
also suggests that their analysis does not optimally exploit the benefits of redun- 
dancy that should accrue from two independent measurements of the same signal. 
Since the power of redundancy becomes clearer as the degree of redundancy is in- 
creased, our primary concern in this paper is to extend the results of Ref. 1 to the 
case of an arbitrary number of GW detectors. We emphasize that this approach 
is not merely a pedagogic exercise. There is considerable current discussion about 
adding additional detectors to the GW network. Since the effects an additional 
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detector can have on the accuracy of signal attraction depends sensitively on the 
degree to which redundancy is exploited, we believe that the present work can be of 
practical relevance in deciding the extent to which such an investment is justified. 

We begin in section 2 by presenting simple schematic models that illustrate the 
dramatic differences found when analyzing multi-detector events with or without 
consideration of the effects of redundancy. These models will provide a gauge of 
the extent to which redundancy is realized in practice. The extension of our earlier 
model for the blind estimation of the common signal to the case of many detectors 
will be described in section 3 along with the results of realistic simulations. Finally, 
section 4 contains a discussion based on these results. 


2. The value of redundancy and its price 


We all have an intuitive understanding of the important role that redundancy can 
play in the accurate determination of a signal transmitted in the presence of noise. 
When told an important telephone number in a noisy environment, our immediate 
reaction is to ask for it to be repeated. Hearing the same number twice greatly 
increases our confidence that it has been transmitted correctly. Clearly, redun- 
dancy is equally important in a scientific context, and it was surely one of the 
primary reasons that LIGO wished to have multiple GW detectors. In the analysis 
of GW170814, LIGO makes use of the Virgo detector as a consistency check for 
the results from Hanford and Livingston. The additional information from Virgo 
improves the false-alarm rate compared to the two detector case. In general, the 
SNR of the LIGO/Virgo network is defined as a sum in quadrature of the individual 
detector SNRs, i.e.” 


M 
Paetwòrk = 5 pi. (1) 
i=1 


The precondition for this definition is ideal detector noise uncorrelated between 
detectors, with off-diagonal terms of the noise covariance matrix neglected. Fur- 
thermore, the addition of detector SNRs in this way fails to properly exploit redun- 
dancy, because the network SNR can be dominated by the SNR of a single detector. 
A high network SNR does not necessarily imply agreement between detectors. 

Our aim in this section is to provide a better understanding of both the power 
of redundancy and the price that must be paid to obtain it. 

We first consider a schematic but instructive example of redundancy in which 
there are two independent measurements of a common signal consisting of N pieces 
of data. In the absence of noise, the two measured signals will be identical to one 
another and to the true signal. Now, simulate noise by assuming that there is a 
probability, p, that any given piece of genuine data, d;, has been replaced by noise 
ni (with n; 4 di). The probability that both of the measured signals are free of 
yen 


errors and therefore correct is evidently (1 — p)^", which vanishes exponentially 


as the signal becomes more complex (i.e., N — oo). It is necessary, however, to 
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consider the possibility of false positives, for which the signals are not correct in 
spite of being identical. To investigate this question, assume that the probability 
that two randomly drawn pieces of noise are identical is q. (E.g., If the n; are 
randomly drawn digits between 0 and 9, g = 1/9.) The probability that the two 
signals will be identical (either genuinely or accidentally) is 


~ 2 2 N! Al mM 
5 (espe Med i =|- p) +p] . (2) 
m=0 a 


Thus, the probability that identical results of the two measurements will actually 
be correct is 


N 

| (1 - p) | 
(1 — p)? + p?q 

'The extension of this problem to the case where there are M detectors is straight- 

forward. In this case, all M detectors see the same event. The probability that 

all of the measured signals are free of errors (and therefore measured correctly) 


)MN, which clearly decreases exponentially with increasing M. 


is evidently (1 — p 
'The generalization of Eq. 2 describing the probability that these M signals will be 


identical (but not necessarily correct) then becomes 
N 
P=|0 =p)" +p], (3) 


and thus the probability that identical results for all M measurements will actually 
be the correct signal is 


(Lp) i 


el ae 


To illustrate this result, consider the transmission of an 8-digit telephone number 
in a noisy environment. For this case, assume N = 8, p = 1/4, and q = 1/9 and 
consider the cases of M = 2, 3, and 4 detectors. The probability that identical (but 
not necessarily correct) results will be obtained for all M measurements is approx- 
imately 0.01, 0.001, and 0.0001, respectively. The probabilities that these identical 
results will be false are 0.0935, 0.00365, and 0.000135, respectively. The exponential 
decrease of this error is evident and emphasizes the dramatic improvement in accu- 
racy that results from M identical measurements of the same signal. Unfortunately, 
it also reminds us that the probability of actually obtaining M identical signals also 
decreases exponentially with M. 

The preceding example might seem to indicate that redundant measurement 
of a given signal will lead to signal detection and extraction with a confidence 
that grows to 1 exponentially with the redundancy M. We now wish to consider 
a second example to illustrate that this is not necessarily the case. To this end, 
consider M independent measurements each of which for simplicity consists of a 


P= (4) 


common signal, s, and an independent realization of N pieces of random noise. 
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The data obtained at detector k is thus d = s +n). We wish to extract s 
from this data without making unwarranted assumptions about the noise such as 
stationarity and/or Gaussianity. Given this strong constraint, the only assumption 
that can be made is that the measurements in the various detectors are genuinely 
independent and that there are therefore no correlations in their noise realizations 
To be concrete, we will imagine that cross-correlations are given as the Pearson 
cross-correlation to be adopted below.^ 

In these circumstances, it might seem natural to approximate the best common 
signal as the average record 


sd que 
e I c q^ = Ens (k) | 5 
ua tuikÀ m 


Given this guess, we can re-express the individual data strings as d = S + p™) 
where the residuals are given as 


1 
(k) 
P M 


(M — 1)r) 5 rO|., (6) 
jk 

For sufficiently large J, it is reasonable to make the approximation that the cross- 

correlators C(s, r?) = 0 for all k and C(r(2,r(9) = 0 for all j Z k. This leads to 

the result that 


1 1 : 1 
C(s,S) = x1 and C(p), 509) = — 7 
(s, S) ia I/M gy nd Cp) Mi (7) 


It is true that S converges to the exact result s and that the correlations between 
the residuals, p, vanish as expected in the limit of large M. Unfortunately, these 
convergence rates, which are an elementary consequence of the central limit theorem, 
are far too slow to be useful. The fact that all of the M(M —1)/2 correlators between 
the residuals have the same value of —1/(M — 1) is also unphysical. Thus, the 
assumption that the signal can be approximated by Eq. 5 is unjustified. For the case 
M = 2, the cross-correlator C(s,S) has the unsatisfactorily small value of 4/218, 
and there is a perfect anti-correlation between the residuals with C(pi,p2) = —1. 
As noted in our earlier work^?, similarly large and unphysical correlations in the 
residuals determined by LIGO for GW150914? suggest the existence of problems 
with the corresponding GW signal.* 


?Note that this is the model used for Bayesian analysis of the LIGO events. 3 

b¥For two vector records of length N, we first shift the records so that each has average value zero 
and rescale them so that the scalar product of each vector with itself is 1. The Pearson cross- 
correlation is then the scalar product of these shifted and rescaled vectors and will have a value 
between —1 and +1. 

©The presence of correlations in the Hanford and Livingston residuals determined in original 
template-based analysis of GW150914 raises questions about this analysis. It is important for 
others to confirm the existence of these correlations. This can be done using the publicly available 
data, as described on our webpage: 
http://www.nbi.ku.dk/gravitational-waves/residual.correlations.notebook.html 
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'The two examples presented in this section can serve as a measure of the extent 
to which the benefits of redundancy have been realized by a given method of signal 
extraction. When redundancy is not exploited, we find that the extracted signal 
converges to the true signal with an error that vanishes slowly (i.e., like 1/V M) 
as the degree of redundancy increases. In contrast, a maximal implementation of 
redundancy leads to an exponentially decreasing error rate as a function of M. 
This test will be applied in practice in the following sections of this paper. It 
should be noted, however, that this increased confidence level has a relatively high 
price. As we have seen, the probability that an event will pass the redundancy test 
also vanishes exponentially with M. Thus, if event rates are too low, it may be 
impossible to realize fully the benefits of redundancy. We stress that the examples 
here are highly schematic and are intended to illustrate the general fact that the 
benefit of multiple independent measurements depends sensitively on the way these 
measurements are analyzed. They do not tell us to how the benefits of redundancy 
can be maximally realized in the case of GW data. We consider one such approach 
in the following section. 


3. Application of the blind estimation method to multiple GW 
detectors 


3.1. Basis of the blind estimation method: cross-correlation and 
Fisher transformation 


We briefly review our previous work on blind estimation.! The strain signal detected 
by LIGO in the i-th detector is assumed to be 


where X;(t) is the total strain data, N;(t) is the noise, and a; - h(t, Av;, A0;) is 
the gravitational wave signal with given amplitude a;, time lag A7; and phase shift 
A0;, which contain both contributions from projection and detector acceptance. As 
mentioned in Ref. 1, we pre-match detector data to roughly remove the contribu- 
tions of Ar; and A0; (this can be done precisely with, e.g., an EM-counterpart), 
and then the equation becomes 


For a blind estimation, we also need to further derive the residual noise, for which 
we consider two data sets X1 and X» of length N (e.g. cleaned strain data from 
two independent detectors) which contain a common signal A. The amplitude of A 
could potentially be different in each detector, either due to projection or detector 
acceptances. For convenience, we assume that X1, X5, and A have been shifted to 
have zero average values and normalized to have variance unity. Then the Pearson 
cross-correlation coefficient of two such vectors, Cx, x,, is simply the inner product 
Sx x, given by 
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N 
1 
Sxi% = M 2 n0) : Xo (Kk). (10) 
The residuals are defined as 
R,=X;—A- SAX: = X; — A- Sax,. (11) 
SAA 


As mentioned above, the amplitude of the term A (i.e. Sax/Saa) can be different 
for two decectors. By construction, the correlations of both Ry and Rə with A are 
Zero. 

The criterion for determining the blind estimate of A is to maximize the Cx, 
while simultaneously minimizing the cross-correlation between the residuals CR; R3- 
Note that the residuals Rı and Rə are not automatically normalized. 

For familiarity and simplicity, we obtain approximate Gaussianity of the result- 


ing correlations by using the Fisher transformation: 1° 
1 l1c-Cxy 
Z ee — — |. 12 
XY slog (TE (12) 


3.2. Extension of the likelihood approach 


In our previous work,! a blind GW-template estimation was done by considering 
the likelihood that a given initial guess, A, is the common signal observed by two 
detectors (X4 and X2) as 


log(L) — Zax, 3E ZAx, = kZ, Ry (13) 


where Zax, and Z,4x, represent the similarity between A and the detector data as 
measured by the Pearson cross correlation, Zp, p, represents the similarity between 
the residuals from the two detectors, and k is a constant factor determining the 
relative weight of the two contributions. The likelihood function is designed to be 
maximized at higher 74, and Z4, and lower Z7, r,- The initial guess A is then 
improved by a random walk approach until the likelihood reaches an oscillatory 
region (see Fig. 2 of Ref. 1). The oscillatory region is used to estimate the range of 
fluctuation for each pixel as shown in Figs. 4 and 5 of Ref. 1. 

The above method was initially designed for the GW150914 event for which 
there were only two detectors in the network. A natural extension of the method is 
to apply it to multiple detectors, so the likelihood function becomes: 


M M-1 M 
log(L) = $ (Zax) -k J 9, Zer, (14) 
i=1 i=1 j=i+1 


where M is the number of detectors, X; is the data from the i-th detector, A is 
the blind estimate of the signal, and R; is the residual after removing this estimate 
from the i-th detector. With this modified likelihood function, the blind estimation 
method presented in Ref. 1 can be extended to the case of multiple detectors. 
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Also note that this kind of likelihood approach is different from a likelihood 
approach that assumes either a known covariance matrix or a known theoretical 
model, or even both. Here, neither the covariance matrix nor the theoretical model 
is assumed, and one starts only from basic ideas about “correlated signals and un- 
correlated noise". Thus the likelihood approach here is totally blind, i.e. it makes 
minimal assumptions. This is unlike template-free methods currently in use by 
LIGO, such as BayesWave and oLIB, which begin with the assumption of a sta- 
tionary Gaussian noise model. 11:12 Finally, we note that if there is any reliable 
additional information, such as a known correlation between two of the detectors, 
or an especially low SNR in one of the detectors, then such information can also be 
added to Eq. 14 by changing the weights of the corresponding terms. 


3.3. Test and results 


'To test the performance of the blind estimation method for the case of multiple de- 
tectors, we run a simulation as follows: We select the GW150914 waveform template 
as the input “real signal”, and inject it into genuine strain data taken 2,3,..., M--1 
seconds after the GW150914 event to simulate the data from multiple detectors. 
Here, we are mainly interested in the trend of how the error of estimation decreases 
with increasing number of detectors. Thus, for convenience, we assume identical 
projections and similar noise levels for all detectors (see also Sec 3.1 of Ref. 1). 
In practice, when multiple detectors have different projections and signal-to-noise 
ratios, the overall performance will become worse. For simplicity, we will neglect 
these concerns here. 

For comparison, we adopt a reference estimator of the common signal that is 
simply the average of the data from the individual detectors and further assume 
that the detector noise is Gaussian. The estimated error will then scale like 1/ VM. 
We shall compare the performance of our method with this reference. 

As mentioned above, the range of fluctuations is an immediate result from the 
oscillations of the likelihood function caused by chance correlations. In the sim- 
ulation here, we select the 10th and 90th percentiles of the fluctuation range and 
use their difference as a measure of the range of fluctuation for each pixel. This 
quantity is averaged over the entire time range of the event as the final estimator 
of the uncertainty of blind estimation: 


Em = (Soo(t) pa Sio(t)) ag ; (15) 


The result of the simulation described above is given in Fig. 1 where it is apparent 
that the blind estimation (black) performs better than the 1///M reference (red). 
This result is not surprising because the 1/ VM reference is obtained by simple 
averaging without consideration of the residual correlations. In other words, an 
estimation method that considers both the correlations between signal and data 
(first term in Eq. 14) and the correlations between residuals (second term in Eq. 14) 
will certainly give better results than simple averaging. 
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Fig. 1. The range of fluctuation defined by Eq. 15. The horizontal axis shows the number of 
detectors, and the vertical axis shows the estimator of uncertainty, Em, calculated using the 
convention that strain data is shifted to have zero mean and normalized to have variance unity. 
The black line is the performance of the multi-detector blind estimation method, and the red line 
is the expectation of the central limit theorem that scales as 1//M given by simple averaging, 
which has been normalized to the black line at M — 3. 


We also show the input signal and the range of error obtained from blind es- 
timations for the extreme example of 32 detectors in Fig. 2. We include, for test 
purporses, a slight variation of the above method in which the first term in Eq. 14, 
x Z3 x; 1$ dropped. One can see that even without this seemingly essential term, 
one still gets unbiased estimations of the “real signal”. Only the error of estimation 
is larger. 

'The error of the estimated common signal can also be evaluated by comparison 
to the real signal h(t). Three cases are considered: the simple average of multiple 
detectors, Bı(t); the average of the blind estimations, B»(t); and the average of 
blind estimations calculated only using the residual correlation terms in Eq. 14, 
Bs3(t). For each of the three cases, we determine the deviation from the real signal 
h(t) as 


5; = By(t) — h(t) (16) 


and calculate the standard deviations as c1, c» and o3 respectively. For a given 
number of detectors, we calculate two ratios 


rı2 = 01/02 (17) 
T13 = 01/03, 
which are defined such that larger values correspond to better performance than 
simply averaging. Our blind estimation method is expected to give smaller uncer- 


tainties than simple averaging, thus we should see rı2 > 1. Larger values of r12 
indicate better results given by the blind estimation. On the other hand, we expect 
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Fig. 2. The real input template (black) and the 10%-90% range of uncertainty (see Eq. 15) given 
by the blind estimation for the case of 32 detectors. Upper: using the whole likelihood, as in 
Eq. 14. Lower: same as the upper panels but only the residual terms are used. Left: the full time 
range. Right: only the second half. 


that a blind estimation only using the correlations of the residuals is worse than 
simple averaging, but it should still be a reasonable estimation, thus 713 should be 
less than 1 but not much lower. 

In Fig. 3, we show rı2 and rı3 as functions of the number of detectors. The 
ratio ri lies around 1.2-1.4, indicating that simple averaging gives a 2096—4096 
larger error than blind estimation. Also, r13 is about 0.8-0.9, indicating that, even 
from only regarding the residual-residual terms of the likelihood, one can still get a 
reasonably good estimation of the real input signal. Therefore, Figs. 2 and 3 suggest 
that to only compare template to data and ignore residuals is an inefficient use of 
experimental resources. We also see from Fig. 3 that, if the number of detectors is 
less than 10, then the blind estimation method is significantly better than simple 
averaging. With increasing M, however, the improvement of the method slows. This 
is possibly due to the finite record length. Since in the near future, the number of 
GW detectors will not exceed 10, a blind estimation method such as this one is 
especially important. 
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Fig. 3. The ratios r12 (black) and ria (red) as functions of the number of detectors. rig > 1 
means our blind estimation gives lower estimation error than a simple averaging, while r13 close to 
1 means even without using the template-data term, one can still get a reasonably good estimation 
of the potential common signal using the same blind estimation method. 


4. Discussions 


'The aim of the present paper is two-fold. On the one hand, an exploration of the 
role of redundancy in the analysis of LIGO data can help better to understand the 
reliability of events already observed. On the other, it can offer some guidance 
regarding the most fruitful way to analyze data in the coming multi-detector era of 
gravitational wave science. It is our firm conviction that template-based analysis 
alone is in principle circular and thus fundamentally flawed. Clearly, a bank that 
only contains templates for black hole mergers can never detect anything other than 
black hole mergers. The best that one can hope for is to claim that an event is not 
inconsistent with black hole merger and then make the best case possible that other 
possible origins — terrestrial as well as astrophysical — can be excluded. Rather, we 
are convinced that data analysis should begin with the template-free extraction of a 
best common signal that can later be compared with specific physical models. This 
conviction led to the development of the blind signal estimation initially presented 
in Ref. 1 and extended here. This method enabled us to determine the probability 
that the best common signal could be described by a gravitational wave template. 
Unfortunately, this probability is remarkably low. The probability that the common 
signal is LIGO's original published template was found to be 4x 1079. The best GW 
template was found to have substantially higher masses (38 and 48 solar masses) and 
high spins (0.96 and —0.85, respectively). While better than the published template, 
the probability that it was the best common signal still had the unacceptably small 
value of 0.008. It should be noted that GW150914 is by far the strongest event seen. 
A similar template-free analysis of all other putative gravitational wave events is 
consistent with a common signal of zero. 

Gravitational wave signals are characteristically much smaller than measured 
data indicating that the noise is much stronger than the signal. Thus, a reliable 
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blind analysis of GW data requires detailed knowledge of the origin and nature 
of detector noise. Unfortunately, it is generally acknowledged that this noise is 
neither Gaussian nor stationary. In order to make a reliable detection of a GW 
signal, it is essential that there be no correlation between the residuals observed at 
individual detectors. This obvious requirement lies at the heart of the justification 
for incurring the expense of performing redundant measurements of a given signal 
with two or more independent detectors. We have thus provided simple schematic 
examples to show that the accuracy of detection can be improved exponentially with 
an increasing degree of redundancy. This stands in sharp contrast to the far slower 
convergence expected from a simple average of the measured signals. These results 
are supported by simulations based on a realistic gravitational wave form and real 
LIGO noise data. These results indicate the important role played by the residual 
correlations in the data analysis. Indeed, it is possible to obtain a reasonably good 
estimation of the injected signal by using only these terms. In summary, these 
results provide a strong reminder of the importance of exploiting redundancy in 
the analysis of both present and future gravitational wave data and suggest that 
this can be accomplished by including the suppresion of residual correlations in the 
construction of a satisfactory likelihood function. 
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Status of KAGRA and its science goals 
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KAGRA is an interferometric gravitational-wave detector with 3-km arms constructed at 
Kamioka, Gifu, Japan. One of the key features of KAGRA is the cryogenic mirrors for the 
3km arm cavities. KAGRA plans to begin the operation before the end of 2019. KAGRA 
plans to join the network observation of global gravitational wave interferometers. 


Keywords: Gravitational waves, interferometer, cryogenic, underground. 


1. Introduction 


The gravitational wave astronomy has begun with the detection of gravitational 
waves (GWs) in the past three years. LIGO Scientific Collaboration and Virgo 
Collaboration have reported mergers of binary black holes '? and a merger of binary 
neutron stars?. These observations have already proved that the gravitational waves 
are very important for the understanding of the Universe. 


2. Overview of KAGRA 


KAGRA‘ is a laser interferometer with 3 km arms, constructed in Kamioka, Gifu, 
Japan, and was in its final installation phase as of August 2018. After the con- 
ference, in April 2019, the construction has been completed. KAGRA is located 
underground for smaller seismic noise. KAGRA will use 4 cryogenic mirrors for the 
3 km arm cavities to reduce thermal noise around the detector's most sensitive band 
at around 100 Hz. The KAGRA collaboration is an international collaboration with 
more than 200 collaborators. 

'The optical configuration of KAGRA is similar to LIGO and Virgo, with 3 km 
arm length and various optical cavities in the arms and recycling systems. Each 
mirror is suspended by vibration isolation system. Depending on the requirement 
on the vibration isolation of the mirrors, there are essentially 4 types of vibration 
isolation systems. For example, the arm cavity mirrors are suspended by a 13.5- 
meter-long vibration isolation system. Figures 1 and 2 show the interferometer 
configuration and 4 types of vibration isolation systems. 
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Fig. 1. Schematic of the KAGRA interferometer. All the mirrors shown are suspended inside the 
vacuum tanks with four types of vibration isolation systems. 
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Fig. 2. Vibration isolation system for mirrors. The location of these systems are shown in Fig. 1. 
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Four cryogenic mirrors are suspended by Type-A system (see Fig. 2). The top 
part is a room temperature system and the bottom part is cryogenic. Figure 3 
shows the details of the cryogenic payload. 


top filter 
inverted pendulum 


heat links 


i "ínner shield (8 K) 


wide angle baffle 


Fig. 3. Left: The drawing of the cryogenic payload under Type-A. Right: The schematic of the 
cryogenic suspension system of sapphire test masses. Upper part of the suspension system outside 
of the thermal shield are at room temperature. 


3. Status of KAGRA 


The KAGRA project was approved by the Japanese government in 2010. The 
excavation of the underground facility including the 3 km x 3 km arm tunnels was 
finished in March 2014. The installation of vacuum tubes for the 3km x 3km 
arms was completed in February 2015. KAGRA had the initial 3 km interferometer 
operation in the spring of 2016 with the simplest configuration. Then in the spring 
of 2018, interferometer operation with one cryogenic mirror was carried out. As 
of summer, 2018, the construction of the KAGRA interferometer was in the final 
stage. The construction was finished in April 2019. KAGRA is in the middle of the 
interferometer commissioning as of May 2019. 


4. Plan of KAGRA 


LIGO and Virgo began the third observation run (O3) in April 2019. O3 is expected 
to continue until the end of March 2020. Therefore, KAGRA plans to join O3 
before the end of 2019. After joining O3, KAGRA would like to fully join the later 
observation runs (O4, O5 and later). 
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Figure 4 shows the sensitivity of KAGRA as a function of time?. It is estimated 
that the sensitivity of KAGRA during O3 will be limited (8-25 Mpc) because of the 
short time for the commissioning and noise hunting before joining O3. 
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Fig. 4. The expected sensitivity of KAGRA as a function of time?. 


5. Scientific merits 


It I well known that the scientific merit should be maximized if the operations of 
the interferometers are coordinated. Therefore, KAGRA plans to join the global 
network of gravitational wave interferometers, starting in O3. 

Let us assume that we need at least 3 interferometers in operation to get scientific 
results, such as the determination of the source direction. Assuming that each in- 
terferometer has the duty cycle of 8096, the probability of the 3-detector coincidence 
in operation is 5196 for 3 interferometer configurations. If there are 4 interferome- 
ters including KAGRA, the 3-detector coincidence in operation should be improved 
to 8196. Clearly adding the 4^ interferometer (namely, adding KAGRA) has a 
significant impact on the effective observation time of the interferometers. 

Initially there were only 2 LIGO interferometers. During that period the accu- 
racy of the source localization was limited. Adding Virgo had a significant impact 
on the source localization. Since KAGRA is located far from both LIGO and Virgo, 
KAGRA’s operation is expected to make the source localization and waveform re- 
construction more precise. 
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Finally, it should be mentioned that KAGRA is located in the same mountain 
as Super-Kamiokande. Therefore, if a supernova explodes in our Galaxy, KAGRA 
and Super-Kamiokande should observe gravitational wave and neutrinos signals, 
respectively. These data can be analyzed without worrying the relative timing, 
which is a merit of KAGRA. 


6. Summary 


KAGRA is a unique GW interferometer with the underground site and the cryogenic 
technology. KAGRA has finished the installation in April 2019, and plans join O3 
in late 2019. We would like to contribute to the global network of gravitational 
wave interferometers and contribute to the science of gravitational wave astronomy. 
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In this talk, I give a brief introduction to the TianQin project, which aims to start 
space-based gravitational wave detection in the 2030s. My main focus will be on the 
background, the preliminary concept, the scientific objectives, the development of key 
technologies, the current progress and the international collaboration of the project. 
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1. Introduction 


Discussions leading to the TianQin project started in 2013 when a team of scientists 
from the Sternberg Astronomical Institute, Moscow State University, joined our 
team at the Huazhong University of Science and Technology (HUST) to discuss 
ideas for future gravitational experiments in space. The focus of the discussion 
gradually shifted to a feasible gravitational wave mission in space from China. The 
name “TianQin” was proposed during a meeting in March 2014, followed by the 
first international workshop on the TianQin science mission in December 2014. 
A systematic development of the TianQin project was initiated in Sun Yat-sen 
University (SYSU) in early 2015. The paper summarizing the preliminary mission 
concept of TianQin was submitted to Class. Quant. Grav. on September 1, 2015!, 
13 days before LIGO detected its first gravitational wave signal. 

The name of the planned detector (which will be consisted of three satellites), 
TianQin, is the phonetic spelling of two Chinese characters that, when put together, 
mean a harp in space. By choosing this name, the detector is metaphorically seen 
as a musical instrument in space to be played by nature with gravitational waves. 

In this talk, I shall give a brief introduction to the TianQin project, including the 
background (section 2), the preliminary concept (section 3), the scientific objectives 
(section 4), the development of key technologies (section 5), the current progress 
(section 6) and the international collaboration (section 7) of the project. 


2. Background 


For more than 100 years, General Relativity has passed numerous non-trivial ex- 
perimental tests, including?: 


e orbital precession of mercury, 
e deflection of light by sun, 
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e gravitational redshift, 
e Shapiro delay, 

e frame dragging, 

e gravitational lensing, 


and so on. The first detection of gravitational waves by LIGO in 2015? opened 
a new era when General Relativity can be tested under extreme conditions where 
even black holes can be radically deformed. 

Gravitational waves are extremely weak. In the first event detected by LIGO, 
GW150914, two black holes with masses 29M; and 36M; merged at about 1.3 
billion light years away?, producing gravitational waves with strength at the order 
107?! when reaching Earth. The effect of such gravitational wave is comparable to 
deforming the distance between the Sun and the Earth by the size of an atom! For 
this reason, it has taken people a whole century to detect gravitational waves after 
its prediction by Einstein in 1916. 

Gravitational waves provide a new method to study the universe, providing 
crucial information on the origin and growth of stars, galaxies and the Universe 
itself, and on the nature of gravity and black holes. New discoveries have already 
been made with the few gravitational wave events detected since 2015, including: 


e Showing that massive stellar mass black holes are more abundant than 
expected?; 

e Demonstrating the feasibility of multi-messenger astronomy 6; 

e Showing that binary neutron star mergers are cosmic factories of heavy 
elements and are central engines of short gamma ray bursts". 


Close to the frequency band of about 10Hz~ 10*Hz that has already been opened 
up with ground based detectors, the millihertz (mHz) frequency band (which typ- 
ically corresponds to the frequency range 107 ^Hz-— 1Hz) also has many types of 
important astronomical and cosmological sources: 


e Galactic compact binaries can produce gravitational waves with periods in 
the order of a few minutes; 

e Systems involving massive black holes can produce gravitational waves with 
periods from minutes to years; 

e The birth and the initial expansion of the Universe may leave detectable 
gravitational waves at all frequencies. 


'To detect gravitational waves in the mHz frequency band, we need a laser interfer- 
ometer with arm lengths at the order 10°km or greater and to stay away from the 
seismic noise that has become a limiting factor below about 10Hz for ground based 
detectors. So the only feasible way is to put the detector in space. 

The idea of using a laser interferometer in space to detect gravitational waves 
can be traced back to the 1970s, and the first such mission concept LAGOS was 
proposed in the 1980s?. By far the most studied mission concept for space-based 
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gravitational wave detection is LISA, which envisages three spacecraft forming a 
regular triangle with each side measuring about 2.5 million kilometers!?. LISA has 
been selected as the L3 mission in the Cosmic Vision 2015-2025 programme of ESA 
and is expected to launch in 2034". 

When TianQin was first proposed in 2014, it was more intended to be an ex- 
periment rather than an observatory, with the main goal to verify the prediction of 
gravitational waves by General Relativity!. After the first detection of gravitational 
waves by LIGO, this primitive goal of TianQin has to be updated. Thanks to the 
fact that all laser interferometer-based gravitational wave detectors are wide band 
detectors, TianQin has the natural capability of being a space-based gravitational 
wave observatory. However, the initial goal of TianQin has allowed it to take some 
special features that are not shared by any other mission concept proposed. One of 
our task is to investigate the consequence of such special features when TianQin is 
to be treated as a gravitational wave observatory. 


3. The preliminary concept of TianQin 


A description of the mission concept of TianQin has been presented int. Here I 
only summarize some of the key features: 


e TianQin will be consisted of three satellites, forming a regular triangle 
constellation; 

e The TianQin satellites will be on nearly identical geocentric orbits with 
radii at the order 10? kilometers; 

e The plane of the TianQin constellation is nearly perpendicular to the eclip- 
tic (the original reason was to let the plane face the ultra-compact binary 
system RX J0806.34-1527, so as to maximize the response of TianQin to 
this particular source). 


The adoption of geocentric orbits brings some advantages for TianQin: the 
transfer time for the TianQin satellites to enter the scientific operation orbits is at 
the order of dozens of days and TianQin foresees little difficulty with communicating 
with Earth. 

However, the same geocentric orbits also bring some extra challenges. 

Firstly, TianQin is facing a complicated celestial dynamical environment for 
being close to Earth and Moon, which directly leads to the question that if TianQin 
can even find such orbits that are suitable for gravitational wave detection. For 
TianQin, a candidate orbit need to satisfy the following constraints in order not to 
interfere with gravitational wave detection: 


e The distance between any two satellites need to be very stable, e.g. varying 
less than 1% throughout the mission lifetime; 

e The relative velocity between any two satellites need to be small, e.g. being 
less than 10m/s during scientific observation time; 
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e The angle between any pair of arms of the constellation need to be stable, 
e.g. varying no more than 0.1 degree in the short term (several months) 
and no more than 0.2 degree in the long term (years). 


It has been shown that an orbit satisfying all the above requirement does exist !. 

Recent study has produced more candidate orbits with different orientations, for 
which all the above constraints are satisfied !?. Knowledge of the orbit is important 
for data analysis purpose. An analytical approximation has also been obtained for 
the orbits of the TianQin satellites, based on which the response of TianQin to 
gravitational waves have been calculated ?. The response allows us to expedite the 
procedure of simulating the stain data output of the detector with decent accuracy 
and conduct subsequent investigations on the data analysis techniques for various 
sources. 

Secondly, all the orbits known for geocentric gravitational wave mission have 
their orientation nearly fixed in space. This can be seen in the many examples 
studied in!4. As a result, the telescopes used for inter-satellite laser ranging will 
periodically point toward the Sun. Varying solar radiation on the telescopes can 
lead to temperature fluctuation and temperature gradient in the satellites, causing 
problem for the detection of gravitational waves. 

With TianQin, a solution to this problem is made possible by a particular feature 
of the mission: the “standing” orbital plane. The plane of the TianQin constellation 
is facing J0806, and the location of the latter is about 4.7? below the ecliptic. As a 
result, the plane of the TianQin constellation is nearly perpendicular to the ecliptic 
and it will sweep through Sun only twice a year. 

When the plane of the TianQin constellation comes too close to the Sun, there 
will be times that the telescopes point too close to the direction of the Sun, caus- 
ing problems for the observation. TianQin adopts a “3-month on + 3-month off” 
detection scheme (to be further optimized) to cope with the problem. The orbit of 
the Earth can be partitioned into four sections, each has about 3 months: 


e From early June to early September and from early December to early 
March, sunlight is at large angles with respect to the plane of the TianQin 
constellation. During such times, the telescopes will be well protected from 
the Sunlight. 

e From early March to early June and from early September to early Decem- 
ber, sunlight is at small angles with respect to the plane of the TianQin 
constellation. During such times, there can be direct sunshine on the tele- 
scopes and TianQin will suspend observation. 


As such, TianQin solves the problem but pays the price of having shortened obser- 
vation time. 
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4. The scientific objectives of TianQin 


The main gravitational wave sources for TianQin include Galactic compact binaries, 
massive black hole binary coalescence, extreme mass ratio inspirals, stellar mass 
black hole inspirals, possible first order phase transition in the early Universe, and 
possibly some unforeseen sources?: 

e With Galactic compact binaries, TianQin seeks to study the formation and 
evolution of compact Galactic binaries, to combine GW+EM observation 
to obtain comprehensive understanding of the Galactic binary systems. 

e With massive black hole binary coalescence, TianQin seeks to discover seed 
black holes in the early universe, to depict massive black hole growth pro- 
cess, to study the surrounding environment of massive black hole merger, 
to test the Kerr-ness of the post-merger object, and to test deviation from 
General Relativity. 

e With extreme mass ratio inspirals, TianQin seeks to study the dynamic 
environment around black holes in the nearby universe, to explore the fun- 
damental nature of gravity and black holes, including: the multipolar struc- 
ture and Kerr-ness of the central massive object, the beyond-general rela- 
tivity emission channels, the propagation properties of gravitational waves, 
and the presence of massive fields around massive black holes. 

e With stellar mass black hole inspirals, TianQin seeks to facilitate multi- 
band and multi-messenger observation, and to enhance parameter estima- 
tion accuracy, to provide better understanding of the system as well as the 
nature of gravity. 

e With the waveform of a binary system, TianQin seeks to constrain the 
parameters that characterize the deviation of modified theories of gravity 
from general relativity. 

e TianQin seeks to detect stochastic gravitational waves background origi- 
nated from stellar mass black hole mergers or even binary neutron star 
mergers, and to measure or set limit on cosmic origin stochastic background 
(e.g., first order phase transitions). 


We also expect enhanced science output if there is enough overlap in the oper- 
ation times of TianQin and LISA P?-16, 


5. The development of key technologies and research teams 


TianQin will rely on high precision intersatellite laser interferometry to detect grav- 
itational waves. Two test masses will be placed inside each of the three TianQin 
satellites. These test masses will be used as the end points for laser interferometry 
between the satellites. The ideal situation is that the test masses exactly follow the 
geodesics determined by the ambient gravitational field. In reality, however, there is 
environmental effect on the test masses due to electromagnetic force, particle colli- 
sion and so on. So the variation of distance between the test masses and the satellite 
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is closely monitored and the information is used to control the satellite to follow the 
motion of the test masses. For this process to work, one will need high precision 
inertial sensors, micro-Newton thrusters and a dragfree control mechanism. 

For the inertial sensor, a preliminary conceptual design for TianQin has been 
presented in!. TianQin requires that the resolution of the inertial sensor is at the 
order 107 5m/s?/Hz'/? in the mHz frequency band. 

Our team has started working on inertial sensors since 2000. A space electro- 
static accelerometer with a resolution of 4 x 10-5m/s?/Hz!/? and a dynamic range 
of 107? m/s? is being tested and functions well in flight from Nov. 2013 up to 
now!?. A second space electrostatic accelerometer with a resolution of 3 x 10710 
m/s?/Hz!/? and a dynamic range of 10~°m/s? has been put to use in space from 
April to Sep. 2017 9. 

For intersatellite laser interferometry, TianQin requires that the displacement 
measurement noise is at the order 10-!?m/Hz!/? 
order to achieve this level of accuracy, we need technologies with laser interferometer 
(including ultra-stable optical bench, laser, telescopes, and clocks and so on), and 
ultra-stable temperature control of the satellite platform. A preliminary conceptual 
design for the space laser interferometry for TianQin has been given int. 

Our team has started working on intersatellite laser interferometry since 2002. 
We have built a 10-m prototype of intersatellite laser ranging system in 2010 and 
a resolution of 3.2 nm has been achieved??. An ultra-precise phasemeter has been 
developed in 2012 and a noise level of 1.2urad/Hz!/? at 1Hz has been achieved?!. 
Recently, a novel scheme of intersatellite laser beam acquisition has been developed. 
The averaged acquisition time is 10 s for a scanning radius of 1 mrad with a success 
rate of 99%??. 

Apart from that for the key payloads, satellite technology is needed to provide 
ultra-stable and clean environment for the scientific payload and to form and main- 
tain a highly coordinated constellation throughout the scientific observation period. 
A team responsible for the satellite/system technology has been assembled in SYSU 
to study the problems in this direction. 

A team responsible for theoretical and data analysis has also been assembled in 
SYSU. 

Apart from the teams at HUST and SYSU, there are many other groups in 
China that have technology background related to space-based gravitational wave 
detection. There is an effort to engage all these teams in the work of TianQin. 


in the mHz frequency band. In 


6. Recent progress 


In order to support the development of key technologies, we are constructing a few 
dedicated research facilities and have started flight experiments on TianQin key 
technologies. 
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6.1. Dedicated research facilities 


As of present we are constructing three dedicated TianQin research facilities: 


e The Payload Research Base, which is responsible for all key technology 
research and development for the project. 

e A laser ranging station, which will be used to develop laser ranging capa- 
bility to TianQin satellites. 

e The Ground Simulation Facility, which is responsible for integrated test 
and research on the TianQin technologies and prototypes. 


'The Payload Research Base is consisted of the TianQin Research Building and 
a cave lab. The TianQin Research Building has about 30 thousand square meters 
in total area and the cave lab has about 10 thousand square meters in total area. 
'The construction of the Payload Research Base and the laser ranging station has 
started on the SYSU Zhuhai campus in the end of 2017. The TianQin Research 
Building will be delivered by the end of 2019. The tunnel of the cave lab will be 
finished by the end of 2020. 

'The laser ranging station will be equipped with a 1.2 meter telescope, plus an 
education and outreach facility. The laser ranging station will be ready in the early 
part of 2019. 

'The Ground Simulation Facility is a big effort in the TianQin project. The idea 
is to have a facility that can simulate as close as possible the various aspects of 
a space-based gravitational wave mission. The facility will have the capability to 
simulate space environment, inertial reference, inter-satellite laser interferometry, 
the formation of TianQin constellation and the process of space-based gravitational 
wave observation. The facility will also aid in signal abstraction and data analysis. 
The facility will be located on the SYSU Shenzhen Campus. 


6.2. Flight experiments 


'There are two space experiment projets going on at the moment: 


e Laser ranging to the Chang'E 4 (CEA) relay satellite; 
e The TQ-1 experimental satellite. 


Laser ranging technology will be used to help tracking the TianQin satellites. In 
order to bring the needed technology to mature, the TianQin project has planned 
a lunar laser ranging program, which involves (1) creating new generation corner 
cube retro-reflectors to be deployed on the surface of Moon or to be carried by high 
Earth orbit satellites, and (2) upgrading/constructing laser ranging stations on the 
ground. The CE4 relay satellite (QueQiao) has been launched on May 21, 2018 and 
has successfully entered a Lissajous orbit around the Earth-Moon L2 point. Our 
team have created a single large aperture hollow corner cube retro-reflector (CCR) 
and have installed it on the QueQiao satellite. Our next step is to do laser ranging 
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experiment to the CCR onboard the QueQiao satellite. As part of the project, the 
Yunnan Observatory (located in Kunmin, China) has successfully carried out the 
first lunar laser rang experiment in China early 2018. A new laser ranging station 
is also being constructed on the SYSU Zhuhai campus and is expected to become 
available in the spring of 2019. 

We are also preparing for the first experimental satellite, TQ-1, on TianQin 
key technologies. The satellite will be equipped with an inertial sensor reaching 
the resolution level 107!?m/s?/Hz!/? at 0.1Hz, a laser interferometer reaching the 
resolution level 0.1nm/Hz'/? at 0.1Hz. The mission has been approved by the China 
National Space Administration and is scheduled for launch in late 2019. 


7. International collaboration 


International collaboration is an important aspect of the TianQin project. The effort 
on the TianQin project is expected to span some 15 years. Due to the long duration 
of the effort, a core team is necessary to make sure that the project evolves as 
expected. Currently the core team of TianQin is consisted of two teams, located in 
two universities in China, Huazhong University of Science and Technology (HUST) 
and Sun Yat-sen University (SYSU). The team at HUST was formed in 1983 and has 
grown to more than 300 researchers and students by now. SYSU has established in 
2016 a new center dedicated to the TianQin project, the TianQin Research Center 
for Gravitational Physics. The center has grown to more than 100 researchers and 
students by now. 

The TianQin collaboration has been formally established in the end of 2018 
during the fifth international workshop on the TianQin science mission. 


Acknowledgement 


'This work was supported in part by the National Natural Science Foundation of 
China (Grants No. 91636111, 11690022, 11703098, 11475064). 


References 


1. J. Luo et al. [TianQin Collaboration], TianQin: a space-borne gravitational 
wave detector, Class. Quant. Grav. 33, no. 3, 035010 (2016) doi:10.1088/0264- 
9381/33/3/035010 [arXiv:1512.02076 [astro-ph.IM]]. 

2. C. M. Will, The Confrontation between General Relativity and Experiment, 
Living Rev. Rel. 17, 4 (2014) doi:10.12942/1rr-2014-4 [arXiv:1403.7377 [gr-ac]]. 

3. B. P. Abbott et al. [LIGO Scientific and Virgo Collaborations], Observation of 
Gravitational Waves from a Binary Black Hole Merger, Phys. Rev. Lett. 116, 
no. 6, 061102 (2016) doi:10.1103/PhysRevLett.116.061102 [arXiv:1602.03837 
[er-qc]]. 

4. B. P. Abbott et al. [LIGO Scientific and Virgo Collaborations], Astrophysical 
Implications of the Binary Black-Hole Merger GW150914, Astrophys. J. 818, 


14. 


97 


no. 2, L22 (2016) doi:10.3847/2041-8205/818/2/L22 [arXiv:1602.03846 [astro- 
ph.HE]]. 


. B. P. Abbott et al. [LIGO Scientific and Virgo Collaborations], GW170817: Ob- 


servation of Gravitational Waves from a Binary Neutron Star Inspiral, Phys. 
Rev. Lett. 119, no. 16, 161101 (2017) doi:10.1103/PhysRevLett.119.161101 
[arXiv:1710.05832 [gr-qc]]. 


. B. P. Abbott et al. [LIGO Scientific and Virgo and Fermi GBM and INTEGRAL 


and IceCube and IPN and Insight-Hxmt and ANTARES and Swift and Dark 
Energy Camera GW-EM and DES and DLT40 and GRAWITA and Fermi-LAT 
and ATCA and ASKAP and OzGrav and DWF (Deeper Wider Faster Program) 
and AST3 and CAASTRO and VINROUGE and MASTER and J-GEM and 
GROWTH and JAGWAR and CaltechNRAO and TTU-NRAO and NuSTAR 
and Pan-STARRS and KU and Nordic Optical Telescope and ePESSTO and 
GROND and Texas Tech University and TOROS and BOOTES and MWA 
and CALET and IKI-GW Follow-up and H.E.S.S. and LOFAR and LWA and 
HAWC and Pierre Auger and ALMA and Pi of Sky and DFN and ATLAS Tele- 
scopes and High Time Resolution Universe Survey and RIMAS and RATIR and 
SKA South Africa/MeerK AT Collaborations and AstroSat Cadmium Zinc Tel- 
luride Imager Team and AGILE Team and 1M2H Team and Las Cumbres Ob- 
servatory Group and MAXI Team and TZAC Consortium and SALT Group and 
Euro VLBI Team and Chandra Team at McGill University], Multi-messenger 
Observations of a Binary Neutron Star Merger, Astrophys. J. 848, no. 2, L12 
(2017) doi:10.3847/2041-8213/aa91c9 [arXiv:1710.05833 [astro-ph.HE]]. 


. B. P. Abbott et al. [LIGO Scientific and Virgo and Fermi-GBM and INTE- 


GRAL Collaborations], Gravitational Waves and Gamma-rays from a Binary 
Neutron Star Merger: GW170817 and GRB 170817A, Astrophys. J. 848, no. 
2, L13 (2017) doi:10.3847/2041-8213/aa920c [arXiv:1710.05834 [astro-ph.HE]]. 


. Y. M. Hu, J. Mei and J. Luo, Science prospects for space-borne gravitational- 


wave missions, Natl. Sci. Rev. 4, no. 5, 683 (2017). Hu:2017yoc 


. R. T. Stebbins, P. L. Bender, J. E. Faller, J. L. Hall, D. Hils and M. A. Vincent, 


A Laser interferometer for gravitational wave astronomy in space, 


. H. Audley et al. [LISA Collaboration], Laser Interferometer Space Antenna, 


arXiv:1702.00786 [astro-ph.IM]. 


. http://www.esa.int/Our_Activities/Space_Science/Gravitational_ 


wave, mission selected planet-hunting mission moves, forward 


. B. B. Ye et al., Optimizing orbits for TianQin, in preparation. 
. X. C. Hu et al, Fundamentals of the orbit and response for TianQin, 


Class. Quant. Grav. 35, no. 9, 095008 (2018) doi:10.1088/1361-6382/aab52f 
[arXiv:1803.03368 [gr-qc]]. 

https: 
//pcos.gsfc.nasa.gov/physpag/GW. Study. Rev3, Aug2012-Final.pdf 


98 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


H. T. Wang et al., Science with TianQin: Preliminary Results on Massive Black 
Hole Binaries, arXiv:1902.04423 [astro-ph.HE]. 

C. Shi et al., Science with TianQin: Preliminary Results on Testing the No-hair 
Theorem with Ringdown Signals, arXiv:1902.08922 [gr-qc]. 

T. Robson, N. Cornish and C. Liu, The construction and use of LISA sensitivity 
curves, arXiv:1803.01944 [astro-ph.HE]. 

S. B. Qu et al., Self-calibration method of the bias of a space electrostatic 
accelerometer, Review of Scientific Instruments 87, 11 (2016). 

Y. Bai et al., Research and Development of Electrostatic Accelerometers for 
Space Science Missions at HUST, Sensors. 2017; 17(9):1943. 

H.-C. Yeh et al, Intersatellite laser ranging with homodyne optical phase lock- 
ing for Space Advanced Gravity Measurements mission, Review of Scientific 
Instruments 82, 4 (2011). 

Y.-R. Liang et al, Fundamental limits on the digital phase measurement method 
based. on cross-correlation analysis, Review of Scientific Instruments 83, 095110 
(2012). 

J.-Y. Zhang et al, Inter-satellite laser link acquisition with dual-way scanning 
for Space Advanced Gravity Measurements mission featured, Review of Scientific 
Instruments 89, 064501 (2018). 


99 


Analytic approximations in GR 
and gravitational waves 


Luc Blanchet** 


GReCO, Institut d'Astrophysique de Paris, 
UMR 7095, CNRS, Sorbonne Universités € UPMC Univ Paris 6, 
98"5 boulevard Arago, 75014 Paris, France 
** E-mail: luc. blanchet@iap.fr 


Analytic approximation methods in general relativity play a very important role when 
analyzing the gravitational wave signals recently discovered by the LIGO & Virgo detec- 
tors. In this contribution, we present the state-of-the-art and some recent developments 
in the famous post-Newtonian (PN) or slow-motion approximation, which has success- 
fully computed the equations of motion and the early inspiral phase of compact binary 
systems. We discuss also some interesting interfaces between the PN and the gravita- 
tional self-force (GSF) approach based on black-hole perturbation theory, and between 
PN and the post-Minkowskian (PM) approximation, namely a non-linearity expansion 
valid for weak field and possibly fast-moving sources. 


Keywords: gravitational waves, compact binary systems, post-Newtonian approximation, 
post-Minkowskian approximation, perturbation theory 


1. Methods to generate gravitational wave templates 


The LIGO & Virgo detectors have opened up a fantastic new avenue in Astronomy 
with the discovery of gravitational waves (GWs) generated by the orbital motion 
and merger of binary black hole and neutron star systems. 1? This also highlights the 
crucial role played by analytic approximation methods in general relativity (GR), 
since they permit an accurate description of the two-body problem in GR, which is 
of direct use in the data analysis of the detectors. ^4 

The most important method in this respect is the post-Newtonian (PN) ap- 
proximation, which is an expansion when the slowness parameter epy = v/c of 
the compact binary system tends to zero, where v is the relative orbital veloc- 
ity and c the speed of light. For gravitationally bound systems such as compact 
binaries on quasi-circular orbits, the PN approximation comes along with the post- 
Minkowskian (PM) one, namely a non-linearity expansion around the Minkowski 
background, with small expansion parameter ypm = Gm/(rc?), where r is the size 
of the orbit and m the total mass of the source. Indeed, in the bounded case we have 
"eM ~ Ebyn. However, the most important physical application of the PM approx- 
imation is for unbound orbits, when ypy and epy are unrelated, i.e., the problem 
of scattering of ultra-relativistic particles (epn S; 1) and small deviation angle. The 
PM approximation is sometimes called the weak-field fast-moving approximation. 

Black hole perturbation theory constitutes another large body of analytic ap- 
proximations in GR. In the context of compact binary systems, this approxi- 
mation is important, first, for analyzing the post-merger waveform of two black 
holes (BHs) during the so-called ringdown phase, when the newly formed BH 
emits quasi-normal mode radiation, and, secondly, for describing the dynamics and 
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GWs of asymmetric compact binaries, i.e., endowed with an extreme mass ratio, 
v = myma/(mi + m3)? < 1. In the latter case the perturbation method takes the 
more suggestive name of gravitational self-force (GSF), since it is concerned with 
the modifications of the background geometry of the larger BH and of the geodesic 
motion of the particle, due to the self field generated by the particle itself. 


m, m,/ (m,*m 
1 2 1 2 
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E Numerical v 
E Relativity "n 
8 || Post-Newtonian [^ 
Perturbation Theory B 
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e 


Squared Velocity ~ Compactness 


Fig. 1. Analytic approximation and numerical techniques to build GW templates for the compact 
binary inspiral and merger, depending on the symmetric mass ratio v = mima /m? (m = mı +m2) 
and the slowness-weak-field parameter epy = v/c ~ \/Gm/rc?. PN theory and perturbative GSF 
analysis can be compared in the slow motion weak field regime, epn < 1 thus r > Gm/c?, of an 
extreme mass ratio compact binary, v < 1. 


The domains of validity of these approximation methods, together with inter- 
esting mutual overlaps, are illustrated in Figs. 1 and 2. Also shown in Fig. 1 is 
some comparison with numerical relativity (NR), which succeeded at solving the 
long standing binary black hole challenge. 5399? At first sight it could seem that 
NR would be able to tackle and solve the complete problem of the inspiral, merger 
and ringdown for two compact objects. However, in order to monitor the early 
inspiral of two neutron stars, thousands of orbital cycles have to be computed with 
high precision. Then the computing times of NR become prohibitively long, and 
the precision of the NR simulation will never be competitive with that provided by 
the PN approximation. A fact that is of uttermost importance for building GW 
templates (and was not a priori obvious several years ago ??), is that the overlap 
between PN and NR exists and is quite significant. On the other hand, when the 
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Fig. 2. Comparison between the PN and PM approximations. Gravitationally bound systems 
such as compact binaries on quasi-circular orbits, stand roughly on the diagonal. For such systems 
the PM approximation actually reduces to the PN approximation. The PM expansion is a weak- 
field expansion, defined with no restriction on the slowness parameter epy, and is mostly relevant 
in the case of unbound orbits, such as the ultra-relativistic (UR) scattering of two BHs. 


mass ratio between the two bodies is extreme, the full NR approach is unfeasible, 
due to the different length scales corresponding to the very different physical sizes 
of the compact bodies. We shall discuss in this article the important intersections 
between PN and GSF as shown in Fig. 1, and between PN and PM, see Fig. 2. 

The GW templates are defined as the theoretical prediction from GR, and 
weighted in the Fourier domain by the detector's spectral density of noise. The 
templates are cross-correlated with the detector's output, and the correlation builds 
up when a good match occurs between a particular template and the real signal. 44 
'This technique is highly sensitive to the phase evolution of the signal, which, in 
PN templates of compact binary coalescence, is computed from the energy balance 
between the decay of the binary's energy and (minus) the GW flux. 

In principle, as there is a significant overlap between the PN and NR regimes, the 
templates are obtained by matching together the best PN waveform for the inspiral 
phase (currently known to order 3.5PN) to a highly accurate numerical waveform for 
the merger and ringdown phases." For low mass compact binaries, such as double 
neutron star systems, the detectors are mostly sensitive to the inspiral phase prior to 
the final coalescence, and the currently known analytical PN templates are accurate 
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enough for detection, at least when the compact bodies have moderate spins. Thus, 
the data analysis of neutron star binaries events such as GW170817, is essentially 
based on the 3.5PN templates. 

For larger masses, like BH binary events such as GW150914, the merger occurs 
at lower frequency, right in the middle of the detector’s frequency band. Since only 
a few orbital cycles before the merger are seen, the match between NR and the PN 
is not very good and the GW templates are essentially based on the NR results. 
Nevertheless it is worth pointing out that the mere zeroth-order Newtonian wave- 
form, i.e., based on the Einstein quadrupole formula, gives a reasonably satisfying 
physical interpretation of the signal even for GW150914! 

In practice, for the data analysis of large mass BH binary events, it is important 
to dispose of analytic rather than numerical templates, since the cross correla- 
tions must be performed with many templates associated by many trial parameters 
(masses and spins). In this case the templates are based on effective analytical 
methods that interpolate somehow between the initial PN and final NR phases. 
'Two such techniques play a key role in the data analysis of the BH events. One is 
called the hybrid inspiral-merger-ringdown (IMR or IMR-Phenom) waveform and 
is constructed by matching together the PN and NR waveforms in an overlapping 
time interval described phenomenologically.? The other technique consists of recast- 
ing the real two-body dynamics, as given by PN theory, into a simpler one-body 
dynamics described in a non perturbative analytic way. The so-called effective-one- 
body (EOB) waveform obtained in that way extends the domain of validity of the 
PN approximation (because it is non perturbative) and can therefore be compared 
and matched to the NR waveform. ^? The IMR and EOB waveforms are extensively 
used in the LIGO & Virgo data analysis of the recent binary BH events. 


2. State-of-the-art on equations of motion 


The equations of motion (EOM) of a self-gravitating N-body system are written in 

PN like form, up to 4PN order, using one’s favorite coordinate system in GR, as 
dv, 
dt 


1 1 1 1 1 1 
= AN 3 aha. EE aA 4s ATUS ES z^ ES TAT A 3^4 


1 
ve(3). " 
The first term is of course, the usual Newtonian acceleration of N “planets”, 


Gm 
A =- = Nab. (2) 
ba Tab 


The historical works in GR started in the early days of this theory, and solved the 
problem of the EOM at the 1PN level beyond the Newtonian term. 5879 This famous 
Lorentz-Droste-Einstein-Infeld-Hoffmann 1PN correction is fully given as 


G 3 
AS =- Y S2 na idend — Auau) - sinam! 


ba Tab 2 
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where we denote v, = dya/dt, Vab = Va—Vb; ray = |Ya— Yol, Nab = (Ya—Yb)/Tab and 
the parenthesis indicate the usual Euclidean scalar product, e.g. (napt») = Nab ` vy. 

Up to the 2PN level the system is conservative, i.e., admits the ten invariants 
associated with the symmetries of the Poincaré group. The first dissipative effect 
appears at the 2.5PN order and features the radiation reaction damping of the sys- 
tem by GW emission. The 2PN and 2.5PN approximations were motivated by the 
Hulse-Taylor binary pulsar and worked out at the time of its discovery. ??:47,50,72,87,98 
Later the motivation for the 3PN EOM came from the development of the LIGO 
& Virgo detectors and the need of accurate GW templates for inspiralling com- 
pact binaries. The 3PN EOM took some time to be fully understood and com- 
pleted, 23:30,37,51,4,60,69,7,73 together with the relatively easier dissipative 3.5PN 
term, 70,76,86,88 

Three techniques have been undertaken to obtain the 4PN EOM. One is based 
on the Arnowitt-Deser-Misner (ADM) Hamiltonian formalism of GR in ADM co- 
ordinates, 5253:74:75 and has led to complete results but for the appearance of one 
“ambiguity” parameter. The second technique is based on the Fokker action of GR 


7-10.83 and has obtained complete results, i.e., free of any 
59,61,62,65 


in harmonic coordinates, 
ambiguity parameter. The third one is the effective field theory (EFT), 
which yielded partial results up to now (the terms c G^ still being in progress), but 
is expected to also be free of any ambiguity parameter. 9? 

In this section we describe the approach based on the Fokker action in harmonic 
coordinates. We start with the gravitation-plus-matter action of GR, in which the 
gravitational piece includes the usual harmonic gauge-fixing term, and the matter 
term is that of N particles without spins, and with negligible internal structure: 


TÉ ZEE 4p J - Soga TATY] -Yme fa —(9u»)a Va vy /c? . 


Here I” = gf? TF, and we use, for practical calculations, the Landau-Lifshitz form 
of the action (i.e., modulo a total divergence). 

The Fokker action is obtained when we insert back into (4) an explicit PN 
solution of the corresponding gauge-fixed Einstein field equations, and given by an 


explicit functional of the particle’s trajectories, i.e., 


Guv (X, t) = Juv [x; Yalt), valt), is -] . (5) 


The ellipsis indicate that the metric also depends on accelerations a, = dv, /dt, 
derivatives of accelerations b, = da,/dt, etc., since we do not perform any replace- 
ments of accelerations when iterating the Einstein field equations, the EOM being 
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considered off-shell at this stage. Substituting g,,, into Eq. (4) defines the Fokker 


action Sp[|ya, v«,:::], and the EOM of the self-gravitating system of particles are 
obtained as the (generalized Euler-Lagrange) equations 
ôS 
POI. (6) 
Óya 


Once they have been constructed, the EOM can be order reduced by replacing 
all the higher-order accelerations by their expressions coming from the lowest-order 
PN equations. The Fokker action describes only the conservative dynamics, and the 
dissipative effects have to be added separately in the EOM. Note that the Fokker 
action is equivalent to the EFT action in the “tree-level” approximation, in which 
we neglect quantum loops. 

An interesting feature of the local (near zone) 4PN dynamics is that there is 
an imprint of GW tails propagating at infinity. The tails are secondary non-linear 
waves caused by backscattering of linear waves onto the space-time curvature gen- 
erated by the total mass M of the source. Part of the effect can be seen as a 
tail-induced modification of the leading 2.5PN radiation reaction force at the rela- 
tive 1.5PN order. 1618:21 However, associated with this dissipative piece, there exists 
also a conservative effect which thus enters into the 4PN conservative dynamics. Its 
contribution to the Fokker action reads as ^?2:62.65 


2 Too Too 
sen = CM dt 1) (t) | drIn ( — ui - 0 - een X 
bee. ias J à m j 


Here I; = >, mayt y? is the Newtonian quadrupole moment of the system (the 
angular brackets refer to the symmetric-trace-free projection), the superscript (n) 
denotes multiple time derivatives, and To is an arbitrary constant. To leading order 
the total mass M reduces to 37, Ma, but at higher order it should involve the con- 
tribution of the gravitational binding energy of the particles. An elegant rewriting 
of Eq. (7) is with the Hadamard *Partie finie" b integral, 


Stuff Pwo. w 


Due to this conservative tail contribution, the 4PN dynamics is non-local in time, 
and this entails subtleties in the derivation of the invariants of motion, which have 
been recently fully elucidated. 9-415253 

The calculation crucially relies on the systematic use of dimensional regulariza- 
tion (DR), to cure both ultra-violet (UV) divergences due to the model of point 
particles adopted to describe the compact objects, and infra-red (IR) divergences 
that start appearing precisely at the 4PN order and are associated with GW tails. 
We are here borrowing DR from EFT and quantum field theory, and we use it in 
the classical N-body problem as a mean to preserve the diffeomorphism invariance 
of GR. For this reason we conjecture that DR is the only known regularization tech- 
nique able to successfully solve the problem of EOM in high PN approximations. 


stall — = 
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In an initial calculation (valid for two particles, N — 2), we used DR for UV di- 
vergences but a variant of the Hadamard regularization (HR) for IR divergences. ^? 
Based on some trial calculations, using various types of regularizations, we con- 
jectured that the results of different IR regularizations will physically differ by at 
most two parameters called ambiguities and denoted 0, and ó5.? This finding was 
in agreement with an earlier suggestion.?? Modulo unphysical shifts of the trajec- 
tories, the two offending ambiguity terms in the Fokker Lagrangian (Sp = f dtLp) 
turn out to appear at the difficult G^ level and be of the form 
G4(m, + m3) mm? 


Lp = 


e (12013)? + 5v) . (9) 


Oris 
To determine what the values of these ambiguities are we embarked on the DR 
treatment of the IR divergences. Consider a typical term in the Fokker Lagrangian 
with non-compact support and generic function F, which diverges at infinity. With 
HR such term is treated as 


HR _ Baf E 2 
LH -Ef x(-) F(x). (10) 


Since we focus on IR divergences we consider only the far zone contribution r > R, 
where R denotes an arbitrary large radius, typically the inner radius of the wave 
zone. The Finite Part (FP) operation is closely related to the Hadamard partie 
finie Pf, and consists of applying analytical continuation in B € C, expanding the 
integral when B tends to zero, and keeping only the coefficient of the zero-th power 
of B in that expansion (discarding any strictly positive or negative power of B). 
On the other hand, with DR the same term is treated as 


d?x 
IPR =] — FO (x), (11) 
r>R lo 


where F(® is the d-dimensional analogue of the generic function F in (10), and 
where £o is the characteristic length scale associated with DR. We find that the 
difference between the two prescriptions is given by? 


LPR — [HR -5l LER (2) no yO(n)+ O(c). (12) 


gale 


The functions et) represent the coefficients of r ?-4* (with p,q € Z) in the expan- 


sion of F(2 when r — +00 along the direction n. We pose € = d — 3 and neglect 
the terms dying with € — 0. The angular integration in (12) is over the sphere in 
d— 1 = 2 + e dimensions. Notice that the result (12) depends only on the singular 
coefficients of of the expansion of F at infinity, and that the arbitrary scale R 
has disappeared from it. 

The formula (12) contains an IR pole « 1/e. In the language of the EFT, 
this pole comes from the “potential mode" contribution. However, we have also 
to take into account the 4PN tail effect given by Eq. (8) but in d dimensions. In 
the EFT language this will correspond to the “radiation” contribution and should 
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also contain a pole «x 1/e, but this time of UV type. Our explicit calculation has 
shown that the two IR and UV poles exactly cancel out (modulo unphysical shifts 
of the trajectories), 5? in complete agreement with general arguments within the 
EFT.9? The 4PN tail term in d dimensions takes the same form as (8) but with the 
arbitrary scale 7o determined by the DR scale fo as 


“pr _ 240 SE D. 41 
2 cv 4r 20 2'P 60l” 


with yg denoting the Euler constant, and the UV pole « 1/e cancelling the IR 
one in (12). The result (13) has been obtained thanks to a “matching” equation 
relating the near zone which is the domain of validity of the PN approximation, to 
the far zone where GW tails propagate. Finally we find that the rational fraction 
-ál in (13), is just the one necessary and sufficient to determine the values of the 
two ambiguity parameters in (9) as 


2179 192 
315 ' i 


therefore resolving the problem of ambiguities. The values (14) are consistent with 
numerical and analytical GSF calculations of the energy and periastron advance 
for circular orbits in the small mass ratio limit. 5525? Remarkably, the result (13) 
agrees with that of Galley et al.,9? obtained by means of a diagrammatic evaluation 
of the tail term in d dimensions with EFT methods. On the other hand, the lack 
of a consistent matching between the near and far zones in the ADM Hamiltonian 
formalism, 5253:74:75 and therefore a complete control of the tail term (8) including 
the final determination of Eq. (13), forces this formalism to be still plagued by one 
ambiguity parameter, denoted C in??. 


(13) 


ô = (14) 


3. State-of-the-art on GW generation 


The two basic ingredients in the theoretical PN analysis correspond to the two 
sides of the energy balance equation obeyed by the binary’s orbital frequency and 
phase. Since the orbit will have circularized by radiation reaction at the time when 
the signal enters the detectors’ bandwidth there is no need to invoke the balance 
equation for the orbital angular momentum. Thus we just impose 


dE 

u F. (15) 
The energy E is nothing but the Noetherian conserved energy E associated with the 
Fokker Lagrangian computed in the previous section. On the other hand, the GW 
energy flux F on the right-hand side is obtained from a GW generation formalism. 
From Eq. (15) one deduces the time evolution of the binary’s orbital frequency w 
and orbital phase ¢ by solving 


E 
b= [oa- - 2 E do. (16) 
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At the 4.5PN order, for circular orbits, the conserved energy function is given by 
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where m = m4 + ma is the total mass, v = m4ma/m? is the symmetric mass ratio, 
yg is Euler's constant, and we employ for convenience the PN ordering parameter 
a = (2%)?/3 defined from the orbital frequency w of the circular orbit, and which 
constitutes an invariant in a large class of coordinate systems. Notice that Eq. (17) 
is valid up to the 4.5PN order included, as there is no term at the 4.5PN order in 
the conserved energy for circular orbits. 

The most complete formula for the GW flux is valid at the 3.5PN order beyond 
the Einstein quadrupole formula. However, the 4.5PN coefficient is also known, 84 
while the 4PN coefficient is in progress. This formula has been obtained by ap- 
plication of a GW generation formalism based on a Multipolar-Post-Minkowskian 
(MPM) expansion for the external field of an isolated source, 1520-22 and followed 
by a matching to the inner (near zone) PN field of that source. 1^19:329! The first 
important step in this computation is the obtention of the multipole moments of 
the source, 7;,...;, (mass type) and Jj,...;, (current type). The most difficult of these 
moments (because it necessitates the highest PN precision) is the mass quadrupole 
moment J;,;,, given at 3.5PN order for quasi-circular orbits as 

G?m?y 


e 
lii,-— mv (Ary +B X T EU uU) ; (18) 


where the terms are explicitly given by 25:9? 
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e where r is the separation distance in 


harmonic coordinates. Note the two constant scales entering the logarithmic terms 
at the 3PN order, one being the length scale ro coming from the MPM algorithm, ?? 
while the other one rj comes from the 3PN EOM in harmonic coordinates. °° 

The second step is the relationship between the multipole moments of the source, 
and the so-called “radiative” multipole moments parametrizing the observable GW 
at future null infinity. Such relationship involves in particular the well-known tail 
effects and their iterations. At the 4.5PN order the radiative mass quadrupole 
moment U; i is related to the mass quadrupole moment of the source Tii, by 


GMAT TO. sad can ams 
Uni (t) = IQ (t) + E f dr I (t — 7) E In (=) + 3| 


Here the PN ordering parameter is y = 


6 


212 Too 

* on f dr If) (t — 7) |n? (=) | 5 In (=) 
214 In ( CT ) | Sa | 
105 2rg 22050 

GM? pr (6) 4 .[ erV. Wy (er 
+ E) | dr Iii lt T) E In (=) F3 In (=) 
| en (=) asin (=) in (Z) 

11025 "9b; 105  \ 2b, Oro 
TU ( CT ) , 129268 | 
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2rg 


For simplicity, we have not included here the non-linear memory effect which arises 
at 2.5PN order,22:46.102.)06 as well as many instantaneous (non-tails) terms, that 
are relatively easy to compute. The terms at 1.5PN, 3PN and 4.5PN orders shown 
in (20) correspond to what can rightly be called the “tail”, the “tail-of-tail”, and 
the “tail-of-tail-of-tail”, respectively.84 The expression (20) contains still another 
arbitrary scale bo, parametrizing the coordinate transformation between harmonic 
coordinates and radiative coordinates. We find that the scale bo as well as the two 
previous scales ro and rj in Eq. (18) cleanly cancel out in the GW flux, expressed 
in terms of the invariant PN parameter x, which is finally given by 24 2731,38-40 
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v v (21) 
290304 38016 

This is valid up to 4.5PN order, with the notable exception that the 4PN coefficient, 
denoted F4py in (21), is not yet known. However, from BH perturbation theory 
we know already the test mass limit of this coefficient, i.e., in the small mass ratio 
limit v — 0;93:64.96,100,101 
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Of course, this nice result from BH perturbation theory will have to be confirmed 
by PN theory, which will also be able to provide the mass ratio corrections O(v). 


4. PN theory versus GSF theory 


'The conservative dynamics and GWs of compact binary systems in the extreme 


mass ratio limit, is the realm of the perturbative gravitational self force (GSF) 
theory. 55:57,66,85,92,94 


computations and traditional PN calculations was initiated some years ago,?9 ap- 


For the conservative dynamics, a comparison between GSF 


plying to systems that are at once slowy moving and with extreme mass ratio, see 
the overlap region between PN and perturbation theory in Fig. 1. In recent years 
the possibility for this comparison has been dramatically extended. Such progress 
is due in large part due to high precision numerical and analytical computations 


12-14,80-82,95,99 and to extensive analytical computa- 


28,29,34,35,77 


from a self force perspective, 
tions within the PN approximation. 

For a particle moving on an exact circular orbit around a Schwarzschild BH 
(neglecting radiation reaction), one disposes of a very interesting quantity, which 
is the invariant associated with the helical Killing symmetry, appropriate for exact 
circular orbits.99 This invariant, denoted ui, is defined by 


uf =ul Kl, (23) 
where uf is the normalized four-velocity of the particle 1 (with mass m4 < mz), 
K" is the helical Killing vector (HKV) and KT the HKV at the location of the 
particle. Adopting a coordinate system in which the HKV reads K“0, = 0, +w Oy, 


where w is the orbital frequency of the circular orbit, the invariant reduces to the 
time component of the four-velocity hence its name uj, and we have 


1 vy xL 
t — — 1*1 
== [God AY (24) 


where (g,)1 is the metric evaluated at the particle’s location, following a certain 
regularization (here vi’ = dy/'/dt denotes the coordinate velocity, i.e., y) = ct and 
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v? = c). The inverse of ut appears to be a redshift z1, and sometimes uf itself 


is called the redshift. [For a generalization of the notion of redshift to eccentric 
orbits, see?.] In the exact test mass limit v = 0, the invariant reduces to the one 
appropriate to a Schwarzschild BH, 


1 
USchw = MEET , 
where y = (@™2”)?/3 is the frequency-related PN parameter associated with the 
y é y 


larger BH mass ma. The GSF part is then defined as the coefficient of the mass 
ratio correction beyond Eq. (25), 


(25) 


UL = Uscnw +V uae + O’). (26) 


mim 
L7 can be 


replaced by the ordinary mass ratio q — nii In the PN approximation, the GSF 
part of the redshift factor appears to be an infinite PN series of the type 


It is clear that with this approximation the symmetric mass ratio v — 


+00 
ea X (aj + fj Iny) y. (27) 

j=0 
We have included terms linear in the logarithm of y, but we neglect (just for this 
discussion) the higher powers of Iny, that occur at large PN orders. Recall that 
the most general structure of the PN expansion involves any (integer) powers of the 

logarithm, ~ (In y)*y?* 1.20 

Here we report the results that have been obtained so far using the "traditional? 
PN approach. Recall that the PN method heavily relies on dimensional regulariza- 
tion (DR) to treat both UV and IR divergences, see Sec. 2. Another feature of 
the PN calculation is that it requires a machinery of tails and related non-linear 
effects, see Eq. 20. In the PN approach one computes uf as a redshift in harmonic 
coordinates using Eq. (24), and evaluates the metric at the particle's location with 
DR. In that way the GSF redshift has been obtained up to 4PN order as12:2829.77 


121 41 
uGsg = — y — 2y? — 5y? + (X zh T yf 


1157 677 128 64 
+ ( + a in(16y) y? + O(y®). (28) 
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In addition, PN theory has been able to fix the logarithmic term at the 5PN order, 
which is due to a subdominant tail effect, namely 


(29) 


while the coefficient os is known only from GSF methods but has not yet been 
checked with PN theory. The results (28)-(29) are in full agreement with direct 
GSF computations. This constitutes a strong confirmation of the adequation of DR 
for traditional PN calculations, as well as of the procedure of subtraction of the 
singular field which is employed by GSF theory. 


A feature of the PN expansion of the redshift factor at high orders is the ap- 
pearance of half-integral PN approximations, say 5 PN. At first sight these terms 
sound surprising because the dynamics is purely conservative (exactly circular or- 
bits with a HKV), and we are used to the fact that half-integral PN approximations 
like 2.5PN are associated with dissipative radiation reaction. The existence of such 
terms in the conservative redshift factor, starting at 5.5PN order, has been pointed 
out with numerical GSF methods,?? and later it was proved that these terms orig- 
inate from iterated non-linear tail effects, called “tails-of-tails”.°4°° The leading 
5.5PN, next-to-leading 6.5PN and next-to-next-to-leading 7.5PN coefficients in this 
category have been found to be 

13696 81077 82561159 
EE E E 2 C0 
while the corresponding 8;'s are zero. Notice that 7.5PN is arguably the highest 
order ever reached by traditional PN methods. Again the PN results (30) are in 
full agreement with numerical and analytical results derived by GSF methods. 


Qi 
2 


(30) 


5. PN versus PM 


The post-Minkowskian approximation has been developed in many pionneering 
works. 6:11,68,89,104,.105 Notably the gravitational scattering angle of two relativistic 
particles has been obtained up to 2PM order (quadratic in G).19? Recently there 
has been a renewal of interest in the PM approximation. Ledvinka, Schafer and 
Bičák”8 obtained a closed-form expression for the Hamiltonian of N particles in 
the 1PM approximation, and new works appeared on the gravitational scattering 
angle and the link between the PM expansion and the EOB formalism.***° Here 
we outline our own contribution,’ which concerns the comparison between 1PM 
and the recent 4PN calculation of the EOM of compact binaries. The Fig. 2 showed 
the domain of validity of the PM approximation versus that of the PN expansion. 

At the 1PM approximation the field equations for a system of N particles in 
harmonic coordinates, deduced from the gauge-fixed action (4), read 


N 
167G Too 
PN a, J dra utu 8 (z — ya), (31) 
a=1 


C —oo 


where denotes the flat space-time d'Alembertian operator, 5“ is the four- 
dimensional Dirac function, y^ are the particle's worldlines and u^ = dy^/(cd74) 
their normalized four-velocities, with the special-relativistic proper time dt, = 
—nyw dye dy¥ /c?. We solve Eqs. (31) by means of the standard Lienard-Wiechert 
procedure. Adopting a parametrization by the coordinate time t, i.e., such that 
yt = (ct, Ya), the retarded time t!** on the trajectory a associated with the prop- 
agation from a to the field point z^ = (ct, x), is given by the implicit retardation 
equation tt = t — r!°t /c with ri* = [x — ys (t:&*)|. The solution of (31) is then 
4G ma URUK 


c2 E pret (ku)zet a 


h^ (x) = (32) 
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a 
a and the field point, (ku) = kul = ya(—1 + ng" - va/c) is the usual redshift 
factor, with Ya = u? the Lorentz factor and v = cul’/yq = (c, va), the velocities 
being computed at the retarded time t7**, 
However, we repeatedly use the fact that the accelerations are of order G and 
therefore their contributions in (32) will be of order G?, hence negligible with the 
1PM approximation. Thus, we are allowed to assume that the four velocities u^ 


where k^ = [r^ — y^ (tt**)]/rt** = (1, n%t) is the Minkowski null vector between 
a Ya a a 


and Lorentz factors ya are constant. Furthermore, neglecting terms of order G?, 
we can solve the retardation equation to get the retarded time t'**, the distance 
ret and the direction n 
“instantaneous” distance ra = |x — ya(t)| and direction n, = [x — ya(t)|/ra. In this 
way, Eq. (32) becomes equivalent to 


4G ma URUK 
W” =- » (33) 


a rav 1+ (Naua)? i 


which is valid at any field point except at the singular locations of the particles. 


ret 
a9 


r in terms of their current values at time t, i.e., the 


Nevertheless, we can easily extend its validity to the particles by using a self-field 
regularization. For this purpose, it is sufficient to discard the self-field contribution 
from the sum of particles. An explicit self-field regularization process yielding the 
same result was implemented in. Therefore, at the location of particle a, we have 
My 
(h)a = a - Mp Up, Up X (34) 
bza Ta [1 + (nav)? | 


where the sum runs over all particles except a, we pose ray = |Ya — Yl, and denote 
n9, = 0 and ni, = [ya — Yol/Tab- 

The EOM of the particles is just the geodesic equation, computed at the lin- 
earized order consistent with our approximation, and we obtain 
dul 1 Gm 


= (262, — 1)nb, (35) 
dTa c 2 r2 [1 ali (n5u5)2] ^? | 


+ (2e, 4- 1) (— (avua) + m) ul! + (4e (nis) — (2&2, + 1)(nasun)) uf : 


We use cab = —(usupy) as a shorthand notation. Equivalently we have also the non- 
covariant form of the EOM (i.e., PN like form), in which we introduce the ordinary 
velocities and accelerations and the relevant Lorentz factors (with Vap = Va — vi), 


dva E Gm 
Ta 18 2 - - b 35 jeg, 1)Nab 
bza Tab [1 + Yo (nasv)? /c?] 
Va 
+ a (— 4er (Masa) 4 (282, + DC) J . (36) 


At the 1PM order the EOM are conservative, thus admit conserved integrals of 
energy, angular momentum and linear momentum. Indeed, the radiation reaction 
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dissipative effects are at least 2PM, i.e., second order in G. The closed-form ex- 
pression of the energy through 1PM reads E = 35, mac?» + V, with the first term 
being the usual special-relativistic expression and 


V=G mal rz fa. (28, +1- 4 eas) (37) 
a b4a Tab [1 T ^65 (napvo)? /c?] Ya 
+ % (26%, 1) Fab(NabUo) m (vay ts) | 
a : a : 
7 (vis — Fav) [1 +92 (tape)? fe? | + W (Pas (nave) — (vasvo)) 


We have verified?? that Eqs. (36) and (37) perfectly reproduce the PN results in 
harmonic coordinates, in the case of two particles (N = 2) at the linear order in G 
and up to the 4PN order. 5:19 

Next we consider the Lagrangian associated with the EOM (35)-(36), for any 
N, in harmonic coordinates. The Lagrangian will be given by the special-relativistic 
expression plus terms of order G, and again, we neglect higher-order terms in G. In 
PN theory, it is known that the Lagrangian in harmonic coordinates is a generalized 
one, depending not only on positions and velocities Ya, v, but also on accelerations 
aa = dv/ dt.°° Such accelerations are contained in terms at least linear in G, so 
that, replacing the accelerations by the EOM would yield negligible terms of order 
G? at least. However, it is not allowed to replace accelerations in a Lagrangian 
while remaining in the same coordinate system. Such replacement is equivalent 
to a shift in the particles’ trajectories (or so-called “contact” transformation), i.e., 
the new Lagrangian is physically equivalent to the original one but written in a 
different coordinate system. °” Furthermore, by employing the technique of double- 
zero (or multiple-zero) terms, it is sufficient to consider a Lagrangian that is linear 
in accelerations (since the procedure can work for any PN order, and is thus formally 
valid at the 1PM order). Therefore, we look for a Lagrangian of the form 


2 
L[y, v, a] = 5 Ki 


| 
T 
a Ya 


v4 X dial. (38) 


We symbolize the functional dependence by L[y, v, a] = LHYa, Va, a4])]. The terms 
A and qi are of order G and depend only on positions and velocities, i.e., Aly, v] 
and qily,v]. Denoting by pi and qj the conjugate momenta associated with the 


i 


positions y? and velocities v, i.e., 
i; ôL OL d/oðL 
Pa vi Ovi dt (xz) Sn) 
; OL OL 
Te Sai, Oa] on 
the EOM take the ordinary Euler-Lagrange form 
dp’ OL 
Pa _ (40) 


dt — Oy 
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while the conserved energy E is given by the generalized Legendre transformation 
E- D (oiui + iai) d. (41) 


In both (40) and (41) we are allowed to replace the accelerations by the EOM. For 
instance, the term qai in E will be second-order in G and can be neglected at 1PM 
order. With (38) we obtain the EOM 


; OA 
i d, 42 
Ta y di, (42) 
where fi = ma $ (Yavi) and A = AA q (24), and the dots refer to time 


derivatives. The potential V (such that E = $5, MaC’ Ya + V) reads 
V= 2o A- ids (43) 


The left-hand sides of (42) and (43) are known from Eqs. (35)-(36) and (37). How- 
ever, the two equations are not independent, since ff and V satisfy the constraint 


dV T" 
at E vifi =0. (44) 


In order to find L, our strategy is to determine first a particular Lagrangian Ì, 
characterized by (A, d), such that the conjugate momenta 4* obey 
Y wid =0. (45) 
a 
'To order G, the same equation is also satisfied by the time derivative ái. Therefore, 


for the particular solution (À, di), the equation (43) reduces to an ordinary Legendre 
transformation, 


(46) 


To determine À, we note that the potential V given by (41) reduces in the limit 
c — +00 to the Newtonian approximation, namely V = U + O(1/c?) where 


Gmqamy 
U- » a (47) 
If we subtract its Newtonian limit U to V, we get a quantity which tends to zero 
when c — +œ like O(1/c?). Then, it is straightforward to show that a well-behaved 
solution of Eq. (46) is 


Aeque 3 ds [v (ve =) = Ulya) l (48) 


Namely, we have to insert into Eq. (37) all the relevant factors c and make the 
replacement of c by s, then integrate over the “speed of light” s from the physi- 
cal value c up to infinity. The bound s > +00 of the integral corresponds to the 
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Newtonian limit and we see from the definition of the Newtonian potential (47) 
that the integral is convergent. The first term in Eq. (48) represents the Newto- 
nian approximation with the correct minus sign for a Lagrangian, and the integral 
represents formally the complete series of PN corrections, but resummed in the PM 
approximation. The result (48) can be rewritten in a simpler way as the Hadamard 
^partie finie" (Pf) of the integral, in the same sense as was used in Eq. (8), for 
taking care of the divergence at infinity: 


Aci! (7 asv (ua). (49) 


For this very simple type of divergence ~ s? + O(s^?) the Pf does not depend on 
an arbitrary constant, unlike in (8). The expressions (48)-(49) give a particular 
solution of the equation (43) but we still have to adjust d? in order to satisfy the 
EOM, see (42). Thus, we look for à? satisfying 
5X 
yi,’ 
where the right-hand side is known. To order G we have been able to integrate 
twice this relation to determine $i, and that solution automatically satisfies the 
constraint (45) by virtue of (44). 

Finally we have found a particular Lagrangian (A, di). Now the general solution 
(A, qi) can be obtained by adding an arbitrary total time-derivative dF/dt, where 


F is a function of the positions y^ and velocities vt. Hence the general solution (for 
the class of harmonic-coordinate Lagrangians that are linear in accelerations) reads 


= fa- (50) 


A- ue vi £ Dye’ (51a) 
; OF 

E = 1b 
da = Ga + Dut (51b) 


At 1PM order the Lagrangian in harmonic coordinates irreducibly depends on ac- 
celerations, i.e., it is impossible to determine F such that qf = 0. However, we know 
that the accelerations in a Lagrangian can be eliminated by appropriate shifts of the 
trajectories. In fact, it can be shown that the particular solution À found in (48)- 
(49) represents an ordinary Lagrangian which is physically equivalent but expressed 
in some shifted (non harmonic) variables. 38 

Given the complicated structure of V in Eq. (37), we could not find a closed 
form expression for the 1PM harmonic coordinate Lagrangian in the general case. 
However, we could easily work out the integral (48) in the PN approximation c > 
+oo to any order. We start from the known 4PN expansion of the potential V 
following from (37), and explicitly perform the integration (48) term by term, to 
obtain the corresponding 4PN expansion of Â. Then, we derive the coefficient of 
accelerations à? at 4PN order, see?? for details. Finally, we find a unique total 
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time-derivative, with some function Fpw given in the form of a PN expansion, so 
that the Lagrangian satisfyingly agrees up to order G with the published 4PN 
Lagrangian.*:!° Furthermore, we have pushed the analysis to the next order and 


obtained all the terms of order G in the harmonic coordinates Lagrangian up to the 
5PN order. °° 


In another application, we worked out the case of equal masses for which it is 


possible to find a closed form expression for the Lagrangian, and we have verified 
that the associated Hamiltonian differs from the one obtained by Ledvinka, Schafer 
and Bicák"? in the ADM Hamiltonian by a mere canonical transformation. 
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Dark Matter Particle Explorer (DAMPE), the first Chinese astronomical satellite, was 
launched into a Sun-synchronous orbit at an altitude of about 500 km on 17 December 
2015. DAMPE is a high-energy particle detector optimized for observations of cosmic ray 
electrons and gamma-rays up to about 10 TeV. The on-orbit performance of the detector, 
the calibration, and the latest results on cosmic rays and gamma-rays of DAMPE will 
be presented. 


Keywords: Astro-particle; Cosmic-rays; Space Mission; Gamma-ray astronomy 


1. Introduction 


The DArk Matter Particle Explorer (DAMPE)! is a particle detector launched 
on 17 December 2015 in a Sun-synchronous orbit at a 500 km altitude. Its main 
scientific goals are the study of cosmic-rays, namely electrons, photons, protons 
and nuclei; the observation of gamma-rays from astrophysical sources; the search 
for dark matter signatures, for electromagnetic counterparts of gravitational waves 
or neutrinos and for exotic particles. DAMPE has been designed to detect particles 
with energy from some GeV up to tens of TeV with an energy resolution < 1.5% 
at 100 GeV for electromagnetic showers, an accurate angular resolution < 0.1° at 
100 GeV for gamma-rays and a field of view of 1 sr. 


2. The DAMPE instrument 


DAMPE is composed by four sub-detectors (Figure 1): a Plastic Scintillator Detec- 
tor (PSD), a Silicon-Tungsten Tracker (STK), a BGO Calorimeter (CALO) and a 
Neutron Detector (NUD). The PSD has two tasks: to work as a veto for charged 
particles and to measure the charge number Z of incident high-energy particles. It 
is made by two layers of staggered scintillator bars in orthogonal arrangements, pro- 
viding information on the x and y coordinates. The STK is devoted to reconstruct 
the particle tracks and to convert photons. It consists of 12 position-sensitive sili- 
con detector planes (6 for the z-, 6 for the y-coordinate); 3 layers of tungsten, each 
1 mm thick, are between the silicon planes 2, 3, 4 and 5 to enhance the conversion 
probability of gamma rays into electron-positron pairs. The BGO calorimeter is 
used to measure the energy deposition of incident particles and to reconstruct the 
electromagnetic shower profile. It is composed of 308 BGO crystal bars optically 
isolated from each other and arranged in 14 layers of 22 bars each; the bars of a 
layer are orthogonal to those of the adjacent one, to reconstruct the shower in the 
zz and yz views. The total depth of the calorimeter is 32 radiation lengths and 
1.6 nuclear interaction lengths. The last sub-detector is the NUD, made of four 
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| PSD: Plastic Scintillator Detector STK: Silicon TracKer/converter 


| CALO: Calorimeter | NUD: Neutron detector | 


| 


Fig. 1. The DAMPE instrument. 


boron-loaded plastic scintillators. It is used to improve overall hadron identification 
efficiency. 


2.1. The Plastic Scintillation array Detector (PSD) 


The main purpose of the PSD is to provide charged-particle background rejec- 
tion for the gamma-ray detection and to measure the absolute value of the charge 
(hereafter Z) of incident high-energy particles in a wide range (i.e., Z < 26). There- 
fore high detection efficiency, large dynamic range, and good charge resolution are 
required for charged particle detection of PSD. 

The PSD has an active area of 82.5 x 82.5cm?, which is larger than the on- 
axis cross-section of other subdetectors of DAMPE. The PSD consists of 82 plastic 
scintillators bars (EJ-200 produced by Eljen) arranged in two planes, each with a 
double layer configuration. Each bar is 88.4cm long with a 2.81.0cm? cross-section; 
the signals are read out by two Hamamatsu R4443 Photomultiplier Tubes (PMTs) 
coupled to the ends of each scintillator bar. 

The bars in the top plane are perpendicular to those in the bottom plane. The 
bars of the two layers of a plane are staggered by 0.8cm, allowing full coverage of the 
detector with the active area of scintillators without any gap. As the efficiency of a 
single layer is > 0.95, the PSD provides an overall efficiency > 0.9975 for charged 
particles. The segmented structure of the PSD allows suppressing the spurious 
veto signals due to the “backsplash effect”, which can lead to a misidentification of 
gamma rays as charged particles. 

Since the PSD is used to identify cosmic-ray nuclei from helium to iron (Z = 
26), a wide dynamic range extending up to ~ 1400 times the energy deposition of 
a minimum ionizing particle (MIP) is required. To cover such a broad range with 
good energy resolution, a double dynode readout scheme for each PMT has been 
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implemented. Signals from the dynode with high gain cover the range from 0.1 
MIPs to 40 MIPs, while those from the dynode with low gain cover the range from 
4 MIPs to 1600 MIPs; the overlap region can be used for cross-calibration. The 
dynode signals are coupled to the VA160 ASIC chip developed by IDEAS. This 
chip integrates the charge sensitive preamplifier, the shaper and the holding circuit. 
'The performance of the PSD has been tested with the relativistic heavy ion beams 
at CERN. In this test, the primary Argon beam of 40 GeV /n was sent onto a 40 mm 
polyethylene target, and the secondary fragments with A/Z — 2 were selected by 
beam magnets, thus allowing to study the PSD response to all the stable nuclei with 
Z = 2/18. Fig. 2 shows the reconstructed charge spectra for different ions (Z > 2) 
from one PSD module within the beam spot. In this figure, the Helium contribution 
has been removed for clarity (the He fraction is much higher than that of other ion 
species). The signals from both sides of each module are used (geometric mean) 
and the quenching effect has been corrected based on the ion response from the 
same test. 


Counts 
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Fig. 2. Reconstructed charge spectra of PSD for nuclei with A/Z = 2, generated by a 40 GeV /n 
40Ar beam. The helium peak has been removed for clarity. 


2.2. The Silicon- Tungsten tracKer-converter (STK) 


The DAMPE STK is designed to accomplish the following tasks: precise particle 
track reconstruction with a resolution better than 80 um for most of the incident 
angles, measurement of the electrical charge of incoming cosmic rays, and photon 
conversion to electron-positron pairs. 

It is composed of six position-sensitive double (X and Y) planes of silicon detec- 
tors with a total area of about 7m?. Multiple thin tungsten layers have been inserted 
in the tracker structure in order to enhance the photon conversion rate while keep- 
ing negligible multiple scattering of electron/positron pairs (above ~ 5 GeV). The 
total thickness of STK corresponds to about one radiation length, mainly due to 
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the tungsten layers. The STK detector is equipped with a total of 768 single-sided 
AC-coupled silicon microstrip detectors (SSD). Four SSDs are assembled together 
with a wire bonded strip-to-strip connection to form a silicon detector ladder. The 
total strip length along a ladder is about 37cm. The ladders are glued on the 
seven support trays to form the 12 STK silicon layers. Each silicon layer consists 
of 16 ladders. The silicon ladders on the bottom surface of each tray are placed 
orthogonally with respect to the ones of the top surface of the lower tray, in order 
to measure the X-Y coordinates of the incident particles. The silicon microstrip 
sensors produced by Hamamatsu Photonics have a size of 95 x 95 x 0.32 mm? and 
each SSD is segmented in 768 strips. The strips are 48 um wide and 93.196 mm 
long with a pitch of 121 um. 

The signal shaping and amplification is performed by six VA140 ASIC chips 
(produced by IDEAS) 

The ions charge identification power of STK was evaluated with a dedicated test 
conducted on single ladder unit at CERN with a lead beam. The particle charge can 
be identified by looking at the mean value of the signal associated with the track. 
Due to the non-linearity of the VAs above a signal of 200 fC, the identification of 
ions above Oxygen with the STK becomes non-trivial and on-going work is under 
preparation to improve the charge identification power (see Fig. 3). 


Counts 


Fig. 3. STK signal mean distribution for nuclei produced by a lead beam on target, after re- 
moving Z=1 particles. The signal mean, with current reconstruction procedures, allows for the 
identification of ions until Oxygen. 


2.3. The BGO calorimeter (BGO) 


The BGO calorimeter onboard DAMPE has three primary purposes: (1) measuring 
the energy deposition of incident particles; (2) imaging the 3D profile (both lon- 
gitudinal and transverse) of the shower development, and provide electron/hadron 
discrimination; (3) providing the level 0 trigger for the DAMPE data acquisition 
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system. Each crystal is readout by two Hamamatsu R5610A-01 PMTs mounted on 
both ends (named SO and S1, respectively): the left/right light asymmetry provides 
a measurement of the position of the energy deposit along the bar. The signals are 
read out from three different dynodes (dy2, dy5, dy8), thus allowing to cover a very 
large dynamic range of energy deposition, The PMTs are coupled to the crystals 
with optical filters, which attenuate the scintillation light produced in the BGO. 
The filter on S1 has a 5x attenuation factor with respect to the one on S0. The 
signals are sent to VA160 chip which is composed of a charge sensitive pre-amplifier, 
a CR-RC shaping amplifier and a sample-hold circuit. The ground calibration of 
BGO has been performed using both the data collected in a beam test campaign at 
CERN and cosmic ray data collected from ground. The calibration procedure in- 
cludes the measurement of the pedestals, the evaluation of the calibration constants 
from the MIP peaks, the evaluation of the dynode ratios, and the measurement of 
the bar attenuation lengths. 

The data shown in the figure was obtained during the beam test campaigns 
performed at CERN. The linearity of reconstructed energy is better than 196, and 
the energy resolution is better than 1.2% at the energies above 100 GeV (see Fig. 4). 


0.06 


— normal incidence 
-- 30 deg incidence 
$ $ normal beam test 


0.05 


0.04 


0.03 


0.02 


Energy resolution [6896 containment] 


0.01 


10° 107 107 104 
Energy [GeV] 


Fig. 4. Energy resolution for gamma rays and electrons/positrons at normal incidence (solid line) 
and at 30° off-axis angle (dashed line). DAMPE beam test results (with electrons) are over-plotted 


2.4. The NeUtron Detector (NUD) 


The main purpose of the NUD is to perform electron/hadron identification using the 
neutrons produced in hadronic showers initiated in the BGO calorimeter. In fact, 
for given initial particle energy, the neutron content of a hadronic shower is expected 
to be one order of magnitude larger than that of an electromagnetic shower. Once 
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the neutrons are created, they are quickly thermalized in the BGO calorimeter, and 
the total neutron activity over a few microseconds is measured by NUD. 

It consists of four 30 x 30 x 1.0cm? blocks of boron-loaded plastic scintillator 
(Eljen Technologies EJ-254), with 596 boron concentration by weight which has 
the natural B abundance of 20%. Each scintillator is wrapped with a layer of 
aluminum film for photon reflection, anchored in aluminum alloy framework by 
silicone rubber. 

'The scintillators are embedded with wavelength shift fibers for optical transmis- 
sion in order to reduce the fluorescence attenuation and increase photon collection 
efficiency, and then the signals are read out by corner-on Hamamatsu R5610A-01 
PMTs. 

Preliminary estimates, based on on-orbit calibration data, show that a rejection 
power is ~ 12.5 for incoming particles with BGO energy deposit above 800 GeV. 


3. On-orbit performance 
3.1. Trigger rate 


The on-orbit trigger rate depends on the flux of the cosmic rays. It is lower in the 
equatorial regions but higher in the polar ones due to the Earth’s magnetic field 
bending effect. 

Four different triggers have been implemented: Unbiased trigger, MIP trigger, 
High Energy trigger and Low Energy trigger. They are “OR-ed” to generate the 
global trigger signal for the detector. 

The Unbiased trigger requires signals in the two top BGO layers exceeding a low 
threshold of ~0.4MIPs in each hit BGO bar. The MIP trigger aims to select particles 
crossing all the BGO layers. The High Energy trigger selects events with energy 
depositions in the top four BGO layers exceeding a high threshold of ~10MIPs in 
each hit BGO Bar. The Low Energy trigger is similar to the High Energy one, but 
with a lower threshold of ~2MIPs. A periodic signal of 100 Hz is also implemented 
in the trigger board for pedestal calibration. 

The Unbiased, MIP and Low Energy triggers are pre-scaled with the ratios of 
512: 1, 4: 1, 8: 1, respectively, when the satellite is in the low latitude region 
(+20°). At high latitudes, the MIP trigger is disabled and the pre-scaler ratios of 
Unbiased and Low Energy triggers are set to 2048 : 1 and 64 : 1, respectively. 

The expected average rate of global triggers is about 70 Hz in flight (the rate of 
High Energy triggers is 50 Hz, the rate of Unbiased triggers is about 2.5 Hz) (see 
Fig. 5 and 6) 

The DAQ systems work in an “event by event” mode, and a 3 ms time interval 
is set to acquire each event so that the dead time is fixed to 3 ms as a consequence. 

About 15 GB of raw and control data are transmitted to ground each day and, 
after off-line processing, 85 GB of reconstructed data is produced. The yearly data 
production is 35 TB. 
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Fig. 5. All trigger rate. It is evident the effect of the 
pre-scaling at +20° and the South Atlantic Anomaly. 


Trigger HE rate DAMPE 16 months 


mam —HÓEEm 
1 Hz 100 


Fig. 6. High Energy trigger rate 


3.2. STK Alignment 


The position resolution of the STK silicon sensors is better than 70 um. At the 
same time, the construction precision of the mechanical assembly of STK is about 
100 um. To maximally profit from the position resolution capabilities of the silicon 
detectors, alignment parameters are introduced to correct for shifts and rotations 
of each silicon sensor with respect to its position in the nominal instrument de- 
sign. Alignment corrections are calculated based on the data and then used in the 
reconstruction procedure to correct the coordinates of particle hits. 

Given the mechanical stability of the tracker structure and the limited temper- 
ature variation of the detector, the alignment parameters are updated every two 
weeks to ensure optimal tracking performance. We estimate the effective position 
resolution for protons in the x and y internal tracker planes, after the alignment 
procedure is applied, to be 474-2 um for events arriving at normal incidence (<10°), 
412 um for intermediate inclinations and 45+3 um at high incidence angles (745?) 
(see Fig. 7). 
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Fig. 7. Alignment results for different STK planes and comparison with simulation. 


3.3. Absolute energy calibration 


A method to determine the absolute energy scale of DAMPE has been developed 
within the Collaboration?. In fact, cosmic-ray electrons and positrons below a 
certain rigidity are bent back to space by the Earth's magnetic field and this causes 
a clear cutoff in their spectrum. This cutoff was calculated using the geomagnetic 
field model IGRF-12? and back-tracking the particle trajectories in the magnetic 
field, yielding a value of about 13 GeV, which was compared with the measured 
cutoff in the interval of McIlwain L parameter between 1.0 and 1.14. A correction 
factor of 1.2% to be applied to DAMPE data was obtained (Fig. 8). 

For a complete review of the on-orbit calibration of all the sub detectors please 
refer to!?. 


4. Measurement of the all-electron spectrum 


The behavior of the spectrum of the cosmic electrons and positrons (CREs) at 
very high energies is related to some of the most relevant questions of physics and 
astrophysics??, and its study is one of the main goals of DAMPE, that can extend 
its measurements up to about 10 TeV with an acceptance of 0.3 m?sr and an energy 
resolution of ~1% for energies above 100 GeV. 
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Fig. 8. Energy calibration: the geomagnetic cutoff (left) and its stability over time (right). 


To study CREs, the particle identification (PID) and the separation from protons 
are crucial and can be carried out in several ways, based on the sub-detectors 
response and on the event topology. In our main analysis, a dedicated parameter, 
called ¢, was computed from the lateral shower development size and the energy 
deposition in the last layer of the BGO. Its capability to discriminate electrons from 
protons was validated with beam tests at CERN: for 9096 electron efficiency, the 
hadron background is ~2% at 1 TeV and ~10% at 5 TeV. Other PID strategies 
have been investigated within the Collaboration: for example, machine learning 
algorithms and neural networks showed to be very effective and are currently used 
in new analyses. 

The CRE spectrum (Fig. 9) has been measured by DAMPE from about 20 GeV 
up to about 5 TeV9. The main feature is a spectral break at ~1 TeV, so a smoothly 
broken power law, with y varying from 3.1 to 3.9, fits DAMPE data. The next step 
is to improve the statistics and search for spectral structures that may be related 
to possible sources such as nearby pulsars, or dark matter. 


5. Measurement of cosmic protons and nuclei spectra 


Among DAMPE’s tasks, the measurement of the charge of the incident cosmic rays 
plays a relevant role. The scientific goal is to improve the direct measurement of 
the cosmic rays spectrum from a few GeV up to 100 TeV — a region that is poorly 
investigated — thanks to the very good calorimetric and geometric characteristics of 
the instrument. The capabilities of the PSD and the STK to measure the charge of 
ions nuclei have been evaluated and tuned with a beam test campaign at the CERN 
SPS, in which many tests have been performed with Lead and Argon beams that 
produced ion fragments with a wide range of charge number Z. Once in orbit, the 
PSD has measured the charge from protons to Iron ions with a resolution ranging 
from 0.2 to 0.4, while the STK has measured the charge from protons to Oxygen 
ions. Fig. 10 shows the cosmic rays charge spectrum after two years of on-orbit 
data taking!?. 
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Fig. 9. The all-electron spectrum measured by DAMPE, 
compared with results by HESS7?, AMS-02?, Fermi!? and 
CALETH. 
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Fig. 10. The cosmic rays charge spectrum measured 
by DAMPE after two years of data taking. 


Also, the fluxes of protons and Helium ions (Fig. 11) as a function of the kinetic 
energy are being measured. The preliminary results show good agreement with the 
PAMELA" and AMS-027? data for E — k < 200 GeV. With the accumulation of 
data, the region from 1 TeV up to 100 TeV is being analyzed by DAMPE with high 


precision and new results are expected soon. 
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Fig. 11. The preliminary fluxes of CR protons (left) and Helium (right) measured by DAMPE, 


compared with previous results by PAMELA 14, AMS-0215, ATIC-216 and CREAM”. The error 
bars represent statistical errors and the grey bands show the systematic errors. 


6. Photons 


DAMPE is also able to detect high-energy cosmic gamma rays. The photon selection 
is a challenging task since the background of charged particles has fluxes much higher 
than the galactic gamma-ray emission: the minimum rejection power required at 
100 GeV is 10? for protons and 10? for electrons. The rejection techniques are based 
on the event topology. Protons are mainly suppressed using the PSD response and 
the shower profile in the BGO calorimeter, with a contribution from the NUD, 
while electrons are mainly rejected using the PSD response and the first plane of 
the STK. Also, innovative procedures, like neural networks and “random forest" 
classifiers!®, are under test and show excellent particle identification performance. 
An average number of 150 photons is identified daily by DAMPE. The major sources 
are resolved with a good angular resolution and their positions agree with those 
measured by the Fermi-LAT. 

DAMPE can also observe the time behavior of variable sources. For instance, 
Fig. 12 shows the phase profile of the Geminga pulsar while Fig. 13 shows the 
short-term variability of the CTA 102 blazar. 
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Fig. 12. Phase profile of the Geminga pulsar, com- 


pared with Fermi. 
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Fig. 13. Short-term variations in the gamma-ray emission of 
the CTA 102 blazar?°. 


Finally, DAMPE participates to the multi-messenger observation of high-energy 
cosmic phenomena: for example, it has observed the extragalactic source TXS 
0506+056 which is the possible origin of the 290 TeV muon neutrino detected by 
IceCube in September 2017?!. 


7. Summary 


DAMPE is working extremely well since December 2015. Its geometric factor is 
about 0.3 m?sr for electrons, its Si-W tracker reaches a 40 um spatial resolution 
and a 0.15° angular resolution and its 32 X — 0 deep BGO calorimeter provides, at 
energies above 100 GeV, ~1% energy resolution for cosmic gamma rays and ~40% 
for hadrons. Absolute energy calibration is performed using the geomagnetic cutoff. 

The all-electron spectrum has been precisely measured up to TeV energies and 
a spectral break has been directly measured at ~1 TeV; improved precision of 
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this spectrum may shed light on nearby sources, anisotropies, dark matter. Proton, 
Helium and nuclei measurements are ongoing with good preliminary results. Photon 
detection capability has been assessed; more statistics are being collected to profit 
the excellent energy resolution at high energy. 
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Binary driven hypernova (BdHN) models long gamma-ray burst (GRBs) as occurring in 
the binary systems involving a carbon-oxygen core (COcore) and a companion neutron 
star (NS) or a black hole (BH). This model, first proposed in 2012, succeeds and im- 
proves upon the fireshell model and the induced gravitational collapse (IGC) paradigm. 
After nearly a decade of development, the BAHN model has reached a nearly complete 
structure, giving explanation to all the observables of long bursts into its theoretical 
framework, and has given a refined classification of long GRBs according to the origi- 
nal properties of the progenitors. In this article, we present a summary of the BAHN 
model and the physical processes at work in each of the envisaged Episodes during its 
occurrence and lifetime, duly contextualized in the framework of GRB observations. 


Keywords: MG15 Proceedings; High-energy Astrophysics; Gamma-ray Burst; Binary 
Driven Hypernova. 


1. Introduction 


Class Type Number In-state Out-state Epi Eiso Eiso,Gev 
(MeV) (erg) (erg) 
Binary Driven I 329 COcore-NS | vNS-BH —0.2-2 1097-1094 > 10°? 
Hypernova II (30) COcoe-NS | vNS-NS ~ 0.01-0.2 ~ 1059-109? = 
(BAHN) III (19) COcoe-NS | vNS-NS ~ 0.01 ~ 1048—1050 = 
IV 5 COcore-BH_ vNS-BH >2 > 109 > 105? 
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GRBs occur in binary systems of two main classes, binary driven hypernovae 
(BdHNe) and binary mergers (BMs), observationally corresponding to long and 
short GRBs. In BdHNe, the long GRB is generated by a type Ic SN explosion of an 
evolved star occurring in presence of a close-by NS or BH companion. This article 
is dedicated to the BdHN systems. In BMs, the short GRB is generated from the 
merger of two compact stars, mostly from the NS-NS systems, and for low energetic 
short GRBs, the binary white dwarfs could be the progenitors, see Rueda et al. 19:20 
and references therein. 

The progenitor of a BdHN is a binary system composed of a carbon-oxygen core 
(COcore) and a magnetized neutron star (NS) companion in a tight orbit (period of 
the order of a few minutes). In some cases, the companion might be a stellar-mass 
BH (see below). We focus here on the more frequent case of a NS companion. 
At the end of its thermonuclear evolution, the iron core of the pre-SN star (the 
COcore) undergoes gravitational collapse, forming a new NS (hereafter vNS) at the 
SN centre. In the vNS formation process, a strong shockwave of kinetic energy 
~ 10?! erg expands outward and when it emerges (SN breakout) expels the COcore 
outer layers as the SN ejecta. Part of the ejecta is subsequently accreted onto the 
companion NS and also onto the vNS by fallback. There are different possible fates 
for the NS due to the hypercritical accretion process +4., For short binary periods 
(S 5 min), the NS reaches the critical mass for gravitational collapse and forms a 
BH. We call this subclass BdHN of type I (BdHN I). Thus, a BdHN I leads to a 
new binary composed of a vNS originated by the SN, and a BH originated by the 
collapse of the NS companion. For longer binary periods, the hypercritical accretion 
onto the NS is not sufficient to bring it to the critical mass, and a more massive NS 
(MNS) is formed. This subclass is named BdHN of type II (BdHN II). A BdHN II 
leads to a new binary composed of a vNS and a massive NS. For very long binary 
periods, the accretion energy is significantly lower than the above types, and only 
the hypernova is observed. We call this subclass of sources of type III (BdHN III). 
In addition, we have BAHN type IV (BAHN IV) for the progenitors of a COcore and 
a companion BH, and it leads to a new binary of NS and BH. 

Having given the physical picture and the classifications of BdHNe, we will 
present in the following sections the theory and associated observables of the 
BdHNe. The BdHN starts from the final evolution of the binary stars, includ- 
ing the SN and the accretion of the SN ejecta onto the companion star, to the 
formation of BH and the particle acceleration mechanisms processing therein, then 
to the generated relativistic outflow propagates and interacts with the SN ejecta 
and the interstellar medium (ISM) giving rise to the emissions. 


2. Binary Accretion 


For the binary accretion and the forming of BH, we refer to the theoretical work 
of Becerra et al.! ^, Cipolletta et al.9, Fryer et al.^5, Rueda & Ruffini!? and the 
observational papers of Izzo et al.?:!?, Ruffini et a1.29?4, Wang et al. 37. 
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Fig. 1. Snapshot of the SPH simulation of the binary accretion. The initial binary system consists 
of a COrmcore (Mrmzams = 25Mo) and an NS (2Mo) with an initial orbital period of about 5 min. 
The upper panel shows the mass density on the equatorial plane of the binary at different times 
of the simulation, while the lower panel corresponds to the plane orthogonal to the equator. At 
t = 40 s, particles captured by NS can be seen forming a kind of tail behind them, then these 
particles form a circle around NS, and at t = 100 s a thick disk is observed. At t = 180 s, NS 
starts to accrete the surrounding matters. After about one initial orbital period, at t = 250 s, a 
disk-like structure has formed around the two stars. This figure is cited from Becerra et al. 3. 


Rueda & Ruffini!’ has been the first article to consider accretion of SN ejecta 
onto a very close-by companion star of the binary period of minutes, and it gave the 
physical picture and the theoretical architectures of a simple one-dimensional model 
that calculates the Bondi-Hoyle-Lyttleton hypercritical accretion rate. Fryer et al.? 
numerically simulated for the first time the BdHN hypercritical accretion. Follow- 
ing the collapse of the COcore of forming an SN, of which the ejecta falling onto the 
Bondi-Hoyle surface of the companion with an accretion rate > 107 7M s71, these 
one-dimensional numerical simulations give the density and the velocity profiles till 
the NS reaches the critical mass of BH in tens or hundreds of seconds. Becerra 
et al.? went one step further performing two-dimensional numerical simulations 
and incorporating angular momentum transport from the SN ejecta to the NS of 
hypercritical accretion. Those simulation show that under some conditions outflow 
is necessarily formed because of the excess of angular momentum. Fryer et al." 
demonstrated that most BdHN with tight orbits (i.e. BdHN I) remain bound after 
the explosion and accretion, even when a large fraction of mass (over half of the 
total binary mass) is lost, and a large kick velocity is induced. Becerra et al.! 
performed the first three-dimensional numerical simulations of the BdHNe process, 
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Fig. 2. Light curve of prompt emission of GRB 180728A observed by Fermi-GBM. It contains 
two pulses. The first pulse ranges from —1.57 s tol.18 s. The second pulse rises at 8.72 s, peaks 
at 11.50 s, and fades at 22.54 s. This figure is quoted from ?7. 


which were further upgraded and improved in Becerra et al.? via smoothed-particle- 
hydrodynamics (SPH) simulations, see e.g. in figure 1. A wide selection of initial 
parameters and several NS equations of state have been there tested. It was there 
evaluated the outcome of the NS and the vNS after the hypercritical accretion, 
namely whether they reach or not the mass-shedding limit, or gravitationally col- 
lapses to a BH, or become a more massive and fast-spinning NS. The development of 
accretion theory and simulations has led to clarifying the physical processes below 
the Bondi radius: the dominant pressure is supported by the random pressure of 
the infalling matter, the magnetic pressure is negligible. Such a pressure provides a 
very high temperature of 1-10 MeV, generating a large abundance of neutrinos and 
photons. The photons are trapped within the inflowing material, as its diffusion 
velocity is slower than the inflow velocity. The escape of neutrinos takes away most 
gravitational energy from the accreted flow, allowing the hypercritical accretion to 
continue for a given period of time. Becerra et al. ^ further investigated the neutrino 
flavour oscillations that occur during the propagation of neutrinos emitted from the 
surface of a neutron star. The final neutrino flow is composed of ~ 5596 (76296) of 
~ MeV electronic neutrinos for the normal (inverted) neutrino mass hierarchy. In 
addition, Cipolletta et al. present the numerical calculation and give useful fitting 
formulas for the location, binding energy and angular momentum of the last stable 
orbit of test particles around rotating NSs in full general relativity. The results 
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of this work allows to estimate in full general relativity the amount of energy and 
angular transferred by the accreting matter to an accreting, rotating NS. 

Let us now dive into one specific example. GRB 180728A well demonstrates the 
binary accretion scenario by its two pulses in the prompt emission?", see figure 2. 
At a given time, the COgore collapses, forms a v NS, and produces an SN explosion. 
A powerful shockwave is generated and emerges from the SN ejecta. A typical 
SN shockwave carries ~ 10°! erg of kinetic energy, which is partially converted 
into electromagnetic radiation with an efficiency of ~ 10%. Thus, the energy of 
~ 109? erg is consistent with the total energy of the first pulse, which lasts ~ 2 s 
and contains ~ 8 x 10*° erg in keV-MeV photons. The second pulse rises at ~ 10 s 
and subsides at ~ 10 s, with a luminosity ~ 2 x 51 erg s^!. The distance of the 
binary separation can be estimated by the delay time between these two pulses, 
ie. ~ 10 s. Because of the SN ejecta front shell moves at ~ 0.1c, we estimate the 
distance of the binary separation to be about 3 x 10!? cm. By given the binary 
separation and some typical initial parameters, our simulation shows the total mass 
accreted is ~ 107? Mo, most of the mass is accreted in ~ 10 s with an accretion 
rate of ~ 107? Ms s^. These results are consistent with the second pulse whose 
total energy is ^ 10°! erg, considering an increase in efficiency of ~ 10%, and 
the luminosity of ~ 10°° erg s^! in 10 s duration. The spectrum of the second 
pulse contains a thermal component which again hints the action of the accretion 
process. A time-resolved analysis of the thermal component suggests that a mildly 
relativistic source is expanding and radiating. This radiation is interpreted as an 
adiabatic expansion heat outflow from the accretion region. The Rayleigh-Taylor 
convective instability plays a role in the initial accretion phase, driving matter out 
of the accreting NS with a final velocity of the order of the speed of light. As 
the matter expands and cools, the temperature evolution from the theory is again 
consistent with the observations. This kind of thermal emission of BdHN was first 
found in?!?, GRB 1807284 offers a good example of BAHN II, and for BAHN I, 
which has a tighter binary separation, see also the case of GRB 1304274 as an 


example 2°", 


3. The Inner Engine and the GeV Emission 


We have introduced the inner engine theory for the explanation of the GRB high- 
energy (GeV) emission observed in some BdHN I after the prompt emission phase. 
We here summarize the inner engine properties following the calculations presented 
in Campion et al.?, Moradi et al. !^, Rueda & Ruffini'®, Ruffini et al.??; see also 
Liang et al. 11, Moradi et al. !?:!?, Ruffini et al. 79:99, 

Once the NS reaches the critical mass, a fast-rotating BH forms which contains 
sufficient rotational energy (> 1054 erg) to power a GRB. Ruffini et al. 3? 
an efficient way to extract energy from the newborn, Kerr BH. 

The inner engine is composed of this newborn rotating BH, surrounded by the 
magnetic field inherited from the collapsed NS!", and the ionized very low density of 


proposed 
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Fig. 3. The electromagnetic field lines of Wald solution. The blue lines indicate the magnetic 
field lines, and the purple lines indicate the electric field lines. left:. The magnetic field is parallel 
to the spin of the Kerr BH, so parallel to the rotation axis. The electric field lines are inward 
for the polar angle 0 <~ 7/3, so the electrons are accelerated away from the BH. For 0 > 7/3, 
the electric field lines are outward, so the protons are accelerated away from the BH. right: The 
magnetic field is antiparallel to the rotational axis of the Kerr BH. The electric field lines are 
outward for the polar angle 0 <~ 7/3, so the protons will be accelerated away from the BH. The 
electric field lines are inward for 0 > 7/3, so the electrons will be accelerated away from the BH. 
This figure is quoted from Ruffini et al. 37. 


matter (~ 10714 g cm-?) of the SN ejecta??. For an aligned magnetic field with the 
angular momentum of the Kerr BH, an electric field is induced by gravitomagnetic 
interaction as described by the Wald solution°; see figure 3. The medium around 
the BH provides a sufficient amount of ionized particles that are accelerated to ultra- 
relativistic energies by the induced electric field, thereby emitting synchrotron and 
curvature radiation at expenses of the BH rotation energy. 

The synchrotron radiation emitted from the accelerated charged particles has 
been calculated for different polar angles, see figure 4. Along the polar axis, the 
electric and magnetic fields are aligned, so there are no radiation losses and electrons 
can reach energies as large as ~ 10!? eV, becoming a source of ultrahigh-energy 
cosmic rays (UHECRs). At larger angles, where electrons propagate across the 
magnetic lines producing synchrotron photons in the GeV energy domain. 

The parameters of the inner engine, namely the BH mass and spin, and the 
surrounding magnetic field strength have been inferred from the following condi- 
tions: 1) the Kerr BH extractable energy accounts for the observed GeV radiation 
energetics in BdHN I, 2) the synchrotron radiation luminosity explains the observed 
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Fig. 4. The radiation emitted by the synchrotron emission of accelerated electrons in the different 
bands (0.1 GeV to 0.4 TeV) from different angles. And in the narrow polar cone, The UHECRs are 
produced. Arrows indicate the BH rotational direction and the external magnetic field direction. 
This figure is quoted from Ruffini et al. 32. 


GeV luminosity, and 3) the emitted GeV photons can indeed scape from the sys- 
tem without suffering from magnetic pair production. The case of GRB 130427A 
has been analyzed in Ruffini et al.?? and GRB 190114C in Moradi et al.!4. For 
instance, in GRB 190114C the accelerated electrons radiate 1.8 x 109? erg in GeV 
photons via the synchrotron mechanism, and this procedure lasts for years following 
a power-law decay of light-curve with power-law index —1.2. 

The mass and spin of the BHs came precisely what expected from the gravita- 
tional collapse of the fast rotating NS by accretion, and the strength of the magnetic 
field surrounding the BH turns out to be a few 10!? G. Therefore, the intensity of 
the induced accelerating electric field is undercritical in this BdHN I episode. The 
above magnetic field strength lower than expected to be inherited from the NS, and 
that could be the result from a screening process during the GRB prompt emission 
by electron-positron pairs; see the next section and Campion et al.° for details on 
this interesting physical process. In a recent comprehensive analysis of all the up- 
to-know identified BdHN I and the GeV emission observed in some of them, it has 
been inferred that the GeV emission must be emitted within an angle of 60? from 
the BH rotation axis; see Ruffini et al.°4 for details. This result is in agreement 
with the theoretical expectation; see Moradi et al. 14. 
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Another discovery of this inner engine model is that this energetic emission from 
GRB is not continuous but proceeds in a repetitive sequence of discrete impulse 
events. Since the inner engine repeats the procedure of charge (BH spin and mag- 
netic field induce electric field) and discharge (electric field accelerates the charged 
particle that escape from the system), the repetition time grows slowly along with 
the loss of BH rotational energy. Along the emission of these discrete events the 
magnetic field keeps constant, but the BH spin decreases after each event by a well 
defined amount given by the concept of blackholic quantum described in Rueda & 
Ruffini!é. The blackholic quanta explaining the GeV emission are characterized 
by an energy AE, ~ 10°8 
tion of BH angular momentum extracted after each event is AJ,/J ~ 1016, i.e. 
AJ, ~ 107? g cm? s^ 1 , where J is the Kerr BH angular momentum. This result 
is indeed unexpected, and it seems to be a general property not only of GRBs but 
also of the supermassive Kerr BHs in active galactic nuclei; see e.g. Moradi et al. 14 
for the analysis of M87*. 


erg, emitted over a timescale r, ~ 10 !? s. The frac- 


4. The Prompt and the Afterglow Emission 


This section gives the details of the propagation and the radiation of the relativistic 
outflow, based on the theoretical articles of Ruffini et al. 21:23-24:25 and the obser- 
vational articles of Rueda et al. !^, Ruffini et al. 26-30-31, Wang et al. 36:37:38, 


4.1. The Ultrarelativistic Prompt Emission (UPE) Phase 


Moradi et al. !? investigated the ultrarelativistic prompt emission (UPE) phase of 
the BdHN I in which the electric field is overcritical, generating an optically thick 
electron-positron plasma by vacuum polarization. The plasma expands and self- 
accelerates to ultra-relativistic by converting its internal energy. Eventually, it 
reaches the transparency point and releases photons in the MeV energy domain. 
Campion et al.? studied the channel of producing electron-positron pairs via high 
energy photons interacting with magnetic fields, the motion of these pairs generates 
a current which induces another dominant magnetic field that screens the original 
one. 

We now focus on the relativistic electron-position plasma that leads to the UPE 
phase. The hydrodynamics of this plasma have been formulated and simulated in 
the articles that established the fireshell model, and which have been adopted by 
the BAHN model. Ruffini et al.?? considered a Reissner-Nordstrom electromagnetic 
BH generates the electron-positron pairs. T'he system is expected to be thermalized 
to a plasma configuration due to the huge pair density and cross-section of the 
et e^ — 7+7 process. The evolution of plasma is governed by the hydrodynamic 
equations including, the conservation of energy-momentum, the conservation of 
the baryon number, the rate equation for electron-positron annihilation, and the 
equation of state. By integrating the equations numerically under the Reissner- 
Nordstróm metric and compared with the analytical analysis, the temperature drops 
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Fig. 5. The brown, dark blue, orange, green, and bright blue dots correspond to the bolomet- 
ric light curves of GRB 160625B, 160509A, 130427A, 190114C, and 1807284, respectively. The 
thick lines are energy injection from the NS spin-down, which energizes the late-time afterglow 
(white background), while in the early time (blue background) the remaining kinetic energy of the 
outermost shell of the SN ejecta plays a dominant role. This figure is quoted from Rueda et al. 1”. 


as the internal energy are converted to kinetic energy. The plasma Lorentz factor 
is accelerated to several hundred, and the radiation releases when reaching the 


1.24 adopted a more realistic baryonic environment 


transparency radius. Ruffini et a 
where the plasma propagates. Baryons are incorporated into the hydrodynamic 
equations. It is clear by solving the equations that the Lorentz factor of plasma 
keeps increasing in the beginning until engulfing the baryons, a drop of Lorentz 
factor occurs, then it goes up again and finally reaches saturation. Ruffini et al. ?5 
systematically reviewed the creation and annihilation of the electron-positron pairs, 
thermalization, oscillation and their applications in GRB observations. The plasma 
penetrates the low-density region of the SN ejecta, see Becerra et al.! and Ruffini 
et al.°° for details, then propagates in the ISM, and radiates, accounting for the 
prompt emission. For the observations, the light-curve and spectrum of the prompt 
emission have been successfully fitted by solving the hydrodynamic equations plus 
a density profile of the circumburst medium. Izzo et al. !? offers an example of GRB 
090618, of which the system starts by ~ 2.5 x 10°° erg electron-position plasma. 
The plasma propagates in the circumburst density of 0.6 cm-?, and collides with 
dense clouds of mass ~ 1074 g at the distance of 10!? cm to 10!6 cm. The plasma 
finally self-accelerates up to transparency reaching a Lorentz factor ~ 500, thereby 
producing the observed emission. 
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We refer the reader to the most recent analysis of the UPE phase in BdHN I 
presented in Moradi et al. 13, where the physical origin of the UPE phase has been 
scrutinized taking as a proxy GRB 190114C. The UPE phase of GRB 190114C is 
observed in the rest-frame time interval typ = 1.9-3.99 s, by the Fermi-GBM in 
10 keV-10 MeV energy band. Thanks to the high signaltonoise ratio of Fermi- 
GBM data, a time-resolved spectral analysis of the UPE emission has evidenced a 
sequence of similar blackbody plus cut-off power-law spectra (BB+CPL), on ever 
decreasing time intervals. In it, the inner engine operates in an overcritical elec- 
tric field regime. The electron-positron pair electromagnetic plasma in presence of 
a baryon load, a PEMB pulse, is therein originated from a vacuum polarization 
quantum process. This initially optically thick plasma self-accelerates, giving rise 
at the transparency radius to the MeV radiation observed by Fermi-GBM. For the 
first time, it has been quantitatively shown how the inner engine, by extracting the 
rotational energy of the Kerr BH, produces a series of PEMB pulses. Therefore, a 
quantum vacuum polarization process sequences with decreasing time bins occurs. 
We compute the Lorentz factors, the baryon loads and the radii at transparency, 
as well as the value of the magnetic field in each sequence. It has been therefore 
found there is an underlying fundamental hierarchical structure, linking the quan- 
tum electrodynamics regime of the UPE to the classical electrodynamics regime of 
the GeV emission after the UPE. The PEMB pulses of the UPE have been found 
to be characterized by the emission of blackholic quanta of energy ~ 10*° erg, over 
a timescale ~ 107° s. 

Let us summarize GRB 190114C. The initial magnetic field left over by the 
collapse of the accreting NS and rooted in the surrounding material is very strong 
(~ 1014 G), so it induces a sizeable electric field that surpasses the critical value 
near the horizon. The overcritical electric field transfers its energy to the electron- 
positron pairs by the vacuum polarization and is later emitted as the UPE phase 
of 2.5 x 10?? erg. The magnetic field becomes then screened to a few 10!° G in 
a few seconds?, consequently the size of the region above the BH horizon with 
overcritical electric field (the dyadoregion) shrinks, and its energy stored becomes 
insignificant. This marks the end of the UPE phase and after it, the above inner 
engine mechanism by which the induced electric field accelerate electrons within a 
few horizon radii becomes the main channel of taking away the BH rotation energy 
in form of GeV photons ^. 


4.2. The Afterglow Emission Phase 


Another part of the plasma hindered by the SN ejecta accelerates the SN outermost 
shell to mildly-relativistic velocities. The breakout of the plasma (shockwave) from 
the outermost shell at ~ 10? s radiate photons of keV energies which explain the 
observed X-ray flares®°. The synchrotron emission in the outermost shell accounts 
for the early afterglow X-ray emission?°. Rotational energy from the vNS rotational 
is injected into the SN ejecta, then radiated by the synchrotron emission, accounts 


146 


for the plateau and late-time (~ 104 s) afterglow 12137, The emission of the vNS 
as a pulsar becomes directly observable when the synchrotron luminosity fades off 
below the pulsar radiation luminosity. About ~ 15 days (rest-frame time) after the 
SN explosion that triggered the BdHN, the optical emission from the nickel decay 
in the SN ejecta reaches the maximum, there may appear a bump on the optical 
light-curve 26:37:38, 

Ruffini et al.??, Wang et al. °° statistically analyzed the X-ray flares observed 
in the early afterglow. A general pattern of thermal component of temperature 
~ 1 keV was found, suggesting that the flare is generated from a mildly-relativistic 
expanding shell of Lorentz factor < 4 at a distance ~ 10!? cm. The observation 
of flares is consistent with our simulation of ~ 10°° erg of plasma impacts on the 
SN ejecta of a few solar masses, leading to the formation of a shock propagating 
inside the SN ejecta until reaching the outermost shell. The density profile and 
velocity profile of the accelerated ejecta are obtained. Precisely, the shockwave 
breaks out at ~ 101? cm and the outermost shell is accelerated to Lorentz factor 
~ 2-5. This feature was also extensively studied for GRB 151027A?!. Along with 
the conversion of the kinetic energy of the outermost shell into radiation, the early 
afterglow exhibits a steep decay behaviour. Then, the energy injected from the 
vNS dominates the afterglow, the light-curve shows a plateau followed by a normal 
power-law decay, shown in figure 5. Taking GRB 180728A as an example?", from 
the conversion of angular momentum, the COcore collapses to a fast spinning NS of 
initial spin period ~ 3 ms. Such a newborn NS allows the presence of multipolar 
magnetic fields, with a quadrupole magnetic field ~ 10!? G and a dipole field 
~ 10? G, the spin-down of the vNS injects energy into the outflowing ejecta whose 
synchrotron emission fits the late-time X-ray afterglow. A comprehensive analysis of 
the afterglow of a few long GRB afterglows within the above synchrotron mechanism 
of the BAHN model has been presented in Rueda et al. 1”. 


5. Conclusion 


We can draw some general conclusions with the aid of the BdHN evolution shown 
in figure 6. (a) Our picture starts with a binary system consisting of two main- 
sequence stars of intermediate mass, say 15Mo and 12Mo, respectively. (b) At a 
given time, the more massive star undergoes a core-collapse SN and forms an NS. 
(c) The system enters the X-ray binary phase. (d) The system has overcome binary 
interactions and common-envelope phases (not shown in the diagram) which have 
led to the hydrogen and helium envelopes of the ordinary star to have been stripped 
off, remaining a star which is rich in carbon and oxygen, referred to as COeore- 
At this stage, the system is a COcore-NS binary, which is considered as the initial 
configuration of the BdHN model. (e) At this stage the orbit of the binary has shrink 
to a period of the order of a few minutes. The COcore explodes into an SN (of type 
Ic in view of the absence of hydrogen and helium in its outermost layers), expelling 
several solar masses. These ejecta begin to expand, and a rapidly rotating vNS is 
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Fig. 6. Diagram of the evolutionary path of BdHN. Including binary evolution, SN explosion, NS 
accretion, BH formation, GRB prompt and afterglow emissions and SN appearence. This figure 
is quoted from 1”. 


left in the centre. (f) Depending on the initial NS mass and binary separation, the 
SN ejecta accretes onto the NS companion and onto the vNS, forming a massive NS 
(BAHN II) or BH (BAHN I; this example). At this stage, the system is a new NS and 
BH binary surrounded by the expanding ejecta. (g) The inner engine composed by 
the newborn BH, the surrounding magnetic field and ionized plasma is formed, and 
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its activity explains the GRB UPE phase and the subsequent GeV emission. The 
magnetic field in the inner engine at BH formation is overcritical, so it induces (by 
gravitomagnetic interaction with the BH spin) an overcritical electric field, so the 
UPE phase operates in an overcritical regime. À quantum electrodynamical process 
of vacuum polarization takes place leading to an electron-positron pair plasma pulses 
(PEMB pulses) that expand to ultrarelativistic velocity reaching transparency with 
a Lorentz factor of up to hundreds, and emitting MeV photons. The magnetic field 
is then screened to undercritical values by currents produced by the motion of the 
electron and positrons, and the inner engine classical electrodynamical process of 
particle acceleration emitting GeV photons by synchrotron radiation becomes the 
relevant process of emission. (h) The spin-down energy of the vNS injects energy 
into the expanding SN ejecta emitting the observed X-ray afterglow by synchrotron 
radiation. (i) The appearance of the energy release owing to nickel decay in the SN 
ejecta is observed at optical wavelengths. 
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IceCube: Opening a new window on the universe from the South Pole 
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After updating the status of the measurements of the cosmic neutrino flux by the IceCube 
experiment, we summarize the observations of the first identified source of cosmic rays 
and speculate on the connection between the two observations. 


Keywords: multimessenger, neutrinos, cosmic rays, blazars, cosmic accelerators 


1. Detecting cosmic neutrinos 


Cosmic rays have been studied for more than a century. They reach energies in 
excess of 10° TeV, populating an extreme universe that is opaque to electromagnetic 
radiation. We don't yet know where or how particles are accelerated to these 
extreme energies, but with the observation of a distant blazar in coincidence with 
the direction and time of a very high energy muon neutrino, neutrino astronomy 
has made a breakthrough in resolving this puzzle, The rationale for finding 
cosmic ray sources by observing neutrinos is straightforward: near neutron stars 
and black holes, gravitational energy released in the accretion of matter can power 
the acceleration of protons (p) or heavier nuclei that subsequently interact with gas 
(“pp”) or ambient radiation (“py”) to produce neutrinos originating from the decay 
of pions and other secondary particles. In the case of photoproduction, both neutral 
and charged pion secondaries are produced in the processes p + ybg — p + 1? and 
p+ bg > n4, for instance. While neutral pions decay as 7° — y+ y and create 
a flux of high-energy gamma rays, the charged pions decay into three high-energy 
neutrinos (v) and anti-neutrinos (7) via the decay chain + + pt + v, followed by 
pt — et +0, 4 v., and the charged-conjugate process. We refer to these photons as 
pionic photons. They provide the rational for multimessenger astronomy and should 
be distinguished from photons radiated by electrons that may be accelerated along 
with the cosmic rays. 

High-energy neutrinos interact predominantly with matter via deep inelastic 
scattering off nucleons: the neutrino scatters off quarks in the target nucleus by 
the exchange of a Z or W weak boson, referred to as neutral current and charged 
current interactions, respectively. Whereas the neutral current interaction leaves 
the neutrino state intact, in a charged current interaction a charged lepton is pro- 
duced that shares the initial neutrino flavor. The average relative energy fraction 
transferred from the neutrino to the lepton is at the level of 8096 at high energies. 
'The struck nucleus does not remain intact and its high-energy fragments typically 
initiate hadronic showers in the target medium. 
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Fig. 1. The principal idea of neutrino telescopes from the point of view of IceCube located at 
the South Pole. Neutrinos dominantly interact with a nucleus in a transparent medium like water 
or ice and produce a muon that is detected by the wake of Cherenkov photons it leaves inside the 
detector. The background of high-energy muons (solid blue arrows) produced in the atmosphere 
can be reduced by placing the detector underground. The surviving fraction of muons is further 
reduced by looking for upgoing muon tracks that originate from muon neutrinos (dashed blue 
arrows) interacting close to the detector. This still leaves the contribution of muons generated 
by atmospheric muon neutrino interactions. This contribution can be separated from the diffuse 
cosmic neutrino emission by an analysis of the combined neutrino spectrum. 


Immense particle detectors are required to collect cosmic neutrinos in statisti- 
cally significant numbers. Already by the 1970s, it had been understood?! that a 
kilometer-scale detector was needed to observe the cosmogenic neutrinos produced 
in the interactions of cosmic rays with background microwave photons9l The Ice- 
Cube project has transformed one cubic kilometer of natural Antarctic ice into a 
Cherenkov detector. Photomultipliers embedded in the ice transform the Cherenkov 
light radiated by secondary particles produced in neutrino interactions into electri- 
cal signals using the photoelectric effect; see Figs. [Jana B] Computers at the surface 
use this information to reconstruct the light patterns produced to infer the arrival 
directions, energies and flavor of the neutrinos. 

Two patterns of Cherenkov radiation are of special interest, “tracks” and “cas- 
cades.” The term “track” refers to the Cherenkov emission of a long-lived muon 
passing through the detector after production in a charged current interaction of 
a muon neutrino inside or in the vicinity of the detector. Because of the large 
background of muons produced by cosmic ray interactions in the atmosphere, the 
observation of muon neutrinos is limited to upgoing muon tracks that are produced 
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Fig. 2. Architecture of the IceCube observatory (left) and the schematics of a digital optical 
module (right) (see Ref. [7]for details). 


by neutrinos that have passed through the Earth that acts as a neutrino filter. The 
remaining background consists of atmospheric neutrinos, which are indistinguish- 
able from cosmic neutrinos on an event-by-event basis. However, the steeply falling 
spectrum (x E-?'7) of atmospheric neutrinos allows identifying diffuse astrophysical 
neutrino emission above a few hundred TeV by a spectral analysis. The atmospheric 
background is also reduced for muon neutrino observation from point-like sources, 
in particular transient neutrino sources. 

Energetic electrons and taus produced in interactions of electron and tau neu- 
trinos, respectively, will initiate an electromagnetic shower that develops over less 
than 10 meters. This shower as well as the hadronic particle shower generated by 
the target struck by a neutrino in the ice radiate Cherenkov photons. The light pat- 
tern is mostly spherical and referred to as a “cascade.” The direction of the initial 
neutrino can only be reconstructed from the Cherenkov emission of secondary par- 
ticles produced close to the neutrino interaction point, and the angular resolution 
is worse than for track events. On the other hand, the energy of the initial neutrino 
can be constructed with a better resolution than for tracks. 

Two methods are used to identify cosmic neutrinos. "Traditionally, neutrino 
searches have focused on the observation of muon neutrinos that interact primar- 
ily outside the detector to produce kilometer-long muon tracks passing through 
the instrumented volume. Although this allows the identification of neutrinos that 
interact outside the detector, it is necessary to use the Earth as a filter in order 
to remove the background of cosmic-ray muons. This limits the neutrino view 
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Fig. 3. Left Panel: Light pool produced in IceCube by a shower initiated by an electron or 
tau neutrino. The measured energy is 1.14 PeV, which represents a lower limit on the energy 
of the neutrino that initiated the shower. White dots represent sensors with no signal. For 
the colored dots, the color indicates arrival time, from red (early) to purple (late) following the 
rainbow, and size reflects the number of photons detected. Right Panel: An upgoing muon 
track traverses the detector at an angle of 11? below the horizon. The deposited energy, i.e., the 
energy equivalent of the total Cherenkov light of all charged secondary particles inside the detector, 
is 2.6 PeV. 


to a single flavor and half the sky. An alternative method exclusively identifies 
high-energy neutrinos interacting inside the detector, so-called high-energy starting 
events (HESE). It divides the instrumented volume of ice into an outer veto shield 
and a ~ 420-megaton inner fiducial volume. The advantage of focusing on neutrinos 
interacting inside the instrumented volume of ice is that the detector functions as a 
total absorption calorimeter, measuring the neutrino energy of cascades with a 10- 
15 96 resolutionfl Furthermore, with this method, neutrinos from all directions in 
the sky can be identified, including both muon tracks as well as secondary showers, 
produced by charged-current interactions of electron and tau neutrinos, and neutral 
current interactions of neutrinos of all flavors. For illustration, the Cherenkov pat- 
terns initiated by an electron (or tau) neutrino of about 1 PeV energy and a muon 
neutrino losing 2.6 PeV energy in the form of Cherenkov photons while traversing 
the detector are contrasted in Fig. 

In general, the arrival times of photons at the optical sensors, whose positions are 
known, determine the particle’s trajectory, while the number of photons is a proxy 
for the deposited energy, i.e., the energy of all charged secondary particles from the 
interactions. For instance, for the cascade event shown in the left panel of Fig. 
more than 300 digital optical modules (DOMs) report a total of more than 100,000 
photoelectrons. The two abovementioned methods of separating neutrinos from 
the cosmic-ray muon background have complementary advantages. The long tracks 
produced by muon neutrinos can be pointed back to their sources with a < 0.4? 
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angular resolution. In contrast, the reconstruction of the direction of cascades in 
the HESE analysis, in principle possible to a few degrees, is still in the development 
stage in IceCube) Their reconstruction, originally limited to within 10° ~ 15° 
of the direction of the incident neutrino, has now achieved resolutions closer to 
5°21 Determining the deposited energy from the observed light pool is, however, 
relatively straightforward, and a resolution of better than 15 96 is possible; the same 
value holds for the reconstruction of the energy deposited by a muon track inside 
the detector. 
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Fig. 4. Summary of diffuse neutrino observations (per flavor) by IceCube. The black and grey 
data show IceCube’s measurement of the atmospheric v, + 7,1011 and Vy + p, 21 spectra. The 
magenta line and magenta-shaded area indicate the best-fit and lo uncertainty range of a power- 
law fit to the six-year HESE data. Note that the HESE analysis vetoes atmospheric neutrinos and 
can probe astrophysical neutrinos below the atmospheric neutrino flux. The corresponding fit to 
the eight-year v, + 7, analysis is shown in red. Figure from Ref. [13] 


Using the Earth as a filter, a flux of neutrinos has been identified that is pre- 
dominantly of atmospheric origin. IceCube has measured this flux over three orders 
of magnitude in energy with a result that is consistent with theoretical calculations. 
However, with eight years of data, an excess of events is observed at energies be- 
yond 100 Te Vata) which cannot be accommodated by the atmospheric flux; see 
Fig. Allowing for large uncertainties on the extrapolation of the atmospheric 
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component to higher energy, the statistical significance of the excess astrophysical 
flux is 6.70. While IceCube measures only the energy of the secondary muon inside 
the detector, from Standard Model physics we can infer the energy spectrum of the 
parent neutrinos. The cosmic neutrino flux is well described by a power law with a 
spectral index I' = 2.19 + 0.10 and a normalization at 100 TeV neutrino energy of 
(1.01*029) x 10718 GeV- em" ?sr 106] The neutrino energies contributing to this 
power-law fit cover the range from 119 TeV to 4.8 PeV. 

Using only two years of data, it was the alternative HESE method, which selects 
neutrinos interacting inside the detector, that revealed the first evidence for cosmic 
neutrinosi?li8l The segmentation of the detector into a surrounding veto and active 
signal region has been optimized to reduce the background of atmospheric muons 


and neutrinos to a handful of events per year, while keeping most of the cosmic 
signal. Neutrinos of atmospheric and cosmic origin can be separated not only by 
using their well-measured energy but also on the basis that background atmospheric 
neutrinos reaching us from the Southern Hemisphere can be removed because they 
are accompanied by particles produced in the same air shower where the neutrinos 
originate. A sample event with a light pool of roughly one hundred thousand 
photoelectrons extending over more than 500 meters is shown in the left panel of 
Fig. | With PeV energy, and no trace of accompanying muons from an atmospheric 
shower, these events are highly unlikely to be of atmospheric origin. The six-year 
data set contains a total of 82 neutrino events with deposited energies ranging from 
60 TeV to 10PeV. The data are consistent with an astrophysical component with 
a spectrum close to E~? above an energy of ~ 200 TeV. In summary, IceCube has 
observed cosmic neutrinos using both methods for rejecting background. Based on 
different methods for reconstruction and energy measurement, their results agree, 
pointing at extragalactic sources whose flux has equilibrated in the three flavors 
after propagation over cosmic distances with ve : Uy itupa 

An extrapolation of this high-energy flux to lower energy suggests an interesting 
excess of events in the 30 — 100 TeV energy range over and above a single power- 
law fit; see Fig. |5| This conclusion is supported by a subsequent analysis that has 
lowered the threshold of the starting-event analysis20l and by a variety of other 
analyses. The astrophysical flux measured by IceCube is not featureless; either the 
spectrum of cosmic accelerators cannot be described by a single power law or a 
second component of cosmic neutrino sources emerges in the spectrum. Because 
of the self-veto of atmospheric neutrinos in the HESE analysis, i.e., the veto trig- 
gered by accompanying atmospheric muons, it is very difficult to accommodate the 
component below 100 TeV as a feature in the atmospheric background. 

In Figure [5] we show the arrival directions of the most energetic events in the 
eight-year upgoing v,,+v, analysis (©) and the six-year HESE data sets. The HESE 
data are separated into tracks (&) and cascades (@). The median angular resolu- 
tion of the cascade events is indicated by thin circles around the best-fit position. 
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Fig. 5. Mollweide projection in Galactic coordinates of the arrival direction of neutrino events. 
We show the results of the eight-year upgoing track analysis 14] with reconstructed muon energy 
Ep 2 200 TeV (©). The events of the six-year high-energy starting event (HESE) analysis with 


^ 


deposited energy larger than 100 TeV (tracks & and cascades ®) are also shown262122] The 
thin circles indicate the median angular resolution of the cascade events (@). The blue-shaded 
region indicates the zenith-dependent range where Earth absorption of 100 TeV neutrinos becomes 
important, reaching more than 90% close to the nadir. The dashed line indicates the horizon and 
the star (x) the Galactic Center. We highlight the four most energetic events in both analyses by 
their deposited energy (magenta numbers) and reconstructed muon energy (red number). Figure 


from Ref. 


The most energetic muons with energy E, > 200 TeV in the upgoing v, + v, data 
set accumulate near the horizon in the Northern Hemisphere. Elsewhere, muon 
neutrinos are increasingly absorbed in the Earth causing the apparent anisotropy 
of the events in the Northern Hemisphere. Also HESE events with deposited en- 
ergy of Egep > 100 TeV suffer from absorption in the Earth and are therefore 
mostly detected when originating in the Southern Hemisphere. After correcting 
for absorption, the arrival directions of cosmic neutrinos are isotropic, suggesting 
extragalactic sources. In fact, no correlation of the arrival directions of the highest 
energy events, shown in Fig.|5| with potential sources or source classes has reached 
the level of 3029 


2. IceCube neutrinos and Fermi photons 


'The most important message emerging from the IceCube measurements of the high- 
energy cosmic neutrino flux is not apparent yet: the prominent and surprisingly 
important role of protons relative to electrons in the nonthermal universe. Photons 
are produced in association with neutrinos when accelerated cosmic rays produce 
neutral and charged pions in interactions with target photons or nuclei in the vicinity 
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of the accelerator. Targets include strong radiation fields that may be associated 
with the accelerator as well as concentrations of matter, such as molecular clouds 
in their vicinity. Additionally, pions can be produced in the interaction of cosmic 
rays with the extragalactic background light (EBL) when propagating through the 
interstellar or intergalactic background. As already discussed in section [I] a high- 
energy flux of neutrinos is produced in the subsequent decay of charged pions via 

t — ut +v, followed by pt > et + ve +D, and the charge-conjugate processes. 
High-energy gamma rays result from the decay of neutral pions, 1? — y +y. Pionic 
gamma rays and neutrinos carry, on average, 1/2 and 1/4 of the energy of the parent 
pion, erc d With these approximations, the neutrino production rate Qr, 
(units of GeV s^!) can be related to the one for charged pions as 


b» E,Qv, (E,) x3 [Er Q4 (Es )]g, AE, 5 (1) 


Similarly, the production rate of pionic gamma-rays is related to the one for neutral 
pions as 


E,Q,(Ey) = 2|E s Quo (Ex )lg, ag, : (2) 
Note, that the relative production rates of pionic gamma rays and neutrinos only 
depend on the ratio of charged-to-neutral pions produced in cosmic-ray interactions, 
denoted by Kr = N,+/N,0. Pion production by cosmic rays in interactions with 
photons can proceed resonantly in the processes p +y —^ At — 7° +p and p+y > 
At — nt +n. These channels produce charged and neutral pions with probabilities 
2/3 and 1/3, respectively. However, the additional contribution of nonresonant pion 
production changes this ratio to approximately 1/2 and 1/2. In contrast, cosmic 
rays interacting with matter, e.g., hydrogen in the Galactic disk, produce equal 
numbers of pions of all three charges: p + p —> Nr [19 - m^ + 27] +X, where Ny 
is the pion multiplicity. From above arguments we have K, œ 2 for cosmic ray 
interactions with gas (pp) and K, œ 1 for interactions with photons (py) 
With this approximation we can combine Eqs. and (2) to derive a powerful 
relation between the pionic a” and neutrino production rates: 


PA v) A" [B2Q,(E 2 (3) 


The prefactor 1/4 accounts for the energy ratio (E,)/(E.) ~ 1/2 and the two 
gamma rays produced in the neutral pion decay. 

Note that this relation relates pionic neutrinos and gamma rays without any 
reference to the cosmic ray beam; it simply reflects the fact that a 1? produces two 
y rays for every charged pion producing a v, + P, pair, which cannot be separated 
by current experiments. 

Before applying this relation to a cosmic accelerator, we have to take into account 
the fact that, unlike neutrinos, gamma rays interact with photons of the cosmic 
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microwave background before reaching Earth. The resulting electromagnetic shower 
subdivides the initial photon energy, resulting in multiple photons in the GeV- 
TeV energy range by the time the photons reach Earth. Calculating the cascaded 
gamma-ray flux accompanying IceCube neutrinos is straightforward 2224) 

As an illustration, an example of y-ray and neutrino emission is shown as blue 


lines in F ig. [e|assuming that the underlying 7° / t? production follows from cosmic- 
ray interactions with gas in the universe. In this way, the initial emission spectrum 
of y-rays and neutrinos from pion decay is almost identical to the spectrum of cosmic 
rays (assumed to be a power law, E ?-1? as is the case for the diffuse cosmic neutrino 
flux above and energy of 100 TeV), after accounting for the different normalizations 
and energy scales. The flux of neutrinos arriving at Earth (blue dashed line) follows 
this initial CR emission spectrum. However, the observable flux of y-rays (blue 
solid lines) is strongly attenuated above 100 GeV by interactions with extragalactic 
background photon, 

The overall normalization of the emission is chosen in a way that the model 
does not exceed the isotropic y-ray background observed by the Fermi satellite 
(blue data). This implies an upper limit on the neutrino flux shown as the blue 
dashed line. Interestingly, the neutrino data shown in Fig. [6] saturates this limit 
above 100 TeV. Moreover, the HESE data that extends to lower energies is only 
marginally consistent with the upper bound implied by the model (blue dashed 
line). This example shows that multimessenger studies of y-ray and neutrino data 
are powerful tools to study the neutrino production mechanism and to constrain 
neutrino source models23l 

The matching energy densities of the extragalactic gamma-ray flux detected 
by Fermi and the high-energy neutrino flux measured by IceCube suggest that, 
rather than detecting some exotic sources, it is more likely that IceCube to a large 
extent observes the same universe conventional astronomy does. Clearly, an extreme 
universe modeled exclusively on the basis of electromagnetic processes is no longer 
realistic. The finding implies that a large fraction, possibly most, of the energy in 
the nonthermal universe originates in hadronic processes, indicating a larger role 
than previously thought. The high intensity of the neutrino flux below 100 TeV 
in comparison to the Fermi data might indicate that these sources are even more 
efficient neutrino than gamma-ray sourceg28P7] 

Interestingly, the common energy density of photons and neutrinos is also com- 
parable to that of the ultra-high-energy extragalactic cosmic rays (above 10? GeV) 
observed, for instance, by the Auger observatoryl28l (green data). Unless accidental, 
this indicates a common origin of the signal and illustrates the potential of multi- 
messenger studies. A scenario where the high-energy neutrinos observed at IceCube 
could actually originate in the same sources could be realized as follows: the cosmic 
ray sources can be embedded in environments that act as “storage rooms" for cosmic 
rays with energies far below the "ankle" (Eog < 1EeV). This energy-dependent 
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Fig. 6. The spectral flux (¢) of neutrinos inferred from the eight-year upgoing track analysis 


(red fit) and the seven-year HESE analysis (magenta fit) compared to the flux of unresolved 
extragalactic y-ray sources3ll (blue data) and ultra-high-energy cosmic rays28l (green data). The 
neutrino spectra are indicated by the best-fit power-law (solid line) and 1e uncertainty range 
(shaded range). We highlight the various multimessenger interfaces: A: The joined production 
of charged pions (r+) and neutral pions (7°) in cosmic-ray interactions leads to the emission of 
neutrinos (dashed blue) and 4-rays (solid blue), respectively. B: Cosmic ray emission models (solid 
green) of the most energetic cosmic rays imply a maximal flux (calorimetric limit) of neutrinos 
from the same sources (green dashed). C: The same cosmic ray model predicts the emission 
of cosmogenic neutrinos from the collision with cosmic background photons (GZK mechanism). 
Figure from Ref. 


trapping can be achieved via cosmic ray diffusion in magnetic fields. While these 
cosmic rays are trapped, they can produce y-rays and neutrinos via collisions with 
gas. If the conditions are right, this mechanism can be so efficient that the total 
energy stored in cosmic rays below the ankle is converted to that of y-rays and neu- 
trinos. These “calorimetric” conditions can be achieved, for instance, in starburst 
galaxie? or galaxy clusters30l 

The extragalactic y-ray background observed by Fermi! has contributions from 
identified point-like sources on top of an isotropic y-ray background (IGRB) shown 
in Fig. a This IGRB is expected to consist mostly of emission from the same class 
of y-ray sources that are individually below Fermi's point-source detection threshold 
(see, e.g., Ref. B2). A significant contribution of 7-rays associated with IceCube's 
neutrino observation would have the somewhat surprising implication that indeed 
many extragalactic y-ray sources are also neutrino emitters, while none had been 
detected so far. This dramatically changed when IceCube developed methods for 
performing real-time multiwavelength observations in cooperation with some twenty 
other observatories to identify the sources and build on the discovery of cosmic 
neutrinos to launch a new era in astronomy], This effort led to the identification 
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of a distant flaring blazar as a cosmic ray accelerator in a multimessenger campaign 
launched by a 290 TeV energy neutrino detected from the constellation of Orion on 
September 22, 201781 


3. The first truly multimessenger campaign 


Neutrinos only originate in environments where protons are accelerated to produce 
pions and other particles that decay into neutrinos. Neutrinos can thus exclusively 
pinpoint cosmic ray accelerators, and this is exactly what one neutrino did on 
September 22, 2017. 

IceCube detects muon neutrinos, a type of neutrino that leaves a well- 
reconstructed track in the detector roughly every five minutes. Most of them are 
low-energy neutrinos produced in the Earth's atmosphere, which are of interest for 
studying the neutrinos themselves, but are a persistent background when doing neu- 
trino astronomy. In 2016, IceCube installed an online filter that selects from this 
sample, in real time, very high energy neutrinos that are likely to be of cosmic ori- 
gin®4] We reconstruct their energy and celestial coordinates, typically in less than 
one minute, and distribute the information automatically via the Gamma-ray Coor- 
dinate Network to a group of telescopes around the globe and in space for follow-up 
observations. These telescopes look for electromagnetic radiation from the arrival 
direction of the neutrino, searching for coincident emission that can reveal its origin. 

The tenth such alert9l IceCube-170922A, on September 22, 2017, reported a 
well-reconstructed muon neutrino with an energy of 290 TeV and, therefore, with a 
high probability of originating in an astronomical source. The Fermi telescope 
detected a flaring blazar aligned with the cosmic neutrino within 0.06 degrees. 
'The source is a known blazar, a supermassive black hole spitting out high-energy 
particles in twin jets aligned with its rotation axis which is directed at Earth. This 
blazar, T'XS 0506--056, had been relatively poorly studied until now, although it 
was identified as the highest energy gamma ray source detected by EGRET from 
any blazar with two photons above 40 GeVB68l The set of observations triggered 
by the September 22 neutrino has yielded a treasure trove of multiwavelength data 
that will allow us to probe the physics of the first cosmic ray accelerator. An optical 
telescope eventually measured its distance?“ which was found to be 4 billion light- 
years. Its large distance points to a special galaxy, which sets it apart from the 
ten-times-closer blazars such as the Markarian sources that dominate the extreme 
gamma-ray sky observed by NASA’s Fermi satellite. 

TXS 0506+056 was originally flagged by the Fermi®®! and Swift?! satellite tele- 
scopes. Follow-up observations with the MAGIC air Cherenkov telescope] iden- 
tified it as a rare TeV blazar with the potential to produce the very high energy 
neutrino detected by IceCube. The source was subsequently scrutinized in X-ray, 
optical, and radio wavelengths. This is a first, truly multimessenger observation: 
none of the instruments could have made this breakthrough independently. In total, 
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more than 20 telescopes observed the flaring blazar as a highly variable source in a 
high state! 

It is important to realize that nearby blazars like the Markarian sources are at a 
redshift that is ten times smaller, and therefore TXS 0506+056, with a similar flux 
despite the greater distance, is one of the most luminous sources in the Universe. It 
likely belongs to a special class of blazars that accelerate proton beams as revealed 
by the neutrino. This is further supported by the fact that a variety of previous 
attempts to associate the arrival directions of cosmic neutrinos with a variety of 
Fermi blazar catalogues failed. 

Informed by the multimessenger campaign, IceCube searched its archival neu- 
trino data up to and including October 2017 in the direction of IC170922 using the 
likelihood routinely used in previous searches. This revealed a spectacular burst of 
over a dozen high-energy neutrinos in 110 days in the 2014-2015 data with a spectral 
index consistent with the one observed for the diffuse cosmic neutrino spectrum 

Interestingly, the AGILE collaboration, which operates an orbiting X-ray and 
gamma ray telescope, reported a day-long flare in the direction of a previous neu- 
trino alert sent on Juli 31, 2016441 The flare occurred more than one day before 
the time of the alert. In light of the rapid daily variations observed near the peak 
emission of the TXS 0506+056 flare at the time of IC170922A, this may well be a 
genuine coincidence. 


4. Flaring sources and the high-energy neutrino flux 


'The extraordinary detection of more than a dozen cosmic neutrinos in the 2014 flare 
despite its 0.34 redshift further suggests that TXS 0506+056 belongs to a special 
class of sources that produce cosmic rays. The single neutrino flare dominates the 
flux of the source over the 9.5 years of archival IceCube data, leaving IC170922 as 
a less luminous second flare in the sample. We will show that a subset of about 
5% of all blazars bursting once in 10 years at the level of TXS 0506+056 in 2014, 
can accommodate the diffuse flux cosmic neutrino flux observed by IceCube. We 
already pointed out in the previous section that the energy density corresponding 
to this flux is similar to the one in the highest energy cosmic rays. 

In order to calculate the flux of high-energy neutrinos from a population of 
Sources, we follow?! and relate the diffuse neutrino flux to the injection rate of 
cosmic rays and their efficiency to produce neutrinos in the source. For a class of 
sources with density p and neutrino luminosity L,, the all-sky neutrino flux is 


dN, 1 c 
EL unc EL, 4 
2 VIE, ^ de Hm p; (4) 


where £; is a factor of order unity that parametrizes the integration over the redshift 
evolution of the sources. The relation can be adapted to a fraction F of sources 


162 


with episodic emission of flares of duration At over a total observation time T: 


dN, 1 c At 
ES = — er 
25 "dE, "As Hye IP T 


(5) 


Q 


Applying this relation to the 2014 TXS 0506+056 burst that dominates the flux 
over the 9.5 years of neutrino observations, yields 


3 x 1071! TeVem?s^!sr^! = T du z Ly 
4r \ 3Gpc/ \0.7/ \1.2 x 10% erg/s 


p At 10yr 
1.5 x 1078 Mpc-3/\ 110d T 7J’ 


a relation which is satisfied for F ~ 0.05. In summary, a special class of BL Lac 
blazars that undergo ~ 110-day duration flares like TXS 0506+056 once every 10 
years accommodates the observed diffuse flux of high-energy cosmic neutrinos. The 
class of such neutrino-flaring sources represents 5% of the sources. The argument 


(6) 


implies the observation of roughly 100 muon neutrinos per year. This is exactly the 
flux of cosmic neutrinos that corresponds to the E-?-1? diffuse flux measured above 
100 TeV. (Note that the majority of these neutrinos cannot be separated from the 
atmospheric background, leaving us with the reduced number of very high energy 
events discussed in the previous sections). 

As previously discussed, he energetics of the cosmic neutrinos is matched by the 
energy of the highest energy cosmic rays, with 


1 dN, c (1 dE 

ER 1 fr) ity |. 7 
32. "dE, s (s et) Seta (7) 
The cosmic rays’ injection rate dE/dt above 10196 eV is (1 — 2) x 10**erg 
Mpc^? yr~!4445] From Eq. [6] it follows that the energy densities match for a pion 
production efficiency of the neutrino source of fr Z 0.4. This high efficiency re- 
quirement is consistent with the premise that a special class of efficient sources is 


responsible for producing the high-energy cosmic neutrino flux seen by IceCube. 
'The sources must contain sufficient target density in photons, possibly protons, to 
generate the large value of fr. It is clear that the emission of flares producing the 
large number of cosmic neutrinos detected in the 2014 burst must correspond to 
major accretion events onto the black hole lasting a few months. The pionic photons 
will lose energy in the source and the neutrino emission is not accompanied by a 
flare as was the case for the 2017 event; the Fermi data, consistent with the scenario 
proposed, reveal photons with energies of tens of GeV, but no flaring activity. 

A key question is whether the neutrino and gamma ray spectra for the 2014 
neutrino burst from TXS 0506+056 satisfy the multimessenger relationship intro- 
duced in section With the low statistics of the very high-energy gamma ray 
measurements during the burst period, the energetics is a more robust measure for 
evaluating the connection, especially because the source is opaque to high-energy 
gamma rays, as indicated by the large value of fr, and the pionic gamma rays will 
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lose energy inside the source before cascading in the microwave photon background; 
for details see Ref. 

It is worth noting that this model for the diffuse neutrino flux clarifies why ear- 
lier attempts to associate it with blazars were unsuccessful; see Ref. Clearly, 
the time-integrated studies are not applicable to time-dependent sources. More- 
over, with a subclass of more energetic sources with lower density responsible for 
the diffuse flux, the constraints on blazars obtained from the relation between the 
point source limits and the diffuse flux are mitigated. Additional issues with this 
limit arise from the use of point source sensitivity (defined as 9096 C.L.) rather 
than discovery potential (defined as 5ø C.L.) as a constraint. The former does not 
provide a robust statistical measure. It has been argued that the limits from the 
nonobservation of a point source in time-integrated searches would suppress the 
contribution of blazars to the total neutrino emission because the time-averaged 
flux of sources is directly correlated with burst Jl However, two points are missed 
in this argument. First, this argument only applies if the duty cycle of the source 
and the duration of the flare, supplies neutrino bursts shorter than the total time 
that the detector has been taking data. Second, it neglects the excess buried un- 
der the atmospheric background which might not be statistically compelling yet. 
For instance, in the case of TXS 0506+056, the time-integrated search reports a 
significance of 2.1c only. 

We are aware that these speculations are qualitative and that they may be 
premature and the hope is that multimessenger astronomy will provide us with 
more clues after the breakthrough event of September 22, 2017 that generated an 
unmatched data sample over all wavelengths of the electromagnetic spectrum on 
the first identified cosmic ray accelerator. 


5. Summary 


Getting all the elements of this puzzle to fit together is not easy, but they suggest 
that the blazar may contain important clues on the origin of cosmic neutrinos and 
cosmic rays. This breakthrough is just the beginning and raises intriguing questions. 
What is special about this source? Can a subclass of blazars to which it belongs 
accommodate the diffuse flux observed by IceCube? Are these also the sources of 
all high-energy cosmic rays or only of some? The TXS 0506+056 emission over the 
last 10 years is dominated by the single flare in 2014. If this is characteristic of the 
subclass of sources that it belongs to, identifying additional sources will be difficult 
unless more and larger neutrino telescopes yield more frequent and higher statistics 
neutrino alerts. 

Unlike the previous SN1987A and GW170817 multimessenger events, this event 
could not have been observed with a single instrument. Without the initial coin- 
cident observation, IC170922A would be just one more of the few hundred cosmic 
neutrinos detected by IceCube and the accompanying radiation just one more flar- 
ing blazar observed by Fermi-LAT. Neutrino astronomy was born with a supernova 
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in 1987. Thirty years later, this recent event involves neutrinos that are tens of 
millions of times more energetic and are from a source a hundred thousand times 
more distant. 
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We review our recent theoretical results about inequivalence between passive and active 
gravitational masses and energy in the semiclassical variant of general relativity, where 
the gravitational field is not quantized but matter is quantized. To this end, we con- 
sider the simplest quantum body with internal degrees of freedom — a hydrogen atom. 
We concentrate our attention on the following physical effects, related to electron mass. 
The first one is the inequivalence between passive gravitational mass and energy at the 
microscopic level. Indeed, the quantum measurement of gravitational mass can give a 
result which is different from the expected one, m Æ me + B. where the electron is 
initially in its ground state; me is the bare electron mass. The second effect is that 
the expectation values of both the passive and active gravitational masses of stationary 
quantum states are equivalent to the expectation value of the energy. The most spectac- 
ular effects are the inequivalence of the passive and active gravitational masses and the 
energy at the macroscopic level for an ensemble of coherent superpositions of stationary 
quantum states. We show that, for such superpositions, the expectation values of pas- 
sive and active gravitational masses are not related to the expectation value of energy by 
Einstein’s famous equation, m Æ 5. In this paper, we also improve several drawbacks 
of the original pioneering works. 


Keywords: Equivalence principle; mass-energy equivalence; quantum gravity. 


1. Introduction 


The equivalence principle (EP) between gravitational and inertial masses in com- 
bination with the local Lorentz invariance of spacetime is known to be a keystone 
of classical general relativity'?. In the current scientific literature, there exists 
widespread discussion of whether it can survive in a possible quantum theory of 
gravity (see, for example, Refs. 3-5). Since quantum gravitation theory has not 
been elaborated yet, the EP is often studied in the framework of the so-called semi- 
classical approach to quantum gravity, where the gravitational field is not quantized, 
but matter is quantized? ?. Note that the EP for a composite body is not a trivial 
notion even in general relativity in the absence of quantum effects. Indeed, as shown 
in Refs. 6-8, the external gravitational field is coupled not directly with the energy 
of a composite body but with the combination R 4- 3K +2P, where R, K and P are 
the rest, kinetic and potential energies, respectively. As mentioned in Ref. 8, and 
considered in detail in Ref. 9, the above mentioned combination can be changed 
into the expected total energy if we choose the proper local coordinates, where 
the line interval has the Minkowski form. Therefore, in classical general relativity, 
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passive gravitational mass is equivalent to the inertial one for a composite body??, 
as expected. 

On the other hand, as shown in Ref. 7, active gravitational mass of a composite 
classical body is equivalent to its energy only after averaging the gravitational mass 
over time. Semiclassical analysis? of Einstein's field equations has demonstrated 
that the expectation values of active gravitational mass and energy are equivalent 
only for stationary quantum states of a composite quantum body. The situation is 
different for an ensemble of coherent quantum superpositions of stationary quantum 
states, where the expectation values of active gravitational mass can oscillate in 


5 even for superpositions with constant expectation values of energy. The 


time 
results of Ref. 5 go against the equivalence of active gravitational mass and energy 
even at the macroscopic level in quantum gravity, which has to modify the EP. Note 
that quantum effects also change the status of the EP for the passive gravitational 
mass of a quantum body with internal degrees of freedom. As discussed in Ref. 10, 
quantum effects break the equivalence of passive gravitational mass and energy at 
the microscopic level. 

Let us consider this phenomenon in more detail. Suppose there is a hydrogen 
atom in its ground state, F4, and we switch on the gravitational field to measure the 
electron mass, which is expected to be equal to m = me+ B, where m is the electron 
passive gravitational mass and Me is the bare electron mass. Contrary to the 
above mentioned common expectation, it has been shown in Ref. 10 that quantum 
measurements of the mass can give the following result m = me + E, where E, 
is energy of electron nS orbital in a hydrogen atom, although the corresponding 
probabilities are very small. Note that the influence of quantum effects on the EP 
is even more dramatic and, as shown in Ref. 11, the equivalence between passive 
gravitational mass and energy is broken even at the macroscopic level. Indeed, 
the above-mentioned equivalence exists for the expectation values of the mass and 
energy only for stationary quantum states. In accordance with results of Ref. 11, the 
equivalence between the expectation values of passive gravitational mass and energy 
is broken for an ensemble of coherent quantum superpositions of stationary quantum 
states in a hydrogen atom. Of course, all these statements are not restricted by this 
atom but are common properties of any quantum body with internal degrees of 
freedom. 


2. Goal 


In Sec. 3, we discuss that there is no equivalence between passive gravitational 
mass and energy of electron in a hydrogen atom at a microscopic level, using the 
local Lorentz invariance, which defines electron wave functions in a gravitational 
field (we call it method-1). We start from quantum state with a definite electron 
energy in the absence of external gravitational field, £1, and show that quantum 
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measurement of the mass in the field can give values different from expected one, 
m z Me + B, although the corresponding probabilities are small. In Sec. 4, we 
discuss the same results, using corrections to the Schródinger equation for electron 
in a hydrogen atom, which contain the so-called virial term in the gravitational 
field. We stress the importance of the virial term for the breakdown of the above 
mentioned equivalence (and, thus, for the breakdown of the EP) at a microscopic 
level (we call this method-2). In Sec. 5, we discuss the breakdown of the equivalence 
between passive gravitational mass and energy (and, as a result — breakdown of 
the EP) at macroscopic level. We show that this equivalence survives for macro- 
scopic ensemble of stationary quantum electron states in a hydrogen atom due to 
the so-called quantum virial theorem. On the other hand, it is also shown that 
for coherent ensembles of superpositions of stationary quantum states, the above 
mentioned equivalence is not survived due to the quantum virial term. During 
our calculations in Secs. 2-4, we use property of the local Lorentz invariance of a 
spacetime in general relativity as well as consider passive gravitational mass to be a 
quantity proportional to weight of a composite body whose center-of-mass is fixed 
in gravitational field by some forces of nongravitational origin. Finally, in Sec. 6, 
we discuss the EP between active gravitational mass and energy for electron in a 
hydrogen atom at macroscopic level. Our results are similar to that for passive grav- 
itational mass. Indeed, we show that the equivalence (and, thus, the EP) survives 
for macroscopic ensembles of stationary quantum states, whereas for macroscopic 
coherent ensembles of superpositions of quantum states, the equivalence is broken. 
In Sec. 7, we come to the conclusion that the EP has to be seriously reformulated 
in the presence of quantum effects in general relativity. 


3. Inequivalence of Passive Gravitational Mass and Energy 
at Microscopic Level (Method-1) 


3.1. Electron wave function in a hydrogen atom with a definite 
energy in the absence of gravitational field 


Suppose that, at t < 0, there is no gravitational field and electron is in a ground 
state of a hydrogen atom, characterizing by the following wave function: 


V (r,t) = exp( Ht) e ( =) Vi(r), (1) 


which is solution of the corresponding Schródinger equation: 


os Ime T (= qu. s) - Wi (r,t). (2) 


Ot 2m, NOr? Oy? 
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(Here, E, is electron ground state energy, r is distance between electron with coor- 
dinates (x,y,z) and proton; fi is the Planck constant, c is the velocity of light.) 


3.2. Electron wave functions in a hydrogen atom in the presence 
of gravitational field 


At t = 0, we perform the following Gedanken experiment. We switch on a weak cen- 
trosymmetric (e.g. the Earth's) gravitational field, with position of center-of-mass 
of the atom (i.e. proton) being fixed in the field by some nongravitational forces. 
It is known that, in a weak field approximation, curved spacetime is characterized 
by the following interval !?: 


ds? = -( 4 25) (cdt)? + (: - 25) (da? + dy? dz), o= E (3) 


Below we introduce the proper local coordinates, 


i- (i $)« i-i- £)« i- (1i- $)v. i (i- $)« (4) 


where interval has Minkowski’s form !?, 


d3? = — (edi)? + (d? + di? + dz”). (5) 


(Here, we stress that, since we are interested in calculations of some quantum tran- 
sition amplitudes with the first-order accuracy with respect to the small parameter, 
|| < 1, we disregard in Eqs. (3)-(5) and therein below all terms of the order of 
2 We pay attention that near the Earth's surface the above discussed parameter 
is small and is equal to EA ~ 107°] 

Due to the local Lorentz invariance of a spacetime in general relativity, if we 
disregard the so-called tidal terms in the Hamiltonian [i.e. if we don’t differentiate 
the potential ¢(R)], then new wave functions, written in the local proper coordinates 
(4) (with fixed proton's position), satisfy at, t, € > 0, the similar Schrödinger 
equation: 


,, OU (r, t) ONE AO RES ee moss 
hħh— I e P ET l Ry Vy yt . 
! Ot Im x 2m, \ OX? T Oy? Oz 8) (6) 


[Note that it is easy to show that the above disregarded tidal terms have relative 
order of m. where rg is the Bohr radius and Rp is distance between a hydrogen 
atom and center of source of gravitational field. Near the Earth's surface they are 
very small and are of the relative order of p ~ 10717] 

We stress that it is very important that the wave function (1) is not a solution 
of the Schródinger equation (6) anymore and, thus, is not characterized by definite 
energy and weight in the gravitational field (3). Moreover, a general solution of 
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Eq. (6) can be written in the proper local coordinates in the following way: 


(DES ep( =") DAAG ew ( 24). (7) 


n=1 


ie 


where the wave functions V, (?) are solutions!” for the so-called nS atomic orbitals 
of a hydrogen atom with energies E£,, and are normalized in the proper local space, 


[oer E (8) 


[It is possible to show that only 1S — nS quantum transitions amplitudes are 
nonzero in a hydrogen atom in the gravitational field (3), which corresponds only 
to real wave functions. Therefore, we keep in Eq. (7) only nS atomic orbitals and 
everywhere below disregard difference between V, (r) and Wz(r) = VW, (r).] 

Note that the normalized wave function (1) can be rewritten in the proper local 
spacetime coordinates (4) in the following way: 


" Ee CE A d ER 
V, (#,8) = exp imec (: S) t exp [325 (: £) t 
h h 


x (+8) n (1+ 5) j. (9) 


It is important that the gravitational field (3) can be considered as a sudden 
perturbation to the Hamiltonian (2), therefore, at t = t = 0, the wave functions (7) 
and (9) have to be equal to each other: 


(: + S V, [t + $) d - 3 à, V, (7). (10) 


From Eq. (10), it directly follows that 


à, = (1 E aN ri V, |( + 5) d Pi (FdT, (11) 


an = (: + Ir V, (2 + 4 j V.(PF)d?, n»1. (12) 


3.3. Probabilities and amplitudes 


and 


Below, we calculate quantum mechanical amplitudes (11) and (12) in a linear ap- 
proximation with respect to the gravitational potential, 


à -1«o(£). (13) 
C 
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and 


?? [dWi(F 
dx ($)f [ER rm, (APF, mnl (14) 
We stress that the wave function (7) is a series of wave functions, which have definite 
weights in the gravitational field (3). This means that they are characterized by 
the following definite electron passive gravitational masses: 
En 


=o (15) 


Mn = Me + 


In accordance with the most general properties of quantum mechanics, this means 
that, if we do a measurement of gravitational mass for wave function (1) and (9), 
we obtain quantum values (15) with the probabilities: P, = là,|?, where à, are 
given by Eqs. (13) and (14). 

Let us show that 


M dW, (7) ~ ~\ 73 ~ Vin 
NU 1 1 
n | ds | PW, (Far EE! n 1, (16) 


where V (F) is the so-called quantum virial operator 12: 


" h? 82 8? 8? e? 
V(r) = 29 E T Oy? T x) ~ 9 (17) 


and 
= PV (FW, (r)d^r. 
Vin =| Wi(F)V(F)Un(F)d (18) 


To this end, we rewrite the Schródinger equation in gravitational field (6) in terms 
of the initial coordinates (x, y, z) 


$ 


(nec? Ew (1-4) r| = eed a 
Ta" »h-$). (19) 


Then, keeping as usual only terms of the first order with respect to the small 
parameter E « 1, we obtain 


— ae [50] _ | La (zs ih La i Z) = a) 
j DE $. EMI (20) 


and as a result 
2 2 2 2 2 
E ao E | h (s "a ð p ð ) e | | ul 


4 V (r)Vs(r). (21) 
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Let us multiply Eq. (21) on V,(r) and integrate over space, 
Ey N V, (r)r ao Crs T vat) | La (zs | un + 5) - 
x | mM dir 4 ra V, (r)V (rU; (r)d?r. 
(22) 


'Taking into account that the Hamiltonian operator is the Hermitian one, we rewrite 
Eq. (22) as 


E, l V, (r)r [S Ër = E, i V, (r)r [E Ër 


dr 


= T V; (r)V (r) v, (r)d?r. (23) 


Then, Eqs. (16)-(18) directly follow from Eq. (23). 
As a result, the calculated amplitudes (14) and the corresponding probabilities 
for n Z 1 can be rewritten as functions of matrix elements (18) of the virial operator 


(17), 
PEN Q Vin 
An = (5) EE (24) 


7 27 vM 
Pr = [ăn]? = (5) (5) (25) 


Note that near the Earth’s surface, where La =~ 0.49 x 10718, the probability for 
n = 2 in a hydrogen atom can be calculated as 


and 


P, = |à;? = 1.5 x 10-9, (26) 
where 
Vi 
—** _ — 0.56. 27 
EE, (27) 


It is important that nonzero matrix elements (18) of the virial operator (17) for 
n # 1 are also responsible for breakdown of the equivalence between active gravi- 
tational mass and energy for a quantum body with internal degrees of freedom?. 


4. Inequivalence of Passive Gravitational Mass and Energy 
at Microscopic Level (Method-2) 


4.1. Schrödinger equation with a definite energy in the absence 
of gravitational field 


As in the previous section, at t < 0, gravitational field is zero and electron occupies 
ground state in a hydrogen atom, characterizing by the wave function (1). As we 
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have already discussed, the wave function (1) corresponds to the LS electron orbital 
and is known to be a ground state solution of Eq. (2). 


4.2. Schrödinger equation in the presence of gravitational field 


Let us consider the same Gedanken experiment as in Sec. 3. We switch on the weak 
gravitational field (3) and obtain Eq. (6) for the wave functions in the proper local 
spacetime coordinates (4). But, in this section, we rewrite Eq. (6) in the initial 
spacetime coordinates, (t,x, y, z), 


pout) fe 2 UN æ 9? e? 
: a Te 2m, \ ðr? | Oy? © Az? 


$ 2 P o? o? 9? e). 
a (5) [me 2Me (za Oy? + =a) + 2] \ V(r, t), 
(28) 


where the virial operator !?, V(r), is equal to (17). From Eq. (28), it directly follows 
that the external gravitational field (3) is coupled not only to Hamiltonian (2) but 
also to the virial operator (17). It is important that the virial term (17) does 
not commute with the Hamiltonian (2), therefore, it breaks the equivalence of the 
passive gravitational mass and energy for electron in a hydrogen atom. 


4.2.1. More general Lagrangian 


Here, we derive Hamiltonian (28) from more general Lagrangian. Let us consider 
the Lagrangian of a three-body system: a hydrogen atom and the Earth in inertial 
coordinate system, treating gravitation (3) as a small perturbation in Minkowski’s 
spacetime. In this case, we can make use of the results of Ref. 7, where the corre- 
sponding n-body Lagrangian is calculated as a sum of the following four terms: 


L= Lin + Lem ag La + Lea, (29) 


where Li, Lem, LG, and Leg are kinetic, electromagnetic, gravitational and 
electric-gravitational parts of the Lagrangian, respectively. We recall that, in our 
approximation, we keep in the Lagrangian and Hamiltonian only terms of the order 
of (v/c)? and |¢|/c? as well as keep only classical kinetic and the Coulomb electro- 
static potential energies couplings with external gravitational field. It is possible 
to show that, in our case, different contributions to the Lagrangian (29) can be 
simplified: 


vV æ 
Lys + Lem = -Me mpe mec? + me 5 | ; (30) 

r 

MyM mM 3 mM v? 
Le = G— + G— G— : 31 
S R R 2 R 2 on 
M 2 

Leg = 2655 —, (32) 
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where, as usual, we use the inequality mp > me, with mj being the bare proton 
mass. 

If we keep only those terms in the Lagrangian which are related to electron 
motion (as usual, proton is supposed to be supported by some nongravitational 
forces in the gravitational field), then we can write the Lagrangian (30)-(32) in the 
following form: 


2 


2 2 
i 7 HR) m. ames 


2 


2 T [s i. OH) Ue s 
(33) 


It is easy to show that the corresponding electron Hamiltonian is 


ñ- 5 h? 9? P 9? " 9? e? 
= ines 2m. \ Ox? (Oy? Oz? T 


[o h? o? ə? 9? e? T 
+ (5) [mee 2m. (zs + Dy | Z) "S fe) (34) 


Note that Eq. (34) exactly coincides with electron Hamiltonian (28), obtained 


by us in the previous section. 


4.2.2. More general Hamiltonian 


Let us derive the Hamiltonian (28) and (34) from more general arguments. The 
so-called gravitational Stark effect (i.e. the mixing effect between even and odd 
wave functions in a hydrogen atom in gravitational field) was studied in Ref. 13 in 
the weak external gravitational field (3). Note that the corresponding Hamiltonian 
was derived in 1/c? approximation and a possibility of center-of-mass of the atom 
motion was taken into account. The main peculiarity of the calculations in the 
above-mentioned paper was the fact that not only terms of the order of ¢/c? were 
calculated, as in our case, but also terms of the order of ¢’/c?. Here, we use a 
symbolic notation $' for the first derivatives of gravitational potential. In accor- 
dance with the existing tradition, we refer to the latter terms as to the tidal ones. 
Note that the Hamiltonian (3.24) was obtained in Ref. 13 directly from the Dirac 
equation in a curved spacetime of general relativity. As shown in Ref. 13, it can be 
rewritten for the corresponding Schródinger equation as a sum of the four terms: 


. P? p e2 
Ao (Ê, p, r) = mee 2 j 36 
o(P, Ñ, r) = Mec“ + Mpc + JG cmo OE TU (36) 
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Har) = a (2-2) enp? + ingl 


Ê Me Mp 
1 $e  $, ~ (Mp — m.) gr 
| | ; 38 
a (== 2) RE 2(Me + Mp) r eu 
_ 3 ihgP 3g(se + Sp) x P 


2(Me+mMp)c? 2 (Mme + mp) 


(gr)(Pp) + (Pr)(gp) — ihgP 
(Me + Mp)? | 


(39) 


where g = —G$R. Note that we use the following notations in Eqs. (35)-(39): 
R and P stand for coordinate and momentum of a hydrogen atom center-of-mass, 
respectively; whereas, r and p stand for relative electron coordinate and momen- 
tum in center-of-mass coordinate system; y = Mem,/(Me + Mp) is the so-called 
reduced electron mass. We point out that Ao(P, p.r) is the Hamiltonian of a hy- 
drogen atom in the absence of the field. It is important that the Hamiltonian 
A, (P, P. R, r) describes couplings not only of the bare electron and proton masses 
with the gravitational field (3) but also couplings of electron kinetic and potential 
energies with the field. And finally, the Hamiltonians H2(p,r) and H3(P, p, R,r) 
describe only the tidal effects. 

Let us strictly derive the Hamiltonian (28) and (34), which has already been 
semi-quantitatively derived, from the more general Hamiltonian (35)-(39). As 
already mentioned, we use the approximation, where m, >> me, and, therefore, 
H= me. In particular, this allows us to consider proton as a heavy classical particle. 
We recall that we need to derive the Hamiltonian of the atom, whose center-of-mass 
is at rest with respect to the Earth. Thus, we can omit the center-of-mass kinetic 
energy and center-of-mass momentum. As a result, the first two contributions to 
electron part of the total Hamiltonian (35)-(39) can be written in the following 
way: 


^2 2 
PR (40) 


2m, T 


i.n) = {mee se zu ($) (41) 


where we place the center-of-mass of the atom at point R=0. Now, let us study 
the first tidal term (38) in the total Hamiltonian (35). At first, we pay attention 
that |g| ~ |¢|/Ro. Then, as is well known, in a hydrogen atom |r| ~ f/|p| ~ rp 
and p?/(2m.) ~ e?/rg. These values allow us to evaluate the first tidal term (38) 
in the Hamiltonian (35) as H3 ~ (rp/ Ro)(|ó|/c?)(e?/rg) ~ 1071 (|0|/c2) (e? /rg). 
Note that this value is 10717 times smaller than Hi ~ (|ó|/c?)(e?/rg) and 1078 
times smaller than the second correction with respect to the small parameter |¢|/c?. 
Therefore, we can disregard the contribution (38) to the total Hamiltonian (35). 


Ho(p. r) = mec? + 


and 
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As to the second tidal term (39) in the total Hamiltonian, we pay attention that it 
is exactly zero in the case, where P = 0, considered in this review. Therefore, we 
can conclude that the Hamiltonian (40) and (41), derived in this section, exactly 
coincides with in the one that was semi-quantitatively derived by us earlier [see 
Eqs. (28) and (34)]. 


4.3. Gravitational field as a perturbation to the Hamiltonian 


It is important that the gravitational field (3), under the condition of our Gedanken 
experiment, can be considered as the following sudden perturbation, U; (r,t), to the 
Hamiltonian (2) in the absence of gravitational field: 


y h /@ 2 æ ES 
Ui(r, t) = ($) Ime 2m (zs zd Oy? "e Z) : «ve e(t), (42) 


where O(t) is the so-called step function. Then, a general solution of Eq. (28) can 
be written in the following way: 


—iñec t —iĒt 
V(r,t) = ee ( =t) Vi(r) e( " 


—4 2 X =4 
+ ep( t) 5 anYn(r) ew( at). (43) 


n>1 


where the wave functions V, (r) are solutions for the nS orbitals in a hydrogen atom 
and are normalized, 


f morer =]; f oe =1, n»l (44) 


[It is easy to show that perturbation (42) can result only in nonzero quantum 
transitions between 15 and nS electron orbitals, therefore, we keep in Eq. (43) only 
V. (r) wave functions which are real.] 

According to the standard time-dependent perturbation theory !?, the corrected 
wave function of ground state, Vl(r), as well as the corrections to mass and energy 
of ground state in Eq. (43) can be written as 


where Vn,ı is matrix element of the virial operator (17): 
h^ £P 9? 3? e? 
Vai = | Un 2 V; (r)d?r. 46 
, f | 2m (sa + 5a tga) - Mee (48) 
Note that the very last term in Eq. (45) corresponds to the so-called red shift in 
gravitational field. It is due to the expected contribution to passive gravitational 
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mass from electron binding energy in the atom. As to the coefficients an with n Z 1 
in Eq. (43), they can be also written in terms of the virial operator matrix elements, 


(5) Ge) : 


and coincides with Eq. (24). Note that the wave function in (43)-(47), which 
corresponds to electron ground energy level in the presence of the gravitational field 
(3) (i.e. at t > 0), is a series of eigenfunctions of electron energy operator, taken 
in the absence of the field. Therefore, if we measure energy, in electron quantum 
state (43)-(47), we obtain the following quantized values for electron gravitational 
mass: 


En 


Mem Mek os 


(48) 


where we omit the red shift effect. From Eqs. (43)-(48), we can state that the 
expected Einstein's equation, m = me + B, survives in our case with probability 
close to 1, whereas with the following small probabilities, 


2 2 
Pp = lanl? = (5) ( Van n * 1, (49) 


it is broken. The reason for this breakdown is that, the virial term (17) does not 
commute with the Hamiltonian (2) in the absence of gravitational field. As a result, 
electron wave functions with definite passive gravitational masses are not charac- 
terized by definite energies in the absence of gravitational field. It is important that 
our current results coincide with that obtained in Sec. 3 by a different method. 


4.4. Experimental aspects 


Here, let us describe another Gedanken experiment, where gravitational field is 
adiabatically switched on. To this end, we consider wave function (1) to be valid 
at t + —oo and apply the following perturbation, due to the gravitational field (3), 
for the Hamiltonian (2): 


A $ h? 9? 9? 0? e? » 
Us(r,t) = (5) [me m (zz | oy + 55 m + V(r)|exp(A), A—>0. 
(50) 


Then, at t ~ 0 (i.e. in the presence of the field), the electron wave function can be 


written as 
—im,ct iF yt 
V(r,t) = exp( =") Wi(r) exp 5 : 


—i e 2 z —iEnt 
cog ( I3) E mvo, ) (51) 


n>1 
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Application of the standard time-dependent perturbation theory!? in the case of 
adiabatic switching on gravitational field results in 


c EA — En 
n>1 (52) 
ite = (1+ Sm. É = (1+ 5) Ey, 
and 
an =0, P, =0. (53) 


Thus, in adiabatic limit, the phenomenon of quantization of passive gravita- 
tional mass (15) and (48) disappears. This means that the possible experimental 
observation of the above mentioned phenomenon has to be done in quickly changing 
gravitational field. It is important that the step-like function, O(t), which was used 
to derive Eq. (48), does not mean motion of a source of gravity with velocity higher 
than the speed of light. We can use the step-like function if significant change of 
gravitational field happens quicker than the characteristic period of quasiclassical 
rotation of electron in a hydrogen atom. In the case under consideration, we need 
the time of about ôt € to = E ~ 10~!°s. Of course, there exist much more 
convenient quantum systems with higher values of the parameter tg, where the 
above discussed phenomenon could be observed. We recall that all excited energy 
levels are quasistationary and, thus, decay with time by emitting photons. There- 
fore, it is much more efficient to detect emitted photons than to directly measure 
a weight. As to the relatively small probabilities (24) of the mass quantization, it 
is not too small and can be compensated by large value of the Avogadro number, 
Na & 6 x 1077. In other words, for macroscopic number of the atoms, we may have 
large number of emitted photons. For instance, the number of excited electrons (i.e. 
emitted photons) for 1000 moles of the atoms is estimated as 


Via 


N,, = 2.95 x 108 Le ss 
x x (z -F 


2 
) , N =0.9 x 108. (54) 


5. Inequivalence Between Passive Gravitational Mass 
and Energy at Macroscopic Level 


In Sec. 5, we perform our Gedanken experiment, where we switch on the gravita- 
tional field (3) for t > 0, using the gravitational field as a sudden perturbation (42). 
We consider two different cases: macroscopic ensemble of stationary quantum states 
and macroscopic ensemble of coherent superpositions of stationary quantum states. 
In this section, we disregard small probabilities of the order of ra [see Eqs. (25) and 
(49)] and, thus, ignore mass quantization phenomenon. 
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5.1. Equivalence between passive gravitational mass 

and energy of stationary quantum states 
Suppose that, at t < 0, there is no gravitational field and we have macroscopic 
ensemble of hydrogen atoms with electrons being in their ground states (1). At 
t > 0, we perform our Gedanken experiment: we switch on gravitational field, 
which is treated as the perturbation (42) in inertial system. Let us for the moment 
consider one atom. At t > 0, general solution for electron wave function is 


—im.ct —iEg 
V(r,t) = ee ( 2) Phin eo 


—imeC?t\ = —iEnt 
eem ( 1) E nve, z ) (55) 


nl 


If we disregard small probabilities a, for n > 1, which were considered in Secs. 3 
and 4, we can rewrite Eq. (55) as 


V(r,t) — exp( t) Vi(r) e(t) (56) 


In accordance with the quantum perturbation theory!?, first-order correction to 
energy of wave function (56) can be written as 


Me = (1 + $) Me, Pı = (1 + $) E, (57) 
C C 


which is a well known redshift!. It is important that, in Eq. (57), there is no 
correction due to the quantum virial term (42) and (46). The virial term correction 


is zero due to the so-called quantum virial theorem ?, which claims that for any 
value of n, including n — 1, 


Y J V, (r)V (r) V, (r)d?r = 0. (58) 


Equation (57) directly demonstrates the equivalence of gravitational mass and en- 
ergy at macroscopic level. 


5.2. Inequivalence between passive gravitational mass and energy 
for macroscopic coherent ensemble of superpositions of 
stationary quantum, states 


Suppose that, in the absence of gravitational field (i.e. at t < 0), we have macro- 
scopic ensemble of coherent superpositions of two wave functions, corresponding 
to ground state wave function, V(r), and first excited energy level wave function, 
V»(r), in a hydrogen atom: 


U(r,t) = E e ( 81) (=) Vi(r) + ee (5) «in. 
(59) 
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Coherent ensemble of such wave functions, where the difference between phases of 

functions V(r) and V»(r) is fixed, is possible to create by using lasers. We perform 

the same Gedanken experiment and, therefore, suddenly switch on the gravitational 

field (3) at t > 0 [see the corresponding perturbation (42) to the Hamiltonian (2)]: 
$ 


U(r, t) = 75 [mec? + Él (v) + V(r)|O(t). (60) 


Then, if we disregard small probabilities of the order of 2 [see Eq. (25)] and, thus, 
don't take into account the mass quantization phenomenon (15), we can consider 
wave function (59) as wave function of two-level system and can use the corre- 
sponding variant of the time-dependent perturbation theory. In accordance with 
this theory ?, the wave functions in the gravitational field (3) can be written as 


Wi(rt)- e ( 83) (=) aj (£9 (r) 


ee (7 ) an(t)¥2(0). (61) 


Using the results of the time-dependent perturbation theory, it is possible to find 
equations to determine the functions a4(t) and a»(t): 


d dta ecd Bex | RR gud. 
daz(t) (Ej — Et 169) 
o = ~iUap(t)a2(t) — iUa (t) exp d a(t), 
where 
Uit) -0 9$ [wo mec? + H(r) + V (r)|Wi(r)d?r = O(t) S (mec + E1), 
Uy2(t) = O 05 / Vi(r)[mec? + H(r) + V (r)]Wo(r)d?r = O(t) 5 Vio. 
U»(t)=0 05 J Ws (r) me? + A(r) + V(r)|Va(r)d?r = O i) S m.e + E2), 
EA one J U5 (r)[mec? + Ê(r) + Y (n) (7)dr = © SV, 


(63) 


where V;; are matrix elements of the virial operator (17). After substitution of 
Eq. (63) in Eq. (62), it possible to find that the function (59) is 


—im,c?t 


P(r, t) = exp( t) [Wi (r,t) + Vi(r,t)], (64) 
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where 
1 CLE XE Vi 
Vi(r,t) = EL "uc —À ue ew( i x) | E es P(r) 
1 „Et Viz 
+ el i ) SOS — Ej 1)» (65) 
and 


d ( 2j | Vai 
i exp 1 


ch h 
Ext eVar 
Wa(r). 66 
+ exn( E) a(r) (66) 
It is possible to demonstrate that with accuracy to the first order of the small 


parameter, lel « 1, the wave function (64)-(66) can be written as 


TA es = exp] QURE 2L i e { | T Vi(r) 
ta E mye} 
| = exp {me -o T ax { h "n Vj(r) 
ta ae gj tin \ (67) 


where the wave function is normalized with the same accuracy: 


n tir, tdr 2140 (£). (68) 


Taking into account that we consider macroscopic coherent ensemble of superposi- 
tion of quantum states (59) and (67), it is easy to calculate the expectation value 
of energy per one electron in gravitational field for wave function (67): 


(E) = mee? (1 | S) pero (: ! £) rV. (69) 


Note that the first term and the second one are expected. On the other hand, 
the last term contains contribution to the weight of macroscopic coherent ensemble 
from the virial term (17) and breaks the equivalence of passive gravitational mass 
and energy for quantum superposition of stationary state. 

Note that so far we have considered macroscopic coherent ensemble of superpo- 
sition of stationary wave functions, which is characterized by constant difference of 
phases, a = 0, between the first and the second quantum states. If we introduce 
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more general macroscopic coherent ensemble, 


U(r,t) = ^ exp (=) les (t) V;(r) 


—iE»t 
+ exp(ia) ew( = ) win 2 (70) 
the expectation value of energy in the gravitational field (3) is changed, 
2f,, 9X , (+k) 9 Q 
(E) = mec (: H S) H 2d 14 ED + Vi» cos aT (71) 


It is important that Eqs. (69) and (71) directly demonstrate the breakdown of the 
equivalence between gravitational mass and energy at macroscopic level for coherent 
ensemble of superposition of stationary quantum state. On the other hand, for the 
noncoherent ensembles, phase o is not fixed in Eq. (71) and, thus, the last virial 
terms quickly averages to zero. 


6. Inequivalence Between Active Gravitational Mass and Energy 
at Macroscopic Level 


5:0. where we showed that active gravitational 


mass and energy were inequivalent to each other at macroscopic level for coherent 


In this section, we review our results 


ensembles of quantum superpositions of stationary states. 


6.1. Active gravitational mass in classical physics 


Here, we determine electron active gravitational mass in a classical model of a 
hydrogen atom, which takes into account electron kinetic and potential energies". 
More specifically, we consider a particle with small bare mass me, moving in the 
Coulomb electrostatic field of a heavy particle with bare mass m, >> me. Our task 
is to find gravitational potential at large distance from the atom, R > rg, where 
rg is the the so-called Bohr radius (i.e. effective "size" of a hydrogen atom). Below, 
we use the so-called weak field gravitational theory ^", where the post-Newtonian 


gravitational potential can be represented as?1? 


$ Aging Aree t 
o(R, t) = I cf : Di L Da r, 


(72) 


where ATYP (t, r) and ATP (tv) are contributions to stress-energy tensor den- 
sity, Toa (t, due to kinetic and the Coulomb potential energies, respectively. 
We point out that, in Eq. (72), we disregard all retardation effects. Thus, in the 
above-discussed approximation, electron active gravitational mass is equal to 


ME = Me + = farses + ATP (t, r)]dr. (73) 
č 
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Let us calculate ATS? (t, r), using the standard expression for stress-energy 
tensor density of a moving relativistic point mass 1?: 


Mev? (tjv? 
= PUO st — reft), (74) 
MU 


where v* is a four-velocity, ó?(...) is the three-dimensional Dirac ó-function, and 
r-(t) is a three-dimensional electron trajectory. 
From Eqs. (73) and (74), it directly follows that 


2 2 
; : i 
arin) = [ artery = mele m - mec? (75) 
v*(t 
1— 3 


Note that, although calculations of the contribution from potential energy to stress— 
energy tensor are more complicated, they are straightforward and can be done by 
using the standard formula for stress-energy tensor of electromagnetic field?, 


1 1 
Dc p^r. -= i” Fon], (76) 
where nag is the Minkowski metric tensor, F aÊ is the so-called tensor of electromag- 
netic field?. In this paper, we use approximation, where we do not take into account 
magnetic field and keep only the Coulomb electrostatic field. In this approximation, 


we can simplify Eq. (76) and obtain from it the following expression: 
2 
ATO (t) = / ATP (t, r)dr = —2——, (77) 
r(t) 
where e is the electron charge. As directly follows from Eqs. (75) and (77), electron 
active gravitational mass can be represented in the following way: 


mec? e? Mev? e? 
CONUM C ae 
fer RE 
" c c? 
me = E + 3 : (78) 


We note that the first term in Eq. (78) is the expected one. Indeed, it is the total 
energy contribution to the mass, whereas the second term is the so-called relativistic 
virial one !?. It is important that it depends on time. Therefore, in classical physics, 
active gravitational mass of a composite body depends on time too. Nevertheless, 
in this situation, it is possible to introduce averaged over time electron active gravi- 
tational mass. This procedure results in the expected equivalence between averaged 
over time active gravitational mass and energy”: 


mec? - e Mev? = e 
1/2 1/2 
| 3 | l | a) | 
ss 1— —À 


(79) 
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We point out that, in Eq. (79), the averaged over time virial term is zero due to 
the classical virial theorem. It is easy to show that for nonrelativistic case, our 
Eqs. (78) and (79) can be simplified to 


mv? e 9 mv? e 
2 T ; 2 T 


(80) 


m, = Me + 


and 


6.2. Active gravitational mass in quantum physics 


In this section, we consider the so-called semiclassical theory of gravity 14, where, 
in the Einstein's field equation, gravitational field is not quantized but the matter 
is quantized: 


1 8rG |» 
Rw — pony = "a Eu )- (82) 


Here, (T,,) is the expectation value of quantum operator, corresponding to the 
stress-energy tensor. To make use of Eq. (82), we have to rewrite Eq. (80) for 
electron active gravitational mass using momentum, instead of velocity. Then, we 
can quantize the obtained result: 


p e? 5 pP e? 
! 2m. r | 2m, r (83) 


c c? 


Sigh 
Me = me 


Note that Eq. (83) represents electron active gravitational mass operator. As di- 
rectly follows, the expectation value of electron active gravitational mass can be 


written as 
( p -) (2 p 2y 
" 2Me r 2Me T 


c c 


(84) 


where third term is the virial one. 


6.2.1. Equivalence of the expectation values of active gravitational 
mass and energy for stationary quantum states 


Now, we consider a macroscopic ensemble of hydrogen atoms with each of them 
being in the nth energy level. For such ensemble, the expectation value of the mass 
(83) is 


(85) 
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In Eqs. (84) and (85), we take into account that the expectation value of the virial 
term is equal to zero in stationary quantum states due to the quantum virial theo- 
rem ?, Thus, we can make the following important conclusion: in stationary quan- 
tum states, active gravitational mass of a composite quantum body is equivalent to 


its energy at a macroscopic level?:19. 


6.2.2. Inequivalence between active gravitational mass and energy for 
macroscopic coherent ensemble of quantum superpositions of 
stationary states 


Below, we introduce the simplest macroscopic coherent ensemble of quantum su- 
perpositions of the following stationary states in a hydrogen atom, 


V(r,t)— s" mec) E ee (i5) 


destino) Ue duo 223] (86) 


where V;(r) and W2(r) are the normalized wave functions of the ground state (1S) 
and first excited state (2S), respectively. We stress that it is possible to create the 
coherent superposition, where o — const for all macroscopic ensemble, by using 
lasers. It is easy to show that the superposition (86) corresponds to the following 
constant expectation value of energy in the absence of gravitational field, 


Eı + E. 
ama ` 


Nevertheless, as seen from Eq. (84), the expectation value of electron active grav- 
itational mass operator for the wave function (86) is not constant and exhibits 
time-dependent oscillations: 


Ej ES Vie | 
} | cos 


(E) = mc? + (87) 


(Fi - a (88) 


where Vj 2 is matrix element of the virial operator, 


Vi2= foo (2 a -) Wo(r) dr, (89) 


2Me r 


between the above-mentioned two stationary quantum states. It is important that 
the oscillations (88) and (89) directly demonstrate breakdown of the equivalence 
between the expectation values of active gravitational mass and energy for coherent 
quantum superpositions of stationary states?^!?. We pay attention to the fact that 
such quantum time-dependent oscillations are very general and are not restricted 
by the case of a hydrogen atom. They are of a pure quantum origin and do not 
have classical analogs. 
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6.3. Experimental aspects 


In this section, we suggest an idealized experiment, which allows to observe quantum 
time-dependent oscillations of the expectation values of active gravitational mass 
(88). In principle, it is possible to create a macroscopic ensemble of the coherent 
quantum superpositions of electron stationary states in some gas with high density. 
It is important that these superpositions have to be characterized by the feature 
that each atom (or molecule) has the same phase difference between two wave 
function components, Vj(r) and W2(r). In this case, the macroscopic ensemble 
of the atoms (or molecules) generates gravitational field, which oscillates in time 
similar to Eq. (88), which, in principle, can be measured. It is important to use 
such geometrical distributions of the molecules and a test body, where oscillations 
(88) are “in phase” and, thus, do not cancel each other. 


7. Summary 


In Conclusion, in this paper, we have discussed in detail the breakdown of the 
equivalence between active and passive gravitational masses of an electron and its 
energy in a hydrogen atom. We stress that the considered phenomena are very 
general and are not restricted by atomic physics and the Earth’s gravitational field. 
In other words, the above discussed phenomena exist for any quantum system with 
internal degrees of freedom and at any gravitational field. In this paper, we also 
have improved several drawbacks of the original pioneering works. 
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Cosmological and astrophysical surveys from radio to far-infrared, in both temperature 
and polarization, offer a unique view of the Universe properties and of the formation and 
evolution of its structures. The last release, close to be finalized, of the Planck mission 
results sets the scene for cosmological models and parameters, while the comparison with 
other types of data sets raises the issue of possible tensions about some parameters, first 
of all the Hubble constant. At the same time, on the extragalactic side, Planck carried 
out the deepest systematic all-sky survey of SZ galaxy clusters and detected thousands 
of dusty galaxies and many hundreds of extragalactic radio sources, also allowing us to 
investigate many specific topics, including molecular hydrogen clouds in galactic halos. 
The exploitation of future generation of CMB missions and the next radio facilities 
will allow us to deeply investigate several topics in cosmology and astrophysics, from the 
existence of primordial gravitational waves to the energy releases in the primeval plasma, 
from the dawn ages and the epoch of reionization to the formation and evolution of early 
galaxies and clusters, while a wide set of open astrophysical problems can be studied 
with future IR missions. 


Keywords: Cosmology; Background radiations; Radio, microwave; Origin and formation 
of the Universe; Observational cosmology; Large scale structure of the Universe; Galaxies. 


1. Introduction 


The past and recent surveys from radio to far-infrared have offered fundamental 
probes to answer to many questions of cosmology and on the formation and evo- 
lution of the cosmic structures at different scales and times. In particular, the ac- 
curate observations of cosmic microwave background (CMB) properties sanctioned 


*Based on talks presented at the Fourteenth Marcel Grossmann Meeting on General Relativity, 
Rome, July 2015. 
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the passage to the so-called precision cosmology, calling for a further progress to 
unravel the mysteries of the early Universe and of its evolution up to the present 
epoch and beyond. At the same time, the information contained in the radio sky 
is of increasing relevance to unveil the complexity of the early stages of stars and 
galaxies stored in the imprints left in the cosmic background by the 21-cm red- 
shifted line from neutral hydrogen from the dark and dawn ages to the epoch of 
reionization (EoR), accessible thanks to the enormous improvement of recent and 
future radio projects and facilities. Sub-millimetre to infrared (IR) observations of- 
fer powerful diagnostics for a broad set of astrophysical mechanisms and conditions, 
also because, due to the reprocessing and the cosmic expansion, a large fraction of 
the optical and ultraviolet radiation from stars in galaxies comes to us at longer 
wavelengths. The exploitation of these surveys also revealed the close connection 
between our comprehension of the global properties of the Universe and the detailed 
understanding of the astrophysical processes operating in bounded objects and in 
the diffuse medium at different scales. 

The structure of this paper is as follows. In Sect. 2.1 we report on some of the 
main cosmological results from the Planck mission, focussing on the precise deter- 
mination of cosmological parameters in the A cold dark matter (ACDM) model and 
in some extensions, and discuss the issue of possible tensions about some param- 
eters, first of all the Hubble constant. The estimation of a particular parameter 
combination based on the analysis of the diffuse thermal Sunyaev-Zeldovich (SZ) 
effect coming from all the galaxies clusters and the related so-called bias problem 
are discussed. In Sect. 3 we briefly describe recent proposals of future CMB mis- 
sions and their main scientific purposes. Sect. 4 is dedicated to some specific topics 
in astrophysical cosmology, namely the study of CMB spectral distortions and of 
cosmic IR. background (CIB) spectrum through the analysis of the cosmic dipole 
frequency behaviour aimed at constraining the (early and late) thermal and star 
formation histories, the cosmological evolution of neutral hydrogen at high redshifts 
through the analysis of the 21-cm redshifted line and the imprints of black holes 
high mass X-ray binaries microquasars in cosmic backgrounds. In Sect. 5 we move 
to extragalactic astrophysics. After a brief description of the Planck contribution in 
the field, we illustrate two new promising research paths, the study of early phases 
of galaxy evolution exploiting the strong gravitational lensing and of the cluster 
evolution, in relation to the prospects of future CMB experiments. We then report 
on an investigation of the molecular hydrogen clouds in galactic halos using Planck 
observations of the Doppler asymmetry in CMB radiation. We finally illustrate a 
wide set of open astrophysical problems that can be investigated with a future IR. 
space mission. 
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2. Cosmological parameters 
2.1. Planck results 


The Planck satellite?, launched in 2009, was equipped with a Gregorian dual reflec- 
tor telescope of 1.5m diameter, whose focal plane was able to collect the microwave 
photons owing to two wide band cooled receiver arrays, the Low Frequency In- 
strument (LFI) made up of radiometers operative at 20 K, and the High Frequency 
Instrument (HFI) composed of bolometers working at 100 mK. The two instruments 
observed the sky in 9 frequency bands, performing respectively 8 and 5 nearly all 
sky surveys, LFI at 30, 44 and 70 GHz and HFI at 100, 143, 217, 353, 545, 857 GHz, 
with telescope optical axis pointing at 85? from the spin axis'?. Planck observed 
the sky from a large Lissajous orbit around the Sun-Earth L2 Lagrange point in 
order to offer stable observing conditions and minimize contamination from side 
lobe pick-up of stray radiation from the Sun, Earth, and Moon, scanning the sky 
while spinning at 1rpm in almost great circles. The Planck full width half maxi- 
mum (FWHM) resolution ranges from 33.3' to 4.3’ from 30 GHz to 857 GHz, and 
the final sensitivity per FWHM? resolution element span ~ 2 — 14 uK/K in terms 
of 6T/T for frequencies v < 353GHz. 

Reprocessing LFI and HFI data, the Planck Collaboration released maps in tem- 
perature at the nine frequency bands and in polarization at the seven polarization 
sensitive bands up to 353 GHz, and extracted Stokes T, Q,U parameter maps of 
CMB anisotropies on the whole sky with unprecedented sensitivity and resolution. 
For many investigations, the anisotropy signals of billions of pixels are compressed 
in several thousand of numbers, namely the correlators C% Y , where X and Y stands 
for T, E, B, at the multipole £ ~ 180°/0, 0 being the angular scale of interest. A lin- 
ear combination of Q,U allows us to define, in Fourier space, the pure polarization 
angular power spectra (APS), the so-called E-modes (gradient component) and B- 
modes (curl component). Together with temperature anisotropies, four APS, C77, 
dr GPs. Cr. the latter being the temperature polarization cross correlation, 
were extracted. Under the assumption of random Gaussian fluctuations, the CMB 
APS CY contain all the relevant statistical information that was indeed mainly 
analyzed through Markov chain Monte Carlo methods ingesting the corresponding 
theoretical predictions of Boltzmann codes to derive the cosmological parameters 
characterizing sets of models, marginalizing also over instrument and foreground 
residual parametrizations?. 

Cosmological results based on Planck observations were presented in three (2013, 
2015 and 2018) subsequent releases. The temperature and polarization CMB APS 
are consistent with the standard spatially-flat six-parameter ACDM cosmology with 
a power-law spectrum of adiabatic scalar perturbations (denoted “base ACDM”). 


? Planck hosted instruments provided by two scientific Consortia funded by European Space Agency 
(ESA) member states (in particular the lead countries: France and Italy) with contributions from 
National Aeronautics and Space Administration (NASA), USA, and telescope reflectors provided 
in a collaboration between ESA and a scientific Consortium led and funded by Denmark. 
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Table 1. Estimation and 6896 C.L. intervals for the six-parameters of the base 
ACDM model and five derived parameters from the 2018 Planck release of CMB 
APS in TT and low-€ EE modes (second column) and in TT, EE and TE modes 


in combination with CMB lensing reconstruction and BAO (third column). 
Six-parameters of the base ACDM model 
QA? 0.02212 + 0.00022 0.02242 + 0.00014 
Qch? 0.1206 + 0.0021 0.11933 + 0.00091 
1000yc 1.04077 + 0.00047 1.04101 + 0.00029 
T 0.0522 + 0.0080 0.0561 + 0.0071 
In(1019 As) 3.040 + 0.016 3.047 + 0.014 
Ns 0.9626 + 0.0057 0.9665 + 0.0038 
Derived parameters 
Ho [km/s/Mpc] 66.88 + 0.92 67.66 + 0.42 
Om 0.321 + 0.013 0.3111 + 0.0056 
og 0.8118 + 0.0089 0.8102 + 0.0060 
109 A;e-?7 1.884 + 0.014 1.881 + 0.010 
Age of the Universe [Gyr] 13.830 + 0.037 13.787 + 0.020 


Cosmological parameter results^ from the final full-mission Planck measure- 
ments? / have been presented in the 2018 release, combining information from the 
temperature and polarization maps and the lensing reconstruction and including 
the information from baryonic acoustic oscillations (BAO) (see Tab. 1).^ 

Compared to the 2015 results?, the improved measurement of large-scale polar- 
ization, foreground cleaning and likelihood analysis allow us to measure the value 
of 7 (see also Sects. 4.1 and 4.2) with higher precision, suggesting a mid-point 
reionization redshift in the range ~ 7.1 — 7.8 only slightly dependent on the ex- 
plored data set (namely, zre = 7.50 + 0.82 or z,, = 7.8 + 0.7 with reference to the 
cases in Tab. 1), in agreement with astrophysical observations of quasar absorption 
lines and supporting models in which reionization happened relatively fast and late. 


Extensions to more general reionization models indicate that the results found for 
the other cosmological parameters are essentially insensitive to uncertainties in the 
reionization history. 

The refined analysis of the small-scale polarization provided a more robust deter- 
mination of many parameters, the uncertainties in the treatment of various types of 
residuals affecting their estimation only at the 0.5 c level. A remarkable, good con- 
sistency of the six parameters of the base ACDM model was found when considering 


> According to ref.^ h = Ho/(100km/s/Mpc), Ho being the Hubble constant; Qp, Oc and Nm 
are respectively the baryon, cold dark matter (CDM) and (global, non-relativistic) matter density 
parameters; 7 is the Thomson optical depth of cosmological reionization; 0mc is an approximation 
to the acoustic scale angle 0. = r./ Dy where rx is the comoving sound horizon at recombination 
quantifying the distance the photon-baryon perturbations can influence, and Dm = (1 + z)Da, 
where Da is the usual angular diameter distance, is the comoving angular diameter distance that 
maps this distance into an angle on the sky; As and ns are the amplitude and spectral index of 
the power spectrum of primordial scalar perturbations; og is the matter fluctuation amplitude on 
a scale of 8h~!Mpc. 
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polarization, temperature, and lensing data, separately and in combination. Even 
considering many typical extensions of this model, the results found for these pa- 
rameters remain substantially stable, with only a weak dependence on the adopted 
cosmological model and only slightly increased uncertainties in their estimation. 


2.2. Model extensions and the tension on the Hubble constant 


Various types of extensions of the base ACDM model were considered in the Planck 
2018 release, finding no compelling evidence supporting extensions to the base 
ACDM model. 

Relativistic particle influence CMB anisotropies, mainly at intermediate and 
small angular scales. Planck data in combination with BAO measurements (and 
considering single-parameter extensions) constrain the effective extra relativistic 
degrees of freedom to be Neg = 2.99 — 0.17, in agreement with the Standard Model 
prediction Neg = 3.046, and tightly constrain the neutrino mass to $5 m, < 0.12 eV. 

Standard big-bang nucleosynthesis predictions for the helium and deuterium 
abundances for the base ACDM cosmology are in excellent agreement with obser- 
vations. 

'The CMB spectra prefer higher lensing amplitudes than predicted in base ACDM 
model at over 20, which pulls some parameters that affect the lensing amplitude 
away from the ACDM model; however, this is not supported by the lensing recon- 
struction? or (in models that also change the background geometry) BAO data. 

'The joint constraint with BAO measurements on spatial curvature is consistent 
with a flat universe, Qg = 0.001 4 0.002, while combining with Type Ia supernovae 
(SNe), the dark energy (DE) equation of state parameter is measured to be wo — 
—1.03 + 0.03, with no significant deviations from an interpretation in terms of a 


cosmological constant. 

At the scales measured by Planck the primordial spectrum has been found to be 
well described by a pure power-law. The joint analysis of CMB polarization from 
Planck, BICEP2 and Keck Array data, in combination with measurements from 
BAO, sets the ratio between primordial tensor and scalar perturbations to r « 0.07 
at the wavenumber k — 0.002, constraining inflationary models? and setting the 
scene for future projects (see Sect. 3). 

The Planck base ACDM results are in good agreement with BAO, SNe, and some 
galaxy lensing observations, but in slight tension with the Dark Energy Survey's 
combined-probe results including galaxy clustering (which prefer lower fluctuation 
amplitudes or matter density parameters). 

The value of the Ho for the Planck base ACDM cosmology results in substantial 
tension, at ~ 3.60 level, with the local determination through Type Ia SNe by 
ref. 1? and even more, at ~ 4.40 level, with the most recent one by ref. !! which im- 
plies a higher value, Hp = (74.03 + 1.5)km/s/Mpc, while the Planck measurement 
is in excellent agreement with independent inverse-distance ladder measurements 
using BAO, SNe, and element abundance results. Model extensions have been 
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investigated in ref.* to resolve the tension with the value of Ho from Type Ia SNe, 
including, other than those mentioned above, also modified gravity, DE models, 
recombination history, primordial scalar perturbations with running spectral in- 
dex possibly combined with tensor modes, but none of these models convincingly 
resolves this problem. 

An attempt to solve this tension involves the observational evidence of the exis- 
tence of local radial inhomogeneities extending in different directions up to a redshift 
z œ 0.07 that could affect a significant fraction (~ 40%) of the Cepheids used for 
SNe calibration. Different methods used in ref.!? to compute the effects of these 
inhomogeneities on the low-redshift luminosity and angular diameter distance, us- 
ing an exact solution of the Einstein’s equations, linear perturbation theory and a 
low-redshift expansion, point towards the relevance of the non-relativistic Doppler 
redshift correction (proportional to the volume averaged density contrast and to 
the comoving distance from the center). Using a new direct relation between the 
luminosity distance and the monopole of the density contrast, which does not in- 
volve any metric perturbation, the monopole of the density field was reconstructed 
through a new inversion method from the deviations of the redshift uncorrected ob- 
served luminosity distance respect to the ACDM prediction based on cosmological 
parameters obtained from large scale observations. The method suggests the exis- 
tence of inhomogeneities effects not previously taken into account in density field 
maps at z < 0.06, used to obtain the peculiar velocity for redshift correction, i.e. 
at a scale not large enough for detecting inhomogeneities up to z = 0.07, underly- 
ing the relevance of accurately normalizing the density field respect to the average 
large scale density of the Universe. Of course, the CMB high-z measure of Ho are 
insensitive to local inhomogeneities. 

Other methods explore observations at intermediate redshifts. For example, in 
ref. 13 the joint use of four different observables (SZ effect combined with X-ray sur- 
face brightness of galaxy clusters, ages of old high-redshift galaxies, observational 
measurements of the Hubble parameter, and BAO peak) proposed in ref.!^ was 
revised reconsidering the sample of galaxy clusters and performing a new character- 
ization of systematic uncertainties, and a value of Ho fully consistent with Planck 
results was inferred. 

Forthcoming cosmological surveys in various bands, including those aimed at 
filling the gap between low and high redshifts measures of Ho, will allow us to 
firmly understand if the tension comes from observational or data analysis issues 
or reflects instead the imprint of physics beyond ACDM possibly involving, e.g., 
specific neutrino sector!? or early DE!® models. 


2.3. Constraints from thermal SZ power spectrum 


The Planck mission performed multifrequency surveys of the SZ effect, the Second 
Planck catalogue of SZ galaxy clusters (PSZ2) being the largest and deepest all- 
sky selected galaxy clusters archive, enclosing 1653 sources!’, ~ 73% of them with 
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counterparts in external data sets (see also ref.?). Remarkably, the Planck surveys 
allowed us to study the diffuse thermal SZ (tSZ) effect coming from all the galax- 
ies clusters in the observable Universe through the analysis of the fluctuations of 
the Comptonization parameter, y, representing an important tool to probe clusters 
physics and evolution as well as cosmology ^. In particular, the angular power spec- 
trum of the t827?, C17 = f dz[dV/(dzdQ)] f dM(dn/dM) lye (M, z)l^, depending 
on the halo mass function, dn/dM, and the squared amplitude of two dimensional 
|2, integrated over the redshift, 
with the differential volume element, and over the masses, provides information on 


Fourier transform of the electron pressure profile, |y; 


certain combinations of cosmological parameters ?0. 

At large scales ( S 10?) CtS4 reflects the Poisson random distribution of the 
sources and the evolution of the halo mass function related to the amplitude of 
matter clustering, i.e., to og. The electron pressure profile is instead relevant at all 
scales, affecting the Pr amplitude and, at smaller scales, the G44 shape, because 
of the halos morphology, resulting in a peak in (£ + 1)C}S4 at £ ~ 3000. The 
determination of the electron pressure profile dependence on the cluster mass is 
based on the relation between the SZ flux and the mass. The latter is typically 
inferred from X-ray observations and suffers from a relevant mismatch with that 
derived from lensing observations, when available, that are in principle sensitive 
to the true cluster mass, thus calling for the introduction of a bias parameter, 
B = (1—b)1, in the formula of the electron pressure profile, (1 — b) being the usual 
mass bias factor accounting for any difference between the X-ray mass proxies used 
to establish the scaling relations and the true (halo) mass. 

At £ Ș 10°, CF? is found to be mainly dependent on the parameter combination 


F = ag (Q4,/ B)? 5-9?! through the approximate relation £(£ + 1)CtS4 ox F®!, 
and F can be then estimated from data with likelihood methods including also 
proper parametrizations of noise and the other ("foreground") contributions to C;. 
The value F = 0.460 + 0.012 at 68% CL retrieved in this way can be compared with 
that of FB9.4? = 0.568 + 0.015 at 68% CL derived from Planck CMB temperature 
and low- polarization anisotropy for the base ACDM model in the second release? 
(or only slightly changed when using the values in Tab. 1), thus requiring B = 
1.71 3: 0.17 at 68% CL, i.e. 1 — b ~ 0.58, consistent with results from SZ number 
counts?!, i.e. the mass estimated from X-rays is about 4096 lower than their true 
mass??, Including deviations from hydrostatic equilibrium by non-thermal pressure 


could partially alleviate this problem, while forthcoming X-ray measurements by, 
e.g., eROSITA, will greatly reduce uncertainties in X-ray data and, together with 
next SZ observations, e.g., from NIKA2, could solve this bias problem, making 
galaxies clusters competitive to constrain some cosmological parameters, or, maybe, 


reveal new physics”. 
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3. Future CMB missions 


Recent proposals of CMB missions are based on concepts and designs aimed at 
improving the measure of polarization anisotropies and at minimizing the impact of 
foregrounds using a large number of frequency channels (see also the CM1 session, 
and related contributions in these proceedings, for their complementarities with 
ground-based and balloon-borne projects). 

The Primordial Inflation Explorer?? (PIXIE) is an Explorer-class mission sub- 
mitted to NASA in 2011 aimed at the mapping with high signal to noise ratio in 
absolute intensity and linear polarization the CMB and the diffuse astrophysical 
foregrounds over the full sky, from 30 GHz to 6 THz (1 cm to 50 um) with degree 
resolution. It is designed to perform absolute spectroscopy measurements and to 
simultaneously observe the large-scale CMB B-modes. It will provide crucial con- 
straints on Universe ionization history, on CIB spectrum and anisotropies. Great 
hopes on CMB spectral distortion parameters (see also the CM3 session and related 
contributions in these proceedings) are expected from PIXIE, thanks to its abso- 
lute calibration of the CMB temperature measure with a precision about 10? times 
better than COBE/FIRAS. 

LiteBIRD ? is a degree resolution Lite (Light) Satellite for the studies of B-mode 
polarization and Inflation from cosmic background Radiation Detection at the 
extremely early Universe proposed to the Japan Aerospace Exploration Agency 
(JAXA) in 2015. It is a highly-targeted mission, with the primary aim of the 
B-modes detection at the level of r ~ 107°, about one order of magnitude lower 
than that achievable from the ground, performed in combination with ground based, 
high-resolution telescopes helping the accurate subtraction of the lensing contribu- 
tion to B-mode. 

The Cosmic ORigins Explorer (CORE)?°, submitted to the ESA in 2016 in 
response to a call for future medium-sized space mission proposals for the M5 launch 
opportunity of ESA Cosmic Vision programme, is a satellite dedicated to microwave 
polarization. CORE is targeted to provide and exploit definitive maps of CMB 
polarization anisotropies at large and medium angular scales, with a suppression 
of all systematic effects at an extremely accurate level over 19 frequency channels 
spanning the 60-600 GHz range, relevant to characterize astrophysical foreground 
emissions. 

The Probe of Inflation and Cosmic Origin (PICO)?8 is currently one of the 8 
Probe-Scale — $ 400M — $ 1000 M - space missions proposed to NASA whose study 
is being funded. The concept and performance of PICO are similar to those of 
CORE, but with 21 frequency bands in the 21-799 GHz range, i.e. a larger frequency 
coverage for a better control of foreground signals and astrophysical studies. 

CMB Bharat? is a satellite, proposed in response to the Announcement of Op- 
portunity for future Astronomy missions by the Indian Space Research Organisation 


“http: //cmb-bharat.in/ 
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(ISRO), dedicated to microwave polarization with concept and performance similar 
to those of CORE but with a proposed frequency coverage up to about 900 GHz 
to further improve CIB science and foreground mitigation, and, possibly, equipped 
with a dedicated spectrometer to perform absolute spectrum measurements and 
useful also for high level calibration of the differential polarization signal. 

Remarkably, the next generation of CMB missions, and, if funded, a large 
mission, as, e.g., in the view proposed for the Polarized Radiation Imaging and 
Spectroscopy Mission (PRISM)?", far from being limited to the scientific outcomes 
driven by their main goals, will allow us to significantly improve the current re- 
sults in parameter estimation and large scale structure, to characterize a wide set 
of cosmological model extensions, to answer fundamental physics questions, and, in 
the case of a detection of primordial gravitational waves, to determine the shape of 
their spectrum with great implications for our understanding of the early Universe 
(see, e.g., refs. ?9?? for detailed forecasts based on CORE specifications), offering at 
the same time exquisite all-sky surveys for astrophysical studies, both Galactic and 
extragalactic (see Sect. 5.1). 


4. Astrophysical cosmology 
4.1. Thermal and star formation history from cosmic dipoles 


The analysis of cosmic dipoles is crucial in cosmology, being linked with the isotropy 
and homogeneity of the Universe at the largest scales. The observed dipole comes 
from different contributions, of both cosmological and astrophysical (extragalactic 
and Galactic) origin. The frequency spectral behaviour of the dipole effect due to 
the observer motion with respect to the CMB rest frame offers the opportunity 
to be investigated to constrain the CMB and CIB frequency spectra thanks to 
future missions, described in Sect. 3, without requiring an independent absolute 
calibration (see Trombetti, these proceedings). 


4.1.1. CMB and CIB spectra: from monopoles to dipoles 


The precise interpretation of tiny CMB spectral distortions predicted at differ- 
ent cosmic times provides information on cosmological and astrophysical processes, 
some of them unavoidable, otherwise unexplored. The analysis of CIB spectrum, 
still not well known, can provide instead a better understanding of the dust-obscured 
star-formation phase of galaxy evolution. Since FIRAS, no remarkable improve- 
ments have been achieved in the knowledge of CMB spectrum at v = 30 GHz, 
while, in spite of its absolute calibration precision of 0.57 mK, the FIRAS charac- 
terization CIB amplitude and shape still presents a substantial uncertainty. 

At early times, a Bose-Einstein (BE) like distorted spectrum with a positive 
(dimensionless) chemical potential, u, is produced by the dissipation of primordial 
3031. Moreover, the matter temperature faster decrease 
with respect to that of radiation temperature in an expanding Universe produces 


perturbations at small scales 
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a spectral distortion mainly characterized by a BE-like spectrum with a negative 
chemical potential. The chemical potential quantifies the fractional energy, Ae/e;, 
exchanged in the plasma during the interaction; for small distortions, p ~ 1.4Ae/e;. 
The photon occupation number of the BE spectrum is npg = 1l/(e*«*" — 1), 
where ze = z/ó(z), é(z) = Te(z)/Tomp(z), being T.(z) the electron temperature, 
Tome = To(1-- z) and xz = hv/(kTowng) a redshift independent, dimensionless 
frequency. The electron heating during the cosmological reionization associated 
with the early stages of structure and star formation is responsible for late type 
distortions, described, at high frequency, by a Comptonization spectrum ?? with 
Comptonization parameter u(t) — MC — i)/¢|(keTe/mec?)neorcdt. For small 
energy injections and integrating over the relevant epochs u œ (1/4)Ae/e;. CMB 
spectrum studies can also constrain many types of non-standard processes, i.e. non 
evaporating BH spin, small scale magnetic fields power spectra, vacuum energy 
density and particle decay. 

The analytic form of the CIB spectrum, observed at present time, is?? ncrg = 
[c? /(2hv?)|Icrp(v) = Ip [ka Torn/ (hvo)]** urs (eros E: 1), with Tore = (18.5 als 
1.2) K, zorg = hv/keTorg = T-18(v/vo), vo = 3 x 10!? Hz and kp = 0.64 £0.12. 
Here Jp sets the CIB spectrum amplitude, its best-fit value being (1.3 + 0.4) x 
1075. Indeed, the direct determination of the CIB spectrum is not trivial, requiring 
absolute intensity measurements and being limited by foreground signals. 

A relative velocity between an observer and the CMB rest frame induces a dipole 
(the so called Z = 1 anisotropy) in the CMB sky temperature through the Doppler 
effect, dominated by the velocity of the Solar System, Bs = vs/¢, with respect to 
the CMB (Solar dipole), with a seasonal modulation due to the velocity of the Earth 
or the satellite, Bo, with respect to the Sun (orbital dipole). Neglecting the orbital 
dipole (useful for calibration aims), we will denote with B the relative velocity of 
the Solar dipole. 

The dipole amplitude is directly proportional to the first (logarithmic) derivative 
with respect to the frequency of the photon occupation number**. More in general, 
the full pattern at a given observational frequency, Vobs, can be computed from the 
photon distribution function, rjPP:4/*' for the assumed type of distortions (BB, CIB, 
BE or Comptonization (C)) at the frequency vobs multiplied by (1— Ê- 8)/(1— 82)1/2 
to account for all the possible sky directions with respect to the observer peculiar 
velocity??. The observed signal map in thermodynamic temperature is given by 
quisi duet À, B) = aT /In(1/ (n(v, à, BPB tst + 1)), where q(v,, B) = n(v/) with 
v! = v((1—-8)/(1— 82)/?. Decomposing the maps into spherical harmonics and 
reproducing them from the ag, up to a desired multipole mag, it is possible to 
compute the signal map for each £Z: at the accuracies of the discussed projects, it is 
found to be important for the dipole, possibly appreciable for the quadrupole and 
of strongly decreasing relevance at higher multipoles. 
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4.1.2. Results and perspectives 


Detailed simulations allow us to quantify the sensitivity of a given project to measure 
spectral distortion parameters and CIB amplitude in the presence of only ideal noise 
or including also potential (calibration and foreground) residuals through Ax? anal- 
yses based on the comparison of the adopted input sky with different model assump- 
tions, possibly applying suitable sky masks like those publicly available from the 
Planck Legacy Archive (PLA)?. Calibration errors and foreground residuals can be 
modeled generating random fluctuations, depending also on sky signal, parametriz- 
ing their overall fractional levels at a certain pixel scale with two key parameters 
(namely E.4; and Er). 

The joint exploitation of all frequency channels (assumed independent from each 
other) and of the combinations of the maps differences from pairs of frequency 
bands is found to be particularly advantageous, being sensitive to both amplitude 
and spectral shape of the considered dipole signal, while the use of a suitable mask 
can improve parameters reconstruction. Tab. 2 summarizes the main results, ob- 
tained for the CORE specifications, expressed in terms of a factor characterizing 
the improvement with respect to FIRAS. Even under pessimistic assumptions, a 
clear improvement in the CIB spectrum amplitude and a marginal detection of the 
energy release associated to astrophysical reionization models are foreseen, while 
improvements in foreground mitigation and calibration will allow us to derive more 


Table 2. Predicted improvement in the recovery of CIB spectrum amplitude and the CMB 
distortion parameters with respect to FIRAS for different calibration and foreground residual 
assumptions. “P76” stands for the Planck common mask (in temperature) of the PR2-2015 
release covering about 76% of the sky and “P76ext” denotes its extension that excludes all 
the pixels at |b| < 30°. When not stated, all values refer to Eca] and Efor at Nae = 64; 
the values in round brackets possibly refer to the corresponding frequency range (in GHz). 
From ref. ?? [OSISSA Medialab Srl. Reproduced by permission of IOP Publishing. All rights 
reserved]. 


Ecal (%) 
Ideal case, all sky 

All sky 107 
P76 1074 
P76ext 107? 
P76ext 10-4 
P76ext 10-4 

—3 —2 

P76ext 1072295) 10 (340) 
P76ext s ED 


P76ext, Ns = 128 
P76ext, Ns = 128 
P76ext, Ns = 256 
P76ext, Ns = 256 


10 < > 340 


—10.. 
(3340) 


10(<295) 
10.3 107 


(<295) ~~ (>340) 
1073... 102 
(X295) (2:340) 
10:9. 102 


3 http://pla.esac.esa.int/pla/ 
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precise results or constraints on dissipation mechanisms occurring at any epoch, 
including primeval processes. 


4.2. 21-cm signal of neutral hydrogen from high cosmological 
redshifts 


The evolution history of the neutral Universe in the first few hundred million years 
after the Big Bang, as well as the processes of the primordial star formation and 
reionization, remains poorly constrained. Theoretical modelling bridges between 
existing observations of the two dimensional surface of recombination at redshift 
z ~ 1100 probed by the CMB radiation, and the epoch of galaxy formation with 
the most distant detected galaxy located at z = 11.1°°. 

The 21-cm signal of neutral hydrogen provides a unique way to constrain the 
first few hundred million years (see Fialkov, these proceedings). The hyper-fine 
splitting of the lowest hydrogen energy level gives rise to the rest-frame vo, = 1.42 
GHz radio signal with the equivalent wavelength of 21 cm (see ref.?" for a recent 
review). The cumulative signal of neutral intergalactic medium observed against the 
background radiation depends on the processes of cosmic heating and ionization and, 
to the leading order, scales as 751 X xy] (1 — TraalT D where Traa is the brightness 
temperature of the background radiation at 1.42 GHz and Ts is the spin temperature 
of the transition which at cosmic dawn is close to the kinetic temperature of the 
gas, Tk. Owing to its dependence on the underlying astrophysics and cosmology, 
this signal is a powerful tool to characterize the formation and the evolution of the 
first populations of astrophysical sources and, potentially, properties of dark matter 
(DM), across cosmic time. Uncertainties in the high-redshift astrophysical processes 
result in a large variety of the possible 21-cm signals (see grey lines in Fig. 1). 

Observations with the High-Band antenna of the Experiment to Detect the 
Global EoR Signature (EDGES)?? +! and the Shaped Antenna measurement of the 
background RAdio Spectrum2 (SARAS2) 1243 yield upper limits on the 21-cm signal 
from redshifts z ~ 6—15. In the framework of standard astrophysical modelling, the 
data require star formation in small DM halos*! and rule out extremely non-efficient 
X-ray heating sources? 43, 

Recently, the first detection of the sky-averaged (global) 21-cm signal of neutral 
hydrogen from z ~ 13 — 27 has been claimed based on two years of observations 
with the EDGES Low-Band antenna in the 50 — 100 MHz frequency range“*. If 
confirmed, this is the only existing observation from the intermediate redshift range 
and is the first observational evidence of the primordial star formation at z ~ 20 
(~ 180 million years after the Big Bang) and early X-ray heating. The reported 
cosmological 21-cm signal is centered at z = 17.2 (which corresponds to v = 78.2 
MHz), and features an absorption trough of T51 = —5007203 mK, where the error 
corresponds to 99% confidence including both thermal and systematic noise. The 
depth of the feature is at least twice as strong as predicted in standard astrophysical 
scenarios (based on the assumption of ACDM cosmology and hierarchical structure 
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Fig. 1. The variety of plausible predicted 21-cm signals (grey lines - computed here for 50 models 
according to ref.?8) and the best-fit profile of the EDGES Low-band detection (thick black line). 


formation) where the strongest possible feature at z c 17 is ~ —209 mK, assuming 
the CMB as the background radiation with Tcp œ 49.5 K and the coldest possible 
temperature of the intergalactic medium (IGM) of ~ 7.2 K obtained in the absence 
of X-ray heating sources. The observed 75; < —300 mK requires either the gas to 
be much colder (around 5.2 K) or the background radiation to be much stronger 
(around 67.2 K), which is hard to explain by astrophysics alone. The frequency of 
the detected feature can be related to the formation of the first stars which couple 
the spin temperature to the temperature of the gas via absorption and re-emission 
of Ly-a@ photons; while the narrowness of the feature indicates a relatively rapid 
onset of X-ray heating. 

To explain the depth of the reported feature exotic mechanisms have to be 
added to the standard picture. The amplitude of the observed 21-cm feature can 
be explained by non-gravitational interaction between DM and baryons, e.g., via 
Rutherford-like scattering which could drain excess energy from the gas lowering 
its kinetic temperature (see, e.g., ref.4°). Even though this scenario is strongly 
constrained by observations, it is not completely ruled out and is still plausible for 
a narrow range of parameters including the DM mass, electric charge of DM particle 
and cross-section (see, e.g., ref. 09). A smoking gun signature of the baryon-dark 
matter (b-dm) scattering with a velocity-dependent cross-section, first proposed in 
ref. ? as a solution to the EDGES Low-Band anomaly, was shown to be an enhanced 


pattern of BAO in the 21-cm power spectrum". The power spectrum itself is 
boosted by as much as three orders of magnitude which renders the fluctuations 


detectable by telescopes such as the low band antennas of LOFAR. 
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An excess radio background at the rest-frame 1.42 GHz at z = 17 would also 
explain the large contrast observed between the background temperature and the 
spin temperature of the 21-cm transition ^45, Interestingly, evidence of excess radio 
background above the CMB at low radio frequencies was detected by ARCADE2 
at 3— 90 GHz?? and recently confirmed by LWAI at 40 — 80 MHz??. However, it 
is still not clear what part of the observed excess is extragalactic?!. If it exists, the 
excess radio background is also expected to boost the 21-cm power spectrum ??. 

Verification of the EDGES-Low signal is on the way with instruments such as 


the EDGES Mid-Band antenna, SARAS3, LEDA, and the LOFAR Low Band. 


4.2.1. Black holes high mass X-ray binaries microquasars and cosmic 
backgrounds 


A possible explanation of the EDGES excess involving black hole high mass X-ray 
binary microquasars (BH-HMXB-MQs) has been recently proposed in ref.9?. There 
is indeed an increasing evidence of a high formation rate of BH-HMXBs at high 
redshifts, theoretically advanced in ref.°*. According to this model, a significant 
fraction of Pop III stars with mass Z 20 Mo and low metallicity, Z<0.001 Zo, 
in binaries or larger multiple systems is predicted to collapse with no energetic 
SN kicks and to remain in situ, finally resulting into BH-HMXB-MQs of Pop III. 
These objects are likely sources of a substantial synchrotron radio emission, with 
a relatively smooth spectrum, able to produce a cosmic background that could 
significantly enhance the absorption feature of the redshifted 21-cm line by neutral 
hydrogen produced at redshifts z ~ 17. The absence of a cosmic far-IR thermal 
background associated with a cosmic radio background can be explained in this 
model by the fact that BH-HMXB-MQs in stellar clusters of Pop III are formed 
before the appearance of SN explosions, neutron stars and dust. BH-HMXB-MQs 
promptly inject hard X-rays and relativistic jets in the cold hydrogen that enshrouds 
the slowly expanding HII regions ionized by the most massive progenitor stars of 
Pop III. The high column depths for the cold hydrogen IGM largely block the 
X-rays from inner sources but are essentially transparent to the radio synchrotron 
emission. 

Crucial tests of this scenario will be based on the next generation of multi- 
wavelength / multi-messenger surveys, including interferometric observations of the 
HI redshifted 21-cm line able to provide an accurate tomographic view of HI inho- 
mogeneities, X-ray missions that will allow us a better understanding of the HMXBs 
role, and gravitational waves observatories providing a larger statistics of HMXBs 
and BBHs useful for cosmological investigations and, hopefully, a measure of the 
spectrum of gravitational wave background that, in this model, is predicted to have 
a flattening of the spectral index at frequencies as low as ~ 30 Hz. 
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5. Extragalactic astrophysics 
5.1. Extragalactic point sources 


Although the main goal of Planck was to provide accurate all-sky CMB temper- 
ature and polarisation maps, it has supplied unprecedented data of astrophysical 
interest in several fields. On the extragalactic side, Planck carried out the deepest 
systematic all-sky survey of galaxy clusters seen via the SZ effect. It also detected 
thousands of dusty galaxies as well as many hundreds of extragalactic radio sources 
in a spectral range difficult or impossible to explore from the ground and only lightly 
surveyed by other space missions. 

Because of its quite limited angular resolution (c 5’ at sub-mm wavelengths) 
Planck was confusion limited at quite bright flux density levels, so that the over- 
whelming majority of dusty galaxies it detected are very local, at distances generally 
below 100 Mpc??. Planck offered the first opportunity to accurately determine their 
sub-mm properties?9, 

Even more interestingly, Planck opened new paths to the study of early phases 
of galaxy evolution, exploiting the strong gravitational lensing (Sect. 5.1.1), and of 
cluster evolution (Sect. 5.1.2); see De Zotti et al., these proceedings. 


5.1.1. Strongly lensed galaxies 


Somewhat unexpectedly (but see the predictions by ref.?") Planck also succeeded 
at detecting some high-z galaxies whose flux densities were boosted by extreme 
gravitational magnifications?? (see the left panel of Fig. 2.) 

The 11 strongly lensed galaxies discovered on Planck maps?? have redshifts in 
the range 2.2-3.6. This offers the exciting possibility of exploiting high spatial and 
spectral resolution follow-up to address major, still open issues on galaxy formation 
and evolution: which are the main physical mechanisms shaping the galaxy prop- 
erties: in situ processes? interactions? mergers? cold flows from the intergalactic 
medium? How do feedback processes work? To settle these issues we need direct 
information on the structure and the dynamics of high-z galaxies. But these are 
compact, with typical sizes of 1-2 kpc (e.g., ref.??), corresponding to angular sizes 
of 0.1-0.2 arcsec at z 2-3. Thus they are hardly resolved even by ALMA and by 
the HST. If they are resolved, high enough S/N ratios per resolution element are 
achieved only for the brightest galaxies, probably not representative of the general 
population. Strong lensing offers a way out of all these difficulties. 


5.1.2. Proto-clusters 


Classical techniques for detecting galaxy clusters (optical/near-IR “red sequence” , 
X-ray emission, SZ effect) preferentially or exclusively select evolved objects, with 
mature galaxy populations and a hot intra-cluster medium. As a result most known 
clusters are at z « 1.5, i.e. below the peak of global star-formation activity. 
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Fig. 2. Left panel: integral counts of the main extragalactic source populations at 500 um 
(600 GHz). The counts of unlensed (solid black line) and strongly lensed (orange band) high-z 
galaxies (labelled DSFGs) are compared with observational determinations from Herschel surveys. 
The yellow square on the bottom-right corner shows the estimated counts of strongly lensed galax- 
ies detected by Planck. 'The dashed blue line shows the counts of late-type (normal plus starburst) 
galaxies. All these lines show predictions of the model by ref. 99. The dotted green line shows the 
counts of radio sources predicted by the C2Ex model of ref.9!. The vertical red line shows the 
estimated detection limits of planned next generation CMB experiments, PICO, CORE and CMB 
Bharat. Adapted from ref. 9? [OSISSA Medialab Srl. Reproduced by permission of IOP Publish- 
ing. All rights reserved]. Right panel: integral counts of proto-clusters at 600 GHz, predicted 
by the model of ref. 9?, compared with the counts of high-z lensed and unlensed proto-spheroidal 
galaxies. 


At higher redshifts cluster members enter the active star-formation phase and 
the hot intergalactic gas is no longer necessarily in place. But then strong galaxy 
overdensities stand out as intensity peaks in the low angular resolution maps of 
CMB experiments, as clearly demonstrated by Planck9^. Thus CMB experiments 
offer the possibility of extending the investigation of cluster evolution up to much 
higher redshifts than would be possible by other means. 

However, Planck’s resolution was too poor to detect individual proto-clusters$?. 
As illustrated by the right panel of Fig. 2, next generation experiments will detect 
many tens of thousands of these objects as peaks in sub-mm maps, in addition to 
the evolved ones, detected by the SZ effect. This will constitute a real breakthrough 
in the observational validation of models for structure formation. 


5.2. Virial clouds in the galactic halos 


The rotation of the galactic objects and disks of various nearby edge-on spiral galax- 
ies has been studied by using the Doppler asymmetry in the CMB radiation 9? 70, 
It was proposed that the asymmetry is caused by molecular hydrogen clouds which 
are exactly merged with the CMB, i.e. they are at the CMB temperature"!. An 
objection was raised that the effect might not be due to pure molecular hydrogen 
clouds, it might be due to clouds completely made of interstellar dust or clouds 
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containing some fraction of Hə and dust. In order to address the issue in this paper 
we only modeled the clouds with the assumption that they are composed of pure 
Hə molecules (single fluid model). After modeling the clouds we tried to estimate 
the luminosity caused by the clouds (see Qadir et al., these proceedings). Further, 
we want to extend the analysis (in a later work) to a two-fluid model. The hope is 
that by comparing it with the Planck data we can constrain the missing baryonic 
distribution in the galactic halos. 

Since, the clouds are immersed in a heat bath which is CMB, so, they are 
isothermal and we called them “virial clouds". They are formed due to the Jeans 
instability, so, they should have a precise Jeans mass and radius. The density of the 
clouds should be flat at the center and then it goes exactly zero at the the Jeans 
radius in order to give a definite boundary. The density distribution can be given 
by the isothermal Lane-Emden equation but the density profile in that case will 
not be exactly zero at the boundary. In this case the density distribution had to 
be put on ad-hoc basis. We do not have to do this. Instead of using the isothermal 
Lane-Emden equation we used the canonical ensemble distribution to obtain the 
mass density profile. We also introduced the speed of sound cs which is given by 
cs = V(ykTome)/mn, where, y is the adiabatic factor. At the CMB temperature 
no higher degrees of freedom would excite, so, we only have the translational degree, 
making the ideal gas approximation extremely good and so y = 5/3. For our 
purpose, my 7: 2.016 g/mol and T z 2.726 K, so c, ~ 1.110 x 10* km s-!. The 
virial theorem 2K + U = 0 gives the Jeans mass squared as”? 


81 3224? 
M? ~ E 1 
j ( 327 pe ) ( 5G ) () 


and the corresponding Jeans radius squared as 
27c2 

2 s 

= 2 
J 207pG ' 2 


where pe is the central density of the virial cloud. We obtained a differential equation 


as 
re ag (a) PCy ple) (£2) =0. (3) 


kTome 


where, ¢ = 8m% (Gpe/3kTomp)?/?. We have the initial condition p'(r)|,-o = 0 
and the boundary condition that p(;) = 0. As such, we can solve it numerically. 
The resulting density profile is shown in Fig. 3. The obtained central density of 
the cloud is pe ~ 1.60 x 1071? kgm ?, the radius is Ry ~ 0.030pc, and the mass is 
My ~ 0.798Mo. 

Since the virial clouds are at the CMB temperature, their luminosity is the 
CMB luminosity, except for their Doppler shift. Thus, we only need to look at 
the differential frequency shift, Av/v = —(v;or/c) cos0, where Vrot is the galactic 
halo rotational velocity and the luminosity of a single cloud, Le, could be given by 
Le = (Av/v)L ~ 1.486 x 1074L cos 0, being 0 the angle between the direction of the 
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Fig. 3. The density of the virial molecular hydrogen cloud. It decreases monotonically from the 
central density, pc ~ 1.60 x 10-15 kg m^?, to zero at r = Rj œ 0.030 pc. 


velocity and the line of sight and L the observed luminosity. This would directly 
give an estimate of the total number of clouds being seen. 


5.3. Perspectives from SPICA 


IR observations allowed us to study the obscured Universe, providing information 
about the physical state and energy balance of the cool matter relevant for the 
study of many physical processes occurring during the formation and evolution of 
galaxies and stars. Indeed, a large fraction (~ 50% or more) of the energy emitted 
by stars in galaxies in form of optical and ultraviolet radiation is absorbed and 
reprocessed by dust grains and re-emitted in the IR, and, for distant objects, the 
cosmic expansion implies a further substantial redshift of the observed photons. For 
these reasons, galactic evolution, with a peak of activity at z~1-4 corresponding to a 
Universe age of about 2-3 Gyr, can be profitably investigated in the (mid- and far-) 
IR domain. Furthermore, improving our understanding of fundamental processes 
of star formation and evolution, including dust and gas physics of pre-stellar cores 
and proto-planetary discs, that can be more accurately studied in our galaxy in the 
IR band, allows us a better modeling of high-z phenomena. 

'The physical conditions, such as excitation, density and metallicity, of nuclei 
of galaxies as well as of stars and planets formation regions can be investigated 
analyzing ionic, atomic, molecular and dust features in the IR. The star formation 
rate, the stellar type and the density of the gas in HII regions around hot young stars 
can be investigated using ionic fine structure lines, e.g., [NeIT], [SIII], [OIII], while 
the AGN accretion rate is traced by spectral lines of highly ionized species, e.g., 
[OIV], [NeV] (see the expected potentials of far-IR spectroscopic observations for 
studying galaxy/AGN co-evolution presented in ref. "?). Photo-dissociation regions 
can be studied via the [CII] and [OI] lines and the emission from small dust grains 
and PAHs. Also, the cooling of diffuse warm gas in galaxies, through, e.g., [NII], 
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probing ISM physics, is accessible to IR observations. Pure rotational lines from Hag, 
HD and OH, mid- to high-J CO and H20 lines, and PAH emission features appear 
in the object rest-frame IR band, the latter, containing several per cent of of the 
star-forming galaxies IR. emission, being crucial for dust-obscured objects redshift 
determination. Other interesting dust features from minerals, e.g., olivine, calcite 
and dolomite, and CO» ice, C2H2 molecules and fullerenes are also observable in 
the IR. 

'The above tracers have been only partially studied with previous IR. missions, 
mainly because of limitations in telescope sizes and cryogenic performances. 

To overcome these limits, a mid- and far-IR mission concept, the Space Infrared 
Telescope for Cosmology and Astrophysics (SPICA) 74, was proposed to JAXA and 
ESA as a collaboration mission between Japanese and European scientists. It was 
selected in May 2018 by ESA as a finalist for the next Medium class Mission 5 of 
the Cosmic Vision programme for a proposed launch date of 2032. The spacecraft 
is designed to be deployed in a halo orbit around the Sun-Earth L2 Lagrange point 
to minimize systematic effects. The mission foresees a 2.5-meter diameter telescope 
cooled to below 8 K. A combination of passive cooling and mechanical coolers, 
that will cool the telescope and the instruments, will enable a mission lifetime 
significantly beyond a nominal requirement of three years. Combining a large and 
cold telescope with instruments employing state-of-the-art ultra-sensitive detectors, 
an improvement in IR spectroscopic sensitivity (achieving the — 5c/1hr - level 
of ~ 5 x 10-7? W/m?) of more than two orders of magnitude with respect to 
Herschel, Spitzer and SOFIA is planned. SPICA will offer spectral resolving power 
ranging from R ^50 through 11000 in the 17-230 um domain as well as R ~28.000 
spectroscopy between 12 and 18 wm. Furthermore, SPICA will perform efficient 30- 
37 um broad band mapping, and small field spectroscopic and polarimetric imaging 
in the 100-350 um range. 

A wide set of questions in astrophysics, e.g., the role in galaxy evolution of star 
formation, BHs and SNe explosions, metal and dust history, the matter cycle from 
galactic scale to larger structures and IGM, the formation of first galaxies and BHs, 
will get benefit from deep analyses of the IR tracers made possible by such a mission. 
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Understanding accretion flow properties of black hole candidates 
after implementation of the TCAF solution in XSPEC 


Dipak Debnath!*, Sandip K. Chakrabarti!, Santanu Mondal!, Arghajit Jana!, 
Debjit Chatterjee!, Aslam Ali Molla!, Kaushik Chatterjee!, Riya Bhowmick! 
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Understanding accretion flow dynamics around black hole (BH) sources one needs to 
make detailed study of spectral as well as temporal properties of these objects during 
their active phases. We believe that studying accretion flow properties of BHs, it is 
necessary analyze observed data with a generalized physical model. Recently after the 
implementation of the generalized two Component Advective Flow (TCAF) solution as 
a local additive table model into HeaSARC’s spectral analysis package XSPEC, a more 
clear picture about the flow nature around the BHs are obtained. TCAF model fitted 
spectral parameters (two types of accretion rates: Keplerian disk and sub-Keplerian 
halo, and two types of shock parameters: location and strength of the shock) allow us 
to find a better physical picture about the physical processes associated with BHs. One 
can also predict frequency of primary dominating QPOs from TCAF model fitted shock 
parameters. Based on evolution of halo to disk accretion rate ratio (ARR), quasi-periodic 
oscillation (QPOs; if present) frequencies, a physical understanding of different observed 
spectral states and their transitions are done. We are able to estimate intrinsic source 
parameters (mass, spin), jet X-ray fluxes, etc. from spectral analysis with TCAF model. 
This makes this model as an ideal tool to study BHs. 


Keywords: X-Rays:binaries — stars:black holes — stars individual: (H 1743-322, 
MAXI J1659-152, MAXI J1836-194, MAXI J1543-564, MAXI J1535-571, Swift J1753.5- 
0127, X TE J1118--480) — accretion, accretion disks — shock waves — radiation:dynamics 


1. Introduction 


Compact objects such as black hole (BH), neutron star (NS), white dwarf (WD) are 
the end products of the main sequence stars. BHs are more massive objects which 
are invisible due to their high gravity. They are only observable when they accrete 
matter from their massive companions. Depending upon their flaring activity, they 
are classified mainly into two types: transient and persistent. Transient black hole 
candidates (BHCs) are very interesting objects to study in X-rays as they exhibit 
rapid evolutions in their temporal and spectral properties during outbursts. In the 
literature many works are reported based on the variation of spectral and temporal 
properties of these objects (see, e.g., 1, 3, 4 and references therein). During an 
outburst, transient BHCs generally show four primary spectral states: hard (HS), 
hard-intermediate (HIMS), soft-intermediate (SIMS) and soft (SS). According to 
Debnath et al.^, classical or type-I transient BHCs show all four spectral states in 
the sequence : HS HIMS—SIMS—SSSIMS —HIMS-HS, while harder or type- 
II sources do not show SS (sometimes no SIMS). These transient BHCs also exhibit 
low and high frequency quasi-periodic oscillations (QPOs) in some of these spectral 
states (see, 3 and references therein). The frequencies of QPOs are found to evolve 
with time during the rising and declining phases (more precisely, during HS and 
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HIMS) of the outbursts (see, 3, 5 and references therein). Jets or outflows are also 
found to be associated with hard and intermediate spectral states. 

Studying spectral data with the informations of temporal nature provides a 
better picture about the physics of accretion around a BH. One may fit spectra 
with in-build or local phenomenological or theoretical model(s) in commonly used 
HeaSARC's spectral analysis software package XSPEC. But we believe that to find 
real physical picture about the accretion flow dynamics of BHs, one must study 
with a generalized theoretical model which should address all aspects of the obser- 
vational data. Two component advective flow (TCAF) solution (see, 6, hereafter 
CT95) is a generalized transonic flow solution of radiative transfer equations. It 
consists of two types of accretion (Keplerian and sub-Keplerian) rates separated by 
the critical viscosity. Formation of shock (where flowing velocity suddenly jumps 
from supersonic to subsonic branch) is a natural solution of the model. As matter 
slows down at the shock location, post-shock region puffs up in the vertical direc- 
tion, and forms the CENtrifugal pressure dominated BOundary Layer or CENBOL. 
This CENBOL acts as ‘hot’ Compton cloud where thermal seed photon from the 
Keplerian disk upscatters via inverse- Compotonization and becomes hard. 

The TCAF solution has been implemented as an additive table model in 
HeaSARC's spectral analysis software package XSPEC to fit BH spectra (7, 8), 
which requires only four physical flow parameters (Keplerian disk rate ma and sub- 
Keplerian halo rate mp, shock location X, and compression ratio R = p4/p.., 
where p;, p— are post- and pre-shock matter densities respectively) excluding mass 
of the BH (Mpg) and normalization (N) to fit a spectrum from a BHC. Detailed 
study of several transient as well as persistent BHCs with the model, allowed us 
to find accurate picture of the accretion flow dynamics of these sources. Physical 
explanation of various observed spectral states during an outburst of a transient 
BHC has been done quite successfully based on evolution of the TCAF model fitted 
flow parameters. TCAF model fitted shock parameters (X, and R) also allow us 
to estimate frequencies of the dominating type-C QPOs (if observed in PDS; see, 
7, 9), which is a temporal property. Since, in TCAF model Mgg is an important 
model input parameter, one may predict mass of an unknown BHC by keeping it as 
a free parameter while fitting spectra. Masses of several BHCs are estimated with 
better accuracy from our spectral study with the TCAF model fits file’? 12, In 13, 
we introduced a new method to separate jet X-ray fluxes from total X-rays based 
on the variation of the TCAF model normalization ? !5. 


2. Implementation of TCAF Solution as a Table Model in XSPEC 


TCAF solution has been implemented successfully as an additive local model into 
HeaSARC's spectral analysis software package XSPEC in 2014 (see, 7, 8). To 
generated table model fits file, a large number (~ 109) of theoretical model spectra 
are used. They are generated by varying five model input parameters (MBH, ta, 
mn, Xs, R) in the modified CT95 code as described in 8. A direct spectral fit 
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Fig. 1. (a) TCAF model fitted 2.5 — 25 keV PCA spectrum of GX 339-4 (Observation ID = 
95409-01-14-04; MJD — 55300) with variation of Ax is shown in the left panel. The value of the 
model fitted reduced x? is written down. (b) The unfolded model components of the spectral fit 
are shown on the right panel. Adopted from Debnath, Chakrabarti & Mondal (2014). 


could be done using TCAF model program as a local model in XSPEC, where it 
will generate spectra while fitting. But this method is time consuming as to fit one 
spectrum may take time up to few minutes to hours. In Fig. 1(a-b), TCAF model 
fitted GX 339-4 spectrum of observation ID = 95409-01-14-04 and MJD = 55300 is 
shown. While fitting spectra, we found that TCAF model normalization (N) for a 
BHC generally do not vary (if observed with a particular instrument), since it is a 
function of Mgr, distance (D), and disk inclination angle (i) of the system. 


3. Physical Explanation of Various Observational Aspects 


Successful implementation of the generalized accretion flow solution TCAF into 
XSPEC, allowed us to find informations about the physical flow parameters di- 
rectly from spectral fits. Both spectral and timing properties of BHCs are now 
understandable from physical point of views. One may find a more clear physical 
picture about the accretion processes around BHs. Measurement of intrinsic source 
parameters are also could be done from spectral analysis with the TCAF model. 


3.1. Spectral states and their evolution 


After the successful implementation of the TCAF solution as an additive table model 
in XSPEC, we studied accretion flow properties of several transient and persistent 
BHCs (see, 7, 16, 8, 4, 17, 12, 9, 10, 11, 18, 15, 19, 20, 21). Transient sources 
show rapid transition between different spectral states, where as persistent sources 
prefer to stay longer time in one states (although there has some exceptions, for 
e.g., GRS 1915+105). Evolution of TCAF model fitted flow parameters allow us to 
find physical explanation behind these nature of the sources. 

Studying spectral properties with phenomenological models, for example with a 
combined thermal disk blackbody and non-thermal power-law models gives rough 
idea about the variation of thermal and non-thermal flux components without 
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Fig. 2. In left panel, variations of TCAF model fitted parameters : (a) Keplerian disk rate mig 
(in M gaa), (b) sub-Keplerian halo rate mp (in M gaa); (c) shock location Xs (in Schwarzchild 
radius rg), and (d) compression ratio R with time (in MJD) for 2010 outburst of H 1732-322 are 
shown. In right panel, variation of (e) TCAF model normalization N, (f) mass of the BH (MBH 
in Mo), (g) ARR (—nij /ri4), and (h) observed QPO frequency (in Hz) are shown. Adopted from 
Mondal, Debnath & Chakrabarti (2014) and Molla et al. (2017). 


knowing real physical cause of their origin. One may classify an outburst into differ- 
ent spectral states based on degree of importance of thermal and non-thermal fluxes 
and nature (shape, frequency, Q value, rms% etc.) of QPOs (if present). But varia- 
tion of the TCAF model fitted flow parameters, accretion rate ratio (ARR—rnmy /ma), 
nature of QPOs (if present) provide better physical picture on the accretion flow 
properties. Properties of different spectral states (HS, HIMS, SIMS, SS) and their 
transitions are understood more physically (see, 22 for a review). 

The variation of TCAF fitted parameters (mig, min, Xs, R, N, Mey) during 
the 2010 outburst of H 1743-322 are shown in Fig. 2(a-f). In Fig. 2(g-h), variation 
of ARR and observed QPO frequency are shown. During the rising phase, as day 
progresses, both accretion rates increase with inward movement of the shock wave 
with reducing strength. Due to this process, ARR reaches maximum on HS (rising) 
to HIMS (rising) transition day and then rapidly reaches to a lower value on HIMS 
(rising) to SIMS (rising) transition day. Also, on this transition (HIMS to SIMS) 
day, observed frequency of the monotonically increasing QPO becomes maximum. 
The opposite is true during the declining phase of the outburst, where both the ac- 
cretion rates decrease with time with outward movement of the shock and increasing 
shock strength. Here also ARR becomes maximum on HIMS (declining) to HS (de- 
clining) transition day and QPO frequency starts to decrease monotonically with 
time from the SIMS (declining) to HIMS (declining) transition day. During SS, no 
QPOs are observed with lower (roughly constant) ARR value. A somewhat similar 
nature of variations of TCAF model fitted physical flow parameters are observed 
for different spectral states of other transient BHCs as well. 


3.2. Prediction of type- C QPO frequency 


In 7, 9, we showed that temporal properties such as frequency of the dominating 
type-C QPOs could be predicted from the TCAF model fitted shock parameters 
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(location X, and compression ratio R). This is because the same shock which defines 
the CENBOL boundary, i.e., the size of the ‘hot’ Compton cloud, also causes low 
frequency QPOs as it oscillates. The frequency of the QPO is inversely proportional 
to the infall time (tin fai) in post-shock region when resonance condition between 
cooling and infall time scales is satisfied ?*?4^, The frequency (vgpo) of the observed 
QPOs determined by the relation, 


vero ~ timpan = C/[R Xs(Xs — 1/7], 


where C is a constant = Mpgr x 107°. 


3.3. Mass estimation of unknown BH sources 


Knowledge of the mass of the compact object (here BH) is very important while 
studying these objects. In TCAF model Mgy is an important input parameter. 
So if Mpg is not well known, one may keep it as free while fitting spectrum. Each 
spectral fit with the model fits file gives us to one best-fitted mass value of the 
source. The variation of the M pg (see Fig. 2e; not actual change in mass of the 
source, since here it is a model fitted parameter, which may vary due to fitting or 
data quality errors) from spectral fitting of several observations allows us to predict 
probable mass range of the source. In this way, recently we measured masses of 
several BHCs (for example: MAXI J1659-152'°, MAXI J1543-564?, MAXI J1836- 
194!7. H 1743-322, Swift J1753.5-0127*, XTE J1118+480", MAXI 11535-57170, 
Cygnus X-1?!) quite successfully in a better accuracy (narrow range). 


3.4. Estimation of jet X-ray fluxes 


A model normalization is a multiplicative ‘factor’ that converts observed spectrum 
to match with the theoretical model spectrum emitted from the source. In general 
in spectral fits, it varies. But unlike other models, TCAF model normalization does 
not vary in observations as it is a function of intrinsic source parameters (Mp, 
D, i). In TCAF, flow parameters not only takes care of the shape of the observed 
spectrum but also changes in intensity or flux. Although one may require higher N 
values if there is a jet activity or precession in disk or presence of any dominating 
physical processes whose effects are not included in the model fits file. 

If variation of N are not constant i.e., not in a narrow range, we look at the 
variation of N and radio flux (FR). If on the minimum N observation day Fg 
also at its minimum, then we assume that requirement of higher N values in other 
observations, are due to excess X-ray flux from jets. Then we refit all spectra by 
keeping N frozen at its minimum observed value and calculate fluxes, which are 
defined as flux contribution from accretion disk or inflowing matter (Fins). Now 
taking difference of Fins from Fx (which is the earlier calculated flux when all model 
parameters are kept free), we get flux contribution from jets or outflows (Foug). 

Jana et al. 14 estimated jet X-ray fluxes for two Galactic BHCs: Swift J1753.5- 
0127, and MAXI J1836-194. Jet X-rays are found to be higher in intermediate 
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spectral states (here HIMS) than HS. This is consistent with the theory (see, 25). 
The maximum contribution of jet X-rays are found to be 3296 during 2005 outburst 
of Swift J1753.5-0127, and 86% during 2011 outburst of MAXI J1836-194. The 
correlation study of Four, Fx, Fing with FR using relation Fg ~ F}, where b is the 
correlation index. The b values are found at 0.59 +0.11 for Swift J1753.5-0127 and 
0.61 + 0.08 for MAXI J1836-194. The correlation values are within the standard 
correlation limit (0.6 — 0.7). Further strong correlations are found during entire 
outburst of MAXI J1836-194 and HS of Swift J1753.5-0127, implies compact jet. 
A weak correlation is found in HIMS of the 2005 outburst of Swift J1753.5-0127, 
implies nature of jet as blobby or discrete. 


4. Concluding Remarks 


After the successful implementation of the TCAF solution as an additive table model 
in XSPEC, one gets direct estimation of flow parameters. This parameters enable 
us not only to understand spectral properties of the BHCs but also to predict other 
timing and physical parameters associated with the BHs. One can see direct corre- 
lation between spectral and timing properties of transient BHCs during an outburst 
with the variation of TCAF model fitted/derived physical flow parameters. Most 
importantly we require only four parameters (assuming mass and normalization are 
constant) to fit spectrum. It confirms our decade long conjecture that TCAF is the 
most accurate theoretical model or tool to understand physics of accretion processes 
around a BH. 
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We study the modulation of the observed radiation flux and the associated changes in 
the polarization degree and angle that are predicted by the orbiting spot model for 
flares from accreting black holes. The geometric shape of the emission region influences 
the resulting model lightcurves, namely, the emission region of a spiral shape can be 
distinguished from a simpler geometry of a small orbiting spot. 

We further explore this scheme for the observed flares from the supermassive black 
hole in the context of Galactic center (Sgr A*). Our code simulates the lightcurves for 
a wide range of parameters. The energy dependence of the changing degree and angle 
of polarization should allow us to discriminate between the cases of a rotating and a 
non-rotating black hole. 


Keywords: Gravitation; Black Holes; Galactic center 


1. Introduction 


Relativistic corrections to a signal from orbiting spots can lead to large rotation in 
the plane of observed X-ray polarization. When integrated over an extended surface 
of the source, this can diminish the observed degree of polarization. Such effects 
are potentially observable and can be used to distinguish among different models of 
the source geometry and the radiation mechanisms responsible for the origin of the 
polarized signal. The idea was originally proposed in the 1970s, *5:17 however, its 
observational confirmation and practical use in observations are still is a challenging 
task. 

'The geometrical effects of strong gravitational fields act on photons indepen- 
dently of their energy. The gravitational field is described by the metric of Kerr 
black hole! 

A 


ds? — -Ê (at - asi? 0 a6) + È ag Ly db? + 
X A 


sin? 0 


la dt — (r? +a”) ao] (1) 
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Fig. l. An exemplary snapshot of a spot orbiting at constant radius just above the marginally 
stable orbit (r = 1.1risco). Left panel: the total intensity image shows the observer plane (o, 8) 
near a non-rotating black hole, as observed at a moderate view angle (05 — 45 deg). The horizon 
radius (solid curve) and the ISCO (dashed curve) are indicated. Middle and right panels: The 
spot emission is assumed to be intrinsically polarized and recorded in two polarization channels, 
rotated by 90 degrees with respect to each other. 20:21 


in Boyer-Lindquist (spheroidal) coordinates t, r, 0, 6. The metric functions A(r) 
and X(r, 0) are known in an explicit form. The event horizon occurs at the roots of 
equation A(r) = 0; the outer solution is found given by r = Ry = 1 + (1— a2). 

Let us note that there are some similarities as well as differences between the 
expected manifestation of relativistic effects in polarization changes in X-rays and in 
other spectral bands (NIR). We show these interrelations in the associated poster 
and point out that the near-infrared polarization measurements of the radiation 
flares from the immediate vicinity of the horizon have been studied in detail from 
the Galactic Center (Sagittarius A*) supermassive black hole. 15:20:21 


2. Polarization from an Orbiting Spot 


Within the scheme of the spot scenario the spots are considered to represent regions 
of enhanced emission on the disc surface rather than massive clumps that would 
decay due to shearing motion in the disc. The observed signal is modulated by 
relativistic effects. Doppler and gravitational lensing influence the observed radia- 
tion flux and this can be computed by GR ray-tracing. Such an approach has been 
developed to compute also strong gravity effects acting on polarization properties. !! 

Our code (KY) is publicly available." The current version? allows the user to 
include the polarimetric resolution and to compute the observational consequences 
of strong-gravity effects from a Kerr black hole accretion disc. Within the XSPEC 
notation, this polarimetric resolution is encoded by a switch defining which of the 
four Stokes parameters is returned in the photon count array at the moment of 
the output from the model evaluation. This way one can test and combine various 
models, and pass the resulting signal through the response matrices of different 


“http: //stronggravity.eu/results/models-and-data/ 
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Fig. 2. A map of the distribution of the polarization angle (flow lines) and the intensity of the 
polarized light (colour coded in the logarithmic scale; arbitrary units are indicated by the colour 
bar), for a large value of spin a of the Kerr black hole and different view angles of the observer, 
as indicated on top of the panels. This time the model has been computed for the case of thermal 
radiation of an equatorial accretion disk polarized via Comptonization; see Dovéiak et al. (2008).® 
A critical point is clearly seen in the flow-line structure through which then the orbiting spot 
circles. 


instruments. As an illustration, figure 1 shows a single time-frame from a simulation 
of a spot rotating rigidly at constant radius. 

The detected polarization degree is expected to decrease mainly in the part of 
the orbit where the spot moves close to the region where the photons are emitted 
perpendicularly to the disc and the polarization angle changes rapidly. The drop of 
the observed polarization degree occurs also in those parts of the orbit where the 
magnetic field points approximately along light ray (see fig. 2 for a map showing the 
distribution of the polarization effects within the disk plane of a rapidly rotating 
Kerr black hole). For the more realistic models the resulting polarization exhibits 
a very complex behaviour due to, e.g., Faraday rotation effects interfering with 
strong-gravity.‘° Among generic features is the peak in polarization degree for the 
spin parameter a — M and large inclinations, caused by the lensing effect at a 
particular position of the spot in the orbit. This effect disappears in the non- 
rotating a = 0 case. 

To conclude, let us note that the above described modelling has recently gained 
new impetus in the context of forthcoming X-ray polarimetry satellite missions that 
have been under active consideration. The enhanced X-ray Timing and Polarimetry 
(eXTP) mission??? is the concept of novel Chinese X-ray mission that has currently 
reached the extended phase A with a possible contribution from Europe and the 
anticipated launch date by 2025. 

The Large Area Detector (LAD) aboard the new mission will be a suitable 
instrument for performing time-resolved spectroscopy with polarimetric resolution, 
large effective area, and moderate energy resolution to explore bright flares from ac- 
creting black holes, possibly in the connection with the processes of tidal disruption 
of stars and similarly violent events. 9:25 2» 
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Let us just remind the reader that the revealing role of X-ray polarimetry clearly 
extends to all scales far away from the central black hole. This has been widely 
discussed in the context of reflection nebulae surrounding Galactic center.?14 The 
combination of the polarization signal from the Sgr B and Sgr C complexes strength- 
ens the need for an imaging detector with a fine spatial resolution to resolve the 
structures as small as the Bridge clouds. Therefore, the X-ray polarimetry is needed 
to explore variety of physical processes operating near supermassive black hole. 


3. Conclusions 


We explored the approach based on mapping the Kerr black hole equatorial plane 
onto the observer's plane at radial infinity. Orbiting spots are projected onto the 
disc plane (hence imposing the vertically averaged approximation) and then their 
image is transported towards a distant observer. The strong gravity effects can 
be seen as the predicted (time-dependent) direction of polarization is changed by 
light propagation through the curved spacetime. What can be foreseen in the near 
future is the tracking of the wobbling image centroid that a spot produces. With the 
polarimetric resolution, this wobbling can provide the evidence of orbiting features. 

In conclusion, the rotating spots are a viable scenario capable to explain the oc- 
currence about once per day of modulated flares from within a few milli-arcseconds 
of the Sagittarius A* supermassive black hole. !?:15 However, the astrophysically re- 
alistic scenarios have to account not only for the time-scales of gradual dispersion of 
the orbiting features by tidal effects’? but also for the effects of plasma influencing 


the light propagation through a non-vacuum spacetime near the black hole. %13 
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New insights into the plasma region near black holes from hard X-ray 
observations 
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Two examples of the analysis of the hard X-ray/soft y-ray emission from accreting black 
holes observed with the INTEGRAL satellite are presented. The first study is based 
on data covering 16 years of monitoring of the bright persistent Cyg X-1 system. This 
huge data set allowed us to get more insights into the geometry of the plasma region 
in different spectral states of the object. In particular, we identify two substates of the 
hard state and provide new information on the plasma behaviour during the jet emission. 
'The second study is based on data taken during the 2015 outburst of transient black 
hole binary V404 Cygni. The results of detailed spectral analysis show that a single 
Componization component, purely thermal or hybrid, is not sufficient to explain the 
hard X-ray emission during a strong radio emission period. 


Keywords: Accreting black holes; spectral states; hard X-rays; y-rays. 


1. Introduction 


The properties of the plasma residing in the centre of the black hole (BH) accreting 
systems remain an open question despite several decades of observational and the- 
oretical efforts’. Since the plasma is emitting mainly in the hard X-ray/soft y-ray 
band, the INTEGRAL satellite? operating in that band is currently one of the best 
tools for a direct diagnosis of the plasma properties. In this talk a review of the 
results of two examples of such studies will be presented. The first study is related 
to the spectral states of the well-known persistent BH binary Cyg X-1. The second 
study involves the hard X-ray emission observed from the V404 Cygni transient 
source during its recent outburst in 2015. 


2. Spectral states of Cyg X-1 


Characterization of the spectral states of the BH systems is a common method to 
get deeper insights into to the nature of these systems!. In general, both transient 
and persistent systems evolve between two main states, hard and soft, with several 
intermediate state classes observed. The hard state corresponds to the emission 
from a hot plasma dominating in the X-ray band, well modeled with a thermal 
Comptonization of some seed photons. In the soft state the plasma emission ap- 
pears weaker and rather non-thermal, and the soft band is dominated by a thermal 
emission from the accretion disk. Spectral states are usually classified through one 
or two parameters derived from the soft X-ray observations, i.e., in the band be- 
low %10 keV. In the case of X-ray monitors providing count rate in several energy 
bands the state is identified with the use of the count rate and ratio of count rates 
in two energy bands (hardness ratio). These quantities are commonly plotted in a 
form of so-called hardness-intensity diagram (HID) showing the spectral evolution 
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of the object. The HID data allow for a quite good separation of the states as 
demonstrated for example for Cyg X-14. 


Hard X-rays 
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Fig. l. Models fitted to twelve INTEGRAL's summed spectra of Cyg X-1, with data selected 
according to the hard X-ray flux and hardness. Yellow region shows typical energy range used to 
classify the spectral states. Cyan region is the hard X-ray band used in our study. 


The soft X-ray band is a natural choice for spectral states studies because of a 
large number of photons emitted from the source and relatively low instrumental 
background. On the other hand, the X-ray/soft y spectra of accreting BHs are quite 
complex because besides the two dominating components, i.e., the disk and plasma 
emission, there are other processes involved, such as absorption or reprocessing in 
surrounding media, including Compton reflection and iron line emission. These 
additional components affect mostly the soft X-ray band, whereas for objects with 
a limited reflection the hard X-ray emission is mainly governed by the plasma. 
Therefore, the plasma properties can be studied in a quite unambiguous way using 
the emission above z 20 keV, not affected by the disk emission and absorption. 

In Fig. 1 we present models fitted to the Cyg X-1 spectra collected with the 
INTEGRAL’s IBIS and JEM-X telescopes. These spectra were summed over obser- 
vations done in the 2002-2017 period, with a selection based on the count rates in 
the 22-40 and 40-100 keV bands. It can be clearly seen that the hard X-ray band 
enables a better separation of the hard and soft spectral states than the soft X-ray 
band. This motivated us to do a massive analysis of several spectral parameters 
obtained in that band with the ISGRI detector over 16 years of INTEGRAL’s ob- 
servations of Cyg X-1. Since the ISGRI calibration evolved over so many years, the 
spectral fitting with responses taking into account that evolution was done to extract 
the photon index Ty and flux Fy for the 22-100 keV band. In total, we extracted 
the data for 7821 observations lasting 0.5-2.0 hours (so-called science windows). 
These results are presented in Fig. 2. The soft and hard state are separated by 
the flux level of about 75x10-!? erg sm~? s^!. In addition, for the hard state we 
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Fig. 2. Hard X-ray photon index Ty - hard X-ray flux Fy diagram. Both quantities were deter- 
mined for the 22-100 keV band. 


observe a clear clustering around Iy equal to 1.68, 1.85 and 2.02. We called these 
substates pure hard, transitional hard and hard intermediate, respectively. 

To characterize better these states we did a Spearman rank-order test for the 
Iu-Fgu data over each single INTEGRAL orbit (about 3 days), determining the 
correlation coefficient rg and null hypothesis probability Ps. As shown in Fig. 3 the 
flux - photon index correlation varies with increasing l'y. For pure hard state as well 
as for the softest data we do not observe correlation whereas it is quite strong for the 
transitional hard state and then slowly decreases when the spectra become softer. 
Such behavior implies that the pure hard state and softest state are physically 
different from the rest. Interpreted in terms of the Comptonization scenario a lack 
of correlation points toward self-synchrotron source of the seed photons instead of 
the disk photons. 

Cyg X-1 was quite frequently observed during the studied period at the 15 GHz 
radio band by the Ryle telescope? and its successor, the AMI Array !?. The radio 
flux FR plotted against the hard X-ray photon index determined for contemporary 
INTEGRAL spectra shows interesting features. For all three hard substates we 
observe a stratification of Fg, with the relatively low range seen for the pure hard 
state, then higher values for the transitional state and the highest radio emission 
during the hard intermediate state. For softer spectra the radio flux slowly decreases 
and vanishes for the softest state. Such an interdependence reinforces our findings 
for Cyg X-1: the hard X-ray data reveal several substates of the hard state in that 
object. In the forthcoming paper? we will present details of our analysis and a 
deeper interpretation of the results. 
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Fig. 3. Correlation between the hard X-ray photon index and flux in a function of the photon 
index. Left panel shows the Spearman correlation coefficient rg, right panel corresponding null 
hypothesis probability Ps. 
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Fig. 4. Radio flux at 15 GHz measured by the Ryle and AMI observatories plotted against the 
hard X-ray photon index. 


3. Evolution of V404 Cygni emission during the 2015 outburst 


The transient BH system V404 Cygni enters an outburst phase every ~ 30 years, 
showing some properties specific to this object. The emission is highly variable 
and strongly absorbed when compared to the other transient systems !!. Its recent 
outburst in 2015 was observed by many observatories?, what resulted in dozens 
of papers presenting interesting results. Analysis of the hard X-ray spectra from 
INTEGRAL was already presented, however, the research was done in a rather 
limited band, without the soft X-rays^?. Here we present preliminary results of 
a broad-band analysis of spectra from the JEM-X, ISGRI and PICsIT detectors, 
covering the 3-1000 keV band. 

Figure 5 presents the hard X-ray and soft y-ray light curves of the 2015 outburst. 
An interesting feature is that the emission was extremely variable during the satellite 
orbits 1554, 1554 and first part of 1556, whereas later the count rates varies rather 
smoothly, with a clear detection of emission above 250 keV. Taking into account 
the single science window spectra we have summed up the data for periods with 
similar overall spectral shape. The resulting 18 spectra were fitted with the complex 


229 


model including hybrid Comptonization, Compton reflection and several absorption 
components. Examples of these spectra together with the fitted model are shown 
in Fig. 6. The y-ray emission during the bright phase of the 1557 orbit is detected 
up to almost 1 MeV, revealing a hard power-law like tail in addition to the hybrid 
plasma model. 


1000 È m j 
100 F 3 
ik: 0 ae ene A a 1 
= ata, ata a 
ea |] 
3 ` 57192 57196 
2 mu NEMUS TTE 
2 1000 Ẹ E m 255-340 keV 3 
2 100 F x . i: a js 4 
M / "s 2d wx 4 
E Or tu | Tw E 
LOTO ity tig 
57198 57200 
Time [MJD] 


Fig.5. Variability of the V404 Cygni hard X-ray/gamma emission during the 2015 outburst. The 
22-40 keV and 100-200 keV count rates were measured by INTEGRAL/ISGRI and the 255-340 
keV count rate by INTEGRAL/PICSIT. 
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Fig. 6. Examples of V404 Cygni spectra collected by the INTEGRAL satellite in the 3-1000 keV 
band. 'Total fitted model is shown with a solid line and the reflection component with a dashed 
line. Cyan steps show the 3-o detection limits for the PICsIT detector data (magenta). 
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Besides the hard tail seen in several cases, all the spectra are well modeled with 
the Comptonization model, either thermal or hybrid with a non-thermal compo- 
nent. A presence of the additional tail component appears to be correlated with 
an enhanced radio emission?, indicating its relation to the strong jet. Almost all 
spectra are dominated by the Compton reflection component. Its low ionization 
state points toward reprocessing in a dense and cold medium what seems to be 
puzzling taking into account the X-ray brightness of the object. We do not observe 
a correlation of the absorbing column density with the flux level, thus the strong 
variability seems to be driven by some phenomenon other than varying absorber. 
Further details of this research will be presented in a forthcoming paper. 
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Observational evidences show that during the outburst, black hole binaries move to 
different spectral states depending on accretion flow that feeds these objects. However 
proper physical picture is still unclear, what causes these states change and how the quasi 
periodic oscillation (QPO) in observed lightcurve is related with the disk properties? In 
a Two Component Advective Flow (TCAF) solution it is established that low angular 
momentum and low viscous sub-Keplerian flow produces hot corona, which up-scatters 
soft photons from the Keplerian disk. We analyze the outbursts data of black holes of 
different scales ranging from low mass to super massive observed by different satellites 
with TCAF and discuss the outburst features and their spectral states. 


Keywords: X-Rays:binaries; Black Holes; shock waves; accretion; accretion disks; Radi- 
ation:dynamics 


1. Introduction 


Accreting black hole spectra consist different components, e.g. blackbody, power- 
law and an iron line at around 6.4keV. These distinct components are mainly from 
the optically thick and thin components of the flow. It is well established that the 
spectra change their shape during the outburst from hard to soft through interme- 
diate states. Several attempts were made to explain changes in the spectral shape 
and its variation (Remillard & McClintock 2006 for a review). It is believed that the 
changes in the accretion rate might be responsible for the changes in the spectral 
states (Maccarone & Coppi 2003). However, causes of the change in accretion rate 
on a progressive days, the origin of corona and its temperature, optical depth etc. 
were unclear. 

The problems were satisfactorily resolved when proper usage of the solution 
of transonic flows in presence of cooling, heating and viscosity were used. In a 
Two Component Advective Flow (TCAF, Chakrabarti & Titarchuk 1995, hereafter 
CT95) solution, a Keplerian disk which arises out of higher viscosity is flanked 
by a hot sub-Keplerian flow of lower viscosity. This sub-Keplerian, low angular 
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momentum hot matter forms an axisymmetric shock due to the balance of the 
centrifugal force with gravity (Chakrabarti 1989). The subsonic region between 
the shock (centrifugal barrier) to the inner sonic point is hot and puffed up and 
behaves as the Compton cloud, which reprocesses intercepted soft photons from the 
standard disk. This region could be oscillatory when its cooling time scale roughly 
matches with the infall (compression) timescale inside CENBOL (Molteni et al. 
1996). Recently, Chakrabarti et al. (2015) applied the resonance condition for 
H 1743-322 black hole candidate and showed that the low frequency quasi-periodic 
oscillations (LFQPOs) are produced when cooling time scale roughly matches with 
the heating time scale. Transonic solution by Mondal & Chakrabarti (2013; CT95) 
shows that cooling mechanism is also responsible for the change in spectral states 
during the outburst. 

After the implementation of TCAF in XSPEC (Debnath et al. 2014) and fitting 
data of several black hole candidates (BHCs), one obtains physical parameters of 
the flow, such as the accretion rates of the disk and halo components, the shock 
location and the shock compression ratio. If the mass of the candidate is unknown, 
this will also be found out from the spectral fitting (e.g., Molla et al. 2016; 2017). 
A plot of photon count variation with accretion rate ratio (ARR = halo rate/disk 
rate) gives the so call ARR intensity diagram (ARRID, Mondal et al. 2014; Jana 
et al. 2016) and directly shows why the spectral state changes. The changes in 
accretion rates on a progressive days is due to changes in viscosity parameter (a) 
of the flow during the outburst (Mondal et al. 2017). The presence of double horn 
Iron line is also observed from the TCAF (Mondal et al. 2016) during the fitting of 
high resolution NuSTAR data of GX 339-4 BHC, which helps to determine the spin 
parameter of the candidate. It should be noted that so far TCAF is implemented 
for low mass black hole binaries as an additive table model. However, very recently, 
the model is directly implemented in XSPEC as a local model to analyze the active 
galactic nuclei (AGNs, Nandi et al. 2019) data. 

The paper is organized in the following way: in the next Section, briefly we 
discuss the observation and data analysis procedure for both Swift and NuSTAR 
satellites. In 83, we present our results of spectral fitting for both low mass and 
super massive BHs. We also discuss how viscosity is responsible for the change in 
spectral states. Finally we draw our concluding remarks. 


2. Observation and data analysis 


In the present manuscript, we analyze both Swift/XRT (Gehrel et al., 2004) and 
NuSTAR (Harrison et al. 2013) satellite observations of the BHC Swift J1357.2-0933 
during its 2017 outburst. The Swift/XRT observation we analyzed 00031918066 
(Windowed Timing mode, WT) with exposure time 0.7 ksec and NuSTAR obser- 
vations with observation ID: 90301005002, with exposure time 45ksec. To fit the 
data with the TCAF model in XSPEC, we use a TCAF model generated fits file 
(Debnath et al. 2014). We use the absorption model TBabs with hydrogen column 
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density fixed at 1.3x 10?! atoms cm? throughout the analysis for the SwiftJ1357.2. 
We analyze NuSTA R data with exposure times longer than 5 ksec for NGC 4151 
with observation date from November 11 to 14, 2012. The observation IDs are 
60001111002, 60001111003 and 60001111005 respectively. For the spectral fitting 
of AGN data with TCAF, we run TCAF directly in XSPEC as a local model (see 
Nandi et al. 2019). The model was originally introduced by Chakrabarti in 1995 
for AGN and a discussions of satisfactory fits of AGN spectra are present in the 
literature (Mandal & Chakrabarti 2008). For the data processing and analysis, we 
follow the standard tasks discussed in Mondal et al. (2016). 


3. Results and Discussions 


In this section we discuss about the model fitted results and the geometry of the 
flow on the basis of the fitted parameters. We consider Swift J1357.2-0933, a low 
mass candidate and NGC 4151, an AGN for our study. 


3.1. Swift J1357.2-0933 


The source was first detected in 2011 by the Swift Burst Alert Telescope (Krimm et 
al. 2011). We fit the observation of Swift J1357.2-0933 with TCAF solution based 
fits file which uses five physical parameters (if mass is unknown): The parameters 
are as follows (i) Mass of the black hole, (ii) disk accretion rate, (iii) halo accretion 
rate, (iv) location of the shock, and (v) shock compression ratio. All the parameters 
collectively give the electron density and temperature, photon spectrum and density, 
the fraction of soft photons intercepted by the Compton cloud from the Keplerian 
disk, as well as the reflection of hard photons from the Compton cloud by the disk. 
In Chakrabarti (1997) showed a detailed spectral variation with different model 
parameters. In Fig. 1 (left panel), we present the TCAF model fitted spectrum 
for this candidate which covers a broadband energy range from 0.5 - 70 keV. The 
data fits well for Mo = 4.01, ma = 0.019, m; = 0.213, X, = 36.7 rg, R=2.0 with 
x? /dof =473.1/446. 

The model fitted parameters show that the halo rate is higher than the disk rate 
and the shock compression ratio is in the regime of strong mass loss (see Chakrabarti 
1999). This is an indication of hard spectral state. If we follow the previous observed 
day and fit the data with model, it shows that, at some point in time after the first 
observation day, viscosity may have started to go up, and the Keplerian disk rate 
also started to increase (see Mondal & Chakrabarti 2019). However, this was not 
enough so as to change the spectral state (as a minimum viscosity is required for 
such changes (Mondal et al. 2017)). We also fit the data with power-law (PL) 
model. The PL model fitted photon index (=1.8) also indicates a hard spectral 
state. Following the above model understanding and the values of the model fitted 
parameters, we conclude that the source was in rising hard state of the outburst 
during the observations. We also estimate some physical parameters of the disk 
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Fig. 1. Left panel: Swift/XRT and NuSTAR (focal plane module A, FPMA) data from 0.5- 
70.0 keV energy range are fitted with an absorbed TCAF model. Right panel: Variation of count 
rate with time (day). Black solid line shows the model fit and filled circles are observed count 
rates. Data are fitted with H/R = 0.024 (from above), P = 2.8 hrs, q = 0.03 and 8873 a = 0.25. 
Data and figure are presented from MC19. 


and check the stability of the disk to produce a sufficient viscosity to explain the 
observed lightcurve from the TCAF model fitted parameters. From the Kepler’s 
law, one can derive a relation between orbital period (P) and orbital separation 
a. Outer disk radius (rout) of the primary star is calculated from the Roche lobe 
radius of the primary following Eggleton (1983). In this work, we consider that the 
outer edge of the disk (rout) is 70% of the Roche lobe radius. which appears to be 
Tout = 0.68 x 10H. The steps followed to fit the observed lightcurve are: (i) we 
have mass and disk accretion rate from the model fit, (ii) using (1) we estimate the 
temperature of the disk thus the sound speed, (iii) outer disk radius is estimated 
from orbital period and mass ratio from the literature, (iv) once (ii) and (iii) are 
known one can estimate height of the disk, Keplerian angular frequency, and disk 
kinematic viscosity to estimate the viscous time scale, and (v) finally, we extract 
SS73-o parameter ( Shakura & Sunyaev 1973) for which the derived and the fitted 
T values are consistent. Here, a takes the value 0.25 to give a decay timescale 
(T) of ~ 45 days. To fit the observed lightcurve using decay timescale, we use an 
exponential decay function, f = A exp(—t/T), where A is a normalization constant, 
which takes the value of 3.91 +0.16 with an exponential decay timescale (7) around 
45.28 + 4.78 days. The estimated S873 disk viscosity parameter (a = 0.25) satisfies 
the same order of magnitude obtained for other observed candidates (Mondal et 
al. 2017). In Fig. 1 (right panel), we show exponential decay function fitted with 
the observed lightcurve. As the halo rate is higher than the disk rate and the 
shock compression ratio is always greater than unity for this outburst, inverse- 
Comptonization process is dominant which cools down the system and the shock 
moves inward (Mondal & Chakrabarti 2013; CT95). The velocity of the shock 
movement is ~ 0.15 m/s for this candidate which is similar to the shock velocity in 
other outbursts (Mondal et al. 2015 for H 1743-322 and references therein). This 
indicates that the outburst probably remained in the rising phase and no other 
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spectral state has been missed in between these ~ 40 days. Our model fitted disk 
rate is ~ 2% of Maa. As the shock compression ratio is intermediate, the jets and 
outflows are expected to be strong with mass outflow /inflow rate ratio 3.4-4.2%. 


3.2. NGC 4151 


The Seyfert 1.5 galaxy NGC 4151 (z=0.00332, de Voucouleurs et al. 1991), some- 
times considered as a Seyfert 1 type AGN, is one of the most popular sources for 
which many AGN phenomena were first characterized (for more details, see Ulrich 
2000). Here we study spectral properties of NGC 4151 with TCAF using three Nus- 
TAR observations during 2012. The outburst data considered in this work is fitted 
with TCAF in addition with a power-law (PL) model. In Fig. 2(a-c), we show the 
TCAF model fitted 3.0-70.0 keV spectra along with residual in the bottom panel 
for three observation IDs. In Fig. 2d, unabsorbed model spectra are shown which 
are used to fit the observed data. 


Noernalized counts s keV 


Noemalized counts s "keV 


PUE Lp pg 
6 10 20 30 4050 70 
Energy (keV) Energy (keV) 


Fig. 2. TCAF model fitted 3.0 - 70 keV NuSTAR spectra with variation of x?, for three IDs. 
(a) 60001111002, (b) 60001111003 and (c) 60001111005. In (d), unabsorbed TCAF+PL model 
generated spectra are shown, which are used to fit the observation. Figure is adopted from Nandi 
et al. (2019). 


From the spectral fit we estimate the mass of the central black hole to be 
8.08") oe x 107 M which appears to be in the same ball park as obtained by pre- 
vious studies. Furthermore, unlike other models, we obtained the two accretion 
rates and found that the halo rate is much larger as compared to the disk accretion 
rate, consistent with the fact that the object was always in the hard state and the 
fact that AGN usually accretes low angular momentum matter, unless a part is also 
converted to Keplerian by a sufficient viscosity. Analysis also shows that in all these 
three observations, the X, (i.e. corona) was more or less constant ~ 150 rs. This is 
partly due to the fact that in a supermassive black hole system short term variabil- 
ities are rare. However to get the more detail understanding about the evolution of 
the accretion flow, we need to have a long term monitoring. The details about the 
model parameters variation can be seen in Nandi et al. (2019). 
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ULXs as magnetized sub-Eddington advective accretion flows around 
stellar mass black holes 
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Ultra-luminous X-ray sources (ULXs) have been puzzling us with a debate whether they 
consist of an intermediate mass black hole or super-Eddington accretion by a stellar mass 
black hole. Here we suggest that in the presence of large scale strong magnetic fields 
and non-negligible vertical motion, the luminosity of ULXs, particularly in their hard 
states, can be explained with sub-Eddington accretion by stellar mass black holes. In 
this framework of 2.5D magnetized advective accretion flows, magnetic tension plays the 
role of transporting matter (equivalent to viscous shear via turbulent viscosity) and we 
neither require to invoke an intermediate mass black hole nor super-Eddington accretion. 
Our model explains the sources, like, NGC 1365 X1/X2, M82 X42.34-59, M99 X1 etc. 
which are in their hard power-law dominated states. 


Keywords: accretion disks; ULXs; magnetic fields; black holes. 


1. Introduction 


While the existence of stellar mass black holes of mass M < 80M. and supermas- 
sive black holes of mass M > 109 M. are confirmed, there is no direct evidence for 
black holes of mass in between. Scientists believing in the continuous mass distri- 
bution argue for the existence of such black holes, called intermediate mass black 
hole. However, many others argue that there is no such obvious expectation as the 
origins of stellar mass and intermediate mass black holes are completely different. 
Nevertheless, there are ultra-luminous X-ray sources (ULXs) observed in galaxies 
around, which apparently cannot be explained by the conventional idea of stellar 
mass black holes accreting at a sub-Eddington limit. Hence, the proposal is that the 
sources harbor an intermediate mass black hole, particularly when they reveal lower 
temperature in the underlying multicolor black hole spectra!. However, there is an- 
other idea behind ULXs that they are stellar mass black holes only but accreting 
at a super-Eddington rate: candidates for slim accretion disk?. 

Nevertheless, none of the above ideas is a conventional one. There are significant 
evidences that X-ray binaries are sub-Eddington accretors and there is no direct 
evidence yet of galactic black hole mass M > 100M (though the detection of 
gravitational wave argues for the black hole mass larger than that determined in 
X-ray astronomy). Here our story lines start. We show that ULXs in hard states 
can be explained by a stellar mass black hole accreting at a sub-Eddington rate 
with advection in the presence of large scale strong magnetic field. Hence, by 
the interplay between magnetic field and advection, X-ray binaries could be quite 
luminous in the hard state. For that we neither require an intermediate mass black 
hole nor super-Eddington accretion. Hence, while still the existence of intermediate 
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black hole, even appeared as ULX, is not ruled out, some ULXs in hard states, 
e.g. NGC 1365 X1/X2, M82 X42.34-59, M99 X1 etc., are suggested to be highly 
magnetized stellar mass black hole sources only. 

We model a combined disk-outflow coupled system with the inclusion of vertical 
velocity and large scale magnetic stress explicitly. This is essentially a 2.5D mag- 
netized advective accretion disk model. We show that energetics and luminosities 
of such a flow are in accordance with ULXs. 


2. Magnetized disk-outflow coupled system 


We consider a magnetized, viscous, advective disk-outflow/jet symbiotic system 
with cooling around black holes. We consider the large scale magnetic and tur- 
bulent viscous stresses both and depending on the field strength one of them may 
dominate over other. Here we assume a steady and axisymmetric flow and all the 
flow parameters: radial velocity (vr), specific angular momentum (A), outflow or 
vertical velocity (vz), fluid pressure (p), mass density (p), radial (B,), azimuthal 
(Bg), and vertical (B;) components of magnetic field, are functions of both ra- 
dial and vertical coordinates. Throughout we express length variables in units of 
GMngnu/ c?, where G is the Newton's gravitational constant, Mpg the mass of BH, 
and c the speed of light. Accordingly, we also express other variables. Hence, the 
continuity and momentum balance equations are respectively 
2 

=) + Bve + lyw, (1) 
8T 4np p 

where v and B are velocity and magnetic field vectors respectively, |F| is the mag- 
nitude of the gravitational force for a BH in the pseudo-Newtonian framework?. 
The importance of generalized viscous shearing stress tensor (W = Wi) is taking 
care explicitly in this formalism. Various components of W;; are written in terms 
5. We also have to supplement 
the above equations with the equations for no magnetic monopole and induction, 


1 
V.(rpv) —0, and (v.V)v = F — rud (» + 


of a-prescription^ with appropriate modifications 


as respectively 
V.B — 0 and V x (vx B) + vw V?B — 0, (2) 


where Vm is the magnetic diffusivity. We consider equation (2) in the very large 
magnetic Reynolds number (c 1/1) limit, which is the case for an accretion disk. 
We further have to supply the energy balance equations for ions and electrons by 
taking into account the detailed balance of heating, cooling and advection. The 
magnetized energy equations for ions and electrons read as 


Op p Op Op p Op + pi 
/ = i a Mud LEO EAE = | Nie 
Fs E { Or 5 p Or "2 ) Oz "n poz Q Q”, (3) 
where 
26(4—38 
- | 92-248 -30 + PED and pz, — 24 - 218 
din 24 — 218 l 3 24-38) 
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rs ffe) a fe e geg a 
where Q* represents the viscous and magnetic (Ohmic) heats generated in the flow, 
Q'* the Coulomb coupling estimating the amount of heat transferred from ions to 
electrons, and finally Q^ the radiative cooling rate through electrons via different 
cooling processes including bremsstrahlung, synchrotron and inverse Comptoniza- 
tion of soft photons supplied from the Keplerian disk. Various cooling formalisms 


are adopted from past works? ?. In order to solve the equations semi-analytically, 
we make a reasonable hypothesis in the disk-outflow symbiotic region that the ver- 
tical variation of any dynamical variable (say, A) is much less than that with radial 
variation, that allows us to introduce 0A/0z ~ sA/z, where s is just the degree of 
scaling and is a small number. 


3. Disk hydromagnetics and energetics 


Figure 1 shows disk-outflow hydromagnetics revealing that large scale strong mag- 
netic fields are able to transport angular momentum adequately rendering further 
significant v, and v; with decreasing r. The angular momentum profile turns out 
to be similar to that obtained based purely on a—viscosity and hence W;; when the 
field is weak. However, the benefit with large scale magnetic stress is that it renders 
significant vertical outflow along with radial inflow. It is confirmed from Figs. 1d,e 
that close to the black hole magnetic field could be even ~ 107 G with an efficient 
magnetic shear compared to a—viscosity induced viscous shear. 

Now energetics can be estimated based on above hydromagnetism. The energy 
equation in conservative form under steady state condition is given by 


2 2 
; v I4, p B 
V.F = 0 with Fi = pi (z + Teel H rm H o t v; Mij v; Wi, (5) 
where 7,7 correspond to r or ¢ or z, indicating radial or azimuthal or vertical com- 
ponent of the respective variables with v? = v2 + M /r? + v2, ® is the gravitational 
potential, and Mj; is the magnetic stress tensor with standard definition, given by 
B? BB; 
Mi; = —6,; - ——. 6 
i 8r ” 4m (6) 
The outflow power extracted from the disk is computed at the disk-outflow surface 


region. It defines as? 


2 T À 
Pj= n le: I + r - 10-— (iv. em.) 
À 


dr. (7) 
h 


'This accretion induced outflow power contains contributions from mechanical and 
enthalphy powers, and those of viscous and Poynting parts. Our model is restricted 
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Fig. l. Variation of (a) Mach number, (b) outflow speed, (c) specific angular momentum, (d) 
magnetic field components, (e) ratio of magnetic to viscous shearing stresses, and (f) luminosity, 
as functions of distance from the black hole. Other parameters are Mpg = 20Mo, m = 0.05 
Eddington rate. 
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vertically up to the disk-outflow coupled region, above which outflow may decouple 
and accelerate. Hence this computed power is basically the initial power of any 
astrophysical jets at the launching region. Also the disk luminosity can be computed 
from the cooling mechanisms and can be defined as 


iz J | i oe i) dii (8) 


The variation of disk luminosity, whose magnitude is the most important observable 
in the present context, is shown in Fig. 1f. At an arbitrary r, the luminosity is 
obtained by integrating from the outer disk radius frout to that corresponding r. 
For the case of a stellar-mass black hole of mass Mga = 20 Mọ with total mass 
accretion rate m = 0.05 Eddington rate, the maximum attainable luminosity, based 
on the integration over whole disk, is L ~ 8 x 10?? erg s71. 
adequate to explain observed luminosities of ULXs in hard states. Table 1 enlists 
some ULXs with their respective power-law indices, indicating their harder nature. 
It is very interesting that the luminosity of the sources L ~ 10% erg s~!, which can 
be explained by a stellar mass black hole accreting at a sub-Eddington rate in the 
presence of strong magnetic fields, as described in Fig. 1f. 


'This value is quite 


Table 1: Some ULX sources in a hard power-law dominated state. 


Source r Lo.3—10 keV 
(10% erg s71) 
M99 X1? D 1.9 
Antennae X-11 +° 1:7649% 2.11 
Holmberg IX X-1H 1.9707, 1.0 
NGC 1365 X1” tae 2.8 
NGC 1365 X2? 1.23* 7-18 3.7 
M82 X42.3459 1.44700 1.13 


4. Summary 


ULXs and the question of plausible existence of intermediate mass black hole in 
the universe are both puzzling us for quite sometime. Some authors argue ULXs 
to be the sources of an intermediate mass black hole. Some others argue ULXs to 
be super-Eddington acrretors by a stellar mass black hole. The later group further 
argues that there is no need to expect a continuous mass distribution of black holes 
from stellar mass to supermassive scales. We suggest quite differently and uniquely. 
We show that at least some of ULXs are nothing but the highly magnetized accreting 
sources of stellar mass black holes accreting at a sub-Eddington rate only. The 
required field magnitude is of the order of 10" G to explain ULXs in hard states, 
which is well below the underlying Eddington value. Therefore, at least some of 
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ULXs could just be stellar mass black holes. While this suggestion leaves the 
question for the existence of intermediate mass black hole wide open, it argues for 
the power of magnetically dominated/arrested accretion flows to explain enigmatic 
astrophysical sources. 
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We study the bound orbit conditions for equatorial and eccentric orbits around a Kerr 
black hole both in the parameter space (E, L, a) representing the energy, angular mo- 
mentum of the test particle, and spin of the black hole, and also (e, p, a) space rep- 
resenting the eccentricity, inverse-latus rectum of the orbit, and spin. We apply these 
conditions and implement the relativistic precession (RP) model to M82X-1, which is an 
Intermediate-mass black hole (IMBH) system, where two high-frequency Quasi-Periodic 
Oscillations (HFQPOs) and a low-frequency QPO were simultaneously observed. As- 
suming that the QPO frequencies can also be generated by equatorial and eccentric 
trajectories, we calculate the probability distributions to infer e, a, and periastron dis- 
tance, rp, of the orbit giving rise to simultaneous QPOs. We find that an eccentric orbit 
solution is possible in the region between innermost stable circular orbit (ISCO) and the 
marginally bound circular orbit (MBCO) for e = 0.2768* 00621, a = 0.2897 + 0.0087, 
and rp = 4.6164* 00625. 


Keywords: Classical black holes; Relativity and Gravitation; Infall, accretion and accre- 
tion disks; Kerr black hole; QPOs. 


1. Introduction 


Black holes have been discovered as part of various systems in galaxies; as one of 
the components of the transient binary systems known as black hole X-ray bina- 
ries (BHXRB) with black hole mass in the range 5 — 30Mo, as intermediate mass 
black holes (IMBH) with mass range 300 to 600 Mo, and as galactic nuclei of mass 
106 — 101? Mọ (Ref. 1). X-ray emission from such systems gives evidence of the pres- 
ence of a compact object as X-rays originate very close to the black hole, and hence 
are important probes of the strong gravity regime. One of the important features 
discovered in the X-ray emission from these systems is quasi-periodic oscillations 
(QPOs), which are broad peaks in the Fourier power density spectrum. QPOs have 
been discovered with their frequencies ranging from mHz-kHz (Ref. 2), in BHXRB, 
mHz to a few Hz in IMBH (Ref. 3), and expected with the time scales of hours to 
days for AGN. The most interesting features among these are the high-frequency 
QPOs (HFQPOs) in the range 100-500Hz (Refs. 5, 6), detected in various BHXRB 
which may be used to calculate spin a and mass M, of the black hole when detected 
simultaneously. Some of these objects have also shown two simultaneous HFQPOs 
with their centroid frequencies having ratios ~3:2 or 5:3 (Ref. 2), indicating a res- 
onance. There are also some cases, for example, GROJ1655-40 (Ref. 7), and M82 
X-1 (IMBH) (Ref. 3), which are known to show the detection of three simultane- 
ous QPOs, two HFQPOs and one low-frequency QPO (LFQPO). There are various 
existing models that attempt to explain the origin of QPOs but perhaps the most 
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widely accepted is the relativistic precession (RP) model (Ref. 8), which interprets 
LFQPO as the nodal precession frequency given by (v;-vg), and the two HFQ- 
POs as associated with the azimuthal frequency, vg, and the periastron precession 
frequency (v$-v,) of a particle orbiting around a black hole. RP model has been 
previously applied to the cases of BHXRB (Ref. 7), assuming that the frequencies 
correspond to circular orbits of an equatorial system. 

In this article, we first present the necessary bound orbit conditions both in the 
(E, L, a) and in the (e, u, a) space of the corresponding orbit for the equatorial 
bound orbits. Using these conditions, we classify various bound orbits in both 
spaces. Then, by applying the RP model to the case of an IMBH M82X-1, we find 
that an eccentric equatorial orbit can also originate three simultaneous QPOs. We 
also discuss the possible region around the black hole giving rise to these QPOs. 


2. Bound orbit conditions for equatorial orbits 


In this section, we write the bound orbit conditions in (E, L) and (e, u) space for 
a particle orbiting a Kerr black hole of a given spin, a = J/M.. Throughout this 
article, we have scaled E, L, and a parameters by mass of the black hole M,, and 
have used geometrical units (G — c — 1). 


2.1. Dynamical parameter space (E, L,a} 


The equation defining radial motion of a particle (unit mass, mo = 1) in the equa- 
torial plane of a Kerr black hole having spin a is given by (Ref. 9) 
(2-1) 1fdr\? 1 , Poe (Be -)) (L — aE)’ (1 
2 |. 2\dr r 2r2 r3 í 
where r is the radial distance from black hole and 7 is the proper time. The radial 
kinetic energy vanishes at the turning points of the orbit, dr/dr = 0, which gives 


(1— E?) r? — 2r? + (L-a? (E? — 1)) r — 2(b - aEY* — 0. (2) 
We apply the Cardano's method (Ref. 10) to obtain real roots of Eq. (2) in terms 
of dynamical parameters (E, L, a), which corresponds to the case when a bound 


orbit exists between the first two turning points. The three real roots of Eq. (2) 
can be expressed as (Ref. 14) 


9 m [4-3 (1— E?) (L? — a? (E? — 1))]'? cos (=) 


ae —— Spem5m °° (3a) 
afi ics E) (22-42 (E? - ys (2522) 
n= tp = Fi —— ——5 G9 


a |i + [4-3 (1 = 2?) a? — a (E?-1))]"” cos (£22) 


r3 = — 730-8 (3c) 
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where o is defined by 
[8 -9 (1 — E?) (L? - a? (E? — 1)) +27 (1 — E?) (L - aEY| 
4 - 3(1 - E?) (2? - a? (E? - 1^7 


where rı > r2 > ra, r1 and r2 are the apastron and periastron points of the eccentric 
orbit respectively. It follows that 


COS py = ; (3d) 


—1 < cosy < +1 holds for eccentric orbits. (3e) 


As per the Cardano’s method, the condition for three real roots is described by the 
discriminant of the cubic equation, which we obtain for Eq. (2), given by (Ref. 14) 


A= 27 (1- E?) xt — (L? — a? (5-12) — 182? (1 — E?) (L? — a? (E? — 1)) 
+162? + (1 — E?) (L? eu ei, (4) 
where z = L — aE. Hence, the condition on ( E, L,a} to get three real and distinct 
roots of r, which is possible only when the orbit is an eccentric bound orbit, is given 
by 
A«0 and 0c Ecl. (5) 


The case of two equal roots and one distinct real root is possible when A = 0, which 
corresponds to the stable circular, and the separatrix orbit or the unstable circular 
orbit, which are classified using cos y by the following conditions: 


Stable circular orbit when cosy = —1 => ry =rp and 0< E «1, (6a) 
Separatrix orbit when cosy = +1 > r2=r3 and 0< E <1, (6b) 
Unstable circular orbit when cosy = +1 = ro-—rs and E> 1. (6c) 


In this way, we are able to classify the various bound orbits in the ( E, D, a] space. 
Fig. 1(a) shows this classification as bound orbit region, we call it the A region, 
in the (E, L) plane which is bounded by the curves representing the stable circular 
orbits Eq. (6a), separatrix orbits Eq. (6b), and E = 1. The details of results 
presented in this section will be provided in paper in preparation (Ref. 14). 


2.2. Conic parameter space {e, p,a} 


Next, we extend and translate the bound orbit conditions to the conic parame- 
ter space which is useful for the geometric study of the bound trajectories. The 
eccentricity and inverse-latus rectum are defined as 

Ta —Tp Ta c Tp 


e= u= ——. (7) 


Ta d. Ty i 2rafp 


Using the transformation relations between (E, L) and (e, u) (Refs. 11, 12), we can 
express A, Eq. (4), in terms of (e, u, a} as (Ref. 14) 
=e 2.9 2 2.2 y 9 po 
A= = [1 — a7? (1+e)(3—e)] [1—a*p? (1 — e) (3 +e)] = P 


(8) 
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Fig. 1. The bound orbit condition, A < 0, is shown as the A region (a) bounded by stable 
circular Eq. (6a), separatrix orbits Eq. (6b), and E = 1 in the (E, L) plane, and (b) bounded 
by stable circular Eq. (9a), separatrix orbits Eq. (9b), and e = 1 in the (e, u) plane for a = 0.5, 
where points A and B represents the innermost stable circular orbit (ISCO) and marginally bound 
circular orbit (MBCO) respectively. 


It is seen that A < 0 is valid for all the real values of x, and A = 0 if any one of 
the following conditions is satisfied: 


e — 0, (9a) 
Ay =0 > pr? (3 — e) (1-- e) « 1, (9b) 
Ao = 0 > u?z? (3 -- e) (1— e) — 1, (9c) 


where Eq. (9a) corresponds to the stable circular orbits, Eq. (9b) corresponds to 
the separatrix orbits and they together with e — 1 define the boundaries of the A 
region in the (e, u) plane; see Fig. 1(b). Hence, the condition in fe, u,a} space for 
an eccentric bound orbit is given by r3 < rp, which corresponds to (Ref. 14) 


jx (3- e) -4e) <1, (10) 


and is the operative condition for eccentric bound orbits representing the ordering 
of roots, r1 > r2 > ra. The expression of cosy, Eq. (3d), in the fe, u, a} space is 
given by (Ref. 14) 
[1 — 3x7 u? (1 e?)] . [ 1+ 3e + 327? (1 -e-e + e?)] . 
[1 + 3e — 327? (1 +e- e°- e?)] 
{4-3 (1 — e?) [L — 2p? 0- e?)] [L uo? (3 + ep 


cos yp = 


(11) 


3. Parameter estimation from RP model for QPOs 


Now, we take a more generalized approach to the RP model by considering e Æ 0. 
We consider that three simultaneous QPOs can also be originated by a self-emitting 
blob orbiting in an equatorial eccentric trajectory around a Kerr black hole. Then, 
we calculate the parameters (e, rp) of the orbit and spin a of the black hole using 
the fundamental frequency formulae for equatorial orbits derived in Refs. (11, 12), 
and presented in Table 1. We search for the parameters in the allowed A region 


247 


Table 1. Fundamental frequencies of 


equatorial eccentrc orbits, Refs. 11, 12, 13. 


c? - (ai EllipticPi [—p2?, 7/2, m?] + b; EllipticPi [—p3?, 7/2, m?]) 
p17 EllipticE [r/2, m?] — EllipticF [r/2, m?] 
2(1 Fp) m Fp?) 2 (1+ p1?) 
[pit + 2p1? (1 + m?) +3m?] 


vo (e, p,a) 


az + c2EllipticPi [—p2?, 7/2, m?] 
2rGM 


+ EllipticPi [7p12, 7/2, m?] fez + n) + d2EllipticPi [—p3?, 7/2, m?] 


3 
p17 EllipticE [7/2,m?]  EllipticF [7/2,m?] 


P 2 EE 2(1+ pi?) 


+ EllipticPi [—pi?, 7/2, m?] t^ 


vr (esa) 


| + c2EllipticPi [—p2?, 7/2, m?] 


{pit + 2p? (1 + m?) + 3m?] 


! + be $ + d3EllipticPi [—p3?, 1/2, m? 
20 Ep) (n? mi?) j pru] 


2v.av/1— E22, i! /? EllipticE B m?] 


7 [1 — pa? (3 — e? — 2e)]/2 


ve (e, p,a) 


[a? (1 — E?) + 2°] 
a? (1— E?) 


E Au? ez? p= 2e p= 2ea?° u "m 2ea?n 2 
[1 — i222 (3 — e? — 2e)]’ 1-e (a2u — ape — r4)! ^ (a2u — a2ue — r.)' 
11? [La? — 2zr4] , ui? [—La? + 2er_] 
7 7 —— o d 7 = 
V1 — à? (a? — a2 pe — r4.) /1 — p2 a? (3 — e? — 2e) 1— a? (a? — a?ue — r_) 
2E AE 


2 
m z4" = 


Constants a = 


az 


wg? (1 — e) 1- pr? (8 — e? — 2e) 


2ap"/2 (-21r- Vi-a -23Er.a4 La?) 


12 (1 — e)? 
2a?41/? (—La + 2Er_) 


r_/[L — pa? (3 — e? — e)JVI — a? (a?u — a?pe — r4) n [1 — pr? (3 — e? — 2e)] V1 — a? (a?u — a?2ue — r) 


(shown in Fig. 1) and defined by the bound orbit condition, Eq. (10). We apply 
this method to the case of an IMBH M82X-1, which has shown three simultaneous 
QPOs at vı = 5.07 -E0.06Hz, v2 = 3.32: 0.06Hz, and v4 —204.8--6.3mHz (Ref. 3, 4) 
to find (e, rj, a). We fix the mass of black hole to be M, = 428Mo given in Ref. 3, 
and simultaneously solve the equations vg = vi, Vg — Vr = v3, and vg — vg = va 
to find the exact solutions for the RP model given by (eo, rpo, aoj. We assume the 
QPO frequencies as Gaussian distributed with their mean values at v1, v2 and v3. 
We estimate the lo errors in the solution (€o,r55,ao) using the Jacobian of the 
transformation to (11, v9, va) space whose formulae are given in Table 1, and find 


the corresponding normalized joint probability density distribution in the (e, rp, a) 
space. As the probability density P (e,r,,a) is three dimensional, we collapse the 
profile of the probability density in two dimensions and fit a Gaussian function to 
find the mean values, (€o, rpo, ao], and variances, {0e, Or,, Ca} in other dimension. 

Using this procedure, we found the exact solution at e = 0.2768*00/s1, a = 
0.2897 + 0.0087, and rp = 4.6164*00625 for M82X-1. We see that the probability 


density naturally peaks at non-zero eccentricity suggesting that the most proba- 


ble solution might not be restricted to circular orbits as was previously assumed 
in Ref. 7. Fig. 2 shows this solution in the (rj, a) plane suggesting an eccen- 
tric orbit having its periastron point in the region between ISCO and MBCO is 
the most probable orbit for the generation of three simultaneous QPOs. We have 
implemented a similar approach to various BHXRB to include non-equatorial and 
eccentric trajectories in our paper in preparation (Ref. 13). 
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4. Summary and discussion 


We discussed the bound orbit con- 
ditions for the eccentric equatorial 
orbits in the (E, D, a}, and (e, p,a} 
spaces. We applied it to the spe- 
cific case of M82X-1, where three si- 
multaneous QPOs were discovered 
(Ref. 3, 4), to find the parameters 
e = (976800951. a = 0.2897 + 


0.0087, and rp = 4.6164*0 0625 for 
the orbit generating these QPOs 
using the RP model. We find 
that the eccentric orbit solutions 
are possible in the region between 
ISCO and MBCO, as shown in 
Fig. 2. Hence, by assuming that the 
accretion disk ends near ISCO, we 
conclude that the blobs that origi- 


1.0 
0.8 
0.6 — Horizon 
m — Light radius 
0.4 — MBCO 
E — ISCO 
0.2 
0.0 
1 2 3 4 5 6 


Fig. 2. An equatorial eccentric orbit solution (the 
point in magenta color) shown in the (rp, a) plane 
for the simultaneous QPOs discovered in M82X-1. 
The solution exists in the region between ISCO and 
MBCO. 


nate near ISCO and follow equatorial and eccentric trajectories in this region that 
produce HFQPOs. In a paper in preparation (Ref. 13), we also discuss the non- 
equatorial eccentric trajectories as possible solutions for QPOs assuming the RP 


model. 
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Accretion disks around stellar-mass black holes (BHs) are observed to emit radiation 
peaking in the soft X-rays (at about 1 keV) when the source is in the thermal state. This 
emission is expected to be polarized, because of electron scattering in the disk. However, 
photons will experience a rotation of the polarization plane due to General Relativity 
effects. X-ray polarization measurements can then be crucial in assessing strong gravity 
effects around accreting stellar-mass BHs, providing independent constraints on their 
spin. In this work, we present the simulated polarization spectra (obtained according 
to the model by Dovéiak et al.!) for the X-ray, thermal radiation emitted by the ac- 
cretion disk, as expected to be measured by IXPE, an X-ray polarimeter which will be 
launched in 2021. We also illustrate the code, currently under development, incorporate 
the contribution of returning radiation and account for absorption effects by the disk 
material. 


Keywords: polarization — relativity — instrumentation: polarimeters — X-rays: binaries. 


1. Introduction 


Stellar-mass black holes (BHs) are believed to be born mainly in the gravitational 
core-collapse of very massive stars (with M = 25-30 Mo), while supermassive black 
holes (M ~ 105-10? M5) are hosted in the center of most galaxies (including our 
own). Despite the fact that even light cannot escape from their event horizon, BHs 
have been observed so far as X-ray sources, through the electromagnetic radiation 
emitted from accretion disks in their surroundings, as well as, in the case of su- 
permassive BHs, by studying the orbits of nearby stars influenced by the presence 
of their gravitational field. Very recently, BHs have been in the spotlight thanks 
to the results achieved by the LIGO/VIRGO collaboration, which detected for the 
first time the gravitational waves emitted in BH-BH merging events.? Nevertheless, 
electromagnetic observations still play a key role in understanding the physics of 
BHs. Moreover, the recent developments in X-ray polarimetry techniques gave new 
impetus to this field of research.? 

In this work we revisit the issue of modeling the spectral and polarization prop- 
erties of radiation emitted from the accretion disk around a stellar mass BH, where 
general relativistic effects play a crucial role. T'heoretical models to investigate spec- 
tra and polarization from these sources have been developed by many authors in 
the past (see e.g. Ref. 4 for a more comprehensive list of references). We revisit in 
particular the work by Dovéiak et al.,! which addressed the contribution of photons 
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that reach the observer without interacting anymore with the disk since their emis- 
sion (the so-called “direct radiation"). As already discussed in Ref. 5 the “returning 
radiation” (i.e. the emitted photons which are forced by the strong gravity effects 
to return to the disk, where they may be scattered to eventually arrive at infinity) 
may provide an important contribution, and therefore we decided to include it in 
the KYN code. However, contrary to Schnittman & Krolik, we use an observer- 
to-emitter approach, and we also aim to explore non-trivial prescriptions for the 
disk albedo. The predictions we will obtain for the polarization observables can 
be promptly tested by the new-generation X-ray polarimeter IXPE,® that will be 
launched in 2021. 

In section 2 we briefly set out the theoretical model and present our main as- 
sumptions. An overview of the numerical implementation is described in section 
3, while some preliminary plots are discussed in section 4. Finally, conclusions are 
presented in section 5. 


2. Basic theoretical model 


Accretion disks around stellar-mass BHs are observed to emit radiation peaking in 
the soft X-rays (at about 1 keV) when the source is in its thermal state. Photons 
propagating in the space-time around a BH (which is described by the Kerr metric, 
for different values of the dimensionless angular momentum per unit mass a) will 
experience general relativistic effects. More in detail, photons emitted close to a 
BH are redshifted due to the strong gravitational field, and their trajectory follows 
null geodesics, deviating from straight lines. As a consequence, the paths of pho- 
tons emitted from regions of the disk closer to the central BH can be bent by its 
gravitational field. These photons may still reach the observer at infinity (direct ra- 
diation), but part of them can return towards the disk surface and scatter before to 
eventually arrive at infinity (returning radiation), depending on the emission point 
on the disk and on the emission direction. 

Disk radiation is also expected to be linearly polarized, because of Thomson 
scatterings that occur onto the electrons which are present in the atmospheric layer 
assumed to cover the disk (see e.g. Ref. 7). For symmetry reasons, the polarization 
vector of photons must be either parallel or perpendicular to the disk symmetry 
axis projected in the plane of the sky. In particular, if no absorption is assumed 
in the atmosphere, polarization will be parallel to this axis for lower values of the 
atmospheric optical depth (r < 1) and perpendicular for higher ones. As for the 
photon energy and trajectory, strong gravity can also influence the polarization 
state of radiation. !? In fact, the photon polarization plane should be parallely 
transported along the curved trajectory, and this results in a rotation of the polar- 
ization vector with respect to the direction assumed at the emission. Moreover, if 
the photon propagates around a rotating BH, it can be shown that the polarization 
vector undergoes a further rotation (also called the Gravitational Faraday rotation, 
see Ref. 11), the amount of which depends on a. 
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For these reasons, the expected polarization fraction P, and polarization angle 
Xo will be strongly influenced by the general relativistic effects associated to the 
central BH gravitational field. In particular, the change V in polarization angle for 
a photon propagating along a null geodesic is given by 


Y 
tan = —, 1 
ant =>, (1) 


where, in the case of a Petrov type D space-time, the quantities Y and X can be 
expressed in terms of the components Kk; and «2 of the Walker-Penrose constant, 1? 


which is a constant of motion along a null geodesic, as 


X = —(a — asin ĝo )Kkı — Bk» 
Y = (a — asin ĝo)k2 — Br. 


(2) 


In equation (2), œ and 8 are the impact parameters which identify the x- and y- 
axes, respectively, of the observer’s sky reference frame in the plane perpendicular 
to the line-of-sight, and 0, is the observer inclination.! 


3. Numerical implementation 


Calculations are performed for a standard disk!*:!4 focussing, for the sake of sim- 
plicity, on the case in which the emitted radiation follows locally a simple black- 
body distribution. Photons are assumed to be scattered by the electrons of a 
geometrically-thin atmospheric layer above the disk surface, which polarizes the 
emitted radiation. In particular, the intrinsic polarization properties in the diffu- 
sion limit (r >> 1) are extracted from Chandrasekhar's analytical expressions" for 
a geometrically thin and optically thick atmosphere with infinite optical depth. It 
can be shown that this is a good approximation as long as 7 > 5.! On the other 
hand, for lower values of 7 the intrinsic polarization pattern is numerically evaluated 
using the Monte Carlo code STOKES, firstly developed by Goosmann & Gaskell!? 
(see also Refs. 16 and references therein for subsequent updates). 


3.1. Direct radiation 


KYN! is a ray-tracing code based on an observer-to-emitter approach, contrary to 
the Monte Carlo code developed in Ref. 5. The observer-to-emitter method has 
the advantage of a much less computational load, even if, on the other hand, the 
inverse approach may prove to be more useful when electron scattering in the disk 
is considered. * 

In its original version, KYN takes into account only the contribution of direct 
radiation. The code starts with calculating the local specific Stokes parameters 
sı = [i, q, ui] according to the formulae by Ref. 7, for photons emitted from different 
points on the disk surface, each characterized by the distance r from the central BH 
and the azimuth ¢. Then, once selected the polar angles 0, and Ye that the photon 
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emission direction makes with the disk normal, the code computes the integrated 
Stokes parameters at the observer, ! 


Ads = fas fan 4G 


Age = / ds | AES lo cos E OY (3) 
Aus = fas far [ui cos(2V) + qı sin(2W)]G , 


where V and G are the change in polarization angle (see equation 1) and the trans- 
fer function, 17 respectively, which account for the general relativistic effects that 
photons experience moving along the geodesic which connects the observer to the 
emission point, while Ej is the local photon energy. 


3.2. Returning radiation 


What is new in this work with respect to Ref. 1 is the addition of a specific module 
for including in the KYN code the contribution of returning radiation, motivated by 
the fact that in previous works? it turned out to be important. Calculations are 
performed using the C++ code SELFIRR: 


e for each point on the disk surface (at the distance 7; from the central BH), 
all the possible directions along which photons can return on the disk are 
sampled on a discrete (0;, 2i) angular mesh, with 0; and ¢; the polar angles 
with respect to the disk normal; 

e then, for each point of the (7i, 0i, ĝi) grid, the code computes the null 
geodesics, if any, that arrive to the disk at the selected distance r; with 
incidence direction given by (6;, @;) from another point of the disk surface?; 

e finally, the values of the emission radius Fe, angles of emission 0, and (De 
(with respect to the disk normal), transfer function G and change in po- 
larization angle V which characterize each of the computed geodesics are 
stored in an external file, to be read by KvN. 


'The specific Stokes parameters of the photons originally emitted from the disk are 
still given according to a Novikov- Thorne profile!^ and using the formulae by Ref. 7 
as in the case of direct radiation (Sec. 3.1). At the incidence point, the contributions 
of the different geodesics are summed together, in order to obtain the specific Stokes 
parameters due to returning radiation in each point of the disk surface. 

Once returned to the disk, photons are considered to be reflected; for the sake of 
simplicity, in this preliminary version of the code we used a 10096 albedo prescrip- 
tion, ie. photons which return to the disk are all reflected towards infinity. For 
calculating the Stokes parameters of reflected photons we used the Chandrasekhar's 


“We stress that SELFIRR naturally accounts for photons that, due to lensing, can travel along more 
than one geodesic between two points on the disk also with the same direction of incidence. 
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formulae for diffuse reflection (see Ref. 7 for more details). The integrated Stokes 
parameters at the observer are eventually obtained as mentioned in section 3.1 (see 
equations 3). The code provides in output the values of the Stokes parameters as 
functions of the photon energy at the observer, as well as the energy-dependent 
polarization degree and angle. Besides the outputs for the separate contributions 
of direct and returning radiation, the code is set to return also the “total” spectra 
and polarization observable behaviors, obtained by summing together the Stokes 
parameters of the two components. 


10e 3 E 
E T n/M- gee T E a/M-0998 
3 i-80deg 


1 1 
107 1 10 
energy energy 


so  o/M-0998 4 
i=50deg 


f 
1077 1 10 
eneray 


Fig. 1. Spectrum (top-left), linear polarization fraction (top-right) and polarization angle (bot- 
tom) produced by a KYN run for a maximally rotating (a = 0.998), stellar-mass BH (M = 10 Mọ, 
M = 3.5 x 1017 g/s) with inclination angle i = 60° (solid lines). Dotted and dashed lines represent 
the separate contributions of direct and returning radiation, respectively. 


4. Preliminary results 


The simplifying assumption of 100% albedo at the disk surface allowed us to com- 
pare directly our preliminary results with those obtained in Ref. 5. However, we aim 
to relax this assumption in future applications, using non-trivial (although still sim- 
ple) prescriptions for the disk albedo and considering the mutual interplay between 
the strong gravity effects and those of the disk vertical structure on the returning 
radiation. As an example, we show in Figure 1 a typical output of our code in 
the case of a 10 Mo, maximally rotating BH (spin a = 0.998), for a value of the 
accretion rate M = 3.5 x 10!7 g/s, which roughly corresponds to a disk luminosity 
of order 10% of the Eddington limit (see Refs. 5, 18). Chandrasekhar’s formulae 
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for a geometrically thin, optically thick disk are used to derive the polarization 
properties at the emission (see Sec. 3). 

The plots show the spectrum, polarization fraction and polarization angle^ as 
functions of the photon energy at infinity for an inclination angle of 60? (solid 
lines), together with the separate contributions of direct (dotted lines) and return- 
ing (dashed line) radiation. As a direct comparison with Figure 6 in Ref. 5 suggests, 
the results obtained from our code are compatible with those originally discussed by 
Schnittman & Krolik. In particular, the addition of the returning radiation compo- 
nent to the direct one modifies dramatically the polarization pattern expected when 
only direct radiation is considered. At high photon energies, where the collected 
photons come from the inner part of the disk and returning radiation effects are 
indeed more important, the polarization fraction can also exceed 1096 and photons 
are predominantly polarized perpendicularly to the disk surface. On the other hand, 
polarization properties of low-energy photons, which come from the outermost re- 
gions of the disk, tend to follow more closely the Chandrasekhar’s prescription. " 
In between these two regimes a transition occurs, where the contributions of direct 
and returning radiation are equivalent. Here the polarization direction turns out to 
rotate from parallel to perpendicular and correspondingly the polarization fraction 
attains a minimum, below 196. 


5. Conclusions and future prospects 


We presented a numerical method to simulate the spectral and polarization prop- 
erties of the X-ray radiation emitted by accreting stellar-mass BHs, including the 
effects of returning radiation alongside those of direct radiation. The preliminary 
plots shown in Figure 1 and obtained in the simplified 10096 albedo prescription 
turn out to be in good agreement with the results already discussed in literature 
(see e.g. Ref. 5), although an inverse (observer-to-emitter) approach with respect to 
previous investigations has been used. Future improvements of our work will then 
consist in producing more complete simulations, in which the albedo is calculated 
by using more realistic, self-consistent disk models. 

The first results obtained using the basic model illustrated in sections 2 and 
3 strengthen the view that X-ray polarization measurements can be actually cru- 
cial in assessing strong gravity effects around accreting stellar-mass BHs. Whilst 
some pioneering efforts in measuring X-ray polarization from stellar-mass BHs were 
made with the OSO-8 satellite,!? the poor sensitivity and quasi mono-energetic 
approach of past instrumentation did not allow to achieve conclusive results. On 
the other hand, the new techniques available with new-generation polarimeters like 
IXPE promise to strongly increase the sensitivity of polarization measurements in 
the 2-8 keV energy range. Numerical simulations, which exploit the IXPE effective 


>In Figure 1 (as in the plots shown in Ref. 5) a polarization angle of 90° corresponds to photons 
polarized perpendicularly to the disk surface. 
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area and modulation factor, have been already performed”? to test the feasibility 
of such polarization measurements for radiation emitted by stellar-mass BH accre- 
tion disks. These simulations have confirmed the capability of the instrument in 
constraining the physics of BHs, showing how polarization measurements may be 
used to determine the BH spin parameter a. 
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The Rossby-Wave Instability (RWI) has been proposed to be at the origin of the high- 
frequency QPOs observed in black-hole systems. Here we are presenting the first full 
GR simulations of the instability around a Kerr black-hole which allow us to explore the 
impact of the spin on the instability. Those simulations, coupled with a full GR ray- 
tracing, allow us to directly compare our simulation with the observables we get through 
X-ray observations. 
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1. Introduction: NOVAs as a tool for theoretician and observer 
alike 


take into account 
the detector 


fit bylmodels aac 


Observation chair 


GR rayitracing 


Vau cale parameters 
NS GRAM)HD 
constraints 


NOVAs chain 


fluid Simulations 


physical modal 


Fig. l. How the 'standard' observation chain compare with the NOVAs chain. 
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By combining smoothly two GR codes, one providing a full hydrodynamical so- 


b. we now have 


lution [1, 2]* and one providing the ray-tracing of the emission[8] 
a fully functional numerical observatory which allows us to obtain spectrums and 
lightcurves of theoretical models with limited hypotheses. Further linking the out- 
put of NOVAs with SIXTE allows us to also test the capacity of new instruments 
to distinguish between models and explore new possibilities. 

Using this tool, we can explore the observables coming from different models. 
In particular we are interested in the fast variability of microquasars for which 
there has been a long string of efforts to understand their origin. This is especially 
true for the origin of the rather elusive High-Frequency Quasi-Periodic Oscillation 
(HFQPO) in systems containing (or thought to contain) a black hole (BH). 


2. The RWI in the full Kerr metric 


Here we focus on the model based on the Rossby-Wave Instability? ? which is 
predicted to occur when the inner edge of the disk is close to the last orbit. It has 
been previously proposed to explain several phenomena occurring in the vicinity of 
black holes? but its existence in an extreme Kerr environment had never been 
fully demonstrated until recently. 

Indeed, using NOVAs we performed the first simulations of the RWI in the Kerr 
metric up to high spin of a — 0.99 proving its existence as well as confirming 
the conditions necessary for it to arise in black-hole disks. From this first set of 
simulations following the RWI from a Keplerian setup to a near extreme Kerr black- 
hole, we were able to study in more detail how the location of the RWI influences 
its physics and what changes, if any, we should be looking for in observations. 

Fig. 2. summarizes our findings by showing, for multiple spins, the evolution of 
the growth rate, saturation level and time to reach saturation of the instability as 
function of its position with respect to the black hole. On the top part of Fig. 2. 
we see that the time to reach saturation, while relatively constant at larger ry, the 
small differences coming mostly from the differences in the setup we used, increased 
rapidly when the RWI develops inside ~ 4rg. This rise shows the impact of the 
lapse on the propagation of the instability. While the change is about 4096 of the 
period, the actual numerical value is extremely small as those objects are very fast. 
It is not possible to detect such differences in observations. 

At the bottom of Fig. 2. we see that the growth rate of the instability goes 
through a maximum for ry ~ 5rg. This, once again is too small of a change to have 
any detectable effect as one needs too long of an observation to detect HFQPOs, so 
we cannot follow the ‘instantaneous’ evolution of its rms. 


“Freely available at https: //github.com/amrvac/amrvac 
PFreely available at http://gyoto.obspm.fr 
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Fig. 2. Evolution of the growth rate of the instability, its saturation level and the time to reach 
saturation for different spins and positions of the instability (rp). 


More interestingly, we see on the middle plot, that the closer to Ir, the RWI 
develops, the higher its saturation is. This quantity is related to the maximum 
strength a QPO can attain, hence to how much modulation there is in the observed 
flux. While we cannot directly test that with observations, indeed, the limitation 
being the very low number of spin determination for HFQPO sources, this is some- 
thing we will be exploring, especially with NICER. 


3. Potential Link with observations 


Using NOVAs, we look into more detail at ways to compare the RWI with ‘standard’ 
observations. Indeed, while a direct comparison of the numerical simulation with 
observations is impossible, using the NOVAs framework we can produce lightcurves 
and spectrums that we can then compare with observables. 


3.1. What is at the origin of the different HFQPO pairs/ peak 
selection in the PDS 


'The RWI has been proposed to explain the high-frequency QPOs, partially because 
of its ability to have multiple modes present at the same time. A question that can 
easily be answered using NOVAs is what causes the different modes to be detected. 
To achieve that we performed numerical simulations having slightly different setups 
and then produced the associated PDS to see when we get a certain type of pair. 
Depending on the setup we get different modes of the RWI and in turn those 
create different patterns in the PDS depending on which modes dominate and this 
translates in different peak distributions in the PDS as seen on the left of Fig. 3. 
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Fig. 3. Left: three PDSs obtained for the same black-hole spin but different local conditions. 
Right: scatter plot of the power-law slope, I’, versus the temperature at the inner edge of the disk, 
Tin, for all the HFQPO observations in XTE J1550-5647. 


From those simulations we did not yet get a clear criteria for the different peak 
distributions but we were able to reproduce all the observed peak distributions” 
while having the parameters of the system change by about 30%. Using all the 
observations of XTE J1550-564 with a published HFQPO we looked at how much 
variation exists in the system parameters. We see on the right of Fig. 3. that the 
observed changes in the system parameters are compatible with the kind of changes 
needed by the RWI to explain the observed PDSs. 


3.2. Evolution of HFQPOs with spin/ rms amplitude of the 
modulation as function of spin 


One of the first things we looked at is the growth of the RWI in the case of different 
black-hole spins. As you can see on the left of Fig. 4. we get higher saturation 
levels, and hence detectabilities, as the spin increases. While this is not a direct 
observable, we can still look at how the maximum rms amplitude of the observed 
HFQPOs behaves as function of spin. The right graph of Fig. 4. compiled all 
the HFQPOs’ rmses published for black-holes with known spins. Even if this is a 
limited sample, we see a similar trend as the one we have in our simulations, namely 
that high spin systems have higher rmses. We will be continuing to look for new 
HFQPO/spin couples to add to that plot as soon as new data become available. 
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Fig. 4. Left: growth of the RWI as function of the time for different spins. Right: distribution 
of the rms amplitude of HFQPOs as function of spin for all the known couples. 
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4. Conclusion 


Using our new NOVAs framework we are able to show that the RWI does indeed 
develop at the inner edge of a disk at its last stable orbit when full GR is taken into 
account. 

We then explored several observables related to the RWI as a model for HFQPOs 
and compared them with actual data. We first look at the number and relation 
between the dominant peaks in Fourier space, showing that they are dependent on 
the local disk conditions where the RWI is developing. On top of that, we were able 
to reproduce all of the observed HFQPOs’ distributions as of today and showed 
that the required changes in the local disk is compatible with the observed values. 

Also, when computing the RWI for the full range of spins we saw that, under 
similar conditions, the higher spins will have a higher saturation level. While we do 
not have observations of different systems under the same conditions, we looked at 
the maximum rms observed as function of spin and showed that higher spin systems 
tend to get HFQPOs with higher rms. 

Allin all, using NOVAs allowed us to strengthen the RWI as a possible explanation 
for the HFQPO. 
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With NICER up and running and the ATHENA mission in preparation there is need to 
study in more detail what is the influence, if any, of the spin on the observed spectrum. 
Using the newly developed NOVAs framework which is comprised of a GR code, GRAM- 
RVAC, coupled with the ray-tracing GR code, gyoto, we computed a series of simulated 
disk spectrums for a variety of black-hole spins. Using standard models from xspec we 
fitted those spectrums and looked at how they performed to give us the parameters of 
the simulated spectrums. Here we report on our findings and how we could improve the 
existing models to get better insights into the physical large scale disk parameters. 


Keywords: black hole binaries; MG15 Proceedings; energy spectrum 


NOVAs, our Numerical Observatory of Violent Accreting systems?, can have a lot 
of uses, such as preparing observations, thanks to being easily coupled to SIXTE, 
but also trying to understand the origin of some observed features. Here we show 
a few examples of what NOVAs can do in particular related to the energy spectrum 
of accretion disks around black-holes. 


1. Computing a simulated disk spectrum using NOVAs 
1.1. Introduction: Forming the Inner edge of the disk 


'The first step to compute the energy spectrum of an accretion disk around a black- 
hole is to obtain the shape of the disk. Using NOVAs, in particular the GRAMRVAC 


“See other proceedings by the same author in this volume. 
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step, we ran a series of simulations following the formation of a stable accretion disk 
reaching its last stable orbit. We focused on the shape of the temperature profile 
as function of the spin, needed to compute the emission, and also on the position 
of the inner edge. 


t wr Da os pn ws D D os D 10 p n Yr n is Ta D Yo x Ts Ts 20 
spin r/uso 


Fig. 1. Left: position and shape of the inner edge of the simulated disk forms as compared to 
the predicted last stable orbit. We see that, as the spin increases, the inner edge of the disk gets 
sharper and thinner. Right: temperature profile as function of the radius in the disk (normalized 
to the last stable orbit) for increasing spins. We see that a higher spin means a sharper and thinner 
edge. 


As expected, we recover the position of the last stable orbit very precisely (left 
Fig.1) but the curvature of the temperature profile depends on the spin with lower 
spins having a larger turnover zone (right Fig.1). This means that higher spins 
imply a sharper and thinner inner edge of the disk. 


1.2. simulated disk spectrum 


Once we obtain the temperature in every point of our disk we can compute its 
blackbody emission and ray-trace it back to the observer using the gyoto step of 
NOVAs. One of the advantages of NOVAs is that we can turn on/off certain aspects 
of the process in order to test its impact. 
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Fig. 2. Comparison between the full GR simulated spectrum (star) with the cases of a 
Shakura&Sunyaev equivalent disk with either a Minkowski ray-tracing (diskbb equivalent) or Kerr. 
The corner plot is the same plot in log-log. 
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'The first test was to see which aspect of the full GR. treatment was necessary 
and when. To that respect we compared in Fig.2 the cases with full GR simulation 
(stars), GR only for the fluid dynamical part but Minkowski space for the ray-tracing 
back to the observer (Minkowski case) and with the cases of a Shakura&Sunyaev 
equivalent disk with either a Minkowski ray-tracing (diskbb equivalent) or Kerr. 

As expected from the temperature profile which becomes closer to the equivalent 
Shakura&Sunyaev case at higher spin (sharper) we see in Fig.2 (in log-lin and 
log-log), that for high spins, the simulated disk spectrum is close to both the SS- 
Kerr and SS-Minkowski cases, which is an acceptable approximation of the full GR 
simulation in particular if we are looking for a fast fit of the overall disk parameters. 


1.3. Impact of inclination 


Another advantage of a numerical observatory is that we can look at the same 
system under different conditions such as for example the inclination. This allows 
us to test the impact of parameters related to the position of the system with respect 
to the observer. 


Fig. 3. Energy spectrum of the simulated disk for different inclinations of the system for the case 
of zero spin (left) and a higher spin of a — 0.9 (right). 


Fig.3 shows the impact of inclination on the shape of the spectrum in the case 
of no spin (a=0) and a higher spin (a—0.9). The most noticeable effect is on the 
energy of the maximum, especially for high inclination systems where the Doppler 
effect is the strongest. 


2. From numerical simulation to spectral fitting 


A great advantage of a numerical observatory is that we know the ‘correct’ value 
from the simulation and therefore we can evaluate the error made on the parameters 
determination coming from each spectral fitting method applied on our ‘observa- 
tions’. As the output of NOVAs is compatible with xspec we can use the standard 
fitting procedure on our numerical observations and assess how close the fitted pa- 
rameters are to those input in the simulation. 


2.1. Error on the disk parameters 


Often the main results from the spectral fitting are the overall disk parameters 
such as the position of the inner edge of the disk and its temperature. Here we 
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are using energy spectrums coming from our simulations and then use xspec to fit 
them with diskbb, ezdiskbb, diskpbb to see how well each of those performs 
when compared with the value input in the simulation. 


— purple 


Fig. 4. Comparison of the fitted parameters of the disk, namely the norm and inner temperature, 
compared to the measured value in the simulations for different spins values. 


We see on Fig.4 that for all those cases the norm was reasonably recovered 
for all spins especially for mid-level spins, while the temperature was much better 
recovered for high spins, with an error close to 25% at low spin. This can be related 
to the difference in shape of the temperature profile which is much closer to the 
diskbb model at higher spin than it is at lower spin. 


2.2. Testing the efficiency of the spin determination 


Using the simulation of an accretion disk formed around different spin black-holes 
we created the ‘observations’ to plug into xspec and used the kerrbb model to fit 
the spin value from the energy spectrum. To simplify the test we input the exact 
value of inclination, mass and distance of the NOVAs observation, leaving only the 
spin to be fitted. 


spin of the black hole 


Fig.5. Comparison between the spin of the numerical observation and its fitted value with kerrbb. 
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'The resulting fitted spins are represented in Fig.5 with respect to the spin of the 
numerical observation. For all the spins the fitted value is within 0.1 of the actual 
spin of the numerical observation and the quality of the fitted value improves as the 
spin increases. It is interesting to note that, for all of the cases explored here, the 
fitted value was always lower than the actual spin of the object. This is a preliminary 
study and more cases need to be explored but it shows a good efficiency of the spin 
fitting method if we know well the system's parameters. 


2.3. Understanding the origin of some observed features 


Another possible application of the NOVAs framework is to look for the cause of 
some observed features. Here we are looking at what could be the reason behind 
the fact that it is harder to obtain good x? for the spectral fit of high-spin systems, 
and that for every state. 

In order to explore the difference between high and low spin we look at the shape 
of the spectrum, or more precisely at how the shape of the spectrum compares with 
the diskbb spectrum which is often used to fit spectral data. 
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Fig. 6. Evolution as function of energy of the simulated flux over the diskbb flux for the same 
system. 


Fig.6 shows that for low spin (blue points) the full GR simulated flux is relatively 
close to the diskbb flux that it is fitted against but as soon as we go to high spins 
the overall shape of the spectrum starts to diverge. This would then lead to a worse 
X? for higher spins than can be achieve for lower spins. 


3. Conclusion 


Here we focus on a few cases where NOVAs, our Numerical Observatory of Violent 
Accreting systems^, have helped us understand observations. Indeed, using NOVAs 
we can now explore the influence of hard-to-measure parameters, such as the spin 


PSee other proceedings by the same author in this volume. 
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of the black-hole or the inclination of the system, in the hope of finding some 
observational constraints. 

Among the numerous applications we first looked at how well some commonly- 
used xspec models performed to retrieve the information from our simulated spec- 
trums and found that most models have similar pitfalls but give adequate results. 
We also explore how well the kerrbb model constrains the spin and found that for 
our range of spin and accretion rates the kerrbb model was able to get the spin 
within 0.1 of its actual value. 

Finally, we propose the relativistic effects on the disk emission to be responsible 
for the difficulty to get good x? for high spin sources. This emphasizes the need to 
improve our disk modelisation in xspec for newer missions. 
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Here we are presenting NOVAs, a Numerical Observatory of Violent Accreting systems, 
which couples a GR AMR MPI fluid dynamics code (GRAMRVAC) able to follow accre- 
tion around a Kerr Black-hole with the ray-tracing code GYOTO. Together, they allow 
us to test different models by running the simulation and obtaining spectral energy dis- 
tributions and power-density spectrums from which we can extract the same observables 
as for ‘real’ observations, hence making it a Numerical Observatory. 
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1. Introduction: why a numerical observatory? 


While there are a lot of observational data and theoretical models trying to explain 
black-hole system, it is hard to bridge the gap between observables, such as the 
energy spectrum for example, and an analytical or numerical model. This is espe- 
cially true when looking at highly relativistic systems such as the inner region of an 
accreting black-hole. 


The idea behind NOVAs is to create consistently, from numerical GR-(M)HD sim- 
ulations the same outputs as we have from observations, i.e. lightcurve, energy 
spectrum and Power-Density Spectrum, in a compatible format to be analyzed by 
software like xspec. It makes use of several existing or in development codes which 
are: 


GRAMRVAC All the general relativistic (GR) fluid dynamics are done with the general 
relativistic version of MPI-AMRVAC?. In most of the simulations presented 
here we used a Harten, Lax and van Leer (HLL) solver linked to a Koren 
slope limiter. See [1, 2] for the full code description and some applications. 

GYOTO For all the GR ray-tracing computations, we use the open-source? GYOTO 
code. Photons are traced by integrating the geodesic equation using a 


“Freely available at https: //github.com/amrvac/amrvac 
bFreely available at http://gyoto.obspm.fr 
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Runge-Kutta-Fehlberg adaptive-step integrator at order 7/8 (meaning that 
the method is 8th order, with an error estimation at 7th order). From such 
maps of specific intensity, the light curve (flux as a function of time) is 
derived by summing all pixels weighted by the element of the solid angle, 
which is subtended by each pixel. See [7] for the code presentation. 

SIXTE In order to add instrumental effects we use the SIXTE* package for X-Ray 
telescope observation simulations. It allows us to undertake instrument 
performance analyses and to produce simulated event files for mission- and 
analysis studies. 


On top of developping the GR formalism for GRAMRVAC we have added to the 
codes, when needed, new outputs and formats so that one can smoothly go from 
the fluid simulation to the spectrum observed by an instrument. 


2. How does NOVAs works 
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Fig. l. How the 'standard' observation chain compares with the NOVAs chain. 


aints 


Fig. 1 shows how the numerical observatory of NOVAs works when compared with 
‘standard’ observations. This emphasizes how a numerical observatory is comple- 
mentary to ‘standard’ observations. 


^Freely available at https: //www.sternwarte.uni-erlangen.de/research/sixte/index.php 
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To explain in more detail how the NOVAs chain works, lets look at the case of 
an accretion disk orbiting around a Kerr black hole, of spin a, mass M: 


- The NOVAs chain starts from a physical model. In our example below we 
have matter orbiting around a Kerr black hole of spin a, mass M. The first step is 
to use GRAMRVAC to evolve the system in order to obtain a self consistent disk. Here 
we are particularly interested in the shape of the inner edge formed, left of Fig. 2, 
as it will first impact the direct emission of the disk but also as it can lead to disk 
instabilities such as the Rossby-Wave Instability [3, 4, 5, 8]. 


een 


Fig. 2. Left: snapshot from the GR-HD simulation leading to the creation of a disk. Middle: the 
emission ray-traced back to the observed for a perfect instrument. Right: energy spectrum of the 
same snapshot. 


- Once we have the overall structure of the system from the fluid simulation and 
the large scale parameters of the system, such as its distance and inclination, we 
use GYOTO to ray-trace back to the observer the emitted flux as a function of energy. 
A zoom in on the inner portion of the disk is shown in the middle figure of Fig. 2. 

- Lastly, those can in turn can be translated into a lightcurve and an energy 
spectrum for the source (directly or going through a non-perfect instrument using 
SIXTE) as shown on the right of Fig. 2. Then those can be reduced through the 
standard analysis process to access observables. 


There are numerous applications to that numerical observatory, among those 
we can make predictions from models, test how certain observed features can be 
explained, test the impact of parameters that are hard to pinpoint such as the 
inclination, and also test the detectability of certain features with new instruments 
using SIXTE. 


3. First Applications 


Our first application of this Observatory is to study the ability of the Rossby-Wave 
Instability to reproduce the High Frequency Quasi-Periodic Oscillations detected as 
peaks in the Power-density spectrum of some black-hole binaries. This is the first 
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time a full GR study of the RWI has been done with an extreme Kerr black-hole 
and the associated PDS is computed. 


3.1. The RWI around an extreme Kerr black-hole 


While the RWI has been demonstrated to exist in a variety of setups this has only 
been done in Newtonian and Pseudo-Newtonian approaches until recently. For that 
reason, the ‘first light’ of NOVAs was to confirm that the RWI develops as expected 
in the Kerr metrics, even for high spins. 


Fig. 3. Snapshots from the GR-HD simulation with the RWI active at the inner edge of a disk 
orbiting a black hole of spin a={0, 0.3, 0.5, 0.75, 0.95, 0.98). The x-axis is scaled in rg. 


As we can see on Fig. 3., in every simulation the RWI develops close to the last 
stable orbit,as expected from linear study [3]. The exact position depending on the 
density profile at the inner edge of the disk, hence on the spin of the black hole. 
The full impact of the spin on the instability has been explored in [1, 2]. 


3.2. HFQPOs created from the RWI 


'Thanks to NOVAs having a full observatory capability we can go one step further and 
make the lightcurve associated with those simulations as it would be observed with 
an X-ray satellite and then use standard reduction tools to obtain the power-density 
spectrum. This allows us to use the most direct way to check if the RWI can indeed 
produce the High-Frequency Quasi-Periodic Oscillations it has been proposed to 
explain. Indeed those HFQPOs are detected in the form of peaks in the PDS and, 
thanks to NOVAs, we can produce the PDS associated with our simulations. 
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Fig. 4. a small selection of PDSs from our simulations showcasing similar peak ratios as is ob- 
served in microquasars. 


We see in Fig. 4 that the RWI does not only produces peaks in the PDS and 
therefore confirm itself as a candidate for the HFQPOs, but it also sometimes ex- 
hibits 3:2 and 4:3 ratios for the peaks similar to what is observed in sources such 
as XTE J1550-564 [6]. In the context of the RWI what fixes the strength of each 
peak is the local conditions. Indeed, the two upper curves of Fig. 4 are for the same 
black hole spin but different local disk conditions, leading to different ratios of the 
strength between the peaks. 


4. Conclusion 


By combining smoothly two GR codes, one providing a full fluid dynamical solution 
and one providing the ray-tracing of the emission back to the observer, we now have 
a fully functional numerical observatory, NOVAs, which allows us to obtain spectrums 
and lightcurves of theoretical models with limited hypotheses. Further linking the 
output of NOVAs with SIX TE allows us to also test the capacity of new instruments 
to distinguish between models and explore new theoretical features. 

Among the numerous applications we first looked at the RWI to demonstrate 
that it will be trigged near the last stable orbit of any spin black-hole as it was 
linearly predicted. We then computed the lightcurves and associated PDSs and 
proved the ability of the RWI to produce peaks in the PDS similar to what is 
observed in microquasars. 
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A solution of the Boltzmann equation is obtained for a magnetized plasma with strongly 
degenerate electrons and nondegenerate nuclei. The components of the diffusion, ther- 
mal diffusion, and diffusion thermoeffect tensors in a nonquantizing magnetic field are 
calculated in the Lorentz approximation without allowance for electron-electron colli- 
sions, which is asymptotically accurate for plasma with strongly degenerate electrons. 
Asymptotically accurate analytical expressions for the electron diffusion, thermal diffu- 
sion, and diffusion thermoeffect tensors in the presence of a magnetic field are obtained. 
The expressions reveal a considerably more complicated dependence on magnetic field 
than analogous dependences derived in the previous publications on this subject. 


Keywords: neutron stars; dense matter; kinetics. 


1. Introduction 


The kinetic coefficients in the crusts of neutron stars and the cores of white dwarfs 
play an important role in the evolution of these stars. The heat fluxes and current 
densities are determined by heat conduction, diffusion, thermal diffusion, and the 
diffusion thermoeffect. To calculate these coefficients, it is necessary to know the 
transport properties of a dense stellar matter, in which electrons are strongly de- 
generate and form a nearly ideal Fermi gas, while ions are nondegenerate and form 
either a Coulomb liquid or a Coulomb crystal. Under such conditions, electrons 
are the main carriers of charge and heat, and the kinetic coefficients are mainly 
determined by electron scattering from ions. Knowing the distributions of heat and 
current, one can calculate the magnetothermal evolution of a neutron star with 
the crust that forms a Coulomb crystal !. The kinetic coefficients of degenerate 
electrons in neutron stars and white dwarfs in a magnetic field were analyzed in 
23. The ratio between the electric conductivities along and perpendicular to the 
magnetic field was phenomenologically obtained in ?. It is given by 


OL 1 


ay Te wre n 


and was used in ? to calculate the thermal and electroconductivity coefficients of 
a degenerate electron gas in the crusts of neutron stars. Here, w = eB/(mec) is 
the cyclotron electron frequency, 7 is the time between electron collisions, e is the 
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electron charge, Me is the electron mass, B is the magnetic field strength, and c 
is the speed of light. The influence of the magnetic field on the electron thermal 
conductivity and electric conductivity in form (1) was used in many subsequent 
papers. 

'The electron thermal conductivity tensor in a dense magnetized matter was cal- 
culated in ^ by solving the Boltzmann equation by the Chapman-Enskog method 
for nondegenerate electrons and in the Lorentz approximation for strongly degen- 
erate non-relativistic electrons. Similar calculations had been done in ? for tensors 
of diffusion, thermal diffusion and diffusion thermoeffect. 

In the present contribution, we briefly present results of ?. The expressions 
reveal a substantially more complicated dependence on magnetic field than those 
obtained in earlier publications on this subject. The use of the kinetic coefficients 
calculated in this paper makes it possible to take into account the processes oc- 
curring in the crust of a neutron star more accurately. The obtained expressions 
can also be used to describe the transport coefficients in other magnetized objects 
containing free degenerate electrons. 


2. Boltzmann equations and transfer equations 


We use a Boltzmann equation for electrons, in a magnetic field, with an allowance 
of arbitrary degeneracy, and assuming them as non-relativistic. We consider the 
electron gas in a crystal lattice of heavy nuclei, and take into account the interaction 
of the electrons with a nondegenerate nuclei and with one another. If the mass of 
the nucleus my is much greater, than the electron mass me, then to the terms 
~ me/myw the details of the distribution function fyo are unimportant, and the 
calculations can be made for arbitrary fwo. 

Boltzmann equation, which describes the time variation of the electron distri- 


bution function f in presence of the electric and magnetic fields is written as®” 


1 o 
* (Eie emaB) L +J = 0. (2) 
Ci 


Gz — 

Ot Or; Me 
Here (—e), Me are the charge (negative) and the mass of the electron, E;, B; are the 
strength of the electric field, and magnetic induction, &jj; is the totally antisym- 
metric Levi-Civita tensor, c is the speed of the light. The collision integral J for 


8,9 


arbitrary degenerate electrons, from ?"?, is written in the form, 


1 


Xesdi sd eed fi [ff - Da - f FAA- £0 — £0) x geb db deder 


+ / U Au - D- Hu - £)) x sabdbdedew; (3) 


Here, the impact parameter b, and £ are geometrical parameters of particle collisions 
3 
with relative velocities gee, gen, R = m. 'The integration in electron part of the 
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collision integral in (3) is performed over the phase space of the incoming particles 
(dc3;), and the physical space of their arrival (b db de)®. The velocity functions after 
collision are marked with touches. 

The Boltzmann equation for electrons with a binary collision integral (3) may 
be applied in conditions, when the electron gas can be considered as ideal, meaning 
that the kinetic energy of the electrons is much larger than the energy of electro- 
static interactions. It is applicable for plasma at small density. In the neutron 
stars and white dwarfs we have an opposite conditions of plasma at very large 
density, when it is important to take into account the electrons degeneracy. It is 
known from the statistical physics, that a gas of strongly degenerate electrons be- 
comes ideal, because large Fermi energy substitutes here the thermal energy !?. The 
calculations in this paper are applied to the high density plasma with degenerate 
electrons. 

The collision integral similar to Jee from (3) for strongly degenerate neutrons in 
nuclear matter had been found analitically in?, see also!!. It was found that that 
in the presence of non-degenerate heavy nuclei and strongly degenerate neutron, 
the input of collisions between them in the heat transfer and diffusion coefficients is 
negligibly small, in comparison with neutron-nuclei collisions. The same situation 
we have for the strongly degenerate electrons. Therefore for strongly degenerate 
electrons the Lorentz approximation, with account of collisions between light and 
heavy particles only, is asymptotically exact. So for our consideration we can neglect 
Jee in comparison with Jen, and we can equate J = Jen in the (3). 

Lets introduce the thermal velocity of electrons, v; = cj — Coi, where co; is the 
mass-average velocity. So we can write the Boltzmann equation with respect to the 
thermal velocity in the form" 


dí, of [e ] en CAM 
di + Br; [me T ce BD + | ay (4 
" 8f Of 8c 
mc cun -o - 0. 
mee UBT — Su Bn +J=0 


The transfer equations for the electron concentration, total momentum, and electron 
energy, in the two-component mixture of electrons and nuclei, can be obtained in a 


usual manner from the Boltzmann equation in a quasi-neutral plasma 9 5:12, 


3. Kinetic coefficients of strongly degenerate electrons in 
magnetic field 


We solve the Boltzmann equation by Chapman-Enskog successive approximation 
method’. In the zero-order approximation, the electron distribution function fo 
in thermodynamic equilibrium is determined by the Fermi-Dirac function. In the 
first order approximation, we seek the distribution function f in the form: f = 
foll + x(1 — fo)], where x is a small correction. 
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The function x allows representing the solution in the form? 


OlnT G5/2 
= LNG ni e Didi ; 
" n G3/2 (5) 
pnOlnP. pe lOPn ene il Me 
d; = — -—- E; + —&jgacox Bi) — — Fi. 6 
p Or; P. p Or; P; (Ei e icon Bi) kT (6) 


'The functions A; and D; describe the heat flux and particle diffusion, respectively. 
It was demonstrated in® that polar vectors A; and D; in the presence of a magnetic 
field with an axial vector B; can be sought for in the form: 

Aj = AY; + AO eo; Br T AO Bi(v; B,), (7) 
D = Dy; + DO v; By + D© B;(v;B;), 
Introducing functions 

£4 =A ciBAO, Ep = DY +iBD®?), (8) 


and dimentionless velocity u; = v; /me/2kT', we obtain from the (4) the equations 
for £4 and £p 


fo(1 — fo)(u? — son )u; = —iBfo(1 — fo) Au + Ien (Eauni), T 
fo(1— fo)u; = —iBfo(1 — D t Ien (£puni), 
where 
Ten (€uni) = J fofwo(1 — fo) (Eui — & u;)genbdbdeden:. (10) 


Detailed description of (9) solving can be obtained from the ^ and?. Here we 
introduce computed kinetic coefficients for three tensors and show the comparison 
of our results with those, obtained in the subsequent papers. 

General expressions for the heat flux g;, and the average directional (diffusion) 
electron velocity (v;) are given by 


i t di 


(11) 


The indices (A) and (D) correspond to the heat flux and diffusion velocity of elec- 
trons determined by the temperature gradient OT'/Ox and diffusion vector dj. 


oT 
qi = q^ + qP = — (5; + AO eis. Be + X9) B,B;) Ba. 
Jj 
G 
asp, E (498; + yess. Br + v BB;) dj, (12) 
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G 
(vi) = (Qf?) + of?) = nea (n8; t 09 65 By + 1? B;B;) dj 


OT 
= (BPs + pP eije By + nO B,B;) a 9 
Tj 
where Àj; Vij are tensors for heat conductivity and diffusion thermoeffect, respec- 


tively, while jjj; and nij are the thermal diffusion and diffusion tensors. ! ^P, 


The frequency of electron-ion collisions ve; was expressed in ^ and in the limiting 
case for degenerate matter can be expressed as 
3223?  Z?e*Anw 
———— Tn. —— 
3 "^ ne 


Using expression for 74, the components for thermal diffusion tensor, diffusion tensor 


(D) Td = 1/va. (14) 


Vei = 


and diffusion thermoeffect tensor can be written in this form: 


uw 
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B?,G = p(B =0) — (O7, (23) 


Here zo = u/kT is rate of degeneracy, u is the chemical potential of electrons , 
and y — u? is squared dimentionless velocity. 


Hy Au 
n, /ny 


0 0.5 1 15 2 0 0.5 1 15 2 
OT oT 


Fig. 1. The left figure is the ratio WAT, as a function of wr. For comparison, the curves 
representing the phenomenologically determined thermal diffusion coefficient (solid curve) and that 
obtained from the asymptotic solution to the Boltzmann equation (dashed curve) are shown. The 
right figure is the ratio n/n as a function of wr. For diffusion, the phenomenologically obtained 
solid curve coincides with the curve obtained by solving the Boltzmann equation in the case of 
strong degeneracy. If terms on the order of smanless of 1 /và are retained in the exact solution, 
then the solution obtained from the Boltzmann equation differs from the phenomenological one 
given by (1). The dash-dotted and dashed curves correspond to the solutions obtained with the 
allowance for small terms at kT = 0.11E; (xo — 9) and kT — 0.2E;g (zo = 5) respectively. 
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Qt Qt 
Fig.2. The left figure is ratio AL/A\ as a function of wr. For comparison, the curves representing 


the phenomenologically determined thermal conductivity (solid curve) and the asymptotic thermal 
conductivity obtained by solving the Boltzmann equation (dashed curve) are shown. The right 
figure is ratio v, / Lj as a function of wr. Similar to diffusion, the phenomenologically obtained 
solid curve coinsides with the asymptotic solution for the diffusion thermoeffect. If terms on the 
order of smalness of 1/ x2 are retained in the solution obtained from the Boltzmann equation, then 
the plot of vi/vj differs from the phenomenological curve. The dash-dotted and dashed curves 
correspond to the solutions obtained at kT = O0.11E; (ao = 9) and kT = 0.2Ey (xo = 5), 
respectively. 
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Components for heat conductivity tensor À;; were obtained in the work ^, and 
the left plot at Fig.2 of A1 /Aj is given here for completeness. 


4. Discussion 


In this contribution tensors of diffusion, thermal diffusion and diffusion thermoeffect 
are presented for strongly degenerate electrons in presence of a non-quantizing mag- 
netic field. The kinetic coefficients are obtained asymptotically exactly in Lorentz 
approximation, when the electron-electron collision may be neglected in comparison 
with electron-nuclei collisions at nondegenerate nuclei. In most works considering 
kinetic coefficients in astrophysical objects, in the neutron stars in particular, fol- 
lowing Flowers and Itoh?, the influence of the magnetic field on the heat flux and 
on the average directional electron velocity was taken into account phenomenolog- 
ically, using the coefficient 1/(1 + «?7?), which decreases the heat flux and the 
diffusion in the direction perpendicular to the direction of a magnetic field. Our 
results, obtained by the solution of Boltzmann equation show, that the influence 
of the magnetic field on the coefficients of heat conductivity is stronger, and has 
a more complicated character. The new coefficients can be used for calculation of 
heat fluxes and electric current in white dwarfs, on the surface and in the crust 
of magnetized neutron star, as well as in the magnetized matter accreting to the 
magnetized neutron star. 
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Although regular orthogonal mesh is usually used in numerical relativity, isotropic mesh 
is preferable for complex fluid motions from the points of numerical accuracy and sta- 
bility. Hexagonal close pack(HCP) mesh is thought to be an ideal for those purposes. 
However, HCP has not been used widely so far since it is difficult to implement HCP with 
data structures existing programming language such as C/C++ or Python provides. In 
this paper, I propose novel coordinate system suitable to realize HCP with usual array 
data. In addition, Voronoi tessellation and mesh refinement of HCP is described briefly. 


Keywords: Hexagonal Close Pack; Coordinate System; Mesh Refinement; Voronoi 
tessellation; Finite Volume Method. 


1. Twisted Cartesian Coordinate 


In case of HCP mesh, three principal axes of unit cell strongly skew. If we employ 
unit cell as building block of three-dimensional array, the region defined by the ar- 
ray spans oblong too much. As a result, it wastes large margins to contain a cubic 
object. Indirect access using list vectors is a typical solution. However, indirect ac- 
cess is poorly efficient in performance for modern processors. Then I have proposed 
twisted Cartesian coordinate to make HCP implemented easily and efficiently with 
three-dimensional arrays!. Keep in mind, hereafter I treat tri-layered type (i.e. 
Face-Centered Cubic) of HCP which is better in symmetry than dual-layered type. 
I found the way to make my algorithm simpler recently. Figure 1 shows a im- 
proved allocation algorithm of nearest neighbors using regular three dimensional 
array indexed by (i,j,k). 

Definition of Greek-symbols in the figure follows. Percent symbols mean remain- 
der after division. 


u fi if kha=32 o fi if j962 = 1 
ee a 5 otherwise a= { 0 otherwise 

u | 4 if k%3 — 1 —€— |. 1 if j962 — 0 
qe et eel = { 0 otherwise eel ls t otherwise 

= _ jl af k963 = 0 
SS AES = f otherwise. (A.1) 
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Fig. 1. Stereographic configuration (top-left), arrangement of grid points in a horizontal plane 
(bottom-left) and a stencil of nearest neighbors surrounding a grid point (i, j, k) (right). 


2. Voronoi Tessellation 


In computational fluid dynamics, finite volume method is frequently used to cal- 
culate flow fields over complicated geometry”. It calculates a change of quantity 
in a volume by summing up flux across surrounding surfaces. Accordingly, to em- 
ploy FCC for finite volume method, a partition of space without any opening is 
required. After straightforward but tedious calculations of Voronoi tessellation, we 
can find Rhombic dodecahedron serves as a such partitioned volume. You can also 
consult Wikipedia to be informed?. Although it is not a platonic solid, rhombic 
dodecahedron has fairly good symmetry since its surface is comprised of twelve 
identical rhomboids. In addition, it is noteworthy that surface-to-volume ratio is 
3.67/d which is nearly half of cube, where d stands for edge length. Empirically, 
small surface ratio is preferable from the point of numerical stability. 


3. Mesh Refinement 


Recursive mesh refinement of HCP is possible through the steps in what follows. 
First, make all voxels shrunk half in length around its center, then fill generated 
space between voxels in each layer with additional voxels. Finally, insert reciprocal 
layers to fit void between existing layers. Although not shown here, current version 
of interpolation procedure of data from parents to children still remains partly 
asymmetric and left room to be improved. However, agglomeration procedure of 
children to parents is straightforward and symmetric. 
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4. Conclusion 


A concise and easy way of identifying nearest neighbors in HCP (FCC actually) 
is presented which thought to be promising for precise simulation of gravitational 
waves through finite volume method. However, mesh refinement algorithm still 
needs improvement. 
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We address the role of large scale magnetic stress in the angular momentum transport, 
as well as the formation of different kinds of magnetic barrier in geometrically thick, 
optically thin, vertically averaged 1.5-dimensional advective accretion flows around black 
holes. The externally generated magnetic fields are captured by the accretion process 
from the environment, say, companion stars or interstellar medium. This field becomes 
dynamically dominant near the event horizon of a black hole due to continuous advection 
of the magnetic flux. In such magnetically dominated accretion flows, the accreting 
matter either decelerates or faces magnetic barrier in vicinity of the black hole depending 
on the magnetic field geometry. We find that the accumulated strong poloidal fields along 
with certain toroidal field geometry help in the formation of magnetic barrier which may 
knock the matter to infinity. When matter is trying to go back to infinity after getting 
knocked out by the barrier, in some cases it is prevented being escaped due to cumulative 
action of strong magnetic tension and gravity, and hence another magnetic barrier. We 
suggest, this kind of flow may be responsible for the formation of episodic jets in which 
magnetic field can lock the matter in between these two barriers. We also find that 
for the toroidally dominated disc, the accreting matter rotates very fast and decelerates 
towards the central black hole. 


Keywords: accretion, accretion discs — black hole physics - MHD (magnetohydro- 
dynamics) — gravitation — X-rays: binaries — galaxies: jets 


1. Introduction 


In 1972, Bekenstein proposed an idealized engine, namely Geroch-Bekenstein en- 
gine!, that makes use of the extreme gravitational potential of a black hole (BH) to 
convert mass to energy with almost perfect efficiency. However, the practical realiza- 
tion of this engine is very difficult in astrophysical systems. Generally astrophysical 
BHs do convert mass to energy via accretion process with modest efficiencies. Later 
the idea came to address the importance of large scale dipole magnetic field in an 
accretion flow?. Following this idea, it was suggested and also verified numeri- 
cally? that this efficient conversion is practically possible in the presence of large 
scale poloidal magnetic field. Such an efficient accretion phenomenon is named as 
Magnetically Arrested Disc (MAD)?*. 

The origin of strong magnetic field near the event horizon of a BH is as fol- 
lows. For the case of advective accretion flow, the magnetic fields are captured 
from accreting medium or companion star. These fields are dragged inward with 
continuous accretion process and become dynamically dominant through flux freez- 
ing in vicinity of a BH. Theoretical models suggest the importance of large-scale 
magnetic field in accretion and in the formation of strong outflows/jets, as well as 
high-energy radiation? 7. Observations of all well-known jetted sources also indicate 
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the presence of dynamically important magnetic field at the jet-footprint?. In this 
proceeding, we explore the underlying role of such large-scale strong magnetic fields 
on the disc flow behaviours for optically thin, geometrically thick, advective ac- 
cretion flows around BHs. Unlike MAD, here the advection of both poloidal and 
toroidal magnetic fields are considered. We address the possible origin of different 
kinds of magnetic barriers depending on field geometry. 


2. Model equations 


We address magnetized, optically thin, advective, axisymmetric, vertically aver- 
aged, steady-state accretion flow around BHs in the pseudo-Newtonian framework 
with Mukhopadhyay potential?. The flow parameters, namely, radial velocity (v), 
specific angular momentum (A), fluid pressure (p), mass density (p), the radial (B,.) 
and toroidal (Bg) components of magnetic fields, are solved simultaneously as func- 
tions of radial coordinate r. Throughout in our computation, we express the radial 
coordinate in units of ry = GMpg/c?, where G is Newton's gravitational constant, 
Mer is the mass of the black hole, and c is speed of light. We also express A in units 
of GMgg /c and velocity in units of c, and the other variables accordingly to make 
all the variables dimensionless. Hence, the continuity equation, the components for 
momentum balance equation, and the energy equation can read as, respectively, 


i (rphv) = 0, (1) 

vi- Moe LIB y p= CYMES (rVhBo) , (2) 

vd = ot (Wah) + e (rvib,). (3) 

ty (B-P) =Q- = finQ* = fin Qhis Qua. (4) 


where F is the magnitude of the gravitational force corresponding to the pseudo- 
Newtonian potential. W,¢ is the viscous shearing stress, which can be expressed 
using Shakura-Sunayev !? a-viscosity prescription with appropriate modifications !! 
due to advection as given by W;.4 = a(p + pv”). Following the vertical momentum 
balance equation, the disc half-thickness can be written as 


harp (» + =) / (5) 
Bn ) /P 


The energy equation is written by taking care of the proper balance of heating, 
cooling and advection. Q* is the energy generated per unit area due to magnetic 
(Qag) and viscous dissipation (Q.), whereas Q- infers the energy radiated out 
per unit area through different cooling mechanisms". However for the present pur- 
pose, we do not incorporate cooling processes explicitly. The factor fm measures 


the degree of cooling and it varies from 0 to 1 for two extreme cases of efficient 


cooling and no cooling respectively. T'he details of dissipation terms are followed 
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from the Ref. 12. Note that in the energy equation, we do not include the heat 
generated and absorbed due to nuclear reactions °. 

The presence of magnetic field provides two other fundamental equations, 
namely, the equation for no magnetic monopole and the induction equation. These 


are respectively 
V.B — 0, and V x (vx B) + v, V?B = 0, (6) 


where v and B are the velocity and magnetic field vectors respectively and Vm is 
the magnetic diffusivity. For this accretion disc solution, we consider the induction 
equation in the limit of very large magnetic Reynolds number (c 1/v). 


3. Solution procedure 


The set of six coupled differential equations (1) — (6) for six flow variables v, A, p, 
p, Br, and B, are solved simultaneously to obtain the solutions as functions of the 
independent variable r. The appropriate boundary conditions are as follows. Very 
far away from the BH, matter is sub-sonic and the transition radius between the 
Keplerian to sub-Keplerian flow is the outer boundary of our solutions. Very near 
the BH, matter is super-sonic and the event horizon where matter velocity reaches 
speed of light is the inner boundary. In between these two boundaries, matter 
becomes tran-sonic where matter velocity is equal to (or similar to) medium sound 
speed and this location is called as sonic/critical point. We use this point as one of 
the boundary. Different types of sonic/critical points, say, saddle, nodal, and spiral, 
are described in the Ref. 12. 


4. Results 


The angular momentum transport in accretion physics had been a long standing 
issue until Balbuas & Hawley !^ described the importance of magnetorotational in- 
stability (MRI), particularly in an ionized medium in the presence of weak magnetic 
fields. Later Mukhopadhyay & Chatterjee!? showed that the efficient transport of 
angular momentum is also possible by large-scale magnetic field in geometrically 
thick, advective accretion flow, even in the complete absence of a-viscosity. Here, 
we address the importance of large-scale strong magnetic field in accretion geome- 
try. When the magnetic field is strong enough, presumably that corresponds to the 
upper limit to the amount of magnetic flux which a disc around a BH can sustain, 
it disrupts the accretion flow. Then the force associated with the magnetic stress 
becomes comparable to the strong gravitational force of the BH. As a consequence, 
the magnetic field arrests the infalling matter in vicinity of the BH. Here we plan to 
understand such magnetic activity depending on different kinds of field geometry. 
In Figure 1 we show three different natures of accretion depending on different 
magnetic field geometries. The left column indicates the Mach number (M), defined 
as the ratio of the radial velocity to the medium sound speed, whereas the right 
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Fig. 1. Variation of Mach number (M) and the corresponding magnetic field components (B;) 
for different relative field strengths in the disc. The model parameters are Mpy = 10Mo, M = 
0.01 Mgaa and fm = 0.5. 


column represents the corresponding magnetic field components (B;). In Figure 1 
(a), the Mach number increases monotonically towards the central BH until it faces 
magnetic barrier at r ~ 12. After facing such a barrier, matter goes back to infinity. 
To explain the origin of such barrier, we focus on the underlying role of magnetic 
force along with strong gravity, centrifugal force, and force due to gas pressure. 
When matter falls towards central BH, the forces supporting gravity may suppress 
by the forces acting outward. In such circumstances, following radial momentum 
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balance equation, the condition for which barrier appears as 


(vie. d( Vh A] ge X? 1 O(VhBs? 


= >F 
p" domu 


ph dr r3 An ph r (7) 


ET. 
where the first term appears from magnetic pressure and the last term from mag- 
netic tension. Simply it suggests the essential condition to appear magnetic barrier 
is L(VRB;) « EBs. 
leads to X (Vh. B,) = _ Vibe, These combine conditions suggest that the matter 
faces magnetic barrier only when the field strength is strong enough to satisfy equa- 
tion (7) and the disc is poloidal magnetic field dominated. Figure 1(b) infers such 
field conditions. 

In Figure 1(c), the Mach number initially increases monotonically and finally 
slows down to the central BH. In this case, the disc is toroidal magnetic field dom- 
inated as shown in Figure 1(d). In this situation matter is rotating very fast com- 


On the other hand, the equation for no magnetic monopole 


pared to the inward dragging. In Figure 1(e), the Mach number increases up to 
r c 9.5, where the magnetic barrier appears due to dominant poloidal magnetic 
field. After knocking out by such a barrier, matter tries to go away from the BH, 
but faces another barrier at r ~ 15.6. This is because of the cumulative action 
of the inward strong gravity force and the inward force due to magnetic tensions 
along the field lines. In between these two barriers matter faces spiral-type critical 
point and again falls back to the central BH. The corresponding field components 
are shown in Figure 1(f). Note that the magnetic field strength within plunging 
region is few factor times 10" G for 10M BH for all the cases mentioned above. 


5. Discussions 


Accretion disc can carry small as well as large-scale strong magnetic fields. Small- 
scale field may generate, locally, through some physical scenario, Biermann batery 
mechanism, dynamo process etc. However, the origin of large-scale strong magnetic 
fields is still not well understood. It was suggested that the externally generated 
magnetic field either from companion star or from interstellar medium may capture 
and drag inward through continuous accretion process. This field becomes dynami- 
cally dominant in vicinity of a BH due to flux freezing. In such circumstances, strong 
magnetic fields arrest the infalling matter and disrupt the conventional accretion 
flow properties. 

In this proceeding, we address three different types of accretion flow properties 
depending on field geometry in the presence of large scale strong magnetic fields. 
First, when the disc is poloidal field dominated, the infalling matter faces magnetic 
barrier and tries to go back to infinity. On its way away from the BH, matter may 
completely lose its angular momentum and at the same time the combined effects 
of inward strong gravity and the magnetic tension along field lines can prevent 
the matter being escaped. In this particular case, matter again falls back to the 
BH by facing second magnetic barrier. The important application of such a flow 
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behaviour is the formation of episodic jets in which magnetic field can lock the 
infalling matter in between these two magnetic barriers. Second, for such a poloidal 
field dominated case, matter can completely go back to infinity after knocked out 
by the first magnetic barrier. Magnetic tension is not strong enough to prevent 
the matter being escaped in this case. This type of flows is the building block to 
produce unbound matter and hence strong continuous outflows/jets. Third, when 
the disc is toroidal field dominated, the infalling matter rotates very fast rather 
than being dragged inward in vicinity of the BH. In such case, matter falls slowly 
into the BH. For all these scenarios the maximum magnetic field strength near 
the stellar mass BH is few factor times 107 G, which is well below the Eddington 
magnetic field limit? and hence perfectly viable. The other important aspect of this 
quasi-spherical advective flow is the angular momentum transport. The outward 
transport of angular momentum occurs through large-scale magnetic stress. The 
specific angular momentum is quite below the local Keplerian value. 

In the other proceedings of this volume, we discuss more general disc-outflow 
symbiotic model!® and its observational implication to ultra-luminous X-ray 


sources !”, 
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We represent results of simulation protostellar molecular clouds(MC) collision process. 
The interaction of the MC with each other leads to the emergence of extremely dense, 
gravitationally bounded regions, which can be sources of the formation of new stars 
and star systems. Computer modeling was carried out on high-resolution grids up to 
2048 x 1024 x 1024. Oscillations of the MC surface, which are caused by the formation 
of a dense lenticular structure at the interface of the colliding clouds in the process of 
collision, are found. 


Keywords: Molecular clouds collision; Numerical simulation; Kelvin-Helmholtz 
instability. 


1. Introduction 


Collisions of molecular clouds and their interaction with shock waves play a large 
role in the chain of events leading to the formation of stars. 


Fig. 1. Density dictribution in the collision of two MC 


When molecular clouds collide or when shock waves pass through them, the gas 
density in MC increases by many orders of magnitude. This can lead to fragmen- 
tation and restructuring of clouds. As a result of such processes, a system of dense 
filaments and proto-cores is formed. At relatively small scales (about 1 parsec), star 
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formation processes occur in numerous dense nuclei in the filaments. The resulting 
turbulent motions become the dominant factor in the formation of high-density gas 
regions, some of which may become protostar. In Fig. 1 shows an example of the 
collision of two molecular clouds, which is a trigger for the formation of new stars. 1. 

This article presents the results of numerical modeling of the processes of colli- 
sion MO. Turbulent motions that occur during a collision are the dominant cause 
of the formation of areas with high density, some of which can become a protostar. 


2. Formulation of the problem 


Modeling is carried out with using high-resolution difference schemes, on sufficiently 
detailed grids. T'he paper presents the processes of formation, evolution and interac- 
tion between each other filament structures, the emergence of supersonic turbulence, 
etc.As known?? molecular clouds are often gravitationally bound objects. The ap- 
pearance of the Jeans instability and the formation of dense proto-cores is often 
the result of such a gravitational coupling. Further gravitational contraction of the 
proto-core can lead to the emergence of new stars. 

The interstellar medium(ISM) consists of a relatively warm substance ~ 10*K. 
'The ISM contains molecular clouds whose densities are much higher than the density 
of the ISM. The temperature in the molecular cloud is less than the ISM Tua ~ 
102K temperature. The shock wave formed after the supernova explosion hits a 
molecular cloud that is in the interstellar medium. Fig. 1 schematically shows the 
geometry of the computational domain. The cross-section of the three-dimensional 
computational domain by a plane perpendicular to the axis OZ is shown. In Fig. 1 
shows the initial (t — 0) position of two molecular clouds in a central collision. In 
the sections shown, the initial density distribution in the clouds is shown. 

'The computational domain is a parallelepiped with sizes ranging from 2048 x 
1024 x 1024 to 1024 x 512 x 512 cells along the axes X, Y and Z, respectively. In 
the above calculations, the cell size along the axes A xz, ^ y, ^ z was assumed to be 
the same: A z =A y =A z. Thus, each environment has its own sound speed equal 
to a; = 4/ ^ri, i= 0.1, (i = 0 for ISM, i = 1 for MC) 

Mach numbers M; = u;/a; are also different for these media. However, ^? showed 
that it is possible to ignore these differences and use the same value of y = 5/3 for 
the entire computational domain. 

For modeling, a system of laws of conservation of mass, momentum and energy 
in a three-dimensional Cartesian coordinate system is used. 

When modeling the process of collision of two molecular clouds or the interaction 
of a strong shock wave with a molecular cloud, we will use the equation of state in 
the form: 


p= oly—Dle- 508 +? e w?, (1) 


here y is the adiabatic index, p density, v = {u, v, w} velocity vector and p pressure?. 
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Initially, the cloud is in dynamic equilibrium with the background gas. Thermal 
conductivity and radiation losses in the interaction can be neglected. In the work 
y = 5/3. The density of the interstellar medium is assumed to be rho, = 2.15 * 
107?5 g/sm?, the temperature is Ta = 10* K,u, = 0.0. The cloud density is p. = 
1.075 * 107??g/sm?, temperature is Te = 100K, uc = 0.0. The parameters of the 
gas behind the shock wave are determined from the Rankin Hugoniot equations. 

One of the most important parameters of the process of interaction of the shock 
wave with the MC is the ratio of the density of MC to the ISM density: 

x= B (2) 


Pism 


Here pme is the density of the molecular cloud, pism is the density of the interstellar 
medium, respectively. We assume that the shock wave does not undergo radiation 
cooling and the Mach number of the shock wave is sufficiently large. 


3. Results 


Fig. 2. The stage of passage by the cloud of MCI zone at the exit from the area opposite to the 
MC2. Given the distribution of fragmented condensation of gas, with a contrast of 8000. 


The results of the central collision of two MOs at a speed of 0.5 to 15 km/s 
are given. Under such conditions, there is a significant fragmentation of clouds, 
the spread of gas from the center to the periphery, the formation of dense areas in 
the area of impact. Depending on the initial density and speed of impact, areas of 
increased density appear in the contact zone and are constantly increasing, which 
over time can become gravitationally bound objects. In Fig. 2 shows the results of 
molecular collision calculations at a mutual velocity of 5 km/s. The moments of 
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dimensionless time are given, at which a smaller MC penetrated into large one more 
than about half the radius of a small cloud (right fragment). The center shows the 
contact area, which quickly changes in shape and mass. 

'This process is presented in more detail in Fig. 3. The development in time 
of the field of a rapidly changing density gradient in the core (red) and in the 
shell (green) is given. The maximum density contrast, when colliding at relatively 
low speeds, increases by two orders of magnitude compared to the initial contrast 
x = 500. A change in the density, shape, and position of the contact surface leads 
to the appearance of oscillations that occur on the midsections (equators) of the 
MO and the appearance of oscillations in the interstellar medium. With further 
interaction, the MC of a shock-compressed, lens-like layer forms superdense regions 
(clumps) in which ring waves propagate. 


Fig. 3. On the left is a plot of the density distribution in the collision of two MOs, on the right - 
successive stages of the collision process (bottom-up) 


In Fig. 3 shows the graphs of the density distribution at different stages of a 
collision (left). The density distribution in the lens-like contact area is shown in the 
center. On the right - the destruction of the shells of the MO and the formation of 
filaments at successive time moments. 


4. Conclusions 


Numerical simulation of collisions of initially spherical clouds in a hot interstellar 
medium (MS) revealed significant details of the increase in density in the boundary 
regions between the molecular clouds and the MC substance. This process is ac- 
companied by the Kelvin-Helmholtz instability and disturbance of the gas density 
above the disturbed surface layers of the clouds. Oscillations caused by extremely 
strong density changes at the contact boundary of the MC become clearly observ- 
able. It is very likely that this process is generated through the exchange of energy 
in high-gradient outer layers and deformation of the lens-like surface at the contact 
boundary. The nonlinear instability of thin shells in the gas phase can play a crucial 
role in the launch of this process. The Kelvin-Helmholtz instability apparently, lead 
to the formation of surface oscillations and deformation of the MC. 

'This work was supported by the Program of the Presidium of the Academy of 
Sciences of Russia, No. 26. 
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Fig. 4. Illustration of pulsation changes in the core for the contrast ratio variant x — 500/100 
with U1 — 0.5 U2 — 0.25 
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We model the propagation of pulsars through the inhomogeneous ISM using non- 
relativistic axisymmetric magneto-hydrodynamic (MHD) simulations. We take into ac- 
count the wind from the star, which carries predominantly azimuthal magnetic field, and 
investigate the PWN at different levels of magnetization (the ratio of magnetic to mat- 
ter energy-densities) in the wind. We consider the interaction of PWN with large-scale 
and small-scale imhomogeneities in the ISM at different values of magnetization. We 
conclude that the inhomogeneities in the ISM can change the shapes of the bow shocks 
and magnetotails at different values of the magnetization. 


Keywords: neutron stars; magnetic field; PWN; ISM; MHD. 


1. Introduction 


Pulsars emit winds of relativistic particles and magnetic fields, and are often sur- 
rounded by the PWN. Many pulsars have high velocities and propagate supersoni- 
cally through the ISM, and their PWN interact with the ISM, forming bow shocks 
and magnetotails. The bow shocks are often observed in the Ha spectral line?. 
Many interesting structures (bow shocks, very long tails, and jet-like features) are 
observed in the X-ray? and radio? wavebands. 

One remarkable PWN is the Guitar Nebula, which is powered by the pulsar PSR 
B2224+65 that travels at a high velocity of about 1600 km/sec. The high-resolution 
observations in the Ha line show that the shape of the Nebula’s head becomes wider 
with time. The variation in shape may be connected with the variation in the density 
of the ISM?. Figure 1 shows another interesting example of PWN, the H,, pulsar 
bow shock connected with the pulsar PSR J0742-2822?. 'This PWN shows multiple 
irregularities in its shape, which suggests that the pulsar may be travelling through 
small-scale fluctuations in the ISM. 

In the X-ray band, many of the PWN show irregularities in their shapes, as well 
as very long tails (see review by Kargaltsev at al.5). Even longer tails are observed 
in the radio band?. Figure 2 shows two examples of PWN, observed in the X-ray 
and radio bands: the PWN associated with the pulsar PSR J1509-5850 and the 
Mouse Nebula, powered by the pulsar PSR J1747-29587. One can see that both 
PWN have long tails in the X-ray band (red colour), and even longer tails in the 
radio band (blue colour). 
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Fig. 1. PWN of the pulsar PSR J0742-2822, observed in the Ha line by (image taken by Brown- 
berger & Romani?. Left panel: A median-filtered 3 x 600 W012 SOI image of PSR J0742.2822, 
smoothed with a 0.45" Gaussian. Right panel: Same image, but with the scaled continuum image 
subtracted and a 0.9" top-hat smoothing. The arrow indicates the extent of the previous nebula 
detection. 


If a pulsar propagates supersonically through the ISM, then the PWN interacts 
with the ISM, forming a bow shock and magnetotails. In the bow shock, the energy 
of accelerated particles may dominate over magnetic energy-density. However, in 
the magnetotails, the magnetic energy-density may be comparable to or larger than 
the energy-density of the particles. Long, magnetically-dominated magnetotails 
are expected to form in the PWN. They may be visible, if the accelerated particles 
propagate into the magnetotails, or invisible otherwise. In modelling the supersonic 
PWN, it is important to take into account both, the matter and the magnetic field 
components of the PWN. 


>> 
e J1509-5850 


Fig. 2. X-ray and radio images of the very long pulsar tails, by Kargaltsev and Pavlov”. Right 
panels show the radio contours and the direction of the magnetic field. The red and blue colours 
in the left panels correspond to X-ray and radio, respectively. 
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Supersonic propagation of pulsars through the ISM has been studied in a num- 
ber of axisymmetric non-relativistic and relativistic hydrodynamic simulations (e.g., 
Bucciantini^, Barkov?). Many of the above simulations of the bow shocks propa- 
gating through an inhomogeneous ISM medium were performed in hydrodynamic 
approximation. Our goal is to study this problem in axisymmetric MHD simulations 
at different magnetization values of the pulsar wind. 


2. Numerical Model 


We performed MHD simulations to investigated the supersonic propagation of mag- 
netized neutron star through the non-uniform ISM. We used an axisymmetric, 
resistive MHD code. The code incorporates the methods of local iterations and 
flux-corrected-transport !?. The flow is described by the resistive MHD equations: 


Op O 
a * V (ov) =9, 


1 
pS, tev: V)v=—Vp+ 3 x B+F9, 


J 
+ V- (pev) = —pV-v + Dd (1) 


We assume axisymmetry (0/09 = 0), but calculate all three components of v 
and B. The equation of state for an ideal gas, p = (y — 1)pe, where y = 5/3 is the 
specific heat ratio and € is the specific internal energy of the gas. The equations 
incorporate Ohm’s law J = c(E-4-v x B/c), where ø is the electric conductivity. The 
associated magnetic diffusivity, mm = c?/(4mc), is assumed to be a constant. The 
gravitational force, F9 = —GMpR/R?, is due to the star because the self-gravity of 
the accreting gas is negligible. 

We use a cylindrical, inertial coordinate system (r, ¢, z) with the z—axis parallel 
to the star’s dipole moment u and rotation axis Q. The vector potential A is 
calculated so that automatically V -B = 0 at all times. The intrinsic magnetic field 
of the star is taken to be an aligned dipole, with vector potential A = u x R/R?. 
A detailed description of numerical model can be found in!?,!!, 

We measure length in units of the Bondi radius Rg = GM /c2, with c, the sound 
speed at infinity, density in units of the density of the interstellar medium p, and 
magnetic field strength in units of Bo which is the field at the pole of the numerical 
star. We measure time in units of to = (Zmax — Zmin)/Voo, which is the crossing 
time of the computational region with the star’s velocity, Ugo. 
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3. Propagation of PWN through the non-uniform ISM 


We investigate the propagation of a PWN through an ISM with an inhomogeneous 
matter distribution. Observations point to large and small-scale inhomogeneities, 
and therefore we consider two types of imhomogeneities: (1) large-scale clouds, 
which are much larger than the size of the bow shock, (2) small-scale clouds, whose 
size is comparable with the width of the bow shock. 
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Fig. 3. Left panels: Propagation of a PWN of moderate magnetization through a large cloud 
of density Pcloua = 3po at two moments in time. The background represents the logarithm of 
density. The solid lines are magnetic field lines. Right panels: Same, but the background shows 
magnetization c. 


3.1. Large-scale cloud 
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Fig. 3 shows an example of propagation of a large cloud of density pcloua = 3po 
through the PWN in the model with a moderate magnetization. The left panels 
show that the cloud compresses the bow shock and the bow shock has a smaller 
opening angle (the Mach cone). The cloud is in pressure balance with the rest 
of the ISM, so that the sound speed in the cloud is three times lower than in 
the rest of the ISM. Therefore, the Mach number of the star inside the cloud is 
Mnew = Up/¢Cs = 3Moia = 60. This is why we observe a smaller opening angle of 
the Mach cone. The bottom left panel shows that after entering the cloud, the 
KH instability develops in the region of CD. This is an expected result: at larger 
Mach number, there is a larger difference between velocities of matter from two 
sides of the contact discontinuity. The right panels of Fig. 3 show that the region 
of high magnetization becomes more narrow after the passage of the cloud. Also, 
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the region of high magnetization becomes less homogeneous (more patchy) due to 
the action of the KH instability. These simulations demonstrate that propagation 
through a large-scale cloud leads to a reconstruction of the magnetic field in space 
and to change in the value of the magnetic field. The tangled magnetic field may 
reconnect and the magnetic energy can be converted to the energy of accelerated 
particles and radiate. This may be a possible reason for the re-brightening of PWN 
magnetotails observed in X-ray?. 


3.1.1. Small-scale inhomogeneities 


Our simulations show that the KH instability frequently forms at the CD and pro- 
duces some wavy structure of the bow shock. However, a wavy structure could also 
result from the interaction of the bow shock with the small-scale inhomogeneities 
in the ISM. To model the interaction of the small-scale inhomogeneities with the 
bow shock, we took models where the KH instability is weak and does not modify 
the shape of the bow shock. 

We model small-scale inhomogeneities as a set of small clouds with Gaussian 
density distribution, with the maximum density of pmax and half-width of Ar = 0.2. 
To keep the pressure balance between the clouds and the rest of the ISM, we take 
the temperature in the cloud to be Teloua = Tigm * Po/Pcloua- We experimented 
with clouds of different densities, and found that the shape of the bow shock varies 
significantly if the density in the cloud is pcloua Z 2po. At Pcloud = 2/0, a Wavy 
structure starts to become visible, while at pcoua = 30, the bow shock changes its 
local shape significantly. 

Fig. 4 shows a wavy variation of density in the bow shocks that appears after the 
propagation of clouds of density paoua = 3p0 in the models with low and moderate 
magnetizations. Such an interaction with small-scale inhomogeneities may explain 
the wiggles in the shape of the bow shock observed in PSR J0742-2822 (see Fig. 1). 
In PSR J0742-2822, the estimated stand-off distance is Roq z 4.2 x 1016d/2kpc cm. 
The size of clouds in our model Ra z (2 — 4)Rsa & (0.8 — 1.6) x 10!7d/2kpc cm. 
It may correspond to one of scales in turbulent ISM matter. We should note that 
an alternative explanation of these small-scale features in bow shocks can be con- 
nected with the KH instability. Currently, we cannot distinguish between these two 
mechanisms. 


4. Conclusions 


We performed MHD simulations of the bow shock PWN propagating through a uni- 
form and non-uniform ISM at different levels of magnetization. Our main findings 
are the following: 

1. The interaction of the bow shock with a large-scale, dense cloud leads to 
the compression of the bow shock and the formation of a new bow shock with a 
smaller opening angle. The level of compression (the ratio between the original 
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Fig. 4. Interaction of the bow shock with small-scale clouds of maximum density pecloua = 3po in 
the model with low c (left panel) and in the model with medium c (right panel). The background 
represents the logarithm of density. The solid lines are magnetic field lines. 


and final widths of the bow shock) is approximately the same for PWN of different 
magnetization. 

2. The interaction of the bow shock with the small-scale inhomogeneities in the 
ISM leads to a wavy structure in the bow shock. The amplitude of the “waves” 
increases with the ratio ocoua/po. For example, variation in the shape of the bow 
shock of pulsar PSR J0742-2822 can be explained by the propagation through a 
series of clouds with a density ratio of Peloua/po © 3. Small-scale clouds produce 
wavy shapes of the bow shocks in PWN of different magnetization. 
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MHD simulation of magnetized laboratory jets 
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We present the results of MHD simulation of the laboratory experiment for creating 
plasma jets. In the experiment on a NEODIM laser installation the plasma jet is formed 
as a result of the action of a powerful laser on the target. We simulated plasma flow, we 
chose a numerical method, boundary and initial conditions. We investigated the picture 
of the flow and compared it with the experiment. 


Keywords: MHD; plasma; laboratory jets. 


1. Introduction 


Astrophysical jets are observed at various astronomical scales and are found in ac- 
tive galactic nuclei, quasars, compact objects in binary systems and young stellar 
objects. The emergence of jets is possible with the explosion of collapsing super- 
novae. The processes of formation and evolution of astrophysical jets are one of the 
most interesting problems of astrophysics!. 

'The study of astrophysical jets is conducted in two ways: observations in the 
optical, X-ray and radio bands and multidimensional numerical MHD modeling. A 
simulation must take into account the entire complex nature of relativistic jets, in- 
cluding the gravitational field and the magnetic field of the central object. Recently, 
methods of laboratory astrophysics were added to the methods of investigating rel- 
ativistic jets. They allow to create of plasma jets by the laser and to investigate 
the structure, evolution, and features of jets in the laboratory conditions. 

'The equations of magnetic hydrodynamics describing the formation and evo- 
lution of jets are nonlinear even in the one-dimensional case. For the theoretical 
description of the processes occurring in jets, it is necessary to apply methods of 
multidimensional numerical simulation. Multidimensional numerical calculations 
make it possible to obtain a detailed picture of the flow of matter in the jet and 
the shock-wave structure of the flow. Numerical simulation allows calculations to 
be performed both for initial data corresponding to astrophysical jets, and for a set 
of parameters from a laboratory experiment. 

Laboratory research is conducted by several groups of scientists. Fua, Liang, 
'Tzeferacos and Lamb work on the creation of a magnetized supersonic laboratory 
jet. They perform numerical simulation of the experiment using the two-dimensional 
FLASH code?. Experiments on laboratory jets were carried out at the Kurchatov 
Institute on the installation of the plasma focus PF-3 by Krauz at al.?. Pikuz at al.* 
presented the results of a laboratory laser experiment and the numerical simulation 
of a magnetized jet expiring from a young stellar object. The collimated jet in these 
calculations is obtained due to the presence of a poloidal magnetic field. 
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2. Experiment 


The purpose of the study is numerical modeling and analysis of the results of a 
laboratory experiment simulating the formation of cosmic relativistic plasma jets on 
the 10 TW picosecond NEODIM laser installation (TsNITMASH, Korolev, Russia)”. 

The laser unit has the following parameters of the laser pulse: energy up to 
10 J, wavelength 1.055 mkm, duration 1.5 ps, laser radiation contrast about 107. 
The focusing system based on an off-axis parabolic mirror with a focal length of 20 
cm provides a concentration of at least 40% of the energy of the laser beam into a 
15 um spot and, correspondingly, a peak intensity of 2 x 1015W/cem?. 

The laboratory experiment consists of the following: a cylindrical chamber is 
placed as a target a foil of Cu or Ta with a thickness of 30 um and 50 um. On 
the opposite side are track detectors CR-39. The energy 10J = 6.24 x 10!? eV 
is uniformly and instantaneously applied to the central region of the target with a 
diameter of 10 m. As a result of heating the target, two directional plasma ejections 
appear in the form of symmetrical jets. In our numerical simulation, only one of 
them is considered. 

In the experiment, clearly distinct ring structures formed on track detectors by 
protons with energies in the range of 0.8 — 1.7 MeV are observed. An example of 
images of proton beams is shown in Figure 1. 

'The scale of physical processes in astrophysical jets is very different from those 
in jets that occur when a laser pulse is applied to a target. However, the application 
of similarity criteria makes it possible to obtain a correspondence between a number 
of characteristics of an astrophysical and laboratory jet. The use of such similarity 
criteria is convenient both for direct comparison of laboratory and observational 
data, and for multidimensional numerical simulation. As a result of scaling, we 
get a satisfactory similarity of a number of jets parameters expiring from the young 
stars and the jet obtained on the NEODIM laser installation. A detailed description 
of the similarity criteria and scaling can be found in our recent papers?$. 


Ep > 0.8 MoB 6 E,» 1.7 MoB 
Pir = 21.8? Pin = 15.4? 


Fig. 1. Images of proton beams with different energies on track detectors CR-39 for a target of 
Cu thickness 50 m. 
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3. Numerical model 


We did not consider the processes of laser heating, melting, and evaporation of the 
target material in detail during the simulation. A considerable amount of work has 
been devoted to the study of laser ablation processes, for example, Mazhukin et 
al.5 We believe that the ablation process has already happened, the substance has 
evaporated from the surface of the target and is taken into account in determining 
the initial and boundary conditions. For numerical simulation of the experiment, 
the system of magnetohydrodynamics equations? was used. In the future, to more 
accurately describe the processes occurring with the target material as a result of 
high-power laser irradiation, it seems necessary to combine MHD and the kinetic 
approach. But at the initial stage of modeling, we can confine ourselves to the 
system of MHD equations. 

We take into account an external poloidal magnetic field directed along the 
normal to the plate. Simulations were carried out for different values of the mag- 
netic field. The emission from the plasma target was simulated under the influence 
of laser radiation. A single-component plasma flow was studied - the region and 
shape of the flow at various distances from the target and at different times, the 
distribution of plasma density, energy, and the magnetic field. T'he analysis of the 
experiment showed that the formation of the jet is associated with the heating of 
the plate, and the geometry of the incident laser beam is irrelevant. The model of 
jet formation in the experiment can be constructed in axisymmetric approximation, 
assuming that the spot heated by the laser has the form of a circle. An inertial 
cylindrical coordinate system (r,$,z) is used. The problem assumes axial symme- 
try in the distribution of all the macroscopic quantities p, T, v, H, 0/0¢é = 0, but 
all components of the velocity v and magnetic fields H are calculated. The target 
(the central region of the plate to which the energy is applied) is a cylinder of radius 
Ra, of thickness Z4. The scheme of the modeling domain is shown in Figure 2. 


Zmax 


MM X EdV = const 


-Rmax 0 Rag Rmax 


Fig. 2. Simulation region 
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We use an axisymmetric, resistive MHD code. The code incorporates the meth- 
ods of local iterations and flux-corrected-transport developed by Zhukov, Zabrodin, 
Feodoritova 9. The flow is described by the resistive MHD equations?: 


Op 
2 v- (pv) =0, (1) 
Ov 1 
Pap RVI Ver QUiH (2) 
oH G^ on 
uu y” (vxH) + zzy H ; (3) 
o J- 
We) (v. (pev) = -pV-v +, (4 
Ot c 
rev gH. (5) 
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The magnetic field is the poloidal field (H;, H,). In order to fulfill exactly the 
condition V - H = 0, in the calculations instead of the poloidal component of the 
magnetic field strength H, and H,, the toroidal component Ag vector potential A 
is used, H = V x A. 

We use a set of characteristic dimensionless parameters. First parameter 6 = 
87 Pojet / He determines the relation between the characteristic values of the pressure 
of the matter Pojet and the pressure of the magnetic field. The second parameter 
of the numerical model is the characteristic dimensionless magnetic viscosity jm = 
11M /LoVao , where ø is the constant effective conductivity of the plasma; Lo is the 
characteristic size and Vo is the characteristic Alfven velocity. 

A detailed description of the numerical model, boundary and initial conditions 


can be found in our recent papers®”®. 


4. Results of numerical simulation 


We performed MHD simulation of the laboratory experiment for creating plasma 
jets taking into account the constant poloidal magnetic field directed along the 
normal to the target H. We performed a series of calculations for different values 
of the parameter 3. The characteristic parameters for demonstrated case are: 8 = 
107! and NM = 10-5 

The initial density of matter in the whole calculation region, with the exception 
of the target, is homogeneous and has a small value: p = po. The initial velocity 
of the substance in the calculation region, with the exception of the target, is zero 
vz = vu, = 0. The substance has no angular momentum, vg = 0. In the target 
region 0 € r € Ra, 0 € z € Za, the density p ~ 300po and the supersonic velocity 
of the particles emitted from the target v > c, are set, here c, = 4 Jy% is the sound 
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speed in the unperturbed region. For simplicity of test calculations, the velocity of 
the emitted matter at the initial instant of time has only the z-component vz; Vr = 
0. The magnetic field is defined as follows: A; — rH, A, —0, A; —0, Hy — 0. 

The results of modeling the release of matter for this case are shown in Figure 3. 
'The color background corresponds to the logarithm of the density, the arrows in- 
dicate the velocity vectors, the length of the arrow is proportional to the velocity 
value. Solid lines represent magnetic field lines. It can be seen that the target 
substance under the action of the thermal energy of the laser begins to fly along the 
axis Z to the opposite wall of the chamber. After the release of matter it begins to 
expand in all directions, but then the flow is collimated by a magnetic field. The in- 
fluence of the external gas on the collimation of the flow in this case is insignificant. 
Inside the flow, a shock wave is formed at a distance of z ~ 1.6. 


4 log, P 


log, P 


-1 


22 4 18oP 


© 


Fig. 3. Picture of the matter flow for MHD case 6 = 107} at different moments. 


We can see from the simulations that near the detector a cavity is formed. It is 
bounded by a shock wave. The size of the cavity depends on the magnitude of the 
magnetic field H. Similar results were obtained in work Albertazzi B. et al.4. 

This leads to the formation of ring structures, which are observed in the experi- 
ment. Figure 4 is shown the angle of these structures depends on the magnitude of 
the magnetic field. With a weak field (and also with its absence), this angle is large 
(left figure). With an increase in the field, the dimension of the cavity and, accord- 
ingly, the angle of the ring structure decreases, and then a solid spot is observed 
instead of the ring (right figure). 
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Fig. 4. Picture of the matter flow for HD case and MHD cases 8 = 107! and 8 = 1073 


Conclusions 


'The paper presents the results of numerical simulation of magnetized supersonic 
jets. Formation and development of jet in a laboratory laser experiment is a com- 
plex physical phenomenon involving a large number of different physical processes. 
Numerical simulation of such an experiment, allowing to account for all possible 
physical processes, is a complex problem and is currently difficult to implement. We 
used the approximation of magnetohydrodynamics, as the first step in the study of 
this problem. 
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We study a thin warped accretion disk around a spinning black hole in the viscous regime 
(i.e., a > H/R; a is the Shakura-Sunyaev viscosity parameter, H is the disk thickness 
and R is the radial distance), and calculate the steady state radial profile of the disk 
tilt angle for a wide range of relevant parameters of the system (like the Kerr parameter 
of the black hole). Although the inner part of such a disk was proposed to become 
aligned with the spin direction of the black hole by the Bardeen-Petterson effect, we 
show that for a reasonable range of the parameters of the system, the inner disk can stay 
significantly tilted with respect to the black hole spin. A tilt in the inner accretion disk 
can affect the observed X-ray spectral and timing features, and hence it makes the inner 
accretion disk particularly useful for probing the strong gravity region. 


Keywords: Accretion disks; Black hole physics; Relativistic processes; X-ray binaries. 


1. Introduction 


Accretion disks around spinning black holes are sometimes found to be warped, 
i.e., disks with changing orbital planes with the radius. For example, warped disks 
around spinning black holes were predicted for the AGN NGC 4258!, the X-ray 
binaries S8433? and GRO J1655-40?. When there is a non-axisymmetric force, like 
the Lense-Thirring (LT) precession^ induced by a misaligned black hole, acting on 
the disk, a warp is usually generated. Bardeen and Petterson? developed the theory 
of a thin warped disk around a Kerr black hole and showed that the inner part of 
the disk aligns itself with the spin direction of the black hole by the LT precession. 
'This is known as the Bardeen-Petterson effect. As the LT torque falls off roughly 
as 1/ R? (R is the radial distance), the outer part of the disk remains misaligned?. 
In between these two regions, the disk orients itself from the aligned inner part to 
the misaligned outer part creating a warped region in the disk. Although several 


6 were found in their calculations, the inner part of the thin warped 


inconsistencies 
disk was mostly considered to be aligned with the black hole spin direction up to a 
certain radius, Ru !°. However, recently X-ray spectral and timing features of the 
Galactic accreting black hole H1743-322!! has indicated that the inner disk could 
be tilted. On the theoretical side, Lodato and Pringle!? found a possibility of tilt 
in the inner disk in their numerical investigation of a warped thin disk around a 


spinning black hole. 
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In this work!?, we revisit the case of a thin viscous warped disk around a Kerr 
black hole, and study the steady state behavior of the entire disk as a function 
of the relevant parameters of the astrophysical system. We take into account the 
contribution of the inner disk, which was mostly ignored in the past due to the 
alignment of the inner accretion disk, and explore the possibility of a tilt in the inner 
accretion disk by scanning over a wide range of the parameter space. 


2. Warped accretion disk around a Kerr Black Hole in Steady 
State: Formalism 


In this work!?, we consider an astrophysical system composed of a slowly rotating 
Kerr black hole (of mass M and spin a) at the center, and a geometrically thin 
(disk aspect ratio H/R << 1, H is the disk thickness and R is the radial distance 
from the centre) and Keplerian accretion disk around the black hole. The spin of 
the black hole is directed along the z-axis in our coordinate system. The accretion 
disk far from the center is slightly tilted with respect to the spin axis of the black 
hole. We assume the disk to be sufficiently viscous, i.e., a > H/R such that the 
warp is transmitted diffusively in the disk®. Thus, the angular momentum density 
conservation equation on each annulus of the disk subjected to viscous and LT 
torques in steady state can be shown to be given by" 


d (25 OPES 2) Ls suka " erx =0, (1) 
where L = VGM RX(R)l is the angular momentum density vector, vı and v2 are 
the kinematic viscosities acting along the plane (horizontal) of the disc and normal 
(vertical) to the disc respectively, wp/R? is the LT precession frequency or nodal 
precession frequency with w, = 2GJ/c? (J is the total angular momentum of the 
black hole, G is the gravitational constant and c is the speed of light in vacuum), 
1 > (ls, ly, 1) is the unit tilt vector in the direction of angular momentum density 
and X is the surface density of the disk. Here, vı is the usual Shakura-Sunyaev 
viscosity !4, and v2 can be shown to be related to vı and o for small amplitude 
warp in the following way !? 


v) 1l 40 +70?) (2) 


wu 2o? 4+a? 


We assume these two viscosities to be constant in the disk. 
'The modulus of steady state angular momentum density vector can be obtained 
by taking the scalar product of 1 with the equation (1). This gives ^? 


L(R) = CRY? — 20), (3) 


where C and Cù are the integration constants. The expression of these two con- 
stants can be obtained by using the boundary conditions, (Rin) = Nin (where 
Rin is the ISCO radius, Rigco, for a Kerr black hole), and X — oo as R > oo. 
One obtains the following expressions upon using the above mentioned boundary 
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conditions ? 


= VGM £», (4) 
and 


1 
Ci = 3 GM Rin (Soo — Xin). (5) 


One finally arrives at the warped disk equations!? under the influence of LT pre- 
cession around a spinning black hole by substituting the expression of L (equation 
(3)) into equation (1) 


1 Oly L 
OR (scl + RES) = Wp pa (6) 
and 
o Oly L 
OR (scu, + skis) = Wp Fale, (7) 


where wp x 1 = (—wply, wplz,0) in our construction. The above two equations can 
also be combined in the following m 


o oW . L 

JR (sme +; + ~1RL — huy aW, (8) 
where W = ls + il, = Be". Here, B = 4/12 +12 and y = tan"! (ly/ls) are the tilt 
and twist angles respectively. We would use the following boundary conditions for 
solving the equations? (6,7) 


l; (Ris) = Bi cos»), ly (Rin) = 8; sin(y), (9) 


and 


In(Re) = By, (Ry) = 0, (10) 
where yi, Bi, Rr and By are the twist angle at the inner boundary, the tilt angle at 
the inner edge, the outer edge radius and the outer edge tilt angle, respectively. The 
twist angle at the outer edge can be assumed to be zero as far from the black hole 
the effect of LT precession is negligibly small. Thus, ly becomes zero at the outer 
edge (see the definition of ly below equation (8)). This above boundary conditions 
can be shown to generate non-zero viscous torques at the inner edge ? 

As the inner part of a warped accretion disk was mostly assumed to be aligned 
with the black hole spin due to the BP effect, the contribution of the inner disk was 
ignored. Hence the terms associated with C, in the warped disk equations (6,7) 
were dropped as C, is related to the inner disk. In this work?, we numerically 
solve the full warped disk equation(s) (6,7) with considering the effect of the terms 
associated with C, and the general boundary conditions in order to obtain the radial 
profile of disk tilt angle as a function of the parameters of the system. Since, our 
analysis is valid for the entire disk, we explore the behavior of the inner disk for 
different ranges of the relevant parameters (like the Kerr parameter a, 12 and in), 
and study how the inner disk alignment depends on these parameters. 
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3. Results and Discussion 
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Fig. 1. Radial profiles of the disk tilt angle for different values of the Kerr parameter a for 
the viscosities v2 = 10! cm? s-! (Left panel) and v2 = 10!? cm? s-! (Right panel). Here, 
Rg =GM/c?. 
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Fig. 2. Radial profiles of the disk tilt angle for different values of v2 for the Kerr parameter 
a = 0.2. The viscosity values in the panel are given in cm? s71. Here, Rg = GM/c?. 


We investigate in detail the behavior of the radial profile of the disk tilt angle for 
a wide range of parameters a, v2 (or vı and o; see equation (2)) and the disk inner 
edge tilt angle 8;, and also pay close attention to how the inner disk responds to 
the changes in those parameters. For the purpose of demonstration, we choose the 
black hole mass M = 10Mo, i.e., a typical value of mass of a black hole in Galactic 
X-ray binaries!Ó, viscosity vo in the range!" 10'4 — 1015 cm? s^! and a = 0.15?. 
We set the inner edge twist angle and the ratio between outer edge and inner edge 
surface densities to y; = 1? and zi, = 0.75 respectively. Since, we are considering a 
slightly tilted disk, we set the outer edge disk tilt angle to 10?. Also, we consider 
only the case of prograde rotation in this work. 

We see from the Fig.1 that as the Kerr parameter takes a higher value, the angle 
between the inner disk angular momentum vector and the black hole spin falls as 
the LT torque, being proportional to a, becomes more dominant for the fixed values 
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of the other parameters. But the viscous torque on the plane of the disk (və is 
associated with this torque) hinders the process of reduction of tilt angle in the 
inner disk (see Fig.2), and hence a higher value of və reduces the dominance of 
the LT torque in the inner disk (Fig.2). Thus, the alignment of the inner disk is 
determined by the interplay between the LT torque and the viscous torque on the 
plane, and their relative strength decides for what values of the Kerr parameter the 
disk will be aligned with the black hole spin for a given value of vo. We see from 
the Fig.1 that for v = 10!^ cm? s~!, the inner disk alignment occurs if a > 0.313, 
where for v2 = 10!? cm? s^! the alignment happens when a > 0.813. The radius up 
to which the disk is aligned was earlier approximated by the warp radius ?7^10:12, 
Ry = wp/vo, and this warp radius is defined as the distance at which the warp 
diffusion time-scale (R?/v2) equals the LT precession time-scale (R?/w,). But, in 
reality the disk can stay significantly tilted at the warp radius (see Fig.3), and the 
tilt angle at Rọ is roughly 0.13 times the tilt angle at the outer edge". In this work, 
we find that the alignment radius, i.e., the radius up to which the tilt angle is less 
than 0.01°, can be approximated by 0.094 Rẹ °. 


Tilt angle (degree) 


10! 10 10? 10! 10° 


Fig. 3. Radial profiles of the disk tilt angle for different values of the disk inner edge tilt angle 


Bi. The other parameter values are a = 0.3, M = 10Mo, v2 = 101? cm? s-!. The vertical line 


refers to the warp radius as estimated by the relation wp/v2. This figure exhibits the dip feature, 
and also there is a nonzero tilt at the inner disk for all the values of 6;. Here, Rg = GM/c?. 


We have so far set the inner edge tilt angle to zero. Now we explore how different 
values of the inner edge tilt angle affect the radial profile of the disk tilt angle. 
Taking a nonzero disk inner edge tilt angle makes the LT torque more dominant 
near the inner edge. Thus, the more one increases £;, the LT torque near the inner 
edge increases the more, and thus the mismatch between the black hole spin and 
the angular momentum vector near the inner edge is reduced more rapidly (see 
Fig.3). But the LT torque may not be reduce the inner disk tilt angle to zero as 
the viscous torque on the plane inhibits this process. Also after a certain value of 
radial distance, the LT torque becomes weak and the viscous torque on the plane 
of the disk takes over the control producing a dip in the radial profile of the disk 
tilt angle. 
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4. Conclusion 


In our work ?, we solve the full prograde thin warped disk equation in the viscous 
regime in steady state, and obtain the radial profile of the disk tilt angle as a function 
of various parameters of the system. We take into account the contribution of the 
inner disk which was ignored in most earlier works, and also consider physically 
relevant boundary conditions for solving the the warped disk equation(s) (6,7). We 
find that the relative dominance between the LT torque and viscous torque on 
the plane of the disk decides the alignment of the inner disk. Thus, there exists 
a critical value of the Kerr parameter depending upon M and v9 beyond which 
the BP alignment switches on. As a tilt in the inner disk can have observational 
implication on the timing and spectral features of X-ray emanating from the disk, 
our analysis may be useful for studying the region close to the black hole. 
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We discuss the effects of electric charging on the equilibrium configurations of mag- 
netized, rotating fluid tori around black holes of different mass. In the context of 
gaseous/dusty tori in galactic nuclei, the central black hole dominates the gravitational 
field and it remains electrically neutral, while the surrounding material acquires some 
electric charge that can separate in space and exhibit non-negligible self-gravitational 
effects. The structure of the torus is thus influenced by the balance between the grav- 
itational and electromagnetic forces. A cusp can develop near the inner rim even in 
Newtonian tori due to the charge distribution. Furthermore, it is interesting to note 
that stable polar clouds can emerge near the rotation axis in reminiscence of “lamp- 
post" scenario. For the latter, an appropriate distribution of the angular momentum 
and electric charge are essential. 


Keywords: Gravitation; Black Holes; Accretion; Magnetic fields 


1. Introduction 


Within the framework of General Relativity, black holes are fully described by a 
small number of parameters!. The most relevant from the viewpoint of astrophysi- 
cal applications are the mass of the black hole, Me, and angular momentum Je or, 
in a dimension-less form, the spin parameter a* = a/M, = Jec/GM2. The classical 
black-hole solution of Kerr-Newmann can be equipped by electric charge, although 
any significant value appears to be astrophysically unlikely over an extended dura- 
tion because of continued process of neutralization by a selective charge accretion 
from the surrounding plasma into any cosmic black holes must be embedded. 
The Kerr-Newman solution the line element adopts the form adopts the form? 
29 


= (dt — asin do)? + 3a? xd + Z 


=- A [(r? + a?) dó — adt] , (1) 


ds? 
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in dimensionless Boyer-Linquist coordinates (t,r,$,0), where A(r) = r? — 2r + 
a? + e? and X(r,0) = r? + a? sin? 0. Quantities a and e are the rotational and 
charge parameters of the spacetimes. The associated non-zero components of the 
antisymmetric electromagnetic field tensor Fj; = Aj; — Ai j are 


e(r? — a? cos? 0) 


© 29/2 PP 
—ae sin* 0(r^ — a* cos* 0 
Fa = ww Jing Se eee) 


x? x? i 
—a?er sin 20 aer sin 20 (r? + a?) 
Da a a 6) 


The effective potential W(r,0) for the motion of a particle with the specific 
charge d = q/m satisfies the relation 


XW -Y - Y? — XZ, (4) 


where the functions X(r,0) = (r? + a2)? — Aa? sin? 0, Y (r,0) = (La + ger)(r? + 
a?) — LaA, and Z(r,0) = (La + der? — AX — AL?/sin? 6; here, L = L/m is the 
conserved axial component of specific angular momentum. The effective potential 
(4) develops local minima outside the equatorial plane 6 = 7/2, which suggests 
the possibility of halo orbits.* The minima occur provided that the electric charge 
of the accreted matter is non-zero and interacts with the global magnetic field of 
the central object and/or of the external origin due to currents flowing outside the 
horizon. 

In the other words, the stable configuration allows for a distribution of charged 
matter near the equator, in lobes located symmetrically above and below the equa- 
torial plane, or even around the polar axis (see Fig. 1). This represents general- 
relativistic version of Stórmer's halo orbits that have been explored in connection 
with the motion of electrically charged dust grains in planetary magnetospheres.? 
In the case of Kerr-Newman solution, it can be found that the particular form of 
mutually connected gravitational and electromagnetic fields do not allow existence 
of stable halo orbits above the outer horizon; an additional external magnetic field 
is required. 

'The prevailing process of neutralization, however, may not prevent the surround- 
ing material to undergo electric charging in the environment of complex plasma that 
is irradiated by energetic X-rays, as is often the case in active galactic nuclei. This 
mechanism leads to charge separation within the dusty tori. Therefore, we have pro- 
posed the process of charging as mechanism that can maintain geometrical thickness 
of the dusty tori in the vertical direction.? 

Furthermore, the existence of mutually detached regions (lobes) of bound stable 
orbits can provide a framework to trigger oscillations; it allows us to imagine a 
situation when the bulk motion along the circular trajectories is superposed by 


? Within the particle approximation the halo orbits are formed by stable bound trajectories which 
do not cross the equator. In the fluid analogy they correspond to toroidal structures with the 
pressure maxima at 0 Z 7/2 (i.e. z # 0).34 
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a fraction o material that performs oscillatory motion between the disconnected 
lobes. Halo orbits could have outstanding consequences for the radiation signal from 
accreting black holes. On the other hand, general relativity effects have a tendency 
to bring the halo orbits closer to the equatorial plane compared to corresponding 
Newtonian solutions. Also, to ensure the intrinsic self-consistency of the model we 
need to include self-gravity of the medium in the consideration, as this can further 
diminish the vertical thickness of the figures of equilibrium of electrically charged 
fluid, 8911:12 


| 

I 
homogeneous magnetic field B ! hs 

| 

I 


equatorial plane l 


fluid equatorial torus 


Fig. 1. A black hole is immersed in asymptotically homogeneous magnetic field B and encircled 
by a torus-like equatorial fluid configuration, and an off-equatorial polar cloud. The charge distri- 
bution within the fluid interacts with the magnetic field and helps to levitate the fluid above the 
equatorial plane. Similar effect occurs for trajectories of electrically charged particles. Regions of 
stability can emerge near the equatorial plane as well as near the polar axis, depending on the 
angular momentum and electric charge distribution within the fluid. 678 


2. Electrically charged tori near a magnetized black hole 


We describe the fluid by polytropic equation of state, p = kp", with « and T 
being parameters of the polytrope. This relation ensures conservation of entropy, 
as is appropriate for a perfect fluid. Neglecting the electrostatic corrections to the 
equation of state we can use the polytropic equation consistently even to described 
an electrically charged state. In the case of sufficiently small p the medium is non- 
relativistic and the contribution of the specific internal energy €/p — 1 to the total 
energy density becomes negligible (i.e., € ~ p), however, this assumption is not 
accurate enough once the density increases; in such a case the self-electromagnetic 
field cannot be ignored. 

The configuration of the fluid is determined by its rotation in the ¢-direction 
with 4-velocity U^ = (U*,U9,0,0), specific angular momentum £ = —U,/U; and 


319 
angular velocity w = U?/U*. These are related by 


lout + 2 
TEN AG NE, E o (5) 


, t = s; 
gio + goo gu + lgt + Jeo 
The shape of a charged fluid torus with a charge density profile g and energy density 
€ is determined by isobaric surfaces of the pressure p profile (equi-pressure surfaces), 
which can be derived from the conservation equation 


VT? = F Jg, (6) 
where J® is the fluid 4-current density and T°? is the stress-energy tensor, 
T^? = (e+ p)U*U? + pg”. (7) 


From the above-given relation two partial differential equations follow for the radial 
and latitudinal distribution of pressure, 


0 0 

ae = —(p+ Ri + Ra = Ro, 387 (p--6)7:-- 75:5 T, (8) 
where Ro = Ro(r,0) and To = To(r, 0) denote the right hand sides of the two latter 

6 


equations. 
As a specific example of the imposed electromagnetic field we can write the static 
case of an asymptotically uniform magnetic field with intensity B. Such settings 
can be described by the special case (zero rotational parameter) of Wald's test-field 
solution of Einstein-Maxwell equations, which in dimensionless units reads 
A = -£, Ag = 4 Br’ sin’ 0, (9) 
describing the electromagnetic field in the background of Schwarzschild geometry. 
A generalization of the adopted approach to the case of a rotating (Kerr) black hole 
is straightforward but technically more complicated and beyond the limited space 
of the present contribution. 


3. Conclusions 


We further explored off-equatorial configurations of electrically charged fluid near 
magnetized black holes. By comparison with previous works we showed that the 
conditions of existence of these configurations are diverse and they can be estab- 
lished in varied circumstances during the black hole accretion. By the mass-scaling 
paradigm for cosmic black-hole sources, similar effects can occur also in the context 
of stellar-mass black holes, where a massive torus can form as a remnant of a tidally 
disrupted companion. 

Furthermore, electrically charged particles and fluid elements can be set on 
escaping trajectories and eventually released at a relativistic outflow velocity escap- 
ing from the atmosphere of the otherwise stable configuration. The case of charged 
particles differs from charged dust grains by their charge-to-mass ratio, but the 


acceleration mechanism operates in a similar manner. !? 
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Let us conclude by emphasising the fact that electrically charged toroidal struc- 
tures can adopt varied shapes from the rich topological family. They exist not 
only in the equatorial plane as a single torus, but also as two tori coupled and 
joint through a cusp, existing individually even out of the equatorial plane (as a 
pair of off-equatorial tori), or just around the polar axis (as a kind of realisation 
of the lamp-post model). Here adopted the fluid description; in the limit of very 
low-density the approach of kinetic theory turns out to be better suited. !% 
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We discuss numerical method based on Implicit completely conservative Lagrangian 
operator-difference scheme on triangular grid of variable structure. The method was 
successfully applied for the simulations of magnetorotational supernova explosion. 
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1. Introduction 


'The numerical simulations is one of the important tools for study astrophysical prob- 
lems. A number of astrophysical problems can be simulated by numerical solution 
of the magnetohydrodynamical(MHD) equations. There lot of different numerical 
approaches for the simulation of MHD equations. Many astrophysical problems are 
charactrised by huge variety of spatial and temporal parameters. Application of In 
this paper we consider the completely conservative Lagrangian operator-difference 
scheme on a triangular grid of variable structure suggested in (1). 

Lagrangian numerical schemes are free of the artificial transfer of angular mo- 
mentum, but in the case when in the flow there are nonuniform contraction or 
expansion, vortexes or shear flows the Lagrangian cells become flattened soon af- 
ter the beginning of the simulations, thus significantly reducing the accuracy of 
calculations and preventing continuing the simulations. In such situation the grid 
remapping allows to overcome this drawback of Lagrangian schemes. 


2. Completely conservative operator-difference method on a 
triangular grid of variable structure 


'The operator-difference scheme used in our simulation is a first-order implicit con- 
servative Lagrangian scheme on an irregular triangular grid. For further details 
of the scheme, see!?. We briefly describe the idea of the method for 2D cylin- 
drical coordinates case. Define in the computational domain © a triangular grid 
w = Ww y+wa,, which consists of a set of knots wx and a set of triangular cells wa; de- 
fine in particular the set of boundary knots w+. Introduce linear spaces B. 1 (By,1) 
of the vector functions defined in the knots ( boundary knots) 7; € wx (Zq € wy) and 
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linear spaces BÀ o (By,0) of scalar functions defined in the cells (boundary knots) 
Aj € wa (4 € wy). Introduce also the linear space BA. of scalar functions defined 
in the cells and boundary knots. The following relation is valid for the introduced 
spaces: Bao = B o © B, o. 

Define linear operators Vx’, Va- and P, in the following form: 


3 
1 
(va i v) = 37, x Ny (vi Ritz + via Riga), (1) 
i t? qni 
v € By 1, Ai € vA. (2) 
i x 
(v.s) = 33V N&ps, DE Bo, Tj € wx. (3) 
J J k=1 
1 / = 
(jp) = gy PaPa: p € Byo, Tq € wy, (4) 
q 


where Riise = Tji + Tial 2, 
Nj = [S i 3 is a normal vector to the segment[z;], x;,], (5) 
Tjq — t39 
Ny = —(N; x Rj + Nigga). MN = (No qi Rai + No-1,qRq,q-1)- (6) 


Introduce also the grid operator V x in the following form: Vp = p+p,€ Baw, p€ 
BA o» py € Boo: 


(7) 


The operator Va- is a grid analog for the differential operator div , Vx is a grid 
analog for grad. The following relation is valid for the introduced operators: 

(Vxp, v)x t (VA: v, p)^ = (®ypy, u4)4. (8) 
where p € BÀ o, v € Bx, Py € Byo, Vy € Ba. 

The grid linear operators V9-, VA, 9. are defined analogously to (2), (3), (3’). 
Assume that x, u,® are defined in knots and p, p — in cells. Define the time grid 
wr = {tn = nAt, n = 0,1,...}; for the arbitrary grid function defined on w+, in- 
troduce the following specifications: f(tn) = f" = f, f"tt = f. fe= 8, fo- 


T? 


" Vx "p+ ypy, Tj € Ux, 
Vxp= 0 2 
Vx P, Tj € wx \wy. 


c f +(1—o)f. 
For simplicity we consider set of gas dynamical equations with self-gravitation: 
d d 
Tsu ay + pdivu = 0, 
d 
P = —gradp — pgrad®, (9) 
de . 1 TR TR 
p— +pdivu = 0, n=-=—, £= ——, 
dt p P y-1 


A® = 4TGp. 
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where © is total time £ derivative , x = (r, z), u = (u^, u?, u?) is velocity vector, 
p is pressure, £ is internal energy, ® is gravitational potential, p is density, T is 
temperature, G is gravitational constant, Jt is universal gas constant, y is adiabatic 
index. Axial and cylindrical symmetry are assumed. 

On the basis of the introduced operators, the following implicit difference scheme 


for (9) can be written*: 


piVi = pi V =m, VA € wA, xy = uj 9, VE; € ux, 
pjuj = —(Vxg); - ap;(Sx(VA9)),, YT; € vx, 
pitu = —gi(VA :u9 9), vA; € ua, g o p +w, w= -Tm, VA Cua, 
n 


ni —l/pi—Tilp, &i—Ti/(y-1, VAi Ewa, 


K; 
1 J 

(Vx :Va9); = pi, pj = (5x); = 3x S pe. VES € ux. 
J k=l 


Here v is a coefficient of artificial viscosity. The total time derivatives for the velocity 
vector in the difference form are: 


gre) i5 u£ Q9 du 
= J (0.5 Q j r(0.5 
uj; = {uj — 05) uj 7. WR r0) uy 7, u$. 


J 


Substituting the boundary values known from the boundary conditions into (4), we 
get a set of non-linear operator equations for the grid functions x,u € By 1, p,T € 
Bao at every time step, which is solved by a specially adjusted variant of the 
Newton method. The gravitational potential ® was calculated explicitly at the 
beginning of every time step. 


3. Triangular grid structure reconstruction procedure 


One of the important problems for application of difference schemes in Lagrangian 
variables is grid distortion which prevents to continue the simulations and could 
lead also to the loss of accuracy of the results. In order to overcome this problem in 
the papers?? and some other papers of these authors the grid remapping procedure 
for a triangular grid was developed. 

Here the remapping procedure was modified what allows to carry out simulations 
in the presence of large differences in flow parameters. 

The procedure for the remapping the grid, in turn, consists of two stages. The 
first is a local change in the structure of the grid. The second is to determine the 
values of the grid functions in the areas of the changed structure.The local change 
in the structure of the computational grid is reduced to three local operations: 
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(1) the diagonal of a quadrangle formed by two triangles is replaced by another 
diagonal 

(2) combining two adjacent grid nodes 

(3) adding a new node to the middle of the link between neighboring nodes 


The structure of the grid is corrected using the first two operations. Mesh 
adaptation occurs through operations 2 and 3. 


4. Grid functions remapping method for completely conservative 
Lagrangian operator-difference scheme for astrophysical MHD 
problems 


At the second stage of the of the grid remapping, the values of the grid functions 
in the nodes and cells involved in changing the structure mesh are calculated. For 
the simulation of astrophysical problems, a method of conditional minimization of 
functionals was proposed and implemented, which ensures the exact implementation 
of conservation laws. To calculate the density in new cells, it was suggested to look 
for the conditional minimum of the following functional?: 


under the condition of mass conservation of vicinity of the remapping region: 
5 AA = 5 piVi = Mivicinity- (11) 
i I 


Here pe; - is a linear interpolation of the density to a new grid cells. Applying the 
Lagrange multiplier method to minimize the conditional functional, we obtain: 


Mivicinity 


————« 2 
2 bei Vi n ) 
I 


Pi = Pei 


It is easy to show that the density recalculation by the formula (12)allows us to 
fulfill the law of conservation of mass in the remapping region. 

For the calculations of new values of the poloidal magnetic field compo- 
nents H,, H, we use the following conditional minimization of the functionals®: 
min jy Yu (Ars — Hrei)?}Vi, ming, DHA — Hci)? Wi, under the conditions of 
conservation of every component of the magnetic energy in the remapping region: 
A. H2.V; = c HAY, = Emag, r vicinity; XOT HAY, = »u H? V; — Emag, z vicinity: 
Here Hrci, Hzci - is a linear interpolation of poloidal magnetic field components to 
a new grid cells. 

Conditional minimum of these functionals is found by the Lagrange multiplier 
method. 
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For the calculation of the poloidal components of the magnetic field Hp, H, we 
get following formulae: 


H Emag, P m T H Emag, z a 
ri — rgi zi zci 


= ; = i =, ; 
LH n LH 24Vi 


For the calculations of the toroidal component of the magnetic field H, on a 
new grid the following conditional minimum of the functional is calculated: 
: (Hoi = Hei)” al 
min SS, 13 
Hyi 2 Hoci ‘ ( ) 
under the condition of the conservation of the toroidal magnetc flux HS in the 
remapping region: 3; Hj45; = J; H5; = Fmag, o vicinity. Finally for the calcu- 
lation if the toroidal components of the magnetic field H,; we get the following 
formula: 


= Fia icini 
g, Q vicinity 
Hoi = Hga- —R—-. 


ye HociSi 
I 


Using this formula one can calculate the vales of the toroidal component of the 
magnetic field in a new cells preserving the toroidal magnetic flux. 

In order to find the values of the toroidal component of the magnetic field in 
the cells of the remapping region, with conservation of the toroidal magnetic energy 
the conditional minimum of the following functional is sought (by analogy with the 
poloidal components of the magnetic field): ming Yu (Hoi — Hoci)? Vi, provided 
that the toroidal magnetic energy is preserved in the remapping region: 7; H 2: s 
S UH 2i Vi = Emag, ¢ vicinity. In this case, to calculate the toroidal components of the 
magnetic field Hy we get the following formula: 


Emag, = 5m 


LH vaa 


m 


pi = H sci 


To find the new values of the temperature T; (the pressure j;) in the 
remapping region, we seek the conditional minimum of the following functional: 
min; (Lei — Toci)? Vi, under the condition of preserving of the internal energy 
in the remapping region 57; &V = > €Vi = Eint, vicinity, We solve this system of 
equations by Newton method. 


5. Application to the magnetorotational processes in astrophysics 


The idea of the MR mechanism of core-collpased supernovae was suggested by G.S. 


Bisnovatyi-Kogan in!?. During the nonuniform collapse of the rotating iron core 
differentially rotating configuration is formed. Internal parts of the collapsed core 


rotate faster than its periphery. In the case of presence even weak initial poloidal 
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magnetic field the magnetic field will be twisted due to the differential rotation. 
Increasing magnetic pressure will lead to the formation of MHD shock wave. The 
shock will move outwards producing supernova explosion. For the numerical study 
of the MR supernova explosion a set of ideal MHD equations with self-gravitation 
were numerically solved using described above numerical scheme®’. During the 
simulations of MR supernova explosion the development of the special type of MR 


instability was found ! . 
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Theoretical and observational inferences reveal that accretion and outflows/jets are 
strongly correlated through fundamental conservation laws. All well-known jetted 
sources with accreting black hole systems indicate a signature of hot advective accretion 
flow and a dynamically important magnetic fields at the jet footprint. We inter-connect 
here the disc and outflow/jet for magnetized, viscous, optically thin, geometrically thick, 
2.5-dimensional hot advective flows around black holes. The magnetic fields are captured 
from the environment, say interstellar medium or companion star, and dragged inward 
with continuous accretion process. This disc becomes magnetically dominated in vicinity 
of a black hole due to flux freezing. The accretion geometry as well as energetics of the 
accretion induced outflows/jets strongly depend on the mass and spin of the black hole, 
accretion rate, and magnetic field strength. We suggest, this magnetically dominated 
accretion powered system can easily explain the energetics of the ultraluminous X-ray 
sources in their hard power-law dominated states. 


Keywords: accretion, accretion discs — black hole physics - MHD (magnetohydrodynam- 
ics) — gravitation — X-rays: binaries — galaxies: jets 


1. Introduction 


The observational evidences show strong outflows and jets in various black hole (BH) 
accreting systems, in quasars or active galactic nuclei, microquasars, and gamma- 
ray bursts. These outflows and jets are more prone to emanate from the inner region 
of the accretion flow, particularly when the flow is hot, puffed-up, and advective. 
Observational evidences predict that all BH X-ray binaries to exhibit strong radio 
jets in its low/hard spectral state!. The low/hard state basically indicates the 
accretion regime with quite low mass accretion rate and the disc is radiatively 
inefficient. However, the proper mechanisms for the formation, collimation, and 
acceleration of relativistic jets are still not well understood. 

Theoretical models suggest the role of large-scale magnetic fields in the angular 
momentum transport in accretion, in the formations of strong outflows/jets, and in 
high-energy radiation mechanism??. The large-scale open magnetic fields threaded 
the disc can extract energy and angular momentum in the form of outflows by tap- 
ping gravitational potential energy of a BH4. The energy extraction is also possible 
from the rotational energy of a BH in the presence of sufficient amount of mag- 
netic flux through Blandford and Znajek mechanism?. This is verified numerically 
in general relativistic magnetohydrodynamics framework for magnetically arrested 
disc (MAD) paradigm, where poloidal magnetic fields are playing the underlying 
role. Also, vertically inflated toroidal fields can enhance outflow power through the 
formation of ‘magnetic tower jets’’. Observational evidences of jetted sources also 
suggest the presence of dynamically important magnetic fields at the jet launching 
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region in the vicinity of a BH?. All these insights motivate us to model disc-outflow 
symbiosis in the presence of large-scale strong magnetic fields for hot, geometrically 
thick, advective accretion flow around BHs. Here the advection of both poloidal and 
toroidal components of magnetic fields occur. We compute the power associated 
with the magnetically driven accretion induced outflows in this proceeding. 


2. Model equations 


We propose a magnetized, advective, optically thin, geometrically thick disc- 
outflow/jet symbiotic model around BHs in the framework of pseudo-Newtonian 
potential. Here we use cylindrical coordinate assuming a steady and axisymmet- 
ric flow, i.e., 0/Ot = 0/0é = 0. Hence the flow variables, namely, radial velocity 
(vur), specific angular momentum (A), vertical velocity (vz), the radial (B,), az- 
imuthal (By), and vertical (B;) components of magnetic field, fluid pressure (p), 
and mass density (p) are functions of both radial (r) and vertical (z) coordinates. 
Throughout in our computation, we express radial and vertical coordinates in units 
of rg = GMpu/ c?, where G is Newton’s gravitational constant, Mpy is the mass 
of the BH, and c is the speed of light. We also express other variables accordingly 
(e.g. velocity in units of c, A in units of GMpn/c etc.) to make all the variables 
dimensionless. Hence, the continuity equation, the momentum balance equations, 
the equation for no magnetic monopole, the components of induction equation, and 
the energy equation are respectively 


12 (rpvs) + & (pvz) — 0, (1) 
vps rui — Nie P= [Bed (By) + B. (Be — 2Be)], (2) 
T OW, T " OB 
vero t [SR (Wu) + Be] em [BF (rBo) + BF], (8) 
Ovz Ov, ð Z OB, OB, OB 
Up Be +o, Ge + oe + = 35 |B, (= - Br) - Bye], (4) 
12 (rB,) + J — 0, (5) 
2 [r (vz By — vr B;)| = 0, (6) 
ð AB, ð (XB: 
Or (vr Bg T ) ^ Oz ( T v; Bs) , (7) 
2 [r (v B, — v.B;)] = 0, (8) 
Ur fo) ð Vz ð ð - — 2. 
eu [E-nimbexn[m-ni£g|-9*-9--:9*5 O) 


where F is the magnitude of the gravitational force for a rotating BH corresponding 
to the pseudo-Newtonian potential’. The generalized viscous stress tensor (W;;) is 
written in terms of Shakura-Sunayev !? a-viscosity parameter with proper modifica- 
tions. due to advection and is given by W, = a(p + pv2) and Wy, ~ W, °. We 
consider here the induction equation in the limit of very large magnetic Reynolds 
number. The energy generation rate per unit volume (Q^) due to magnetic and 
viscous dissipations are followed from the Ref. 13. Q^ represents the radiative cool- 
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ing rate per unit volume through different cooling mechanisms’. However in this 
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proceeding, we do not consider cooling processes explicitly. The factor ‘f’ included 
here to represent the degree of cooling which varies from 0 (for very efficient cool- 
ing) to 1 (for no cooling). In this disc-outflow symbiosis region, we also assume 
that within the disc flow region the vertical variation of any flow variables is much 
less compared to the corresponding radial variation. This allow us to introduce the 
vertical variation as 0/0z ~ s/z, where the scale variable ‘s’ is very small number 
(|s| ~ 0.01). 


3. Solution procedure 


The set of nine coupled differential equations (1) — (9) for eight flow variables 
Ur, À, Vz, p, p, Br, Bọ, and D, along with vertical scale height (z) are solved 
simultaneously to obtain the solutions as functions of independent variable r. The 
sub-sonic matter at very far away from the BH, passes through the sonic/critical 
location and becomes super-sonic near the event horizon of a BH for such BH 
accretion process. The outer boundary for our solution is the transition radius 
between Keplerian to sub-Keplerian flow. The event horizon where matter velocity 
reaches the speed of light, is the inner boundary. We also use the critical point 
as one of the boundaries. The different types of sonic/critical points, say, saddle, 
spiral, and nodal, are described in the Ref. 14. 


4. Results 


We address here the role of large-scale magnetic fields in the outward transport 
of angular momentum, as well as in the formation of outflows/jets for this hot 
advective disc-outflow symbiosis around BHs. Fig. 1 describes the variation of flow 
parameters, whereas Fig. 2 indicates the variation of magnetic field properties and 
outflow power as functions of r along the disc-outflow surface for both non-rotating 
(solid line) and fast rotating (dotted line) BHs. Fig. 1(a) describes the profile for 
Mach number (M) defined as the ratio of radial velocity to the sound speed. The 
critical location and the corresponding specific angular momentum are re = 6.0, 
Ae = 3.0 for BHs with spin parameter a = 0, and re = 4.2, A. = 1.8 for BHs with 
a = 0.998, respectively. Very far away from the BH, matter is sub-sonic, whereas 
near the event horizon matter becomes super-sonic (M > 1). The outward transfer 
of angular momentum is shown in Fig. 1(b). The vertical velocity and the sound 
speed are higher for rapidly spinning BHs as shown in Figs. 1(c) and (d) respectively. 
'The vertical velocity at the horizon increases from 0.065 when a — 0 to 0.145 when 
a — 0.998. The increase of c, with spin indicates that the temperature of the 
coupled disc-induced outflow is higher for rapidly spinning BHs. 

The magnetic field components and their relative strength are shown in Figs. 2(a) 
and (b) respectively. The advection of both the toroidal and poloidal field compo- 
nents occur in our computation. Very far away from the BH, the disc is toroidal 
field dominated due to presence of differential rotation. Within the plunging region, 
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Fig. 1. The variation of (a) Mach number, (b) specific angular momentum, (c) vertical/outflow 
velocity, and (d) sound speed, as functions of r. Solid lines are for non-rotating (a = 0) BHs and 
dotted lines are for fast spinning (a = 0.998) BHs. The model parameters are Mpy = 20Mọ, 
M = 0.05Mgaa, f = 0.5, and a = 0.01. 


the poloidal field enhances more compared to the toroidal one due to dominant in- 
ward advection and lack of differential rotation. Note that the maximum magnetic 
field strength near the BH is few factor times 10" G for 20Mọ BH. The ratios of 
the magnetic- to viscous-stresses are shown in Fig. 2(c). The dominant nature of 
large-scale magnetic stress over viscous one indicates that the magnetic stresses are 
playing the underlying role in angular momentum transport, as well as in outflow 
formation. The corresponding outflow power is shown in Fig. 2(d). The extracted 
power from the disc-outflow surface is the combination of mechanical, enthalpy, vis- 
cous, and Poynting parts?. The maximum reachable power in such configuration 
is 6 x 10°° erg/s for BHs with a = 0, and 8.65 x 10?? erg/s for BHs with a = 0.998. 
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Fig. 2. The variation of (a) magnetic field components, (b) magnetic- to viscous-stress ratios, 
(c) relative magnetic field strength, and (d) the outflow power, as functions of r. Solid lines are 
for non-rotating (a = 0) BHs and dotted lines are for fast spinning (a = 0.998) BHs. The model 
parameters are same as in Fig 1 (colour online). 


5. Discussions 


In this proceeding, we discuss the disc flow behaviours and the formation of strong 
outflows from 2.5-dimensional magnetized, viscous, advective disc-outflow symbiotic 
model around BHs. The disc is hot puffed-up with (ion) temperature ~ 101! — 101? 
K for non-rotating to fast-rotating BHs. The magnetic field strength near the stellar 
mass BHs is few factor times 10" G, which is well below the Eddington magnetic 
field limit !’. The components of magnetic stress dominate over the corresponding 
viscous ones, and hence the outward transfer of angular momentum is mainly con- 
trolled by large-scale magnetic stress. However, the origin of such strong magnetic 


332 


field in the vicinity of a BH is not clear yet. It was suggested that the externally 
generated fields are captured from environment, say, interstellar medium or com- 
panion star, and dragged inward with continuous accretion process!?. The fields 
become dynamically dominant near the event horizon of a BH due to flux freezing 
in this quasi-spherical advective process. In our computation, the advection of both 
the toroidal and poloidal components of magnetic field occur. 

We compute the power associated with magneto-centrifugally driven outflows 
from this magnetically dominated disc-outflow surface around BHs. Note that 
the effect of BHs' spins does not appear to play efficient role in such power mea- 
surement in this model. This is because we introduce the spin effect through the 
pseudo-Newtonian potential around rotating BHs. To operate Blandford and Zna- 
jek mechanism? properly, we have to formulate this disc-outflow/jet symbiosis in 
general relativistic magnetohydrodynamics framework. The observational impli- 
cation to ultra-luminous X-ray sources is discussed in the other proceeding!? of 
this volume based on such magnetically dominated disc-outflow symbiosis including 
cooling. 
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Ringed accretion disks (R.ADs) are aggregates of corotating and counterrotating toroidal 
accretion disks orbiting a central Kerr super-massive Black Hole (SMBH) in AGNs. 
'The dimensionless spin of the central BH and the fluids relative rotation are proved to 
strongly affect the RAD dynamics. There is evidence of a strict correlation between 
SMBH spin, fluid rotation and magnetic fields in RADs formation and evolution. Re- 
cently, the model was extended to consider RADs constituted by several magnetized 
accretion tori and the effects of a toroidal magnetic field in RAD dynamics have been 
investigated. The analysis poses constraints on tori formation and emergence of RADs 
instabilities in the phases of accretion onto the central attractor and tori collision emer- 
gence. Magnetic fields and fluids rotation are proved to be strongly constrained and 
influence tori formation and evolution in RADs, in dependence on the toroidal mag- 
netic fields parameters. Eventually, the RAD frame investigation constraints specific 
classes of tori that could be observed around some specific SMBHs identified by their 
dimensionless spin 


Keywords: Accretion; Accretion disks; Black holes; Active Galactic Nucleai (AGN) 


1. Introduction 


Ringed accretion disks (RADs) are aggregates of axi-symmetric tori orbiting Kerr 
SMBHs. The orbiting agglomerate is composed by both corotating and counter- 
rotating tori. These configurations might be generated after different periods of the 
attractor life, where the angular momentum of the material in accretion on the cen- 
tral attractor in different phases of the BH life could have very different direction 
and magnitude. The RAD model was first developed considering tori centered on 
the equatorial plane of the central BH. RAD can be associated to jet emission in 
many ways, because of the inner edge of accreting disks jet launch point correlation 
and because the model adopted for each toroidal disk component of the aggregate 
provides an open solution, proto-jets, consisting of shells funnels of matter along 
the axis of the BH??5, It should be noted that the occurrence of double accretion 
in the RAD is restricted to the case of two tori only, for a couple made by an inner 
corotating torus and by an outer counterrotating one. Consequently, the double 
jet shell emission in this system is limited to a jet from external counterrotating 
matter and an inner jet from the internal corotating matter?. It was also provided 
a general classification of the RAD and of the attractors according to their di- 
mensional spin, providing an indication on the configurations and situation where 
observational evidences can be found. In Ref. 6 a large part of modellization was 
dedicated to describing the RAD as a single disk: in fact it has been shown that 
such kind od agglomerate is generically a geometrically thin disk, axis-symmetric, 
with knobby surface, and a very varied internal activity—Figs (1). The RAD could 
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Fig. 1. Upper Left: RAD of the order 3, 2D-GRHD density profiles. Upper Right: RAD of 
the order 2, 3D-GRHD density profiles of corotating colliding tori. Below Left: schemes for the 
écorotating (£ c) or £counterrotating (£ r) couples. Below Right: correspondent RAD density 
profiles. Upper line is for the (£ c) of counterrotating (left) and corotating (right) tori t3. 


be disguised as one disk characterized buy articulated phases of super-Eddington 
accretion, which could explain the masses problem of super-massive BH at high 
redshift, after a series of interrupted phase of accretion!. 

'The model was introduced in Ref. 8 and fully developed in Ref. 6. In Ref. 5 the 
unstable configurations were analyzed and particularly constrains on locations of 
inner and outer edges of the RAD and the toroidal components were given. A detail 
analysis of RAD tori sequences as remnants of multiple accreting periods of Kerr 
SMBHs, in active galactic nuclei (AGNNs) was considered in Ref. 3. In Ref. 4, the 
constraints on double configurations, constituted by two tori centered on the BH 
were given considering the possibility of collision emergence. Energetics associated 
to the RAD processes occurring in the ringed structure between its components 
and particularly the evaluation of BH accretion rates is presented in Ref. 1. Here 
we present the main results of the hydrodynamic (HD) and magnetized RAD based 
on the investigation in Refs 6, 5, 4, 3, 2, 1, 7. 

Overview In Sec. (2) General considerations on hydrodynamic RAD models 
are discussed. In Sec. (3) constraints are discussed. In Sec. (4) we discuss the effects 
of toroidal magnetic fields on RADs. Concluding remarks follow in Sec. (5). 


2. Orbiting Axi-symmetric tori in a Kerr spacetime 


Because of the stationarity (time t independence) and the axis-symmetry (¢- 
independence) of each toroid of the aggregate, each torus is regulated by the Euler 
equation only with a barotropic equation of state p — p(p), there is 

P dp Ur 


W (p) — W (0) l f nu (1) 
= — = — [Il —_ —— os 
z Dtp E (Us)in un 1— 0l 


where Q is the fluid relativistic angular frequency, £ specific angular momenta, here 
assumed constant and conserved inside each torus but not in the RAD, (t,r, $, 0) 
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are Boyer-Lindquist (B-L) coordinates. We consider £ > 0 for corotating and £ < 0 
for counterrotating fluids, within the notation (F) respectively. a = J/M €]0, M] is 
the BH spin, J is the total angular momentum of the gravitational source and M 
is the gravitational mass parameter. For the tori couple (C(;), C(,;), orbiting in the 
equatorial plane of a given Kerr BH with specific angular momentum (/(;), £(5)), we 
introduce the concept of £corotating (4c) disks, defined by the condition £(;£(5) > 0, 
and £counterrotating (lr) disks defined by the relations ¢(;)¢(.) < 0. The two (£c) 
tori can be both corotating, a > 0, or counterrotating, (a < 0, with respect to 
the central attractor a > 0. Each RAD torus is a General Relativistic (GR) model 
based on the Boyer theory of the equi-pressure surfaces. Boyer surfaces are constant 
pressure surfaces and X; = Xj for i, j € (p, p, l, €). Toroidal surfaces correspond to 
the equipotential surfaces, critical points of Vr; (/) as function of r, thus solutions 
of W : In(Veff) = c = constant or Vere = K =constant C-cross sections of the 
closed Boyer surfaces (equilibrium quiescent torus); Cx —cross sections of the closed 


cusped Boyer surfaces (accreting torus); Ox-cross sections of the open cusped Boyer 
surfaces, generally associated to proto-jet configurations. In the following we use the 
notation () to indicate a configuration which can be closed, C, or open O-Figs (1). 
'The model in constructed investigating the angular momentum distribution inside 
the disk (which is not constant): 


= a? + arn(3rn — AM) F r3 A2 


a? — (rn — 2My?r, 


, An =r —2Mrn+a? (2) 


ra 
where n is for the toroidal RAD component, and A, is here a metric factor. In 


fact an essential part of the RAD analysis is the characterization of the boundary 
conditions on each torus in the agglomerate and of the disk. We considered also the 


function 
" — 1 [r KA- - A? + 4(r - 2)r] 
K"(A,r)- s 


A- + Ay (A, — A.) 
= <> 9 = ——=. 3 
5 a 5 (3) 
(dimensionless units), provides constrains on the matter density distribution inside 
the disk and stitching together the RAD tori. 
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3. Constraints 


In the Bondi quasi spherical accretion, the fluid angular momentum is everywhere 
smaller than the Keplerian one and therefore dynamically unimportant. In this 
analysis, however, we consider a full GR model for each RAD toroid where in fact 
there exists an extended region where the fluids angular momentum in the torus is 
larger (in magnitude) than the Keplerian (test particle) angular momentum. More 
precisely as first canvas model we adopt for each toroid a thick, opaque (high opti- 
cal depth) and super-Eddington, radiation pressure supported accretion disk (in the 
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toroidal disks, pressure gradients are crucial) cooled by advection with low viscos- 
ity. As a consequence, during the evolution of dynamical processes, the functional 
form of the angular momentum and entropy distribution depends on the initial con- 
ditions of the system and on the details of the dissipative processes. From these 
considerations, using the distribution of relativistic specific angular momentum in 
the RAD as in Eq. (2) we can fix, as in Refs 6, 5, 4, 1, the constraints on the range 
of variation of the inner edge of accreting torus, rz, and on the point of maximum 
density (pressure) in each torus, reent, in dependence from the range of variation of 
the specific angular momentum in the disk. Precisely, constraints on the angular 
momentum / ranges are as follow: 


[Range- L1] TL1- = [Flinso, FL 
cretion point in rx €]rmbo,mso| and center with maximum pressure rcent €]rmso; Pmbo]; 
[Range- L2] -L2~ = [r4 


ble point rj €]ry,rmbo] and center with maximum pressure rcent €]Pmbo; Pyl; 


mbol Where topologies (C1, Cx) are possible, with ac- 


£3 [| where topologies (Co, Ox.) are possible, with unsta- 


mbo?’ 


[Range- L3] +L3~ = ¢ > 47 where only equilibrium torus C3 is possible with center 
Tcent > py; (in the following indices i € {1,2,3} refer to the ranges of angular mo- 
mentum / € Li) being mso —marginally stable orbit and mbo —marginally bounded 
orbit, y =marginally circular orbit (photon orbit.) Alongside the geodesic structure 
of the Kerr spacetime represented by the set of radii R = (r7, 75,7), and rq, 
solution of 02/ = 0, relevant to the location of the disk center and outer edge are 


Rp = NE PM) "B 


T, < Timbo < Tmso < Pmbo < p^ where Patio : £x (Tabo) ey (Pio) m binbo? 


py fa (ry) =E Pu: ea) = E (4) 


This expanded structure rules good part of the geometrically thick disk physics and 
multiple structures. The presence of these radii stands as one of the main effects of 


the presence of a strong curvature of the background geometry '?». 


3.1. The RAD constraints 


The RAD of the order n = 2 (the order n is the number of toroidal components) 
can be composed by the the following toridal couples: 

i) CX < C*, ii) Cj < C+, iii) C, < C+ and iv) C, < Cj. We indicated 
with « the relative rotation of maximum density points in the tori-Figs (1). The 
situation concerning the emergence of more accretion points in RAD and presence 


of double accretion and screening tori, is summarized as follows: 


for a€]0, M|: C3 <... <C- <.< CË «CE <... (5) 
S—_—— a w — 
(a) (b) (c) (d) 


where (a) is the inner ring in accretion, (b) is the inner subsequence of corotating 
tori in equilibrium, (c) is the outer accreting tori and (d) is the outer (mixed or sep- 
arated) subsequence composed by equilibrium tori only. Further constraints (for the 
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specific angular momentum, elongation and number n of tori) on the subsequences 
(b) and (d) depend on the attractor spin mass ratio—Figs (1). More precisely: 
The RAD canvas 


e There is a maximum n = 2 of accreting tori of the king C; < C around super- 
massive BHs with a # 0. Such tori are strongly constrained in their values of / and K 
depending on the spin-mass ratio of the attractor. 


e“Screening”-tori located between the accreting disk and the central BH in a RAD se- 


quence as C; < C^ < .. < Ct < C^ are possible only as corotating, quiescent C7 
inner tori. A screening torus is a corotating (non-accreting) torus eventually detectable 
by X-ray spectra emission obscuration. 

e If a counterrotating torus of a RAD is accreting onto the central BH, then a RAD with 
a corotating outer C, torus, is as ()z < Crs Cy, < C-, only orbiting “slow” SMBHs 
(a < 0.46M). 


[e- Corotating Tori] A corotating torus can be the outer of a couple with an inner coun- 


terrotating accreting torus. Then the outer torus may be corotating (non accreting), or 
counterrotating in accretion or quiescent. Both the inner corotating and the outer coun- 
terrotating torus of the couple can accrete onto the attractor. 

[e-Counterrotating Tori] A counterrotating torus can therefore reach the instability 
being the inner of a (/r)-(/c), or the outer torus of a (/r) couple. If the accreting torus is 
counterrotating, E. with respect to the Kerr attractor, there is no inner counterrotating 
torus, but there is E «C-*or() « e. 


4. Influence of toroidal magnetic field in multi-accreting tori 


We considered a toroidal magnetic field contribution in each RAD component where 
the magnetic field is?: 


2pp 


B? = | —————___ 
Joo + 2Lgrg + P ga 


with pg = M (gtegto — 9929) * wt (6) 
the magnetic pressure, w is the fluid enthalpy, q and M (magnitude) are constant; 
Ver is a function of the metric and the angular momentum £. Euler equation (1) 
is modified by the term: 


~ -1 Maud 
9,W —O,[mVerg +G] | G(r.0) =S (qio9:o — 9966). S= er (7) 
(where a Æ 0) q = 1, is a singular values for the magnetic parameter S, which is 
negative at q « 1, in this case excretion tori are possible. We here concentrate on 
q > 1. We therefore consider the equation for the W = K. For S = 0 (or M = 0) 


this reduces to the HD case. The RAD angular momentum distribution is: 


t= a? + ar [AQ(r — M)SA9 4 3r — 4] F /r3A? [1 + [2Q(r — 1)?r5A9-1(205 A2 + 1)J] 
E A-1[a4 — a?(r — 3)(r — 2)r — (r — 2r [20 (r — 1)5A9*! + (r — 2)?r]] 


(8) 


Q = q — 1 (dimensionless units). However the introduction of a toroidal magnetic 
field B, makes the study of the momentum distribution within the disk rather 
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complicated, instead In Ref. 7 it was adopted the function derived from S-RAD 
parameter: 
ATÈ a^ (a — £)? 42r (a —D(a— 2) — 4r (a — 8)? — Pr? + rt 


Serit = |. 9 W(r—D[r(a®—&2)4+2(a—-O2 +r,  — ©) 


(dimensionless units) capable of setting the location of maximum density points in 
the disk and the existence and location of the instability points. Eq. (9) clearly enu- 
cleates the magnetic field contribution in the Q term, while interestingly highlights 
the role of the parameters £ versus a?5. The effects of the toroidal magnetic field 
in the RAD composition are evident in Fig. (2). In Ref. 7 it is noted that a RAD 
can be formed by having generally a sufficiently small parameter (Sq). Profiles of 
(£c) cases are similar independently by the corotation or counterrotation of the flu- 
ids in the RAD with the respect to the central Kerr SMBH. Generally the inner 
torus has maximum values of the S smaller the maximum S found in the outer tori. 
The most interesting results perhaps emerge in the case of (¢r) couples where it is 
clear that the magnetic profiles for the couple C_ < C, (where double accretion 
occurs) are radically different from the case C} < C_. The analysis shows also the 
importance of the coupling between the toroidal component of the magnetic field 
and the fluid angular momentum, particularly in the counter-rotating case, 4 < 0; 


for this case, for values q < 1 excretion can arise ^10, 


Effects of toroidal magnetic fields on RADs 


Fig. 2. Magnetized RAD of the order n = 2. Density profiles versus S functions profiles. Upper 
line features the £corotating couples of corotating (-) and counterrotating (+) tori. Bottom line 
features the (counterrtating couples made by C4. < C- (left) or CL < Cx (right). 


5. Concluding Remarks and Future perspectives 


The RAD investigation has revealed a very rich scenario with interesting phe- 
nomenology linked to the activity inside the agglomeration, correlated to the pro- 
cesses of instability and interaction between tori and the tori and central SMBH 
attractor. In this scenario constrains on the presence of screening and obscuring tori 
were discussed. The analysis of the screening and obscuring tori in particular could 
lead to observational evidences of a double tori RAD system from the emission 
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spectrum as X-ray emission screening, showing as fingerprints of the discrete radial 
profile of the RAD. In Ref. 11 then relatively indistinct excesses of the relativisti- 
cally broadened emission-line components were predicted arising in a well-confined 
radial distance in the accretion structure originating by a series of episodic accre- 
tion events. Another interesting aspect of this model is the possibility of having 
inter-disk activity resolved in tori collision or double accretion phase with a double 
jet emission phase. From the RAD investigation this activity is limited to only two 
specific tori of aggregate made by a special couple constituted by a corotating and 
a counterrotating torus. As sideline result we provided a full characterization of 
the counterrotating tori in the multi-accreting systems. This model is designed for 
an extension to a dynamic GRMHD setup. Currently the toroidal model adopted 
to picture each RAD components is used as initial configuration for such systems. 
Another significant aspect is the possibility of inter-correlate the oscillations of the 
RAD components with QPOs. Generally instabilities of such configurations, can 
reveal to be of great significance for the High Energy Astrophysics related to ac- 
cretion onto supermassive BHs, in Quasars and AGNNs. Such activities could be 
targeted by the planned X-ray observatory ATHENA®. 
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In this work we consider the effects of vertical self-gravity on a magnetized neutrino- 
dominated accretion disk, which is supposed to be a candidate for central engine of 
gamma-ray bursts (GRBs). We study some of the physical timescales that are con- 
sidered to play a crucial role in the disk's late-time activity, such as viscous, cooling, 
and diffusion timescales. We are also interested to probe the emission of X-ray flares’ 
probability, observed in GRBs’ extended emission by an investigation on the “magnetic 
barrier" and "fragmentation". Our results approve the self-gravity as an amplifier for 
Blandford-Payne luminosity (BP power) and the magnetic field produced through the 
accretion process, but a suppressor for neutrino luminosity and magnetic barrier. The 
latter takes place as a result of the fragmentation enhancement in the outer disk, which 
is more likely to happen for the higher mass accretion rates. 


Keywords: Gamma-ray Burst; Accretion Discs; Neutrino; Magnetic Field; Self-gravity. 


1. Physical Model 


1.1. Basic Formalism 


We study a steady and axisymmetric magnetized NDAF (0/0t = 0, 0/09 = 0) in 
which self-gravity has been taken into account, vertically. Considering the mag- 
netic field influence in both large scale (magnetic braking mechanism) and small 


scale (viscous dissipation effects), yields the following results for the continuity and 


angular momentum equations 


M= —2n RXvg = constant 


QnaR?T — B4B,R? 
Z5 (204) 


The energy balance equation reads 


Quis = Qadv of Q; ES QB 


(1) 


(2) 


(3) 


The neutrino cooling rate is expressed by a bridging formula (e.g., Di Matteo et 
al.!; Kohri et al.?) as follows: 


" (7/8)o T4 
=) Gis + rum 


(4) 
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For Qg, we have 
Qp = 2RO(B&4B;/An) (5) 
The equation of state (EOS) is written as (e.g., Di Matteo et al. !; Liu et al.?) 


P = Pgas + Prad + Pdeg + py (6) 
Last term denotes the neutrino pressure P, = =, in which w = 
(7/8)aT* (rv, /2+1/V3) 
2 Ty, /24-1/ V/34-1/ (37a, ) 
et al.?). 
Moreover, we consider the polytropic equation of state in vertical direction p — 
K p*/3, where K is a constant (Liu et al.?). 
The hydrostatic balance equation in vertical direction reads 
OV 10p 1 ,0B2 OB? 1 OB. 
nET Oz i p Oz 2d 8mp o: d à: ) dap R oR i (7) 
We adopt the pseudo-Newtonian potential, written by Paczynski and Wiita 
(Paczynski et al. 7): 


is the neutrino-energy density (Di Matteo et al.!; Kohri 


-GM 
v= —— 8 
v R2 + 22 — R; (8) 
Regarding some mathematical considerations and relations between magnetic 
field components achieved by simulations (table 2 of Stone et al. 11) gives 


H? d 
25 Goo A po(e71/? — 1) — 10 5H 
2 dR 
B» —2/3 Pi 10 7?poH 
—2 | 
Po Se" = rus R 
b2 —2/3 By — 
where (s and ys are constants. 
Furthermore, the magnetic viscosity equation is 
BgB, 3 
— Tap. 10 
dm OP (10) 


In order to achieve a better understanding of the effects of magnetic field and 
self-gravity through an analogy among the three cases: self-gravitating magnetized 
NDAF, magnetized case and self-gravitating one, we may get the required equations 
by ignoring the terms associated with the magnetic field and self-gravity in the above 
mentioned equations. For instance, considering the hydrostatic balance equation 
(7), the magnetized NDAF can be obtained via ignoring the first term (which reflects 
the self-gravity impact) 


OW 1əp 1 OBZ OBR 1 0B, 


Oz T pz "T 8mp' Oz ` Oz ) im” OR a (1) 
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c per Meet = A 7 ud -10 1 " L 4 d 
Ea = 9 aw a -200 -100 0 100 200 
RIRg RIRg 
Fig. 1. Contours of density for M = 0.1Mo/s (three left plots) and M = 10Mo/s 


(three right plots), with three orders of density are highlighted through dashed lines (5 x 
109, 108, 3 x 107 gr/cm? for the left panels, and 10!!, 3 x 1010, 7 x 10? gr/cm? for the 
right ones ). The two top panels are devoted to the self-gravitating magnetized NDAF, the tow 
middle plots are related to the self-gravitating case and the two bottom ones show the magnetized 
NDAF. Additionally, the shaded areas in pink show the gravitationally unstable zones. 
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Fig.2. Magnetic field components, Bg, Bg, Bz, for two cases of magnetized NDAF: with (VSGM) 
and without self-gravity (M) (solid and dashed curves). The radial, azimuthal and poloidal com- 
ponents are plotted in orange, blue and black, respectively. 


M«0.1M,/s, VSGM Ms0.1M, fs. M 


[2x] 


0.010 


[2x] 


Mt, RIR, 


Fig. 3. Viscous and diffusion time scales for M = 0.1, 10Mọ/s illustrated by solid and dashed 
lines. Both magnetized (M) and vertically self-gravitating magnetized (VSGM) cases are consid- 
ered. 


The self-gravitating case is also achievable through an elimination of the magnetic 
terms 


4nGX, + — +-= — 0. (12) 
z p 
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Fig. 4. Neutrino luminosity and BP power Fig. 5. Neutrino cooling efficiency versus mass 
(black and orange lines) versus mass accre- accretion rate. Solid and dashed curves display 
tion rate. Solid lines represent the magnetized the magnetized NDAF considering (VSGM) and 
NDAF with vertical self-gravity (VSGM), but ignoring self-gravity (M), respectively. 

in dashed lines it is ignored (M). 


It can be written in the form of 


2772 2 poH? -1/2 1v. 
2nGpo H^ + n m + pole 1) =0. (13) 
Toomre parameter is as follows (e.g., Shu 1°) 
p 
= Q(1+ —— 14 
Qu =Q(1+ 1-9) (14) 


The magnetic field buoyancy and its rising time toward the disc surface can be 
estimated as 
taig © = (15) 
VA 
Besides, the viscous time t, can present the timescale of the magnetic flux accumu- 
lating in the vicinity of the black-hole, then we have 


"3 
b= / ENT. (16) 
3n, UR 
In case of t, < tgir; one may expect magnetic barrier to happen. In the gravitational 
context, fragmentation is possible if (Gammie?; Perna et al. 8) 
teool < teirt x a0 (17) 


where cooling timescale is denoted by teoo © (H/ R)?t,, (Pringle ®). 
The neutrino luminosity, L,, is expressed as 


Rout 
L, — 2n | Q RdR (18) 
Rin 
The BP power output from a disc is equal to the power of disc magnetic braking 

and can be calculated as (Livio et al.°; Lee et al. 4) 


Rout 
Lpp = 2r | QgRdR. (19) 
Rin 
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2. Conclusions 


We study the structure and evolution of neutrino dominated accretion discs, in 
which the consideration of self-gravity and magnetic field provide us with a more 
realistic picture of these central engines of GRBs. We find self-gravity a booster of 
magnetic field, mainly in the outer disc. Such an effect, especially in higher accretion 
rates, enhances the BP power and descends the neutrino luminosity fraction. The 
latter is against Liu et al.? outcomes but seems a natural result of the strong 
magnetic field presence as we discussed formerly. On the other hand, the probable 
fragmentation process, lessens the magnetic barrier possibility by a decrease in 
magnetic field diffusion time scale in higher mass accretion rates. T'his result can 
also be deduced from the estimations, we have already made, and their comparison 
with the observational evidences. 

On the whole, we find both MHD and neutrino processes effective enough 
(10°°-*4erg/s) to produce GRBs’ spectrum. Of course, in the case of higher ac- 
cretion rates, the drop in neutrino efficiency (Fig. 5), as a result of a growth in 
neutrino opacity, may confirm a decrease in neutrinos capability to transport the 
energy outside. In the context of late time X-ray flares, the magnetic barrier process 
would be more probable to power such extended emissions in low accretion rates, 
because fragmentation is less likely to happen. Yet, this might not be the case for 
higher accretion rates as fragmentation can overcome magnetic barrier to produce 
energetic X-ray flares. 
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A unification of dark matter and dark energy based on a dynamical space time theory 
is discussed. By introducing a dynamical space time vector field x,, as a Lagrange 
multiplier, a conservation of an energy momentum tensor TO 5 is implemented in addition 


to the conservation of the metric energy momentum tensor. This Lagrangian generalizes 
the Unified dark energy and dark matter from a scalar field different from quintessence 
which did not consider a Lagrangian formulation. This generalization allows the solutions 
which were found previously, in addition to a-non singular bouncing solutions that rapidly 
approach to the ACDM model. The dynamical time vector field exactly coincides with 
the cosmic time for the a ACDM solution and suffers a slight shift (advances slower) with 
respect to the cosmic time in the region close to the bounce for the bouncing non singular 
solutions. For some exponential potential which gives a possible interaction between DE 
and DM and could explain the coincidence problem. 


Keywords: Unified Dark Energy and Dark Matter; Dynamical time 


1. Introduction 


Dark energy and Dark matter constitute most of the observable Universe. Yet the 
true nature of these two phenomena is still a mystery. One fundamental question 
with respect to those phenomena is the coincidence problem which is trying to 
explain the relation between dark energy and dark matter densities. 

A model, which also continues to be valid after GW170817 event, for a unification 
of dark energy and dark matter from a single scalar field ¢, was suggested by Gao, 
Kunz, Liddle and Parkinson!. Their model is close to traditional quintessence, and 
gives dynamical dark energy and dark matter, but introduces a modification of the 
equations of motion of the scalar field that apparently are impossible to formulate 
in the framework of an action principle. The basic stress energy tensor which was 
considered in addition to Einstein equation was: 


THY = “pH” + UO) (1) 


where ¢ is a scalar field and U(@) is the potential for that scalar. Assuming homoge- 
neous and isotropic behavior the scalar field should be only time dependent ¢ = ¢(t). 
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Then the kinetic term -ipto is parameterizing the dark matter because it con- 
tains only energy density with no pressure and U(¢)g"” is parameterizing the dark 
energy. The basic requirement for this stress energy tensor is it’s conservation law 
V,T"" = 0. By assuming a constant potential U (¢) = Const the model provides 
from the potential the traditional cosmological constant and the kinetic term of the 
scalar field is shown to provide, from the conservation law of the energy momentum 
tensor, that the kinetic term dependence has a dust like behavior. 

-ivp =0 m Poi (2) 
This simple case refers to the classical ACDM model. The special advantage of this 
model is a unification of dark energy and dark matter from one scalar field and has 
an interesting possibility for exploring the coincidence problem. 

The lack of an action principle for this model brought us to reformulate the 
unification between dark energy and dark matter idea put forward by Gao, Kunz, 
Liddle and Parkinson! in the framework of a Dynamical Space Time Theory? 
which forces a conservation of energy momentum tensor in addition to the covari- 
ant conservation of the stress energy momentum tensor that appears in Einstein 
equation. In the next chapter we explore the equations of motion for these theories. 
In the third chapter we solve analytically the theory for constant potentials which 
reproduce the ACDM model with a bounce, which gives a possibility to solve the ini- 
tial big bang singularity. In the last chapter we solve the theory for an exponential 
potential which gives a good possibility for solving the coincidence problem. 


2. Dynamical Space Time Theory 


One from the basic features in the standard approach to theories of gravity is the 
local conservation of an energy momentum tensor. In the field theory case it’s 
derived as a result rather than a starting point. For example, the conservation of 
energy can be derived from the time translation invariance principle. The local 
conservation of an energy momentum tensor can be a starting point rather than 
a derived result. Let’s consider a 4 dimensional case where a conservation of a 
symmetric energy momentum tensor T. ) is imposed by introducing the term in the 
action: 


Bj = J evt (3) 


where Xuv = Oyxy — Do The vector field x,, called a dynamical space time 
vector, because of the energy density of T ) is a canonically conjugated variable to 
Xo, which is what we expected from a dynamical time: 


Txo = =r = To (x) (4) 


If T a ) is being independent of x, and having TÀ, being defined as the Christoffel 
connection coefficients (the second order Formalism), then the variation with respect 
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to x, gives a covariant conservation law: 
Ww 
VaT = 0 (5) 
From the variation of the action with respect to the metric, we get a conserved 
stress energy tensor G"" (in appropriate units), which is well known from Einstein 
equation: 


2 óJ— 
Gu = VY Sip f£, VQG""-0. (6) 
vV-g ôg” 
where GĦ” is Einstein tensor, C, is the Lagrangian in (3) and £m is an optional 
action that involve other contributions. 


3. DE-DM Unified Theory from Dynamical Space-Time 


A suggestion of an action which can produce DE-DM unification takes the form:? 


1 1 
= we lop = 
L= SR Xuv Th — 59 0,0, — V(O) (7) 


Consisting of an Einstein Hilbert action (8r G = 1), quintessence and Dynamical 
space-time action, when the original stress energy tensor TO ) is the same as the 
stress energy tensor (1) Gao and colleagues used: 


TE = Soo” +U (8) 
The action depends on three different variables: the scalar field ¢, the dynamical 
space time vector x,, and the metric guv. Therefore there are 3 sets in for the equa- 
tion of motions. For the solution we assume homogeneity and isotropy, therefore 
we solve our theory with a FLRW metric: 

T 
1— H9 
According to this ansatz, the scalar field is just a function of time ó(t) and the 
dynamical vector field will be taken only with a time component x,, = (xo, 0, 0,0), 
where xo is also just a function of time. A variation with respect to the dynamical 


space time vector field x,, will force a conservation of the original stress energy 
tensor, which in FRWM gives the relation: 


ds? = —di? + a(t)*( + r?dt?) (9) 


+ 349 +U'(G) =0 (10) 
Compared with the equivalent equation which comes from quintessence model, this 
model gives a different and smaller friction term, as compared to the canonical 
scalar field. Therefore for increasing redshift, the densities for the scalar field will 
increase slower than in the standard quintessence. 

The second variation with respect to the scalar field ¢ gives a non-conserved 
current: 


XUE) — V'(¢) = Vaj" (11a) 
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db M 
ee zra db) oe (11b) 


and the derivatives of the potentials are the source of this current. For constant 
potentials the source becomes zero, and we get a covariant conservation of this 
current. In a FLRW metric this equation of motion takes the form: 


(Xo — 1) + [Xo + 3H (žo — 1)] = U' (6) (Xo + 3Hxo) — V’ (4) (12) 
The last variation, with respect to the metric, gives the stress energy tensor that is 
defined by the value of the Einstein’s tensor: 


Lx 
GH = "(6,0 -- V() + 3x" baba + VOU) 
(13) 


1 V HA UA 1 V $ V 
—5 (05 -2)9" x oa + x^di) - jx se TX e pr) 


For the specially homogeneous, cosmological case, the energy density and the pres- 
sure of the scalar field are: 


p= (Xo- 53d? + V(9) (14a) 
p= 58 (is — 1) - V(9) — xoóU (6) (14b) 


4. A bouncing ACDM solution 


In order to compute the evolution of the scalar field and to check whether it is 
compatible with observable universe, we have to specify a form for the potentials. 
Let's take a simplified case of constant potentials: 


U(d)=C, V(Q)-— QA (15) 


Overall, in the equations of motions only the derivative the potential U (¢) appears, 
not the potential itself. Therefore a constant part of the potential U($) does not 
contribute to the solution. However V (9), as we shall see below, gives the cosmo- 
logical constant. The conservation of the stress energy tensor from equation (10) 
gives: 

P= Em 

a 

where Qm is an integration constant which appears from the solution. From the 
second variation, with respect to the scalar field ¢, a conserved current is obtained, 
which from equation (12) gives the exact solution of the dynamical time vector field: 


Xo—1—5a |? (17) 


(16) 


where & is another integration of constant. Eventually, the densities and the pressure 


for this potentials are given by (18). By substituting the solutions for the scalar ó 


and the vector xo (in units with pe = Aui = 1) we get: 
0 


Qe fs L O 
p=On- Gatos ; p— —94— 5745 (18) 
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Fig. 1. Left hand side: Plot of the effective potential. For Q, Z 0, there is a bouncing universe 
with dynamical dark energy. Right hand side: Plot of the scale parameter vs. the cosmic time. In 
any case xo & 1 


where Qk = KQm. Notice that Q,,,Q, are integration constants the solution con- 
tains and Q, is parameter from the action of the theory. We can separate the result 
into three different "dark fluids": dark energy (w = —1), dark matter (w = 0) and 
an exotic part (w = 4), which is the responsible for the bounce (for & > 0). From 
Eq. (16) the solution produces a positive Nm since it's proportional to ¢?. For Qa 
the measurements for the late universe forces the choice of this parameter to be 
positive. However for another solutions (in the context of Anti de-Sitter space, for 
instance) this parameter could be negative from the beginning. In Fig. 1 we can see 
the effective potential for different values of (,. For Q,, = 0 the solution returns to 
the known ACDM model. However for Q, < 0 we obtain a bouncing solution which 
also returns to the ACDM for late time expansion. The scale parameter evolution 
depicted in Fig.(1) can show us the initial conditions where a(t) = 0, because at 
that point a(t) is a minimum. In addition, for all cases the initial condition for the 
scale parameter is not zero a(0) Z 0. These features imply a bouncing universe 
solutions. 

In addition to those solutions, there is a strong correspondence between the zero 
component of the dynamical space time vector field and the cosmic time. For ACDM 
there is no bouncing solution « = 0 and therefore from equation (17) we get xo = t 
that implies that the dynamical time is exactly the cosmic time. For bouncing 
ACDM we obtain a relation between the dynamical and the cosmic time with some 
delay between the dynamical time and the cosmic time for the early universe (in the 
bouncing region). For the late universe the dynamical time returns back to run as 
fast as the cosmic time again. This relation between the dynamical and the cosmic 
time may have interesting application in the solution to “the problem of time“ in 
quantum cosmology which will discussed elsewhere. Notice that the dynamical time 
is a field variable while the cosmic time is a coordinate. 


5. Discussion 


Here “unified dark energy and dark matter from a scalar field different from 
quintessence* is formulated through an action principle. Introducing the coupling 
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of a dynamical space time vector field to an energy momentum tensor that appears 
in the action, determines the equation of motion of the scalar field from the vari- 
ation of the dynamical space time vector field or effectively from the conservation 
law of an energy momentum tensor, as in Ref.!. The energy momentum tensor 
that is introduced in the action is related but not in general the same as the one 
that appears in the right hand side of the gravitational equations, as opposed to the 
non-Lagrangian approach of!, so our approach and that of! are not equivalent. In 
many situations the solutions studied in! can be also obtained here asymptotically. 
However, there are some solutions, as the non-singular bounce solutions, which are 
not predicted byt. 

In those solutions the dynamical time behaves as the cosmic time. In particular, 
an exact ACDM solution, the cosmic time and the dynamical time exactly the same. 
'This correspondence could be solve the problem of time in quantum cosmology. 
Possible signatures for this model or for more generalized forms could be could be 
identified from cosmological perturbations theory. For instance, the perturbation 
for the scalar field is clear. However, the perturbation for the vector field could be 
represented with more degrees of freedom which can reproduce a different power 
spectrum for the Cosmic Microwave Background Anisotropies for instance. But 
more over than this, the model that was suggested in the last part was only with an 
exponential potential. However many combinations of potentials are applicable for 
testing the evolution for the energy densities, and using data fitting for those models. 
'The benefits for this models are that they still preserve the speed of gravity equal to 
the speed of light, and also that arises from an action principle. Researching those 
families of solutions with more general potentials could help solve the coincidence 
problem. 


References 


1. C. Gao, M. Kunz, A. R. Liddle and D. Parkinson, Phys. Rev. D 81, 043520 
(2010) doi:10.1103/PhysRevD.81.043520 [arXiv:0912.0949 [astro-ph.CO |]. 

2. E. I. Guendelman, Int. J. Mod. Phys. A 25, 4081 (2010) doi:10.1142/ 
80217751X10050317 [arXiv:0911.0178 [gr-qc|]. 

3. D. Benisty and E. I. Guendelman, Mod. Phys. Lett. A 31, no. 33, 1650188 (2016) 
doi:10.1142/80217732316501881 [arXiv:1609.03189 [gr-qc]]. 

4. E. Guendelman, R. Herrera, P. Labrana, E. Nissimov and S. Pacheva, Gen. 
Rel. Grav. 47, no. 2, 10 (2015) doi:10.1007/s10714-015-1852-1 [arXiv:1408.5344 
[gr-qc]. 

5. D. Benisty and E. I. Guendelman, Phys. Rev. D 98 (2018) no.2, 023506 
doi:10.1103 /PhysRevD.98.023506 [arXiv:1802.07981 [gr-qe]]. 

6. D. Benisty and E. I. Guendelman, Phys. Rev. D 98, no. 4, 043522 (2018) 
doi:10.1103/PhysRevD.98.043522 [arXiv:1805.09314 [gr-qc]]. 


352 


Hamiltonian analysis in new general relativity 


Daniel Blixt'*, Manuel Hohmann!, Martin Krasdk!:? and Christian Pfeifer! 


1 Laboratory of Theoretical Physics, Institute of Physics, University of Tartu, 
Tartu, 50411, Estonia 
2 Center for Gravitation and Cosmology, College of Physical Science and Technology, 
Yangzhou University, 
Yangzhou 225009, China 
* E-mail: blixt@ut. ee 
http://kodu.ut.ee/~bliat/ 


It is known that one can formulate an action in teleparallel gravity which is equivalent to 
general relativity, up to a boundary term. In this geometry we have vanishing curvature, 
and non-vanishing torsion. The action is constructed by three different contractions of 
torsion with specific coefficients. By allowing these coefficients to be arbitrary we get the 
theory which is called “new general relativity”. In this note, the Lagrangian for new gen- 
eral relativity is written down in ADM-variables. In order to write down the Hamiltonian 
we need to invert the velocities to canonical variables. However, the inversion depends 
on the specific combination of constraints satisfied by the theory (which depends on the 
coefficients in the Lagrangian). It is found that one can combine these constraints in 9 
different ways to obtain non-trivial theories, each with a different inversion formula. 


Keywords: Teleparallel gravity; New general relativity; ADM-variables. 


1. Conventions 


Greek indices denote global coordinate indices running from 0 to 3, small Latin in- 
dices are spatial coordinate indices running from 1 to 3, whereas capital Latin indices 
denote Lorentz indices running from 0 to 3. We are always dealing with Lorentzian 
metrics. Sign convention for the Minkowski metric is nag = diag(— 1, 1, 1, 1). 


2. Introduction 


Gravity is conventionally described with the Levi-Civita connection which is in- 
duced by a pseudo-Riemannian metric. This means that the covariant derivative of 
the metric is zero, and the connection is torsion-free but has curvature. However, 
there are equivalent theories to general relativity!. We will focus on teleparallel 
gravity? where we have vanishing curvature, but non-vanishing torsion. 

In particular we will perform the Hamiltonian analysis of “new general rela- 
tivity” (NGR)?. For discussions of certain issues with these theories see^ Pre- 
vious work on the Hamiltonian analysis on teleparallel gravity theories have been 
performed in9!5, However, the full Hamiltonian analysis of NGR. has not been 


performed. NGR is described by the following action: 
Suan = m2, I 8| (a1 TE T, "? + a; T"; T^". + aT” T"^) d*z, (1) 


?With NGR, we refer to the more general three-parameter teleparallel gravity in contrast to the 
special one-parameter teleparallel gravity theory which NGR originally referred to?. 
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where mp; is the Planck mass, I5 = I” p — I” vp is the torsion component with 


A : ; M 
DI^, = €4 0,04, + e (A 1), 09,A7505, with 0 being the tetrad, e its inverse 
and A is a Lorentz matrix. Global spacetime indices are raised and lowered with 
Suv = 0^ 08 ap, while Lorentz indices are raised and lowered with nag. A theory 


equivalent to general relativity is obtained by setting a; = +, a3 = 1, and a3 = —1. 


T? FE 
Alternatively, the NGR action can be written down in the so-called axial, vector, 
and tensor decomposition ?. Then 


SNGR = m» J (0| (eiTax + coTten + €3T vec) ; (2) 


with a4 = —$(ci + 202), aa = $(c1 — c2), as = §(c2 — c3), and 


v 
diac = T adu S 


1 V V 

Tax = 18 (T), T^^" — 2T5,,T"P"), (3) 
1 Vv V 1 V 

"Tien = bl (Topu T^" + Tourn ) md gute H . 


3. Method 


In order to go from the Lagrangian to the Hamiltonian analysis we need to identify 
the velocities, derive the conjugate momenta and express everything in canonical 
variables. We may decompose the torsion scalar in the ADM variables!? lapse a, 
shift 8’ and the spatial components of the tetrad 0^;: 


1 A pB ij 

T= Sal oT M'i p 
1 
E 


1 


a2 


TT, [M*A p8" + 2oash^650 $ + 2oash" £465] (4) 
TATE ge i 5,83 B + 2aas h/'€ 4018" + 2aas h/'£ 40,7 B'| + T, 
where hij = 04,07 inp is the induced metric, which is used to raise and lower 
spatial indices, £4 = — e^ gop 6? 0° ;9P pk , 


M' ji p = —2a1h™ nap + (as + a3)&£AEgh" — a30 20d — a30 40, (5) 


and 
?T = apap T A, T hhh + aonach hh ng pP iP TA T7 


+ asac OSa hp 50D hi» RIT T. 


(6) 


Without any loss of generality’ we can restrict ourselves to the Weitzenbóck gauge 
for which the torsion components are expressed as TA iy = 0,04 ues 0,05,, and 
hence the conjugate momenta become, 


ey — TP5M' 1 g +T% [M's gp" + 2aagh" EBO $ --2aash" £40]. (7) 
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The velocities can now be inverted and expressed in canonical variables using 
€ 
S4 —0;M'lg (8) 
with 


Sh = D, (a£? 4-802 ) M* p 
B il gk il k il k TA (9) 
-Th [M*4 pÊ” + 2aagh" £50 4 + 2aagh £405] ta, 
Vh 

where D; is the Levi-Civita covariant derivative with respect to the induced metric. 
However, M in equation (8) is singular for certain combinations of parameters of 
the theory and can hence only be inverted by the Moore-Penrose pseudo-inverse 
12. This is apparent if one decomposes the equation into irreducible repre- 

sentations of the rotation group, which generates the following constraints, 


matrix 


2a; + a2 +a3 =: YA = 0 Vi := ge^ =0, 
2a, — 2 =: AA = 0 ^ = Sh0^G hay = 0, 


10 
11 


(10) 
(11) 

, 1 
2a, + ag =: SA =) => 85 = SEOA Ghi, = 3540 hu; = 0, (12) 
(13) 


2a; + a9 + 3a3 =:7 A=0 TC: 8504 0. 13 


'These are primary constraints, since these constrain both the tetrad field and their 
conjugate momenta, which also can be decomposed into irreducible parts. In the 
axial, vector, tensor decomposition we have that 


205 +03 x "A — 0, (14) 
261 too x ^A — 0, (15) 
c x 9A — 0, (16) 
cg x 7 A — 0. (17) 


In this language the primary constraints get some further geometrical meaning. 
Equations (14) and (15) together imposes the teleparallel equivalent to general 
relativity and impose invariance of the Lagrangian under pure tetrad local Lorentz 
transformations?. This is, however, not more apparent from the axial, vector, tensor 
decomposition we made. What is more interesting are the constraints imposed by 
equations (16) and (17). In this decomposition of the torsion scalar they exactly 
correspond to putting Tren and Tvec to zero respectively. 


4. Results 


Different combinations of (10)-(13) yield 9 non-trivial classes of theories: 
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Theory Constraints 


A FOE VAST 
=0 


AQ m =0 purple points (perimeter) 
orange poini 


Ay = As = Ar =0 uo TTL TOT CSD gray point (center) 


Any other solutions would be trivial (c; = c2 = c3 = 0). Excluding these triv- 
ial solutions we can normalize our parameters to 


" Ci 


Qm (18) 
for i — 1,2,3, which means that we can make a 2-dimensional plot to visualize these 
theories in the normalized parameter-space. This can be nicely visualized in polar 
coordinates (0, $) on the unit sphere with 


€i = cos, č =sinĝcosġ, č = sinÜsin $. (19) 


Every pair of antipodal points on the sphere corresponds to a ray in the 3- 
dimensional parameter space, whose elements describe the same theory. Hence, 
it suffices to display only the upper half sphere ¢; > 0, which is done in figure 1. 
However, note that points on the equator c, = 0 still appear twice, and both copies 
should be identified with each other. This applies in particular to the two purple 
points in figure 1, both describing the class of theories defined by pure vector tor- 
sion č = Cg = 0. The Hamiltonian is found to always appear with four Lagrange 
multipliers (linearity in lapse and shifts) with, 


H = aH (0, M) + B*3 (0, M^) + Di [(aé4 + B04) 74], (20) 


in the unconstrained case”. 


5. Discussion 


One can distinguish 9 different classes of NGR theories by the presence or absence of 
primary constraints appearing in their Hamiltonian formulation. What remains to 
be determined is how many secondary constraints are induced by demanding closure 
of the constraint algebra. Some considerations in this direction have been studied 
in®18, however, our work invites for further investigation. The theories satisfying 
A; z 0,V I € (V, A, S, T) can be parameterized by two free parameters (and a 
global rescaling of the Lagrangian, fixing the value of the Planck mass, which does 
not affect the presence or absence of primary constraints). Models which exhibit 
one primary constraint Ay = 0 have one free parameter left, while for those with 
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W^ =0 
BA =0 

HA =0 

HA =0 

HA =A =0 
BA =A =0 
BA =A =0 
mA =A =A =0 
Ay z0VI 


Fig. 1. Visualization of the parameter space of new general relativity in coordinates reflecting 
the axial, vector, tensor decomposition of the Lagrangian, colored by the occurrences of primary 
constraints. The radial axis shows the zenith angle 0, while the (circular) polar axis shows the 
azimuth angle ¢, following the definition (19). 


more primary constraints all parameters are fixed. The free parameters might affect 
the vanishing, or non-vanishing of certain Poisson brackets, which therefore have to 
be calculated in order to obtain the number of degrees of freedom. 

'The number of degrees of freedom can be compared with polarization modes 
in gravitational waves??. Furthermore, it can be compared with the linear level in 
order to find out if the theories are strongly coupled. One may extend this analysis 
to f (Tax, Teen, Tvec) ? or include parity violating terms. 
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In this short paper we study how black hole singularities can be tackled in the con- 
text of nonlocal ghost-free gravity, in which the action is characterized by the presence 
of non-polynomial differential operators containing infinite order covariant derivatives. 
The ghost-freeness condition can be preserved by requiring that such nonlocal operators 
are made up of exponential of entire functions, thus avoiding the emergence of extra 
unhealthy poles in the graviton propagator. We will mainly focus on how infinite order 
derivatives can regularize the singularity at the origin by making explicit computations 
in the linear regime. In particular, we will show that this kind of non-polynomial opera- 
tors can smear out point-like distribution and that the Schwarzschild metric can not be 
a solution of the field equations in the ghost-free infinite derivative gravity. 


Keywords: : Nonlocal gravity; higher-derivative gravity; quantum gravity; spacetime 
singularities; black holes. 


1. Introduction 


Gravitational theories whose actions are made up of terms quadratic in the curvature 
invariants, besides the Einstein-Hilbert piece, are perturbatively renormalizable!, 
but incomplete due to the presence of a massive spin-2 ghost mode which makes 
the Hamiltonian unstable at the classical level classically, while from a quantum 
mechanical point of view breaks the unitarity condition?. 

The problem of ghosts in higher derivative theories has been known for long 
time?, but only recently it was realized that the emergence of pathological degrees 
of freedom can be prevented when the order of the derivatives in the action is not 
finite but infinite. Indeed, by choosing certain non-polynomial analytic differential 
operators in the action one can preserve the number of physical degrees of freedom 
of the local theory, without introducing any unhealthy mode 10713, 
polynomial operators means that the order of derivatives is infinite and this makes 
the action nonlocal. 

In Refs.!^77, this kind of non-polynomial operators were used in a gravita- 
tional context to construct a quadratic curvature theory of gravity which is clas- 
sically stable and unitary at the quantum level. It was noticed that the presence 
of nonlocality through infinite order derivatives can regularize infinities and many 


progresses ave been made in order to resolve black hole 15-16-18-29 
]14,30-33 


Having non- 


and cosmolog- 
ica singularities. At the quantum level, this class of ghost-free shows an 
improved UV behaviour!9?:334?6 but the renormalizability has been shown only for 


aSee Refs. 2-6:8:8, and references therein, for astrophysical and cosmological applications involving 
quadratic curvature gravitational actions. 
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a peculiar subclass of non-polynomial operators??; see also Refs. 34:37-40 for nonlocal 
extensions of the standard model of particle physics, and Refs. 4142 for applications 
beyond standard quantum mechanics. 

In this manuscript we will review the main aspects regarding avoidance of singu- 
larities in ghost-free infinite derivative gravity, showing how infinite order derivatives 
can smear out point-like sources and, thus, regularize singularities. The paper is 
organized as follows: in Section 2, we introduce the gravitational action and, by 
working in the linear regime, we derive the form of the spacetime metric for a static 
point-like source; in Section 3 we show the regularizing properties of infinite deriva- 
tive operators and explain why the Schwarzschild metric can not be a solution in 
ghost-free nonlocal gravity. 

Throughout the paper we work in Natural Units, A = 1 = c, and adopt the 
mostly positive metric convention, 7 = diag(—1, +1, 4-1, +1). 


2. Nonlocal gravitational action and linearized metric solution 


For simplicity we will only work with one of the simplest model of quadratic nonlocal 
gravity which captures all the relevant properties of nonlocality. Let us consider 


the following gravitational action 15:16-18 
1 v 
S= Ja d'*zJ/—g {R + Gu F(R}, (1) 


where Guy = Ryv — gu, R./2 is the Einstein tensor, K? = 87G with G = 1/Mz being 
the Newton constant. 
In local theories the form factor F (O) is a polynomial of O, while in the case 


of nonlocal theories it is a non-polynomial function of O. We consider one of the 


simplest example !®: 


_ tM 
FQ) = = (2) 


which is analytic and modify the short-distance (UV) behavior of Einstein’s GR as 
only positive power of [O appear when Taylor expanding; Ms is needed to make the 


argument of the exponential dimensionless, while from a physical point of view it 
is a new fundamental energy scale at which nonlocal effects should manifest. 
If we perturb the Minkowski metric by small a perturbation, 


gue = nw + Khyw ; (3) 


where A, is the graviton perturbation, the action can be written up to order O(h?) 
as follows 16: 


1 
so»-1 J dha hy Or hie, (4) 
where 
HVpo — 1 HP, Ya Ac vp 1 LY, po 
Oo =30 n^" + hen?) —g" 9 (5) 
1 
+5 Qr" 0^0" + nf? HD" — nfP"A? — ynoron) 
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is a four-rank operator O""?? which is totally symmetric in all its indices. By 
inverting the kinetic operator e--/ M? (QU"?? one can obtain the graviton propagator 
around Minkowski; see Refs. 10:13:15.16:45.44 for details. While, by variating the action 
in Eq. (4) we obtain the linearized field equations, which we wish to solve in presence 
of a Delta Dirac distribution placed at r — 0, i.e. the stress-energy tensor is given by 
T v = m8? 808) (F). By working in the conformal Newtonian gauge, we can write 
the perturbed metric (3) in isotropic coordinates as follows: 


ds? = —(1 + 2®(r))dt? + (1 — 2w(r))(dr? + r?aQ?), (6) 


where r = \/x?2 + y? + z? is the isotropic radial coordinate, so that the field equa- 
tions reads 


e VIMi ag = eV IMS = AnG5®) (p) (7) 
where T = n""T,,,, and we have used Khoo = —2®, shij = —2Wó;;, kh = 2(b — 3V) 
and O c V?. 

The infinite derivative differential equation in Eq. (7) can be easily solved by 


going to Fourier space and then anti-transforming back to coordinate space: 


—-k*/M2 | G M 
P(r) = V(r) = -asGm fake NEL ( z) 
T 


where Erf(x) :— P Í e-* dt is the so called error-function. 
0 


The gravitational potential in Eq. (8) turns out to be non-singular at r = 0, 
$(0) = 2GmM,/V/a < oo; while for large distances it reduces to Newton’s law 
$(r) ~ —Gm/r, as expected. From a physical point of view, nonlocality is able to 
regularize the point-like source at r = 0 smearing it out on a region of size 1/M, 
thanks to the infinite order derivatives. Also, the linearized curvature invariants 
turn out to be non-singular at r = 0; in particular, the metric becomes conformally- 
flat, since all the components of the Weyl tensor vanish at the origin??. 


3. Towards non-linear and non-singular metric solutions 


The metric solution in Eq. (8) is linear and says nothing about the non-linear regime 
where singularity may still appear. We now wish to move towards the non-linear 
regime and explain why nonlocality may help also in this case, in particular we 
want to understand whether the Schwarzschild singularity is admissible in ghost- 
free nonlocal gravity. 

First of all, let us remind that in Einstein’s general relativity the Schwarzschild 
metric, whose components contain the mass m, is derived by imposing a boundary 
condition at the origin, i.e. by putting a delta-Dirac distribution at r = 0, which 
means that on the right-hand side of the Einstein field equations we have vacuum 
everywhere except at r = 04°. Indeed, strictly speaking the Schwarzschild metric 
is not a vacuum solution of the Einstein’s field equation. 
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To check whether the Schwarzschild metric is a solution in ghost-free infinite 
derivative gravity we need to substitute R ~ 09 (F) and Ruy ~ 6°)(F) in the full 
non-linear field equations!?. In such a case, we do not obtain exactly zero on the 
left-hand side but we will have some complicated expression involving derivatives 
of delta. For example, in a fourth order theory of gravity one would generate up to 
third order derivatives of the delta-Dirac, so that the Schwarzschild metric is still 
an exact solution which couples to a more complicated point-source which is not 
just a simple delta, and is not positive definite, which means that it is not a physical 
solution. We can understand this feature by looking at the linear regime for the 
action in Eq. (1). The modified Poisson equation for the gravitational potential 
would be of the following kind: 


[1 — £Z(V2)V7]V?&(r) = 4nGp(r). (9) 


In fourth order gravity we have a constant form-factor .F(L1) = —a, with a > 0, from 
which it is clear that there always exists a source which generates the Schwarzschild 
solution, ®(r) ~ 1/r, and such a source is given by 


p(r) = zzgl ToV^lv? (-) = -2 [0 (r) +a” (r)] (10) 
which is not positive defined. A similar scenario will also hold for any local higher 
derivative theory of gravity: for any gravitational theory with a polynomial form 
factor F there exist always a source which generates a the 1/r Schwarzschild sin- 
gularity. For instance, in sixth order gravity, F(A) = —atl, the 1/r potential is 
generated by the density distribution p(r) = —m/(2nr)[ó' (r) + a 6C? (r)]. 

In ghost-free infinity derivative gravity, the form factor is a non-polynomial 
function, therefore one has infinite order derivatives acting on l/r, or in other 
words, by looking at the full field equations they will act on the Schwarzschild 
curvature R ~ 6? (i). Unlike the local scenario in which we have a finite number 
of terms, nonlocal differential operators would generated a complicated expression 
on the left-hand side involving infinite order derivatives of the delta-Dirac, which 
generically would not correspond to a point-like source but to an object with a 


non-point support. 

A-priori the Schwarzschild metric could be still a solution but coupled to a source 
which is not point-like. However, we argue that in infinite derivative gravity there 
exist no source which can couple to the Schwarzschild metric. We have a strong 
hint coming from the linear regime in favour of our claim. Indeed, by looking at 
the modified Poisson equation in Eq. (9) with the form factor in Eq. (2) and using 
the method of Fourier transform, we obtain: 


1 -NV3/M2 Gm 1 j " +k? /M? 
E s[———]|-2——— | dkk k s = OQ. 11 
p(r) ra - PE sin(kr)e oO (11) 


From the last equation, we can notice that, at least in the linear regime, it is 
impossible to define any source p(r) which can generated the Schwarzschild metric 
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with 1/r behaviour. In fact, the only option could be p(r) — e-V'/M?s(r), but it 
turns out that it cannot be mathematically defined since eV /Mi ó(r) = oc. 
Hence, non-locality through infinite order derivatives does not allow the 
Schwarzschild metric as an exact solution, and this is a very strong hint which 
allow us to claim that the same feature will be also present in the full non-linear 


regime??; see also Ref.*° for further developments regarding the non-linear level. 
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The Horizon Quantum Mechanics allows one to analyse the gravitational radius of spher- 
ically symmetric systems and compute the probability that a given quantum state is a 
black hole. We first review the global formalism and show that it reproduces a gravita- 
tionally inspired GUP relation but also leads to unacceptably large fluctuations in the 
horizon size of astrophysical black holes if one insists in describing them as (smeared) 
central singularities. On the other hand, if they are extended systems, like in the corpus- 
cular models, no such issue arises and one can in fact extend the formalism to include 
asymptotic mass and angular momentum with the harmonic model of rotating corpus- 
cular black holes. The Horizon Quantum Mechanics then shows that, in simple config- 
urations, the appearance of the inner horizon is suppressed and extremal (macroscopic) 
geometries seem highly disfavoured. 


Keywords: Black holes; Quantum physics 


1. HQM for spherical sources 


The world as we know it, is best described by quantum physics, and black holes 
should be represented as quantum objects as well. A first non-trivial question that 
follows is how much of the classical description of black holes given by general rela- 
tivity we can still keep at the quantum level. One feature that should presumably 
live up into the quantum realm is that black holes are “gravitational bound states”. 
Nonetheless, most of the existing literature simply analyses quantum effects on clas- 
sical black hole space-times, and the proper quantum nature of the background itself 
is not fully accounted for. Finally, one might notice that a classical quantity that 
characterises such bound states (in the particular case when spherical symmetry is 
preserved) is the so called “gravitational radius” , 


Ry =2GnM , (1) 
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where M here can be the local Misner-Sharp mass M = M(r) or the total ADM 
mass of the system. A quantum treatment of the gravitational radius could therefore 
be a good starting point for developing a fully quantum theory of black holes, much 
like quantising the position of the electron proved to be a good starting point for a 
quantum description of the hydrogen atom. 

The Horizon Quantum Mechanics (HQM) * ?? was precisely proposed with the 
purpose of describing the gravitational radius of spherically symmetric compact 
sources and for determining the existence of a horizon in a quantum mechanical 
fashion. In a classical spherically symmetric system, the gravitational radius (1) 
uniquely determines the location of the trapping surfaces where the null geodesic 
expansion vanishes. The latter surfaces are proper horizons in a time-independent 
configuration, which is the case we shall consider here for simplicity. It is then 
straightforward to uplift this description of the causal structure of space-time to 
the quantum level by simply imposing the relation between the gravitational radius 
and the Misner-Sharp mass as a constraint to be satisfied by the physical states of 
the system?, that is 


- (Be) i) X (ez) C(Ea,Rug)|Ea)| Rug), — (2) 


where | Ea ) are eigenstates “Hamiltonian” operator M, that is 


M =X Ea| Ea )( Ea |, (3) 


and likewise | Rua ) are eigenstates of the gravitational radius operator, 
Ru = M Rual Rua )( Rua | . (4) 
Solutions to the constraint (2) are given by 
C(Ea, Rug) = C(Ea, 2 Gn Eq) dap = Cs(Rua/2 Gy) dag ; (5) 
and one can then define the horizon wave-function (HWF)! as 


Vu(En5) = (Rua | Vu) = Cs(Hna/2 Gu). (6) 


Once the HWF is introduced, one can define the probability that a given source 
with position wave-function vs = wvs(r) is a black hole as 


Pan =} Pe(r < Ry) dRg , (7) 
0 


where Pe(r < Ry) = Ps(r < Ry) Pu(Ry) is the probability density that the source 
is found within its gravitational radius. The latter is in turn defined in terms of the 
probability 


Ru 
Ps(r < Ry) = an f Ivs(r)P? r? dr (8) 
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that the source lies inside the radius r = Ry and the probability density 
Pu(Ru) = 47 Ry in (Ha)" (9) 


that Ry equals the gravitational radius. 

Beside formal developments, we have applied the HQM to specific states of the 
harmonic black hole model!^, which can be considered as a working realisation 
of the corpuscular black holes proposed by Dvali and Gomez!?. If the black hole 
contains only one quantum constituent, with energy M ~ h/A, where A is the 
Compton length of the constituent, the results is a black hole only provided A S 4p 
(the Planck length), corresponding to a mass M = mp (the Planck mass). For this 
case one also recovers a Generalised Uncertainty Principle? 


h h 
T Ko Ry Ko P, ( 0) 


and a quantum hoop conjecture^. However, the fluctuations in the horizon size are 
given by 


(ARZ) ~ A? ~ Ap? , (11) 


which becomes extremely large for macroscopic black holes with M c A/A > mp. 
This result supports the idea that a black hole must instead be made by a large 
number N of constituents of energy & ~ A/A (such that M ~ Ne ~ VN m, and 
à~ Ry ~ VN lp). For the latter case, horizon fluctuations can be very small, 
of order 1/N, and the quantum harmonic model is simple enough that one can 
determine explicitly the probability that the chosen states are indeed black holes! . 


2. HQM for rotating sources 


In a space-time generated by an axially-symmetric rotating source, we exploit the 
fact that the asymptotic behaviour of the system is described by the Kerr metric. 
We can then uplift to a quantum condition for the physical states the classical 
relation that determines the two horizon radii 


R+ =M+ VM? -@? (12) 


from the mass M and angular momentum J = a? M? of the source which holds in 
the (asymptotic) Kerr metric!®. The formalism described in the previous section 
now doubles with the introduction of two gravitational radius operators, Ra, and 
corresponding HWF's we can denote as Y+ = vu(R4). The probability Pgy = P+ 
that the whole source is a black hole is then obtained from w+, and the probability 
P_ that the inner horizon is also realised is likewise determined from v. . 

The harmonic black hole model! also allows one to compute the above two 
probabilities for states of a large number N of gravitons with non-vanishing total 
10. The main result is that, for extremal configurations with 


angular momentum 
M? ~ a?, one finds 


P, PN «1, (13) 
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where Pi, <1 is the probability that each constituent is inside R}. For instance, 
we typically obtain Pj ~ 0.7 and, since N ~ M?/ m? > 1 for astrophysical sources, 
it appears that such configurations are very unlikely to have a horizon and be black 
holes. Moreover, the inner horizon R.. also has a small probability to exist for large 
sources, to wit 


P xP «1, (14) 


where now Pj. < 1 is the probability that each constituent is inside the inner 
horizon R_. A typical value is Pj... ~ 0.05 and N > 1. 

The overall conclusion is that quantum fluctuations for rotating geometries, 
although negligibly small for the horizon of non extremal configurations, appear to 
be large enough to spoil the causal structure of extremal configurations and elim- 
inate the presence of inner horizons. We recall that the latter are in fact rather 
problematic in the semiclassical description, because of the effect called mass infla- 
tion!”. We remark that the HQM seems to provide a solution to this problem in 


general, since the inner horizon is removed also for electrically charged sources?. 
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C. Di Troia* 


ENEA, Fusion and Nuclear Safety Department, 
C. R. Frascati, 00044 (RM) Italy 
* E-mail: claudio. ditroia@enea. it 


The curve in space occupied by the mass during time evolution, is a geodesic on the 
space-time manifold curved by the presence of masses: the mass can only follow its 
trajectory consistently with the underlying gravitational field. Is it possible to think at 
the charge trajectory in a similar fashion? Is it possible to say that the charge trajectory, 
the curve in phase-space occupied by the charge during time evolution, is the geodesic 
on the extended phase-space curved by the presence of charges? If yes then it should 
be possible to obtain an Einstein’s equation also for electromagnetism. This is done by 
considering a metric on the whole extended phase-space, which is the phase-space (x, v) 
plus the time, t. It is proposed to add a Hilbert-Einstein term in the lagrangian when 
velocities are considered as dynamical variables. Here, it will be analyzed what happens 
if the (non perturbative) guiding center description of motion is adopted!. In such case, 
a similar mechanism to the one proposed by Kaluza and Klein (KK) 34 a century ago is 
found. The advantage of using the present description is that, now, there is no need of 
ooking for a compactification scheme as required in the original KK mechanism. Indeed, 
the extra-dimension that appears in the guiding center transformation is a physical and, 
in principle, measurable variable being the gyro-phase, the angle obtained when the 
velocity space is described by a sort of cylindrical transformation of velocities coordinates. 
Regardless of the equations that are really similar to the one seen in the KK mechanism, 
the new claim is in the interpretation of the extra dimension as a coordinate coming from 
the velocity space. Until now, all the compactification mechanisms have been shown to 
give problems, like the inconsistency of the scale of masses with observations. Instead, 
without a compactification at the Planck scale length and giving a physical meaning 
to the extra-coordinate, it seems that the KK mechanism can finally be accepted as a 
realistic explanation of the presence of gravitation and electromagnetism treated in a 
unified manner in general relativity theory extended to higher dimensions. 


Keywords: Kaluza Klein, Guiding Center Transformation, Einstein's equation in higher 
dimensions 


1. Introduction 


The thesis of the present work is that through the guiding center transformation? it 
is possible to support the Kaluza-Klein model? © 
ical dimensions with respect to those of the phase space extended to time, (t, x, v). 
What turns out is that the extra dimension comes from the velocity space. There 
are two constants of motion, the single particle lagrangian that does not change 
value with respect to the guiding center transformation and the magnetic moment, 
I^, that does not change value with respect to the variation of the gyrophase, y. In 
the non perturbative guiding center transformation it is assumed that there exist a 
reference point, the guiding center (X,U), from where the particle motion is seen 
to be closed and periodic. Thus the motion of a charged particle is represented by 
the product of the guiding center orbit times the circle with gyroradius, p. Such 


without the need to use new phys- 
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helicoidal motion is implicitly written in a flat phase space as 


z= X + p(t, X, yip, E) (1) 
u=U(t,X;p,€) + v(t, X, yip, €), 


where, £ is the energy, u = z' is the relativistic velocity of the particle, U = X" 
is the relativistic velocity of the guiding center and v = p’ is the difference of the 
formers or the proper time derivative of the gyroradius. The relativistic lagrangian 
is: 


L=—pgu", (2) 


being the co-momentum pa = Ua + (e/m) As (x?), with Aa the e.m. potential. Also 
the guiding center has a co-momentum defined as P, = Ua + (e/m) AS(X^), in such 
a way that the lagrangian in (2) is 


L = —pau? = —P4U* — (efm)g'. (3) 


If the gauge function g is proportional to the product of the magnetic moment, 
u, times the gyro-phase, y, it is called the guiding center gauge function : g = 
(m/e)py. Such gauge function doesn't alter the equation of motion but it is useful 
for preserving the same value of the lagrangian along the motion. The link with the 
KK model starts from denoting the values z° = t, z = X, z* = y and wo = P) = 
Uo + (e/m)®, w = P = U + (e/m)A and w4 = (m/e)p, then 


L--—uwgsz^, for a=0,1,2,3,4. (4) 


which is equivalent to a scalar product in a space-time of five dimensions. Moreover, 
if you require that ws = we = 0 and z? = pu, z9 = e is the particle energy (per 
unitary mass), then you can also write 


L = —waz'^, for A=0,1,2,3,4,6. (5) 


The latter is what is called the phase-space lagrangian from which it is possible to 
find the Hamilton’s equations. It is better to denote with a hat the guiding center 
phase-space lagrangian: L = L(z^, z'8), for A, B = 0,1,2,3,4,6. As said in’, the 
reason for the vanishing of ws and wg is due to the fact that & is the conjugate 
coordinate of t and (m/e) is the conjugate coordinate of y. 

Now, the lagrangian is invariant at a glance with respect to general non-canonical 
phase-space coordinates transformations, that include also the gauge transforma- 
tions. 


2. Kaluza-Klein solution 


The coordinates z^ with A — 0,1,2,3,4,5,6, just introduced, belong to the ex- 
tended phase space, e.g. z^ = (t, X, y, 1, €) are the guiding center coordinates. As 
for general relativity, where a geometry is given to the space-time, in this section a 
geometry is given to the extended phase-space. 
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Let's start from the Poincaré-Cartan one-form from (5): Ld§ = —wAdz^, for 
A=0,1,2,3,4,5,6. The same one-form can be written as 


Ld = —jApwPdz^, (6) 


being L a scalar quantity and where gap is the metric tensor on the extended 
phase-space with the property that wa = gagw?. Thus, w? are the contra-variant 
momenta. Once the metric tensor on the extended phase-space is appeared, it is 
possible to apply a variational principle for finding it. For this reason, we consider a 
lagrangian density over the extended phase space where the single particle lagrangian 
is multiplied for the distribution of masses and, then, added to the HE lagrangian 
in extended dimensions. In the following the lagrangian density on the extended 
phase-space is 


~ R 
la = fmL — x; 7 
f 167G a 
Thus, the action is: 
S= I ladM, (8) 


which is a definite integration in a domain M of the extended phase space. In the 
guiding center transformation the volume element of the extended phase-space is 
dM = J,dtd? X dydude. 

It is possible to separate in fa the effects of different contributions: a matter, 
a field and an interaction lagrangian densities on the extended phase-space. Con- 
cerning the field action, St, we have: 


R 
S. SS —9 g a’ = 9 
t | oi E i 
Fag FP 
-- [ 5I — vcgue x - | vga x. 
4 167G 


In order to obtain the latter result the KK mechanism is applied setting the following 
fifth dimensional metric tensor: 


- _ | Gag — 16nGAsAg —16nG(m/e)?uA, (10) 
Vd —l6zG(m/e)uAg —16mG(m/e)*? 
The gravitational constant, G, is obtained from 
G á ; 
G^ 4 | (m/e)* v xGuJpd»ydedy. (11) 


At the same time, the action due to the interaction is 


Sia = [fot + £),/|gld’z = — J ^os x, (12) 
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where J® is the charge four-current density which is a field depending on (t, X). 
Thus the sources of fields are the guiding centers. The former equation is obtained 
through the non perturbative guiding center transformation and through the mis- 
leading symmetry, below described. It is worth noticing that once integrated in 
the velocity space, the obtained lagrangian density is the one used for describing 
the presence of matter as source of a gravitational field, which gives the Einstein’s 
equation, together with a charge four-current density as source of an e.m. field, 
which gives the Mazwell’s equations. It is worth noticing that after the integration 
over the velocity space the model equations have lost locality, being X the position 
of the guiding center and not of the particle. Without locality all the singularities 
of gravitation, e.g. the problems concerning black holes treated as singularities, 
and of electrodynamics, e.g. the self-energy problem, are ruled out. 
Moreover, from (7) it is also possible to deduce a Boltzmannn’s equation. 


2.0.1. Boltzmann’s equation from geometry 


By writing L- s', as the proper time derivative of the principal Hamilton function, 
s, then it is possible to recognize a Legendre's transformation in equation (7) that 
explicitly becomes 
R fins 
la = fms’ — R(fn, 5) ) (13) 
167G 
Surprisingly, the distribution of masses is the conjugate momentum of the single 
particle action. By varying such lagrangian density on extended phase-space with 
respect to s and s’, then the Euler-Lagrangian equation is 


(14) 


'The former is a Boltzmann's equation, describing the evolution of the distribution 
function, with a RHS that depends on the geometry instead of a collision oper- 
ator. However, it is not possible to arrive at a Fokker-Planck's equation without 
considering fluctuations, not considered here. 


2.1. The misleading symmetry 


In the relativistic case, it is chosen to preserve the product u^ Ao (zx?) = U* A4(X^) 
that allows to write L = —1 — (e/m)u? As (x^) = L with 


L--1- (e/m)U*A,(X*), (15) 
which is the same form of L. The required condition is reached if 


(m/e)wy = 1 — U*?U,. (16) 
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The latter relation is also more interesting if (m/e)uy’ = UtU4, where U* = 2” = 4! 
and U, is firstly defined as U4 = w4 = (m/e)u. In such way that 


U*U, =1, for a = 0,1,2,3, 4. (17) 


Moreover, if the relation Wa = Ua + (e/m)Aa is used, then A, = 0 for consis- 
tency: there is not a 5'" component of the e.m. potential The symmetry that 
leaves invariant the form of L = —1 — (e/m)u* Aa (zx?) = —1 — (e/m)U* Aa (XP) is 
said misleading because there is no way, starting from the dynamics, e.g. from the 
lagrangian, to distinguish particle’s coordinates from guiding center’s coordinates. 
The only chance for appreciating the difference is by measuring the dispersion rela- 
tion: from kinematics, the particle has u“ua = 1 whilst the guiding center doesn't, 
U*^U., # 1, that means that the guiding center is a virtual particle. It is worth 
noticing that in such extended phase-space approach, the space-time is defined as 
the domain where the e.m. four-potential is defined, in such a way that electromag- 
netism occurs for separating the space-time where uncharged particles moves from 
the whole extended phase-space. 


3. Conclusion 


We have just seen that the guiding center transformation, which is a particular local 
translation in the extended phase space, e.g. see (1), is a symmetry because it leaves 
the same lagrangian form. In analogy to what happens for the local translation in 
spacetime, the conserved quantity for the present symmetry should be called the 
extended energy-momentum tensor Tap. Now, the Einstein tensor for the extended 
phase space is obtained from the variation of -R/ 167G with respcet to 6g4°: 


Gap = Ficap — Rgap/2, (18) 
and the Einstein equation can be written also for the extended phase space, 
Gag = 8aG Tus. (19) 


It is worth noticing that, if confirmed, we have just obtained gravitation and elec- 
tromagnetism from a geometrical perspective. 
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A little known symmetry group of Brans-Dicke gravity in the presence of conformally 
invariant matter (including electrovacuo) is used as a solution-generating technique, 
starting from a known solution as a seed. This novel technique is applied to generate, as 
examples, new spatially homogeneous and isotropic cosmologies, a 3-parameter family of 
spherical time-dependent spacetimes conformal to a Campanelli-Lousto geometry, and a 
family of cylindrically symmetric geometries. 
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1. Introduction 


Scalar-tensor gravity is the prototype theory alternative to general relativity (GR). 
The main motivation to modify gravity comes from cosmology: to explain the 
present acceleration of the universe, the GR-based ACDM model introduces a com- 
pletely ad hoc dark energy.! Modifying gravity is an alternative.?? The most pop- 
ular approach is metric f(R) gravity, which is an w = 0 Brans-Dicke (BD) theory 
(with a potential) in disguise. But this is not the only fundamental motivation: all 
attempts to quantize gravity introduce corrections to GR, consisting of quadratic 
terms in the curvature (giving rise to Starobinsky inflation?), scalar fields, or non- 
local terms (for example, the low-energy limit of bosonic string theory is an w = —1 
BD theory?9). What is more, Dirac’s idea of varying fundamental “constants” of 
physics" is partially realized in scalar-tensor gravity, where the scalar degree of free- 
dom ¢ ~ G~! is dynamical. More recently, with quantum gravity in mind, it has 
been found that generalized BD solutions describe asymptotically Lifschitz black 
holes. 8 

When available, analytic solutions provide insight into various aspects of a the- 
ory, but they are relatively rare in scalar-tensor gravity. Therefore, it is valuable 
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to find new solution-generating techniques. We explore a new one based on a 
l-parameter symmetry group of BD theory. As an application, we found three 
new families of solutions of BD theory with potential V c $?, and of f(R) = R” 
gravity.? They include Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmolo- 
gies with power-law or exponential scale factor; spherical, time-dependent, asymp- 
totically FLRW solutions; and axially symmetric (cosmic string-like) geometries. 


2. Symmetry Group of Brans-Dicke Theory 


The action of vacuum BD theory with a potential 


w 
Sap = [ sv3 [oR - Sa voe - vio) (1) 
is invariant in form under the transformation (gay, 6) > (Seo; 3), where 
Gab =] Q? gab = ° gab ; (2) 
ó—477*, aX 1/2 (3) 


and where we follow the notation of Ref.!?. Using the standard transformation 
properties under conformal transformations 


g” = orgs V —4 = D EE (4) 
| 0-2 6L 
ke aci (r- £8). 6) 
one obtains 
2a p 6a(1 — a) Ga—2 zab% da-14 7 
R=¢ Rm VabV0b + 7 "12 $. (6) 


(1 — 2a)? 


The last term contributes only a total P to J/—g @R in the action (1), 


ba 50s = “a, (V7 90,4) (7) 


1—2a 
and the BD action (1) then becomes 


a a lazy d 


deum Evo. (8) 
By redefining the BD coupling and the potential according to 
` |. uU t 6a(1 — a) 
&(w,o) = ^ ü-2ay ' (9) 


0 (6) = dV (6m) , (10) 
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we write 
Sap = [ 4:73 o - Savi - vi] an 


i.e., the action (1) is invariant in form. The transformations (3) form a 1-parameter 
Abelian group. 1:1? 
A special case is given by a power-law potential V (¢) = Vod", which becomes 


V(¢) = Vo? with ñ = 2=4¢ (and is invariant if n = 2). 


2.1. Electrovacuum Brans-Dicke theory 


Electrovacuum BD theory is described by the action 
4 W ab lc 
SBD = d Tyg oR — ó g VaQVyÓ = V(¢) = A F Fup 3 (12) 


since Fap = Fy and Zg F® Fap = /—5 F9 Fap, also /—g Lim) remains invariant 
under the transformations (3). 


2.2. Conformally invariant matter 


For simplicity, let us use now the field equations 


1 8T w 1 
ab — 5 Ga =— T NUI a = = dag Ve 
Rav — 7 gast 3 +a (v PVE — 7 gabg uz 

1 V 
T— VaVod — Jab [o — 7 fab: 13 
5 ( B (13) 

1 8TT dV 
= — |— — —2V|. 14 
p iE TÉ v S 
The symmetry transformation (3) gives 
- 1 8T ~ia Sx cue 
== -3«T — —2 1 
9 20 4-3 1-32? us d 5) 
and the field equations are conformally invariant only if T' = 0. Moreover, 
- l. z 87 © fa zaz ll odg 7 7 
Rav — 2 Gah = —À—1Tab + = (Fg — 5 gabg 9.6040) 
oTa p? 2 

E Se 3 
+= (Vavið — Jab 6) — — Gab (16) 

ó 26 


where Ts = Q7? Tap, so the first term in the right hand side becomes Sr Tap / $ and 
it is invariant. Hence, the field equations are invariant for arbitrary V(¢) but only 
for conformally invariant matter. 
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3. Example: Brans-Dicke Cosmology 


In the case of FLRW cosmology, the Lagrangian reduces to a point-like one, but the 
symmetry (3) is not a Noether nor a Hojman symmetry. Moreover, the classical 
symmetry is broken by Wheeler-DeWitt quantization in minisuperspace: quantum 
effects cause an anomalous symmetry breaking similar to that occuring in condensed 
matter systems. d 


This time our “seed” is!4:15 


ds? = —dt? + S?(t) ( + uc) (17) 


" 
1 — kr? 


with power-law scale factor S(t). We have vacuum BD theory with V = 0 and 


S(t) = Sot? , (18) 
olt) = dot". (19) 
The symmetry transformation yields 
d 2 
di? = Pdt? + SPH) (s + raoa) ; (20) 


1 1 š s 
we introduce a new time 7 with t = (aq + 1)*?**' 72977, then the new solution is 
recast in the form 


T ~ 2(p+aq) dr? 
d3? = —dr? + Sr aati G 2 + Pat) ; (21) 
~ g(1—2a) g(1—2a 
"ORSCESUR P (22) 
or S(r) = Syr?, $(r) = dor? with 
. ptag . q(1- 2a) 
= = 2 23 
oat d i (23) 
= prog ~ q(1—2o) -2a 
So = (oq--1)9* So, o= (aq +1) T d 7^. (24) 


4. A New Family of Spherical Time-Dependent Solutions 


Begin now from a special case of a family of spherical, time-dependent solutions of 
vacuum BD gravity conformal to the Fonarev ! spacetime of GR! 


ds? = —A(r) Vrat Ot mer) Mato rS ap 


2at(1— 
e 


——: a, dto) 2 
NApmES! A(r) Vira v/I2«-3|^ dr 


1 1__(2d4 L—) 2442 
+A(r) Vim i Viens qoo, |, (25) 


Adat 


(t, r) = do eV A(r) VETE , (26) 
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where A(r) = 1 — 2m/r, V(¢) = Vod®, 8 = 2 (1 - av Bu F 3l). Our "seed" is 
the special case with a Z 0 and with time dependence eliminated by the parameter 
choice 


4- (2 Bora) = Bv « 3/2 (27) 


simultaneously, which gives w = —1 (this is the low-energy limit of the bosonic 
string, so presumably this solution has a stringy analogue). The scalar field remains 
time-dependent, 8 = 1, and V(¢) = Vo¢ (corresponding to a cosmological constant). 
Then 


ds? = —dt? + A(r) Y dr? + Alr) Prdy), (28) 


plt, r) = po e?"t A(r)/ V? , (29) 
which is a special case!" of the Campanelli-Lousto geometry. !? The symmetry trans- 
formation (3) applied to this seed now generates a new solution with 

~~ 6a(l—a)—-1 


= jT-38 J = 
VSTE Aa (30) 
given by 
di = etat y(r) Vde? + e4oat |4()- A 
+A(r) Ara], (31) 
Dlt, r) = fo e202! Ar) E, h. (32) 


2aat 


If a 4 0, we can define the new time 7 = € to obtain 


2oa 
ds? = —A(r)°V? dr? + (2aar)? 4t) 2 -9gr? + A(r)}-¥20—2) rdn ; 
(33) 


Bryn) = par F AQ) E, Ga = (20a) do 


If m — 0, or for r > m, this geometry reduces to a spatially flat FLRW universe 
with linear scale factor S(T) = 2aar and the scalar field 


ótr, r) = Px T 
acts asymptotically as a perfect fluid with P = —p/3. 


| c (34) 


1—2a 
a 


(35) 


5. Conclusions 


The 1-parameter Abelian symmetry group formed by the transformations (2) and 
(3) as a varies offers a new solution-generating technique for (electro)vacuum BD 
gravity with a potential V(¢). The symmetry transformation (3) introduces one 
new parameter a in addition to those already present in the seed solution. We have 
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found a new 2-parameter family of spherical time-dependent, asymptotically FLRW 
solutions and also new FLRW solutions with power-law (or exponential?) scale 
factor. New cylindrical (cosmic string-like) solutions have also been found and they 
are reported in Ref.?. 

By using the BD representation of f(R) gravity, it can be shown that these new 
solutions are also solutions of f(R) = R" theory.? The mathematical technique 
exposed does not, of course, guarantee that the new solutions are physically inter- 
esting, but it constitutes a new tool. Future work will explore new applications of 
the solution-generating technique presented here. 
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We apply Relativistic Newtonian Dynamics (RND), a Lagrangian-based, metric theory 
to a static, spherically symmetric gravitational field. Using a variational principle and 
conserved momenta, we construct several metrics, analytic everywhere except at r = 0, 
which have go1 # 0 yet still leads to the same trajectories as in the Schwarzschild model. 
These metrics passes all classical test of GR. However, this model and GR predict 
different velocities on the trajectories, both for massive objects and massless particles. 
The total time for a radial round trip of light in RN D is the same as in the Schwarzschild 
model, but RND allows for light rays to have different speeds propagating toward and 
away from the massive object. One of theses metrics keeps the speed of light toward the 
object to be c. We present possible experiments to test whether go1—0. RND extends 
to multiple non-static forces, each of which obeys an inverse square law and whose field 
propagates at the speed of light. 


Keywords: Schwarzschild metric; Geometric dynamics; Spherically symmetric metric; 
One-way light speed. 


1. Introduction 


The relativity of spacetime means that spacetime is an object-dependent notion. 
The potential of an electric force depends on the charge of the particle, and the 
particle’s acceleration depends on its charge-to-mass ratio. This was recognized in 
the geometric approach of [1]. Given a particle, we assume that there is a metric 
of the particle’s spacetime, defined in a preferred inertial frame, which is a function 
of the total potential of the forces which affect the particle. 

Moreover, we assert that the particle moves freely in its spacetime. In other 
words, the force field creates the geometry of the particle’s spacetime in such a 
way that the particle’s acceleration is zero in its spacetime. The basis for this 
assumption is the fact that an inanimate object has no internal mechanism with 
which to change its velocity. Thus, in its world, its acceleration is zero. Note that 
GR makes the same claim about an object freely falling in a gravitational field. 
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'The object moves along a geodesic and thus has zero acceleration. We generalize 
this idea from GR and claim that every object is in free fall in its spacetime. We 
call this principle the Generalized Principle of Inertia (GPI). Explicitly, it states 
that an inanimate object moves freely, that is, with uniform motion, in 
its spacetime. 

Note that if gravity is the only force around, we do not perceive the relativity 
of spacetime. It is masked by the Equivalence Principle, which implies that a 
gravitational field is felt equally by all objects, independent of their mass. In the 
specific case of gravity, the landscape is the same for everybody, and spacetime 
is not object dependent. However, in light of our goal to extend our approach to 
all forces (in particular, the electromagnetic force), we must take the relativity of 
spacetime into account. 

Since a geodesic has minimal length, it is advantageous to use a variational prin- 
ciple. Thus, we will derive Euler-Lagrange type equations and obtain conservation 
of certain momenta. With these tools we can compute the metric. 

We always have a preferred frame of reference, in which we place an observer 
far away from the sources of the field, where the potential is zero. For example, 
if we are considering the motion of Mercury, we use a frame with the sun at the 
center and measure distances with respect to the background of fixed stars. If we 
are dealing with motion within a distant galaxy, we will use the frame represented 
by the microwave background radiation [2, 3]. 


2. The Variational Principle and Conserved Momenta 


We present the preferred frame, Lagrangian approach to geometrize the motion 
of an object of mass m, obeying the GPI, in a force field. Let ds? = gos(q)dq? dq? 
be the metric of the object’s spacetime, where q^, o = 0,1,2,3 are the preferred- 
frame coordinates. In order to define the length of the trajectory, we introduce 
a Lagrangian: L (q,4) = v gag(q)d^d". By the GPI, the object’s trajectory q(c) 
satisfies the Euler-Lagrange equations 

OL d OL _ 
Bgl do age = © 


(1) 


where ¢ = 28 It is known that the length of the trajectory does not depend on 
the parametrization. We choose ø to be o = T = c^!s, called proper time, which is 
proportional to s and reduces to the coordinate time t in the classical limit. Then 
equation (1) becomes 

OL dp, OL B 


mc— = , where =mc—— =m ] 
Oqt dt a Od" Inpa 


(2) 


is the conjugate momentum and the dot denotes differentiation by 7. This imply: 
Proposition 1 If the metric coefficients gag do not depend on the coordinate q”, 
then the u component p, of the conjugate momentum is conserved on the trajectory. 
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3. The metric of a static, spherically symmetric gravitational field 


We consider the motion of an object of mass m in a static, spherically symmetric 
gravitational field. We use spherical coordinates ct, r, 0, in our preferred inertial 
frame and place the origin of our frame at the center of the symmetry of the field. 
The Newtonian potential is U(r) = —GmMhf/r. Let 


2U(r) r 
u(r) — Se S = (3) 
mc r 
denote the corresponding dimensionless potential, where r, = A is the 


Schwarzschild radius. 
From spherical symmetry and conservation of angular momentum, the RN D 
metric in our preferred frame is of the form [4] 


ds? — goo(r)c? dt? — gu(r)dr? — 2cgoi(r)dtdr — r2dQ?, (4) 


where dQ? = d6? + sin? 0di?. The metric coefficient go, may differ from zero, since 
we do not assume that the speed of light toward the source is the same as the speed 
of light away from the source. From the symmetry of the problem, we may also 
assume, without loss of generality, that the motion is in the plane 0 = 7/2. Hence, 
we may replace dQ? with dy?. 

Using the Newtonian limit, we can show [5] that goo(r) = 1 — u. Conservation 
of angular momentum implies r?° = J. Since the metric is static, the conjugate 
momenta p; is conserved and 


(1— u)ci — gor = K. (5) 


Introducing (the negative of) the determinant g = googi1 + g@1, the RND evolution 
equation for massive and massless particles is 


2 
gi? = —(1— u) (e+ =) HK? (6) 


where the symbol & is defined to equal 1 for massive objects and 0 for massless 
particles. If g = 1 (and only if), the RN D evolution equation (6) leads to the same 
trajectories as in Schwarzschild spacetime. Thus, in order to predict the correct 
anomalous precession of Mercury, we assume from now on that g — 1, and the 
RN D metric of a static, spherically symmetric gravitational field becomes 


1— 2 
ds? = (1 — u(r))c?d£? — a — 2cgoi(r)dtdr — r?d?, (7) 


with u(r) defined by (3). Note that the dynamics based on the metric (7) pre- 
dicts the observed precession of Mercury, periastron advance of a binary star and 
gravitational lensing, regardless of the value of go. 
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4. Same trajectories but different velocities 


The RND metric (7) produces the same values for t = ge and the same trajectories 


as in Schwarzschild spacetime, for both massive and massless particles. However, 
RN D and the Schwarzschild model predict different velocities dr/dt in the preferred 
frame. From (5), we obtain £ = (K + go1T)/(c(1 — u)), implying that the radial 
velocity v = t/i depends on goi. 

Hence, we expect that the magnitude of the velocity when moving from perigee 
to apogee is not the same as when moving in the other direction. Since the difference 
depends on 7, this can be observed for orbits with high eccentricity, and, in order 
that go1 not be too small, we must be close to the Schwarzschild radius. So we expect 
to observe this difference for stars with high eccentricity in the neighborhood of a 
black hole, like the stars $2 and $14 of Sagittarius A*. 

Since for light ds? = 0, the speed of light v,(r) < 0 toward the massive object 
and the speed of light v4(r) > 0 away from the source, is, using (7), 


sy tect LEER 
1+ goi(r)’ " 1— go(r) 


Having measured the two one-way speeds, one then computes 


vir) (8) 


Vy + Ur 
gol = ———. 
Ul — Ut 


(9) 


Since the metric is, by assumption, asymptotically flat, we see that as r approaches 
infinity, the magnitude of both v,(r) and v4(r) approach the inertial frame speed 
of light c, as expected. 

GR and RND disagree on the one-way speeds, but the RN D time of a round 
trip for light is the same as in the Schwarzschild spacetime [4]. This means that a 
round-trip speed of light experiment cannot distinguish between GR and RN D. For 
this, we need an experiment which measures both one-way speeds of light. We have 
also shown that RND predicts the observed the Shapiro time delay if goi(r) « 1. 
Here, even though go1 4 0, the RND prediction agrees with GR. The reason is 
that the trajectory of light as it passes the Sun is similar to a round trip, since the 
light first approaches the Sun and then travels away from the Sun. 

Let go1(r) = u” (r), for n = 1,2,3,.... Then the metric coefficients are polyno- 
mials of degree 2n — 1, and the metric is analytic everywhere except at the origin. 
Of particular interest is the first-order polynomial metric, for which go1(r) = u(r). 
In this case ds? = n,,dx"dx” — u(cdt + dr)?. For this metric, the two directional 
radial light velocities are 


_ 1=u(r) 


= 1550. and w(r)-— —c. (10) 


vi(r) 
The speed of light v4 vanishes at the Schwarzschild radius. However, unlike the 
Schwarzschild model, light travelling toward the source does not slow down. We see 
this as more natural than the Schwarzschild prediction. 
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5. Testing the go1 = 0 prediction of GR for a spherically 
symmetric gravitational field 


It can be shown that Einstein's field equations imply that go1 = 0. Here, we propose 
two experiments, one for massive bodies and one for light, to test the GR prediction 
that go, = 0 and to determine the value of go; in Nature. 

The first experiment, as mentioned above, is to observe orbital velocities of stars 
with high eccentricity near black holes and calculate go; from equation (9). 

The second experiment tests the influence of the gravitational field of the Earth 
on the one-way speed of light. We have designed an experiment using two 193nm 
sub-mW lasers [6] of Optica Photonics, with coherence length > 150m, see Figure 1. 
For the first-order polynomial metric, from (10), we would expect the “toward” light 
(a) and the “away from" light (b) from laser A to produce different phase shifts 
at d = 10m of 0.32, which should be detectable by interference with the laser 
B. The influence of the frequency of the light, caused by the gravitational redshift, 
predicted by GR and tested in the Pound-Rebka experiment [7], should be negligible 
with respect to the effect we are testing. 


Fig. 1. Experimental setup. 


6. More forces and more sources 


First, we extend RN D to an arbitrary static, conservative force . Let U(x) denote 
the potential of the field at the spatial point x. Introduce, at each x where VU (x) # 
0, a normalized vector n(x) in the direction of VU(x). Let dx, = (dx - n)n and 
dx,, = dx — (dx - n)n, respectively, denote the projections of the spatial increment 
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dx in the parallel and transverse directions to n(x). In this notation, as in (7), the 
RN D metric is 
2 242. 1—98(X) ,» 2 
ds^ = (1 — u(x))c^dt^ — ——— —*dx; — 2cgo1(x) dtdx, — dx... (11) 
1— u(x) 
It can be shown that the metric can be continuously extended to points where VU 
vanishes. 

Consider now motion of an object in a field generated several sources affecting 
it. We assume that the field of each source j obeys an inverse square law with 
potential U(r) = —k;/r in its comoving frame and propagates with the speed of 
light in our preferred frame. We use Lorentz covariance and an approach similar to 
that of the Liénard-Wiechert potentials (see, for example, [8], pp. 174-6) and [9]. 
We find that the four-potential per unit mass at space-time x is 


wv. —kj(wj)a 
Aa) = Pi 2) - 2) uy m 


where z^ (7; (x)) —z is the relative position of the source j at the retarded time r;(x), 
and w; is its four-velocity the source at that time. Note that this four-potential 
tends to 0 when z is far removed from the sources. 

Since each individual four-potential is a timelike vector, the total four-potential 
is also timelike. Therefore, we can apply a Lorentz transformation A from K to an 
inertial frame K’ such that A(A) = (U,0,0,0). In K’, the four-potential behaves like 
a “static” potential. Therefore, in K’, the metric is defined by formula (11), with u 
defined by (3). To obtain the metric in K, apply the inverse Lorentz transformation 
AT! to the metric in K’. 
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The direct detection of gravitational waves and gamma-ray counterparts has confirmed 
that gravitational waves propagate with the speed of light, disruling some of the scalar- 
tensor gravity models. A huge class of Horndeski theories (those with generic G2 and 
G3, and with G4 depending only of the scalar field) however survived the test. The study 
of perturbations of such models is important to establish the ghost-free and instability- 
free parameter regimes. This has been investigated for a wide range of scalar-tensor 
theories in the spherically symmetric setup, exploring a 2+1+1 decomposition of space- 
time based on an orthogonal double foliation. The orthogonality however consumed one 
gauge degree of freedom, allowing the discussion of only the odd sector of the scalar part 
of perturbations. In order to describe the even sector perturbations, we worked out a 
novel 2+1+1 decomposition of space-time and gravitational dynamics, based on a non- 
orthogonal double foliation. We explore this new formalism for the perturbations of both 
the spherically symmetric metric tensor and scalar field in generic scalar-tensor theories, 
achieving an unambiguous gauge-fixing. This opens up the way for the discussion of the 
full spectrum of perturbations of spherically symmetric scalar-tensor gravity, including 
both the odd and even sectors of the scalar part of perturbations. 


Keywords: nonorthogonal 2+1+1 decomposition; scalar-tensor gravity, gauge-fixing. 


1. Introduction 


While General Relativity has been a temendously successful theory in establish- 
ing the compatibility of the gravitational interaction with the Special Relativistic 
constraint for signal propagation and has been tested successfully in all sorts of 
observations both on the Solar System scale and beyond, its extensions have been 
also systematically investigated. 

Their necessity emerged due to A) the expectation to combine the geometric 
theory of gravity with quantum considerations, B) the need to understand the 
mysterious, yet at present dominating component of the Universe, dark energy, 
which drives its accelerating expansion, and C) the yet unsuccessful attempts to 
identify dark matter through its weak interaction, rending it at present entirely in 
the gravitational sector. 

Possible extensions arise from both modifying the dynamics of the metric tensor 
and from including secondary fields. Such extensions could be tested, constrained, 
or falsified through precision cosmological observations or analysis of detected grav- 
itational waves. 

Indeed, the recent eleven-fold detection of gravitational waves by the LIGO 
Scientific Collaboration and Virgo Collaboration!” 
speed of gravitational waves (tensorial perturbations) to be the speed of light 
within —3 x 10715 and +7 x 10719 accuracy. The surviving theories could be 


confirmed the propagation 
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further subjected to stability analysis, demanding the avoidance of Ostrogradsky- 
instabilities, ghosts, Laplacian instabilities or tachyons. 

In the framework of scalar-tensor gravity the Horndeski theories 
to ensure second-order dynamics for both the metric tensor and the scalar field. 
Demanding the speed of light to be the speed of propagation of tensorial modes, the 
Ls contribution to the Lagrangian has been disruled, together with the kinetic term 
dependence of 4.1! 1^ The latter could be kept for a class of the beyond Horndeski 
models,!?:6 which allow for higher-than-second order spatial derivatives, but no 
such time derivatives. 

Both classes of theories were excessively analysed in a cosmological context. 
Black hole perturbations were also explored. For perturbations of spherically sym- 
metric, static black holes the odd and even sector perturbations decouple. Both 
were analysed for the Horndeski class of models, ! ^:!5 while for the beyond Horndeski 
models only the stability analysis of the odd sector has been carried on,!? based 
on an orthogonal double foliation.?9:?! The orthogonality requirement however re- 
sulted in a gauge fixing, which was unambiguous for the odd sector, nevertheless 
generated an arbitrary function of all coordinates but the radial for the even sector, 
hampering the physical interpretation of the even sector perturbations. 

In order to avoid this shortcoming we proposed?? to develop another decompo- 
sition of space-time and all affected geometrical quantities along a nonorthogonal 
double foliation. The details of this work involve a quadruple set of embedding 
variables (extrinsic curvatures, normal fundamental forms and normal fundamental 
scalars).?? These variables provide the set of velocity phase-space variables comple- 
menting the induced 2-metric, radial shift and radial lapse. A Hamiltonian analysis 
established the canonical coordinates and momenta in terms of these geometric 
variables in a General Relativistic setup, also the Hamiltonian and diffeomorphism 
constraints.?? The complementary metric variables, the temporal shift and lapse 


910 are known 


are left arbitrary, hence an unambiguous gauge-fixing became possible. 


2. The nonorthogonal double foliation 


The space-time B is foliated with the 3-dimensional hypersurfaces S, (spacelike, 
with normal n^) and M, (timelike, with normal |^) , their intersection being the 
2-dimensional surface X, (with gay the induced metric, normals k^ along M, and 
m° along S+). The 4-dimensional metric is 2+1+1 decomposed in two equivalent 
ways, employing the orthonormal bases (n°, m?) and (k*, 19): 


Jab = —nqn + mam 4 Jab ; (1) 
Jab = — kako + lalo + Jab - (2) 


The evolution vectors along a temporal coordinate t and a spatial one x running in 
M, can also be decomposed in these bases: 


(=) = Nn? + N* Ne = Te NS (3) 
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(x) = Mm + M* = M (—sk" + cl*) + M^ , (4) 
Here N° is a 2-dimensional shift, M^ is a radial shift; N and M the lapse and 
radial lapse, s = sinh ¢, c = cosh 9. The new element of the formalism is the third 
component VV = N tanh ¢ of the 3-dimensional shift vector, which in the orthogonal 
limit vanishes. 

The 2+1+1 decomposition of the covariant derivatives of the basis vectors 


n, = Kap 2m(aKy + Mama K + NaMpLl* — Nady , 


Va ( 
Valo = Lav + 2k(4 £5) + kakbL + laki K* + labo , ( 
V ( 

( 


Dako Kt + laKž + lpLa + Lt + kalo — Raat , 


Vamp = Le, + nal + nyKa + Nand L* + manyK + Maby , 


define a set of geometrical quantities, which caracterize the embedding of Xix: ex- 
trinsic curvatures (Kab, Lav, Kx, L2); accelerations (aa, a7) of the timelike con- 
gruences (n^, K^), and similar “accelerations” (ba, 6%) of the spacelike congruences 
(1°, m°); normal fundamental scalars (K, £, K*, £*); normal fundamental forms 
(Ka, La) and similarly defined quantities (KZ, £7) for the basis vectors (m^, k*) 
with vorticities 


NS 1 5 
kb — 5P«ó + 2c (da My ba) 3 
" 1 
n> = =Dap — = (as + ba) . (9) 


X 
These are all depicted on Fig. 1. They exhibit a complex set of interdependence 
relations, meticuously explored.?? 


3. Gauge fixing in scalar-tensor gravitational theories 


In this section we summarize the main result?? in the gauge-fixing of the perturba- 
tions of the spherically symmetric, static background in an unspecified scalar-tensor 
theory. Similarly to the unitary gauge in cosmology, here we aim to achieve a “radial 
unitary" gauge, thus to absorb the perturbation of the scalar field in a suitable choice 
of coordinates. On the spherically symmetric, static background (where quantities 
carry an overbar) Helmholtz-like theorems assure the decompositions 


ôN, = D T E’ DQ, (10a) 

Ma = Da V + ENLDW, (10b) 
e 1 "m "e 

Ógab = Jab A Eg DaD B T D] ( E*,.DcDy + EDI) C. (10c) 


with Eab = /9€ap the 2-dimensional Levi-Civita tensor and €p = 1. The scalars 
(N,M,N,P,V,A,B) and (Q,W,C) form the even and odd sectors of the pertur- 
bations, respectively, and they decouple. The latter represent the tensor degrees of 
freedom. 17 
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Fig. 1. The bases adapted to the two foliations, their embedding variables and the nonvanishing 
vorticities. 


Next, we explore the diffeomorphism gauge freedom, with generators 
(E, EX, E = D+ E™ Don) , (a-6,9) (11) 


also Helmholtz-decomposed. The initial metric and scalar perturbations are related 
to those (denoted by overhat) emerging after the diffeomorphism as 


LeGad = Ógab — ÖJab , Lep = 00 — 6G , (12) 
which generate the respective variations of the even and odd sector variables. 1° In 


the framework of the nonorthogonal double foliation we managed to unambiguously 
fix the gauge through the choice 


P-É 
B —N?. , , (13) 
which ensure the radial unitary gauge 66 = = 0, the perturbation of the 2-metric 
being a conformal rescaling (B = 0 = C) and P = 0, a condition impossible to 
achieve in the ortogonal double foliation formalism, which consumed the respective 
degree of freedom. 


Hence the odd sector consist of (0,7), while the even sector is formed by 
N, M, K VA). The former has been extensively discussed,!? while the study 


of the latter became possible with the unambiguous gauge choice emerging in the 
nonorthogonal double foliation formalism and will be presented elsewhere. 
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Propagating shock-waves can be discussed in terms of junction conditions between space- 
time regions separated by a hypersurface. Recent observations of gravitational waves and 
their electromagnetic counterparts established that the former also propagate with the 
speed of light. Hence energetic gravitational waves could be perceived as shock-waves on 
null hypersurfaces. The most generic scalar-tensor theories with at most second order 
dynamics, the Horndeski-theories were severely constrained. We derive junction con- 
ditions across a null hypersurface for the subclass of allowed Horndeski-theories with 
linear kinetic term dependence, exploring a formalism based on a transverse null vec- 
tor. We obtain a 2+1 decomposed generalised Lanczos equation, with the jump of the 
transverse curvature induced by both the distributional energy-momentum tensor of the 
wavefront of the shock-wave, and by the jump in the transverse derivative of the scalar. 
The surface density, current and pressure of the distributional light-like shock-wave and 
the transverse derivative of the scalar are also constrained by a scalar junction equation. 


Keywords: Scalar-tensor gravity; junction conditions; null-hypersurfaces. 


1. Introduction 


In general relativity, matching two solutions of the Einstein field equations accross 
a hypersurface separating them is realized through the Israel junction conditions, 
provided the hypersurface is timelike or spacelike.! Across a boundary hypersurface, 
they prescribe the continuity of the induced metric and of the extrinsic curvature. 
The discontinuity of the extrinsic curvature is also admissible for hypersurfaces 
referred to as thin shells. The Lanczos equation relates the jump of the extrinsic 
curvature to the distributional stress-energy tensor 7” of the thin shell. 

Israel's procedure breaks down if the hypersurface is null. This is a physically 
relevant case, as impulsive shock-waves traveling at the speed of light are described 
by null hypersurfaces, as are event horizons. The generalization of the Israel junction 
conditions to arbitrary hypersurfaces has been developed by Barrabés and Israel.? If 
the hypersurface is specified to be null, then in Poisson's reformulation, the junction 
conditions take a particularily simple form.? 

The most general scalar-tensor theory with second order equations of motion 
for both the scalar and the metric tensor was given by Horndeski.*^? Recent grav- 
itational wave observations? !? have severely constrained this class. The subclass 
guaranteeing the propagation of the tensorial modes with the speed of light !? !6 
has a Lagrangian for the scalar field often referred to as kinetic gravity braiding 
theory. 1^!5 The coupling of the curvature with the scalar can be through an unspec- 
ified function of the scalar field, in the Jordan frame. Adding these contributions 
together we get a generalised kinetic gravity braiding class of scalar-tensor theories. 
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Junction conditions across timelike and spacelike hypersurfaces in the full Horn- 
deski class have been found,!??9 but the null case has not been discussed. This 
case is important, as all electromagnetic and gravitational waves propagate on the 
light-cone. 

In this work we address the junction conditions accross null hypersurfaces in a 
subset of the generalised kinetic gravity braiding class of theories, namely those in 
which the Lagrangian is linear in the kinetic term X = — (Và) /2: 


L = B(9)X + V(6) - 2£(6)CoX + SF(O)R (1 


Here B,V,£, F are arbitrary smooth functions of the dynamical scalar field ¢. 
In the following we denote by (Q) and [Q] the average and jump of the quantity Q 
across the null hypersurface. Greek and capital latin indices denote spacetime and 
two-dimensional spatial indices, respectively. 


2. Junction conditions 


Following Poisson, ? 


N" and L^, normalized as L"N,, = —1. Here N” is the normal (surface gradient, 
which is also tangent), while L^ plays the role of the transverse vector, with respect 
to which we perform a (2+1)+1 decomposition. Across the hypersurface, the conti- 
nuity of both the metric tensor guy and scalar $ are required. Their first derivatives 
can have jumps c,, and Ç given by 


[kga] = — N&Cyuy; (2) 


we employ a pseudo-orthonormal basis with two null vectors 


[9,9] rz uG: (3) 


hence the second order derivatives of the metric and scalar fields acquire distribu- 
tional contributions along the thin shell. The distributional equations of motion 
take the form 


gu = gw (4) 


g? =0, (5) 


where &"" and &® are the singular parts of the tensorial and scalar Euler-Lagrange 
expressions, respectively. The distributional stress-energy-momentum tensor of the 
shockwave may be decomposed with respect to the basis {L, N, e2,e3} (where es, ea 
are spatial basis vectors orthogonal to both L and N) as 


TY = gN" N" + j^(N"e + eh NU) + p^Pe^ e, (6) 


with the expressions p, j^, p^P interpreted as surface energy density, surface current 


and surface stress, respectively. These quantities could entirely be given in terms 
of internal hypersurface coordinates, hence they are calculatable even if the bulk 
coordinates are discontinuous across the hypersurface. 
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The explicit form of these components for the Lagrangian (1) have been de- 
rived?! as 


p = F(ó)KAn]a^?  F'(6)lór] — 2€(9) [ez lon, (7) 
j^ = —F(9)[Kw“] + 2€(¢)6no" lór], (8) 
p = p^”, (9) 

p = F(9)|Kux] — 2€(0)óz]oX; (10) 


where órp,ów are derivatives along L^ and N^" respectively, $4 is the deriva- 
tive along e^, qag = g(eA,en) is the two-dimensional induced metric, q^ its 
inverse, capital latin indices are raised and lowered with the q metrics, and K is the 
"transverse curvature" defined as 


Kap = hep Vuby, (11) 


where a,b = 1,2,3 and ef = eh = N”. The jump of the transverse curvature is 
related to the jump of the metric derivative as [Kab] = tetek Cuv and the jump of 
the scalar field’s transverse derivative is [bz] = Ç. Equations (7-10) represent the 
2--1 decomposition of the tensorial equation (4), a generalization of the Lanczos 
equation. 

The scalar equation (5) for the Lagrangian (1) becomes 


0 = Elop ha P [Kap] — 26(0)ó ^ [Kw A] + F'(6) [Kn] 
— 2&(0)|ór]ówN + 2€(¢) On |ÓLK v v] (12) 


'This equation contains the jumps of various components of the transverse curvature, 
which in principle are expressible?! from the generalized Lanczos equations (7-10) in 
terms of the surface energy density, current, pressure and the jump of the transverse 
derivative of the scalar field. Hence, the scalar equation (12) could be perceived as a 
constraint on the distributional sources, mediated by the cubic derivative coupling 
€ and the jump of the transverse derivative of the scalar and of its square. 

The expression [Øz Kyn] can be transformed away?! by a suitable gauge in the 
tetrad choice. The normal vector field is autoparallel? 


N"V,N" = kN" (13) 


with the non-affinity parameter k = Kyy. If the null fields are rescaled as N” = 
c* N" and L" = e-?L" with some function a defined on the hypersurface, the 
non-affinity parameter transforms as 


k — e* (N"V,a +K). (14) 
It is possible to set 


[zk] — 0 (15) 
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by solving the differential equation 


ða — i, (n 
ax = a(n) - EI, (16) 


where À is a coordinate adapted to N”. Therefore, with this choice of gauge, the 
last term of Eq. (12) vanishes. 


3. Concluding remarks 


We have presented generic tensorial and scalar junction conditions across null hy- 
persurfaces in generalized kinetic gravity braiding theories with linear kinetic term 
dependence. 

The tensorial equation emerges as a generalized Lanczos equation, with the 24-1 
decomposition (7-10) based on a pseudo-orthonormal basis in which the null vector 
is the normal. The jump of the scalar derivative along a second null vector, which 
is transverse to the hypersurface, also enters the generalized Lanczos equation. 

The scalar equation (12) further constrains the energy, current, pressure of the 
shock-wave and the jump of the transverse derivative of the scalar field. In the 
absence of the cubic derivative coupling £, this simply reduces to the condition of 
vanishing isotropic pressure of the shock-wave, a property already revealed in the 
case of Brans-Dicke theory in the Jordan frame.?? 
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f(T) gravity is a generalization of the teleparallel equivalent of general relativity 
(TEGR), where T' is the torsion scalar made up of the Weitzenbóck connection. This 
connection describes a spacetime with zero curvature but with nonvanishing torsion, 
which fully encodes the gravitational phenomena. We will present recent results in f(T) 
gravity related with the issue of the degrees of freedom of the theory. In particular, we 
discuss the recent finding that f(T) gravity has one extra degree of freedom compared 
with TEGR, which was concluded through a detailed Hamiltonian analysis of the con- 
straint structure of the theory. The physical interpretation of this result at the level of 
the trace of the equations of motion and its comparison with the f(R) case is discussed. 


Keywords: f(T) gravity; Teleparallel gravity; Constrained Hamiltonian systems. 


1. Teleparallel gravity and the f(T) paradigm 


The teleparallel equivalent of general relativity is an alternative formulation of grav- 
ity that employs the tetrad field eg = e#0, as a dynamical variable. Unlike general 
relativity, which is formulated in a Riemann spacetime equipped with the Levi- 
Civita connection, teleparallel theories of gravity are commonly defined in terms 
of the Weitzenbóck connection. The Riemann tensor vanishes in this connection, 
therefore it describes a curvatureless spacetime with absolute parallelism (or tele- 
parallelism). However, the Weitzenbóck connection I?,,, = e£0,, E; has nonvanish- 
ing torsion given by Tf, = e£ (0, E7 — O,Ej), where E^ = Ejdz" is the co-tetrad 
field. The action giving dynamical equations that are equivalent to Einstein equa- 
tions is 
s-l[asgr-l fde BST? (1) 
2K 2K P d 
where & = 81G, E = det(E), and it is implicitly defined the torsion scalar T, and 
the so-called superpotential 57" is given by 
dE lip ur — TYY + TB) + lr "M — lr SE (2) 
LN p p Qe "p $c Wp: 
The equations of motion for the action (1) are 
4e0, (Ee, 8,"") + Ae T^ 8." — eT = —2ne, T," (3) 


where 7," represents the energy-momentum tensor. The equivalence between GR 
and TEGR theories emerges, both at the levels of the equations of motion and 
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the Lagrangians, when the metric is expressed in terms of the co-tetrad as gy, = 
Nav Ej E), since it results 


R=-1T+2¢ 0,(ET*) (4) 


where R is written in terms of the tetrad field and calculated with the Levi-Civita 
connection. Therefore, both Lagrangians only differ by a surface term that is inte- 
grated out when plugged into the action. 

TEGR is a suitable framework for building deformations of GR, since its La- 
grangian has only first order derivatives of the tetrad field, therefore any function of 
T' will give a gravitational theory with second order equations of motion. The first 
application of modified teleparallel gravities to high energy modifications of GR was 
through a Born-Infeld approach!, where the main purpose was to obtain an early 
accelerated expansion of the Universe without resorting to an inflaton field. Later 
there were proposed low energy deformations to GR through the so-called f(T) 
gravities, intended to be an alternative explanation of the late-time accelerated 
expansion of the Universe. The f(T) gravity action is given by? + 

s= = [te E f(T), (5) 
2k 
and its equations of motion are 
4e0, (f (T) Ee; S,"") + Af'(T)e; 17,45," — e; f(T) = —2&e5Ta (6) 


These dynamical equations have a very unusual peculiarity: they violate local 
Lorentz invariance. This happens in a very particular way: given a tetrad E^ that 
satisfies the equations (6), the local Lorentz transformed tetrad E^ = A“ E* does 
not necessarily satisfy them. This is commonly understood as the theory choosing 
a preferential frame that endows the spacetime with a determined parallelization. 
Other interpretations of the problem of Lorentz invariance and its relation with the 
additional degree(s) of freedom of the theory will be reviewed in the next section. 


2. On local Lorentz invariance and Hamiltonian formalism 


The issue about the number and nature of the additional degrees of freedom in 
modified teleparallel gravity theories is an open question, which has been faced 
through several approaches. One of the main strategies utilized is the study of 
the Hamiltonian formulation of f(T) gravity. This has been studied in the past?, 
with the outcome that the theory posesses n — 1 extra d.o.f. when compared with 
TEGR. The authors suggested that the extra d.o.f. of f(T) gravity would man- 
ifest in a kind of Higgs mechanism, through a massive vectorial field or a scalar 
field plus a massless vectorial field. So far, it has not been shown such physical 
equivalence between these hypotetical fields and the f(T) Lagrangian. Moreover, 
no extra degrees of freedom appears at the level of cosmological perturbations ?. 
This strongly suggests that the counting of degrees of freedom in? should be revised 
in the light of new work. Recently the issue about the Hamiltonian formalism of 
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f(T) gravity has been revised by an independent Hamiltonian analysis !?, with the 
outcome that the theory possess only one extra degree of freedom compared with 
TEGR. This analysis was based in a Hamiltonian formulation of teleparallel grav- 
ity!! built from a Lagrangian quadratic in first-order derivatives in the tetrad field 
and proportional to a supermetric! or constitutive tensor ?, a Lorentz invariant 
mathematical object that significantly simplifies the calculation of the Hamiltonian 
and the Poisson brackets. This formulation shows that the Hamiltonian structure 
of TEGR is very simple: the traditional Arnowitt-Deser-Misner constraint struc- 
ture from general relativity has an additional subalgebra representing local Lorentz 
transformations that are gauge symmetries of the theory". 

'The Hamiltonian formulation of TEGR mentioned before has been used to de- 
velop the Hamiltonian formulation of f(T) gravity in the Jordan frame representa- 
tion of the theory !?. This frame is obtained by defining the Legendre transform of 
the f(T) action with the help of a scalar field, alike to the f(R) gravity case. It 
is found a novel constraint structure where it appears a new constraint associated 
with the introduction of the scalar field, which does not commute with a subset of 
the constraints (ede associated with the Lorentz sector. In particular, the scalar 
field constraint D has a nonvanishing Poisson bracket with only one linear com- 
bination of the n(n — 1)/2 Lorentz constraints p. Both constraints pair up to 
become second class, while the remaining constraints are first-class. This could be 
interpreted as a partial violation of Lorentz symmetry in a unique, undetermined 
combination of boosts and rotations. The counting of degrees of freedom gives that 
f(T) gravity has n(n — 3)/2 + 1 physical d.o.f., this means one additional d.o.f. 
when compared with TEGR!°. 

Other meditations upon the degrees of freedom of f(T) gravity can be found 
in the literature. For instance, the method of characteristics for hyperbolic partial 
differential equations has been applied for studying the qualitative behavior of the 
degrees of freedom ?. The authors find evidence for an extra d.o.f., however they as- 
sume that the theory would have three extra d.o.f.°. The absence of the supposedly 
missing two extra d.o.f. leads to the authors to conclude that the theory would have 
superluminal modes and a bad posed Cauchy problem. It is mandatory to revisit 
these claims in the light of recent research. Other potentially helpful approaches in 
this respect must be explored, as the proposals of covariant approaches where the 
spin connection is taken different from zero'* 16, Another helpful strategy could 
be the introduction of Lagrange multipliers that enforce the vanishment of the Rie- 
mann tensor, guaranteeing the null curvature condition!”. Finally, considerations 
about remnant symmetries on the theory!? and the search for solutions to f(T) 
through a null tetrad approach !??? should be further addressed. 

In what follows, we will explore one possible approach for understanding the 
nature of the extra d.o.f. in f(T) gravity, through its comparison with the well 
known f(R) gravity case. We will find convincing evidence for its existence in the 
trace of the equations of motion, however it is noteworthy to point out that the 
interpretation of the extra d.o.f. in both theories is radically different. 
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3. The nature of the extra d.o.f. 


One of the most studied modifications of general relativity is f(R) gravity. The 
action of this gravitational theory is given by 


SiR) = = / d'z /—-gf(R) + Sm(Guv); (7) 


where Sm is the action for matter minimally coupled to gravity. This action has 
fourth-order dynamical equations given by 


L Rou — [Va V» — gus] f (R) = KTv. (8) 


PUR - 5 


By taking the trace of the equations of motion it is obtained a relation between the 
Ricci scalar R and the trace 7 of the energy-momentum tensor that is algebraical, 
that is 


f'(R)R —- 2f(R) + 30f'(R) = KT. (9) 


This equation shows the propagation of a new degree of freedom related with 
f (R)???3. Moreover, it is possible to write (8) and (9) as second-order equations 
for the metric and the scalar object f’(R) by changing the notation to 


$-f(H, V($)= Rọ- f(R), (10) 
to rewrite Eq.(8) as 
1 " 1 
Ryw ag 3du R = 5 Tw = FO + geet — Juv l. (11) 


We recognize in Eq.(10) the Legendre transform of f (R), hence it is also obtained 
that R = V'(¢), which together with (11) are the dynamical equations associated 
with the action 


Sarlo 6] = —5 f ds -gióR - V(0)] Sae (12) 


For completing the Legendre transformations it is needed that ¢ be a function of 
the scalar curvature R and moreover, that the Lagrangian in (12) is equivalent to 
the Legendre transform of the function V(¢), therefore it can be rewritten as a 
function of R by defining f(R) = éR—V(¢). The trace of Eq. (11) can be regarded 
as a wave equation for a self-interacting scalar field $, since it satisfies 


301g — PPPV (9)! = KT. (13) 


In this way, @ looks as a scalar field minimally coupled to the metric guv, but also 
coupled to the matter through the trace of the energy-momentum tensor. Mean- 
while, Eq.(11) are Einstein equations, on which the source are the matter and the 
scalar field. The strategy used through the redefinition (10) allows to rephrase f(R) 
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gravity as a scalar-tensor theory with second-order dynamical equations. The equa- 
tions (11) describe the dynamics of the metric field, therefore they encompass two 
d.o.f. in four dimensions. Additionally, there is one extra d.o.f. described by (13). 

A reasonable approach would be to perform the same procedure to the equations 
of motion of f(T) gravity, that is to say, to develop an analogous calculation of the 
trace of the equations of motion. The analogy is not complete, due to the fact 
that, while the equations of motion of f(R) gravity are second-order on f’(R), the 
dynamical equations for f(T) gravity are first-order in the analog variable f’(T). 
We can clearly see this feature if we rewrite the equations of motion (6) through 
the Legendre transform 


o=f(T), V(6)-To-/f(T) (14) 
to become 
497 eO, (Een 8") + 4e3T^,,8,"" — eT = -Han + ae. (15) 


'These dynamical equations keep the structure of the TEGR equations, except for 
the renormalization of the volume E, the gravitational constant &, and an additional 
term ¢~'V(@) that behaves as a local cosmological constant. Then the trace of (15) 
easily writes as 


2T"8, 0 + 20e0,(ET") — T + 2V(9) = —KT, 16) 


or alternatively as 


2T"0,6 + 2V($) + OR = KT, 17) 


when substituting 2e0,(ET") by R +T, as stated in Eq.(4). We return to the 
TEGR case when ó = 1 and V(¢) = 0; in this case the equation (17) implies 
R = —kT, the classical result obtained in GR. Therefore, it is fair to say that 
(17) encodes more information than merely GR, and could be interpreted as the 
description of the propagation of an extra scalar degree of freedom that was not 
present in TEGR. It has been suggested that the existence of an extra d.o.f. in 
f(T) is connected with the loss of a gauge symmetry. This can be seen in terms 
of the symmetries of T, which do not remain invariant under general local Lorentz 
transformations. Henceforth, f(T) will inherit a remnant gauge symmetry, which 
has an on-shell character ?!, 
relevance in cosmological solutions deserves further research. 


The implications of this remnant symmetry and its 


4. Conclusions and future work 


In this work we have introduced teleparallel gravity and its simplest modification, 
the so-called f(T) gravity, and briefly reviewed the important issue about the de- 
grees of freedom in this theory. We have discussed several approaches on the count- 
ing of d.o.f., in particular some results obtained through the Dirac-Bergmann algo- 
rithm for constrained Hamiltonian systems. Recent work suggests that f(T) gravity 
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would have only one extra d.o.f., in oposition to previous research. These claims 
are checked through the comparison with the f(R) gravity case. In both theories 
the calculation of the trace of the equations of motion reveals an additional scalar 
d.o.f.. Nonetheless, its interpretation in the f(T) case is qualitatively different, as 
it satisfies a first-order differential equation. This equation shows evidence that the 
additional scalar field could be related to the proper parallelization of spacetime. It 


is 


strongly encouraged further research about the characterization of the d.o.f. of 


more general teleparallel gravities and its implications in cosmology and compact 


ob 


jects. 
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In 2010, Banados and Ferreira (BF) constructed a variant of Born-Infeld (BI) gravity 
with a simple matter coupling and demonstrated how the standard background FRW 
cosmology could become free of curvature singularities (big-bang). Further investigations 
revealed many interesting consequences of this BF version of BI gravity. For a toy 3D 
version, we show a simple analytical solution exhibiting the removal of the big-bang 
singularity. Thereafter, we look at BI gravity coupled to scalar BI matter, where we are 
able to find non-singular (loitering and bounce types) background solutions with late as 
well as early time acceleration. Finally, we elevate the BI gravity parameter to a space- 
time dependent field (in a novel Brans-Dicke like way) and demonstrate how cosmologies 
without singularities and with late as well as early-time acceleration can indeed arise 
quite naturally. 


1. The singularity problem 


The fact that curvature singularities inevitably appear in many solutions of Ein- 
stein's field equations of General Relativity (GR) is well-known. Very general theo- 
rems on singularities (largely defined using geodesic incompleteness) with minimal 
assumptions (causal structure and energy conditions) were proven long ago by Pen- 
rose, Hawking and others. In electrodynamics too, a singular behaviour of the 
electric field at the location of the charge is known. It is not any huge embar- 
rasment in electrodynamics. On the other hand a spacetime singularity (be it in 
the sense of diverging curvature scalars or geodesic incompleteness or both) is in- 
deed problematic because one cannot extend the spacetime beyond that location. 
Apart from the fact that via Einstein equations, spacetime singularities corrrespond 
to infinities in energy density of matter, it is the inextendability of spacetime be- 
yond such special points where some pathologies arise and/or curvature invariants 
diverge, which makes the theory unacceptable at those points. 

It is believed that quantum gravity would cure classical GR of the singularity 
problem. And, indeed there are indications in various such attempts — i.e. in string 
theory and loop quantum gravity. On the other hand, it may be asked if any other 
classical theory of gravity can admit non-singular solutions. This is a valid question 
and it is along these lines we direct our presentation below. 


405 


2. Born-Infeld structures and Born-Infeld gravity 


The appearance of a singularity at the location of the electric charge, is well known. 
A way out was sought in the work of Born and Infeld (BI)!, which had links with 
earlier work due to Eddington?. BI proposed a nonlinear electrodynamics with an 
action given as: 


1 
Spr; = J E E — 4/ — Det[nij + zs d'z. (1) 


The field equations when solved for a point source lead to a resolution of the self- 
energy singularity in the electric field. & plays the role of a new parameter which 
yields an upper bound on the electric field of a point charge. 

In 1998, Deser and Gibbons? first proposed a gravity action (in a metric for- 
mulation) building on BI electrodynamics and Eddington’s old ideas (notably the 
square root and the determinant in the action). Later, in 2004, Vollick^ worked 
out a Palatini formulation of the Deser-Gibbons theory, incorporating matter in a 
rather artificial way. More recently, Banados and Ferreira (BF)? have come up with 
a theory where the matter coupling is quite simple. The action proposed by BF is 
given as: 


Spr(.t.¥) - 1 f d'e | las Rl ETC Aves Sulot) 2) 


where |gi; 4-&R;;| = Det|gi; 4- &R;;] and g = Det[gi;]. Note that the matter coupling 
here is standard, using the gi; and matter fields V. For kR small we get back the 
Einstein-Hilbert action (A = à=). When «R is large we recover the Eddington 
action”. Without matter, BF theory is equivalent to GR. 

Variation w.r.t. gij gives us the field equation: 


Vaag” = Av/-9g? — kv/-gT?. (3) 
On varying w.r.t T we find that the q;; as obtained from solving the equation, 
qij = Jij + &Füg(q) (4) 


is a metric with a Christofel connection. The usual conservation law (covariant 
derivative using gij), VjT* = 0 holds. One may also consider the BF action as a 
bimetric gravity action where the two metrics are qj; and gij. gij is the physical 
one while qi; is auxiliary. 

'The main problem in finding analytical solutions is in the inversion of the equa- 
tion qij = gi; +Ri;(q). Since these equations cannot be solved, one needs to postulate 
gi; and qij separately (with different unknown functions) and write down the field 
equations. Then only one may be able to find solutions.We shall now provide ex- 
amples in cosmology. For more details on Born-Infeld inspired gravity theories and 


their consequences see a recent review. 
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2.1. Cosmology 
We assume line elements of the form: 
ds? = —dt? + a° (t) (da? + dy? + dz”), (5) 
ds? = —U(t)dt? + a° (t)V (t) (da? + dy? + dz’), (6) 


where U(t), V(t), a(t) are three unknowns. The energy-momentum tensor T is 
that of a perfect fluid, i.e, T! = p, T** = p (a = 1, 2, 3). 
With these assumptions one writes down all the field equations stated earlier, 


for this case. Assuming p = § one gets the Friedmann equation as: 


TER 1 = = (1+ A)(3 — P)? 
3H (P) => pit 3a (1 -- pA = p)? KB-PBy (7) 
where p = Kp. For small p one gets get H? ~ £, which is the Friedmann equation 
in GR. Note that H? has zeros at p = 3 and p = 0 for & > 0. For k < 0 zeros are at 
p — 0 and p — —1. Note the difference with the usual FRW model where 3H? = p 
and the only zero is at p = 0. 
One can find numerical solutions of the scale factor for & < 0, k > 0 (Fig. 1): 


x-21,a(0)- 10001 k--1l,a(0)-2 35 
- 35 
30t 
25; 
20t 
15r 
10r 
O55 
0.0 
0 


a/ag 
aļag 


Fig. 1. Plot of the scale factor a(t) for x = +1. ag is the nonzero minimum value of a(t) 
corresponding to maximum density pp and t is an arbitrary time scale. 8rG = 1, c = 1. 


Note the nonzero minimum value of a(t) which corresponds to the upper limit 
on p. There is no big-bang singularity or any singularity in the future. The absence 
of the singularity is largely controlled by the BI parameter « and the structure of 
BI gravity. In a toy 2 + 1 dimensional model it is possible to find simple analytical 
solutions which exhibit non-singular features’. For example, in a 2 + 1 version of 
the BF theory, the scale factor in the 2+ 1 cosmology (with x < 0 and p = $), 


has the form: a(t) = ,/ & + 1, which never vanishes and yields a toy, nonsingular 


universe. 


3. BI gravity + BI matter: cosmologies 


A useful question to ask is: what happens if there are BI structures in both the 
gravity and matter sectors in BF theory? We assume a simple scalar BI structure 
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which has been studied extensively as tachyon matter about a decade or so ago. 
The action we work with is S = Sg;(g, T, V) + Sm, where 


e 4 
Sp; — zu] x | —|9uv + RR (I )| - av=3]| , 


where A = kA + 1, and 


1 
Sy =- i V=Go2V(4)1/1 + 07299, 00, dtz, 


where V(à) is the potential for the scalar field and ar is the constant parameter. 
Analytical solutions are possible. More importantly, we ask: what are the features 
of the cosmological solutions? Here, in Fig. 2, the scale factor a (for a constant 
negative pressure solution with the equivalent pressure and energy densities of the 
scalar field, py = —o2.Coc? and pg = C2(a~* + o2.) is plotted as a function of the 
cosmological time (T). We choose 8rG = 1, c = 1 and & = 0.5, 0. = 5.0, C3 = 0.001. 
Initial value of a(7) is choosen as a — 0.06 at 7 — 0.06. Initial loitering is followed 
by deceleration and late-time acceleration. The zoomed version in Fig. 3 shows 
clearly the loitering phase and the transition into deceleration. The loitering phase 
also includes an acceleration, where the scale factor has an exponential growth 
(a ~ ag exp(2v/2cr / /3&)). For negative & we obtain a bounce solution (not shown). 
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Fig. 2. Plot of scale factor a(7). Fig. 3. Zoomed a(r) near big-bang 


We have fitted the late-time acceleration found in our solution, using Type Ia 
supernovae (Union2.1 compilation) data. The best fit values of the cosmological 
parameters for the positive « solution are given as: 


qo = —0.605* 6024 ; Qpmo = 0.255* 0021 ; Opgo = 0.745 5 01 


Note that there is no separate dark matter or dark energy. We use a result due to 
Roy Chowdhury and Padmanabhan? to split the BI matter into a dark matter part 
and a dark energy part. This is characteristic of BI matter like the scalar BI used 
here. In summary, the BI matter coupled to BI gravity does produce a nonsingular 
universe with a late-time acceleration. More details are available in?. 
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4. BI gravity with a Brans-Dicke scalar: cosmologies 


Let us finally turn to another important issue which is related to the BI gravity 
parameter &. From various proposals for tests of the BF theory one obtains various 
bounds on &. This is rather problematic and we wish to avoid this in a Brans- 
Dicke like way. Recall that the original BD idea was to replace G by a smooth field 
(x,y, z, t). Here we replace « with a smooth field k(x, y, z, t). The action is taken 
as: 


Spr. =f F ( —|gag + &Rag(T)| — vx) — /-gà(k)g"" ð rðr | d^x 
+S (g,¥). (8) 


Here, @(«) is a coupling function (like in scalar-tensor theories). 
The three field equations (T, g and « variation) are: 


dap = gag + KRog(q), (9) 


VTP — /-gg^? = -nyg TS, (10) 
where 
m = T°? — gP g” B, KB, + 2:09" gP 0, «0, «, (11) 
T°? is the usual stress-energy tensor, and finally, 
"m m 1 V =q 1 a 1 
2G (K)V & V" i + RG' (i) V RV" & + zt VES E P Rag(g) — =) —0. (12) 
We now turn to FRW cosmologies. Assuming K(t) = ko +€ e"* with «o, e, and p as 
parameters, we consider several cases: p, p = 0 (vacuum); p = 0 (pressureless dust); 
p = § (radiation). We investigate the nature of the scale factors for various ranges 
of Ko, € and p. 
Let us illustrate this for the case of radiation: (a) p = §: ko > 0, uw > 0, € <0 
(Fig. 4(a)), (b) p = § : ko < 0, u > 0, e < 0 (Fig. 4(b)). 
Generic features for & > 0 (non-singular beginning), and & < 0 (bounce) are 
retained in Figs. 4(a) and 4(b). Further details on this work is available in 9. 


5. Concluding remarks 


A recently proposed novel theory of gravity based on a Born-Infeld structure which 
matches with GR in vacuum is discussed with emphasis on its ability to resolve 
the cosmological singuarity problem. We have first shown how the original BF 
version yields a nonsingular FRW universe. Incorporating BI structures in both 
the gravity and matter sectors we have analytically obtained non-singular FRW 
cosmologies with initial loitering and late time acceleration. We have also fitted 
the late-time cosmology with available Supernova data and obtained best-fit values 
for the cosmological parameters. Further, solutions with an initial bounce and late 
acceleration are found. 
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Fig. 4. (a) plot of scale factor a(t) for Ko > 0, uw > 0, € < 0. The parameters used are ko = 1, 
u = 0.1, and po = 0.1 (in p = po/a*). We choose a(0) = 1, &(0) = 0.999 for the numerical solution. 
(b) plot of scale factor a(t) for ko < 0, u > 0, € < 0. The parameters used are ko = —1, u = 0.1, 
and po = 0.01. We choose a(0) = (—Kopo)!/4 = ag, &(0) = —1.00001 for the numerical solution. 


In the final part of this article, we have proposed a Brans-Dicke like modifica- 
tion of the BI gravity theory where the BI parameter is elevated to a scalar field. 
Analysing cosmological solutions we have observed that a nonsingular FRW universe 
is possible here too for «x > 0, while for k < 0, we have an initial bounce. 

Are these solutions useful as background cosmologies? Can we study cosmo- 
logical perturbations, structure formation, early universe phenomenology, inflation, 
dark matter, CMB .... in the models we have discussed here? Unless that is done 
and more links with present-day cosmological observations are established, these 
models and solutions will merely remain elegant mathematical curiosities. 
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We present a novel theory of gravity, namely, an extension of symmetric teleparallel 
gravity. This is done by introducing a new class of theories where the nonmetricity Q is 
coupled nonminimally to the matter Lagrangian. This nonminimal coupling entails the 
nonconservation of the energy-momentum tensor, and consequently the appearance of 
an extra force. We also present several cosmological applications. 


Keywords: Modified gravity; nonmetricity; cosmology. 


1. Introduction 


The fact that general relativity (GR) is facing so many challenges, namely, (i) the 
difficulty in explaining particular observations, (ii) the incompatibility with other 
well established theories, (iii) and the lack of uniqueness, may be indicative of a 
need for new gravitational physics. Thus, a promising approach is to assume that at 
large scales GR. breaks down, and a more general action describes the gravitational 
field’ ?. The physical motivations for these modifications of gravity include the 
following: (i) the possibility of a more realistic representation of the gravitational 
fields near curvature singularities; (ii) and to create some first order approximation 
for the quantum theory of gravitational fields. 

An interesting model that is related to this work is the nonminimal curvature- 
matter coupling? ?, in which the Lagrangian density is of the form L ~ fi(R) + 
(1+ Af3(R)] Lm, where f;(R) (with à = 1,2) are arbitrary functions of the Ricci 
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scalar R and Lm is the matter Lagrangian density. Applications have been explored 
such as in an effective dark energy or dark matter? !?, An interesting feature of 
these theories is the non-conservation of the energy-momentum tensor, so that the 
coupling between the matter and the higher derivative curvature terms describes 
an exchange of energy and momentum between both. 

Indeed, it is possible to tackle gravitation through several approaches, namely, 
with the metric formalism " ?, which consists on varying the action with respect 
to the metric and setting the Levi-Civita connection, or through the metric-affine 
formalism ?, where the metric and the affine connection are regarded as indepen- 
dent variables, or even through a hybrid approach?1*^!?, Note that the metric guv 
may be thought of as a generalization of the gravitational potential and is used to 
define notions such as distances, volumes and angles. On the other hand, the affine 
connection Ig defines parallel transport and covariant derivatives. 

In fact, a basic result in differential geometry is that the general affine connection 


may be decomposed into the following 3 independent components: 
P^ = on is Kòw + Dus , (1) 


where the first term is the Levi-Civita connection of the metric g,,, defined as: 


ds 
t = ov (Ouggv + 0vggu — 989v) - (2) 
The second term K D is the contortion, given by 
1 
ius = 3T^m + Tou , (3) 


with the torsion tensor defined as T^ w2 apu The third term is the disforma- 
tion 


1 
Lus = so ( QuBv Qua, + Qs) , (4) 


which is defined in terms of the nonmetricity tensor, given by Qpyv = V gy. 

This implies that by making assumptions on the affine connection, one is es- 
sentially specifying a metric-affine geometry 9. For instance, the standard formu- 
lation of GR. assumes a Levi-Civita connection, which implies vanishing torsion 
and nonmetricity, while its teleparallel equivalent (TEGR), uses the Weitzenbóck 
connection, implying zero curvature and nonmetricity!". More recently, the sym- 
metric teleparallel theories of gravity were analysed in 18-21 
able features. Here, we present an extension of the symmetric teleparallel gravity, 
by introducing a new class of theories where a general function of the nonmetric- 
ity Q is coupled nonminimally to the matter Lagrangian, in the framework of the 


metric-affine formalism ??. 


, which possess remark- 


This work is outlined in the following manner: In Section 2, we present the 
formalism of an extended symmetric teleparallel equivalent of general relativity. In 
Section 3, we consider some cosmological applications and conclude in Section 4. 
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2. Nonmetricity-matter coupling 
2.1. Action and gravitational field equations 


Consider the action defined by two functions of the nonmetricity Q, given by 


"m J d'a/-g s^) 3-dstioybar 4 (5) 


where Ly is a Lagrangian function for the matter fields. 
We define the nonmetricity tensor and its two traces as follows: 


Qo = Vogyuv ; Qa = Qa", , Qa x Q", . (6) 
It is also useful to introduce the superpotential 
AP Ww = =)" iv =F 201 v) Q^ gy, = Q^ go = ó(,Qu) E (7) 
where one can readily check that Q = —QayyP°"”, which is a useful relation. 
For notational simplicity, we introduce the following definitions 
f = filQ) + 2f2(Q)Lu , F = fi(Q)+2f,(Q)Lu, (8) 


and specify the following variations 


Ti = 2 6(./—gLm) Hye = | lo(V-gLu) (9) 


Zg  óg" ’ 2 e i , 


as the energy-momentum tensor and the hyper-momentum tensor density, respec- 


tively. 
Varying the action (5) with respect to the metric, one obtains the gravitational 
field equations given by 


2 Q l a £c 
ves S (v -DUP uv) + 39i i +F (Prop Qr 8- 2Qog,, P m) E —foT pw - (10) 


and the variation with respect to the connection, yields the following relation 


Vue (V -gFP"", — foH,"") =0. (11) 


2.2. Divergence of the energy-momentum tensor 
The divergence of the energy-momentum tensor is given by: 
2 


—gfe 
— (T", — 7 Lm) Vy log f2, (12) 


2 
D,T",* Veg Vel =- [(Va Vg fo) Hy? + 2fo ta Vg H,^^] 


where Da denoted the metric covariant derivative with respect to the symbols (2). 
This shows that due to the coupling between the nonmetricity Q and the matter 
fields, the matter energy-momentum tensor is no longer conserved. The first term of 
the right-hand-side line is due to the nonminimal coupling of the hypermomentum, 
and the second term is related to the nonminimal coupling of the energy-momentum 
tensor. 
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Consider a perfect fluid, given by the energy-energy tensor, Tj, = (p + p) uuu, + 
PGuv, SO that the energy and momentum balance equations gives 


p+3H(pt+p)=S, (13) 
where ' = u,D", and H = (1/3)D"u,. For simplicity, one can decompose the 
energy source term as S = Sr + Sy, where Sy is defined by 

ST =(p+ Ly) f ; 

"E 
which vanishes when we adopt the Lagrangian Lm = —p, and the hypersource is 
given as 
S : "[VaV else? += (Va Vaf) Hy? + f VayH, ^? 
—— u a v E a v ES a E li 
um : je gm 


Note that the non-conservation of the energy-momentum tensor implies non- 
geodesic motion, where an extra-force F* arises due to the Q-matter coupling 


da^ A v A 
ds? E 1 "m utu” = FÀ. (14) 
The extra-force can be decomposed as 
hV ap 
Fò = -— +F + FÀ, 15 
ET T$ (15) 


where the first term on the right-hand-side is the usual general relativistic contribu- 
tion of the pressure gradient. The extra force F* consists of the term FR, defined 
as 


Fp = (—p + Lm) hà V" log f2, (16) 
and the hyperforce Fa is given by 


1 1 
A RE [Vav (VaVefo) HL + y, feo V Hy . (17) 


2 
vg 2 
It is interesting that the extra force (16) vanishes identically for a perfect fluid if 
we adopt the Lagrangian prescription Lm = p. 


3. Cosmological applications 


In the framework of standard Friedman-Robertson-Walker (FRW) geometry, we 
have Q = 6H?. Introducing the effective energy density peg and effective pressure 
Peg Of the cosmological fluid, defined as 


2F 


we can write the gravitational field equations in a form similar to the Friedmann 
equations of GR as 


3H? = per, 2H +3H? = —pef. (19) 
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'To describe cosmological evolution, and the possible transition to an accelerated 
phase, we also introduce the parameter w of the dark energy equation of state, 
defined as 

—AFH + fo (p+ 2p + i) 
w= = ——————M—————,. (20) 

Detf fa ( — i) 
'The deceleration parameter can be written as 
3 (4PH — fı — 2fap) 
fi — 2fap 

Thus, as a first step in this direction we have obtained the generalized Friedmann 
equations describing the cosmological evolution in flat FRW type geometry. The 
coupling between matter and the Q field introduces two types of corrections. The 
first is the presence of a term of the form f2/2F multiplying the components of the 
energy-momentum tensor (energy density and pressure) in both Friedmann equa- 
tions. Secondly, an additive term of the form f1/4F also appears in the generalized 
Friedmann equations. The basic equations describing the cosmological dynamics 


q- 50-30) 224 (21) 


can then be reformulated in terms of an effective energy density and pressure, which 
both depend on the standard components of the energy-momentum tensor, and on 
the functions f;(Q), i = 1,2, and on F. In the vacuum case p = p = 0, the decel- 
eration parameter takes the form q — —1 4- 12FH / fı, showing that, depending on 
the mathematical forms of the coupling functions, a large number of cosmological 
evolutionary scenarios can be obtained. Generally, we have shown explicitly that 
for late times, the Universe attains an exponentially accelerating de Sitter phase??. 


4. Conclusions 


In this work, we have explored an extension of the symmetric teleparallel gravity, 
by considering a new class of theories where the nonmetricity Q is coupled nonmin- 
imally to the matter Lagrangian, in the framework of the metric-affine formalism. 
As in the standard curvature-matter couplings, this nonminimal Q-matter coupling 
entails the nonconservation of the energy-momentum tensor, and consequently the 
appearance of an extra force. Thus, in summary, we have established the theo- 
retical consistency and motivations on these extensions of f(Q) family of theories. 
Furthermore, we considered cosmological applications, in which the presented ap- 
proach provides gravitational alternatives to dark energy. As future avenues of 
research, one should aim in characterizing the phenomenology predicted by these 
theories with a nonmetricity-matter coupling, in order to find constraints arising 
from observations. 
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In this talk we discuss some classical aspects of general polynomial higher-derivative 
gravity. In particular, we describe the behaviour of the weak-field solutions associated 
to a point-like mass at small distances and provide necessary and sufficient conditions 
for the metric to be regular. We also consider the metric for a collapsing thick null shell, 
and verify that it is regular if the aforementioned conditions are valid. 


Keywords: Higher-derivative gravity; Lee- Wick gravity; Spacetime singularities. 


1. Introduction 


Higher-derivative theories of gravity possess interesting features from both quantum 
and classical point of views. Indeed, the inclusion of higher-derivative terms in the 
Lagrangian can make the theory perturbatively renormalizable,'? while they can 
also smooth out classical singularities.” Owed to these good properties, higher 
derivatives are often considered in the search for a fundamental theory of gravity. 
One of the main difficulties of this approach to quantum gravity, nonetheless, is 
the presence of ghost-like degrees of freedom, which classically generate instabilities 
in the solutions and, in the quantum perspective, violate unitarity. For example, 
consider the model defined by the action? 


S= giva (r+ RF, (O)R + Ry,FES( yae) i (1) 


4k 


where F;(Ll) is a real polynomial of degree 6; of the d'Alembert operator. The 
propagator associated this model, in the Landau gauge, is given by 


(2) (0—s) 
P P. 
Gwv.ap(k) = DRE pa a (2) 
k? fo(—k?) 2k? fo(—k?) 
where fo and f» are polynomial functions of degree dg = max{d1,62} + 1 and 
d2 = 62 + 1, respectively, defined as 


flO) =1-[F(0) +3K (0, &()-1«2R(x)0. (3) 
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yi with multiplic- 
ity ms);, then the propagator has No + N2 massive poles. In Ref. 2 it was shown 
that half of these excitations correspond to ghost modes. 

Recently there have been some proposals for dealing with these ghosts still in 
the framework of higher-derivative gravity (HDG). For example, in the Lee-Wick 
HDG**® the ghost-like poles of the propagator are associated to complex masses. 
Such modes can then appear as virtual states only, yielding an unitary scattering 
matrix.’ Another approach to avoid ghosts is to make a non-local extension of the 


polynomial HDG by using non-polynomial functions F; such that the propagator 
9-13 


Hence, if the polynomial f;(z) has N, distinct real roots z = m, 


has no other degrees of freedom besides the graviton. 
In this talk we present some classical aspects of the general polynomial-derivative 
gravity model (1), namely, we discuss the avoidance of Newtonian singularities. 
We remark that, in the weak field approximation, the local model (1) is the most 
general one with higher derivatives, and it contains the case of Lee-Wick gravity 
as particular case. The original results presented here were published in Ref. 14. 
Using similar arguments it is possible to extend considerations to some classes of 
non-local gravity theories, as carried out in a more general manner in Ref. 15. 


2. Singularities in the Newtonian limit 


In order to evaluate the field generated by a point-like source in the static non- 
relativistic weak-field approximation we consider metric fluctuations around the 
Minkowski spacetime, gu, = "uv + huv, sourced by the energy-momentum tensor 
Ty = M6°(r) 6) 6). In this case the metric can be written in the isotropic form 


2 2 
ds? = — h + 3x2 + x0) dt? + | — 30 = w) (da? -- dy? -- dz?) (4) 


and one can show that the (linearised) equations of motion for the potentials x, 
(s = 0,2) are equivalent to solving !4 


fs(A)Axs = Ks M (r) , (5) 


with ko = —K/2, k2 = K. We remark that the decomposition of the usual Newtonian 
potentials into y = $(2x2 + xo) and 9 = ix — xo) allows a great simplification 
in the notation and considerations, as it splits the contribution of the scalar and 
spin-2 modes, through xo and x», respectively. 

The solution of (5) can be obtained by the Laplace 
technique and reads 


N, n(s)i j-& 

KsM KsM Q(s)i,j p 2 
E SSS u 79 ———— | ———_ Ko sát); 6 
x«(r) Arr 3: Aq3/2 25 25 G - 1) (z=) j a (me jir) (6) 


where K, is the modified Bessel function of the second kind. Also, z = -Moi is 
one of the N, distinct roots of the equation fs(—z) = 0 and n(,; is its multiplicity. 
Of course, if ds is the degree of f,(z), then $5; n(;j; = ds. The coefficient a(,;,; can 


1416 or Fourier!? transform 
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be obtained by the Heaviside residue method, and follows from the partial fraction 
decomposition of |z f.(—2)] |. 
'The solution above can be expanded in power series around r — 0, which gives 


Ns 
T E (1-5) +cs + mM Y (s®-s2)r+ 0), (7) 


4rr 


where c, is a constant and 


Ns Ns Ns 
sp = 2, Q(s)i,1 > se = 25 mis). , ei" = 2: Q(s)i,2- (8) 
i—1 i=1 


i=l 


It is possible to show®4 that S) = 1 for any d, > 1, which means that all the the- 
ories which have at least four derivatives in the spin-s sector have a finite potential 
Xs(r) atr = 0. Moreover, one can prove 1415 that SC) = gs) if and only if d, > 2— 
in other words, x,(0) = 0 in all theories with more than four derivatives in the spin- 
s sector. It can be shown that, for these models, the condition x5(0) = x5(0) = 0 
is necessary and sufficient to have regular curvature invariants. !^16 Thus, it follows 
that the metric (4) is regular in all theories which have at least six derivatives in 


both spin-0 and spin-2 sectors. 1415 


3. Singularities in the ultrarelativistic limit 


The static Newtonian solution presented in the previous section can be used to 
construct the metric of a non-spinning gyraton (see, e.g., Refs. 17, 18). The general 
idea is to apply a boost to the non-relativistic metric and then take the Penrose 
limit. With this solution one can consider a homogeneous spherical shell distribu- 
tion of gyratons with total mass M imploding towards its centre, and analyse the 
occurrence of singularities and the formation of mini black holes. 16:17:19 

In Ref. 14 it was shown that the Kretschmann scalar associated to the Z domain? 
of the collapsing thick null shell in a general polynomial theory is 
2 32G?M? 


Rivas = — 3-3 — 


2 
AN? (Inr d Alnr + ce" A4 (sf sf) | +O(r?) , (9) 


where 7 > 0 is the thickness of the shell, A = s(? — sO and c' and c" are 
constants which depend on the massive parameters of the theory. Inasmuch as 
A — 0 for the theories with more than four derivatives in the spin-2 sector, the 
collapse of the thick null shell does not generate a singularity. On the other hand, 
the Kretschmann invariant diverges for models with less than six derivatives. 


?'The Z domain, defined by the locus of the spacetime points for which r--|t| < 7/2, is characterized 
by the intersection of the in-coming and the out-coming fluxes of null fluid. In this domain the 
shell assumes its highest density, favouring the mini black hole formation and the emergence of 
singularities. 
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The solution for the collapsing shell can also be used to verify the existence of 
mass gap for the formation of mini black holes. This is related to the occurrence of 
apparent horizons in the solution, i.e., regions such that g = (Vo)? = 0, where o is 
the component ggg of the spherically symmetric metric. In fact, one can show that 
the invariant g reads 


i 2GM (SP — sy 


T + O(r*) (10) 


g(r) = 1 
for the collapsing thick null shell in any polynomial gravity theory.!^ Since r < T 
on the domain Z, it follows that 


2GM|S — SP r? , 2GM|S3” - 83? Ir 


3T 3 SH) 


In other words, given any 7 it is possible to avoid the existence of an apparent 
horizon on Z provided that the total mass M of the shell is sufficiently small. 
This result was obtained for the first time in Ref. 19 for the theory with only 
four derivatives; in Refs. 17 and 16 it was extended for the ghost-free gravity and 
polynomial gravity with only real and non-degenerate masses, while in Ref. 14 
general polynomial theories were considered, including the case of Lee-Wick gravity. 


4. Conclusions 


The results presented here show that there is a significant difference of the HDG 
theories with four and more derivatives. Even though the modified Newtonian 
potential is finite in both cases (if there are at least four derivatives in the spin- 
2 and spin-0 sectors), the former always contains curvature singularities in the 
solution associated to a point-like mass. On the other hand, these singularities 
are regularized in the models with more than four derivatives. The same situation 
occurs for the collapsing thick null shell, for which curvature singularities are avoided 
only in the models with six or more derivatives. 

These results bring more motivations for further studies on the occurrence of sin- 
gularities in the spherically symmetric static solutions in the full non-linear regime 
of HDG models. For example, the numerical searches for solutions in theories with 
6, 8 and 10 derivatives reported in Ref. 20 only found regular solutions. In what 
concerns the fourth-derivative gravity, it is known that singularities are present in 
both regimes. 3:71:22 This subject certainly deserves more investigation. 
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We construct a two-dimensional action that is an extension of spherically symmetric 
Lovelock gravity. In spite that the action contains arbitrary functions of the areal radius 
and the norm squared of its gradient, the field equations are second order and obey 
the Birkhoff's theorem. Similar to the spherically symmetric Lovelock gravity, the field 
equations admit the generalized Misner-Sharp mass that determines the form of the 
vacuum solution. The arbitrary functions in the action allow for vacuum solutions that 
describe a larger class of nonsingular black-hole spacetimes than previously available. 


Keywords: Nonsingular black hole; Two-dimensional effective theory. 


1. 2D effective actions for spherically symmetric spacetimes 
The metric for n(> 3)-dimensional spherically symmetric spacetimes is given by 
dst.) = gu, (x)dz" dz" 
- A 
= Jap (y)dy^dyP + R(y) da2). (1) 


where gap(y) (A, B = 0,1) is the general two-dimensional (2D) Lorentzian metric, 
dO, 2) is the line-element on the unit (n — 2)-sphere, and R is the areal radius. 

After imposing spherical symmetry and integrating out the angular variables, 
the general n(> 3)-dimensional gravitational action, 


1 n 
h= may! PTR Rus, Ruvpa)s (2) 


reduces to a 2D effective action. The variation of this effective 2D action will give 
the same equations of motion for the original action (2)! ?. 

We adopt units such that c = A = 1 and G(,; denotes the n-dimensional grav- 
itational constant. In the following, D4 and R[g] denote the covariant deriva- 
tive and the Ricci scalar with respect to gag, respectively. We also define 
(DR)? := (DAR)(D^ R) and a length parameter | proportional to the Planck length 
as [^—? := 161G(,)/.A(,—2), where A(n—2) is the volume of a unit (n — 2)-sphere. 
'The complete analysis for the results presented here is available in Ref. 4. 
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1.1. Effective 2D action for Einstein gravity and its generalization 


The Einstein-Hilbert action for general relativity corresponds to £ = FR in the action 
(2) and its effective 2D action takes the form 


Teno) = zz | duca (RU 
+ (n — 2)(n — 3)R"-4(DR)? + (n — 2)(n — 3m). (3) 


By the Birkhoff's theorem, the unique vacuum solution with spherical symmetry is 
the well-known Schwarzschild- Tangherlini solution. 

A natural way to generalize the spherically symmetric action (3) in Einstein 
gravity is the following 2D dilaton gravity: 


pes | Cuv ARRI + nao uon vao), (4) 


where ó(R), h(R), and V(R) are arbitrary functions of a scalar field R. (See Ref. 5 
for a review on this class of 2D gravity.) This standard 2D dilaton gravity theory 


(4) obeys the Birkhoff's theorem?. Namely, the general vacuum solution has the 
following form: 


Io) = 


ds? = —f(R)dt? + f(R) ! ag?. (5) 
If one chooses A(R) = V(R) = $,nn(R), the metric function is given by 


f(R)=1- (m= f vwar) (6) 
= 1 = , J = t 
j(R) 
Especially, in the case with n = 4 and ¢ R = j(R) = (R?--02)9/?/ R2, the general 
vacuum solution is the well-known Bardeen metric: 


M R? PMR OC! 
2 "M 2 2 2 2 


The Bardeen spacetime (7) is certainly nonsingular everywhere, however, this class 
of nonsingular black holes are considered to be unphysical. This is because the met- 
ric (7) violates the limiting curvature conjecture, which asserts that the curvature 
invariants are bounded by some fundamental value in a viable fundamental theory ?. 
In fact, to the best of our knowledge, this limiting curvature condition cannot be 
fulfilled within the framework of the action for pure 2D dilaton gravity (4). This is 
the main reason why we consider a more general class of 2D dilaton gravity. 


1.2. Effective 2D action for Lovelock gravity and its generalization 


Lovelock gravity is a natural generalization of general relativity in arbitrary di- 
mensions as a second-order quasilinear theory of gravity?. The second-order field 
equations ensure the ghost-free nature of the theory and Lovelock gravity reduces 
to general relativity with a cosmological constant in four dimensions. 
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In the action (2), Lovelock gravity in vacuum corresponds to 


[n/2] 
Ec y» 2 Papp ppor os Ry, we E Riga (8) 
p=0 


where 05.7? := plô ... 6", and its effective 2D action was obtained 1™!1! as 
pip [p1 Ppl’ 


I = 1 d? GR"? (n = 2)! 
L(2) = m2 Uv —9 2. (n — 2p) 


x fr n 2p)(n — 2p ofa ZP «oz jn 


(D^Z) 
Z 


ee jm siis zy? Joan) | (9) 


where we have defined Z := (DR)?^. The Birkhoff’s theorem in Lovelock gravity 
shows that, under several technical assumptions, the unique vacuum solution is 
given by the Schwarzschild- Tangherlini-type solution !??, 

In analogy with the action (4), we now propose? the following natural extension 


of the spherically symmetric Lovelock action (9) 


(D^Z) 
Z 


Is = ges | Pu VTT ARRU] nt. Z) + x ZDAR) A}, (10) 


where n(R, Z) and x(R, Z) are as yet arbitrary functions of a scalar field R and Z. 
For any given ó(R) and x(R, Z), one can choose the function 7(R, Z) as 


Ọ,RR =1,Z — X,R; (11) 


where a comma denotes the partial derivative, so that the field equations obey the 
Birkhoff's theorem for Z = (DR)? 40 and x — ó,g #0. Then the resulting general 
vacuum solution has the following form: 


ds? = —f(R)dt? + f(R) ! ag?. (12) 


Actually, the condition (11) ensures the existence of the generalized Misner-Sharp 
mass which satisfies the unified first law. Under the condition (11), the existence of 
Minkowski vacuum requires 


N(R, 1) = 20, rR- (13) 


2. Designing nonsingular black holes 


Now we show how to construct specific nonsingular black holes as exact solutions by 
making appropriate choices for the functions in the action (10). We are interested in 
constructing nonsingular black holes that satisfy the limiting curvature condition, 
namely curvature invariants are everywhere bounded for arbitrarily large M. 
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Such an example is the following Hayward nonsingular black hole!^: 


PMR? 
R) = 1 — ——— 14 
f(R) =1- qup (14) 
of which generalization in n dimensions is given by? 
i^-?2MB? 
—1- —————. 15 
A(R) -1- > (15) 


This n-dimensional Hayward black hole (15) is the unique vacuum solution in the 
theory with 
(n — 3)I"-?R"(1 — Z) — (n — D)" R"?(1— Z}? 


mR, Z) = 20,nnZ + {In—2R2 PU — Z)}2 i 


[^-? gn 

Z) = — — 16 
X02) = E e SE (16) 

Also, the following Bardeen-type nonsingular black hole* 

i^-?2MRB? 
f(R)-1- (R2 + M2/-D 27-0) -072 (17) 
or new nonsingular black hole? 

pe 41?" M? 

NR) = Urges Vit mm) e) 


can be the unique vacuum solution in the theory with a suitable choice of 7(R, Z) 
and x(R, Z). 
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We analyze the propagation of gravitational waves in a molecular matter medium: our 
findings demonstrate that dispersion only is expected, together with the emergence of 
three extra polarizations, able to induce longitudinal stresses. We also give quantitative 
estimates of the predicted effects. 
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1. Introduction 


'The Theory of General Relativity provides us a very accurate and elegant theoretical 
framework from which forecast on all natural phenomena dominated by gravity. One 
of the most fascinating features of the theory is the prediction of the fact that the 
gravitational field is radiative: curvature can propagate through spacetime with the 
speed of light. With the first direct measurement of a gravitational wave, in 2015, 
we are witnessing the birth of a new era in the fields of astronomy, astrophysics and 
cosmology. The major part of theoretical studies have dealt with the asymptotic 
properties of gravitational waves, far from bounded sources, Refs. 1, 2, 3, 4. Many 
other authors have dealt with the problem of the propagation of gravitational waves 
in a matter medium: the case of a dissipative fluid is considered in Refs. 5, 6, whilst 
a collisionless kinetic gas is studied in Refs. 7, 8, 9, 10, 11; the interaction between 
gravitational waves and neutrinos is analyzed in Refs. 12, 13, 14 whereas the case 
of spinning particles is investigated in Ref. 15. 

Our aim is to analyze the propagation of gravitational wave in a matter medium 
described as a set of point-like masses, grouped into molecules: it has been shown, 
Ref. 16 that such a medium can be modelled, through the application of Kaufman 
molecular moments averaging method, Ref. 17 (whose application is denoted by 


(9), as 


2 
C [en 
(Tv) = TD + F 00" Quove (1) 
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where TW! is the stress energy tensor that describes a set of free particles, i.e. the 
centers of mass of the molecules, and Q,,,« is the quadrupole polarization tensor, 
that gives account of the molecular structure, characterized by the same set of 
symmetries of Riemann tensor. 

We find, through a direct calculation performed via the geodesic deviation equa- 
tion, that the quadrupole tensor is generated, on a static level, by the tensor of the 
second spatial derivatives of the Newtonian potential of the molecule. Moreover, if 
the molecule is perturbed with a vacuum gravitational wave we find that the latter 
is source of an induced contribution to the quadrupole moment of the molecule: the 
alteration in the structure of the molecules causes the fact that the medium reacts 
to the gravitational wave with a mean field that modifies the propagation of the 
wave inside the medium itself. 

We show that only dispersion is expected, along with the appearance of three 
extra degrees of freedom able to induce longitudinal stresses on test particles. We 
also give some quantitative estimates of the predicted effects, by assuming the 
medium to be either similar to our own galaxy or to a more exotic object. 


2. Constitutive relation and modified wave equation 


The derivation of the constitutive relation is made under the hypothesis of slow 
motion of the point-like masses composing the molecule and small departure from 
Minkowski background metric. Moreover, the molecule is imagined as a sphere 
of constant mass density, characterized by a definite macroscopic radius L: the 
reduced wavelength A of the gravitational radiation interacting with the molecule 
must be greater than the molecular size. We perturb the molecule with a vacuum, 
plus polarized gravitational wave and we express the quadrupole tensor in terms 
of the amplitudes of the wave. It can be checked that the following constitutive 
relation comes out: 


2 1 
Qiojo = €g E Pij +5 hioo) ; Qoijk = Qijn = 0. (2) 


Here @ is the Newtonian potential of the molecule and h,, is the small departure 
from Minkowski background, the dynamical metric perturbation called gravitational 
wave. The constant e, is a real gravitational dielectric constant and can be calcu- 
lated as 
_N Li? 3 

rr a (3) 
being N the density of molecules inside the medium. We write the macroscopic 
form of Einstein field equation 


" Hs (4) 


c? e 
Gu» —X (r9 us 9 Oro Quos) , X " 


at first order in hyv, implementing the constitutive relation (2): we find a set of 
fourth order partial differential equation for the wave inside the medium. We write 
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the problem in terms of the trace reversed matrix huv on which we are allowed to 
activate Hilbert gauge fixing, given the diffeomorphism invariance of the theory: 


_ 1 _ 
hy, = hy, — goeh , O" hy, = 0. (5) 

We find that the trace h solves 
(62 + m3) & — 0, (6) 


e 
AnGEg 
of an harmonic part, solution of d' Alembert equation, that can be canceled out with 
a further gauge transformation that preserves Hilbert gauge, plus a solution of the 
harmonic oscillator 02 + m? that does not propagate. This means that we can set 
h to zero: the remaining five degrees of freedom solve the fourth order PDE 


0g hy, + m? D hy, = 0. (7) 


We search for plane wave solutions of (7), choosing the z axis to be coincident with 
the direction of propagation of the wave, has ox el((k)t-k2) and we calculate the 


dispersion relation: 
2 4 
m -e(- me mene). (8) 


It can be shown that only the plus signed solution has a physical significance, 
because it goes back to be the standard vacuum dispersion relation w(k) = ck when 
the material medium is removed, in the limit e; — 0, or m? — oo, in contrast to 
the minus signed, that shows a divergence in the same limit. It is also easy to show 
that w+(k) is real for any value of the wavenumber: dispersion only is expected. 
We calculate the group velocity 


m?kc 3k? 
vh- t l) O 


where [O is d'Alembert wave operator and m? = : hence h is a superposition 


We will show that the condition A >> L always implies k «& m. 


3. Polarizations 


We exploit the gauge freedom, fixing 


=! z = Ck? - 
h= hn +a (1- m ) faa =0, (10) 
via the following equations: 
hah +h 
fag = tag (11) 
- Qu* 2, 
has = 


c2k? — w2 
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In order to analyze which kind of deformation is induced by each component on a 
sphere of test particles, we calculate the geodesic deviation equation, taken in the 
comoving frame 


—— = Re u"uP£? = fe^. (12) 


where £" = (0,£*,£", £^) is a vector denoting the separation between two nearby 
geodesics and the Riemann tensor is constructed up to the first order in huv. We 
fix the vector £^" as 


gH = (0, e& + E7, Ely) + 66" fe) 8€"), (13) 


being Efo) the initial positions and ó£! the displacements of order O(h) induced 
by the gravitational wave. We compute (12) up to order h separately for each 
component of la finding that: 


(1) hy is a standard plus mode in the zy plane, 

(2) his is a standard cross mode in the xy plane, 

(3) his is a cross mode in the zz plane, 

(4) haa is a cross mode in the yz plane, 

(5) h* is a superposition of two pure modes: a breathing mode (Refs. 18, 19, 20) 
in the zy plane and a longitudinal mode along the z direction. 


'The ratio between the amplitudes of the anomalous polarizations and the standard 


ones (plus and cross polarization in the transverse plane) are found to be of order 
k?/m?. 


4. Models of macroscopic media 


Now we will give some quantitative estimates of €,, without any intention of being 
too accurate, but merely realistic, in the characterization of the involved parameters. 
Let us begin with the case of a medium composed by molecules whose size is roughly 
the typical size of a binary system, Refs. 21, 22, 23: we will set L = 30AU = 
4.4- 101? m. In terms of the wavenumber, the condition \ >> L reads as kL < 1: we 
will fix kL = 0.05, i.e. k = 1.14-107 14^ m-!. The parameter N changes considerably 
in different regions of the Galaxy, therefore we calculate e, for three different values 
of N: in (i) we set N = 1pc ? (our neighborhood), in (ii) we choose the value 
N = 100 pc^? (inner region) and in (iii) we fix N = 10? pc^? (Galaxy core). We 
report the results obtained for e; and for the ratio K?/m?, that gives the entity of 
the deviation from c in the group velocity and the ratio between the amplitudes of 
the anomalous polarizations and the standard ones: 


(i) eg = 1.89 - 10% kg m Pim = 2.27 . 10714 


ii) eg = 1.89 - 10€ kg m k? /m? = 2.27 - 1071? 
g 
(iii) eg = 1.89 - 10^% kg m k? /m? = 2.27 - 107°. 
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Now we consider the case of a material medium composed by molecules whose size 
is roughly comparable with the size of an open cluster, Refs. 24, 25: we set for L the 
value L = 3 pc = 9.26-1019 m. As before, we fix kL = 0.05, i.e. k = 5.40.10? m- 1. 
Our galaxy is estimated to contain about 100,000 open clusters, mainly located 
in the central disc. We will calculate the density of molecules as the number of 
molecules (10?) divided by the volume of the Galaxy, assuming it to be a disc with 
diameter of 45 kpc and thickness of the disc of about 0.6 kpc (roughly the size of the 
Milky Way, Ref. 26). We obtain the value N = 3.55 - 107?" m-?. We calculate €g 
and k?/m?: 


€g = 8.13 - 1054 kg m k/m -221:9-*. 


One can imagine a medium in which the density of clusters is 5 or 50 times greater 
than in our Galaxy: being the ratio k? /m? linear in N, we expect for such a medium 
a magnitude of Macroscopic Gravity effects of order 1077 + 10-6. 


5. Conclusions 


In this work we have demonstrated that the propagation of a gravitational wave 
in a molecular medium shows remarkable differences with respect to the vacuum 
case. By establishing a constitutive relation between the quadrupole tensor and 
the perturbative fields acting on the molecule, namely a vacuum gravitational wave 
h,, and the Newtonian potential of the molecule itself ¢, we have derived the law 
of motion for the wave inside the medium, a fourth order PDE: we have ruled out 
the possibility of damped and growing modes and determined that dispersion only 
occurs. We have outlined the fact that only the trace of the gravitational wave is still 
solution of d' Alembert equation, hence erasable with a gauge transformation. The 
remaining five degrees of freedom are not harmonic: they cannot be canceled out 
by a gauge transformation that preserves Hilbert gauge. This finding demonstrates 
that a gravitational wave in a matter medium possesses five degrees of freedom 
and it is able to induce longitudinal stresses in a sphere of test particles. We have 
showed that the quantity k?/m? acts as a quantifier of two different observables: 
the deviation from c in the group velocity and the ratio between the amplitudes 
of the anomalous polarizations and the standard ones. Lastly we have established 
some models of molecular medium, varying the values of the parameters L and N: 
we have estimated the entity of Macroscopic Gravity effects, obtaining for k?/m? 
values in the range 10714-1076. We focused our analysis on two specific regions of 
wavelengths. In the first case (binaries) the signal is characterized by A ~ 10!? m, 
that is comparable with the scale of lengths to which the space interferometer 
LISA will be sensitive, Refs. 27, 28. In the second case (clusters) the wavelength 
of the signal is in the region A c 10!5;» and it is, in principle, detectable by 
experiments like IPTA, Refs. 29, 30. Despite the modest entity of the expected 
deviation from vacuum General Relativity, the integrated effect over very large 
distances can become significant and the propagation of gravitational waves can 


430 


be considerably different from that of an electromagnetic counterpart, in a typical 
“follow up” scenario of multi-messenger astronomy. 
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Construction of a model of Quantum Gravity, which will be some day in concordance 
with experiments, is one of the most fascinating tasks we have in modern theoretical 
physics. There are a plethora of common problems, which must be solved to find a viable 
candidate for Quantum Gravity. We introduce the concept of the nonlinear graviton and 
we end with possible experimental evidence for our approach. 
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1. Introduction 


We have two main branches in theoretical physics, which describe the Universe at 
very small and very large scales. These are called General Relativity (GR) and 
Quantum Mechanics (QM). QM and GR passed many experimental tests and they 
seem to be fundamental theories of Nature except very high energies. 

There are a plethora of reasons, why we should try to build a theory, which 
would reduce to QM and GR in certain limits. One of the reasons is the unification 
and the other argument is the existence of singularities. There are many common 
issues, which must be solved, when we want to unify QM with GR,!. We need 
to make the theory non-local? and background independent?. We must also deal 
with dimensional reduction at high energies. We disscused other issues, which are 
connected to this problematics in!. Let us mention, for example, problem of arrow 
of time?, determinism or indeterminism of the theory?, connections with particle 
physics’, dark matter?, dark energy’, Wheeler delayed choice experiment and EPR 
paradox 19:1, 

Already many attempts have been made during the 20th century to reconcile 
QM and GR. Let us mention String Theory (ST?), Loop Quantum Gravity (LQG?), 
Causal Dynamical Triangulation (CDT?), Causal Set Approach (CSA?), Group 
Field Theory,? and many others. We present a distinct approach in this article. 
We claim that, the mathematical apparatus for this theory is hidden in parts of 
algebraic geometry !?, and algebraic topology. 


2. First remarks about a new paradigm 


We want to show that there is hidden a new philosophical concept that could lead 
to a new theory in the physical foundations of previously mentioned theories. We 
will use the knowledge that particles are not point-like objects. But the spacetime 
will be not continuous for us. So, ST will be for us just a toy model. 
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Fig. 1. The Universe could be modeled as a finite structure of intersection of Hopf-linked rings, 
on which are traveling other rings. We suppose that there was one ring in the Big Bang and 
further rings were created after, which are the trajectories on which could travel particles and 
fields. Particle and fields could be described as vibrating rings traveling around other rings. 


We will not use deep knowledge from LQG. But the investigations are connected 
to studies of the following set, where the basic objects are topologically circles, and 
they are Hopf-linked, Figure 1. The formulation of the paradigm, which will follow 
leads to a mathematical investigation of this set. 

Space (not spacetime!) will be discretized to objects, which are called rings. 
These will be deformable circles, which could be Hopf-linked. We want to argue 
that points are not the mathematical abstraction, which we will need. When we 
would discretize to points, the singularities of the type of black holes and initial 
singularities would be unavoidable. A motivation to this discretization comes from 
a philosophical branch called finitism, which avoids completed infinities altogether. 
And this effort to discretize to these rings is well motivated by discrete causal set 
theory, where we want to put particles, fields, and spacetime on equal footing. Let’s 
stop for a moment on this key point of this paradigm. 

We all know very well that GR is perturbatively non-renormalizable. This means 
that when we try to construct Feynman diagrams and deal with gravitons similarly 
as in QM the theory diverges. 

Another fact from a different area of physics is that the notion of particles is 
non-unique in quantum field theory in curved background. This serves us as an 
inspiration for our construction of graviton on the fundamentally nonlinear level. 

Our paradigm will come with the existence of a new object, which will be the 
ring, as we already said. It is a finite deformable circle, which has a finite cir- 
cumference of 1 Planck length and could stretch from 2 Planck lengths to possibly 
macroscopic distances. Why we need this object and why it is useful to have par- 
ticles, fields, and rings? The answer is that we would be possible to put particles, 
fields, and spacetime on the equal level. Now we will always keep any particle and 
field together with some trajectory, which will be part of the ring. This will enable 
us at the end to model particle and fields in a unique description. 


433 


'The first thing what we need to do is to prove that our discretization is correct 
according to a deep principle, the so-called holographical principle. It states that 
the area of any surface S enclosing a volume V measures the information content of 
the underlying theory in the volume V. Our discretization is in concordance with 
this principle. The number of rings scales as the area of the enclosed volume. 

An urgent question comes to our mind. Is this discretization just a mathematical 
tool or a real physical object? We claim that it is not a mathematical abstraction. 


A keynote about nonlinear graviton 


What we have done so far is an artificial discretization. So what does it have to do 
with gravity? We need to mention the standard picture of GR and QM. According 
to GR is a matter moving in 4- dimensional continuous spacetime (M, g) described 
by topological variety M with a metric g. As was quoted by J.A.Wheeler, matter 
says spacetime how to curve, and spacetime says to matter how to move. 

On the other hand, particles jump up on this manifold according to the quan- 
tum field theory and are interacting with each other by exchanging the elementary 
particles of fields. They locally curve the spacetime. These two pictures are incom- 
patible. 

What we have in our minds as a picture for a description of gravity are some 
elementary particles exchanging gravitons. Do we have any experimental evidence 
that gravitons really exist? It is interesting that detection of the inflationary grav- 
itational wave backgroun, would provide us with direct observational confirmation 
of the fact that gravity must be quantized. While on the purely theoretical level 
there is no doubt that it should be so, in particular, if one treats gravity as a low- 
energy effective QF'T, there is so far no evidence for the quantum nature of gravity. 
Discovery of the inflationary gravitational wave background would be revolutionary. 
We could always pose a question, is it possible to observe just one graviton in some 
apparatus as we could observe just one photon? It is only an academic question 
because one graviton has the too tiny effect to be observable in any possible exper- 
iment with interferometers. But we want to indicate that the answer is no. It is 
not possible to observe the effect of just one graviton, because the picture we have 
in our mind from the standard QM, is incorrect. 

Let's consider Figure 2. We have two particles (we don't say now, how we 
want to model them) and we switch on the gravity. Then a ring (trajectory or 
element of space) is created between these two particles, which links it. This link 
will create an attractive force between these two particles. We could think about it 
as a spring between them, although it does not have properties of a linear spring. 
It simultaneously creates a trajectory for exchanging other fields and particles, so 
a creation of other three interactions. 

One question immediately comes to our minds. Is it not a contradiction with the 
basic principles of QM? We do not say that a particle has a trajectory in QM. We 
speak about probabilities. But this trajectory creates in Planck time from 2 Planck 
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Nonlinear graviton - new concept 


Fig. 2. The old picture of particles exchanging gravitons is incorrect according to RP (Ring 
Paradigm). When we switch on the extragravity (which is the unification of all 4 interations ), an 
element of space - ring - is created between these two particles. Other particles could then travel 
on this trajectories. The important thing is that these trajectories are created in Planck time. 


Fig. 3. There is a particle knocked in a box at the figure. It jumps from one trajectory to other 
trajectory. The trajectories are parts of rings, which are created between the walls of the box and 
they are changing in Planck time. 


lengths to possibly arbitrary distances, and it is changing in Planck time. So, let's 
consider some particle knocked in the box as in Figure 3. 

It is a well-known fact that we could not localize it. There are randomly created 
trajectories in the box, and the particle jumps from one trajectory to other as we 
depicted it. 

We now just move forward. What we want to draw ultimately is a more advanced 
version of a Feynman diagram as in Figure 4. 

There are two trajectories with opposite orientation, then a trajectory is created 
in Planck time between these two trajectories. Particles (vibrating rings) are coming 
on the first ring, then a vibrating ring is traveling in-between, and two particles 
originate on the second ring. 

It is immediately clear that we will need to make this picture of vibrating rings 
traveling around other rings dynamical. We will need the process of creating a 
ring, the process of absorption of rings and breaking of rings, Figure 5. We wish to 
model the false vacuum (creation and absorption) at the end and also accelerated 
expansion (breaking). We said that we could talk about the ring as a very strange 
spring between the two particles. We can stretch it, the force is increasing first, and 


then it is decreasing as ES with the distance r between these two rings. 
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Fig. 4. 
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We need to draw an advanced version of the Feynman diagram in RP. We switch on 


extragravity at the beginning, then a ring is created in Planck time between these two rings. 
Particles collide on these rings on the left, then a particle is propagating on the ring between these 


two rings, and finally, two new particles are created on these rings on the right. 
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Fig. 5. The basic processes with rings are creation, absorption and breaking of a ring. 


Conclusion 


We introduced a concept of nonlinear graviton in this short article. We claim that 
graviton is not a particle. It is a ring (element of space, trajectory), which connects 
other rings, and which produces force between them. 

One immediate result is the limit velocity, by which we are able to send infor- 
mation in our Universe. Particles and fields of the standard model could travel only 
with maximal velocity of light in vacuum. If we will find other particles outside 
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standard model, they will still maximally travel with velocity of light. But the ring 
is created in Planck time on possibly arbitrary distances in the Universe. Could we 
send some information by it? Could it have some technical applications? These are 
the important questions, on which we need to find answers in future research. 
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The equation of state of an ultrarelativistic perfect fluid is obtained as a necessary 
condition for a perfect fluid space-time in Rastall’s cosmology. 
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1. Introduction 


It is well known the importance of a perfect fluid description of gravitational sources 
in General Relativity?. It has been also stressed the relevance of compatibility of 
perfect-fluid solutions with modified or extended theories of gravity!. 

In this note we point out some cosmological features emerging from the request 
that the Rastall model!! describe a perfect fluid geometry of space-time. 

We shortly recall some features of the model introduced by Rastall in 1972; we 
refer to this paper for the relevant issues and stress that the chosen signature for 
the underling Lorentzian manifold will be (—,+,+,-+), in accordance with such a 
source. 

Let then LorX be the open submanifold of the subbundle of symmetric tensors 
constituted by regular metrics with the above choice of the Lorentzian signature. 
An induced fibered chart on J?Lor X has local coordinates (2%, gab, gag, gov) 
and we can define other local coordinates g"" and so on by the relation ga,g"” = à7. 

As well known Einstein equations read 


i 1 
Gv = Ryw = 59i. E = KGRI w , 
where KGR = EE the Ricci tensor is obtained from a metric connection, 
so that Ry, = Haw 9) and the scalar curvature R has to be intended as 


R(j?g) = g^? Rag(j7g). These equations naturally imply the conservation of energy- 
momentum tensor as a consequence of the Bianchi identities. 

The Rastall model for gravity coupled with matter governed by an energy- 
momentum tensor satisfying (with A a suitable non-null dimensional constant) 


ÎE, =ARy 
where the comma denotes the partial derivative, and by field equations 


1 z 
Ruw — 9 (1 — 2A) Roy = rT yw ; (1) 


*Corresponding Author 
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where «r is a dimensional constant to be determined in order to give the right 
Poisson equation in the static weak-field limit. This model introduces an energy- 
momentum tensor fulfilling the requirement V „TH = TH yu # 0 without violating the 
Bianchi identities; for a 4-vector, say ap, TE y = 4» and a, +Æ 0 on curved spacetime, 
but a, = 0 on flat spacetime (in agreement with Special Relativity). Of course, in 
general, kr Æ kar. Taking the trace of Eqs. E ) gives us the so-called structural or 
master equation (4&,À — 1) R = K,T (KA z 1). 

By this relation the Rastall equations (1) can be recast in the form of Einstein 
Bn usn Indeed, one can immediately write Gyy = KrSpv, where Syy = Tu — 
In sà i Ju T. By construction, this new energy-momentum tensor is conserved, i.e. 
SẸ., = 0. Furthermore, (if u, is a 4-velocity with g""u,u, = —1) by assuming 
; UM = —(p + p)uyuy — Pgpv, i.e. the source is a perfect isentropic fluid with energy 
density p and pressure p, we can explicitly work out an expression for $,,. The 
source turns out to be still a perfect fluid, provided we redefine its energy density 
and pressure. !! 


2. Perfect fluid space-times in Rastall’s cosmology 


Rastall's cosmology has been recently object of attention in scientific community; 
some papers are concerned with the querelle whether Rastall's stress-energy tensor 
corresponds to an artificially isolated part of the physical conserved stress-energy or 
not2/^1945. some others are concerned with the derivation of a related variational 
principle (i.e. with the question how to get a - eventually modified - Rastall model 
which could be derived by a Lagrangian and physically different from Einstein 
gravity), see e.g. Refs. 12, 14, 13. 

We study this model from the point of view of the compatibility of its geometry 
with a perfect fluid description of space-time. Indeed, as a gravity model it provides 
a non minimal coupling between metric and matter and we try to understand how 
this is related with this compatibility requirement. 

Indeed it is well known that by suitably introducing a matter density u, the 
energy density of space-time p can be defined as a function of ji satisfying p = up’ —p 
where the prime denotes derivation with respect to ju; (this is equivalent with asking 
whether we can derive the tensor Ry, = Te from a variational principle, i.e. 
with looking for a Lagrangian density depending on p(u) from which Ñ, can be 
derived variationally; such kind of space-times appear e.g. in the dual Lagrangian 
description of the Ricci tensor for barotropic perfect relativistic fluids?, see also 
Refs. 4, 5, 8). 

We therefore have 


Top = p(u)gog — up (u)|gag + uaug] ; 


with trace T = 4p — 3up'; moreover p = u ^D = up — p. 
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2.1. Ultrarelativistic equation of state from a perfect fluid 
geometry 


By requiring the perfect fluid Ricci tensor to be also a Rastall’s geometry the fol- 
lowing identity should hold true. 


" " 191-1. 2s 
T = Ta REN UT a 
B 8— 341 1908 
191—1 
= [p — up! — 2——— (4p — 3up')]gag — up uaug 
[o — up Sad” Lp )]9o8 — HP tats 
= (p— Hp')9a8 — BP uug = —pgapg — (P + p)uaug - (2) 


The above identity leads to 
p=p. 

By inserting this and deriving with respect to u we get 

2À-1 

4À-1 


(4p' — 3(up^)) = 0. 


Let us now exclude the case 24 — 1 = 0. We see that a necessary condition for 
the Ricci tensor of a nontrivial Rastall's geometry of matter to be a perfect fluid is 


4p — 3(up') — 0. 
1.€. 
p'—3p =0. 


the equation of state is therefore 


1 
P=3P + const.(u), 


i.e. if we denote a the integration constant (a constant function of u) (uniquely 
determined by initial data) 


oe gP 


In particular it is easy to get that —3a = p — 3p = T, i.e. a = -iT 
By redefining the pressure 7 = p—a=p+ iT the equation of state is the one 
of an ultrarelativistic perfect fluid with pressure 7 and energy density p. 


1 1 = 
= = = = =T 
T= p € p= AT) 


i.e. with a rescaled pressure or equivalently a energy density rescaled by the trace of 
the energy-momentum tensor. This relation gives us a model with constant (with 
respect to the matter density u) energy-tensor trace T and consequently constant 
(with respect to u) scalar curvature. 
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Unimodular quantum cosmology admits wavepacket solutions that evolve according to a 
kind of Schrodinger equation. Though this theory is equivalent to general relativity on 
the classical level, its canonical structure is different and the problem of time does not 
occur. We present an Ehrenfest theorem for the long term evolution of the expectation 
value of the scale factor for a spatially flat Friedmann universe with a scalar field. We 
find that the classical and the quantum behavior in the asymptotic future coincide for the 
special case of a massless scalar field. We examine the general behavior of uncertainties 
in order to single out models that can lead to a classical universe. 


1. Introduction 


The canonical quantization of general relativity leads to the so-called problem of 
time (see! and references therein). In most non-perturbative approaches of quan- 
tum gravity time has disappeared from the theory and is seen as an artifact of 
the classical limit. Here we investigate quantum cosmology in the framework of 
unimodular gravity. This theory is practically equivalent to general relativity at 
the classical level, but since it has a different canonical structure time does not 
disappear from the quantum theory? and the quantization of unimodular theory 
yields different results compared to the quantization of general relativity?. In^ we 
constructed a class of unitarily evolving solutions with a negative expectation value 
of the Hamiltonian for the special case of a spatially flat universe with a massless 
scalar field. Investigating a special example, we found that the classical and quan- 
tum dynamics of the scale factor coincide for the asymptotic future (though with 
significant spread). Here we compare the expectation value of the scale factor to 
the evolution of its classical counterpart for solutions of the spatially flat Friedmann 
universe with an arbitrary scalar field which yields an Ehrenfest theorem for the 
late time behavior. We examine the evolution of the uncertainties in order to single 
out models that can lead to a classical universe in the asymptotic future. 


2. About Unimodular Gravity 
We start with the Einstein Hilbert action (1) 


1 1 
Sen => f da-g(R - 28) ~~ | d?z V/h K , (1) 
26 JM K Jam 
where 


_ 8G 


ie 4 


C 
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contains the velocity of light c and the gravitational constant G. We also take 
into account the matter action Sm that describes the fields. If we vary the action 
S = Sm + Sgu with respect to the metric g,, under the restriction —g = 1, we 
obtain Einsteins equations with an arbitrary additional constant A , that can be 
identified with the cosmological constant of general relativity (?). 


1 
Ryuv — 59h = KT — A gww, V-g—-1-0. (2) 


This theory is called unimodular gravity. Any solution of unimodular gravity 
(2) is also a solution of general relativity for a specific cosmological constant and 
vice versa. The only difference between the two theories is, that A is a natural 
constant in general relativity while it is a conserved quantity in unimodular gravity. 
But since in both theories the cosmological constant can not vary over the whole 
universe, we would have to investigate different universes to determine if solutions 
with different A exist (unimodular theory) or if A is a “true” natural constant. So 
the two theories are practically indistinguishable on the classical level. 


3. The Unimodular Hamiltonian of a spatially flat Friedmann 
Universe 


The metric of a homogeneous and isotropic spacetime (Friedmann universe) 
ds? = —N*(t)c? dt? + a?(t)dQ2 (3) 


is characterized by the lapse function N(t) and the scale factor a(t). If the spatial 
curvature is zero, dO? is the line element of three-dimensional flat space. 
Inserting the metric into the Einstein-Hilbert action (1) with A — 0 yields (!) 


3 à?a 
SEH = = fan (-3xz) VO , 


where vo is is the volume of the spacelike slices according to (3). 
The action of a scalar field in a Friedmann universe (3) reads 


cm J dt Na? (i — vo) vo. (4) 


Using the unimodular condition for the lapse function N = a-?, we find for the 
Hamiltonian (+) of the unimodular theory 


'The Hamiltonian is a conserved quantity and not a constraint as in general relativity 
'The canonical quantization of this Hamiltonian yields 


x 40 . 0 
Pa = -ii Pe = ig (6) 
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a Pele ð Peil æ 
H = —— ——a— — ——— r + V(¢). T 
4c aë Oa Oa 2 a® 0¢? *V($) (7) 
Here we have chosen the factor ordering that gives the part of the Hamiltonian 
that is quadratic in the momenta the form of a Laplace Beltrami operator (1). 


The evolution of the wavefunction w(a, $,t) is determined by 


ES 0 
Hy = ih. (8) 


The Hamiltonian is symmetric with respect to the inner product defined by the 
measure a?dadó, where a € (0,00) and $ € (—o0, 00). 
Applying the coordinate transformations 


3 
A=a?/3 B= va? (9a) 


and 
u = Ae P v= AeP, (9b) 


we obtain for the Hamilton operator 


€ OuOv T 
The volume element is given by dudv and u € (0,00), v € (0,00). 
The classical unimodular Hamiltonian then reads 


a Pe g v (4) (10) 


c u 
H = Z Pu Bo +V (=) . 


U 

'The Laplace-Beltrami factor ordering ensures that the quantization of the Hamil- 

tonian commutes with the coordinate transformation if we understand classical 
transformations as canonical point transformations (see also?). 


4. General properties of the time evolution 


In^ we have derived a class of unitarily evolving wavepacket solutions of (8) for the 
special case of a massless scalar field (V — 0). We found that these solutions fulfill 
in the late phase of time evolution 


lim. (0,0, 4) = Jim 9(u,0,0) =0. (11) 


Now we assume that a wavepacket solution for a general scalar field can be found 
and that it also fulfills (11). We investigate the physical behaviour of these solutions 
compared to the evolution of the classical quantities. 

As in ordinary quantum mechanics, the evolution of the expectation values of 
an observable Ô with respect to a solution y(u, v, t) of the Schrödinger equation (8) 
is given by 


d, i AA P 
= WIOW) = -+ (OHI) - (Blv) . (12) 
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'This implies the equation 


S yw) — — (v [0.8] ¥) . (13) 


S 


only if Ow obeys 


(v|Ov) = yEy) . (14) 


In the case of the Hamiltonian(10), this condition reads 


-f (Bwv) Ow(u, v, t)du =0. 
0 Jo Ou v= 

(15) 
We find that this condition is fulfilled in the limit t — oo for wavepackets with the 
property (11). This means that the time evolution that we derive by the application 
of (13), gives the correct result for the limit t — oo, and is approximately valid in 
the late phase of time evolution. 


f "Fami Oota 
0 Ov 


u= 


We find for the variable uv, related to the scalefactor by A? = uv = a 
. d 2 c? ~ OV OV 
whereas the classical time evolution reads 
oh OP gg E oV oV 
jim m^ = pa ( 2H T V T um T x) k (16b) 


So we see that in the special case of a massless scalar field the late time behavior 
of the classical scalefactor and its expectation value according to unimodular quan- 
tum cosmology are the same. In general (16) represents the Ehrenfest theorem for 
unimodular quantum cosmology. 

The result for the uncertainty A(A?) in the special case of a massless scalar field 


reads 
4 2 
ju ui. nee 


i—oo dt^ 


GABY, 


which implies that the uncertainty A(A?) is monotonically growing with t? in the 
late phase of time evolution. 


5. Evolution of uncertainties for general matter models 


All dynamical equations in this section are derived under the assumption (11) us- 
ing (13) and are therefore valid for late times. We find for the dynamics of the 
expectation values 


Te) = ci » Flu) = ulm). 2H) CR) p C) 


where u = c?/e = 2nG/ (3c). 
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ov OV 
It 2v. 2v. fulfil 


(F(u, v)) = F((u), (v)) (18) 


the equations constitute a closed system of ordinary differential equations for the 
expectation values, which coincide with the classical evolution equations according 
to (7). 

The four observables û, ô, pù, Pu give rise to ten uncertainties (Au)?, (Av)?, 
(Apu A(pv)?, A(u, v), A(u, pu), A(v, po), A(u, po), A(v, pu), A(pu,pv), where 
the mixed uncertainties of two observables are defined by 


| CIS A A MSS 
A(v,v3) = 5 (6105 + 6301 — 2 (01) (01)) 
The application of (13) yields the evolution equations that contain expectation 
values of partial derivatives of V as for instance 


d oV OV 
—A y) = —pA(p,)? — ( — — ; 1 
gp) = WA (pe)? - (Zu) + (E) (a (19) 
Expanding the occurring derivatives of V around the expectation values given by 


(17)and neglecting all stochastic moments of higher than second order yields a closed 
system of linear differential equations for the variances (quadratic uncertainties): 


L (Au)? = —2u(AQ po), S (Av)? = ~2u(A(0,u)) (20) 
£ Alu, po) = —HA(De)? — VisA(u,v) - Via(Au)?, 


d 
pay Pu) = —pA(pu)? — Vi A(u, v) — Vi2(Av)? , 


d 
—A(u, v) B —pA(v, py) nA (u, pu) , 


dt 
d 
gq 0 = —2Vi1(A(u, pu) m 2Viz(A(v, pu) , 
d 
gq 0» = —2V22(A(v, pv) = 2Viz(A(u, pv) , 


d 
q; A Pu) = —ViA(u, py) — Vi2A(po, v) — Va2A(v, pu) — Vi2A(pu, u), 


d 
gA Pu) = =pA (Pu, Pv) = Vir (Au)? — Via A(u, v) , 


d 
phy Pr) = —pA (pu; Pv) ne Voa (Av)? = Vi2A(u, v) ; 


where we have chosen the abbreviations 
V = ƏV u ƏV u ƏV 
Hep? 2 842 122 Avdu ` 
Given that all contributions of higher moments can be neglected, all uncertainties 
remain bounded if the system (20) is stable. This is especially the case if V11, V22, Via 
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converge to fixed values for late times and fulfill 


Vig] < /ViiVa2, Vie < 0 


since then all characteristic roots of (20) have zero real part and are of simple type 
(see for instance). 

If we neglect deviations from the classical dynamics which would be of the order 
of magnitudes of variances (see (18)) we can evaluate (20) inserting the classical 
solutions for (u) , (v) , (pu) , (by) and verify if the initial assumption of small uncer- 
tainties (variances) is justified. 
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Static coordinates can be convenient to solve the vacuum Einstein's equations in presence 
of spherical symmetry, but for cosmological applications comoving coordinates are more 
suitable to describe an expanding Universe, especially in the framework of cosmological 
perturbation theory (CPT). Using CPT we develop a general method to transform in the 
weak field limit any static spherically symmetric (SSS) metric from static coordinates to 
the Newton gauge. We apply the method to the Schwarzschild de Sitter (SDS) metric 
to a SSS solution of the Brans-Dicke theory, confirming the results obtained indepen- 
dently by solving the perturbation equations in the Newton gauge. We then consider 
different classes of SSS metrics obtained by modifying the SDS metric and compute the 
corresponding Bardeen potentials. Using the gauge invariance of the Bardeen potentials 
we obtain a gauge invariant definition of the turn around radius, checking it is consis- 
tent with the result obtained in static coordinates for the SDS metric and for other SSS 
metrics. 


1. Introduction 


Spherically symmetric solutions are important because they allow to compute dif- 
ferent observables within the solar system or to study the stability of large scale 


structure '?, 


They can consequently provide a very important tool to test modi- 
fied gravity theories?. In general relativity the most general spherically symmetric 
vacuum solution of the Einstein's field equations with a cosmological constant, the 
Schwarzschild-De-Sitter solution, can be written in static coordinates*. This is a 
consequence of the Birkhoff's theorem, but for a general modified theory of gravity 
such a coordinate system may not be possible. For a modified gravity theory in 
fact the most general spherically symmetric solution may not be expressed in static 
coordinates, but only a subclass of the general solutions. This is the consequence 
of the fact that the Birkhoff's theorem may not hold in modified gravity theories?. 

In cosmology comoving coordinates are more convenient to describe an ex- 
panding Universe, especially in the framework of cosmological perturbation theory 
(CPT), and it is therefore useful to find the coordinate transformation from static 
to comoving coordinates. In this paper we develop a general method to transform 
in the weak field limit any spherically symmetric metric from static coordinates to 
the Newton gauge and apply it to different known and new cases. We first apply the 
method to the Schwarzschild de Sitter (SDS) metric, confirming it does indeed allow 
to compute correctly the Newtonian potential due to a point mass in an expanding 
Universe. We then compute the Newtonian potentials for a spherically symmet- 
ric solution of the Brans-Dicke theory in static coordinates, confirming the results 
obtained independently by solving the Brans-Dicke field equations in the Newton 
gauge?. Using the gauge invariance of the Bardeen potentials we obtain a gauge 


448 


invariant definition of the turn around radius, checking it is consistent with the 
result obtained in static coordinates for the SDS metric and for other static spher- 
ically symmetric (SSS) metrics. We finally consider different generalized classes of 
SSS metrics and using the same method we transform them to the Newton gauge. 


2. Static Coordinates 


Assuming a general spherically symmetric metric ansatz of the type 
ds? = F(t, R)d? — H(t, R)dR? — R?dQ?, (1) 


one of the Einstein’s equations gives 0;f = 0, implying the existence of the well 
known static coordinates solution 


21 2m R? 

F(t, R) = H(t, R) -6-X- x) (2) 
where have defined |? = 3/A. Substituting the same general ansatz in the field 
equation of a different gravity theory the equation 0, f = 0 may not hold anymore, 
and a general spherically symmetric solution may not be written in static coordi- 
nates anymore. The de-Sitter metric, ie. the m — 0 limit of the SDS metric, can 
also be written in isotropic coordinates 


R= eil (3) 
t=t- L og? -p) (4) 
ds? = dt? — a?(t)(dr? + r?dc??), (5) 


where a(t) = e'/', These coordinates are called comoving coordinates in cosmology 
because they are interpreted as the coordinates of the observer comoving with the 
Hubble flow, and for this reason we will use this terminology in the rest of this 
paper. We will use a similar coordinate transformation from static to comoving 
coordinates to re-write the SDS metric far from the Schwarzschild radius, i.e. for 
m <r in terms of cosmological perturbations respect to the FRW background. 


3. Cosmological perturbations in a spherically symmetric space 
and their relation with static coordinates 


For cosmological applications it is useful to re-write the SSS metrics in comoving 


coordinates. The the most general scalar perturbations respect to the flat FRW 


background can be written as? 


ds? — aa + 2y)dr? — 2jwdrdzx' — [(1 — 26)di; + Di;x] dx'da! \, (6) 


where Dij = 0;0j = 304 V2. 
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Assuming spherical symmetry the metric can be written as’ 


ds? = a? la + 2y)dr? — (: — 26+ ze) dr? — 2w'drdr — (: — 20 — 5€) rag? A 
(7) 


where 
1 


£-x'- E, (8) 
T 
and the prime ' denotes derivative respect to r. 

Static coordinates are not commonly used in cosmology, where the comoving 
coordinate are normally preferred, but can be useful to solve different problems 
such as the estimation of the maximum size of gravitationally bounded structures. 
This is due to the fact that in static coordinates it is more convenient to define 
the turn around radius?. For this reason it can be interesting to understand what 
cosmological perturbations metrics can be written in static coordinates. In general 
it is difficult to establish if static coordinates exist for a generic metric written in the 
form in eq.(7), so we will to approach the problem from the opposite direction and 
look for an answer to this question : what form does it take in terms of cosmological 
perturbations theory a metric which can be written in static coordinates? 


4. SDS metric in the Newton gauge 


After substituting R = e'/'r in the SDS metric in static coordinates, far from the 
cosmological and Schwarzschild horizon , i.e. for m <r « l, at leading order we 
get 


ar ar 


2 2 
ds? — (1 = =) dt? — 4madtdr — a? (1 4s =) dr? — a?r2dQ?, (9) 
where à — da/dt. Introducing conformal time dr — dt/a(t) we then get 


2 " 2 
ds? = a? |( z =) dr? — Am=2drdr — (1 + =) dr? — Pas? | , (10) 
a 


ar ar 


and comparing with equation (7) we get 


ja", 11) 
ar 
m 
= —— 12 
peel ) 
2ma, 
W= 7B 13) 
2 
go 14) 
ar 


After integrating eq.(8) and w’ we finally get 


2ma; 
w=" (15) 
2mr 1 » 
x= -2 4 ze'0(r) + DOD), (16) 
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where C and D are functional constants of integration. Since we are only interested 
in perturbations which should vanish in a limit in which the mass vanishes, the 
physically interesting solutions correspond to C — D — 0. 

Using cosmological perturbation theory (CPT) we can derive explicitly the gauge 
transformation between the static coordinates and the Newton gauge. Under an 
infinitesimal space-time translation of the form 


Z =x +Ç, (17) 
i =a! +058, (18) 


the gauge transformations are 


$= p- iVe E, (19) 
D=w++ br, (20) 
$-9-6- 6, (21) 
X=x+28. (22) 
Imposing the Newton gauge condition 

UN = XN =Q, (23) 

after solving the differential equations (19) we get 
=") (24) 

a 

=- (25) 


We can then use the gauge transformations to calculate the perturbations in the 
Newton gauge up to leading order 


bys = (26) 
ar 

diim es (27) 
ar 


Instead of finding the transformation taking to the Newton gauge we could have 
also computed the Bardeen potentials? directly from eq.(11) up to leading order: 


ei-s- Ie -9], =- s 
tr = $+ V*x- (we) =. (29) 


As expected the the Bardeen potentials reduce to the Newton gauge potentials 
obtained in eq.(27) and eq.(26), and the metric takes the form 


ds? = a? (2 — x) dr? — (: + =) (dr? + Pap?) ; (30) 
ar ar 
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5. Spherically symmetric solutions in Brans-Dicke theory in static 
coordinates and in the Newton gauge 


In Brans-Dicke (BD) theory the the Jebsen-Birkhoff theorem? is valid if the scalar 
field is time independent. As a consequence under the the assumption of a static 
scalar field also the static ansatz for the metric adopted in? should give the most 
general spherically symmetric solution. Applying a perturbative approach the so- 
lution of the field equations can be written as? 


| (1 qm (1 ee 


| dR? — Ear, (31) 
where e — X. The SDS solution is recovered in the limit e — 0, which is also the 
limit in which the BD theory reduced to GR. 

Adopting comoving coordinate defined as R = ar the metric takes the form 


ds? — | - (1+ 9 -(- 29] dt? (32) 
| (1 92m (1 ae) (adr + ardt)? — (ar)?d0?, 


and after introducing conformal time dt = adt 


Aa?r? 
3 


a? =a? ffi EF i (1 — 2€) 


2 A 2542 / 2-2 
h CEE E dH = | (ar? ea anas + = ar?) -a0 }, 
ar a 


dr? (33) 


a2 


we obtain the Bardeen potentials from the perturbations in the gauge given 


Ys =-—(1 +6), (34) 
bp = -Zq =o: (35) 


which coincide with the Newton gauge result as expected, due to the gauge invari- 
ance of Vp and p. These potentials reduce to the GR result ®y = Vy = —4 in 
eq.(26,27) when e + 0. 

In general relativity the absence of anisotropic pressure perturbations in the 
vacuum implies that Py = Wy while in BD theory the field equations do imply 
this anymore, and they can be different. Note we have recovered, far form the 
cosmological horizon, the metric computed in? solving the perturbation equations 
in the Newton gauge. This shows explicitly what is the coordinate transformation 
between the solution in static and comoving coordinates, and that the solutions 
are indeed the same. The advantage of this approach is that it allows to derive 
the metric as a Newton gauge perturbation of the FRW solution directly from the 
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metric in static coordinates, without the need to solve again the perturbed field 


equations as it was done in?. 
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Motivated by the symmetric teleparallel equivalent of general relativity we present a class 
of extended gravity theories where a scalar field is nonminimally coupled to nonmetricity 
Q. The Lagrange multipliers ensure that the connection is torsion free and flat. As a 
consequence, there exists a coordinate system where the connection coefficients vanish 
globally. We give the field equations for the metric, connection, and scalar field, and 
then briefly discuss cosmology, conformal invariance, and the relation with f(Q) theory. 


Keywords: symmetric teleparallel gravity, scalar-nonmetricity gravity 


1. Introduction 


General relativity (GR) as a geometric theory of gravity is based on metric Levi- 
Civita connection endowed with curvature R. However, by invoking alternative 
assumptions about the connection, one may reformulate the theory as teleparallel 
equivalent of general relativity (TEGR) based on torsion T, or symmetric telepar- 
allel equivalent of general relativity (STEGR) based on nonmetricity Q.! Very re- 
cently the latter was generalized to f(Q) gravity? in analogy with f(R) theories. In 
the present note we review our work on constructing a scalar-nonmetricity theory, ** 
in analogy with the scalar-tensor gravity based on curvature. 


2. 'Iriality of gravitational theories 
2.1. Connections 


On metric-affine spacetimes no constraints are imposed on the metric g,, and on 
the connection I^ uv 80 that they are completely independent variables. The most 
general affine connection can be decomposed into three parts 


pu = ore. + Lae + I (1) 
given by the Levi-Civita connection 1A T of the metric guv, contortion 
1 
Eu = 9 i (Tug ar Togu + Tau) = -K,^ ’ (2) 


and disformation 


1 
Dw = 58 (—Quav — Quan + Qeu) = Duy (3) 
The contortion tensor can be defined via torsion, 


T^ =O = Du us, (4) 
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Riemann 
2 IBN 
Riemann-Cartan oo pu=0; torsion free 
Qpuu=0 Qpuv =0 T^,,—0 
Minkowski 
: E symmetric 
Weitzenbóck A 
Es teleparallel 
Sone =), Fs ow, 
R? ppv 0 
n y pav=0 
teleparallel 
R” ppv =O 


Fig. 1. Restrictions to connection defines different geometries. ? 


and the disformation tensor via nonmetricity, 


Qpu» = VpGuv = Op9uv — T’ ndn = T’ orgu . (5) 
Let us recall, that the torsion measures the non-closure of the parallelogram if 
two vectors are parallel transported along to each other, and the nonmetricity is 
associated with the change in length of a vector upon parallel transport. 
Strictly speaking, nonmetricity, torsion, as well as curvature 


R? puv = pI? vp — OT po t T^ 4I? pa — P" pl ve (6) 


are all properties of the connection. Restricting the connection we can define dif- 
ferent geometries, see Fig. 1. In the present note we focus our attention to the 
case, when torsion and curvature are zero, ie. the symmetric teleparallel (STP) 
connection. To denote a situation where a particular property is imposed on the 
connection, and consequently on the covariant derivative, curvature, etc, we use 


5X Ww LC 
overset labels, e.g., l'^,,, Vu, R? puv- 
STP 


In what follows we shall utilize the symmetric teleparallel connection, T ô w = 


T`), which is torsion free, T^, = 0, and flat, R” puy = 0. In that case there 


exists a coordinate system (£?) where the connection coefficients I'^,,, vanish glob- 
ally, ^, (£^) — 0. 
The result leads to corollaries. First, the covariant derivatives commute! 


STP STP STP STP 


V4,V,T "m = 0,0, T = 0,0, T = V,V,T , where T is a tensor (density) of 


{67} 
arbitrary rank (and weight). Secondly, in an arbitrary coordinate system {x}, the 
connection coefficients read? 
sre Ox^ D (3E 
Pes | 7 
5 OEF Ox" (=) (7) 


where {€7} are the coordinates for which the connection vanishes. 
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~+++++- »- 


STP 
LsTEGR ~ Q 


Fig. 2. Triple equivalence of gravitational theories: general relativity (GR) based on connection 
with vanishing nonmetricity and torsion, teleparallel equivalent of general relativity (TEGR) based 
on connection with vanishing nonmetricity and curvature, and symmetric teleparallel equivalent 
of general relativity (STEGR) based on connection with vanishing curvature and torsion. 3 


2.2. Equivalent formulations of general relativity 


The curvature scalar for general connection reads 
R=R+ MM" so — M^ MP xa"? tV, [MUT - MY gg") , (8) 


where we have used the notation M* = Es + Io If we restrict the geometry 
to have vanishing torsion and nonmetricity, hence M^, p = 0, and the curvature 


scalar (8) is simply R — R which is the case of GR. If we choose a Weitzen- 


bck connection whereby the curvature and the nonmetricity are zero, thus R = 0, 
A CX 
M*,, =K 


vp» then Eq. (8) yields R=- -= 2V ,T? , where we introduced the 
torsion scalar T and its trace T?. The action given by T differs from the one of GR 
by just a total divergence term and thus provides an equivalent theory (TEGR). 


A third possibility is to impose vanishing curvature and torsion, which is the 


STP STP 


case of symmetric teleparallel connection. Plugging R = 0 and M s = L^ into 
(8) now yields 


STP LC STP aer 


R-Q- V,(Q^ — Q^), (9) 


where we introduced the nonmetricity scalar Q as 


1 » 1 ud T Ao 
Q = -7g By x 5Q«s Q^ us 19.9 = 59.9 , (10) 
and two independent contractions, 


Q.2Q,, GER. (11) 


As the action constructed with the nonmetricity scalar (10) restricted to symmetric 
teleparallel connection would differ from the GR action only by a total divergence 
term, and the latter does not contribute to the equations of motion, we get another 
formulation of Einstein’s gravity, i.e. STEGR. The three equivalent formulations 
are summarized on Fig. 2. 
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3. Scalar-nonmetricity theory 


Let us introduce the action 


1 
S= 3 | dev=9 + Li) + Sm, (12) 
with gravitational Lagrangian of a scalar ® coupled to nonmetricity Q, 
Le = A()Q — B(®)g” 3, D3, — 2V(4), (13) 


and Lagrange multipliers terms that impose vanishing curvature and torsion, 
Dp-—2AQU R yup T2AdUITA (14) 


Here Sm denotes the action of matter fields (not directly coupled to the scalar field 
®). The general action contains three functions describing the nonminimal coupling, 
kinetic term, and potential of the scalar field .A(4), B(4), V(®). The nonmetricity 
scalar Q is given by (10). In the case when A = 1 and B = Y = 0 the theory reduces 
to plain STEGR. 
Variation of the action (12) with respect to the metric gives symmetric field 
equations 
2 STP 
— V, 
a 
1 
+59 (Bg°?0,80,® + 2V) — BO, 80,8 = Ty - (15) 


ae I STP STP STP 6 STP se 
(v -gAP m =~ IAQ +A (P aada P — 2Qopu P e P 


STP 


Here P „op is the nonmetricity conjugate (or superpotential) 


STE STP 


poc c c 1 c c 
Po Sek mer ee jw ~ 3 (Q gu» tõ) (16) 
which satisfies Q = Q P^, 
defined as usual. 
Variation with respect to the scalar field ® gives 


, and the matter energy-momentum tensor 7,, is 


2BV eV" + B' g"0,00,9 + A! Q — 2V' =0, (17) 
where the primes mean derivative with respect to the scalar field. The equation for 
the metric does not contain second derivatives of the scalar field, and analogously 
the equation for the scalar field does not contain second derivatives of the metric. 
Hence the equations are naturally “debraided”. On the other hand, the scalar field 
is not sourced by ordinary matter, as it would be in the scalar-curvature-tensor 
case. 

Variation of the action (12) with respect to connection yields an equation con- 
taining Lagrange multipliers 


Vp (V -gÀ4 9) + /.—gA" = /-gAP"" . (18) 
Due to the symmetric teleparallel connection the covariant derivatives commute and 
it is possible to eliminate the Lagrange multipliers, which are antisymmetric with 
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STP STP 


respect to their last indices, from (18) by acting on it with V,, V,. The result can be 


STP STP 


simplified further by using the equivalent of Bianchi identity, V a V (y= g P (o8 ) w= 
0, to give 


V, [(QuA) Vx (V=a9"”)] = 0. (19) 


The equation for the connection (19) is not trivially satisfied and in order to find 
a solution we must solve the three equations simultaneously. In addition, we have 
the continuity equation for matter, which follows from the three above mentioned 
equations and can be used as a separate consistency check. 


4. Remarks 
4.1. Example: flat FRLW cosmology 


Let us consider the spatially (Levi-Civita) flat line element ds? = —dt? + 
a(t)?ó;jdr'daJ. From the equation for the connection (19) we observe that if the 
metric and the scalar field depend on one and the same variable t, then the co- 


STP 


incident gauge T ô,» = 0 is a consistent choice, because the anti-symmetrization 
STP 


vanishes for [0,0] case. Calculating the Lagrangian Q in these coordinates yields 


STP 


Q = —6(à/a)? = —6H? and the corresponding Friedmann equations read 
1 om 
a -Be? 2 
zal * 38 +y), (20) 
: 1 ES NE 
X ofa / EDUC 2 = 
2H + 3H -4( 2A' Hb — Bb? +V p), (21) 
T Ts 
BO + (3BH 4 z9)? FY' -3A' H? — 0. (22) 


Here p is the energy density and p is the pressure of the matter fluid. By combining 
the equations we arrive at p+ 3H (p + p) = 0, thus checking once more that the 


STP 


coincident gauge Ia = 0 is a suitable choice. These equations coincide with 
those obtained in the scalar-torsion case, and hence describe both early and late 
time accelerating phase equally well. 


4.2. Conformal transformations 


The nonmetricity scalar transforms under the conformal transformation g,, — 


e? (9), as follows: 


eg (Q + 50" 0,00,0 QO" = Q")à,Q). (23) 


The term g#”0,,Q0,Q can be absorbed into the redefinition of the kinetic term of 
the scalar field, however the term (Q^ — Q*) 0.2 does not appear in the original 
action and causes the action (12) not to preserve its structure under conformal 
transformations. However, if we add a term $(Q® — Q°)d,A(®) to the original 
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Lagrangian, we obtain the exact equivalent to the familiar scalar-curvature theory, 
which is covariant under the conformal transformations and scalar field redefinitions. 


4.3. Equivalence with f(Q) 


Following the standard procedure it is possible to show that f(Q) theories? where 
Le ¢(Q) = f(Q) form a subclass of scalar-nonmetricity theories. Utilizing an auxil- 
iary field ® we can write 


Lg auz = f'(9) Q = (f'(®) me f(®)) : (24) 
By varying the action (24) with respect to ® yields f”(®)(® — Q) = 0. By varying 
the action (24) with respect to ® one gets f”(®)(® — Q) = 0. As f"($) Æ 0, 
the equation of motion gives Q = ® and we restore the original action. After 
identifications A(®) = f’(®) and 2V(®) = f’(®) ®— f (9) we get scalar-nonmetricity 
action without a kinetic term for the scalar field (i.e B(®) = 0). 


5. Summary 


Of the three alternative geometric reformulations of general relativity, the symmet- 
ric teleparallel gravity and its extensions have received the least attention so far. In 
our work we endeavor to explore the ground by considering a generic setting where 
a scalar field is nonminimally coupled to the nonmetricity scalar in the symmetric 
teleparallel framework. A lot of research waits ahead, most obviously constructing 
solutions and clarifying their features, but also understanding the relations between 
the theories established in different geometric settings. 
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This study highlights the dynamics of anisotropic universe in modified gravity. To meet 
this aim, locally rotationally symmetric Bianchi type J spacetime is studied in the metric 
theory of f(R) gravity. Anisotropic fluid is considered to study the exact solutions of 
modified field equations. In particular, a general solution metric is reported using the 
well-known power law f(R) gravity model. The graphical analysis of equation of state 
parameter is given which includes the corresponding values predicted for cosmic expan- 
sion. The energy conditions are also discussed for a range of specific model parameter. 
It is shown that anisotropic universe in modified gravity anticipate some interesting so- 
lutions and viable power law f(R) gravity models can be reconstructed using suitable 
values of model parameter. 


Keywords: Modified Gravity; f(R) Gravity; Expansion of Universe. 


1. Introduction 


Sufficient experimental evidence in the recent decade have unveiled a mysterious 
picture of accelerated expansion of universe!. It is also believed that universe 
is currently exhibiting a transient phase of cosmic expansion with w = —1 and 
ultimately it will collapse sometime in the future?. This interesting phenomenon 
of late time acceleration and dark energy is somehow justified by modification of 
gravity. The f(R) theory of gravity has been debated seriously with some fruitful 
results. Interesting reviews? may be helpful for a better comprehension of the 
theory. 

'The involvement of a general function of Ricci scalar in the theory predicts many 
solutions of modified field equations as compared to ordinary general relativity. 
However, one can also recover already known solutions. The simplest example is 
the existence of de Sitter solution when dealing with the vacuum case and power law 
f(R) gravity model?. Similarly, Einstein static universe does exist in f(R) theory 
with barotropic perfect fluid?. Thus investigating modified gravity, in particular, 
using power law model with anisotropic background seems interesting. In this study, 
locally rotationally symmetric (LRS) Bianchi type J spacetime is investigated by 
considering anisotropic fluid and power law f(R) gravity model. 


2. Field Equations in f(R) Gravity 
The f(R) gravity field equations are 


fr(R) Ru = 5 F(R) due = VaVvfr(R) + Juv fr(R) = KD ws (1) 
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where fg(R) is the derivative of f(R) with respect to R and the other notations 
have their usual meanings. Moreover, we consider LRS Bianchi type I spacetime 


ds? = dt? — X?(t)da? — Y? (t)[dy? + dz’), (2) 
and assume that the universe is filled with anisotropic fluid 
Ty’ = diag|p, —»z, —Py, —Pz]- (3) 
We further characterize the anisotropic fluid as 
TH = diag|1, —w, —(w + 9), —(w + 4) Ip, (4) 


where w and 6 are equation of state and skewness parameters respectively. Since 
f(R) gravity field equations are highly non-linear in nature, so we adopt a conven- 
tional physical assumption of proportionality of shear scalar and expansion scalar 
which gives 


X-Y*  scR. (5) 


Using, Eqs. (2), (4) and (5), the modified field equations simplify to 


(9+ 1)s5fa-b-Pint(st2ofe=no, (6) 


MEN f 2 
(GR a)r | I Y fn T f fm wp, (7) 


-(e op ets) HY fn- (5 Dsfn- fac (o ))o, (8) 


where Y = (s+ 3) +(s?+s8+ ji and the over dot is to denote time derivative. 


3. Dynamics of Anisotropic Universe with Power Law f (R) Model 


Now we consider the well known f(R) gravity model as 
J(R) =R", ¢, reR-{0} (9) 
Differentiating Eq. (9) with respect to R, it follows that 


fr(R) = S(r +1)R", (10) 


Without loss of any generality, we may choose ¢ = +> . This simplifies the work for 


further analysis. Since the field equations (6)-(8) are still complicated even with the 
choice of power law model. Thus, a power law form of metric coefficient is chosen 


Y(t) 2£&*7, €€R-—{O}. (11) 
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Using these settings, Eqs.(6)-(8) provide the corresponding expressions for energy 
density and pressure components 
—1 


p= Boc lr (ers + 2r?s? — 2s + 4rs + 8sr? + 


8r? + 6r — »( Z2). (12) 


2 3.2 2.2 
Dz = Bo IGT28 (2rs? — 2s + Ar?s? + 6r?^s? + Ars + 


2(2s +1) \” 
20sr? + 16r?s + 16r? + 16r? o( 2) | (13) 


—i1 
= —————————(2rs— 2 Ar? s? + Ar? ? + 16r°s + 
Dy xj rs S-rFár's^ + 4r T's 


2(2s +1) Y" 
18sr? + Ar + 16r? + 20r? — 1) — | = Pz. (14) 


Manipulating Eqs.(12)-(14), EoS and skewness parameters turn out to be 


Fig. 1. Behavior of equation of state and skewness parameters 


dr? 5? + 2s?r + 6r?s? — 25 + 20sr? + 16r?s + Asr + 16r? + 16r? — 1 
DR UM BRA ES ae ae eee 


. (5 
2r?s? + 2s?r + 8sr? + Asr — 284+ 8r? - 6r — 1 (1) 


u 2r(r + 1)(s + 2(s — 1) (16) 
/—.. 2r2s2 + 2s?r + 8sr2 + Asr — 28 + 82 - 6r — 17 


The behavior of these parameters is reflected in Fig. (1a) and (15) respectively. It is 
worthwhile to notice that many possibilities of equation of state parameter exist. For 


example, an interesting case arise when w = —1 describing cosmic expansion 78, 
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In this case, explicit solutions of Eq.(15) turn out to be 


pa Licstv3+ 6s 4 s” (17) 
a 2(s +2) ? 


and 


4r? — 3r +14 V//—5r2 — 4r +1 
= LLL, 18 
E 2r(r + 1) (18) 


So in the light of above constraints, one can choose suitable power law f (R) gravity 
model and the corresponding solution metric. In this case, a generic solution metric 
turns out to be 


2s 


ds? = di? — £19 dx? — etsi (dy? + dz?) (19) 


It is important to notice here that the anisotropy parameter involved in the above 
spacetime may also be used to reconstruct some well known solutions for physical 
relevance. For example, s — —1/2 gives the well known Kasner's universe and 
obviously this value corresponds to vacuum case (see Eqs.(12)-(14)). 


Fig. 2. Plots of NEC and WEC 


3.1. Power Law model and Energy Bounds 


The energy bounds have gained popularity in the modern day cosmology. It is 
important to mentation here that viability of cosmological models and some impor- 
tant theorems about black holes are associated with the energy bounds. The usual 
energy conditions namely null energy conditions (NEC), weak energy conditions 
(WEC), strong energy conditions (SEC) and dominant energy conditions (DEC) 
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are defined as 


NEC: p+pr>0, ptpy>0 
WEC: p20, p+pr 20, pt+py =O, 
SEC:  pct3p, 20, p+3py>0, pt+pr2=0, ptpy >= 0, 


DEC: p20, ptp,>0, pp, = 0. (20) 


The graphical behavior of these conditions is reflected in Figs. (2)-(4). It is men- 
tioned here that we have fixed « = 1 and the model parameter r = 1/3. Moreover, 
we choose the same range of anisotropy parameter s as in the case of EoS parameter 
plot (see Fig. (1)). Since these values corresponds to negative w, so it is already 
anticipated that most of the energy bounds will not be satisfied. In particular, Fig. 
(3) depicts that SEC is violated. It is interesting as this violation seems to support 
an accelerating universe. 


Fig. 3. Plots of SEC 


Fig. 4. Plots of DEC 
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4. Outlook 


In the present work, we study the dynamics of anisotropic universe in modified 
gravity. LRS Bianchi type I spacetime is investigated in the metric theory of f(R) 
gravity to meet this aim. Moreover, an anisotropic fluid is considered with devi- 
ation parameter to discuss the dynamics of modified field equations. A general 
solution metric is reported using the well-known power law f(R) gravity model. In 
particular, explicit equation for EoS parameter is reported in terms of anisotropy 
and f(R) model parameters. The graphical analysis of equation of state parameter 
is also given which includes w — —1 predicted for cosmic expansion. The energy 
conditions are also discussed for a range of specific model parameter. We have only 
discussed some limited choices and many other possibilities can also be explored. 
It is shown that anisotropic universe in modified gravity anticipate some interest- 
ing solutions and viable power law f(R) gravity models can be reconstructed using 
suitable values of model parameter. 
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We investigate the existence and stability of the Einstein universe in the context of 
f (R, T, Q) gravity, where Q = R,,T"". Considering linear homogeneous perturbations 
around scale factor and energy density, we formulate static as well as perturbed field 
equations. We parameterize the stability regions corresponding to conserved as well as 
non-conserved energy-momentum tensor using linear equation of state parameter for par- 
ticular models of this gravity. The graphical analysis concludes that for a suitable choice 
of parameters, the stable regions of the Einstein universe are obtained which indicate 
that the big-bang singularity can be avoided successfully by the emergent mechanism in 
non-minimal matter-curvature coupled gravity. 
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1. Introduction 


The strong non-minimal coupling between gravity and matter fields present in 
f(R,T,Q) gravity has gained much attention to study the issue of current accel- 
erated cosmic expansion!. Odintsov and Sáez-Gómes? explored matter instability, 
ACDM model and de Sitter solutions in this modified theory. Sharif and Zubair 
investigated the validity of thermodynamical laws? and derived the energy condi- 
tions for two different models of this gravity. The physical behavior of compact 
objects is also discussed in this gravity?. We have analyzed the dust spherical 
solution in the same gravity. 

The emergent universe scenario to resolve the issue of big-bang singularity is 
based on the stability of Einstein universe (EU) against all kinds of perturbations. 
In general relativity, the idea of this emergent universe is not proved successful 
due to unstable EU against homogenous perturbations". Seahra and Bóhmer? 
showed that stable EU solutions exist in f(R) models for perfect fluid with linear 
equation of state (EoS) and remain unstable against inhomogeneous perturbations. 
Shabani and Ziaie? discussed the stable solutions of EU in f(R, T) gravity which 
were unstable in f(R) gravity. Sharif and Ikram!? investigated the stability of 
EU against linear homogeneous perturbations in /(G, T) gravity and found stable 
solutions. 

'This paper explores the effects of strong non-minimal coupling on the stability 
of EU using homogeneous linear perturbations in f(R, T, Q) gravity. In the next 
section, we formulate the field equations of this theory and investigate the stability 
of EU for both conserved and non-conserved energy-momentum tensor (EMT). In 
the last section, we concluding our results. 
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2. Stability Analysis of Einstein Universe in f(R,T,Q) Gravity 


'The line element for closed FRW universe model is given by 


ds? = dt? — a? (t) (; 


1 : 
== dr? + r?° (d0? + sin? oad) (1) 
where a(t) represents the scale factor. The EMT for perfect fluid is 


d = (p s p)uyuuy — PIG, (2) 
where p, p and u, indicate energy density, pressure and four velocity, respectively. 
In closed FRW universe background, the field equations of f(R, T, Q) gravity cor- 
responding to Lm = —p are obtained as 
aa + à? + +) 1 


3 22Y — 1 2 
S14 @) = eet otor z Ins 


] 3 (447 — aà +2 3 
fim TQ 3704 ^73 (E) pig 


2 
x (8227) uo « oto - otal: (3) 


x 


a 
1 
fn pfo 


. be - 
| 2aà0, fn + aà?0u fn + 5 (4a? — aŭ + 2) pfo + 


—2aä — (1 + à?) = [vep - n Q) — 3(aà + à? +1)fr 


1 
5 (aa 


+ 2W?)ofq + 2d [p pfo] + Falo- Pa]. A 


where dot shows derivative with respect to time. The conservation equation is 


: — [3 A (aa — 4à?) (p + p) 


ade fo — 39 fr (B (p-- p) 
x fat e (5) 


We consider linear homogeneous perturbations to investigate the stability of EU 
in /(R, T, Q) gravity. For this purpose, we take a(t) = ao = constant for EU and 
the corresponding field equations (3) and (4) reduce to 


p+3t “(p +p) = 


aa — à 


— 3( 


3 1 5 f(Ho,To,Qo) , 3 3 

47 Terga ("P+ nte e SS ta tfo], O 
MM EM E m po 

a Em | Po zÍ (Ro, To, Qo) ad In + Seta + Pfa] , (7) 


where Ro = R(ag) = —4, To = po — 3po and Qo = 672. Here po and po denote 
0, 0 

the unperturbed energy density and pressure, respectively. In order to examine 

the stability regions, we consider linear EoS defined as p(t) = wp(t) (w is the EoS 
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parameter) and introduce the expressions for linear perturbations in scale factor 
and energy density depending only on time as follows 
a(t) = ao + aoóa(t), p(t) = po + podp(t), (8) 

where da(t) and dp(t) express the perturbed scale factor and energy density, re- 
spectively. We assume that f(R,T,Q) is analytic and by applying Taylor series 
expansion for three variables upto first order, this turns out to be 

f(R,T,Q) = f(Ro, To, Qo) + frdR+ fróT + fQdQ. (9) 
Using linear EoS, ôR, ôT and Q become 


ôR = -6(54 — 22%), ôT = Toópo, ÔQ = 3po|(w — 1)da 46a 256p. (10) 
ag ag ag 


Substituting Eqs.(6)-(10) into the field equations (3) and (4), we obtain the lin- 
earized perturbed equations as 


Gn + pofa)éa+ alpo[e? + (1+ u)fr + El- 32)fr - S fgjóp- 0, (11) 
0 
Afr + pofa)éti + (porfa — fn)ba+ polk?w — 5(1— 3w) fr — 5 falép 
0 0 
spell — w)foóp = 0. (12) 


2 
These express a direct relation between perturbed scale factor and energy density. 


2.1. Stability for conserved case 


The conservation law does not hold in f(R,T,Q) gravity but we assume that this 
law holds in this gravity for which the right hand side of Eq.(5) becomes zero and 
we obtain 


pfr = Ap + p)ðifr + 5 | (a — 48?) (p +p) — (aë — åP)p fo 


a 
+6(=)"(o + P)Otfa = 0. (13) 
From the standard conservation equation, we obtain the relation defined by óp(t) = 
—3(1+w)da(t). To construct the perturbed field equation in the form of perturbed 
scale factor, we eliminate 6p from Eqs.(11) and (12), obtain a2 from Eqs.(6) and (7) 
and then substitute the expression of p(t) in the resulting equation which yields 


2 3po(1 + w)(K? + fr) 1 
[aun M wpofa) lo {x T (1 +w)fr xx (nrc) fa T Pis = 3w) 


WwW k2 
x frj] + 6po(fn + pofo) (e = rs lo La — 3w fr }| ba 
1 
2 


2frtpol(3+w)fo\ S2 _ [300 +w)(K* + fr) 
+ mo (Fes) fa ee ree (nte ) fo a 


x 03/7) [3m — ea - 2 + pofa) | si =o. (4) 
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We consider a specific form of f(R,T,Q) gravity given by f(R,T,Q) = R+ 
f(T)+9(Q), where f(T) and g(Q) are the generic functions of T and Q, respectively. 
We assume that the conservation law holds for this model. Using this assumption 
along with a(t) = ao = constant, Eq.(13) leads to pf'(T) — 2(p + p)f"(T)T = 0, 
where prime shows derivative with respect to T. Consequently, using linear EoS 
(p — wp) and perturbation in energy density given in Eq.(8), the resulting second- 
order differential equation is obtained as wf’(T) — 2(1 + w)T' f"(T) = 0, whose 
solution is 


jr) = SEE eats 


where cı and c» are integration constants. 


+ ca, (15) 


It is mentioned here that the conservation law holds only for this unique ex- 
pression of f(T) in the proposed model. For the considered model, substitution of 
Eq.(15) into Eq.(14) leads to the following resulting differential equation 

[6{A1 + A23 + 2A2A4) — 3g (Q)(2A5 + A36 = A$A:)] óa — [(Ag + Ag) 
x g'(Q) + 2A3A;0]óà = 0, (16) 
where A;'s (i = 1,2,3,..., 10) are 


4 
Aj E (1+ 4w + 3w?), Az = por? (1 + w(10 + Tu) + 209 (1 + 3w + w?)), 


A3 = T (2po(1 + w)(1— 3u)) I *9 , A4 = pow (2 +w + po(1+w+w”)), 
As = pwk (1 4- 4w+3w?), Az = pe (aw? (1 + 3w) — 3(1 + 2w) + 39? (2 + w)), 
Ag = pêr’ (Bu(1 +w) --3(1— w*)), Ag = &? (2(3 +w) + po(1 — 4w + 3w?)) 
2 2 
A =9— w? + (9 — 13w Tw? — 3w), Aga +3 -w). 
2 As 
The solution of Eq.(16) is óa(t) = bre + b3e79*, where bı and bz are integration 
constants and €) represents the frequency of small perturbation which is of the form 
Q2 = 6(A1 + A2As + 2A3A4) — 39 (Q)(2A5 + A346 — ASA) 
(As + A9)g' (Q) + 243410 


(17) 


2.2. Stability for non-conserved case 


Here, we discuss the stability when EMT is not conserved. We consider another 
specific model f(R,T,Q) = aR + f(Q), where a is an arbitrary constant. For this 
model, the perturbed field equations (11) and (12) lead to 


Bla + mf'(Q)] oa + ads |x? ~ ŠPO 50=0. (18) 


ag 
1+ 3w? 


Se pit y) sà e = iws Q) — a da + poste? = (p = 0. 
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The differential equation in perturbed scale factor is obtained by eliminating dp and 
by substituting the value of ag of the form 


2K” po(1 +w) [a(1 + 3w) + 4vpof'(Q)] 9a — [407 + apo(3w? — 2w + 7) f'(Q)] 6à = 0, 


whose solution is da(t) = aye + age~®, where aj's (j = 1,2) are integration 


constants and frequency of small perturbation (Q) with £o = po f’(Q) is given by 


a? = 2&?po(1 +w) (a(l + 3w) + 4w£2) 


20 
da? + a(3w? — 2w + T)£2 0) 


For graphical analysis, we take &? = 1, po = 0.3 and g'(Q) = & as a new 
parameter. Fig. 1 shows the existence of stable EU for 2? corresponding to different 
values of c1. It is observed that the stable EU exists for all values of w > —1 and 
these regions are becoming more smooth with increasing value of c1. For negative 
values of c1, the stable modes exist in the range —1 < w < i and with decreasing 
value of cı, the graphs show more stable regions towards positive values of EoS 
parameter. Figure 2 indicates the stable EU for Q? and it is found that for a = 1, 
the stable regions appear only for negative values of w but for greater values of a, 
we obtain stable region also for positive values of w. The stable EU for negative 
values of a also exists and this stability increases with decreasing value of a. 


& 


Fig. 1. Plots of stable regions in (w,£1) space for Q? with c1 = 1 (cyan), c1 = 7 (yellow) for left 
plot, c1 = —1 (cyan) and cı = —7 (yellow) for right plot. 


3. Concluding Remarks 


'This paper studies the stability of EU with closed FRW universe model and per- 
fect fluid in f/(R, T, Q) gravity. We have formulated static and perturbed field 
equations using scalar homogeneous perturbations about energy density and scale 
factor. These equations are parameterized by linear EoS parameter. The second 
order perturbed differential equations are constructed whose solutions provide the 
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£ 


Fig. 2. Plots of stable regions in (w,€2) space for Q? with a = 1 (cyan), a = 7 (yellow) for right 
plot, a = —1 (cyan) and a = —7 (yellow) for left plot. 


existence and stability regions of EU for particular f(R,T,Q) models. We have 
analyzed both conserved as well as non-conserved EMT cases against perturbations 
scheme. We conclude that stable modes of EU exist against homogeneous scalar 
perturbations for all values of EoS parameter if the model constraints are chosen 
appropriately in this gravity. The stable EU against vector perturbations also exist 
because any initial vector perturbations remain frozen. It is worthwhile to mention 
here that the range of EoS parameter is greatly enhanced as compared to that of 
f(R) gravity and more stable regions are found as compared to f(R,T) theory due 
to the presence of generic function of Q. Like all other modified theories, our results 
also reduce to GR in the absence of dark source terms. 
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Collapsing and expanding solutions in f(R,T) gravity 
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We discuss anisotropic source describing the phenomena of collapse and expansion in the 
context of f(R, T) theory. For this purpose, we take an auxiliary solution of the Einstein 
field equations and evaluate expansion scalar whose negative values lead to collapse and 
positive values give expansion. For both cases, the behavior of density, pressures as 
well as anisotropic parameter is explored and the effects of model parameter on these 
quantities are examined. We also check the energy conditions for physical viability of 
these generating solutions. 


Keywords: f(R, T) gravity; Self-gravitating objects. 


1. Introduction 


The force of gravity is responsible for maintaining the structure of celestial bodies, 
restricting them in their respective tracks as well as controlling different astrophysi- 
cal phenomena. Stars are one of these heavenly objects that are in equilibrium state 
due to balance of inward gravity and outward thermal pressure. When this balance 
is disturbed, star first experiences expansion and becomes red giant or massive stars 
lead to red super giants. After this expansion phase, a supernova explosion occurs 
and star collapses resulting into compact objects like white dwarfs, neutron stars 
and black holes. Oppenheimer and Snyder! 
tational collapse of dust matter. Glass? investigated the collapsing and expanding 
solutions for a spherical system within the framework of general relativity (GR). 
Abbas explored these solutions for plane symmetric stellar structure?, spherical 
symmetric charged system? as well as cylindrical charged fluid configurations? in 
GR. These collapsing and expanding solutions are also generated in the background 
of f (R, T) gravity for a sphere in the absence? and presence of electromagnetic field. 

To discuss the mysteries of dark energy and dark matter, researchers proposed 
different extensions or alternatives to GR. Here, we consider the f(R,T) the- 
ory which couples curvature scalar and trace of energy momentum tensor. This 


are the pioneers to explore the gravi- 


manuscript generates the collapsing and expanding solutions for a plane symmetric 
anisotropic source in f(R, T) context. In next section, we define the basic equations 
for a plane symmetric stellar structure in f (R, T) theory and its subsections contain 
the generating solution for collapse as well as expansion. Finally, we summarize our 
results. 


2. Basic Equations in f(R, T) Theory 


We consider the following metric and energy-momentum tensor to describe the 
geometry and matter distribution inside the anisotropic plane symmetric source, 
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respectively 
ds? = —A? (t, z)dt? + B?(t, z)(dz? + dy”) + C^ (t, z)dz’, (1) 
Ty = (pP + P1) Vu Vy + p1gu» + (Pz — p1)XuXv, (2) 


where V,,, Xu, p, pz and p, denote the four velocity, unit four-vector, density as well 
as pressures in z and its perpendicular direction, respectively. Here, the four-vectors 
V,, and x, have the following expressions 


ye = (A, 0,0, 0), gK” = (0,0, ou y 
and — V'V,--—1, y "y, 1, Vy, 20. 


The f(R,T) gravity action 


S= | dfsv7s [IRT + Ln j (3) 


produces the following field equations 


1 
fRRw — zsm f t (gu ini VaVe) fR = 8nT,, — fr st Ov) + 87 Ew, (4) 


where fr and fr denote the derivatives of (E, T) with respect to R and T, respec- 
tively, while O,,, is defined as 


y pum Oa 
gi" , Ty, E guv Em m gg" 


Ou = g^ 


(5) 


We consider f(R,T) = R + 2AT suggested by Harko et al.’ to investigate how 
curvature-matter coupling effects the generating solutions for collapse and expan- 
sion. This f(R,T) model and Lm = —p yield the following field equations 


Gy, = (81 + 22)Tu, + 2Apguv + AT guv, (6) 


which produces the following set of equations 


2 12 " A AT 
-Ë ÀB A'B' p" CB BC P C 
BÆ PBP CAB PO OBA BO ABC? CAB 
AC Be 


PCB B ABC? = (87 + 4d) p1 T Ap + pz, (8) 


-2B | 2AB | A'B' B? " p? 
BA A3B ^ABC? Gg ^ gc? 


= (8r + 3A)pz + àp + 2Apı, (9) 


where an over dot and prime correspond to the derivative with respect to t and z, 
respectively. Simultaneous solution of field equations gives the following values of 
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density and pressures 

E CTUM |-Ac { (8x +5))(A2C?B? + A4B?) + \C4(B? + p" 

+ 2B [C* (AC — AC) - A2 Á'C' + A?CA"} + 2B { (87 3) 90? BÓ + AC? 

+ (AB — AB — A'B') + (8r + S LA? B'C' ACB") } + 2AB? [- AC? BO 

+ +03(AB — AB) — AB'C' + A?C(A'B' + AB")}] ; (10) 
A-3p-20-3 

8(2m + A)(4m + X) 

— 2\B4{C?(AC — AC) — A? AC! + A?C A") + 2B( - A49 C? BÓ + (87 + 32) 

x C*(AB — AB — A’B’) — AA? B'C' + AASCB" — 2AB* (AC? BC + C? 

x (AB — AB) — A3B'C' + A*C(A'B' + AB")))], (11) 
A-3B-?C-3 
BOr + X X) 

x B*(C*(ÀC — AC) — A? A'C' + ACA") — 2AB(A?C? BC + C9 (AB 
AB — A' B!) + A* B'C' — A*CB) + 2(4s + A)B* ( CAC? BC + C? (AB 
— AB) - 43 BC + A?C(A'B’ + AB")]. (12) 


Dz = [AC{—AA?C? B? + AA4B” — (81r Ce +B) 


p= [AC{—AA?C? È? + AtB’? + C4(B? + B^ + (4r +A) 


The pressure anisotropy is defined by the relation 
A — p, — pi. (13) 


'The expansion scalar is obtained as 


1/28 € 
= 14 
eec | p 3 , (14) 
and we consider an auxiliary solution of Eq.(8) as 
aB 
_ — p 
A= By? C= B’, (15) 


where y and a > 0 are arbitrary constants. The above solution leads to 
O = (244)B'77. (16) 


The positive values of © provide expansion and its negative values correspond to 
collapse. We discuss these cases in the following subsections. 


2.1. Generating solution for collapse 


For collapsing solution, we find the metric coefficient B using the Taub's mass? for 
plane symmetric configuration and then using the concept of trapped surfaces (that 
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whether the collapse lead to the formation of trapped surfaces or not). The mass 
function is evaluated as 
(gui)? 12 B 2 p^ 


For B’ = B”, it has been discussed that no trapping surfaces are found for a plane 
symmetric object experiencing collapse?. Hence we have 


Beot = [0 — 2y)z + g(] 75, (18) 


with g(t) an integration function. This expression of Beo; in turn yields the following 
values of A and C (we take a = 1) 
g(t) ae 
Aco = 1-2 trm, 1 
= a - fato (19) 
Coot = [(1 = 2y)2  g(] P. (20) 


The corresponding values of density and pressures are obtained by substituting this 
solution in Eqs.(10)-(12). For graphical analysis, we chose g(t) = t and the analysis 
is summarized in Table 1. The graphs of p and p,, for different values of A are 


shown in Figure 1. For collapse solution, there is no change in different parameters 
with respect to time. 


Table 1: Change in parameters with respect to r, t and A for the collapsing solution. 


Parameter As z increases As A increases 
positively decreases | positively decreases 
positively decreases | positively increases 


negatively increases | negatively increases 
| A . [| positively decreases | positively decreases 


2.2. Generating solution for expansion 


In order to generate a solution for an expanding plane symmetric configuration, 
we need the value of B that leads to expansion. We assume that it is a sum of 
temporal and radial components and choose the values of free parameters such that 
O remains positive for these values. Thus we have the following expanding solution 
a 
Asn = ———, 
CPC (r4) 
After replacing these values in Eqs.(10)-(12), we find the expressions of density and 
pressures. The plots of p and p; are given in Figure 2 as well as the graphical analysis 


Bay =QA(r +t), Cesp =a(r +t)’. (21) 


is summarized in Table 2. For the expanding solution, the physical parameters also 
vary with varying time. 
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Fig. 1. Plots of p and pz versus r and t for y = —5, a = 1, A = 0.3 (pink), A = 0.6 (blue), A = 0.9 
(purple). 


Fig. 2. Plots of p and pz versus r and t for y = 0.08, a = 1, A = 0.01 (pink), A = 0.02 (blue), 
A = 0.03 (purple). 


Table 2: Change in parameters with respect to r, t and A for the expanding solution. 


positively decreases | positively decreases | positively decreases 


positively decreases | positively decreases | positively decreases 
negatively decreases | negatively increases | negatively increases 
| A . [| positively decreases | positively decreases | positively decreases 


3. Summary 


'The expanding universe can affect different phenomena happening in the universe 
one of which is the life of a star. In this paper, we investigate the generating 
solutions for collapsing and expanding phases during stellar evolution and consider 
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an anisotropic plane symmetric source in the context of f(R,T) theory. Firstly, we 
assume a solution in the form of metric coefficient B and then find it to generate a 
solution for collapse and expansion. We also investigate the role of model parameter 
À on different quantities. It is found that the energy conditions are satisfied in both 
solutions for chosen values of parameters implying the validity of solutions. 
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In this work we reformulate classical and quantum cosmology in terms of a tomographic 
description. This approach enables us to describe the quantum and classical states of the 
universe in the same way and allows us to examine some aspects of the transition from 
the initial quantum stage to the next classical one, which are not evident in the other 
formulations of quantum cosmology. For reasons of simplicity and because they allow us 
to very effectively illustrate some aspects of the quantum-classical transition, we have 
considered the Hartle-Hawking model for a de Sitter universe and the corresponding 
classical model. The analysis obtained can also be extended to the tunneling from 
nothing of Vilenkin-LInde, provided that some restrictions are made in the models. We 
demonstrate that the Hartle-Hawking model does not have a classic limit. 


Keywords: Quantum cosmology; Quantum tomography. 


1. Introduction. Tomography was originally introduced for clinical purposes 
as an imaging technique to create three-dimensional images of the interior of the 
human body from two-dimensional sections obtained by X-rays. Its application was 
subsequently extended to many other fields of scientific research. In particular the 
same principles were applied to quantum tomography in order to reconstruct the 
state of a quantum system. In fact the tomographic analysis of a system either 
in quantum optics as in quantum mechanics was used to reconstruct the Wigner 
function, which is a distribution function on the phase space. Similarly, a classical 
probability function in the phase space can be obtained through a tomographic 
analysis." ? This shows that classical and quantum states can both be described by 
a tomographic approach. This motivates the extension of the tomographic approach 
to quantum cosmology. 

Introduction of quantum cosmology (see e.g.[3][4]) is motivated by the necessity 
to address the conceptual problems introduced by the prediction in classical general 
relativity of an initial singularity which is unacceptable from a physical point of view 
because the knowledge of an initial state enables us to predict the future evolution 
of a classical system, otherwise we can establish the probabilities of the evolution of 
a quantum system. With quantum cosmology we substitute this indefinite classical 
state with a quantum state. This is a plausible working hypothesis because distance 
scales are extremely small and the energy densities are extremely high at times close 
to the initial singularity. But the theoretical approach to quantum cosmology is 
quite different from that of ordinary quantum systems, because for the latter the 
initial conditions are imposed with respect to an external environment that does 
not exist in cosmology and they can be varied at will, while in cosmology the initial 
conditions become a physical law to all effects, because in this context we are con- 
sidering just one and only one “experiment”. Quantum cosmology is formulated as 
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the restriction of quantum gravity to homogeneous space-times; with this restric- 
tion a theory very close to quantum mechanics emerges, where the Wheeler-de Witt 
equation takes the place of the Schrödinger equation. 

The importance of applying quantum tomography to quantum cosmology is 
that through the tomographic representation both classical and quantum states 
can be represented in the same way allowing us to compare them and eventually to 
study the quantum-classical transition for a system like the universe. In this paper 
we determine the tomogram? of the Hartle-Hawking initial state and compare its 
classical limit with the classical tomogram. 

2. Tomograms In quantum mechanics where, due to the uncertainty principle, 
the state of a system is specified in terms of probability distributions by introducing 
a wave function or the density matrix. A quantum state can be also represented 
in the phase space, in analogy with classical mechanics, by the Wigner function? 
defined by the non linear transform of the wave function v(x), 


1 up 
Weep) = fe(e+t) wy («- 5) e "^ du. (1) 
and if non pure states are considered, its definition can be extended to any matrix 
density by 
1 u UN qur 
Wier) = z- f o(z 52- 5)* ^ du. (2) 
'The Wigner function has to satisfy the normalization condition, 
[Wapu dp — 1. (3) 


Similarly in quantum cosmology alongside the concepts of wave function and density 
matrix the Wigner function was introduced with the purpose to better understand 
the problem of the classical transition of a quantum universe.” ? Unfortunately, 
these representations can hardly be related directly to the observational data. 
Recently the notion of standard positive probability distribution function (to- 
mogram) was introduced in cosmology to describe the quantum state of universe 
as an alternative to wave function or to density matrix.” 9 The tomogram can be 


defined as the modified Radon transform, of the Wigner function 
dad 
Wt u v) = [Wis (X — uz — vp) E (4) 


It depends on the random variable X given by the linear combination of position 


and momentum: 
X = uz t vp (5) 


where u = scos@ and v = s^! sinÓ parameterize the rotation and squeezing of the 
reference frames of the phase space through a set of linear canonical transformations. 
So, we say that the quantum state is given if the position probability distribution 
W(X, u,v) in an ensemble of rotated and squeezed reference frames in the classical 
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phase space is given. From Eqs. (1) and (4) it follows that we can derive the 
tomogram from the wave function v(r) which is 


"uA - {B E. 
W(X, a0) = zzii "no | (£ ie) dy 


Finally when u = 0 and v = 1 the tomographic amplitude reduces to a Fourier 
transform from x to X = p, and is proportional to the density |v(p)|? 
representation. 

The symplectic tomogram W(X, u,v) has the following properties of a) non 
negativity, i.e. W(X, p, v) > 0 and b) normalization f W(X, u,v)dX = 1. , which 
characterizes it as a marginal probability function. For more details see e.g. ref. 
[5]. 

3. Classical symplectic tomography The definition of tomogram (4) can be 
extended to any distribution on the phase space. Therefore we apply this definition 
to a classical distribution f(q, p), for instance a solution of the Boltzmann equation, 


2 


(6) 


in the p 


W (X, u,v) = [flea — ux — vp)dxdp. (7) 


If the classical probability distribution f(q,p) is normalized also the tomogram is 
normalized and satisfies the following conditions, 


[vr wrjax = (8) 
The (initial) state of a simple particle is described the distribution function 
f(a, p) = (x — zo)ó(p — po) (9) 
we obtain by eq. (7) the tomogram of a free particle 
W(X, p, v) = ó(X — uzo — vpo) (10) 
where for a moving particle the time dependent with distribution function 
f (a, p, t) = (x — a(t))d(p — p(t)) (11) 
the corresponding tomogram is 
W(X, u,v) = (X — ua (t) — vp(£) . (12) 


3. The de Sitter model in General Relativity. Let us determine the tomogram 
that describes the classical state of the de Sitter universe where the cosmological 
constant is responsible for the universe expansion even in the absence of material 
fields. We consider a closed homogeneous and isotropic model with a cosmological 
constant A. Using the notations of [7] [8], it is described by the metric 


ds? = 2 [- N?(t)d£? + a?(t)dQ3] (13) 
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where a(t) is the expansion factor of the universe, dO2 is the metric of the unit 
three-sphere N(t) is the lapse function, lp = 2/3£,, with lp the Planck length. 
Introducing the phase space variable q — a? and Hamiltonian 


1 
H= 5 (—4p + Aq — 1) (14) 


where A is the cosmological constant in Planck units. The constraint H = 0 implies 
that position and momentum are not independent. It corresponds to a trajectory 
on the phase space. At any fixed time the distribution on the phase space reduces 
to just one point of this trajectory. Therefore the distribution function is the Dirac 
delta of the constraint, 


f (a.p) = 9 (-4p? + Aq — 1) (15) 
From Eqs. (7) and (15), the classical tomogram is 


W (X,u,v) (16) 


E vy? | AX 
Wl) [oe ae 
As the function in Eq. (16 Jis not integrable on —oo to +00, we cannot normalize 
the tomogram on this interval. The tomogram is a probability function and it has 


to satisfy the normalization condition. Therefore we impose that function (16) is 


different from zero only on the interval C = E (1 — A J: Au + E ‘(1 — A Jl 
Finally we see that if the cosmological constant is of the order P magnitude 
of 10777?, which is in Planck units the value nowadays accepted, the interval C 
becomes very narrow. in other words the very high degree of homogeneity of the 
classical (de Sitter) universe is a consequence of the extreme smallness of the cos- 
mological constant. 

4. The de Sitter quantum cosmological models. In quantum cosmology the 


Hamiltonian constraint becomes an equation, in the de Sitter it is!? 


(ue TAÀq-— 1) w(q) =0. (17) 


Equation (17) becomes the Airy equation! 14 


All the solutions of the Airy equation are linear combinations of Ai(a) and Bi(z). 
The most interesting are those which can be evolved to a classical universe with 
the properties actually observed in the present time. In this work we recall the 
Hartle and Hawking proposal,!! we mention that there are also the models related 
to the “no-boundary condition" and the Vilenkin-Linde “tunneling of the universe 
from nothing beginning ".!? The wave functions corresponding to all these initial 
conditions in a de Sitter (quantum) universe were derived originally by Halliwell 
and Louko!? . This models where analyzed in!? and extend the discussion of these 
models to the Wigner functions, see” 8 . Here we will consider just the Hartle and 
Hawking wave function, 


1—A 
Ung = AAi Caes] ; (18) 
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because only with this wave function we can express the corresponding s tomogram 
in an analytic form allowing us to compare it with the classical tomogram (16). 
To derive the tomogram the Hartle-Hawking tomogram we insert the wave func- 


tion (18) in (6) and obtain 
7 "m 1 i AX dv? 
dub | NR) po 6g 


2 
Then we calculate its classical limit by taking the limit h — 0; indeed we consider 
the limit (25A)?/? — 0 by keeping A fixed, as (2h\)?/° approaches zero the argument 


goes to infinite and using the Airy function can be substituted by its asymptotic 
13, 14 


2 


W(X, u, v) (19) 


expressions ,in particular we notice that the argument of the Airy function in 


(18) is the negative of the argument of (16), so we are interested in 


A? (2hA)4/3 2 us S 
W(X, u,v) avi SnAg in xx. aa X |COS (Fs a z) (20) 
1- e 
(21) 


when its argument is negative.!® 14 When its argument is positive the asymptotic 
expression of (19) vanishes in this limit giving no contribution to the tomogram. 

'The normalization constant A is fixed by imposing that the quantum and clas- 
sical tomograms have the same coefficient, so A = m 

We notice that the one over square root factor of (20) coincides with the clas- 
sical tomogram, but the square modulus of the cosine does not converge when its 
argument goes to infinity. We conclude that the Hartle and Hawking model does 
not have a classical limit. Similarly we cannot find a classical limit for the Vilenkin- 
Linde solutions because these functions are not integrable on the real line, so that 
we cannot obtain a tomogram at least we do not try to modify them in some way. 
Finally we notice that the classical limit of the tomogram, whose expression inci- 
dentally is similar to Vilenkin's wave function, 


A li 1 \X dV? 
acc eee a ae 22 
mila [t Cos 7 5 ES) (22) 
2 


+iBi l i= vv 
(2hA)2/3 p — 16,42 


coincides with (16) therefore It represents a quantum universe that converges to the 
classical de Sitter universe. 


W(X, p, v) = 


(23) 
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In our contribution we present spherically symmetric solutions in four dimensions to 
the Einstein- Weyl (and also general quadratic) gravity admitting arbitrary value of the 
cosmological constant. The main attention is paid to the black hole spacetimes represent- 
ing one parameter extension of the well-known Schwarzschild-(anti-)de Sitter geometry of 
Einstein's general relativity. This additional parameter corresponds to the non-vanishing 
value of the Bach tensor at the black hole horizon. Our work thus generalises recent pa- 
per by Lü et al. (Phys. Rev. Lett. 114 (2015) 171) to any value of the cosmological 
constant. Moreover, using more convenient metric ansatz, the field equations form an 
autonomous system and their solution is explicitly obtained in an exact form of power 
series. The physical interpretation of these geometries is also discussed, namely we inves- 
tigate specific tidal effects on free test particles or their basic thermodynamic properties. 


Keywords: Einstein- Weyl theory; Quadratic gravity; Black holes; Bach tensor. 


1. Introduction 


Black holes represent one of the most important theoretical predictions of 
the Einstein general relativity. Almost immediately after its formulation Karl 
Schwarzschild! found a static spherically symmetric solution to the field equa- 
tions. However, its ‘black-hole nature’ was understood many years later. In our 
contribution, we are interested in the extension of such a fundamental solution in 
the framework of the so called quadratic gravity?? (including the Einstein-Weyl 
theory). This paper is based on our recent letters^?, where the main aim was to 
simplify the field equations, to find their explicit solution in a closed form, and to 
admit any value of the cosmological constant. 

'The most general four-dimensional quadratic gravity in vacuum can be intro- 
duced via the Einstein-Hilbert action containing the Ricci scalar R, the cosmological 
constant A, and a contraction of the Weyl tensor Cabcd, 


S= | ate v-a(s(n- 28) 818 — a Canea C) ; (1) 
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where a, 8, and y = GT! are constants. Here we employ a natural simplifying 
assumption of the constant scalar curvature, namely 


R = const., => R=4A, (2) 
under which the field equations become 
a 
Rav — A gab = 4k Bay, ith k = ——, 3 
E doo 3 88A 3) 


where Bay = (vev? + sR“) Cacba is the traceless, symmetric and con- 
served Bach tensor (g^ Bay = 0, Bay = Boa, Ba? = 0). 


2. The spacetime geometry 


A spherically symmetric spacetime is usually presented as 


-2 
ds? = —h(r) dt? + "i + f? (d0? + sin? 0d9?). (4) 
r 
In Refs. 4,5 it was shown that its more suitable form for analysing the quadratic 
gravity field equation is 


ds? = Q? (r) [ d? + sin? 0 do? — 2 du dr + H(r) du? ] , (5) 
which is related to the classic form (4) by the transformation 
F=9(r),  t-u-f(r) dr, (6) 
and 
Qn? 
Mn--mw. ir) =-(F) ow. (7) 


with prime denoting the derivative with respect to the coordinate r. The metric (5) 
is conformal to a direct-product Kundt ‘seed’ of the algebraic type D, see Refs. 
6-8. The Killing horizons corresponding to à, = ô; are located at r, introduced 
via condition 


|... =0- (8) 

The geometries (5) can be characterized using the scalar curvature invariants, 
Casca CP = 4.074 (H" +2), (9) 
Ba BY = 4; 07 [(B1)? + 2(Bi + Bo)? ], (10) 


where we have introduced two independent Bach components, namely 


Bı =HH", — Sus iq". (11) 


Obviously, B4 = 0 = By & Bab —0 & By B® = 0 and thus we may invariantly 
distinguish two geometrically different classes of solutions corresponding to Bay = 0 
and Bab # 0, respectively. 
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3. The quadratic gravity field equations 


Using the ansatz (5) together with the conformal behaviour of the Bach tensor 
(Bay = Q7? BS) and the contracted Bianchi identities, we obtain the field equa- 
tions (3) in the form of two simple ODEs for the functions Q(r) and H(r), namely 


Q0" — 207 = eB HO, (12) 
QQ2/ + 30731 +0? — AQ* = Ik Bo. (13) 

Moreover, the trace of (3), i.e., R = 4A, becomes 
HO" + H'O +EH” -2)0 = AQ. (14) 


These equations do not explicitly depend on the variable r (an autonomous system) 
and their solutions can be found as power series around any point ro, 


D(r)eA* ah, ASL N AT. (15) 
i—0 i—0 


with A =r — ro, and n, p € R. 


3.1. Vanishing Bach tensor 


In fact, for Bay = 0 Bı = 0 = Bs Finstein's theory is restored, and using the 
gauge freedom r > Ar +v, u — A^ lu of the metric (5), field equations (12) and 
(13) yield the classic solution 


1 A 
Q(r) =F=—-, H(r) = 3-1 —2mr"*. (16) 
r 
Employing the explicit relations (7) it is straightforward to show that these functions 
really represent the Schwarzschild-(anti-)de Sitter spacetime®” 


f-hz-1-2mr !-iAr?in the metric (4). 


corresponding to 


3.2. Non-vanishing Bach tensor 


A generic case Bab Æ 0 leads to the non-trivially coupled system of the field equa- 
tions (12), (13) which solutions can be found in the form (15). Analysing dominant 
powers of A in the equations we may immediately restrict the admitted values of 
parameters |n, p] and the cosmological constant A, see Tab. 1. The most interesting 
black hole case [n, p] = [0, 1] will be discussed in the following section. 


Table 1. The only allowed values of |n, p] and A in (15), which are 
restricted by dominant powers of A in (12), (13), and (14). 


n 0 0 1 —1 —1 0 0 <0 
p 1 0 0 2 0 2 >2 2n +2 
2 
A any any any 0 0 0 -— ———— -— 
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4. Explicit black hole solution expanded around horizon 


In the case [0, 1], the single root of H given by ro = rp, represents the non-degenerate 
Killing horizon, see equation (8). Subsequently, the field equations (12), (13), to- 
gether with the trace (14), specifically restrict the coefficients in (15) with free 
parameters ao, Co, Ci. 

To obtain physical meaning of these free parameters we identify the 
Schwarzschild-(anti-)de Sitter ‘background’ spacetime (16). We bogin with eval- 
uation the Bach tensor (11) on the horizon, i.e. » Bı(ra) = = 0, Ba(rn) = —žaĝ b. Here 
we have introduced the dimensionless parameter b = z(e — 2 + Aa?). Surprisingly, 
setting b — 0 makes the Bach tensor vanishes mem and effectively leads to 
the Einstein case, where using the gauge freedom we may set 


1 A 

aj = ——, Co = fh — —, (17) 
Th Th 

and sum up the series to obtain exactly the Schwarzschild-(anti-)de Sitter black hole 
spacetime (16) with the identification $ — r? = 2m r$. 


In the generic case b Æ 0, we separate the ‘Bach contribution’ proportional to 
the parameter b in the original coefficients a;, c; of (15) by introducing their parts 
Qi, Ji (and factorizing some constants). With the ‘background’ gauge choice (17), 
we get a one-parameter extension of the Schwarzschild-(A)dS spacetime, 


1 ba Th — TA 
Mr) =-=-— Sra (4—) (18) 
T Th i=l PTh 
Hír) = re OA 2) 4 3p < T — TRY 19 
(r) = (r— ra) mou Torr r$) + pra Da prn , ( ) 
where 
A 1 1 1 
pel a=1, y= l; a= 3 [4— m x). (20) 


and ay, yi+1 for l > 2 are (with ap = 0) given by 


1 si 
[o7 = x[-5 23 Qq—1— jø + (o zm I+ bay j= j) (ou p7 ! taj- ilo + ba;))] 
j=0 i=0 


"e l-1} + y_-1[§ + (1+ p)(I 1-1) i)] 
EE s (p 5 + bos) (IL — 4) + BG + 1)]. (21) 
zi I-1 l l 
Ta es eRe eee asus cus 


(22) 


This solution represents a three-parameter family of spherically symmetric static 
Schwarzschild-Bach-(anti-)de Sitter black holes in the quadratic gravity, where 
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e the vaule r = rj, corresponds to the Killing horizon since H(r;,) = 0, 

e the parameter A representing the cosmological constant can be set to zero 
which recovers the results of Ref. 4, 

e the parameter b determines contribution of the non-trivial Bach tensor. 


These physical parameters determine the scalar invariants (9), (10) on the horizon, 


4 
Cavea C24 (rp) = 12 ((1--0)2 - 4A, — Bay B® (rn) = s p. (23) 
To examine convergence of the series in (18), (19) we use the d'Alembert ratio 
test. With n growing, the ratio between two subsequent terms approaches a specific 
constant and the series asymptotically behave as geometric series, see Fig. 1. The 
metric function H(r) outside the black-hole horizon is plotted in Fig. 2. We may 
observe a qualitative difference between A « 0 and A > 0, respectively, correspond- 
ing to the presence of an outer boundary of the static region (r > rp) for A > 0. 


Fig. 1. The ratio convergence test for solutions (18), (19), here given by rp = —1, k = 0.5 with 
b = 0.2, A = —2 (top) and b = 0.3, A = 0.2 (bottom). 


0.2 


-02 


-0.4 


-0.6 


Fig. 2. Two plots of the metric function H(r) given by (19) with the same parameters as in Fig. 1. 
Vertical dashed lines indicate the radii of the convergence. For positive A the function H(r) seems 
to have another root corresponding to the cosmological horizon. First 50 (red), 100 (orange), 200 
(green), 300 (blue) terms in the expansions are visualized. 
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5. Physical properties 


Interestingly, for the solutions introduced above the two independent parts (11) 
of the Bach tensor 51,2 can be observed via a specific relative motion of free 
test particles described by the equation of geodesic deviation. Technical detail and 
explicit expressions can be found in Refs. 4,5. 

Finally, let us mention the expression for the black hole entropy which also 
contain the remnant of the Bach tensor. Applying the generalized definition of 
entropy? we obtain 

S = 1A (1-- $kA — 4kr; b) = LA (1+ kA — Akr, ? b), (24) 
where A = 4v r; ? = An T? is the horizon area. More detailed discussion as well as 


other thermodynamic quantities are presented in our original letters. ^? 
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The f(R, T) gravity theory was proposed as an extension of the f(R) theories, for which 
besides geometrical correction terms, proportional to the Ricci scalar R, one has also 
material correction terms, proportional to the trace of the energy-momentum tensor T. 
Those material extra terms prevent the energy-momentum tensor of the theory to be 
conserved. On the other hand, in the context of noncommutative quantum mechanics, 
the presence of compact dimensions whose coordinates do not commute with time imply 
that time evolution is discretized, a feature which induces violations of energy conserva- 
tion. In the present work we propose a connection between these two effects, so that the 
energy nonconservation observed in the 4-dimensional f (R, T) gravity can be understood 
as a macroscopic effect of nonconservative quantum transitions involving the compact 
extra dimension. It turns out that the energy flows between the ordinary (commutative) 
4-dimensional spacetime and the compact extra dimension. 


Keywords: Modified gravity; f(R, T) gravity; noncommutative quantum mechanics; dis- 
crete time; violation of energy conservation. 


1. Introduction 


The f(R,T) gravity! is a generalization of the f(R) theories. Its gravitational 
action depends on an arbitrary function of both the Ricci scalar R and the trace of 
the energy-momentum tensor T. The dependence on T was inspired initially by the 
consideration of existence of exotic imperfect fluids and quantum effects, the later 
sometimes associated with conformal anomaly ??. 
The f(R,T) action reads! 
fT) 


S= ] 4s EM 4 Ln . (1) 


In (1), f(R, T) is the general function of R and T, £m is the matter Lagrangian 
and g is the determinant of the metric tensor gy. 
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Field equations of f(R,T) gravity present extra terms, and due to those new 
terms the covariant derivative of the energy-momentum tensor is shown to be non- 
null, that is, 


1 
VET iy =F |(Cmgu» — Tav) V“ In fr(R, T) + V" (c. — zT) | ; (2) 
where we introduce the notation 
= fr (R, T) 
8m + fr(R, T) 


and fr(R,T) = Of(R, T)/OT. 

Considering the energy-momentum tensor Ty to describe a perfect fluid we can 
assume the matter Lagrangian to be Lm = p. 

In General Relativity the energy-momentum tensor is covariantly conserved, 
so that a flat space-time background leads to well-defined energy and momentum 
conservation laws, in particular described by the continuity and Navier-Stokes equa- 
tions. Therefore, we consider the Minkowski metric as the background space-time 
metric, such that V,,T"" = O,T"". Then, from the covariant derivative of the 
energy-momentum tensor (2), for v = 0, one can obtain the modified continuity 


equation? 


Op x fr 1 0p EET 
ET Vj = Br fr |2 ot V (In fr)| , (3) 


where p is the energy density of the system and j represents the energy current 
density. 

From (3), for fr = 0, the standard continuity equation is recovered. It is worth 
to note that equation (3) implies that in f (R, T) gravity the energy conservation law 
is not respected, even in a flat spacetime background. This fact can be interpreted 
as energy flux that is ejected (injected) from (in) the system (see Ref.* for a detailed 
account). The loss or gain of energy will depend on the function fr(R,T). 


2. Noncommutative quantum theory 
2.1. The algebra of noncommutative spacetime 


The canonical D-dimensional noncommutative spacetime is defined by replacing the 


coordinates x; by Hermitian operators $; which obey the commutation relations 9 


[2;, £5] = i051, (4) 


where 0;; are the components of an antisymmetric D x D constant tensor and 1 is 
the unity element of the spacetime noncommutative algebra?. The components of 0 
determine the spacetime discretization, in the same manner as the Planck constant h 
discretizes the phase space in quantum mechanics. The geometric notion of point is 
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no longer meaningful, because the coordinates cannot be simultaneously measured, 
leading to a spacetime uncertainty relation, 


It was argued’ that one can reach a lower bound limit on the measurements 
of lengths, Armin = lp. In the low-energy limit, lp — 0, one recovers the usual 
classical spacetime with commutative coordinates. 


2.1.1. The noncommutative plane 


In the special case of D = 2, one obtains the noncommutative plane, also called 
Moyal plane®, obeying the commutation relation (i, 7 € {0, 1}) 


[2;, £5] = i0ei;, (6) 


where ej; is the 2-dimensional Levi-Civita pseudo-tensor and 0 > 0. Equation (6) 
leads to the Heisenberg-like uncertainty relation 


2.1.2. Noncommutative cylinder 


Another noncommutative spacetime of interest is the noncommutative cylinder, 
which can be seen as resulting from the compactification of the spatial coordinate 
of the Moyal plane. As a consequence, the time evolution gets quantized, as shown 
in Ref.?. 

The classical (commutative) cylinder is topologically equivalent to IR x S', where 
S! is a circle. In the present work we consider the compact dimension as a hidden 
warped space-like extra dimension, analogously to the Kaluza-Klein theory, but with 
the hidden dimension replaced by a noncommutative circle. Quantum Mechanics 
in the noncommutative cylinder was considered in Ref. !?, where it was shown that 
energy is no longer conserved in scattering processes. 

Taking into account the extra dimension (from now on denoted by 24) together 
with the commutative coordinates, r1, £2 and 73, we consider a Hamiltonian of the 
form A total = [CON 23,23) + Hlextra(£a), so that the physical states can be 
expressed as 


Vota (20, 21,22, 23, $4) = V (11,22, 23) V ($0, 24). (8) 

As a consequence of the topology of the extra dimension, the functions (£o, $4) 

are periodic in 24. The spatial period is given by 27r, where r is the circle radius. 

It follows that i = «(29,€/7*). In general the states can be expressed as linear 
combinations of the form 


ý = 5 gue. (9) 


Tn-—-—oo 
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and one can consider that the algebra of the noncommutative cylinder is generated 
by ĉo and e^. From (6) we obtain the commutation relation 
[o,e"* ]=——e'™, (10) 


and using the Baker-Campbell-Hausdorff formula !! one can show that 


i24 42 PLI $4 


9-20 — gi G Pete, (11) 


Therefore, the operator ei? 2o commutes with all elements of the algebra of the 
noncommutative cylinder. According to the Schur's lemma, its action on the 
quantum states is given by e’?1, where the phase et? classifies the possible irre- 
ducible representations of the noncommutative cylinder algebra. In what follows 
we choose y = 0, so that ei êo = 1. 
Now, from the eigenvalue equation ĉo xo) = xo |xo) we get 
et 8 Fo |zo) = ei 8 o [29) . (12) 
dns g i2-c | ] 

Since e/?$^?o = 1, one obtains e^ 7 = 1, which leads to LÀ = 2mn and zo = n£, 


with n € Z. Hence, the spectrum of ĉo is 
2 0 : 
spec ĉo = 4 n-, with neEN>. (13) 
P 


The values of the time variable correspond to the spectrum of $9, i.e., time is 
discretized, with a minimum interval 2 + 0 and generic time interval At = n, with 
neN. 

According to?4?, time discretization implies that time evolution is given by 
integral powers of the minimum time evolution operator U (2), that is, 


U (£) =e inii, (14) 


r 


Equation (14) indicates that the time evolution allows quantum transitions from 
eigenstates of initial energy E; to any final energy of the form E; = Ei + um, 
thus leading to the possibility of energy nonconservation. 

In Ref.? it was shown that the energy nonconservation should occur in scattering 
and decay processes. Here we argue that this phenomenon can be verified in f (R, T) 
gravity, considered as an effective theory defined on a 4-dimensional sub-space of 
a 5-dimensional space-time, where the time coordinate does not commute with the 
compactified extra coordinate. The main effect of the nonconservative quantum 
transitions is an energy flow between the extra dimension S! and the usual 4- 
dimensional spacetime. This macroscopic effect is captured by (3), where the extra 
terms in the continuity equation leads to energy nonconservation. In Ref.* this link 
between noncommutative quantum mechanics and the nonconservation of energy of 
f (R, T) gravity is explained in detail. 
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3. Conclusions 


Energy and momentum conservation laws are well-stablished in flat spacetime back- 
grounds, in the context of General Relativity. By its turn, f(R, T) gravity does not 
present this characteristic. Since the energy-momentum tensor is not covariantly 
conserved, it follows that the field equations lead to extra terms in the continuity 
equation, even in a flat spacetime background, thus showing that the energy is not 
conserved. 

Within the context of noncommutative theory we can also have energy noncon- 
servation due to the time discretization induced by the presence of a noncommuta- 
tive compact extra dimension. 

We argue that the energy nonconservation in a 4-dimensional f (R,T) theory can 
be understood as an effect of quantum transitions in a larger spacetime containing 
a fifth compact dimension which does not commute with the time operator. As a 
consequence, there is a flow of energy between the usual spacetime and this extra 
dimension. Even though the conservation laws are preserved in this larger scenario, 
in the 4-dimensional effective theory energy is no longer conserved. 
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We present the effect of the quantum corrections on the Szekeres spacetime, a system 
important for the study of the inhomogeneities of the pre-inflationary era of the uni- 
verse. The study is performed in the context of canonical quantisation in the presence 
of symmetries. We construct an effective classical Lagrangian and impose the quantum 
version of its classical integrals of motion on the wave function. The interpretational 
scheme of the quantum solution is that of Bohmian mechanics, in which one can avoid 
the unitarity problem of quantum cosmology. We discuss our results in this context. 


Keywords: Szekeres system; Silent universe; Quantisation; Semiclassical approach 


1. Introduction 


We focus on the quantisation of the Szekeres spacetime metric with the aim to 
study the effect of possible quantum corrections in the dynamics. This metric has 
the form! 


ds? = —df? + ee dr? + e?P (dy? + dz?) (1) 


where a = a (t,r,y,z) and 8 = 8 (t,r,y, z) and represents an irrotational perfect 
fluid with vanishing pressure and magnetic Weyl tensor, p = way = Hap = 0. The 
interest in the silent universe lies on the fact that it can be seen as inhomogeneous 
solutions of Einstein equations with no symmetries which generalise Kantowski- 
Sachs, FRW and Tolman-Bondi spacetimes. Thus it is proper for the description of 
perturbations on these spacetimes? ?. 

We start by writing the field equations on the covariant variables (p,0,c, E), 


where p = T""u,u,, with T"" being the energy-momentum tensor of the matter, 


*azampeli@phys.uoa.gr 
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0 = (V_u,) ht” is the expansion rate of the observer, while o and E are the shear 
and electric component of the Weyl tensor, EZ = Ee, of = cet, in which the set 


v? 


of (u^, e#} defines an orthogonal tetrad. The field equations then become 


p t 0p — 0, (2a) 

Q0 gd 

Bere Oe tope, (2b) 
2 

ġ -0° + 360 E E — 0, (2c) 

1 

E+ 3Eo +E + 5po — 0, (2d) 


together with the algebraic equation which is the Hamiltonian constraint 


— — 307+ — =p (2e) 


where ' denotes the directional derivative along u^, the energy density is p = 
T””u un, with T"" being the energy-momentum tensor of the matter, the param- 
eter à = (V,u,) h"" is the expansion rate of the observer, while c and E are the 
shear and electric component of the Weyl tensor, E^ = Ee’, of = cet, in which 
the set of (u^, e^) defines an orthogonal tetrad. We note that in addition to these 
equations, the spatial constraints ensure the integrability of the system. 

In the following sections we present the quantization of this system in terms 
of canonical quantization in the presence of symmetries?. The starting point is 
the effective Lagrangian obtained in" and we adopt the Bohmian approach for our 
analysis?? following e.g. !9, since its causal character suits the context of quantum 
cosmology, where the notion of an external observer cannot be justified. 


2. Classical and Quantum Dynamics 


In’ the Szekeres system (2) was written in an equivalent form of a two second-order 
differential equations system which are equations of motion of a Lagrangian of the 
form 


L= iG H(t) - V(q() 80... n-1 (3) 


where q(t) denote the degrees of freedom of the system and Gag the metric on 
the configuration space of variables. Adopting proper coordinates for our case, 
p= gun E = zag the system of the two second order equations becomes 


s d 
v= FE = 0, (4a) 
E 

derivable from L = wi — 4. The system (4) admits two integrals of motion, 


quadratic in the velocities; the first is the Hamiltonian function since the system 
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is autonomous, while the second one is the quadratic function Jj which can be 
constructed by the application of Noether's theorem for contact symmetries", which 
in the phase space become 


vU 
PuPu + No: = h, (5a) 
p? — 2u! = Io (5b) 
When turned to quantum operators and imposed on the wave function, according 


m {.,.} 7 - sl .], with operator-ordering respecting the 


general covariance and hermiticity ensured under the inner product f d"qpw v», 
they lead to two eigenvalue equations 


(-8v. + =) V — nV, (6a) 


to the rules pa = —i 


(a. F z) v= —Ipw, (6b) 


In the first one we can recognise the time-independent Schroódinger equation and 
their solution is 

Ju 
V2 + hu 


V (Io, u,v) = (V; cos f (u,v) + Yosin f (u, v)) (7) 


where 


(hu + Inv) /21Io + Iu — 2h/u arcsinh 4/ 2% 
iu) = — a ordo, (8) 
I yu 


/2 (hu? 4- 3v) 

3 u ' 
and V,, V» denote constants of integration. Due to the linearity of (6a), the general 
solution is V sj; (u,v) = $ z, V Uo, u, v). 


f (u,v) = for Ip = 0. (9) 


3. Semiclassical analysis and probability 


In the context of the Bohmian approach, the departure from the classical theory is 
determined by an additional term in the classical Hamilton-Jacobi equation, known 
as quantum potential Qy = -28, where Q denotes the amplitude of the wave 
function in polar form, V(u, v) = Q(u, v)e/90^?, When the quantum potential is 
zero, the identification 

OS | ð 

Ogi LA Odi 
is possible. If this classical definition for the momenta is retained even when Q # 0, 
the semiclassical solutions will differ from the classical ones. 


(10) 


Under the assumption that the quantum corrections in the general solution (7) 
follow from the “frequency Jọ” with the highest peak in the wave function, which is 
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Fig. l. Contour plot for the probability function in the space of variables x, v. We observe that 
as x — 0 and v is small, that is, [9 — 0, the function P (x, v) reaches to a minimum extreme. 


in agreement with the so-called Hartle criterion!!, the quantum potential vanishes. 
This provides no quantum corrections and the semiclassical equations (10) give the 
classical solution, i.e. the Szekeres universe remains "silent", even at the quantum 
level. In the particular case h = 0 and V, — 0, the wave function is well behaved 
at u — 0 and u — oo. We can thus define a probability which, after a change of 
coordinates to u — cin becomes 


ar 
p= f df o MEL ED ,keN. (11) 
VIo+e x(a? — I9)? 


where the cut-off constant A is introduced to exclude the case E = 0, p = 0. The 
qualitative behaviour of the probability function is given in the contour plot in 
Fig. 1. The plots show that for Ig — 0 the probability function reaches its minimum. 


4. Conclusions 


Our quantum analysis of the Szekeres system was based on the canonical quantiza- 
tion in the presence of symmetries and the results were interpreted by adopting the 
Bohmian mechanics approach. The starting point was an effective classical point- 
like Lagrangian which can reproduce the two dimensional system of second-order 
differential equations resulted from the initial field equations. This Lagrangian is 
autonomous, thus there exists a conservation law of “energy” corresponding to the 
Hamiltonian function. As for the extra contact symmetry, it leads to a quadratic in 
the momenta conserved quantity attributed to a Killing tensor of the second-rank. 
The two conserved quantities give two eigenequations at the quantum level, the 
Hamiltonian function being the Schródinger equation. 

'The assumption that the wave function is peaked around its classical value leads 
to the lack of quantum corrections and the recovery of the classical solutions, thus 
leading to the conclusion that the Szekeres universe remains silent at the quantum 
level. Finally, for the particular case h = 0 it was shown that the probability 
function and relate one (unstable) exact solution with the existence of a minimum 
of this probability. 
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The classical exact solution which corresponds at the values h = Ip = 0 of 
the integration constants is uA (t) = 68 43 v, (t) = vot?" and corresponds to 
an unstable critical point for the dynamical system (2). It is interesting the fact 
that these conditions also correspond to the extremum of the probability function, 
something which might be related to the existence and stability of the exact solution. 
This result is also in accordance with the analysis of the probability extrema in? 


where it was shown that the extrema of the probability lie on the classical values. 
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Investigation of the stability of orbits by using the adiabatic theory of 
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We investigate the problem of the orbital stability of the motion of a test body in the 
restricted three-body problem, where all bodies have their own rotation. The stability 
of the orbits is investigated by using vector elements of orbits such as orbital moment 
and its time derivative. We show that it is possible to get some insight into the stability 
properties of the motion of test bodies. 


Keywords: Restricted three-body problem; orbital stability; vector elements 


1. Introduction 


The problem of the motion of bodies in general relativity (GR) can be split into 
two correlated problems, namely, the problem of motion of point like masses and 
the problem of motion of extended bodies. There are several methods for obtain- 
ing the equations of motion from the equations of the gravitational field, such as 
the method of Einstein-Infeld-Hoffmann (EIH)!, the first approximate method of 
Fock?, the second approximate method of Fock, etc. the EIH and Infeld methods 
allow us to find the equations of motion of point masses. There are several works 
devoted to investigate the restricted three body problem in GR. In? for three finite 
masses, it was showed that a triangular configuration satisfies the post-Newtonian 
equation of motion in general relativity, if and only if it has the relativistic cor- 
rections to each side length. Also the relativistic effect of restricted three body 
problem was investigated in^ and it was shown that the relativistic effects become 
important when the parameter M/ is increased. The motion of an extended body 
in GR mechanics eas first formulated by the V. Fok and after that developed by 
Petrova, Brumberg and Abdilldin??97, Fock’s methods make it possible to derive 
the equations of motion of extended bodies, allow us to take into account the inter- 
nal structure and shape of bodies. In??, we investigated the problem of the orbital 
stability of a circular motion of a test body in the restricted three body problem, 
when perturbations from the second body are of the order of relativistic corrections 
to the motion of a test body from the central body. It was shown than in this case 
the orbit of the test body is stable. 

This work is organized as follows. In Sec. 2, we present the relativistic Lagrangian 
and derive the equation of motion. In Sec. 3, we present the evolution equation of 
motion of a test body. Finally, Sec. 4 contains discussions of our results. 
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2. The Lagrangian and equation of motion 


'The problem of the orbital stability of circular motion of a test body in the restricted 
three-body problem has been investigated in?. The resting position of the central 
body coincides with the reference point of coordinates, the second body moves along 
the circle around the central body and is not subject to the disturbance. The test 
body moves in a perturbed circular orbit and the relativistic corrections are: 


Uz « Ui; U1/Us z v? /c?, (1) 
The relativistic Lagrange function can be represented as: 
Len 4 LC®, (2) 


where L is the relativistic Lagrange function for three point masses!?, and the 
second term L("9 is responsible for corrections containing rotational terms. Re- 
garding the L9 term, in? it is shown that the motion of the test body in the plane 
of the orbit of the two body is stable when all bodies have no proper rotation. In 
this work, we consider the case when all bodies have their own rotation. Our aim 
to find the evolution equation of motion for the test (third) body, which describes 
the average change of its orbital momentum. To do that, we will study the evo- 
lution equations of motion by using the asymptotic methods of adiabatic theory, 
through the process of averaging of the corresponding equations using the vector 
elements M (the orbital moment) and A (the Laplace vector). M.M.Abdildin? and 
Burmberg? devoted an entire book to the motion of extended body with the in- 
ternal structure and rotation in GR, where the Lagrange derived for N body using 
the Fok's approach. We derived the second term of Eq.(2) for the three masses 
without consideration of internal structure. The details of this derivation will be 
presented elsewhere. According to the adiabatic theory, the evolutionary motion of 
the test(third)body describes the average change of its orbital momentum. There- 
fore, we write down the orbital angular momentum of the test body: 


X = [rg (3) 


where the square bracket means the vector cross product. The evolutionary motion 
of the test(third)body is: 


M = [Fa] + [5.5] (4) 
where the dot represents time derivative. 
According to the Eqs.(2) the time derivative of orbital angular momentum reduce 
to M (ret) 
M = MO + MED (5) 
The quantities F and p are found by means of the Hamilton equations from the 
Hamilton function of the system and which satisfies 
> OL 
H-)0,;——L (6) 
Ov 


i 
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After lengthy computations, it is possible to isolate the derivatives of the canonical 
variables of the test body: 


: 1 «y məl + ms: 
t Em i3 242 343 
m = 31s (a: ps)a — 275: z 
C 2c [r2 — r3] 


((Fa — T3) - P2) - (ra — T3) 


^ 3 SS 
[ro — r3| 


—p» 43 


is 3 = = 15 To Xm. Do mA 
m = — 21 (malo + mala) — 5 23 Y (ra — f) ga) - (Fa — 78) Ba) 
[r2 — 73| c [ro — r3] 


e ra T3] 2c* |r — T| 
2 1 2 T3 (To — T 
t3 z ianels —3—— 5 -2 1213 Us m 3» 
[rs|" |r2 — r3] |rs|" |r2 — r3] 
2 T 9 T9 — T3 n» T9 — T3 03 = 
J mamsh — ..9(( ) ASQ: ) 063) 
c [r2|" |73| |r2 — 73| 


£n i 
ZEE 
T2 — T3 


ee rs (39 TP 
3y? (moa + mala) Y I 1 
"92 > E mi H 243 = E E 
2 |r — |” . Ira] [F2 — 73)” 
342 P (P-R) 3 fs (Fa 
m 2,27 mals : : : a) = 5,2 mal E : 2 
: 73)" [ro — 73| Fs" [Fa — 73| 
3y? T2T3 33? T3 — r5 T5 
+z a mamsh 1 3 2 53 jns - L 
c Ira[ [rs] [ro — 73)? |F] 
4,12» fis 12y I2la 9? (rà — r3) Be) ((r5 — T3) dia) r3 F 
c2 [73|° c2 |o E FP 202 [F> o rap 
4 Y J 9(73@2) (Fads), —3(rada)., , 3(ra51).. 
rif =< >83 Boza Mi 3&3 
S [r2 — 73| [r3] [r3] 
3((ro— 73) 3) _, , 3((72 — r3) We) „ 
= EE = 53 3 (8) 
[r2 — r3| |r2 — r3| 


where v;i, ri, pi, wi and I; are the velocity, radius, momentum, angular velocity and 
inertia momentum of i-th mass, respectively. 
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3. Equations of motion 


Our approach consists in finding the evolutionary equation of motion the test body 
(third), which describes the average change of its orbital momentum. 


ao, H5 T ads 


Mr) = (72 z T3) p2) (Ge F ) E ] 


—p2, pa] +3 T9 — T3) , P3 
2 P- r|? IP — r|? 
3 P 15y (F2 — F) Po) - (5-5) 
dn — = (mal; + mah) PPs - Ju 2 3) po) (me 3) D3) 
2c T2 — T3] 2c [ro — T5 
3 1 33? 1 
= 21 7 -3 (maw$Ia + m3W512) + l ——— (moa + ma») 
e" ps — r3] 2c* |r — r3] 
2 2 "D E 2 
y 1 37 (TRE 7 1 
os ged =e maf sss 3 szil ee 
2c? s rr 2d P m-r? 2e Ir Is 
"y 9 ((T2 — r3) We) ((r2 — 73) W3 M 
gor Rem METUS > MK 5 ES [73,72] (9) 
c [ra — 73 


According to the Eq.(5), the second term of the time derivative of the orbital 
momentum is: 


3 if 3 
Meret) = — | Made. (10) 
T Jo 


In order to obtain the equations of motion one needs to integrate the Eq.(10) 
for the repetition period of the system configurations T (synodic period of the test 
body). 

In general, it is a complicated task to integrate the above differential equation. 
Suppose that the test body is moving along a circular orbit 


T3 = Tkep (Teosust + jsinwst) (11) 


and the second body 


T5 = T9 (Ecos wot + Jsinwat) (12) 


Substituting the radius-vector of the test body in Eq.(10) and integrating the rela- 
tivistic rotational component we can find that 


MCA 2 0 (13) 


The orbital stability of the test body by definition means the equality to zero of the 
average change of the angular momentum. As we can see from this expression, in 
GR, in the first approximation, the circular motion of a test body in the plane of 
the orbit of the second body in the restricted circular three-body problem is stable 
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4. Conclusions 


In this work, we considered the orbital stability problem for the circular motion of a 
test body in the restricted three-body problem within the framework of GR, when 
all bodies have their own rotation. We derived the equation of motion from the 
Lagrange function with the rotational terms and the stability problem of the orbit 
is investigated by using the adiabatic theory of motion in the GR. Moreover, we 
derived the explicit form of the corresponding motion equation and the time deriva- 
tive of momentum. The resulting equation was integrated (averaged) by the sinodic 
period of the test body, which eliminates perturbations,leaving only evolutionary 
effects. 

The result of the integral is confirmed that the circular motion will be stable if 
the spins of all bodies are collinear within a plane. The orbital stability of quasicir- 
cular orbits of the test body is a task of further investigations. 
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of scalar fields derived from higher-order Lagrangians and BLTP electrodynamics. 
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1. Introduction 


Finding a consistent and well-posed dynamical equations of motion for a system 
of point particles interacting with classical fields is an important problem of rela- 
tivistic physics. The field could be scalar, gravitational or electromagnetic. For the 
gravitational field (Einstein-Infeld-Hoffmann problem), the subject’s history is re- 
viewed in’, so we will restrict ourselves to brief remarks concerning electromagnetic 
interaction. The problem of point particle motion famously started with attempts 
to model the electron as point particles in classical electrodynamics. The field has 
been plagued ever since by the appearance of infinities for which renormalization 
procedures are required (see e.g. 916). An approach free of infinities started in 1933 
with a paper by Born?, which was continued by Born and Infeld in?. This time, 
the field equations of electrodynamics were altered to the nonlinear Maxwell-Born- 
Infeld field equations. The MBI field equations are nonlinear and hence difficult to 
handle. 

Bopp??, Landé-Thomas !?!!, and Podolsky !»!4 went into a different direction 
by proposing linear, but higher-order derivative field equations to remove the infi- 
nite field energy problems. Recently the self-force problem in BLTP electrodynamics 
was studied in quite some generality by J. Gratus, W. Tucker and V. Perlick?, after 
more limited earlier studies in‘! and!?. Recently M. Kiessling and A.S. Tahvildar- 
Zadeh considered a system of N charged point particles together with their associ- 
ated BLTP self-fields. Their paper? contains the first well-posedness result for the 
combined Cauchy problem of particles and electrodynamic fields. 

In this paper, we report on recent results '!? to provide a rigorous framework 
for point particles interacting via retarded fields. As we explain in section 2, the 
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usual Lagrangian framework does not lead to viable particle equations of motion. 
An additional principle is needed, which we take to be the conservation of energy 
and momentum (see also?). It turns out that for the higher-order field equations 
we describe here, a rigorous derivation of the particle equations of motion can be 
given, which is free of ad-hoc renormalization procedures. 


2. Scalar Fields 


'The fundamental issues can be most readily illustrated in the context of scalar fields. 
We therefore first consider a scalar field $(z^) defined on Minkowski space-time 
(with Minkowski metric gag), interacting with a particle described by its world-line 
T+» q? (Tr). The particle world-line is associated with a scalar charge density 


6 (x — a(r)) 

plz“) = r | a (1) 
vag 

where & is coupling constant between particle and field. Note that the scalar current 

pq is conserved, i.e. O4 (pj?) = 0. The action S of the system is formally given by 


So, q] = Steia + Sint + Sparticle 


where 


1 
Sua =— | dnv=9 90.0926, Sm =- | ds -d 6 
Sparticle = f moa 


Here, m(7) is the bare mass of the particle, which for scalar particles has to be taken 
as time-dependent (see!9). Formal variation of the action leads to the equations 


d LUE Q 
— (må“) = —&0 RE (2) 


dT 
$ = -p. (3) 


Now the retarded solution of the wave equation (3), for all x^ not on the world-line, 
is given by 


K 


10) = Trae =) 


(4) 


ret 

where “ret” indicates evaluation at the retarded time on the particle world-line, 
ie. q,(r* — q?) is a light-like Minkowski vector. But combining the equations 
(2), (3) and (4) makes no apparent sense, since (2) requires evaluation of $, 0^ à 
at the particle's position and (4) is not well-defined there. To remedy this situ- 
ation, authors have proposed renormalization procedures, avereraging axioms and 
the use of a combination of retarded and advanced solutions of the field equation 
(3) (see e.g. 19). Clearly the Lagrangian formulation does not determine the particle 
equations of motion uniquely and an additional principle is needed. Preferably, the 
additional principle should be as fundamental as possible. Here, we consider the 
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possibility of using conservation of energy and momentum to derive the equations 
of motion. The most convenient, relativistic covariant way to implement this is to 
define the energy-momentum tensor of the particle by 


" " utus” (x — qlr 
T aras us ) = mo f LL dr (5) 


'The conservation of energy and momentum is then simply 
On o + 2 =0 (6) 


where T^, is the canonical energy-momentum tensor of the field. In view of (5), we 
need to be precise on how to mathematically interpret (6). The most straightforward 
way is to interpret (6) in a distributional sense. So as the definition of the action 
of Tiq on any smooth tensor field o, we might take 


1 
Theia(Ppv) = J |- gu" 0.906 "oo pad (7) 


where ó € C§°(R*) is a smooth test function. The problem, of course, is that the 
integrand is not locally integrable if we plug in the retarded field (4). This is most 
easily seen for a charge at rest, for which T9? ~ r-^ with r being the spatial distance 
between the charge and the point (x^). 


3. Higher-Order Scalar Fields 


A possible way out without resorting to renormalization is to modify the field equa- 
tions. It should be kept in mind that other choices of the action are conceivable 
and a modification of the Lagrangian is a direction worth pursuing. As an example, 
we would like to mention that there is a large body of literature on modifications of 
Einstein’s general relativity (see e.g.!7). For now, we consider the modified action 


Se J dz /-g [-9°Pdadded ta] (8) 


by the higher-order term (O¢)? = [2a (vds 5856] - This modification 
keeps the field equations linear, but changes the short-distance physics in a way 
explained below. Observe also that (7) is the unique action functional involving 
second derivatives of o that leads to linear field equations. The only other covariant 
quadratic contribution involving second order derivatives would be 


g^? gP^(84950)(8,0,0) 


but this would reduce to (1¢)? after an integration by parts. The resulting field 
equation for ¢ is 


(¢+all¢) = —p. (9) 


where p is given by (1). It turns out that the higher-order equation (9) has a 
regularizing effect on fields with point sources. The retarded solution $ of (9) can 
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be determined by Green's functions techniques and has the property that both @ 
and Og are now bounded in the vicinity of the particle, although the value of 0g¢ 
on the particle world-line is still ill-defined. 

Recall that the canonical energy-momentum tensor is given by the variation of 
S$8ea with respect to g^": 


ÔSfeld = SE —g9 (Theta) pg” (10) 
A lengthy calculation gives (for gag being the Minkowski metric): 
[07 1 Q [07 
Tasia = ~ 59°" 0,00" + 0* 9059 


(11) 
+ 2a8°0 GP$ — Z(O)? — a0, (019) (9^ 9)g^? 


The energy-momentum tensor of the field can now be defined as a distribution, 
since it contains singularities of order at most r^?. A thorough analysis of (6) 
now yields a well-defined equation of motion (see'), from which the “self-force” 
contribution can be read off. The form of the self-force can depend on the type of 
problem considered (e.g. a scattering problem or initial-value problem for particles 


and fields). 


4. BLTP Electrodynamics 


Higher-order field linear equations for electrodynamics were proposed by Bopp??, 
Landé-Thomas !9:!1, and Podolsky !?!^. Starting point is the usual Maxwell action 
with an additional term containing second-order derivatives of the field tensor Fv: 


1 1 
= | dryg |- Fas F^ — — 0, FO Fy, 12 
SBLTP J Ty —g | 16; o^ Banh BP (12) 


'This is the unique action giving linear field equations of order less or equal to four. 
k > 0 is a fixed parameter throughout. Variation of the action with respect to the 
vector potential Aa gives 


(I — &?D1)8* Fag = —47jg 


(13) 
Os Fa. + Og Fya + Oy Fag =0 


where ja is usual particle 4-current vector. We will refer to a theory based on (13) as 
BLTP electrodynamics. As before, the Lagrangian formulation does not determine 
the particle equations of motion and we additionally impose (6) in a distributional 
sense. The canonical energy-momentum tensor of the field is given by 


1 
—4rTprrp = 9°? Fpp FI + 14 FF" = ie [o Fpp PHI eg? FPU Fie 


1 
y 9700, FOF p) — 3^ Foo FP? 0, FP*0P Fgg)g*? 
(14) 
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and it can be shown that 
Puv > J Tie d'z 
defines a well-defined distribution. In '?, we prove the following Theorem: 


Theorem 4.1. Suppose {q°(tm)}*_, are a collection of non-intersecting world- 
lines satisfying certain conditions and let the field associated to the n-th particle be 
defined by 


2 Rats] 


(Fn)ag(x ) = enk WR, 


Tret (2^) Jo (D) Rit 
2 2 [o 5] 
tee f ——Dé dr (15) 


where en is the charge of the n-th particle and the integral extends over the world-line 
qu(T). R is defined by R^ (xP,7) = z^ — q^(r) and D = (Z (T) — ag (7 ))((an)4(7) — 
(dn)y(7’)). Suppose that (6) holds. Then 


tn - ag ap 
Mn, = en | FR” + 5 FS | ug (16) 
mÆn 
holds. Note in particular that the force on the n-th particle splits into a self-force 
Fug and the Lorentz-force exerted by all other particles. The self-field F°? is 
given by the formula 


(Falaa(r) = enn? f 


— oo 


Jo(&D) Ri, ug 
AD Reta s, a7) 
More details can be found in'?. The class of world-lines covered by the Theorem 
is extremely broad, comprising essentially arbitrary subluminal world-lines that are 
twice differentiable. Hence in the context of BLTP electrodynamics, the equations 


of motion rigorously follow from (6). 
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Einstein, Infeld, and Hoffmann (EIH) claimed that the field equations of general rela- 
tivity theory alone imply the equations of motion of neutral matter particles, viewed 
as point singularities in space-like slices of spacetime; they also claimed that they had 
generalized their results to charged point singularities. While their analysis falls apart 
upon closer scrutiny, the key idea merits our attention. This rapport identifies necessary 
conditions for a well-defined general-relativistic joint initial value problem of N classi- 
cal point charges and their electromagnetic and gravitational fields. Among them, in 
particular, is the requirement that the electromagnetic vacuum law guarantees a finite 
field energy-momentum of a point charge. This disqualifies the Maxwell(-Lorentz) law 
used by EIH. On the positive side, if the electromagnetic vacuum law of Bopp, Landé- 
Thomas, and Podolsky (BLTP) is used, and the singularities equipped with a non-zero 
bare rest mass, then a joint initial value problem can be formulated in the spirit of the 
EIH proposal, and shown to be locally well-posed — £n the special-relativistic zero-G 
limit. With gravitational coupling (ie. G > 0), though, changing Maxwell's into the 
BLTP law and assigning a bare rest mass to the singularities is by itself not sufficient to 
obtain even a merely well-defined joint initial value problem: the gravitational coupling 
also needs to be changed, conceivably in the manner of Jordan and Brans-Dicke. 


1. Brief History and State of Affairs 


“I am plaguing myself with the derivation of the equations of motion of material points, 
conceived of as singularities [in the gravitational field], from the equations of general 


relativity." Albert Einstein, in a letter to Max Born on Dec. 4, 1926. 


We don't know when Einstein first conceived of the notion of point particles as 
singularities in relativistic fields,? but his letter to Max Born makes it plain that by 
the end of 1926 his ideas had matured to the point where he pursued a dynamical 
theory for such point singularities, expecting that their law of motion could be 
extracted from his gravitational field equations. Already a month later Einstein 
& Grommer announced that “the law of motion is completely determined by the 
field equations, though shown in this work only for the case of equilibrium." In that 
paper’ the case of a static, spherically symmetric spacetime with a single time-like 
singularity was studied. The truly dynamical many-body problem was treated a 
decade later by Einstein, Infeld, and Hoffmann in their famous paper Ref. 8, 
with follow-ups in Refs. 9, 10. They argued explicitly that the field equations of 
general relativity theory alone determine the equations of motion of neutral matter 


In 1909 he remarked that “light quanta" might be point singularities in “a field,” their motion 
being guided by the electromagnetic field. See part II of our rapport. 
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particles, viewed as point singularities in space-like slices of spacetime. They also 
claimed that they had generalized their results to charged point-singularities, with 
the details written up in a set of notes deposited with the secretary of the IAS. In 
1941 the motion of charged point-singularities was revisited by Infeld's student P. 
R. Wallace, who presented the details of the calculations in Ref. 28. 

Here is the gist of the Einstein-Infeld-Hoffmann argument (modern termi- 


nology): 


e Suppose you have a four-dimensional, time-oriented, asymptotically flat 
electromagnetic Lorentz spacetime M? with N charged, time-like singu- 
larities of infinite extent, presentable as a graph over IR? V {N time-like 
world-lines}. 

e Away from the singularities the spacetime structure obeys Einstein’s equa- 
tions 


R-— ¿Rg = “¢TIF,g], (1) 


where T|F, g] is the energy-momentum-stress tensor of the electromagnetic 
vacuum field F, satisfying Maxwell’s field equations in vacuum, 


dF=0 & dxF=0. (2) 


e The twice contracted second Bianchi identity implies energy-momentum 
conservation: 


V-(R- iHg) =0 = V-TIF,g] =0. (3) 
e “Massive, charged” singularities are associated with field “fluxes,” and thus 


V-T[F,g]=0 & flux conditions} => law of the time-like singularities. 
(4) 


The main bullet point is of course the last one. Here are EIH in 
their own words (p.66): “It is shown that for two-dimensional [closed] 
spatial surfaces containing singularities , certain surface integral conditions are 
valid which determine the motion . 

Unfortunately, despite its publication in the Annals of Mathematics, the 1938 
EIH paper is not only not rigorous, it contains questionable technical assumptions 


» 


[Emphasis ours.] 


and serious blunders. Some were addressed in Ref. 10, yet their main conclusions 
turn out to be false. All the same, the core idea merits a deeper inquiry. 

The issue is how to correctly handle singularities. EIH state (p.66): “By means 
of a new method of approximation, specially suited to the treatment of quasi- 
stationary fields, the gravitational field due to moving particles is determined." 
'This approximation method assumes that the particles are moving slowly and the 
field strengths (as seen in a Lorentz frame of Minkowski space, in which the par- 
ticles move slowly) are weak. As a consequence, one has to choose the radii of the 
closed surfaces sufficiently large to satisfy the weak-field assumption needed for the 
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convergence of the expansion (which was not shown). Yet, on p. 92 one reads: “It 
is most convenient to take definite, infinitesimally small spheres whose centers are 
at the singularities, ... which clearly violates their weak-field condition. Indeed, 
EIH realize that: ^... in this case infinities of the types 


» 


lim const./r”, n a positive integer, r—0 (5) 


can occur in the values of the partial integrals," but then commit a major blunder 
by stating (EIH, p. 92): *Since these must cancel, however, in the final result, we 
may merely ignore them throughout the calculation of the surface integrals." 

Alas, the infinities do not cancel! 

In the same year P. A. M. Dirac invented negative infinite bare mass renormal- 
ization to handle those infinities, in the simpler special-relativistic purely electrody- 
namical setting. For an electron with positive “observable mass" Mo», and charge 
—e he obtained the equation of motion (in Misner-Thorne-Wheeler notation) 


ma, dq zm f ob p (6) 
where 
f* = -EF (q) : aq (7) 
is a Lorentz Minkowski-force due to “external sources,” 
AUE 2 d d d? 
f^" = $5 (g+ 23-98 94s (8) 


is von Laue's radiation-reaction Minkowski-force of the electron, and 
H 2 
Mobs = limo (mo(r) + St) (9) 


defines my(r). [N.B.: my(r) | —oo as r | 0]. Here, r is the radius of a sphere in the 
instantaneous rest-frame of the electron, centered at the electron, which plays the 
role of the surfaces containing singularities invoked by EIH. 

As is well-known, such mass-renormalization computations have become the 
template for the much more elaborate — and quite successful — renormalization 
group computations in quantum electrodynamics (and more generally, quantum 
field theory). Be that as it may, Dirac himself later in life became very dissatisfied 
with this approach, and so are we. 

First of all, supposing a point electron has a bare mass, then how could it possibly 
depend on the radius r of a sphere over which a theoretical physicist averages the 
fields? 

Second, the third proper time derivative featuring in the von Laue Minkowski- 
force means that (6) is a third-order ODE for the position of the particle as a 
function of proper time, requiring vector initial data for position, velocity, and 
acceleration. Yet a classical theory of point particle motion should only involve 
initial data for position and velocity. 
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In 1951 Lev Landau & Eugenii Lifshitz addressed the q problem as follows: 


Test particle theory works well for many practical purposes. 


In such situations von Laue's q force term must be a small perturbation 
of f^", 
Compute q perturbatively: take the proper time derivative of the test- 


particle law, 


3 e ext 
dq iy ELI (F (q) ` i) » (10) 


The right-hand side depends only on q, q, d. Substitute it for dg in (8). 


R.h.s.(8) with r.h.s.(10) substituted for Sd will be called the Landau-LLifshitz 
Minkowski-force of radiation-reaction, denoted f^^. Equation (6) with f^" re- 
placed by f™ is known as the Landau- Lifshitz equation of motion for the electron. 
It seems to work quite well for practical purposes in which F^* can be approximated 
by some smooth field tensor, on time scales beyond the one where test particle the- 
ory works well, but not arbitrarily far beyond.?° However“, as soon as F^* is taken 
to be the field generated by all other particles the Landau—Lifschitz equation of 
motion is typically well-posed only until the moment that a point charge meets the 
forward initial light cone of another point charge, a ludicrously short time span! 

Dirac's idea of infinite negative bare mass renormalization and Landau- 
Lifshitz's perturbative treatment of the von Laue radiation-reaction Minkowski- 
force have become standard ingredients also in general-relativistic treatments of 
charged point particle motion. Thus, for a point electron moving in a given curved 
background, Eric Poisson, Adam Pound, & Ian Vega in their review Ref. 23 
present the following equations of motion: 


Mors TU = fot Jc f^ EE peL (11) 
where u := aq and au = iu T I** (u, u), and f^* = —4F™ (q) - u as before, 
but now 

t^" = de (g+ kuau) (98 Iu Apru) (12) 
with 
2 e ext 
Iun -pie (F(q) u), (13) 
and 
peta | Hlal) a0) -ultar ul), (14) 


where H™ (q(T), q(7’)) is a retarded type of Green function for the electromagnetic 
field tensor in curved spacetime. Equation (11) does not yet include gravitational 
radiation-reaction, which Poisson, Pound, & Vega discuss also, in particular the 
approaches of Quinn & Wald and Detweiler & Whiting (see Ref. 23), but we 
don't need to go there because (11) already displays a major problem due to the 
so-called tail force term: 
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Equation (11), even with r.h.s.(13) substituted for Da at r.h.s.(12), does not pose 
a second-order initial value problem for the position of the point electron but instead 
requires the input of the entire past history of the motion! 

One can try to extricate oneself from this dilemma by once again having recourse 
to a Landau-Lifshitz-type perturbation argument: the tail force, also a radiation- 
reaction term, must be small in situations where test particle theory works well. In 
this case, backward from the initial instant (say at 7 = 0) one can approximately 
replace q(7’) and u(r’) in the integrand by the pertinent expressions computed 
from test particle theory, with particle data for position and velocity given, and 
then treat this so-modified equation as a second-order integro-differential equation 
from the initial instant on forward, with q(r’) and u(r’) in the integrand for r’ > 0 
no longer test-particle expressions. This set of “effective equations of motion” may 
work well in many practical situations. 

Yet from a mathematical relativity point of view this state of affairs is very 
unsatisfactory, both technically (being non-rigorous) and conceptually (involving 
heuristic but arbitrary arguments). 


2. Rigorous Approach 


In the following we report on recent rigorous advances in formulating a joint ini- 
tial value problem for classical charged point particles and the electromagnetic and 
gravitational fields they generate, with the key idea of the 1938 EIH paper, as out- 
lined on p.1 of this rapport, serving as our point of departure. To avoid the mistakes 
made by EIH, we inquire into necessary conditions on the energy-momentum-stress 
tensor which allow one to extract a law of motion associated with the time-like sin- 
gularities from an equation like (4) without invoking infinite mass renormalization, 
nor arbitrary averaging over some neighborhood of an a-priori ill-defined force field, 
as done in Ref. 23. For the simpler special-relativistic zero-gravity limit (cf. Ref. 16, 
17) we even state a well-posedness theorem, so this case is treated first. 


2.1. The zero-G Limit 
2.1.1. T'ime-like particle world-lines in Minkowski spacetime 


In the limit G | 0, (1) is solved by M? = Rt’ \ {N time-like world-lines}, with 
metric g = 7 away from the world-lines. The question is which conditions on T 
lead, in a mathematically clean way, to the EIH-type conclusion 


V-T[F,n]=0 & flux conditions| = > law of the time-like world-lines. (1) 


To answer this question, we extend M1 continuously to IR? (by adding the time- 
like world-lines), and switch to a distributional formulation. We can formulate 
everything for N charged, massive, time-like world-lines, but for simplicity we set 
N = 1 in the following. 
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Since the issue is the formulation of a well-posed initial value problem, we also 
choose an arbitrary Lorentz frame, with space vector s € R? and time t € R. 
Then the space part of l.h.s.(1) becomes the local conservation law for the total 
momentum, 


2,1I(t, s) + V - T(t, s) = 0, (2) 
where it is postulated (equivalent to “minimal coupling") that 
TI(t, s) = II" (6, s) + IT^" (t, s) (3) 


is the total momentum vector-density, with II#® (t, s) the contribution from the 
field and II^" (t, s) (a distribution) the usual contribution from the point charge, 
which must be assigned a non-vanishing bare rest mass mp. Similarly, it is postulated 
that 


T(t, 8) = T*** (t, s) + T^" (t, s) (4) 


is the symmetric total stress tensor, with T'*"***(t, s) the usual stress tensor of the 
point particle, and T***(t, s) that of the field (except for our unconventional choice 
of sign!) 

Incidentally, energy conservation follows as a corollary from momentum conser- 
vation. 

Next, we integrate (2) over all s € R?, at t € R. This yields total momentum 
conservation 

gp) = -& | n" as. (5) 

Clearly, for (5) to make sense, the field momentum vector-density II^*" (t, s) has to 
be integrable over R, and this integral differentiable in time. This rules out the 
Maxwell-Lorentz field equations, but leaves other options, notably the Maxwen— 
Born—Inteia (MBIT) and Maxwei Bopp Langé Thomas Poaoisky (MBLTP) field equa- 
tions (see below). 

Comparing equation (5) with Newton’s law for the rate of change of momentum, 


q(t) = F(t), (6) 
where f(t) is the force acting on the particle at time t, it is clear that the force 
f (t) needs to be extracted from r.h.s.(5). Since the particle’s bare momentum p(t) 


is given in terms of its bare mass mp and velocity v(t) = $q(t) by the Einstein- 
Lorentz-Poincaré law 


p(t) :— my —————, (7) 


the expression for the force also has to be compatible with the requirements of a 
second-order initial value problem for the position of the point particle! Thus, beside 
the existence of the time-derivative of the space integral over the field momentum 
vector-density, it is important that the result involves, initially, only the initial 
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electromagnetic fields and the initial data for position and velocity of the point 
particle and, at later times t > 0, at most the history of position, velocity, and 
acceleration of the particle, and of the fields, from the initial instant on, yet not 
beyond t. Whenever this is possible we obtain a well-defined joint initial value 
problem for field and particle, which may or may not be well-posed. 

We were able to explicitly extract a well-defined force on the point charge from 
the MBLTP field equations, and to prove that the resulting joint initial value 
problem for charge and field is well-posed. We expect this to be feasible also for 
the MBI field equations, but their formidable nonlinearity makes rigorous progress 
a slow process. 

Common to all these classical systems of electromagnetic field equations are the 
pre-metric Maawell-Lorentz field equations, viz. the evolution equations 


0, B(t, s) = —cV x E(t, s) (8) 
9, D(t, s) = --cV x H(t, s) + Aneq(t)óqu (s) (9) 
and the constraint equations 
V -B(t,s) 0 (10) 
V - D(t, s) = -4neóquy(s) (11) 


for the B, D fields. They differ in the Electromagnetic Vacuum Law: (B,D) © 
(H, E). The Born-Infeld law? reads 


B — $D x (D x B) 


H5 ee (12) 

1+ (|B|? + [DI?)  z:[B x DP? 

D- LBx(BxD 

pan DBBEOBXD) (13) 

1+ (|B|? + [DI?) + (Bx DP? 

The Bopp-Landé-Thomas-Podolsky law 11920-22 reads 

H(t, 8) = (1+ 7D) Bit, s) (14) 
D(t, s) = (1+ 70) E(t, s). (15) 
(N.B.: O := c?82 — A.) When b > oo, respectively when x — oo, both these 


vacuum laws reduce to the Maxwell-Lorentz law H=B & E=D. 

For given particle motions with subluminal velocity |g(t)| < c, the field Cauchy 
problems are globally well-posed in the sense of distributions for both the ML and 
MBLITP field equations. The MBI field Cauchy problem, unfortunately, has not 
yet been conquered to the extent needed. Global well-posedness of the classical 
initial value problem has only been shown with small data (no charges!) in Ref. 24; 
F. Pasqualotto presented an extension of Speck's result to MBI field evolutions 
on the Schwarzschild background.?! A local well-posedness result for MBI field 
evolutions with subluminal point sources (and inevitably large data) should be 
possible, but so far only the special case of electrostatic solutions with N point 
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charge sources has been conquered in Ref. 15. There it was shown that a unique 
finite-energy electrostatic weak solution of the MBI field equations with N point 
charges placed anywhere in R? exists, and that the solution is real analytic away 
from the point charges for any choices of their signs and magnitudes. 

For the field momentum densities II (dropping the superscript *field") one has 
the following expressions. For the ML and for MBI field equations, 


4ncll = D x B, (16) 
whereas for the MBLTP field equations, 
4rdIl 2 Dx BH- Ex H- Ex B-57?(V.E)(VxB- xE). (17) 


For MBLTP field evolutions with point sources we showed that II(t,s) is in 
Li,(R?) about each q(t), see Ref. 17. We expect such a result also for MBI 
fields. It is surely false for ML fields! 

With appropriate decay rates at spatial infinity imposed on the field initial 
data, the MBLTP field momentum fps I(t, s)d?s exists for all t. Moreover, given 
Lipschitz maps t — q(t), t — v(t) and bounded t + a(t), we showed that 
S fgs H(t, s)d3s exists for all t. 

The crucial step in showing that (5), with (7), yields an equation of motion is 
now the following. The fields B, D, E, E (and H) at (t, s) are given by explicit 
functionals of the vector functions q(-) and v(-), and D & H also involve a(-); 
their dependence on a(-) is linear. For t < 0 we set q(t) = q(0) + v(0)t and 
v(t) = v(0), and a(t) = 0. Treating q(-) and v(-) as given, and a(-) as independent 
vector function variable for t > 0, (5) together with (7) is equivalent to a Volterra 
integral equation for a — a[q, p], viz. 


a = Wlp] - (f"*(a,v] + f°" la, val) (18) 

where 
—Á— PÓÓ (19) 

and 


[e ® 
[rss - ven |, (20) 


W |p] := sgn(m,)—= | I => 
p] = seni) ee BOT pe 


and where we have written the field as a sum of a source-free (vacuum) field and 
a field having the point charge as source, resulting in a Lorentz force due to that 
vacuum field, 


f(g, v)(t) = -e [E (t, a(t)) + Gv) x B"*(5()] , (21) 


source [ 


and a “self”-type force f q, v;a], in BLTP electrodynamics given by 


flg, via (t) = —— T= (¢, s)d?s 
_ -5J (TIe (t, s) 0 Tr", S — qo — wt)) ds 
ct (qo) 
=|- Zhu + zit 
£| -zfo94 289 


— v eto p [zl (san zie Ng 
(2 o [ak (t,t) -Zg ee) t) "dt 


0<k<1 
t 

- x ef Babee) 28 ery] ryan] 
0<k<2 0 


where £(t) = (q, v, a)(t), and &^(t) = (qo + vot, vo, 0), and where 


2n 
zr t,t") -f [ e- v (t")| cos 9) në l(t, q(t") + c(t — t')n) sin9dodg, 


with n = (sin cosy , sinvsiny , cos), and where, with the kernels 


Jil s/t Psa) 
(tt)? s- q0) 


Ke(t’,t, 9) = E (s a(t’) — ot) - 1); 


Ke(t^ t, s): 


, 


c?(t-t/)? —|s—a(t)] 
we have 
1 n(q,s) -iv n(q,s) X iv 
mel, 8) =— ,A7. | nmn) -ie)x(n(e n x20) 
4 (1-10-n(q,s)) " 
al [ n(a.s) -1v Lis / / / 
T^ = : x | v(t) x Ke(t, t, s)dt 
1 


te" (t,s) 
4 n(q,s) x iv G ; ; 
-A [ees] x f^ aee) 


— oo 


tg (6s) t£" (t,s) 
- xt f cKe(t^, t, sarx f v(t^) x Ke(t, t, s)dt' 


— oo — oo 


tg" (ts) Ug" (ts) 
-sto | Ke(t^, t, sar f" Ke(t', t, s)v(t^)dt', 


— oo oo 
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22) 


23) 
24) 


25) 


26) 


(27) 


34) 


bNone of the four original contributors formulated a well-defined expression for the force, yet we 
believe that our formulation accomplishes what they had intended; hence the name of the theory. 
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[1] 21 (n(q.s) -1v)xa 
T. (5,8) =— x= |n(q, s) X 22—————53s 35 
£ ( ) 2 | ( ) c? (1— £v-n(q.)) st ) 
n(q,s) -lv)xa te (ts) 
-Ê a s) «esce, x | v(t!) x Ke(t^, t, s)dt' 36) 
c —2v n(q.s sa —— 
n(q,s) -iv)xa t (ts) 
t |n(q, 8)x [na s) oie x | cKe(t',t,s)dt’ (37) 
e? (1- Lvn(q,s)) ret YZ 
; t£" (t,s) . 
2 lot] J Kelt’, t, 8) [o (E (t, s))) + o(t’)] dt^, 38) 
[2] 2 1 1 
ne (0s) — — X^ | 7— ———Às zv 39 
icu ! 
2 1], |2 n(q,s) -iv ux 
+x h- zv| ]n(q, s)x a ee x / cKe(t', t, s)dt’ 40) 
(1-10-n(q,s)) -— — 6S 
2 14,2]. n(q,s) -2v HO / / / 
~v n(q,s) -" —oo 


and m means that q(t), v(t), a(t) are evaluated at t = tg" (t, s). 


, 


Remark 2.1. The decomposition of the electromagnetic fields into a sum of two 
types of fields, one with the point charge as source, the other source-free, is to some 
extent arbitrary. For this reason it is futile to try to identify the self-field force of 
a point charge. At best one can speak of a “self”-field force, the scare quotes 
referring to the ambiguity in identifying how much of the field is “self” -generated 
by the charge and how much is not. 


The following key proposition about the Volterra equation is proved in Ref. 17. 
Its proof takes several dozen pages of careful estimates. 


Proposition 2.2. Given C?! maps t — q(t) and t + p(t), with Lip(q) = v, 
Lip(v) = a big enough, and |v(t)| < v < c, the Volterra equation (18) as a fixed point 
map has a unique C? solution t œ> a(t) = alq(-),p(-)](t) for t > 0. Moreover, 
the solution depends Lipschitz continuously on the maps t > q(t) and t > p(t) 
(treated as independent). 


The well-posedness result of the joint initial value problem for MBLTP fields 
and their point charge sources is a corollary of Proposition 2.2. Namely, now setting 
a(t) :— v(t) and v(t) := Szq(t), and recalling (7), the solution to the Volterra 
integral equation for the acceleration poses a Newton-type second-order initial 
value problem for the position of the point charge with a complicated yet Lipschitz- 
continuous force. Once the motion is computed, inserting the vector functions q(-), 
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v(-), and a(-) of the solution into the functionals of the fields yields B, D, E, E at 
(t, s) for t > 0, too. This is a Theorem in Ref. 17, summarized informally as follows. 


Theorem 2.3. As a consequence of Proposition 2.2, the joint initial value problem 
for MBLTP fields and their point charge source is equivalent to the fixed point 
equations 


zal pd Ec cu Det 
att) = a0) + > [gp Â= aO PO) (42) 


p() = p) - | T, s) - TO, s) s=: PaO: 29) (43) 


where Q, and P, are Lipschitz maps. Thus, BLTP electrodynamics is locally 
well-posed. 


In fact, in Ref. 17 the Cauchy problem for the MBLTP field with N point 

charges is treated. Local well-posedness is proved for admissible initial data (see 
below) & my £ 0, and global well-posedness shown to hold if in finite time: (a) no 
particle reaches the speed of light; (b) no particle is infinitely accelerated; (c) no 
two particles reach the same location. 
By "admissible" initial data we mean the following: the initial particle velocities 
are subluminal (|v(0)| < c) and no two particles occupy the same location; the 
electromagnetic initial fields are the sum of a spatially sufficiently rapidly decaying 
vacuum field plus N fields each with a single point charge source — the sourced 
fields are boosted electrostatic fields with boost velocity equal to the initial velocity 
of the source. 

Although our result seems to be the first formulation of a well-posed joint initial 

value problem for classical electromagnetic fields and their point charge sources, 
and this endows BLTP electrodynamics with a mathematically superior status 
compared to the ill-defined Lorentz electrodynamics, we do not claim that BLTP 
electrodynamics is the correct classical limit of the illusive mathematically well- 
formulated quantum theory of electromagnetism. In particular, the MBLTP field 
equations feature “physical” oddities: (a) a field energy functional which is un- 
bounded below; (b) subluminal transversal electromagnetic wave modes; (c) longi- 
tudinal electrical wave modes. 
Moreover, since the MBLTP field equations demand initial data for B, D, E, E at 
t — 0 while physically we only can prescribe B, D (N.B.: in Lorentz electrody- 
namics, D — E; not so in BLTP electrodynamics), one needs to find a prescription 
which expresses E, E at t = 0 in terms of B,D at t = 0. In Ref. 17 we show that 
a reasonable choice is the map (B, D)o > (E, E)o obtained by maximizing the field 
energy w.r.t. Eo and Eo (treated independently). This can be made co-variant 
by stipulating that the maximization is carried out in the Lorentz frame in which 
total momentum vanishes initially. 

Back to the mathematically superior status of BLTP electrodynamics, one 
can now apply rigorous analysis, and controlled numerical techniques, to study 
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the theory. For instance, a rigorous comparison of our expression (22) for the “self”- 
force with a differently defined “self”-field force which was studied in Ref. 12 was 
carried out recently by Hoang & Radosz and their students, see Ref. 5, 13. One of 
our next projects is to rigorously extract effective equations of motion with more 
user-friendly expressions for the ^self"-force. In particular, whether or to which 
extent the Landau—Lifshitz equation approximately governs the motion is an in- 
teresting question. 


2.1.2. Topologically non-trivial flat spacetimes with time-like singularities 


The zero-gravity limit of singular spacetimes does not automatically yield 
Minkowski spacetime minus a number of world-lines. In Ref. 27 the zero-G limit 
of Carter’s maximal analytical extension of the electromagnetic Kerr-Newmann 
spacetime was analyzed. The limiting spacetime is axially symmetric and static. 
It is locally isometric to Minkowski spacetime, but is topologically non-trivial, 
featuring Zipoy topology. Its constant-time slices are double-sheeted, and have 
the topology of IR? branched over the un-knot. The spacetime is singular on a 
2-dimensional time-like cylinder S! x R, which is the world-tube of a space-like 
ring-type singularity. The most intriguing aspect of this solution is that at any in- 
stant of time the ring singularity, when viewed from one of the two sheets of space, 
appears to be positively charged, and from the other sheet, negatively charged, as 
already noticed by Carter. The electromagnetic fields it supports where discovered 
in the 19th century by P. Appell as “multi-valued electromagnetic fields," while 
A. Sommerfeld soon realized that they represent single-valued electromagnetic 
fields on a topologically non-trivial multi-sheeted space. 

A natural next step would be to formulate the corresponding zero-gravity two- 
body problem for two space-like ring-type singularities of zGK N-type, evolving in 
time jointly with the electromagnetic fields they generate. We know for example 
that the space should be four-sheeted (in general, 2 sheets are needed for N ring- 
type singularities). However, as the zGKNN fields solve the Maxwell-Lorentz vac- 
uum field equations away from the singularities, it is not surprising that one again 
encounters the infinite field energy-momentum problems which plague Lorentz elec- 
trodynamics. Thus one would first need to find either MBI or MBLTP analogues 
of the Appell-Sommerfeld fields. The nonlinearity of the MBI field equations 
makes this a daunting task, but we are confident that the feat can be accomplished 
with the MBLTP field equations. In that case the zero-G EIH-type approach 
explained in the previous subsection should allow the formulation of a well-posed 
initial value problem for ring-type singularities and their electromagnetic MBLTP 
fields. Note that the law of motion would most likely be a system of partial differ- 
ential equations, as the ring-type singularity has to be allowed to bend, twist, warp, 
stretch, and such. 
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2.2. Turning on gravity: G > 0 
2.2.1. The neighborhood of Minkowski spacetime 


By rigorously establishing well-posedness of BLTP electrodynamics with point 
charges as a consequence of postulating the conservation law (2) for the total 
momentum vector-density (3), with the expressions for the particles given be the 
usual special-relativistic ones and those for the fields determined by the field equa- 
tions,Ref. 17 demonstrates that a key idea of the 1938 EIH paper is viable in the 
zero-G limit when applied with a suitable set of electromagnetic field equations, 
and with non-zero bare rest mass assigned to the point charges. We now address 
the question whether this result extends continuously to a G > 0 neighborhood of 
special relativity, free of black holes. By a result of Geroch—Traschen!! a no- 
Black-Holes spacetime with a one-dimensional time-like singularity cannot exist if 
the singularity has positive bare mass, different from the special-relativistic case, 
where the bare mass merely had to be non-zero. 

One of the main ingredients of the EIH argument is of course, that the con- 
servation law of energy-momentum is implied by the twice contracted 2”4 Bianchi 
identity in concert with Einstein's general-relativistic field equations. However, for 
the spacetimes with time-like singularities envisaged by EIH (and Weyl) this is 
not automatically true. An important step, therefore, is to determine the Lorentz 
spacetimes with time-like singularities on which the twice contracted 2"^ Bianchi 
identity holds in a weak form. 

Together with A. Y. Burtscher we have begun a systematic study of the favor- 
able conditions. In Ref. 3 we study the simplest non-trivial case: static spherically 
symmetric spacetimes with a single time-like singularity. We obtain some necessary 
and, for certain electromagnetic vacuum laws, also sufficient conditions that the 
twice contracted 2"7 Bianchi identity holds in a weak form. Interestingly, in the 
naked singularity regime (no Black Hole!), the answer is negative for the electro- 
magnetic Reissner- Weyl-Nordstróm spacetime, but positive for the Hoffmann 
spacetime* in which electromagnetic MBI fields are coupled with Einstein's grav- 
ity; see Ref. 26 for a rigorous discussion. Our goal is to generalize our study, one 
step at a time, to dynamical spacetimes without symmetry. 

The crucial question, then, is whether the weak twice contracted 2"7 Bianchi 
identity implies the law of the electromagnetic spacetime's time-like singularities 
with bare energy-momentum assigned to them. Interestingly, it seems that merely 
changing Maxwell's into the BLTP or MBI vacuum law is by itself not sufficient 
to allow the formulation of a well-defined joint initial value problem for the mas- 
sive point charges and the electromagnetic and gravitational fields they generate: 
the gravitational coupling also needs to be changed, for instance in the manner of 


It is curious that although Hoffmann had worked out his spacetime solution by 1935, the fact 
that his spacetime with non-positive bare mass is less singular than the RWN spacetime did not 
in 1938 compell EIH to use the MBI instead of Maxwell-Lorentz field theory. 
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Jordan, Brans-Dicke, or f(R) gravity, to obtain a well-defined joint Cauchy 
problem. Put differently, the gravitational coupling of spacetime structure with 
bare matter and the electromagnetic fields needs to be “mediated” by a certain 
type of scalar field which moderates the strength of the spacetime singularities 
enough so that the strategy explained in the previous subsection can be applied. 
This scalar field in the classical theory would play a role vaguely reminiscent of 
the role played by the scalar Higgs field in the quantum field-theoretical standard 
model of elementary particle physics. 


2.2.2. The neighborhood of zG K N-type spacetimes 


Everything stated in the previous subsection about the neighborhood of the 
Minkowski spacetime has an analogue problem for the gravitational neighborhood 
of topologically non-trivial flat spacetimes of (generalized) zGKN type. 
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The Einstein-Infeld- Hoffmann legacy 
in mathematical relativity IT: 


Quantum laws of motion for singularities of spacetime 
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Dept. of Mathematics, Rutgers-New Brunswick 
E-mail: t shadit@math.rutgers.edu, miki@math.rutgers.edu 


We report on recent developments towards a relativistic quantum mechanical theory of 
motion for a fixed, finite number of electrons, photons, and their anti-particles, as well 
as its possible generalizations to other particles and interactions. 


1. Introduction 


As reported in Part I, the goal of the classical part of our program is to formulate and 
analyze a generally covariant joint initial value problem for the motion of massive 
charged particles, together with the electromagnetic and gravitational fields that 
they generate. We believe that proving local well-posedness, i.e. existence and 
uniqueness of a solution to this initial value problem, and continuous dependence 
of the solution on initial data, is a first necessary step towards the formulation of a 
deeper quantum theory of motion, for which the above could serve as the classical 
limit. 

In the second part of our report, we expand on what such a relativistic quantum 
theory could look like, and present the results of our preliminary efforts towards 
achieving our ultimate goal, which is twofold: (1) to provide an accurate account 
of empirical electromagnetism in terms of a special-relativistic N-body quantum 
theory of electrons, photons, and their anti-particles; and (2) to extend that effort 
to general relativity by taking gravitational effects into account. 


’s!2:13 and Bell's? writings, we want to 


At the same time, inspired by Einstein 
find out whether it is possible to formulate such a theory as a generalization of the 
non-relativistic theory of de Broglie® and Bohm? in which the quantum-mechanical 
wave function w guides the actual motion of all the particles involved. 

Our approach to a relativistic quantum theory is based on a number of working 
hypotheses. Before listing them, we summarize the assumptions that formed the 
basis of our approach to the classical theory of motion of charged particles, as was 


outlined in Part I of this report: 


1. All forms of matter are of a discrete (particulate) nature. 

2. Particles, whether feature-less point-particles or structured ones such as 
ring-particles, have well-defined world-lines or world-tubes that form the 
singular boundary of spacetime, in the sense that the spacetime metric 
and/or classical fields permeating the spacetime develop a singularity as a 
point on this boundary is approached. Moreover, these singularities must 
be weak enough to give rise to locally integrable field energy-momentum 
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densities, but not so weak as to be confined to characteristic hypersurfaces 
(which are completely determined by the field equations). 


. The metric of the spacetime satisfies the weak version of the twice- 


contracted second Bianchi identity everywhere, including in a neighborhood 
of any singularity of spacetime (of the type discussed in item 2 above), thus 
allowing the usual conservation laws of total (i.e. field+particle) energy, 
momentum, and angular momentum to hold in a weak sense. 


In Part I, we showed how these principles may be used to derive a classical equation 
of motion for world-lines of matter particles (which are identified with time-like 
singularities of spacetime) based entirely on momentum balance laws. 


Our approach to a quantum law of motion begins by replacing the third item 
above with another set of hypotheses*: 


3. 


'The quantum-mechanical wave function of a single particle is a section of a 
Clifford-algebra-valued spin bundle over configuration spacetime. Different 
species of particles are distinguished by their wave functions at a point 
in spacetime belonging to different generalized ideals (stable subspaces) of 
that Clifford algebra. 

The wave function of a system of N relativistic particles is defined on the 
N-body configuration spacetime, and takes its values in a tensor space 
generated by the tensor product of bases for the constituent 1-body wave 
function spaces. 


. The wave function of a single particle satisfies a relativistic wave equation 


that is equivariant with respect to the action of the Poincaré group on the 
bundle of frames for the tangent space at any point in spacetime. 

As a consequence of satisfying that wave equation, the wave function of a 
single particle possesses a conserved, future-directed, timelike (or causal, 
if the particle is massless), and normalizable current, whose component 
in the normal direction to a given spacelike foliation of spacetime, when 
evaluated at a point on a leaf of that foliation gives the probability density 
of the particle trajectory crossing the leaf at that point (by the Born rule.) 
The same holds for the N-particle version of the wave function and an 
N-particle tensor current that is jointly conserved. 

The motion of a system of N particles is guided by a multi-time wave func- 
tion defined on the N-particle configuration spacetime, in accordance with 
a relativistic generalization of the de Brogile-Bohm guiding law, such as 
the Hypersurface Bohm-Dirac Law, in which a conserved N-particle tensor 
current evaluated at the actual positions of those N-particles determines 
their actual velocities. 


*We emphasize that this is a preliminary list based on what we know so far, and is subject to 
modification and expansion as our investigations continue. 
>See Furey 14:15 for details on this point of view. 
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8. In the classical limit, the quantum motions converge to those described in 
part I. 


2. Least Invasive Quantization 


In this section we demonstrate by way of a very simple example, how it may be 
possible to continuously deform a classical law into a quantum law of motion for 
the same particle. 

Consider a particle of (bare) mass m in an external potential V = V (t, q), q € RÊ. 
'The relativistic Lagrangian for the particle's motion is 


(t,q,d) =m(1— v1- d?) - V(t, q). (1) 


'The corresponding action is 


Aja] = | * Ut, qs dat. (2) 


1 
We define the canonical momentum to be 


p LER (3) 
0d A- 


so the Hamiltonian is 


H(t,q,p) = pà - L= Vm? + p? — m  V(t, q). (4) 
The Hamilton equations are therefore 


OH OH 
=~, p= - = -8,V It, 9). (5) 


ġ= A , 
Op — /m? +p? ôq 


The Hamilton-Jacobi equation 


Os Os 
—+H(q,—,t)= 
Hr + Hla Gt) =0, (6) 


is a first-order nonlinear PDE for the Hamilton-Jacobi phase function S = S(t, q). 
It arises in the context of solving Hamilton’s equations by finding a canonical trans- 
formation, i.e. a change of variable in phase space (q, p) such that the transformed 
Hamiltonian is constant. We note that S is defined on the space of generic po- 
sitions of the particle, ie. it’s a function defined on the configuration space (or 
configuration spacetime, in the relativistic setting.) 

In the case of our particular example, it’s easy to see that the Hamilton-Jacobi 
equation has the form of an eikonal equation: 


BaS +V? -|a =m, S:=S—mt. (7) 


Moreover, this equation is derivable from an action principle: Let o > 0 be another 
function defined on the configuration spacetime, set 


£:= o (188 +V? - 9,8? — m?) , (8) 
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and let S :— ff £dqdt be the corresponding action. It is then obvious that the 
stationary points of S with respect to compactly supported variations in o satisfy 
(7). If we now let o be an active variable, and set the variation of S with respect 
to S also equal to zero, we obtain the following continuity-type equation for o: 


OM (gu) = 0. (9) 
Here u = 0,...,d, indices are raised and lowered using the Minkowski metric 
n = diag(1, —1,..., —1) on the configuration spacetime, and we are employing the 
Einstein summation convention. The covectorfield u is by definition 
up := Os + V, uj = 05,8, 10) 
so that by (7), 
upu” = m?. 11) 


Let us now define a complex-valued field on the configuration spacetime 
p= os”, 12) 


Evidently, using that (0, S) satisfy the Euler-Lagrange equations for the stationary 
points of the action S, one can derive the equation that w must satisfy, which will 
be a nonlinear PDE. 

'The goal of a least invasive quantization procedure is to find a continuous de- 
formation of the Lagrangian £, now thought of as Liu], to a nearby Lagrangian 
£|v] = Li] + 5? £' [v] in such a way that the Euler-Lagrange equation of the new 
action corresponding to L is a linear PDE in i. This is easily accomplished by 
adding a Fisher-like term to £: Let 


= H 
i= £4 eee (13) 


A computation then shows that 
E i 
Eu] = R? (O: + EV WP — IPOs + m? lo? (14) 
so that a stationary point wv will satisfy the linear Klein-Gordon equation 
(D'D,-m?)v 20, | D,:— —ihÓ, + Ap, (15) 


which (under appropriate assumptions relating A, and V), is a Lorentz-covariant 
equation for a massive spin-0 particle. 

It should be noted that in the above admittedly over-simplified setting, V was 
taken to be an “external” field, but in order to connect with our program of finding 
equations of motions for singularities of a dynamic field, V needs to be determined 
by the field for which the particle in question is a singularity. For example, if we 
are to identify the electron with certain singularities of the electromagnetic field, 
then the corresponding V in the wave equation for the electron would have to be 
determined in terms of that electromagnetic field, evaluated at generic positions of 
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the electron. For a detailed discussion of a proper least invasive quantization in the 
electromagnetic context see Ref. 21. In any case, since the electron is a spin-1/2 
particle, the appropriate wave equation is not Klein-Gordon's but Dirac's, so the 
above process needs to be suitably modified. 

Finally, we should note that even though in (9) one may formally set p :— ou? 
and v^ :— u*/u? to obtain what looks like a continuity equation for a probability 
density 


p + d, (pv*) = 0 (16) 


and proceed to derive a Born Rule and guiding law for the particle from it, there is 
a-priori no reason why p would be non-negative. This suggests that even for spin- 
0 particles, the Klein-Gordon may not be the correct equation. Indeed, the lack 
of a future-directed timelike conserved current for solutions of the Klein-Gordon 
equation is a main reason for researchers doubting whether bosons can be treated as 
particles. We believe they can, and have already addressed this issue for photons !?. 
'The question of what the correct wave equation is for spin-0 bosons will be addressed 
in a forthcoming publication of ours. 


3. Quantum Law of Motion for Point Test Particles 
3.1. Point particle in Hoff mann-like spacetimes 


We now move on to a more realistic scenario, of a single point charge, thought of 
as the only time-like singularity of a static, spherically symmetric 4-dimensional 
electrovacuum spacetime, i.e. a solution of the Einstein-Maxwell equations. As was 
shown in Ref. 7, the case where the electromagnetic vacuum law is the standard, 
linear law of Maxwell (D = E,H = B) yields a spacetime that is too singular for 
weak Bianchi identity to be satisfied at the singularity, so that our third working 
hypothesis is not satisfied. We showed however, that there are nonlinear vacuum 
laws, including the one proposed by Born & Infeld?, for which the corresponding 
static spherically symmetric solution of the Einstein-Maxwell equations (which was 
fully analyzed in Ref. 23) does satisfy the weak Bianchi identity. The spacetime 
that corresponds to the Born-Infeld vacuum law was discovered by Hoffmann !Ó in 
1935. 

As a first step towards a full-blown two-body quantum-mechanical problem, one 
may study the dynamics of a single electron, thought of as a test point charge, 
placed in the electrostatic and gravitational field of another, much more massive 
point charge such as a nucleus, the latter thought of as the central singularity of a 
static spherically symmetric spacetime, while the contribution of the former to the 
geometry of the spacetime is ignored. At the same time, the Born-Oppenheimer 
approximation allows one to reduce the 2-body quantum mechanical situation to 
a single body one. The dynamics of the electron is thus determined by its wave 
function that, due to the electron being a massive spin-1/2 particle, satisfies the 
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Dirac equation on the background spacetime of the nucleus, with the electrostatic 
field of the nucleus appearing in the Dirac operator as a minimal coupling term. 

'This program was carried out successfully in Ref. 1, where it was shown that 
the Dirac Hamiltonian on Hoffmann-like spacetimes is essentially self-adjoint re- 
gardless of the nuclear charge, its essential spectrum is the same as that of the free 
Dirac operator on Minkowski space, its point spectrum is non-empty and consists 
of infinitely many eigenvalues in the gap, accumulating at the right endpoint. Nu- 
merical investigations of this problem are in the works, including comparison of 
the eigenvalues with those of the Dirac+Coulomb potential and the Dirac+Born 
electrostatic potential Hamiltonians on a Minkowski background. 


3.2. Point particle in zero-gravity Kerr-Newmann spacetime 


As mentioned above, the main obstacle on the path to a well-defined quantum theory 
that could encompass both gravity and electromagnetism is that when Maxwell- 
Lorentz electrodynamics is coupled to Einstein's gravity, the infinities inherent in 
ML cause the spacetime to have curvature singularities that are too strong for even 
a weak notion of energy-momentum conservation to hold. In our quest to find a 
remedy for the strong curvature singularities of well-known solutions of Einstein- 
Maxwell equations such as the Kerr-Newmann solution, another avenue that we have 
pursued is to work with the zero-gravity limit of such singular spacetimes. This is 
a (geometrically well-defined) limit when Newton’s gravitational constant G, which 
appears as a parameter in these metrics, is set to zero. The limiting spacetime and 
the electromagnetic field on it were analyzed in Ref. 22. It is axially symmetric, 
static, and locally isometric to Minkowksi space, but is topologically non-trivial. 
These facts were already known to Carter?, who discovered the maximal analytical 
extension of the Kerr-Newmann solution. It was also known that the constant time 
slices of this manifold are double-sheeted, and have the topology of R? branched 
over the un-knot (See Fig. 1.) 


Fig. l. Visualizing the double-sheeted spacelike slices of zero-G Kerr-Newmann spacetime as a 
branched cover of the un-knot. Arrows indicate that the top of the disk in one copy of R? is to be 
identified with the bottom of the disk in the other copy. 


The spacetime is indeed singular on a 2-dim. timelike cylinder S! x R, which is 
the world-tube of a ring-like singularity. The most intriguing aspect of this solution 
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is that at any instant of time the ring singularity, when viewed from one of the 
two sheets of space, appears to be positively charged, and from the other sheet, 
negatively charged. 

As a first step in studying the quantum problem, one may identify the zero- 
gravity Kerr-Newmann (zGKN) solution with the spacetime outside a ring-like sin- 
gularity representing a positively charged particle such as a proton. Since the metric 
of zGKN and the electromagnetic field corresponding to it are well known, it is easy 
to formulate the quantum dynamics of a test electron placed in the vicinity of the 
ring singularity by studying the Dirac equation on the zGKN background. This 
task was carried out in Ref. 17, where it was shown, using techniques developed in 
Refs. 2 & 26, that the pertinent Dirac Hamiltonian is essentially self-adjoint and its 
essential spectrum is the same as the standard Dirac operator on Minkowski space. 
We further showed that its discrete spectrum is nonempty, provided the radius of 
the ring is small enough. The ground state of the Dirac Hamiltonian for the single 
test electron has support in both sheets of the spacetime, but is mainly concentrated 
in the sheet where the ring singularity appears to be positively charged, see Fig. 2, 
where the horizontal axis is a radial coordinate that runs from —oo to 0 in one sheet 
and 0 to oo in the other sheet, while the vertical axis is |v|?. 


Fig. 2. Ground state of single-electron Dirac Hamiltonian on a zGKN background 


Further analysis showed that the radius of the ring should be of the order of 
the anomalous magnetic moment of the electron, and that given this choice, the 
full spectrum will be close to the standard Dirac+Coulomb problem for Hydrogenic 
atoms. Furthermore, the broken symmetry due to nonzero ring radius causes the 
well-known degeneracy in the Dirac spectrum of Hydrogen to be broken, resulting in 
effects that are qualitatively similar to Lamb shift and hyperfine splitting, without 
the need to appeal to QED methods, see Fig. 3 (axes have the same meaning as in 
Fig. 2.) 
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Fig. 3. Numerical evidence of a qualitative Lamb shift for Dirac's Hamiltonian on zGKN. The 
prameter a is the ring radius, which here is set equal to electron's anomalous magnetic moment, 
measured in units of the Compton wavelength of electron. 


4. Towards a Quantum Law of Motion for Ring-Like Singularities 
of Spacetime 


Going back to the intriguing feature of the ring singularity of zGKN, i.e. that 
the same ring is found to have a positive charge when seen from one of the two 
sheets of that spacetime, and a negative charge when seen from the other sheet, 
one may wonder whether this ring singularity is representing both a particle and 
its anti-particle. In Ref. 18, extrapolating from the existence of such “bi-particle” 
structures in General Relativity, we proposed a novel interpretation of Dirac's “wave 
equation for the relativistic electron" in which the electron and the positron are 
merely the two different "topological spin" states of a single more fundamental 
particle, not distinct particles in their own right. This novel interpretation resolves 
the dilemma that Dirac's wave equation seems to be capable of describing both the 
electron and the positron in ‘external’ fields in many relevant situations, while the 
bi-spinorial wave function has only a single position variable in its argument, not 
two —as it should if it were a quantum-mechanical two-particle wave equation. We 
formulated a Dirac equation for such a ring-like bi-particle which interacts with a 
static point charge located elsewhere in the topologically non-trivial physical space 
associated with the moving ring particle. Indeed, for quasi-static motions of the 
ring, this equation is nothing but the one we have been discussing in the previous 
section, namely Dirac's equation on the zGKN background! The difference is in 
the interpretation, since the wave function in the present case is defined on the 
configuration space of the center of the ring, which is now moving with respect to 
a fixed point charge located on one of the two sheets. See Fig. 4 for a schematic 
illustration of the two interpretations. Furthermore, we showed that the motion of 
the ring can be governed by a de Broglie-Bohm type law extracted from the Dirac 
equation. 
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Fig. 4. Left: The physical spacetime with a single ring singularity in straight line motion relative 
to the rest frame of a designated origin, which in the depicted scenario gets "swept over" by the 
ring singularity; Right: Trajectory of a test particle in straight line motion in the static zGKN 
spacetime having the center of its ring singularity as the origin (marked 0). The test particle 
transits through the ring from one sheet to the other. 


Our work in this direction is so far limited to quasi-static motions of the ring, 
which result in the ring remaining circular to the leading order, so that its motion 
can be specified solely in terms of the trajectory of the center of the circle, together 
with the evolving unit normal to the plane of the circle. Clearly, much work re- 
mains to be done in order to extend these results to the general case, which would 
presumably involve deformations of the ring as it moves. 

'The next natural step in this direction would be to study the full 2-body quantum 
problem, either in the context of nonlinear electrodynamics, or in the zero-gravity 
context by studying the two-rings analog of zGKN. Due to the strong nonlinearity 
of the BI vacuum law however, there is currently no explicit solution known to the 
classical 2-body problem, even in the absence of gravity, thus making any progress 
in that direction quite difficult. As to the two rings, that analysis is already under 
way. We know for example that the space should be four-sheeted (in general, 2% 
sheets are needed for N ring singularities), and that it is possible to come up with 
a Dirac equation for the 2-body wave function (with synchronized times), equipped 
with a minimal coupling term that models the electromagnetic interaction of the two 
rings. It is important to note however, that there is no chance of “turning gravity 
back on" in these models, since doing so will bring back the strong singularities 
of the type present in the Kerr-Newman spacetime, together with all the causal 
pathologies that they entail. 

As described in Part I of this report, there are other electromagnetic theories, 
such as the Bopp-Lande-Thomas-Podolsky (BLTP) theory, which may allow us to 
find electromagnetic spacetimes whose singularities are mild enough so that they 
can represent charged particles. Once such solutions are known, a least invasive 
quantization procedure as outlined in Section 2 could conceivably lead to a quantum 
law of motion for those particles. Investigations are currently under way on various 
aspects of this program. 
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5. Quantum Laws of Motion for Interacting Point-Particle Systems 


As mentioned at the outset, our goal is the eventual formulation of a relativistic 
quantum-mechanical theory of motion for a fixed number N of electrons, photons, 
and their anti-particles in 34-1-dimensional Minkowski spacetime, and its general- 
ization to other particles and interactions. We are certainly not the first researchers 
to state this as our goal, as can be attested to by the following passage in Ref. 9: 


“The Compton effect, at its discovery, was regarded as a simple collision of two 
bodies, and yet the detailed discussion at the present time involves the idea of 
the annihilation of one photon and the simultaneous creation of one among an 
infinity of other possible ones. We would like to be able to treat the effect as a 
two-body problem, with the scattered photon regarded as the same individual as 
the incident, in just the way we treat the collisions of electrons." 


Such a goal however, of treating electrons and photons on an equal footing, within a 
quantum-mechanical framework of a fixed number of particles, has so far remained 
elusive. Progress has been obstructed in particular by the lack of a viable candidate 
for the quantum-mechanical photon wave function and its pertinent relativistic wave 
equation which furnishes a conserved probability current for the photon position, 
obeying Born's rule. Recently such a photon wave function and wave equation have 
been constructed in Ref. 19. In a forthcoming joint work with M. Lienert?°, 
show how the photon wave equation of Ref. 19 can be coupled with Dirac's well- 
known relativistic wave equation for the electron in a Lorentz-covariant manner 
to accomplish what Darwin has asked us to do: to “treat the effect as a two-body 
problem, with the scattered photon regarded as the same individual as the incident, 
in just the way we treat the collisions of electrons." 

We work with Dirac's manifestly Lorentz-covariant formalism of multi-time wave 
10. For our N = 2 body problem the wave function V(x,,, Xa) depends 
on the two generic spacetime events Xa and x,, of the electron and the photon, 
respectively, which must be space-like separated. Both the Dirac operator of a free 
electron??, and the Dirac-type operator of a free photon constructed in Ref. 19, 
act on V(x,,, x4). Unique solvability of this system of evolution equations requires 


we 


functions 


imposing a suitable boundary condition at the subset of co-incident events, {Xa = 
Xpn}. Conservation of the particle currents dictates the boundary condition, up to 
a choice in a phase. We prove that the resulting initial-boundary-value problem is 
well-posed. 

It is intuitively obvious that a boundary condition at co-incident events {Xa = 
X,,) amounts to a local pair interaction between electron and photon in a Lorentz- 
covariant manner. Our boundary condition is compatible with the kind of interac- 
tion expected for an electron and a photon in Compton scattering. In particular, 
when we plot the joint 2-body probability density p as a function of generic posi- 
tions of the two particles, we observe that, as it evolves in time, the density forms 
four peaks, corresponding to the wave function being mostly supported near four 
distinct configurations: (1) both particles going to the left, (2) both particles going 
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to the right, (3) particles going away from each other for all time; and (4) particles 
initially moving towards each other and “bouncing off’ of one another. Indeed the 
fourth peek appears to “hit” the boundary and get reflected, see Fig. 5 for snapshots 
of the evolving density*. 


1-025000 1- 0.50000 1- 0.75000 ram 


E 
E 
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Fig. 5. Contour plot of the density p in photon-electron configuration space at six consecutive 
snapshots of common time t = te = tpn. The photon axis is horizontal, the electron axis vertical. 


We have also carried out a limited number of numerical experiments with our 
system of equations, which indeed demonstrate the process of Compton scattering, 
but which also have revealed an unexpected novel phenomenon: photon capture 
and subsequent release by the electron. For all practical purposes this scenario 
seems indistinguishable from the scenario of an annihilation of a photon, followed 
by a subsequent emission of another one. In our quantum-mechanical N — 2-body 
model the photon of course never gets destroyed or created, precisely as envisioned 
by Darwin. 

Beyond demonstrating that relativistic quantum mechanics with a fixed finite 
number N of interacting particles is feasible, we also formulate the de Broglie- 
Bohm-type foundations of this Lorentz-covariant quantum model. This is accom- 
plished by adapting to our interacting 2-body model the so-called “hypersurface 
Bohm-Dirac?-type formulation for non-interacting particles!!. This formulation 
requires one to specify a foliation of spacetime by spacelike hypersurfaces. In our 
model these hypersurfaces are given by a time-like Killing vector field that is de- 
termined self-consistently by the initial data of the wave function. The guiding law 
for the particles is furnished by the conserved current of our quantum-mechanical 
multi-time wave function. We extend a theorem of Teufel- Tumulka?^, which implies 
that unique particle motions typically exist globally in time. 

The numerically computed trajectories confirm that our boundary condition 
causes the particles to scatter off of one another. See Fig. 6 for example of a two 
pairs of particles with identical initial conditions, one evolved according to the free 
evolution (i.e. without any boundary condition on the coincidence set) and the 
other using our boundary condition. 


* You can see an animation of the density plot of p as a function of the two positions by going to 
http://sites.math.rutgers.edu/~shadi/phelidint_slow. gif 

dThis should put to rest the often-voiced claim that the de Broglie-Bohm theory could not be 
made relativistic. 
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Fig. 6. Interacting (solid) versus non-interacting (dotted) electron-photon trajectories. 


The intriguing phenomenon of photon “capture and release" by the electron 
that we alluded to in the above can also be illustrated by the numerically computed 
electron and photon trajectories, see Fig. 7. 


-0.5 0 0.5 1 15 


Fig. 7. World-lines corresponding to possible capture-and-release phenomena (Different colors 
correspond to the photon-electron pair starting at different initial positions that are successively 
closer to each other.) 


Finally, by sampling a large ensemble of random positions distributed according 
to the initial wave function, we can also illustrate that the empirical statistics over 
the possible actual trajectories reproduces Born's rule in our model, a consequence 
of the equivariance of the evolution of the probability densities. See Fig. 8 and 
note the four clusters of trajectories that correspond to the four peaks of the joint 
probability density that was mentioned in the above. 

More numerical investigation is currently under way, to explore various regions 
in the parameter space for the dynamics (e.g. mass and energy of incident electron, 
frequency profile of incident photon, their initial distance, etc.) and to quantify the 
energy and momentum transfer between the two particles. 
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Fig. 8. Electron & photon world-lines corresponding to 100 pairs of typical initial positions. 
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Most versions of classical physics imply that if the 4-volume of the entire space-time 
is infinite or at least extremely large, then random fluctuations in the matter will by 
coincidence create copies of us in remote places, so called “Boltzmann brains.” That is 
a problem because it leads to the wrong prediction that we should be Boltzmann brains. 
The question arises, how can any theory avoid making this wrong prediction? In quantum 
physics, it turns out that the discussion requires a formulation of quantum theory that 
is more precise than the orthodox interpretation. Using Bohmian mechanics for this 
purpose, we point out a possible solution to the problem based on the phenomenon of 
“freezing” of configurations. 


Keywords: quantum fluctuation; Bunch-Davies vacuum; late universe; scalar fields in 
cosmology; de Sitter space-time 


1. The problem of Boltzmann brains 


A “Boltzmann brain” |? is this: Let M be the present macro-state of your brain. 
For a classical gas in thermal equilibrium, it has probability 1 that after sufficient 
waiting time, some atoms will “by coincidence” (“by fluctuation,” “by ergodicity” ) 
come together in such a way as to form a subsystem in a micro-state belonging 
to M. That is, this brain comes into existence not by childhood and evolution of 
life forms, but by coincidence; this brain has memories (duplicates of your present 
memories), but they are false memories: the events described in the memories never 
happened to this brain! Boltzmann brains are, of course, very unlikely. They are 
fluctuations in which entropy spontaneously decreases. But they will happen if the 
waiting time is long enough, and they will happen more frequently if the system is 
larger (bigger volume, higher number of particles). 

The problem with Boltzmann brains is this: If the universe continues to exist 
forever, and if it reaches universal thermal equilibrium at some point, then the 
overwhelming majority of brains in the history of the universe will be Boltzmann 
brains. According to the “Copernican principle,” we should see what a typical 
observer sees. But we do not, as most Boltzmann brains find themselves surrounded 
by thermal equilibrium, not by other intelligent beings on a planet. In fact, if a 
theory predicts that the great majority of brains are Boltzmann brains, then one 
should conclude that we are Boltzmann brains. But we are not. We had childhoods. 
We know because we trust out memories more than any physics theory. 

How can any of our serious theories avoid making this incorrect prediction? 
One possibility is that there will be a Big Crunch, and that the total 4-volume 
of the universe will be finite and not too large. Then the probability that an 
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unlikely fluctuation ever happens can be small. However, it is expected (e.g., from 
A-cold-dark-matter, often called the standard model of cosmology) that the late 
universe will be close to de Sitter space-time and thus has infinite lifetime and 
infinite 4-volume. We will describe another way out of the problem. ^? 


2. Concrete version of the Boltzmann brain problem 


It is further expected from A-cold-dark-matter that the state of matter in the late 
universe will be close (in terms of local observables) to the Bunch-Davies vacuum, 
a quantum state invariant under the isometries of de Sitter space-time (in particu- 
lar, a stationary state). The |v|? probability distribution it defines on configuration 
space gives > 99% weight to thermal equilibrium configurations, but positive proba- 
bility to brain configurations, in fact > 99% probability to configurations containing 
brains if 3-space is large enough (in particular if infinite). 

Does this mean there are Boltzmann brains in the Bunch-Davies vacuum? Ac- 
tually, does a stationary state mean that nothing happens? Or does the factual 
situation visit different configurations over time according to |~|?? This is a point 
at which foundational questions of quantum theory become relevant to cosmology. 
We need to ask, what is the significance of this particular wave function for reality? 

We will analyze a Bohm-type model of the situation and conclude that there 
are no Boltzmann brains in the Bunch-Davies state. For comparison, for Everett’s 
many-worlds interpretation of quantum theory, Boddy, Carroll, and Pollack? have 
argued that in a stationary state nothing moves, whereas David Wallace, a leading 
advocate of the many-worlds view, disagrees (personal communication). 


3. Bohmian mechanics 


54 is a version of quantum mechanics with trajectories. For 


Bohmian mechanics 
non-relativistic quantum mechanics, it can be defined as follows. The theory takes 
^particles" literally and proposes that electrons are material points moving in 3- 
space that have a definite position Q(t) at every time t. There is a wave-particle 
duality in the sense that there are particles and there is a wave (the usual wave 
function v; of quantum mechanics on the configuration space R?N of N particles). 


The theory has two dynamical laws: for v the usual Schrodinger equation 


Oe 
Map os (1) 
and for Q,(t) Bohm’s equation of motion 
dQ,(t) h 
Ou) = — ViImlog v«(Qq(t),..., Qu (t). (2) 
Mk 


Figure 1 shows a sample of Bohmian trajectories after passing through a double 
slit. The law of motion (2) is equivalent to 


dQ _ j(Q) 
dt Q)’ 8) 
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Fig. 1. Several alternative Bohmian trajectories in a double slit experiment, each coming from 
the left and passing through one of the slits. (Reprinted from Ref. 4) 


where Q = (Q,,...,Qy) is the configuration, p = |w|? is the standard probability 
density, and 7 is the standard probability current vector field in configuration space. 
As a consequence of the continuity equation for p and j, one obtains the equivariance 
theorem that if Q(t = 0) is random with distribution density |v(t = 0)|?, then at 
any time t, Q(t) has distribution |7)(t)|?. As a part of the theory, we assume that the 
initial configuration is in fact so chosen. Figure 1 illustrates that the arrival points 
on the screen are |2)|? distributed. The central fact about the empirical predictions 
of Bohmian mechanics is that the inhabitants of a Bohmian world would observe 
outcomes in agreement with the predictions of quantum mechanics. 


4. How Bohmian mechanics helps against Boltzmann brains 
4.1. Freezing in Bohmian mechanics 


In Bohmian mechanics, there is the phenomenon of “freezing,” whose basic form is 
as follows. 


Theorem 4.1. [fw is a non-degenerate eigenstate of a Hamiltonian that is a non- 
relativistic Schrodinger operator, then the Bohmian configuration does not move. 


That is because the conjugate of Y must be another eigenstate with the same 
eigenvalue, so y must be real up to a global phase. As a consequence, according to 
(2), particle velocities vanish. Freezing may be surprising because the momenum 
distribution, |:)(k)|? with i the Fourier transform of w, is not concentrated on the 
origin. In Bohmian mechanics, momentum corresponds not to the instantaneous 
velocity but to the asymptotic velocity that the particle would reach if the potential 
were turned off.4 

It follows that, if non-relativistic Bohmian mechanics were true, and if the 
late universe were in a non-degenerate eigenstate, then the configuration would 
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be frozen. Arguably, the Boltzmann brain problem is absent then, as any such 
brain, even if it existed, would not be functioning. Turning now to a more realis- 
tic scenario, we will see that although freezing as such does not occur in the late 
universe, asymptotic freezing does. 


4.2. Concrete model of the late universe 


Let us take for granted that the late universe is asymptotically a de Sitter space-time 
with metric 


2 = dt? — etai da'dx! , (4) 


where H is the Hubble parameter (expansion speed of the universe—not the Hamil- 
tonian!) and i, j are summed over the values 1, 2,3. Actually, this coordinate patch 
covers only half of de Sitter space-time, but that is alright because we are con- 
sidering only the late universe. As a model of the matter, we consider a simple 
quantum field theory with a single Hermitian scalar quantum field y(x,t). The 
quantum state can then be written as a wave functional V(y,t) on the space of 
field configurations y, which are real-valued functions of x = (a',2?, x3). It will 
be convenient to rescale time according to dt = eP* dn, where the new coordinate 
7 is called the conformal time. As t varies from —oo to +00, 7 runs from —oo only 
up to 0; in particular, the long-time limit t — oo that is relevant to us corresponds 
to n — 0 from the left. We also rescale the field variable according to y = e”*y. 
Moreover, it will be useful to express the field configuration in terms of its Fourier 
modes yx (note that y-k = yy since y(x) is real). The Schrödinger equation for Y 


in the Schrödinger picture then reads? 


ow 0? if à ô 
j—— = d?k|— k? V 5 
aro f omg t tnit) © 


where k = |k|, and R?* means an arbitrary choice of half space (containing exactly 
one of k and —k for almost every k). 

We consider a Bohmian model with a field ontology, 9 that is, we assume that 
there is an actual field configuration y(x,t) (the analog of Q(t)), equivalently ex- 
pressed as yx(7), which is “guided” by V according to the equation 

dy,  ólmloggV 1 


—-- 6 
dn our n ii (6) 


which is the natural analog in this setting of Bohm's equation of motion (2)." 


4.3. Asymptotic freezing in the Bunch-Davies state 
In this — the Bunch-Davies state reads 


= TI sper (oggi ei [( G+ 2) t - phase] bm 


xci. V2". 
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with f = fk(n) = y1 + 1/k?n?/v 2k. In particular, the different field modes k are 
disentangled. The phase of V is not constant, so yy is not frozen, but V is simple 
enough so we can explicitly solve? the Bohmian equation of motion (6): 


y) = & fi) (8) 


or, expressed in the original variables, 


c(t) = cecky 1 + k?exp( -2Ht)/ H?. (9) 


Pk 
Ck 


t 


Fig. 2. Graph of gy as a function of t 


Note that jm cy (t) exists and is equal to ck, which means the Bohmian field is 
asymptotically freezing. This suggests that the configuration becomes constant for 
large t, precluding a functioning brain. In fact, the situation is a little more subtle 
because the z/ coordinates are moving apart, so that at any time only the modes 
with wave lengths large compared to the Hubble distance 1/H are frozen. But even 
before (9) becomes constant, its simple behavior is as good as freezing, as it is too 
simple to support the complex behavior of a functioning brain. Hence, in Bohmian 
mechanics there are no Boltzmann brains in the Bunch-Davies vacuum. 


4.4. Asymptotic freezing in a generic state 


However, V will not be close to the Bunch-Davies state in Hilbert space. It will look 
locally similar, but Bohmian mechanics depends nonlocally on the wave function. 
'This issue is taken care of by the following 


Theorem 4.2 (Ryssens? 2012, Tumulka? 2015). For a large class of wave 
functions Y and most initial field configurations, the asymptotic long-time behavior 


of q is 
p(t) © cecky 1 + k? exp(—2Ht)/H? fort > to, (10) 


where to is independent of k (but depends on Y). In particular, jim c(t) exists. 
—oo 


4.5. Idea of proof 


Consider a single mode k. Rescale the field variable, setting z = y(n)~'y, with the 
function y to be chosen later. Rescale and phase-transform wave function, 


D(z, n) = etA "| (o (n) z, m) (11) 
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with functions a and f£ to be chosen later. Also rescale time according to dr = 
^y? dn. For a suitable (explicitly known?) choice of the scaling functions a, 6, y, the 
evolution of ® reduces to a non-relativistic Schrodinger equation in a 2d harmonic 
oscillator potential, 


gp mE 020 
"ar Oz* Oz 


and the non-relativistic Bohmian equation of motion 


dz | Olmlogó(z,7) 
dr Oz* ys) 
These evolutions do not become singular as rT > 0— (@ 7 > 0- & t > oo). 


Thus, lim z(T) exists, so, for 7 sufficiently close to 0, z(7) z const. €» y(n) em 
T—0— 


y(n) x const. € y(t) & ck /1 + k? exp( -2Ht)/ H?. 


4.6. Upshot 


tu? z*zó (12) 


For almost any V, the Bohmian motion becomes very simple as t + oo. While there 
is a positive probability for a brain configuration to occur, this subsystem would 
not function as a brain because it cannot move in a complex way. (In fact, the 
probability of a brain configuration in a Hubble volume is tiny.) Thus, Boltzmann 
brains do not occur in Bohmian mechanics according to this particular model. 
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Traversable Wormhole are amazing astrophysical objects predicted by General Relativity 
which are able to connect remote region of space-time. Even if their existence has not 
been proved yet they are object of continuous investigation. From the theoretically point 
of view, to exist, traversable wormholes need a special form of energy density termed 
“exotic”. Since this exotic source must be concentrated on the throat of the wormhole, 
we discuss the implications of assuming Yukawa-like profiles which could be realize such 
a configuration. 


1. Introduction 


Traversable wormholes are solutions of the Einstein’s Field Equations (EFE) which 
have the property of connecting remote space-time regions!?. In Schwarzschild 
coordinates, the traversable wormhole metric can be cast into the form 


dr? 


y— 2) 


ds? = — exp (—29 (r)) dt? + +r7dn?. (1) 
where ¢ (r) is called the redshift function, while b (r) is called the shape function and 
where dQ? = d0? +sin? Odg? is the line element of the unit sphere. ¢(r) and b(r) are 
arbitrary functions of the radial coordinate r € [ro, +00). A fundamental property 
of a wormhole is that a flaring out condition of the throat, given by (b—b’r)/b? > 0, 
must be satisfied as well as the request that 1 — b(r)/r > 0. Furthermore, at 
the throat b(ro) = ro and the condition b'(ro) < 1 is imposed to have wormhole 
solutions. It is also fundamental that there are no horizons present, which are 
identified as the surfaces with e°? — 0, so that ó(r) must be finite everywhere. The 
first step to establish if a traversable wormhole exists is given by solving the EFE 
in an orthonormal reference frame 


P(r) = gm (2) 


posz [2 (0-2) oS]. (3) 


p: (r) = za (1- =) jo" +0 a 3] = a (w+ :) . — (4) 


where p(r) is the energy density, pr (r) is the radial pressure, and p;(r) is the 
lateral pressure and using the conservation of the stress-energy tensor, in the same 
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orthonormal reference frame, one gets 
2 
p, = = (Pt — Pr) - (P + p). (5) 


One strategy to obtain solutions for the EFE is represented by imposing an Equation 
of State (EoS) of the following forms: 


(1) p,(r) = wp(r), with w constant, 
(2) pr(r) =w (r) p(r), with w function of the radial coordinate r, 
(3) pr(r) = wp (r), with y € R. 


Of course, this list does not exhaust the possibilities of constraining the rela- 
tionship between p,(r) and p(r). For instance, by imposing the first EoS, one finds 
b(r) 4-wb(r) v 
gi = Bot wd) 6 
2r? (1 — 22) 


and if we also assume Zero Tidal Forces (ZTF), one gets 


o(r) =C and b(r) — ro (2) z , (7) 


where the condition b (ro) = ro has been used. The parameter w is restricted by 
the following conditions 


w>0 


b(r) 
b <1; 0 = 8 
(<i, M ag Pe (8) 
and the metric (1) assumes the particular simple expression 
d 2 
ds? = —dt? + — PL + ran’. (9) 
ro) att 
ae 
It is interesting to note that when w — oo, one finds 
dr? 
ds? = —di? + [2 = +7r7do?, (10) 


namely a traversable wormhole with zero energy density and ZTF. The correspond- 
ing Stress-Energy Tensor (SET) is given by 
ro 

Tuv = (p (r) ; Pr (r) Pt (r) ; Pt (r)) = 9kr3 (0, 0, 1, 1), (11) 
that is it is formed by pure transverse pressure. To establish how much negative 
energy density is necessary, it is useful the computation of the “volume integral 
quantifier”, which provides information about the “total amount” of averaged null 
energy condition (ANEC) violating matter in the space-time?. This is defined by 


Iv = fo) + vs tyav (12) 
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and for the line element (1), one can write 


+oo e2é(r) : 
ly — Ji (r — b(r)) L (Em dr. (13) 


T 


For instance, for the metric (10), one finds 


1 Tee ro 4 ro +00 
dcs -1 (r — ro) [n (1 = 2) dr =- m(r]}® >- (4) 

K Jig r K 
which means that an infinite amount of negative energy is necessary to build such 
a wormhole. This was also confirmed in Ref.!. For this reason, we are going to 
explore the possibilities offered by the second EoS. The third EoS requires a careful 
analysis and it will not presented here. In particular, we would like to consider 
Yukawa-type profiles for b (r) and w (r). The hope is that such a profile concentrates 
more the energy density to the wormhole throat and thus minimizes the usage of 
exotic matter. 


2. The Inhomogeneous Equation of State and the Volume Integral 
Quantifier 


When we apply the inhomogeneous EoS p, = w (r) p to find the corresponding shape 


function, one finds 
? d dr 
b(r) = ro exp -f ul | ; (15) 
TO 


e(r)r 


The shape function (15) is obtained by imposing ó'(r) = 0. Since we know the 
form of the redshift function and of the shape function, the SET can also be easily 
computed 


ro 1 1 1 1d 1 f dr 
Tv = — ———,-—1,1—— AX ADS AN E v — xm s 16 
" kr? ( c) (r) 2w (r) N 2' 2w (r) T 5) T | yy DT (16) 
Note that the SET (16) is traceless. We will examine two specific choices for w (r). 


2.1. Two examples for w (r) 


We are going to focus our attention on two examples. The first one is represented 
by 


1 1 
w(r) = — => w (ro) = —, 17 
(- x (ro) = —— (17) 
leading to 
b(r) = ro exp [-4 (r — ro)] and b' (r) = — uro exp [—p (r — ro)] (18) 
satisfying therefore the flare-out condition since b'(ro) = —jro. The form of the 
metric (1) therefore becomes 
d 2 
ds? = —d + u + r?do?, (19) 


1- te exp[-4(r—ro)] 
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which looks like a Yukawa profile, at least on the radial part. From the line element 
(19), the SET is easily computed and assumes the following form 
r : 
Tuv = 5 [diag (—2yr,—2, ur + 1, ur + 1)]exp[-u (r= ro)]. (20) 
Note that the SET is also traceless as it should be, because it is a particular case 


of the SET (16). On the throat the SET becomes 


1 : 
Tuv = Ikr? [diag ( 2pro, 2, Lo d 1, Hro + 1)] (21) 
KT 


and the following property is satisfied 


lim lim 7,, = lim lim Tuv. 22 
oe e= (22) 
On the other hand, we find 

ey E a (23) 


In particular, lim lim T,,, is not defined, while (27) 
[poo r—ro 


lim lim Ty, = [diag (0, 0,0, 0)] (24) 


T—T0 A00 


corresponding to the Minkowski space written in spherical coordinates. This can 
be confirmed also by looking at the line element (19). The corresponding Jy for the 
line element (1) becomes 


+00 / 
v=: (r — roe™™t=0) [in (1 — Reino ar 
K, T 


TO 
= - (1 + e^? Ei, (uro)) , (25) 


where Ei; (x) is the exponential integral. Since the integrand is finite, we can easily 
evaluate the behavior close to the throat, whose result is 


T f . 
Iy c E. (1 — exp (uro) Ei; (u (ro + €)) + exp (uro) Ei; (uro) — exp (—pe)) ^ 0 
when £ > 0, (26) 


namely Iy can be arbitrarily small. The second example we are going to discuss is 
the following 


a(n) = Sb ERG r9) 


2 
~ (27) 
which has the following properties 
1 
0 d = —. 28 
u 2.0 and w (r0) = — (28) 


Plugging (27) into the shape function (15), one finds 


b(r) = ro exp [1 — exp (u (r — ro))] 
b'(r) = —pro exp [u (r — ro) + 1 — exp (u (r — ro))]; (29) 
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satisfying the flare-out condition since 
b' (ro) = —uro. (30) 


Even in this case, the SET is easily computed and assumes the explicit form 


Tu 


where w (r) is given by Eq.(27). On the throat, one gets 


1 . 
Tic DTE [diag (—2uro, —2, uro + 1, uro + 1)] (32) 
nee 


and also in this case we obtain the same behavior of the SET (20). It is interesting 
to note that, on the throat, the behavior of the SET in (20) and in (31) are equal. 
The corresponding Jy for the line element (1) becomes 


ic a p-p- 
P [m (1- eser eme n] a= Ls 7 rae (33) 


where 


Pee exp Ure To) heme soe) 


(34) 


The exact evaluation of Jy is quite complicated but, an estimate when r > rg is 
possible to see if the integral is finite for large r. Indeed, one finds that the integrand 
becomes 
i 2, eo (u(r -= ro) +1) 
rs exp (exp (n (r — ro))) 
= Iy ~ —rgexp (1 — exp (u (r — ro))) + 0 when r— oo (35) 


and therefore ly will be finite close to infinity. On the other hand, close to the 
throat, we can write 


1 rote 
Iy ~ al (uro + 1)dr — 0 when € > 0. (36) 
TQ 
Note that we might have chosen the following form 
Ww (r) = SPU (37) 
ur 


instead of (27). However, while the properties at infinity are equal to the profile 
(27), close to the throat one finds 


) Sb Cum) 


LTO Pa 


WwW (ro 
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As a consequence, the shape function becomes 


b (r) = roexp (exp (uro) — exp (ur)) (39) 


while the energy density is 
T 
plr) = — 3 exp (ur + exp (uro) — exp (ur). (40) 


If we compare the energy density obtained with (27) with the one computed with 
(37), we can see that, on the throat, the amount of negative energy density is larger 
for the choice (37) because 
u 

P= = O (41) 
This implies that the choice (27) is favored from an energetically point of view. The 
same conclusion can be reached comparing the energy density obtained with (37) 
with the one obtained with (17). On the other hand, when we compare the energy 
density obtained with (17) and the one obtained with (27), we find 


Aua) eple romt epea gy (42) 

pu, (r) exp [~4 (r — ro)| ee 
where p,, (r) is the energy density obtained with the help of (17) and represented 
by the first component of the SET (20), while p, (r) is the energy density obtained 
with the help of (27) and represented by the first component of the SET (31). The 
behavior shown in (42) reveals that the negativity of the energy density is really 
concentrated in the proximity of the throat. A further investigation inspired by 
Yukawa profiles could be related to the Self Sustained Traversable Wormholes, i.e., 


traversable wormholes which are sustained by their own quantum fluctuations ^. 
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A lot can be learned about black holes and wormholes by re-scaling spacetime itself 
without changing the coordinates used to describe it. Such a conformal transformation 
is called a Weyl transformation. It takes spacetime from a given frame — called Einstein 
frame — to a conformal frame — called Jordan frame. Such a transformation reveals 
that horizons and wormholes might appear/disappear in the conformal frame even if they 
were absent/present in the original frame. It arises both from the simple prescription 
for defining black holes and wormholes, as well as from the more sophisticated defini- 
tions. In addition, some definitions might be transformed into one another under Weyl 
transformations. 


Keywords: Black holes; Wormholes; Weyl transformation; Cosmology. 


1. Introduction 


A Weyl transformation consists in re-scaling spacetime without changing its coor- 
dinates. It is described by a simple transformation that takes an original spacetime 
metric guv into a new metric Juy such that, 


Juv = Cia (1) 


where Q(x) is spacetime-dependent function, everywhere regular and non-vanishing. 

On the other hand, various definitions of black holes and wormholes have been 
given in the literature. They range from what could be considered as a simple 
“prescription” to what could be called “sophisticated” definitions. 


2. The simple “prescription” 


This prescription works only for spherically symmetric metrics that depend only 
on the time coordinate t and a radial coordinate. The latter could be chosen to 
be the physical areal radius R that multiplies dO? = dv? + sin? Vdy?. The radial 
coordinate could also be chosen to be any other real parameter r on which all the 
components of the metric would depend. 

Using R as the radial coordinate, a spherically symmetric metric is written as, 


ds? = — A(t, R)dt? + B(t, R)dR? + R?qe*, (2) 
where, A(t, R) and B(t, R) are functions of the time coordinate t and the areal radius 


R. The simple prescription for defining black holes and wormholes consists then 


*This talk is based on the published paper 1 


553 


(see Ref. 2 and the references therein) in checking whether the following algebraic 
equation, 


g"" V, RV,R = 0, (3) 


has a single- or a double-root. The single-root solution is identified with the location 
of the closed 2-surface of a black hole horizon, whereas the double-root is identified 
with the location of the 2-surface of a wormhole throat. Although this procedure 
is incomplete and imprecise, it is useful in practice since it gives a quick way of 
localizing the radial coordinate of an apparent horizon and/or a wormhole throat. 


2.1. Weyl transformation and the simple prescription 


The Weyl conformal transformation (1) changes the prescription (3) and the metric 
(2) into the following ones, respectively, to be used in the conformal frame,? 


d3? = —e?? A(t, R)dt? + e? B(t, R)dR? + R(t)?ae?, (4) 


guy vie, (5) 


Here, R(t) = e?? R(t) is the areal radius in te conformal frame. Using the metric 
(4), after having rewritten it entirely in terms of the pair (t, R) — which is in itself 
a very tedious task 2 — and then applying the conformal prescription (5), one finds, 


1 
^A 

While this condition does give the locations of the various possible black hole 
horizons and wormhole throats in the static case, it does not describe in detail 
their real origin in the dynamical case. As shown in Ref. 1, if one uses instead an 
arbitrary parameter r as the radial coordinate and writes the metric (2) as, 


1 
ORR +1)? OL =0. (6) 


ds? = —A(t, r)dé? + B(t,r)dr? + R(t,r)*d0?, (7) 
Weyl’s conformal transformation (1) turns the latter into the following form, 
ds? = —e?? A(t, r)dt? + e? B(t, r)dr? + R(t,r)?ae?. (8) 


Applying the conformal prescription (5) on this last form of the metric gives after 
a pretty short and a simple calculation the following condition for detecting black 
holes and/or wormholes, ! 


il 1 
g (QR +R) = gR +R}? =0. (9) 


We clearly see form this condition how and when a black hole and/or a wormhole 
might arise in the conformal frame. In fact, contrary to Eq. (6), the condition (9) 
contains all the necessary information on the time and space dependences of both 
the areal radius R and the conformal exponent Q. 
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3. “Sophisticated” definitions for general spacetimes 


Besides the simple prescription (3) for detecting black hole horizons and wormholes, 
various other definitions are also given in the literature. Since these other definitions 
are rather valid for any spacetime and involve the concept of null vectors, trapped 
surfaces, and geodesic expansions, we call them the sophisticated definitions. An 
important fundamental feature of the sophisticated definitions is that, in contrast 
to the simple prescription (3), these more rigorous definitions do not allow a black 
hole horizon to coincide with a wormhole throat. These definitions make a clear 
distinction between the two concepts. 


3.1. Black hole horizon 


A generic black hole horizon is defined as being the future outer trapping horizon.? 


Such a statement is translated into the following three conditions to be satisfied on 
the 2-surface H of the horizon,? 


04|g — 0, 0. |pg « 0, 0 0,|g <0. (10) 


The quantities 04 represent the expansion of the outgoing (ingoing) null geodesics, 
H 


c 


the tangent vectors of which are denoted /4, respectively. The partial derivatives, 


ð+, stand for derivative with respect to an affine parameter u™ along the geodesic n 


3.2. Hochberg- Visser wormhole 


A simple, covariant, and quasilocal definition of a wormhole throat, as defined in 
Ref. 4, and which we shall call à Hochberg-Visser wormhole, is that of a marginally 
anti-trapped surface. This definition does not involve any information about the 
faraway region outside the throat. It simply consists of the hypersurface foliated by 
compact spatial 2-surfaces S on which the following conditions are satisfied, 


Oils =0 and  O464|s >O. (11) 


3.3. Hayward wormhole 


Another simple, covariant, and quasilocal definition for wormholes is the one given 
in Ref. 5, and which we shall call here a Hayward wormhole. According to this 
definition, a wormhole throat is a timelike hypersurface foliated by a non-vanishing 
minimal spatial 2-surface S on a null hypersurface, i.e., a timelike trapping horizon. 


This statement is formally expressed by the following three conditions, ? 


bls = 0, 0. 0 |s > 0, Ox04|s < 0. (12) 


In other words, Hochberg-Visser wormholes include spacelike hypersurfaces and 
therefore are not necessarily Hayward wormholes. 
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3.4. Maeda-Harada- Carr wormhole 


This wormhole is a 2-surface required to be extremal on a spacelike hypersurface. 
Using a null coordinate foliation, a spherically symmetric metric takes the form 
ds? = —2e?/ dudv + R?d©?, where u and v are the null coordinates and f = f(u, v) 
is a function of these. The Maeda-Harada-Carr wormhole then consists of the 2- 
sphere S, of radius R — R(u, v), which is extremal and minimal in a spacelike radial 
direction C". Formally, this translate into the following two conditions, ê 


Rac s = 0 and Ree" |. > 0. (13) 


A vertical bar with the subscript, |4, stands for a covariant derivative with respect 
to the two-metric gap of the two-dimensional spacetime spanned by the null vectors 


O,, and O,. 


3.5. Tomikawa-Izumi-Shiromizu wormhole 


As in the case of the Maeda-Harada-Carr wormhole, the minimality of the 2-surface 
S representing a Tomikawa-Izumi-Shiromizu wormhole is imposed on a spacelike 
hypersurface. In contrast to all the above definitions, however, what is required 
for this wormhole is the vanishing, not of the expansions themselves, but of the 
difference 0, — 0.. between the outgoing and ingoing expansions. This translates 
into the following two conditions, " 


0,—0 |] 20 and  (0,—08 )(0,—8 )|s » 0. (14) 


4. Weyl transformation and the sophisticated definitions 


In order to find the affect of a Weyl transformation on each of the above more rigor- 
ous definitions, one only needs to figure out how the null tangents /^, the transverse 
metric h,,, and the null expansions 04 transform under (1). It is straightforward 
to show that hy, = e??h,,, i = elt and that 04 = e-? (04 + 20,0).! With 
these simple transformations at hand, it is easy to find the behavior under Weyl’s 
conformal transformation of all the above sophisticated black hole and wormhole 
definitions. 


4.1. Conformal black holes 
The definition (10) conformally transforms into the following three conditions, ! 
0,4-20,0], —0, 0.420 0|, <0, 

8.0, -20 0,0], « 0. 


From the first equality, we learn that in the absence of a black hole in the original 
frame, it is possible for a black hole horizon to arise in the new frame provided only 
that the conformal exponent Q does vary with ut. On the other hand, to have a 
black hole in the conformal frame if one already exists in the original frame, Q must 
be independent of u*. 


(15) 
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4.2. Conformal Hochberg- Visser wormhole 


The definition (11) of such a wormhole conformally transforms into the following 
two conditions, ! 


64. +2040|,=0 and 6464 20.040], > 0. (16) 


From the first equality we see that to have a Hochberg-Visser wormhole in the new 
frame if one already exists in the old frame, the conformal exponent must again be 
independent of the parameter u^. 


4.3. Conformal Hayward wormhole 


The definition (12) of such a wormhole conformally transforms into the following 
three conditions, ! 


0.--20.0|; —0, A404 + 204040], > 0, 


(17) 
0404. + 20-040], « 0. 


Like for the Hochberg-Visser wormhole, if a Hayward wormhole already exists in 
the old frame another one might arise in the new frame if Q is indepednet of u”. 
Recall that a Hayward wormhole is necessarily a Hochberg-Visser wormhole but 
the converse is not true. However, if the conformal factor is chosen such tha the 
last inequality in (17) is not satisfied but the second inequality is, then a Hayward 
wormhole transforms into a pure Hochberg-Visser wormhole. 


4.4. Conformal Maeda-Harada- Carr wormhole 


The definition (13) of such a wormhole conformally transforms into the following 
three conditions, ! 


C^ (Ria + RO) | =0 
C^CP (Rap + RQ AB — RQ4Q)z) 
+ ACP gap (Ric? + ROC!) | » 0. (18) 


Although these conditions are more complicated, it is clear that a Maeda-Harada- 
Carr wormhole can arise or disappear in the conformal frame depending on one's 
choice of Q. For a worked out example, though, see Ref. 1. 


4.5. Conformal Tomikawa-Izumi-Shiromizu wormhole 


The definition (14) of such a wormhole conformally transforms into the following 
two conditions, ! 


b,- 0- 42(0,0-8.0)| —0, 


(19) 
(84 — 0_) [64 6. 4-2(0,0—8.0)] Rn » 0. 
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Again, we see that a Tomikawa-Izumi-Shiromizu wormhole can arise in the confor- 
mal frame, even if in the original frame there was none, provided that the conformal 
factor is chosen to satisfy both conditions (19). Worked out examples are found in 
Ref. 1. 


5. Conclusion 


A conformal transformation can make black holes and wormholes appear or disap- 
pear just by judiciously choosing the conformal factor Q. A conformal transforma- 
tion thus does have a non-trivial effect on a given physical concept just as it was 
already shown in Refs. 8, 9 regarding the fate of the concept of a quasilocal mass. 
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Ever since their revival three decades ago, in the seminal work of Morris and Thorne, 
Lorentzian wormholes in General Relativity have led an uncomfortable existence because 
they require matter which violates the well-known energy conditions. However, in scalar- 
tensor and other theories of gravity, realistic wormholes can indeed exist with ‘normal 
matter'. We illustrate this with some known examples and also by explicitly constructing 
a zero Ricci scalar wormhole in a four dimensional scalar-tensor, on-brane gravity theory 
arising from the two-brane Randall-Sundrum model with one extra dimension. If such a 
wormhole could arise as the end-state of some astrophysical process, its ringdown may 
be studied using gravitational waves. With this aim, we obtain the scalar quasinormal 
modes in this class of wormholes and choose to identify them as for the ‘breathing mode’ 
associated with gravitational waves in scalar-tensor theories. Finally, if a breathing mode 
is indeed observed in LIGO-like detectors with design sensitivity, and has a maximum 
amplitude equal to that of the tensor mode that was observed of GW150914, then for 
a range of values of the wormhole parameters we will be able to discern it from a black 
hole. If in future observations we are able to confirm the existence of such wormholes, 
we would, at one go, have some indirect evidence of a modified theory of gravity as well 
as extra spatial dimensions. 


1. Lorentzian wormholes: a quick introduction 


'The earliest example of a spacetime resembling the Lorentzian wormhole of today 
is the well-known Einstein-Rosen bridge!, which, though a two-sheeted geometry, 
is however non-traversable and has a degenerate metric (the determinant of gij 
vanishes at the throat). Subsequent to Einstein-Rosen, wormholes appear in the 
Misner-Wheeler study of geons?. Later, in the early 1970s, Ellis and Bronnikov? 
constructed a wormhole solution of the Einstein-scalar equations (the ‘phantom’ 
scalar had a wrong-sign kinetic energy). The modern-day Lorentzian wormhole was 
defined largely in the 1988 paper of Morris and Thorne? who also constructed a 


5. Various other methods, such as Schwarzschild surgery 


wormhole time machine 
were developed by Visser in the 1990s (see? for further details and an overview of 
early work). 

Lorentzian wormholes have an existence problem in General Relativity(GR), 
largely due to the fact that they require matter to violate the Weak or Null Energy 
Condition. The cause behind this is the nature of the geometry which acts as a de- 
focusing lens for a congruence of null or timelike geodesics*. Such defocusing entails 


a violation of the convergence conditions, null or timelike. Since the convergence 
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conditions are directly related to the energy conditions via Einstein's field equations 
of GR, we end up violating the energy conditions obn matter as well^. Various ways 
have been suggested in order to resolve this issue" within GR, but success, at best, 
is very limited. 

A way out of this impasse is to consider modified theories of gravity. Here we 
will focus on one class of such theories which are born out of the effective on-brane 
scalar-tensor gravity resulting from the two-brane Randall-Sundrum model with 
one orbifolded extra dimension?. In such an effective theory one can avoid energy- 
condition violation, though violation of the convergence condition (as expected for 
wormholes) remains upheld. The above possibility emerges because we have a scalar 
field contribution on the R. H. S. of the field equations, apart from the energy- 
momentum of matter. The scalar field piece is not quite ‘matter’, because its origin 
lies in the distance between the branes embedded in the bulk. We can therefore have 
realistic Lorentzian wormholes in this theory, a fact we demostrate below, in brief. 

Given such a possible wormhole with ‘good’ matter, one is therefore encouraged 
to see if there are chances of detecting it. If we imagine some astrophysical collision 
process creating such a wormhole, then, its quasinormal (QNM) ringing will indeed 
be a signature. It is also important to note that among the allowed gravitational 
wave polarisations in a scalar-tensor theory there is a scalar breathing mode, apart 
from the standard + and x polarisations which exist in GR. Hence, a study of the 
scalar wave equation and a determination of the scalar quasinormal modes could be 
a way of detecting the wormhole. After deriving the frequencies and time-constants 
of the QNMs as functions of the metric parameters, we use them to estimate the 
percentage errors in the parameters via the Fisher matrix formalism. We follow 
this line of investigation in our work. Our findings suggest that observations with 
multiple detectors can be used to put interesting limits on scalar-mode emissions 
and, thereby, constrain parameters of such wormholes. 


2. A WEC satisfying realistic wormhole in a two-brane RS model 


Let us first write down the wormhole spacetime which is a solution in a effective 
on-brane scalar-tensor theory and is threaded by matter satisfying the WEC. The 
Einstein field equations for such a scalar-tensor theory are given as?: 
$G,, = KT», + (V, V,9 — g,, V" Vað) 

3 


1 
M $V,o — -g,, V? oV, o 1 
2(1 + 8) (v. i 59V 9V ) u 


'The scalar field equation turns out to be: 


R T? 1 dw 
m cy —V°6V,® 2 
12w+3 2743d$V Y (2) 


Note that the R. H. S of the Einstein equations has a ‘matter stress energy’ (the 
25) and a contribution from the scalar field ¢. If one uses the G,» in the R. H. S. of, 
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say, the null Raychaudhuri equation, one notices that the convergence condition can 
be violated, without violating the WEC for matter. In other words, the negativity 
required for the violation of the convergence condition can be supplied via the ¢ 
dependent pieces on the R. H. S. in the Einstein equation, keeping TP RER? always 
positive. The R = 0 line element which achieves this, with an everywhere finite and 


non-zero scalar field is? !!: 


2 
/ 2M 2 
ds? = — ( + À 1— 24 dt? + or + rds (3) 


where k,A > 0, r > 2M. The wormhole throat is at r = 2M. It has a spatial slice 
identical to that for the Schwarzschild black hole. 

The WEC inequalities for the required matter (p > 0,p-- T > 0,p+p > 0, 
where p, 7, p are the non-zero, diagonal components of the energy momentum 
tensor), have been checked and are satisfied !! as shown in Figs. 1,2,3. In these plots 

M 


x = $5 where r' is the isotropic coordinate. 


= -000005 


o popu = -10 = -0.0001 
00 02 04 06 08 10 ^ 00 02 04 06 08 10 G0 000 00004 00006 00008 0.0010 


Fig. 1. pvs. x Fig. 2. p-cTvs.c Fig. 3. 109(p-4-p) vs. c 


3. How to detect: observational possibities using GWs 


As mentioned earlier, we imagine the end-state of a collision of astrophysical objects 
(black holes, neutron stars, wormholes?) as a two-parameter (M and +) wormhole 
of the type discussed in the previous section. Being a solution of a scalar-tensor 
theory, where the breathing mode polarisation exists apart from the standard GR + 
and x polarisations!?, it is plausible that scalar perturbations produce it. It can be 
shown that the scalar wave equation which we wrote earlier, when perturbed (i.e. 
o — $-Fóó) yields, with a suitable gauge choice, an equation of the form [109 = 0. 
Therefore, by studying the scalar QNMs one can obtain information about the 
frequencies and damping rates of the ring-down process. Of course, gravitational 
perturbations must also be present, but here we focus only on the scalar breathing 
mode. The effective potential as a function of the tortoise coordinate rą is shown 
in Fig. 4.1? Note the double barrier structure of the potential. The time-domain 


profiles for the ring-down are shown in Figs. 5, 6.1? 
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3.1. Scalar quasinormal modes-breathing mode 


We find the quasinormal modes (fundamentals) by using Prony Fit as well as by us- 
ing direct integration!?. The values found using the two methods do agree with each 
other. In Figs.7,8 the real and imaginary parts of the QNMs are shown as functions 
of A, where we have chosen k + A = 1. In order to use the QNMs for evaluat- 
ing the percentage errors we fit the QNM profiles using NonlinearLeastSquareFit in 
Mathematica 10.0. The fitted curves are shown as the continuous lines in Figs. 7, 8. 


10? 10° 
19 107: 
= = 
pets Ti 
D ‘eo 
v 10? i 
a 4; 107* 
> 10 > 10> 
10 10 
+ a 107 + r T = 
0 50 100 150 200 0 50 100 150 200 
t t 


a s m effective potential p ig. 5. Time domain profile Fig. 6. Time domain profile 
eff Tx). 


Fig. 7. Real part of QNM vs. A. Fig. 8. Imaginary part of QNM vs A. 


An example of the fitted profile function is shown below. For | = 0, we have, 


0.24 
, 8628-13 (4 59. ^ "m uu (4) 
(0M AFR A+K 
—1.02 
M A 0.94 
ee E cc 
T xi ds (>) 2 


For M = 68M,,, and + = 0.1 we obtain v = 64 Hz. 
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The breathing mode signal may be written as: h(t) = Asin(2nvt)e-"/7 where the 
strain amplitude A contains the breathing-mode antenna pattern. Thus, knowing v 
and r from the extracted signal, one can find the $ and M, in principle. However, 
one must extract the signal from detector noise for which it is crucial to estimate 
errors. 


3.2. Error estimates 
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Fig. 9. Percentage error vs. t Fig. 10. Percentage error vs. M. 


The percentage errors in $ can be calculated via the Fisher information matrix 
formalism. We estimate how accurately the wormhole parameters will be measur- 
able using future interferometric detectors like aLIGO. To estimate the error in &/A, 
we compute that matrix for the damped-sinusoid signal in a single aLIGO detector 
at design sensitivity, for that parameter alone. The matrix is determined by the 
derivative of the signal h with respect to &/A, which influences both the frequency 
and the damping time-constant of the signal. 

We take M to be known. For reference, the maximum QNM strain amplitude is 
assumed as 107?! , which is approximately the maximum amplitude (quadrupolar) 
of the GW150914 signal. Finally, we invert the information matrix to derive the 
estimated variance in the measured values of &/A. Its square-root gives the lower 
bound on the statistical error in &/A. 

Fig. 9 shows the percentage errors in € for M = 30Mgun. The error intially 
reduces as Ẹ increases. The mode frequency gradually shifts to the more sensitive 
parts of the detector band. For higher values of 5 (less than 1) the error increases 
due to decreasing time constant (heavy damping). Errors for € > 1 upto 10 have 
also been found using Einstein Telescope design sensitivities!?. In Fig . 10, we have 
fixed = = 0.01. The error increases with increasing M because the mode frequency 
decreases, placing the signal in the less sensitive part of the detector band. More 
details and other plots are available in!?. 
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3.3. Summary and conclusions 


In the above, we have outlined a way of knowing, through GW observations, whether 
wormholes could exist. Earlier attempts towards detecting wormholes were largely 
using gravitational lensing. With new GW data, our proposal seems a better 
prospect. However, one really needs an astrophysical merger model. It is also 
necessary to study gravitational perturbations in order to obtain a more complete 
picture. 

If we ever see the specific Lorentzian wormhole we proposed here, it will also 
be indirect evidence for extra dimensions and modified gravity We hope that 
observations in the near future would be able to put better constraints and help 
decide the viability of Lorentzian wormholes in nature. 
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Hawking's singularity theorem concerns matter obeying the strong energy condition 
(SEC), which means that all observers experience a non-negative effective energy density 
(EED). The SEC ensures the timelike convergence property. However, for both classical 
and quantum fields, violations of the SEC can be observed even in the simplest of cases, 
like the Klein-Gordon field. Therefore there is a need to develop theorems with weaker 
restrictions, namely energy conditions averaged over an entire geodesic and weighted lo- 
cal averages of energy densities such as quantum energy inequalities (QEIs). We present 
lower bounds of the EED for both classical and quantum scalar fields allowing nonzero 
mass and nonminimal coupling to the scalar curvature. In the quantum case these bounds 
take the form of a set of state-dependent QElIs valid for the class of Hadamard states. 
We also discuss how these lower bounds are applied to prove Hawking-type singularity 
theorems asserting that, along with sufficient initial contraction, the spacetime is future 
timelike geodesically incomplete. 


Keywords: quantum fields, gravity, energy conditions, quantum inequalities, singularities 


1. Introduction 


A spacetime is defined to be singular if it possesses at least one incomplete geodesic. 
The question of whether or not cosmological models either originate or terminate 
in singularities has been an active subject of research since the formulation of the 
general theory of relativity. Initial efforts focused on models with high levels of 
symmetry, until Raychaudhuri's 1955 paper! paved the way to more general re- 
sults. The Raychaudhuri equations in their modern form? present the evolution of 
geodesic congruences, and are the heart of most singularity theorems. For a timelike 
irrotational congruence with velocity field U^", the expansion 0 = V - U satisfies 


Vu0 = R,,U"U" — 20? — 0?/(n — 1), (1) 


where n is the spacetime dimension, ø is the shear scalar and Ry is the Ricci 
tensor. Senovilla? has described the singularity theorems in terms of a 'pattern 
theorem' with three ingredients: an energy condition establishes a focussing effect 
for geodesics, a causality condition removes the possibility of closed timelike curves, 
and a boundary or initial condition establishes the existence of some trapped region 
of spacetime. We divide singularity theorems into ‘Hawking-type’ after Hawking’s 
original theorem ^ and ‘Penrose-type’ after Penrose's?, depending on whether they 
demonstrate timelike or null geodesic incompleteness respectively. Hawking-type 
results, which concern us here, are based on the strong energy condition (SEC), 
which requires that the effective energy density (EED) is non-negative. The EED 
is defined as py := T,,U"U" — T'/(n — 2) and is easily made negative at individ- 
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ual points even for the classical minimally coupled scalar field. This situation is 
exacerbated in quantum field theory (QFT), in which none of the pointwise energy 
conditions can hold. 

For these reasons there has long been interest in establishing singularity theo- 
rems under weakened energy assumptions, such as requiring the averaged energy 
along the geodesic to be non-negative. Examples of singularity theorems with such 
conditions include Refs. 7-9 but none of them address the case of a condition obeyed 
by quantum fields. Within a QFT the weakened energy conditions take the form of 
quantum energy inequalities (QEIs). These were introduced by Ford? and express 
a restriction on the possible magnitude and duration of any negative energy densi- 
ties or fluxes. Our approach follows Ref. 11 which proved singularity theorems with 
energy conditions inspired by QEIs. For the Hawking-type theorem, it is assumed 
that 


[ fr Pdr > Wie. (2) 
on any timelike geodesic. Here +“ is the tangent to the timelike geodesic y, ||| - |||? 
is a Sobolev norm of the form ||| ||]? = 3/9 Qel|f||? and Qe are non-negative 
constants. It is also assumed that there is a compact Cauchy hypersurface inter- 
sected by y at 7 = 0. Then the spacetime is future timelike geodesic incomplete 
provided that the required initial contraction obeys 

[^ E NUN 2 
60) &-5— | R,YY'dr — WII. (3) 


—To 


for some c > 0 and f € C™(R) with supp f C [—1,00), f(r) = e-*7/(-9 on 
[0, oo). It might seem strange at first that large positive values of £2," ^" require 
larger initial contraction. The reason is that the average energy condition of Eq. (2) 
means that large positive energies in the past (before the 0(0) is measured) allow 
large negative energies in the future that can lead to a divergence of the congruence. 

'The purpose of this contribution is to describe bounds on the EED for classical 
and quantum fields, show that they are of the form of Eq. (2) and estimate the 
contraction needed to prove singularity theorems. In Sec. 2 we treat the classical 
Einstein-Klein-Gordon field while in Sec. 3 we present a bound on the renormalised 
expectation value of the EED for the non-minimally coupled quantum scalar field. In 
Sec. 4 we conclude with a summary and discussion of future work. Our geometrical 
conventions are those of Ref. 11 and we work on a globally hyperbolic manifold M. 


2. A singularity theorem for the Einstein-Klein-Gordon field 


The non-minimally coupled scalar field obeys the field equation Pe¢ = 0 with 
Pe := Dg +m? + ER, where £ is the coupling constant and 


Tyv = (Vu8)(Vvd) 5a (m^ d? — (V3) + Elow Dg - Vae - Gu). (4) 
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For this stress-energy tensor, after some manipulation, the averaged EED on a 
timelike geodesic y is 


[ eom P= [ e Lr + (1-225) oF PO) 


&— HHT ud)(Vod) + ETAP — 266?) — me] (85) 


where Re = R5" 5" — 2€/(n — 2)R, and ht’ = 4^4" — g"" is a positive definite 
metric. For € € [0, £.], where £e is the conformal coupling constant, all the curvature 
independent terms have a definite sign, so 


[ew P2 - J emen e ear net) IL (6) 


For a field obeying the Einstein’s equation, we have that 8mpy = Ryvy"y" and 
(n/2 — 1) R = 81T. Moving the curvature terms to the left hand side of Eq. (6) 


[ouier dr 2 —Q(UI? + MFI), (7) 


with Q and Q positive constants that depend on max > ||, m, € and n. We can 


show that if 
" Q? 1 
6(0) < -Q Q(n — 1) EE 5QK coth (Kro), 


with K? > Q? + QR on (—T0, 0] D (8) 


on a compact Cauchy surface, the spacetime is future timelike geodesic incomplete. 
Finally, we want to estimate the necessary contraction for realistic scalar fields, 
using a hybrid model: a quantised scalar field in Minkowski spacetime of dimension 
4, in a thermal state of temperature T < Tm, Tm = mc? /k with the maximum 
field value set by the expectation value of the Wick square at that temperature, 
2 ax ~ (:¢7:)7. As an example we consider the Higgs field with m = 125GeV/c?, 
0(0) ~ 1074s! for temperature up to T = 10!?K. Similar results are obtained for 
other examples. We conclude that when the field mass is taken equal to that of an 
elementary particle, and provided that the temperature stays below early universe 
levels we need very little initial contraction for geodesic incompleteness *. 


3. Strong quantum energy inequality 


To quantise the EED we will follow the algebraic approach. We only con- 
sider quasifree, Hadamard states w, for which the two-point function W (z, y) = 
(®(x)®(y)),, has a prescribed singularity structure so that the difference between 
two states is smooth. 


aA detailed proof of the theorem and estimation of the initial contraction is given in Ref. 12. 
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We follow the methods of Hollands and Wald t-14 to quantize the stress-energy 
tensor in a systematic and locally covariant way, and then define the EED as a 
quantum field by pu (f) = T,,(U^U" — g""/(n — 2) f). We are interested in expec- 
tation values of the quantized EED in state w, normal ordered relative to a reference 
Hadamard state wo, Gpu:(J))u = (ou (f))w — (pu Pus 

We now turn to the derivation of a quantum strong energy inequality (QSET), 
a bound on the renormalised expectation value of EED averaged along a timelike 
geodesic y. Choose any smooth n-bein e; (a = 0,...,n — 1) on a tubular neigh- 
bourhood of y, so that U^ = eb is everywhere timelike and agrees with 4 on y. 
The expectation values of the EED in Hadamard state w can be written in terms 
of the coincidence limits, [.] acting on :W: = W — Wo. Then we have 


Cpu:)o = [9v:W:] + [0:W :] + (cr. — Sn’) [W:] with (9) 
= ( +) (Vu ® Vu) + -5X (Ve, & Vea); (10a) 
fo = —2€(1 9, U"U"V,V,), (10b) 


where &, is the symmetrised tensor product P &, P' = (P&P) (P'&P)]/2. The 
contribution of the terms deriving from f, to the averaged EED can be bounded 
from below, uniformly in w, using the methods of Ref. 15. By contrast, the mass 
term is negative definite for € < 1/2, while the geometric term Rẹ has no definite 
sign in general. This leaves fo, the contribution of which can be manipulated to a 
more convenient form. With these considerations we can prove 


pu: o y), (£7) = = (Qalf] + 697: y), (Q2[f] + Qs[f])) where (11) 


olf] = | ^ He "(64 Wo) Fas fa) + 2€026"Wo( fas fa)) 5 (12a) 


T 
ax] = HE m? f?) + 2) and Qs[f] = EREE. (12) 
Here ¢* is the distributional pull-back on the geodesic. An important feature of the 
QEI (11), is that the lower bound depends on the state of interest w. We should 
note however, that the only nontrivial quantum field appearing in the bound is the 
Wick square :9?: which enables us to show that the QEI derived is nontrivial (see 
Ref. 16 for more details). 

The establishment of a QSEI is a first step towards a Hawking-type singularity 
theorem result employing QEI hypotheses. Here we outline a method of obtaining 
such a result, part of an ongoing work to appear elsewhere. The singularity theorems 


n= 


require a geometric assumption, a condition on the curvature rather than the stress- 
energy tensor. In the case of classical fields we can use the Einstein equation while 
when we are treating quantum fields on a classical curved background we can instead 
use the semiclassical Einstein equation (SEE), (T,,), = 81G,,. In order to use the 
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QSEI and the SEE for general curved spacetimes the EED needs to be renormalised 
by subtracting the Hadamard parametrix instead of a reference state. To overcome 
this problem we note there is evidence (see e.g. Ref. 17) that in situations where 
the curvature is bounded we can find a uniform length 79 which is small compared 
to local curvature. Then the Hadamard parametrix on 79 approximates that of flat 
spacetime. Following, we can use Eq. (11) for f € C$? supported only to intervals 
with lengths at most 279. Choosing a state w and a metric guv that satisfy the EED 
and the stress energy tensor renormalised with respect to the Minkowski vacuum, 
oo 2,2 2 
[ePOR wwe > -sa| [P ro o Vo) Wa fa) + See) 
| (ia) 
where we also set £ = 0, u is the mass of the field and we restrict to a class of 
Hadamard states for which |(: ®?: y)u| € Zax 
To discuss averages over long timescales we will use a partition of unity. We de- 
fine bump functions each supported on (—79, To) and thus obtain a sum of integrals, 
each of which can be bounded by Eq. (13). Then for even numbers of spacetime 
dimensions (m = n/2), we can show that for f supported on (—00,06) we have 


/ dr f^ (r) R,LU"U" > -Qm(\IF ? + Vall fl?) (14) 
where the Qm and a depend on max, H, and the maximum values of the chosen 
bump function and its derivatives. This is an inequality of the form of Eq. (2) so it 
can be used as a condition to a Hawking-type singularity theorem. 


4. Conclusions 


In this work we presented the derivation of lower bounds on EED for the classical 
and quantum non-minimally coupled scalar field. In the classical case we presented 
the proof of a Hawking-type singularity theorem for the Einstein-Klein-Gordon 
field and estimated the required initial contraction to have future timelike geodesic 
incompleteness. In the quantum case, using the SEE we showed that we can obtain 
a condition on the curvature to be used as a hypothesis for a singularity theorem. 

Apart from estimating the required initial contraction for the quantum case, the 
obvious extension of this work is the derivation of an absolute (Hadamard renor- 
malised) QSEI for spacetimes with curvature. Another direction is the derivation 
of a Penrose-type singularity theorem with a condition obeyed by quantum fields. 
Finally we should note that similar proofs with weakened energy conditions seem 
to be possible for other classical relativity theorems. 
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We consider Ellis wormholes immersed in rotating matter in the form of an ordinary 
complex boson field. The resulting wormholes may possess full reflection symmetry 
with respect to the two asymptotically flat spacetime regions. However, there arise also 
wormhole solutions where the reflection symmetry is broken. The latter always appear 
in pairs. We analyse the properties of these rotating wormholes and show that their 
geometry may feature single throats or double throats. We also discuss the ergoregions 
and the lightring structure of these wormholes. 
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1. Introduction 


The non-trivial topology of wormholes requires the presence of exotic matter in 
Einstein’s General Relativity (see e.g. the recent review! of the field). Choosing a 
massless phantom (scalar) field for the exotic matter, Ellis?? and Bronnikov* found 
static spherically symmetric wormhole solutions, which connect two asymptotically 
flat regions of space-time. 

'Their rotating generalizations were first constructed perturbatively for slow ro- 
tation? and later numerically for rapid rotation". In these wormhole solutions the 
rotation of the throat and thus the spacetime is achieved by an appropriate choice 
of the boundary conditions. However, this results in the fact that the two asymp- 
totic regions are rotating with respect to one another. Thus while both asymptotic 
regions are asymptotically flat, the spacetime is not symmetric with respect to 
reflection at the throat. 

In order to obtain rotating wormholes that exhibit a reflection symmetry at the 
throat, one can immerse the throat inside rotating matter??. Then the rotation of 
the matter will drag the spacetime and thus the throat of the wormhole. 


2. Wormholes Immersed in Rotating Matter 


A nice model to study such wormholes immersed in rotating matter is obtained by 
adding an ordinary massive complex scalar field to the real phantom scalar field 
into the action, coupling both to gravity. Without the phantom scalar field the 
model would yield non-rotating and rotating boson stars. The combination of both 
scalar fields then allows for rotating wormholes immersed in scalar matter, that are 
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reflection symmetric. Moreover, a new type of non-symmetric wormholes emerges. 
In the following we will briefly discuss the model and present its rotating wormhole 
solutions and analyze their properties? !!. 


2.1. Theoretical Setting 


We consider the action S 
S= / IA Los + £pn | /—g dtz (1) 
with the Einstein-Hilbert term, the Lagrangian Lys of the complex scalar field ® 
Los = - 5g" (9,9*0,o + 0,9*0,9) — mJ, (2) 
and the Lagrangian £y of the phantom field Y, 
Lyn = 50, 90^ . (3) 
'The field equations then consist of the Einstein equations 
Gy, = Rue — FaR = KT w (4) 
and the matter field equations 
VV. —0 (5) 
and 
V V, = m9. (6) 
An appropriate Ansatz for the metric is given by 
ds? = —ef dt? + et^ [e (dr? + hd0?) + hsin? 0(dy — wdt)?] , (7) 


where f, q, b and w are functions of 7 and 6, h = n? + nê with throat parameter 
no, and 7 takes positive and negative values, —oo < 7 < oo. The ansatz for the 
rotating bosonic matter is taken as for boson stars 


S(t, n, 0, p) = p(n, 0) e», (8) 


where ¢(7, 0) is a real function, ws is the boson frequency, n is a rotational quantum 
number, and the ansatz for the phantom field V is simply 


E(t, n, 9, p) - Y(n, 0) à (9) 


The resulting set of six coupled non-linear partial differential equations is then 
solved numerically subject to an appropriate set of boundary conditions in the two 
asymptotic regions 7 — -oo, on the axis of rotation 0 = 0, and in the equatorial 
plane 0 = 2/2. 
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2.2. Symmetric Wormholes 


Let us now discuss the properties of the symmetric wormholes immersed in bosonic 
matter. In Fig.1a and b we show their mass M and particle number Q versus the 
boson frequency ws for a typical set of such wormholes (ro = 1, n = 0, 1, 2). Their 
angular momentum J is given by J = nQ. 

Clearly, the domain of existence is limited by a maximal value wmax = Mp, 
where a vacuum configuration with M = 0 = Q is reached, analogous to boson 
stars. For large values of ws the global charges of the wormholes follow those of 
boson stars (see the thin black lines in the figures). However, for small w, the 
spiralling behaviour present in boson stars is basically lost. In fact, the would- 
be spirals unwind with respect to the frequency and continue to lower frequencies 
(possibly reaching a singular configuration !?). 

We emphasize that these solutions satisfy the same boundary conditions in both 
asymptotic regions. Thus in the case of rotation, it is the complex scalar field with 
its finite rotational quantum number n that imposes the rotation on the config- 
uration. Then the rotation of the scalar field is reflected in the rotation of the 
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Fig. 1. Properties of symmetric wormhole solutions (throat parameter ro = 1, rotational quantum 
numbers n = 0, 1, 2) versus the boson frequency ws: (a) the mass M; (b) the particle number Q; the 
dashed lines indicate the respective boson star solutions; (c) the corotation lightring circumferential 
radius Re (mt ); (d) the counterrotation lightring circumferential radius Re (7j, ); also shown are the 
circumferential radii of the ergosurfaces (black lines). 
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spacetime, leading to a rotating throat and frame dragging. Not too surprisingly 
therefore a sufficiently fast rotation will lead to ergoregions in the wormhole space- 
times. The circumferential radii of the ergoregions are exhibited by the black lines 
in Fig. 1c and d. 

When we consider the geometry of the wormhole solutions we realize that there 
arises a transition from ordinary single throat wormholes to double throat worm- 
holes with an equator in between, as the frequency ws is decreased. At the transition 
value the throat degenerates to an inflection point, i.e., the circumferential radius 
at the center 7 — 0 has vanishing first and second derivative. 

Of interest are also the lightrings of these spacetimes, as exhibited in Fig. 1c and 
d for corotating and counterrotating photon orbits, respectively. In particular, we 
show their circumferential radii Re (jt) and R.(7,). We note that a single lightring 
exists for large ws. For smaller ws two more lightrings emerge. One lightring is 
always located at 7 = 0 (i.e., at the throat or equator), and the additional ones 
are located symmetrically w.r.t. 7 = 0. In the n = 2 case up to five lightrings of 
counterrotating massless particles exist. 


2.3. Asymmetric Wormholes 


Let us now focus on another new aspect, namely the presence of symmetric and 
asymmetric wormhole solutions immersed in bosonic matter. Whereas the field 
equations are symmetric with respect to reflection of the radial coordinate at the 
center, and the same boundary conditions are employed in both asymptotically 
flat regions, the solutions may, however, still be either symmetric or asymmetric 
with respect to such a reflection. It is the non-trivial topology, which allows for 
asymmetric solutions, as well. 

Starting again the discussion with the global charges, we exhibit the mass and 
the particle number of these asymmetric solutions in Fig. 2, and compare to the 


Fig. 2. Properties of asymmetric wormhole solutions (throat parameter ro = 1, rotational quan- 
tum numbers n = 1, 2) versus the boson frequency ws: (a) the mass M; (b) the particle number 
Q; the dashed lines indicate the respective symmetric solutions. 
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corresponding symmetric solutions. Because of the asymmetry the boson field is 
different in both regions of the spacetime, resulting in different global charges, 
read off asymptotically. Thus for a given n there is one curve for the symmetric 
wormholes, but there are two curves for the asymmetric wormholes. Note, that for 
these asymmetric solutions the angular momentum no longer satisfies J — nQ. 

As in the case of the symmetric wormholes, there arise double throat wormholes, 
but now the equator will not reside at 7 = 0, but instead arise somewhere in one of 
the regions. Of course, for each asymmetric solution there exists a second solution, 
obtained for 7 + —7. The asymmetric wormholes may also possess ergoregions and 
multiple lightrings. 


3. Conclusions and Outlook 


We have obtained a new type of rotating wormhole by immersing the throat in 
rotating bosonic matter, adopting some features from boson stars. We have stud- 
ied various physical properties of these solutions, like their global charges, their 
ergoregions, and their lightrings. To conclude, let us illustrate these new worm- 
hole solutions immersed in rotating matter, via embeddings of a symmetric and an 
asymmetric double throat wormhole in Fig. 3. 


Fig. 3. Embeddings of symmetric (a) and asymmetric (b) wormhole solutions. 


All these wormholes are based on General Relativity and therefore need ex- 
otic matter for their existence. It will be interesting to consider this new type of 
wormhole solutions in generalized theories of gravity, which allow for wormholes 
without the need for exotic matter. Another point of interest will be the study of 
the stability of these solutions. 
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1. Introduction 


Traditionally, the solutions of General Relativity (GR) are obtained by first con- 
sidering a plausible distribution of mass and energy, described by a stress-energy 
tensor, and through the Einstein field equations (EFE) one obtains the spacetime 
metric. However, one may adopt the reverse philosophy and engineer an interesting 
metric and then solve the EFE to find the matter sources that sustain the corre- 
sponding geometry. In this manner, in wormhole physics, the tunnel-like structure 
imposes the so-called flaring-out condition at the wormhole throat, the latter being 
the location of the minimum radius of the geometry. Thus, from this flaring-out 
condition, and using the EFE, in GR one discovers that the null energy condition 
(NEC) is violated!. In fact, all of the pointwise energy conditions are violated. 
Another interesting feature of these spacetimes is that they allow "effective" super- 
luminal travel, and consequently generate closed timelike curves?, although locally 
the speed of light is not surpassed. One may mention that, in fact, these solutions 
are primarily useful as *gedanken-experiments" and as a theoretician's probe of the 
foundations of GR. We refer the reader to the books** for an extensive review on 
the subject. 

The AT3 Parallel Session, “Wormholes, Energy Conditions and Time Machines", 
was dedicated to the state-of-art contributions on this fascinating branch of research. 
In this report, we find it useful to organise the following sections, which reflect the 
internal schedule that was adopted during the session. 


2. Traversable wormholes: Mathematical structure and 
applications 


Ever since their revival, three decades ago, in the seminal work of Morris and 
Thorne!?, Lorentzian wormholes in GR have led an uncomfortable existence as 
they require matter which violates the well known energy conditions. However, 
in other theories of gravity beyond GR. wormholes can indeed exist supported by 
*standard matter" satisfying the energy conditions?. 
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Sayan Kar illustrated this fact with some known examples and also by explicitly 
constructing a zero Ricci scalar wormhole in a four dimensional scalar-tensor, on- 
brane gravity theory arising from the two-brane Randall-Sundrum model with one 
extra dimension®. If such a wormhole could arise as the end-state of some astrophys- 
ical process, its ringdown may be studied using gravitational waves. With this aim, 
the scalar quasinormal modes in this class of wormholes were obtained and iden- 
tified as the ‘breathing mode’ associated with gravitational waves in scalar-tensor 
theories. Moreover, using the frequencies and time constants of the breathing mode 
as well as the results arising out of the GW150914 event, the size of the wormhole 
parameters using standard tools were estimated. The analysis suggests that it may 
be possible to constrain wormholes and distinguish them from black holes using this 
kind of observations. 

Jutta Kunz considered Ellis-Bronnikov wormholes immersed in rotating matter 
in the form of an ordinary complex boson field^?. The resulting wormholes may 
possess full reflection symmetry with respect to the two asymptotically flat space- 
time regions. However, wormhole solutions also arise where the reflection symmetry 
is broken, and in such a case they always appear in pairs. The properties of these 
rotating wormholes were analysed and it was shown that their geometry may fea- 
ture single throats or double throats. The ergoregions and the light ring structure 
of these wormholes were also discussed. 

Kirill Bronnikov analysed spherically symmetric configurations in GR, supported 
by nonlinear electromagnetic fields with gauge-invariant Lagrangians? depending on 
the single invariant f = F,,F"". Considering metrics with two independent func- 
tions of time, a natural generalization of the class of wormholes previously intro- 
duced by Arellano and Lobo with a time-dependent conformal factor was found 1°. 
Such wormholes are shown to be only possible for some particular choices of the 
Lagrangian function L(f), having no Maxwell weak-field limit. Their time evolution 
contains cosmological-type singularities. For general non-Maxwell L(f), instead of 
the usual electric-magnetic duality there exists the so-called FP duality, connecting 
theories with different L(f); accordingly, for some of the wormhole solutions natu- 
rally emerging with magnetic fields, the electric counterparts with the same metric 
are ill-defined from the viewpoint of the Lagrangian formalism. 

Gonzalo Olmo showed that the field equations of metric-affine theories of gravity 
whose Lagrangian is a nonlinear function of the Ricci tensor can be written in an 
Einstein form introducing both an auxiliary metric and auxiliary matter fields 1112., 
In this way the resolution of the equations can be done directly from within the 
framework of GR coupled to nonlinear matter fields. In other words, the nonlineari- 
ties of the gravity sector can be transferred to the matter sector. The correspondence 
with the original nonlinear gravity theory only involves algebraic manipulations. 
Standard analytical and numerical methods can thus be used to find solutions of 
these theories starting from GR ones. 
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Rajibul Shaikh studied shadows cast, under some circumstances, by a certain 
class of rotating wormholes, and explored the dependence of the shadows on the 
wormhole spin!?. The results were then compared with that of a Kerr black hole. 
For small spin, the shapes of the shadows cast by a wormhole and a black hole are 
nearly identical. However, with increasing values of the spin, the shape of a worm- 
hole shadow starts deviating considerably from that of a Kerr black hole. Detection 
of such a considerable deviation in future observations may possibly indicate the 
presence of a wormhole. In other words, the results indicate that the wormholes 
considered in this work, and that have reasonable spin, can be distinguished from 
a black hole through the observation of their shadows. 

Joào Rosa presented wormhole solutions in the scalar-tensor representation of 
the generalized hybrid metric-Palatini matter theory, given by a gravitational La- 
grangian density f(R,7), where R is the metric Ricci scalar, and R is a Palatini 
scalar curvature defined in terms of an independent connection !*. The main interest 
in the solutions found is that the matter field obeys the NEC everywhere, including 
the throat and up to infinity, so that there is no need for exotic matter. The worm- 
hole geometry with its flaring out at the throat is supported by the higher-order 
curvature terms, which can be interpreted as a gravitational fluid. Thus, in this 
theory, in building a wormhole, it is possible to exchange the exoticity of matter by 
the exoticity of the gravitational sector. 

Sung-Won Kim presented recent work on the exact solution of the cosmological 
model, in an expanding Friedmann-Lemaitre-Robertson- Walker universe, from the 
isotropic form of the Morris- Thorne type wormhole!?. Matter, radiation, and the 
cosmological constant A were considered as the single component of the universe. 
For the multi-component universe case, the ACDM universe with matter and A 
was adopted. In the case of the single-component universe, the apparent horizons 
coincide at a certain time. However, they have two coincidence times in the multi- 
component universe, which means that they start at early times and finish at late 
times like the combination of two single-component universes. 

Mikhail Volkov applied duality rotations and complexifications to the vacuum 
Weyl metrics generated by massive rods or by point masses!Ó. As a first step this 
gives families of prolate and oblate vacuum metrics. Further duality transformations 
produce a scalar field from the vacuum, which can be either the conventional scalar 
or the phantom field with negative kinetic energy. This gives rise to large classes 
of axially symmetric solutions, presumably including all previously known solutions 
for gravity-coupled massless scalar fields. Particularly interesting are the oblate 
solutions which, irrespectively of whether they are coupled to a scalar field or not, 
describe wormholes connecting several asymptotic regions. In the one-wormhole 
sector they reduce to the ring wormholes in the vacuum case and to the Bronnikov- 
Ellis wormhole in the phantom one. The two-wormhole solutions were also studied 
and it was found that two of their four asymptotic regions are completely regular 
while two others contain an infinitely long strut along the symmetry axis. 
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Remo Garattini argued that, since Yukawa corrections to Newtonian potentials 
appear in some modified theories of gravity, it is worth exploring some aspects 
of traversable wormholes with a shape function having a Yukawa-like profile and 
related generalizations!". These aspects also include the introduction of some equa- 
tions of state. More specifically, an equation of state was considered in which the 
sum of the energy density and radial pressure is proportional to a Yukawa profile. 
In some cases, it was shown that the specific wormhole solution has an asymptotic 
behaviour corresponding to a global monopole. 

Faycal Hammad presented the behavior of black hole horizons and wormholes 
under Weyl conformal transformations !?. First, a shorter, but more general, deriva- 
tion of the Weyl transformation of the simple prescription for detecting horizons and 
wormholes given recently in the literature for spherically symmetric spacetimes was 
provided. Then, the conformal behavior of black hole horizons and wormholes in 
more general spacetimes, based on more “sophisticated” definitions, was presented. 
The study showed that black holes and wormholes might always arise in the new 
frame even if they were absent in the original frame. Moreover, it was shown that 
the various definitions found in the literature might be transformed into one another 
under such transformations. Finally, the conformal behavior of the required energy 
conditions for wormholes was discussed. 

Jin Young Kim considered a new approach to construct wormholes without 
introducing exotic matter in Einstein-Born-Infeld gravity with a cosmological con- 
stant!?. It was argued that the exoticity of the energy-momentum tensor is not 
essential to sustain the wormhole. The stability of the new wormholes with a scalar 
perturbation was also investigated, and it was confirmed that the Breitenlohner- 
Freedman bound holds in Einstein-Born-Infeld gravity. 

Elisa Maggio discussed that gravitational wave astronomy can give us access 
to the structure of black holes, and to potentially probing microscopic corrections 
at the horizon scale??, A general model of a exotic compact object consisting of 
a Kerr geometry with a reflective surface near the horizon was investigated. This 
framework can be applied to thin-shell wormholes when the surface is perfectly 
reflecting. The stability of these geometries under scalar and electromagnetic per- 
turbations was analysed. It was shown that exotic compact objects with a perfectly 
reflecting surface are affected by the an ergoregion instability when spinning suffi- 
ciently fast. This instability might have a crucial impact on their phenomenology. 
On the other hand, it was found that a partial absorption at the surface is suffi- 
cient to quench the ergoregion instability completely. This finding has important 
consequences for the viability of exotic compact objects and it suggests that they 
are not necessarily ruled out by the ergoregion instability. 


3. Energy conditions 


Eleni-Alexandra Kontou presented a theme related to the strong quantum energy 


inequality and the Hawking singularity theorem ?!. The latter concerns matter 
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obeying the strong energy condition (SEC), which means that all observers ex- 
perience a nonnegative effective energy density thereby guaranteeing the timelike 
convergence property. However, for both classical and quantum fields, violations of 
the SEC can be observed in some of the simplest cases, for example, in the massive 
Klein-Gordon field. Therefore, there is a need to develop theorems with weaker re- 
strictions, namely, energy conditions averaged over an entire geodesic and quantum 
inequalities, weighted local averages of energy densities. In fact, lower bounds of the 
effective energy density were derived in the presence of both classical and quantum 
scalar fields allowing a nonzero mass and nonminimal coupling to the scalar curva- 
ture. In the quantum case these bounds take the form of a set of state-dependent 
quantum energy inequalities valid for the class of Hadamard states. Finally, it was 
discussed how the classical and quantum inequalities derived can be used as an 
assumption to a modified Hawking-type singularity theorem. 


4. Causal structure of spacetime 


Sandipan Sengupta presented, in classical gravity theory, explicit examples of vac- 
uum solutions that admit the possibility of time travel (to the past) through their 
geodesics??. These geometries are built upon metrics whose determinant can con- 
tinuously go to zero over some extended region of the spacetime. These solutions 
to the first order field equations satisfy the energy conditions. One may see the 
existence of these solutions as a motivation to revisit the status of causality in the 
formulation of classical gravity. 

Vaishak Prasad presented the possibility of resolving the chronology protection 
problem due to the existence of closed time-like curves in Kerr-Newman black holes 
using modified gravity??. First, the details of the causality violation in the Kerr- 
Newman spacetime were revisited and quantified. It was then shown that the issue 
also extends onto two of the modified Kerr-Newman solutions: non-commutative 
geometry inspired and f(R) gravity solutions. The geodesic connectivity of the 
causality violating region was discussed in both scenarios and the existence of null 
geodesics was proved. The possibility of preventing causality violation was also ex- 
plored. It was shown that although in both models the parameters can be chosen 
such that the causality violating region is removed, the f(R) case is not consis- 
tent with cosmological observations. In the case of the non-commutative geometry 
inspired solution, it was shown that the chronology protection can be ensured by 
choosing suitable values for the non-commutative parameter, thereby eliminating 
the causality violating region and the Cauchy horizon. 

Ilia Musco showed that in the gravitational collapse to form black holes, trap- 
ping horizons (foliated by marginally trapped surfaces) make their first appearance 
either within the collapsing matter or where it joins on to a vacuum exterior. Those 
which then move outwards with respect to the matter have been proposed for use 
in defining black holes, replacing the global concept of an event horizon, which has 
some serious drawbacks for practical applications. Results were presented from a 
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study of the properties of both outgoing and ingoing trapping horizons, assuming 
strict spherical symmetry throughout ?^. The causal nature was investigated follow- 
ing two different approaches, namely, one using a geometrical quantity related to 


ex 


pansions of null geodesic congruences, and the other using the horizon velocity 


measured with respect to the collapsing matter. The models treated are simplified, 
but do include pressure effects in a meaningful way, and the behavior of the horizon 
evolution was analysed depending on the initial conditions of energy density and 
pressure of the collapse. 
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Gravitational waves are probes of gravity in the strong-field regime that allow to under- 
stand the nature of compact objects. Several families of exotic compact objects have been 
conceived in order to overcome some paradoxes associated to black holes, particularly 
the existence of the event horizon. Some models of exotic compact objects are character- 
ized by microscopic or even Planckian corrections at the horizon scale. In particular, the 
wormhole solution has a perfectly reflecting surface instead of the event horizon. Spin- 
ning horizonless compact objects may be unstable against an “ergoregion instability" 
when spinning sufficiently fast. We analyse the instability and its astrophysical impact 
for the viability of exotic compact objects. 


1. Introduction 


Recently, there has been a growing interest in investigating the nature of compact 
objects and testing the existence of horizons. t? Following the recent detections of 
gravitational waves (GWs) from compact binary coalescences,? it is reasonable to 
enquire whether the compact remnant is compatible with the predictions of Gen- 
eral Relativity. Several quantum-gravity models of exotic compact objects (ECOs) 
have been proposed as alternatives to black holes (BHs).*  ECOs are horizonless 
compact objects which can overcome some paradoxes associated to BHs, such as 
their thermodynamical instability and their entropy which is far in eccess of a typ- 
ical stellar progenitor." ECO models have a unique fingerprint in the postmerger 
ringdown phase of a GW signal that allow to distinguish them from canonical BH 
solutions. 18 

In the following, we analyse the wormhole model as a horizonless compact object 
supported by an exotic distribution of matter.? Spinning wormhole solutions are 
prone to the so-called ergoregion instability when spinning sufficiently fast.!? The 
latter is an instability that develops in any spacetime featuring an ergoregion but 
without an event horizon in the absence of dissipation mechanisms. The ergoregion 
instability could have a crucial impact on the dynamics of the ECO and provide a 
strong theoretical argument in favour of the BH paradigm. 


2. Gravitational waves as probes of strong gravity 


The recent detections of GWs provide the opportunity to analyse the two-body 
motion in the strong-field and large-velocity regime of gravity. !! The detected GW 
signals are characterized by three phases: (i) the inspiral, when the two bodies have 
large separations and the GW emission decreases the binary's orbital period; (ii) the 
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merger, when the two bodies coalesce; (iii) the ringdown, when the final remnant 
relaxates to a stationary and equilibrium solution. 

'The ringdown stage is dominated by a superposition of the characteristic fre- 
quencies of the remnant, the so-called quasi-normal modes (QNMs). The latter are 
complex frequencies, w = wr + iwr, which describe the response of the compact 
object to a perturbation.!? The emitted ringdown signal is a sum of exponentially 
damped sinusoids whose frequencies are proportional to the real part of the QNMs 
(faw = wr/27) and whose damping times are proportional to the imaginary part 
of the QNMs (Taamp = —1/wr.) ? According to our convention, a mode with wy < 0 
describes a stable remnant, whereas a mode with wr > 0 describes an unstable one. 

From the detection of the ringdown stage of a binary coalescence, the QNMs of 
the remnant can be inferred, leading to an understanding of the nature of the rem- 
nant. Solely in the first event GW150914, the least-damped QNM of the remnant 
has been observed. !* The latter is consistent with a Kerr BH of mass 6214 Mo and 
spin (67 00s at 9096 confidence.!? However alternatives to BHs are not excluded 
and the characterization of the remnant is still an open problem.!9 !5 A precise 
modeling of the gravitational waveform in a variety of strong gravity processes is 
necessary, including the signal emitted by alternatives to BHs. 


3. Exotic compact objects 


Several arguments have recently been put forward, suggesting that new physics 
at the horizon scale might alter the formation of BHs during the gravitational 
collapse.?:1?:20 In this context, several families of ECOs have been proposed as 
near-horizon quantum structures. ^^?! ECOs are theoretical compact objects that 
can mimic the features of BHs by means of electromagnetic observations since they 
can be as compact as BHs. However, ECOs are not endowed with an event horizon 
nor a curvature singularity. 

In the following, we consider rotating solutions described by the Kerr metric 
and characterized by microscopic corrections at the horizon scale.??:23 The surface 
of the compact object is located at ro = r4 (1 + €), where r4 is the location of the 
would-be horizon and 0 < e «& 1 is a parameter related to the compactness of the 
object. The properties of the object's interior are parametrized in terms of a surface 
reflection coefficient R.?4 A perfectly reflecting surface is described by |R|? = 1, 
whereas a partially absorbing surface (e.g. due to dissipation, viscosity, fluid mode 
excitations) is described by |R|? < 1. 


3.1. Wormholes 


In the static limit, the wormhole solution can be constructed by taking two copies 
of the Schwarzschild metric with r > rg and by pasting them at r = ro, which is the 
location of the wormhole throat. This procedure is called Schwarzschild surgery and 
is analogous to considering one Schwarzschild metric with r > ro and a perfectly 


reflecting surface at r = ro.’ 
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According to Birkhoff's theorem, the Schwarzschild metric is the only solution of 
Einstein’s field equations in vacuum which describes a spherically symmetric space- 
time. As a consequence, the wormhole solution must be sustained by a distribution 
of matter. In this case, a thin shell of matter is located at the wormhole throat. ?? 
Furthermore, the distribution is exotic since it violates the weak energy condition 


according to which the surface energy density is negative. ?? 


4. Ergoregion instability 


Spinning wormhole solutions might turn unstable above a critical threshold of the 
spin due to the ergoregion instability. !? Since physical negative-energy states can 
exist inside the ergoregion — which is key ingredient of the Penrose's process-?? it 
is energetically favorable to cascade toward more negative states. The only way to 
prevent such an infinite cascade is by absorbing negative-energy states. For this 
reason, Kerr BHs are stable against the ergoregion instability. Whereas, ECOs 
suffer from the instability in the absence of dissipation mechanisms. 


4.1. Linear perturbations 


In order to analyse the stability of ECOs, let us consider a massless scalar field gov- 
erned by the Klein-Gordon equation in Kerr geometry. By decomposing the scalar 
field in Boyer-Lindquist coordinates, the Klein-Gordon equation can be separated 
in terms of Teukolsky’s master equations. ?" 

By imposing physically motivated boundary conditions at infinity and at the 
surface of the ECO, the equations define an eigenvalue problem whose (complex) 
eigenvalues are the QNMs of the system. In particular, at infinity the proper vibra- 
tions of the object require only outgoing waves.?? In the the BH case, at r = r4 the 
presence of the horizon would require purely ingoing waves. Whereas, in the ECO 
case, at r — rg there is a superposition of ingoing and outgoing waves such that the 
flux of energy is conserved. ?2:23 


4.2. Quasi-normal mode spectrum 


In the static case, the QNMs of the wormhole are stable since wy < 0. As discussed 
in Ref. 8, in the BH limit (as e > 0) the QNM frequencies approaches zero and 
the damping time becomes infinite, thus the modes become extremely long lived. 
'The fact that the imaginary part of the modes vanishes as e — 0 suggests that the 
modes might turn unstable in the spinning case, due to the Zeeman splitting of 
the frequencies with different azimuthal numbers. This expectation is confirmed by 
our results for an ECO with a perfectly reflecting surface. In particular, the QNM 
frequencies have a zero crossing at a critical value of the spin where the ECO turns 
from stable into unstable against the ergoregion instability. ?? 
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4.3. Astrophysical impact of the instability 


'The onset of the ergoregion instability depends on the compactness of the ECO. In 
particular, in the BH limit (e > 0) the critical value of the spin approaches zero. 
Thus, even slowly spinning ECOs suffer from the ergoregion instability. 

The instability time scale is extremely short compared to typical astrophysical 
time scales. For example, for a stellar mass ECO the instability occurs after few 
seconds the formation of the object.?? Thus, for a perfectly reflecting surface the 
ergoregion instability plays an important role in the dynamics of the ECO. 


4.4. The role of absorption 


The case of a perfectly reflecting surface is an idealization and it is expected that the 
compact object would absorb part of the ingoing radiation, e.g., through viscosity, 
dissipation. In this case, at r = ro there is a superposition of ingoing and outgoing 
waves such that a certain fraction of the incident flux of energy is absorbed at the 
surface of the ECO. 

By deriving the QNMs of the compact object, we obtain that an absorption rate 
of 0.496 is sufficient to quench the ergoregion instability completely.?? 'Thus, any 
ECO with at least this level of absorption is stable under scalar field perturbations. 

An indicative estimate shows that this level of absorption can be naturally 
achieved by a viscous fluid in the ECO. The dissipation can occur through sound 
waves which propagate into the interior of the fluid and through shear waves which 
heat the surface of the ECO.?9:30 


5. Conclusions and future prospectives 


In the newly-born era of GWs, we have the first opportunity to look for new physics 
at the horizon scale. We analysed the stability of an ECO described by the Kerr 
metric whose surface is at a Planckian distance from the would-be event horizon. We 
analysed a test scalar field perturbation and we showed two interesting properties: 


i. An ECO with a perfectly reflecting surface suffers from the ergoregion in- 
stability above a critical value of the spin. The instability time scale is 
short compared to astrophysical time scales. 

ii. An absorption rate of 0.4% at the surface of the ECO is sufficient to quench 
the ergoregion instability completely. 


An extension of this work is the analysis of gravitational perturbations. It has 
been recently computed in Ref. 23 that an absorption rate of 0.396 (696) is necessary 
in order to have a stable ECO with spin x < 0.7 (x S; 0.9) for any perturbation. 

Finally, an understanding of the evolution and the end point of the instability 
— including possible nonlinearities — remain interesting open problems. 
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Wormhole solutions in a generalized hybrid metric-Palatini matter theory, given by a 
gravitational Lagrangian density f(R,R), where R is the metric Ricci scalar, and R is 
a Palatini scalar curvature defined in terms of an independent connection, and a matter 
Lagrangian, are found. The solutions are worked out in the scalar-tensor representation 
of the theory, where the Palatini field is traded for two scalars, y and w, and the gravita- 
tional term R is maintained. The main interest in the solutions found is that the matter 
field obeys the null energy conditions everywhere, including the throat and up to infinity, 
so that there is no need for exotic matter. The wormhole geometry with its flaring out at 
the throat is supported by the higher-order curvature terms, or equivalently, by the two 
fundamental scalar fields, which either way can be interpreted as a gravitational fluid. 
Thus, in this theory, in building a wormhole, it is possible to exchange the exoticity of 
matter by the exoticity of the gravitational sector. 


Keywords: Wormholes; modified gravity; hybrid metric-Palatini gravity. 


1. Introduction 


The flaring-out condition is the fundamental ingredient in wormhole physics! ?, 


and in general relativity this geometric condition entails the violation of the null 
energy condition (NEC). The latter states that Tap k*k^ > 0, where Ty» is the mat- 
ter stress-energy tensor and k“ is any null vector. Matter that violates the NEC 
is denoted as exotic matter. In fact, in the context of modified theories of grav- 
ity®, it has been shown in principle that normal matter may thread the wormhole 
throat", and it is the higher-order curvature terms, which may be interpreted as a 
gravitational fluid, that support these nonstandard wormhole geometries. Indeed, 
it was shown explicitly that in f(R) theories? and extensions? 1!, wormhole throats 
can be theoretically constructed without the presence of exotic matter, where the 
throat is solely sustained by the geometric fields presented in modified gravity. 
'The main aim of this work is to theoretically construct wormhole solutions in 
generalized hybrid metric-Palatini gravity t? 14, where the matter obeys the NEC 
throughout the geometry. In the scalar representation of generalized hybrid metric- 
Palatini gravity we are studying, the gravitational field is complemented by the 
two other fundamental scalar fields!^!^, whereas the matter fields in this theory 
are still encoded in the stress-energy tensor Tab. Thus, to allow for a mandatory 
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flaring-out condition, the matter Tap can obey the NEC, as long as some appropriate 
combination of Tap with the other fundamental fields violates the NEC. We will 
make use of the junction conditions for the generalized hybrid theory t6 


2. Scalar-tensor representation of the generalized hybrid 
metric-Palatini gravity 


Consider the general hybrid action S given by 
1 
S= zz | v=o (R,R) d*x + [va Edd, (1) 


where K? = 87G, g is the determinant of the spacetime metric gab, R is the metric 
Ricci scalar, R = Rw Jab | is the Palatini Ricci scalar, which is defined in terms of an 
independent connection ps p aS, Rap = O, BT Gu are, + He A p. a denotes 
partial derivative; f (R, R) is a well-behaved function of R and R, and £m is the 
matter Lagrangian density minimally coupled to the metric gay. 

It is useful to express the action (1) in a scalar-tensor representation, given by 14 


a [ v=a|e- 9) R- p0 ud, — Ve) dra f voi e d'a, (2) 


where y and w are two scalar fields and V = V (o, wv) is the potential. Varying the 
action (2) with respect to the metric gap gives 15 


~ Dee 


(p — V) Gab = K Tas + VaVbtp — Va Voy + —Oavdny 


» 
- (pe- te v + oven) a. (3) 
v 

where V, is the covariant derivative and O = V“V, the d’Alembertian. Varying 

the action with respect to the field y and to the field v) yields’, 

1 er 

Tees ae (4) 
V- god ido - E (Ve + Vy) =0, (5) 


respectively. In this work, we are interested in finding wormhole solutions that 
satisfy the NEC throughout the spacetime geometry. 


3. Wormhole geometries in the generalized hybrid metric-Palatini 
gravity 


3.1. Gravitational field equations 
We impose that the wormhole solutions are described by a static and spherically 


symmetric metric where the line element is given by! 


—1 
ds? = —e6() de? + | - — dr? + 1? (d? + sin? dd”) , (6) 
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where ¢(r) is the redshift function and b(r) is the shape function. The latter 
obeys the boundary condition b (ro) = ro, where ro is the radius of the wormhole 
throat. The flaring-out condition at the throat vicinity is given by (b — b'r)/b? > 0. 
This imposes that at the throat b (ro) < 1. The redshift function must be finite 
everywhere to avoid the presence of horizons. We also assume that y = (r) and 
V — vr). 

The three independent components of Eq. (3) are given by 


(e- 9) - €z9 ai - y (7 


- (: = +) ke- py + 2g vy + — =p, 


ene 0 


307 | 2(pg-vy | C(e- vy m 
x|- EU A E " CERIS. T ep, 
b "add c? C b— rV Cr di ; 
wo [ (1-2) (SSeS) Ee E) fam 


n4 + (: - +) le — yy)" 4 p + - + (e d | =e Bis (9) 


where p = p(r) is the energy density, pr = p,(r) is the radial pressure, and p; = pi(r) 
is the transverse pressure. The equation for y(r), Eq. (4), can be written as 


META EA a eee 
and the equation for um Eq. (5), yields 
b TRI A / 12 / 
(1-2) Gr EHE) a-o- an 


The fundamental gravitational fields are the metric fields, Ç (r) and b(r), and 
the scalar fields ọ (r) and v (r) that form the potential V. The scalar fields y and 
w should be well-behaved throughout r. 


3.2. Interior solution 


We have the freedom to choose three functions out of the eight variables, ¢(r), 

b(r), e(r), y(r), V(r), p(r), p.(r), and pi(r), since there are only five independent 

equations (7)-(10). The three functions that we choose are ¢(r), b(r), and V(y, 2). 
Consider, for simplicity, the following metric functions 


(=a) Age (12) 
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Let Vo be a constant and consider further a power-law potential of the form 


V (e, V) — Vv (p - V). (13) 
The gravitational field equations (7)-(9), yield the following solutions 
2 2 2 2 
To To To To 
= ———(24—31— r= ———.[(16—13—5], 14 
ái 2r6 Vok? ( i) i d 2r6 Vok? ( i) e 
2 2 
ro To 
= ——, | -32 + 39> 15 
P= zi ( + i) | (15) 


respectively. The solutions for the scalar fields, (r) and w(r), are given by 


g(r) = Vo — => v(r) = Vo. (16) 


From Eqs. (16), we see that both scalar fields are finite for r at the throat ro, and 
for values of r in its vicinity, and indeed for all r. 
'The expressions for the NEC are given by 


2r2 rà 4rd Trà 
„=< [10-12], Eu (142). a 
ptp r8 Vok? ( 2 r2 p+ Pe rô Vok? U r2 V 


We impose that Vp negative, i.e., Vo < 0, so that the NEC is valid in the throat’s 
neighborhood up to to the radius r = ro4/ 11/10. 


3.3. Exterior vacuum solution 


Now, in order to guarantee that the complete solution obeys the NEC for all values 
of r, we match the interior solution at some ry, to an external vacuum and asymp- 
totically flat spherically symmetric solution, i.e., 755 = 0. Consider that the scalar 
fields are constant in the exterior solution, i.e., o (r) = Ye and v (r) = ve with Ye 
and Ye constants, pe Æ We, where the subscript e stands for exterior. 

It was shown that the Schwarzschild solution with a cosmological constant 14 
of general relativity is a vacuum solution of the generalized hybrid theory we are 
studying!^. These solutions are known as Schwarzschild-de Sitter, Schwarzschild-dS 
for short, if the constant cosmological term is positive, and Schwarzschild-anti-de 
Sitter, Schwarzschild-AdS for short, if the constant cosmological term is negative. 
The metric fields ¢(r) and b(r) for the exterior region outside some radius ry, i.e., 
r > ry, are then 


em (i EL le Ne, b(r) - 2 + eee vam (18) 


respectively, where M is a constant of integration and represents the mass, and the 
factor eS is a useful constant. 

The sign of the term Vo (we — Pe) /2 will determine whether the solution is 
Schwarzschild-dS or Schwarzschild-AdS?. This sign will be determined by the 
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matching surface and the imposition that the NEC holds everywhere. Thus, ex- 
terior solution, in addition to Eqs. (18), has the following expressions, o (r) = Ye, 


v (r) = ve, V = Vo (Ye — Ve)", and p(r) = pr(r) = pi(r) = 0. 


3.4. Surface stresses at the junction interface 


To match the interior to the exterior solution we need the junction conditions at 
the hypersurface X, which is located at the junction radius rx, for the generalized 
hybrid metric-Palatini gravity 9. These conditions are 


[hag] =0, m —0, [v] =0, n^ [Oa] =0, (19) 
n? [B] = r4 ES — Zaps = EM [KÊ], [X] 0, (20) 


where hag is the induced metric at the junction hypersurface X, with Greek indexes 
standing for (0, 2, 3), the brackets [X] denote the discontinuity of X across X, n^ is 
the unit normal vector to X, K = K$ is the trace of the extrinsic curvature Kag of 
the surface X, S = S£ is the trace of the stress-energy tensor Sag of the thin shell, 
and the subscripts X indicate the value computed at the junction interface. 

The second condition in Eq. (20) yield the field equations at the hypersurface 


Ar2 1 0 Ar2 1 0 
= du af sa De pees 21 
š ex ( rs [K]) . p= ayes (1+ grelKel), Gn 


respectively, where o = — S9 the surface energy density and p = S1 and the surface 
transverse pressure. with 


roo r 2 -6M 
Bdeg y a (22) 
»» x 6rs Deest 


We also impose that the matter NEC should be satisfied at the thin shell^?, so 
that o + p 2 0 and the formulas given in Eq. (21) imply 


2 
3rg 


o+p=-~ 2 
2&2 Vor1. 


[K6]. (23) 

Finding a combination of parameters that fulfills all the junction conditions, 
plus the matter NEC everywhere, is a problem that requires some fine-tuning, and 
was analysed in detail14. 


4. Conclusions 


In this work, we found traversable asymptotically AdS wormhole solutions that 
obey the NEC everywhere in the generalized hybrid metric-Palatini gravity theory, 
so there is no need for exotic matter. The interior wormhole solution obtained 
verifies the NEC near and at the throat of the wormhole. The matching of the 
interior solution to an exterior vacuum solution yields a thin shell respecting also 
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the NEC. We showed that it is possible to build the full wormhole solution, where 
the matter satisfies the NEC throughout the wormhole geometry, and found that it 
is asymptotically AdS. 
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We explore the possibility of ‘time travel’ through geodesics in the first order formulation 
of classical gravity theory. The analysis is developed around a few vacuum solutions to 
the field equations, constructed such that the proper time exhibits a non-monotonic flow 
along the geodesic. These geometries are built upon metrics whose determinant vanish 
over some region. The associated spacetimes are smooth and the curvature two-form 
fields are finite everywhere. 
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1. Introduction 


The possibility of obtaining theoretical models of time machine spacetimes within 
Einstein’s theory of general relativity, as well as the practical feasibility of such a 
potential construction, have been and still is a matter of open debate. Whereas 
Einstein’s equations (with or without matter) have been shown to admit space- 
time solutions that exhibit closed timelike curves (and hence implying a possible 
realization of time travel), they seem to violate at least one or more of the sta- 
bility criteria motivated from classical and quantum physics. To emphasize, while 
some of them fail to satisfy the energy conditions, others are either unstable against 
quantum fluctuations or are supported by matter fields which have no realization 
in nature! 5. 

Here we discuss vacuum spacetime solutions of gravity theory, with the special 
property that the associated metric is degenerate over a region (but not everywhere) 
and the (non-spacelike) geodesics are characterized by nonmonotonic proper time?. 
This could possibly imply ‘time travel’, provided there is a way to go across the 
turning points of the affine parameter along the geodesic. 

'These configurations satisfy the energy conditions at the invertible phase. At 
the noninvertible phase, there is no exotic matter. Although it is beyond the scope 
of this article to provide a precise formulation of the energy conditions for the 
degenerate metric phase, there are reasons to believe that the energy conditions 
are satisfied there as well!?. In addition, these solutions are free of any divergence 
either in the curvature two-form fields or in the lower dimensional curvature scalars 
that could be associated with the zero-determinant phase. Even though it is not 
clear whether such solutions could be realized in nature, their very existence as 
classical solutions is intriguing. 
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2. Solutions of first order gravity 


Spacetimes with degenerate metrics!! appear naturally in the context of first order 
formulation of gravity theory, described by the Hilbert-Palatini action!? 4. The 
corresponding equations of motion are obtained through the variation with respect 
to the tetrad and connection fields: 


ele Dy wea] = 0 el Rug (w) =0. (1) 


Here we shall present three solutions to these equations with the properties men- 
tioned earlier. Whereas the connection fields are flat for the first two, the last 
example corresponds to a nontrivial curvature two-form. 


2.1. Solution-I: Extension of Rindler metric 
Let us introduce a metric which divides the spacetime into three regions; The de- 
terminant being zero at the intermediate region and non-zero everywhere else: 
ds? = —f?(x)dt? + f"^(z)da? + dy? + dz? at |z| > xo, 

= 0 — F?(x)dx? + dy? + dz? at |x| < xo (2) 
where, each of the coordinates (t, x, y, z) spans the whole real line (—oo, oc) and the 
functions f(x) & F(x) satisfy: 

f(&zo) — 0 = f (zo), F(zo) — 0. (3) 


The internal metric used to raise or lower the SO(3,1) indices is given by 9r; = 
diag|-1,1,1,1] everywhere. At the two regions |z| > zo, the spacetime metric 
becomes equivalent to the Rindler metric upon a reparametrization z — u — f(x). 


The only nonvanishing component of the torsionless spin connection is w,?! = 1. 
Within the patch |x| € xo, the spin-connection fields are chosen to be: 


à, —0, (4) 


leading to trivial RI . Note that although the spin-connection fields as given above 
are not manifestly continuous across x = xo, they may be made to be so through a 
SO(3,1) gauge transformation on the fields: 


1 


a oO oU x EET, Ata a 


where transformation A is a boost: 


cosht sinht 0 

AL = sinht cosht 0 
is 0 0 1 

0 0 0 


So oS 


As is straightforward to verify, both the configurations (e/,,w,'7) and (êf, ®,77) 


are solutions to the first order equations of motion (1). Also, the gauge-covariant 
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fields (i.e. tetrad, torsion and field-strength) are continuous at the phase boundaries 


x= +2. 
For the invertible and noninvertible metric phases, the (torsionless) affine con- 
nection components are defined as, respectively: 


AS 
Pape = Ipol ag = 3 [Oa96p + 989ap — Opgag] » 


E T J x n 
Papp = Gpol agb = 7 [9o88p + O8G9ap — OpGas] (5) 


The noninvertibility of the metric with ĝu = 0 gets reflected through the inde- 
terminacy of the affine connection components Ô, Á- This essentially implies that 
within the degenerate region, the null coordinate (t) becomes nondynamical and 
any evolution along that is equivalent to a gauge motion. 

The geodesic equations at the region x > xo are defined as u* Du? :— u* Ou? + 
D. PutuP — 0, leading to: 


PP- Pai - y^ - Z =k, Pai - E, jo ky, 2— E (6) 


where E, ky, kz are constants of motion and k = 1,0, —1 characterise the timelike, 
null and spacelike geodesics, respectively. The affine parameter is solved as: 


1 


Ac uz! 


E? — (k + k? + k2)f? (2)] z + const. 
(7) 


Within the degenerate region x < xo, the equations for the physical degrees of 
freedom read (the equation for the null coordinate t being redundant): 


Peg) — 4? — 2? =k, ý= ky, ż = kz (8) 


with the solution: 
ii 


A= ae eae 
(k + k2 + k2)2 


fa F(x) + const. (9) 


In the above expressions, one could choose the smooth function F(x) such that 
the proper time is monotonic at the degenerate region. However, it is also possible 
to do otherwise, leading to a turning point of the proper time. For instance, a 
possible set of such functions is given by: 


f(x) = ax’ exp — 
0 


where a is a constant. This corresponds to a motion along the geodesic where a 
massive particle apparently can come back to the same value of proper time after 
a trip within the degenerate core. 
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2.2. Solution-II: Extension of Kasner metric 


In our next example, the invertible phase of the spacetime corresponds to a par- 
ticular cosmological solution of the Kasner family. Here, the null eigenvalue at the 
noninvertible phase lies along the x-direction, unlike in the previous example: 


ds? = —dt? + t?dx? + dy? + dz? at t » 0, 
= — F° (t)dt? --0-- dy? + dz” at t « 0, (10) 
The function F(t) obeys the boundary conditions: F(0) = 1, F(0) = 0. The 
internal metric is given by nr; = diag|—1, 1, 1, 1]. 
Using the affine connection components, the geodesic equations for timelike and 
null geodesics at t > 0 become: 


Prag —-Jj-f-—k PE= hy, UH hy =k (11) 


Which are solved as: 
1 


A= +—__ 
(k + k2 + k2) 


[(k + k2 + k2)e? + k2]? + const. (12) 


At the degenerate phase t < 0, the physical motion is described by the remaining 
three coordinates through the respective geodesic equations (while the dynamics 
happens to be trivial along the x-direction as expected): 


Pa? —y -— 2? = k, ý= ky, ż = kz, (13) 
These imply: 
1 


A= r 
(k + k2 + k2)2 


fa F(t) + const. (14) 


As earlier, a suitable choice of the smooth function F(t) may now be made so that 
the proper time is nonmonotonic at t < 0. 


2.3. Solution III: Extension of Schwarzschild metric 


Our final example is based on a degenerate extension of the Schwarzschild exte- 
rior geometry. In terms of the chart (t € (—00,06), u € (—oo,00), 0 € [0,7]. 
$ € [0,27]), the spacetime metric at the two phases are given by: 


ds? = — h - EL dt? + NA CMT + f? (u) [d6? + sin? 6d9?] (u > uo), 
f(u) È E — 
fu) 
= 0 — F?(u)du? + H? (u) [d6* + sin? 0d? ] (u < uo), (15) 


where we impose the boundary conditions: 


f(uo) 2 2M, f'(uo) 20, F(uo) =0 (16) 
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and also the constraint: 


(: " — rajtan e -0 (17) 


The field-strength at u > uo is completely determined by the associated (tor- 
sionless) spin-connection fields wl" (e). At the region u < uo with a degenerate 


phase, we assume the nonvanishing spin-connection components to be: 


H' 
(g^ =i wg? = —cos6, wg =-1 — sind (18) 


The corresponding SO(3, 1) field strength components read: 


Ry? =i [ze]. Roe =|1+ (Fe) sind, Ret =i EO] sine (19) 


all other components being zero. Note that even though some of the field-strength 
components are imaginary, the physical fields, given by their SO(3,1) gauge- 
invariant counterparts Ryuvas = Fug d 

It is easy to verify that the configuration above satisfies the vacuum equations 
of motion of first order gravity everywhere. For definiteness, we shall consider the 
following set of functions F(u) and H(u) which solve the boundary conditions and 


the constraint: 


616g, are all real. 


E 
Fu) =--2 H, qu = flu) (20) 
( 2M _ 1) z 
F) 

With this, one may now solve the geodesic equations explicitly, the procedure 
being exactly similar to the earlier cases. Without going into any further detail of 
these solutions *, it is sufficient to note that the affine parameter A is characterized 
completely by the (smooth) function f(u). An appropriate choice of f(u) can be 
made so that the spacetime is smooth and the proper time A(u) exhibits turning 
point(s) within the degenerate region. If an observer is able to cross any such point 
along the geodesic, the proper clock would start running backwards. 


3. Conclusions 


Here we have constructed smooth vacuum solutions of first-order gravity where 
the geodesics correspond to a non-monotonic motion of the proper time. While 
this feature is intriguing, it is certainly not clear if this could imply a 'time travel 
in reality. One should note that the turning points of the proper time precisely 
corresponds to those points where there exists no orientability of time. Thus, even 
though there is no divergence in the associated curvature two-form fields, these 
degenerate metric solutions are not completely satisfactory in a strict sense, at least 


aThe reader is referred to ref.? for more details in this regard. 
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classically. Rather, the appropriate habitat of such solutions should be the quantum 
theory, which could provide a meaningful interpretation of this non-orientability, 
and of the acausal features associated with these in general. A deeper understanding 
of such issues is essential in order to answer the question as to whether these could 
be seen as vacuum time machine solutions, without having to bring in additional 
features such as exotic matter or else. 
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We study shadows cast, under some circumstances, by a certain class of rotating worm- 
holes and explore the dependence of the shadows on the wormhole spin. We compare our 
results with that of a Kerr black hole. For small spin, the shapes of the shadows cast by 
a wormhole and a black hole are nearly identical to each other. However, with increasing 
values of the spin, the shape of a wormhole shadow start deviating considerably from 
that of a Kerr black hole. Detection of such considerable deviation in future observations 
may possibly indicate the presence of a wormhole. In other words, our results indicate 
that the wormholes which are considered in our work and have reasonable spin can be 
distinguished from a black hole, through the observation of their shadows. 


Keywords: General Relativity; Shadow; Wormhole; Black Hole; Gravitational Lensing. 


1. Introduction 


It is commonly believed that the central suppermassive compact region of our 
Galaxy as well as those of many other galaxies contain suppermassive black holes. 
'Typically, the event horizon of a black hole, together with a set of unstable light 
rings (or a photon sphere in the case of a static, spherically symmetric black hole) 
present in its exterior geometry, creates a characteristic shadow-like image (a darker 
region over a brighter background) of the photons emitted by nearby photon sources 
or of the radiation emitted by an accretion flow around it. With the purpose of 
detecting this shadow in the image of the suppermassive compact object Sagittarius 
A* (Sgr A*) present at our Galactic Center and in the image of that present at the 
center of the nearby galaxy M87, the event horizon telescope (EHT)! is being 
constructed and has begun collecting data. 

While the intensity map of an image depends on the details of the emission 
mechanisms of photons, the boundary (silhouette) of the shadow is determined 
only by the spacetime metric itself, since it corresponds to the apparent shape of 
the photon capture orbits as seen by a distant observer. Shadows and images cast by 
different black holes have been studied by several researchers in the past. See Ref. 4 
for a recent brief review on this subject. Some recent studies, however, suggest that 
the presence of a shadow does not by itself prove that it is being necessarily cast by 
a black hole. Other horizonless compact objects? 1? 
In case of a wormhole, the throat plays very crucial role in casting a shadow?. This 
crucial role was overlooked in Ref. 6, resulting in incomplete results. Later, this 


can also cast similar shadows. 


problem was revisited in Ref. 9 where the correct and complete shapes of rotating 
wormhole shadows were obtained by incorporating the crucial role of a wormhole 
throat. In what follows, we summarize the main results obtained in Ref. 9. 
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2. The rotating wormhole spacetime and null geodesics 


The spacetime geometry of a stationary, axisymmetric spacetime metric describing 
a rotating traversable wormhole of Teo class is given by 1? 
dr? 


ds? = —N?dt? 4 T r? K? (db? + sin? 0(dyp — wdt)?] , (1) 


where —oo < t < oo, and ro € r « oo, 0 € 0 € « and 0 € ¢ < 2r are spherical 
coordinates. The functions N, b, K, and w depend on r and 0. N and b are, respec- 
tively, known as analog redshift function and shape function. K determines the area 
radius through R = rK and w measures the angular velocity of the wormhole. To 
ensure that there are no curvature singularities or event horizons, the above metric 
functions have to satisfy certain conditions (see Ref. 13 for details). The spacetime 
describes two identical, asymptotically flat regions connected together at the throat 
r=7ro=b>0. 

We choose the following form of the metric functions which are frequently used 
in the literature® 14-15; 


5 2 
N = exp -2-4(2) | , b(r)—-ro K=1, TEA (2) 
T T 


r 


where J is the angular momentum of the wormhole and y and 6 (> 1) are real 
constants. Also, we can write ro = 2M, M being the mass of the wormhole?. 

Null geodesics in the spacetime of the wormholes given in Eq. (1) have been 
studied in Ref. 6. The radial part of the geodesic equation for a photon is given 
by $9 


dY y =i eec. nan) (3) 
a) t. Ver aou PARI 
N? 
2 
R(r) 2(1—-w£&) — PCIE (4) 
where Ver is the effective potential, and € and 7 are impact parameters defined by 
L Q 


Here, E, L and Q are three constants of motion and represent, respectively, the 
energy, the angular momentum (about the axis of symmetry) of the photon and the 
Carter constant. 


3. Shadows 


A wormhole connects two regions of spacetime through its throat. To obtain the 
shadow cast by a wormhole, we consider that the wormhole is illuminated by photons 
coming from an extended light source situated in one of the regions (first region), 
and no light sources are present in the vicinity of the throat in the other region 
(second region). Depending on the impact parameters, some of the photons from 
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the light source get captured by the wormhole, and some get scattered away to a 
faraway observer situated in the first region. In the observer's sky, the scattered 
photons which are received by him/her form bright spots. On the other hand, 
the captured photons plunge through the wormhole and go to the other region, 
thereby forming dark spots in the observer's sky. The union of the dark spots in 
the observer's sky constitute what we call shadow. 

A set of unstable circular orbits of photons, which are also known as unstable 
light rings, separate the escaping and plunging photons and are characterized by 
certain critical values of the impact parameters € and 7. These critical impact 
parameters define the boundary of the shadow. The unstable circular photon orbits 
correspond to the maximum of the effective potential V.r; and are determined by 
the standard conditions 
Werf d? Virg 

dr — i dr? <0. 9) 
The unstable circular orbits may lie outside as well as at the wormhole throa 
For the unstable circular orbits whose radii do not coincide with the throat radius ro 
(i.e. for the unstable circular orbits which lie outside the throat such that (1—2) 4 0 
on the orbits), in terms of R(r), the above set of conditions can be rewritten as 


Vegg = 0, 


£12, 


dR R 
= —= —- 20. 7 
rir) =0, io, Tiro (7 
Using R = 0 and dR/dr = 0, we obtain 
r? K? x 1d N? 
L | N? patie) NE é Ew — w'Ir2rys 2 dr n (saz). (8) 


where rph is the radius of a circular photon orbit. On the other hand, since (1 — 2) 
vanishes at the throat r = ro, for the unstable circular orbits which are located at 
the throat (i.e., for unstable orbits for which ry; = ro), it can be seen from Eq. (3) 
that the conditions in Eq. (6) are satisfied at the throat when? 

dR 

dr , (9) 

T 'r—rgo 

which are different from those in Eq. (7). Note that, in Ref. 9, the second condition 
on the right hand side of Eq. (9) is written as zu > 0 instead of aR > 0. 
rT=ro rT=ro 


This was a typographic error in that paper. For nonrotating wormholes, a set of 
conditions similar to those in Eq. (9) have been obtained in Ref. 12. For the circular 
photon orbits at the throat, R(ro) = 0 gives 


R(ro) = 0, 


2 No 
l-w — js = 0, 10 
( o£) TK? (10) 
where the subscript ‘0’ implies that the quantities are evaluated at the throat. 

In realistic observation, the apparent shape of a shadow is measured in the 


observer's sky, a plane which passes through the center of the wormhole geometry 
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and is normal to the line of sight joining the observer and the center of the wormhole 
geometry. The coordinates on this plane are denoted by o and 8 and are known as 
celestial coordinates. The celestial coordinates are related to the impact parameters 


by$ 
£ p xu 
a= B= (n E — , (11) 


E sin fobs sin? Bobs 
where fobs is the inclination angle of the observer, i.e., the angle between the rotation 
axis of the wormhole and the line of sight of the observer. In the (a, 8)-plane, Eqs. 
(8) and (11) define the part of the boundary of the shadow formed by the unstable 
circular photon orbits which lie outside the throat. However, for the part of the 
boundary of the shadow which is due to the unstable circular orbits at the throat, 
we have, from Eqs. (10) and (11)?, 


(NÈ — wêr? Kê sin? 655,)o? — 2wor2 Kê sin borsa — ra K? + N28? = 0. (12) 


The last equation, which incorporates the effect of a wormhole throat and was not 
considered in Ref. 6, plays very crucial role in determining the shape of the shadow 
of a wormhole. The complete apparent shape of the shadow is given by the common 
region enclosed by the curve obtained from Eqs. (8) and (11) and that obtained 
from Eq. (12) (see Ref. 9 for details). 


6 4 2 


(b) J/M? = 0.05 


(d) J/M? = 0.6 


2 0 2 4 6 8 10 


e) J/M? =0.9 (f) J/M? = 1.0 (g) J/M? 2 1.2 (h) J/M? = 2.0 


Fig. 1. The shape of the shadow of a rotating wormhole (solid curve) and the Kerr black hole 
(dashed curve) for different spin values [(a)-(h)]. The metric functions of the wormhole are given 
by Eq. (2) with y = 0 and 6 = 0. Here, 0554, = 90°. The axes are in units of the mass M. The 
figures are extracted from Ref. 9. 
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b) J/M? = 0.1 (c) J/M? — 0.3 


(d) J/M? = 0.6 


s 5 i 
ao - m. o 
, à 5 
a ee net eh Otten gee te an jae a eae eA 
e) J/M? =0.9 (f) J/M? = 1.0 (g) J/M? =1.2 (h) J/M? = 2.0 


Fig. 2. The shape of the shadow of a rotating wormhole (solid curve) and the Kerr black hole 
(dashed curve) for different spin values [(a)-(h)]. The metric functions of the wormhole are given 
by Eq. (2) with y = 1 and 6 = 2. Here, 055, = 90°. The axes are in units of the mass M. The 
figures are extracted from Ref. 9. 


Figures 1 and 2 show the shadow cast by a rotating wormhole whose metric 
functions are given by Eq. (2). For comparison, we have also plotted the shadow cast 
by a Kerr black hole for each set of the parameter values. Note that, for small spin 
a (— J/M?), the shape of a wormhole shadow is qualitatively similar to that of the 
Kerr black hole as they both are almost circular. However, with increasing spin, the 
characteristic deformation (from the circular shape) in the wormhole shadow is more 
and more prominent than that in the black hole shadow, resulting in considerable 
deviation between the two. Such considerable deviation of the wormhole shadow 
from that of the Kerr black hole may be relevant to discriminate between the two 
in future observations. 


4. Conclusion 


We have studied shadows cast by a class of rotating Teo wormhole by incorporating 
the the crucial role that a wormhole throat can play. We have compared our results 
with those of a Kerr black hole. We find that, for small spin, the shapes of the both 
black hole and wormhole shadow are qualitatively identical to each other, i.e., both 
are nearly circular. However, with increasing spin, the characteristic deformation 
(from the circular shape) in the wormhole shadow is more and more prominent 
than that in the black hole shadow, resulting in considerable deviation between the 
two. Such considerable deviation, if detected in future observations, may possibly 
indicate the presence of a wormhole. In other words, our results indicate that, 
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through the observations of the shapes of their shadows, a wormhole which have 


reasonable spin can be distinguished from a black hole. 


However, our conclusions are largely based on the specific types of wormholes 


we have chosen to work with. It will be worthwhile to see whether or to what extent 
the conclusions drawn here carry over to a broader class of rotating wormholes. 
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The BRST-BV formalism provides a general and systematic framework to classify con- 
sistent deformations of gauge theories. This note is a brief review of the generalization of 
the method to accommodate the treatment of massive field theories in the Stueckelberg 
formulation. Applications include the classification of the cubic and quartic interac- 
tion vertices for a multiplet of massive spin-1 fields, and of the cubic deformations of 
the theory of a single massive spin-2 field. The results are shown to correctly repro- 
duce the known vertices of massive Yang-Mills theory and massive gravity, respectively. 
'The formalism also sheds light on the characterization of Stueckelberg gauge theories, 
by demonstrating in particular that they can be abelianized by means of local field 
redefinitions. 


1. Introduction 


'The problem of deformations of field theories concerns the following basic question: 
given a free theory for a some set of fields, what are the most general interactions 
that one can add in a consistent way?* The requirement of consistency is an essential 
assumption, and is the statement that any deformation must preserve the number 
and nature of the degrees of freedom. In a gauge theory, in particular, this implies 
that the number of gauge symmetries must stay the same — since a gauge symmetry 
is nothing but a constraint on the number of propagating fields — although the form 
of the symmetries may in general change as one deforms the initial theory. 

The solution to the problem of consistent deformations is well known in some 
relatively simple cases. For instance in the case of the free Maxwell theory, it 
is easy to prove that the abelian U(1) gauge symmetry admits no deformations, 
meaning that any interaction vertices must be invariant under this symmetry. In 
four dimensions one can also show that all such invariants must of the Born-Infeld 
type, i.e. they can be written solely in terms of a basic set of invariant tensors. In 
the context of Maxwell theory this implies that any deformation of the action of 
a massless spin-1 particle must be given by Lorentz-invariant contractions of Pj, 
and its derivatives. The story is more interesting for a collection of vector fields 


Aj, with a = 1,...,n. The free action may always be diagonalized (assuming no 
negative-norm states) so as to take the form Sp = -i Tug FE” Fiw, where again 


a Although in this work we have focused on deformations of free theories, the general formalism 
is not restricted to this situation. For instance, one could consider higher order deformations of 
models that are already interacting, or the question of how to couple two sets of degrees of freedom 
which are independently described by non-trivial theories. 
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Fis = p AY — ð Aj; and color indices are raised and lowered with 6,,. As in the 
single-field case, there is always the possibility of constructing interactions in the 
form of Born-Infeld terms, which are however less interesting as they correspond 
to higher-dimension operators. The more compelling direction is instead to allow 
for deformations of the U (1)” gauge symmetry, which are no longer trivial if n > 3. 
'This procedure leads, under some assumptions on the number of derivatives, to 
Yang-Mills theory as the most general interacting theory for a multiplet of massless 
spin-1 fields. In other words, the problem of consistent deformations allows one 
to derive Yang-Mills theory purely from the knowledge of the particle content and 
the global symmetries (in this case Poincaré invariance) that define the model. In 
particular, the Lie algebraic nature of the deformed gauge transformations is not 
an added assumption but follows as a consequence of the formalism. More recent 
application of this method to models of relevance in gravity include the treatment 
of massless spin-2 fields in! and of partially massless spin-2 fields in?. 

These examples were concerned with massless fields for which gauge invariance 
plays a defining role. Indeed, the BRST-BV method that we will describe below is 
tailored to the analysis of gauge theories. In this regard, it may seem that deforma- 
tions of massive theories would be much simpler to study given that the consistency 
of the gauge symmetries is not an issue anymore in this setting. Nevertheless, even 
in the absence of constraints imposed by gauge invariance, there is still the concern 
that interactions may introduce extra degrees of freedom. A famous example is the 
case of a massive spin-2 field, for which generic interactions lead to the presence of 
an additional scalar mode in the spectrum, the so-called Boulware-Deser ghost.^ 
'This is our main motivation to generalize the BRST-BV deformation procedure to 
include the treatment of massive field theories. 

Before we proceed with a description of the formalism, it is instructive to com- 
ment on the obstacles that one would encounter by following the more direct ap- 
proach of the Noether procedure. In this set-up, one seeks to construct interactions 
perturbatively, by expanding the action as S = S@) + S) + 9@) 4..., while at 
the same time allowing for field-dependent deformations of the gauge symmetry, 
ie. Oy! = 89 wi | 50) yi 89 yi +--+, where the superscript (k) means k powers 


of the fields vy’, and e is a gauge parameter. The consistency condition is given by 
the gauge invariance of the full action, 6,S = 0, which is to be solved iteratively 
for the deformations S$“) and ae. Although straightforward, this method suffers 
from several drawbacks. First and foremost is the fact that interaction vertices 
are in general ambiguous due to the existence of trivial deformations, which can 
arise from total derivatives, from non-linear redefinitions of the fields, and from 


bFrom the point of view of effective field theory (EFT), one may argue that additional degrees of 
freedom arising from the interactions should not be considered an issue, as they will necessarily 
lie at or above the cutoff of the EFT. Nevertheless, the search for interactions for which such 
extra fields are absent is still of interest, as it may lead to a higher cutoff compared to what a 
generic derivative expansion would imply, often making the model more compelling for physical 
applications. The case of massive gravity is a classic example. 
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field-dependent redefinitions of the gauge parameters. Next there is the issue of 
accounting for the existence of gauge symmetries that vanish on-shell, which are 
likewise trivial and should be discarded. Lastly, although the Noether procedure 
is in principle perfectly general, in practice it can be quite cumbersome to apply, 
especially for theories in curved spacetimes where some simplifying techniques can- 
not be easily applied. We will see that these obstacles can be addressed in a very 
systematic way within the BRST-BV method. 


2. BRST-BV formalism 


The origin of the BRST-BV method goes back to the antifield formalism of Batalin 
and Vilkovisky (BV),? whose purpose is to provide a fully general approach to 
the quantization of non-abelian gauge theories, generalizing the Faddeev-Popov 
procedure as well as the original BRST method. 

Consider an action S[y] for a set of fields yê and with gauge symmetries 
op! = Rialp]. As in the BRST method, we introduce a ghost C^ for each 
gauge symmetry, and note that C® is fermionic if €^ is bosonic. In addition, we 
introduce a set of antifields o7 and CZ, respectively for each field and for each ghost. 
By definition, the antifields have opposite statistics to the fields they match to. The 
fundamental object that defines the dynamics of the theory is the BV functional 


w= s+ | a«[n lavet C" + Paolo] + Milele eC C +]. Q) 


The tensors R,, Fag and Mj, are in general non-linear functionals of the fields, 
and the ellipsis stands for an a priori infinite series in antifields, each term multiplied 
by a “structure functional” of the fields as well as powers of the ghosts. The form 
of the structure functionals is determined by the master equation, 


(W, W) =0, (2) 


where (A, B) stands for the antibracket of any two functionals A and B (we will 
not need the explicit definition; see for details). The extension of the action given 
by the BV functional implies that the original gauge invariance of the theory is 
removed. However, the information about the gauge symmetry is still encoded 
in full within the master equation, in the ae one By expanding (2) in 
antifields one finds at lowest order the relation Ri È Pr 7 = 0, which is nothing but 
the Noether identity associated to the gauge invariance. At the next order one 


has R’, dua — RÍ B ES f= fight y+ Mj, A , which is the statement that gauge 
tad ds form an algebra. Notice that in general the gauge algebra is not 
of the Lie type due to the fact that the f^. g are not constant. In this way one 
may continue to higher orders in antifields to derive an infinite tower of consistency 
relations for the functionals that define the structure of the gauge algebra. For 
instance at the following order one encounters the Jacobi identity that encodes 
the consistency of the functionals J ads just like the gauge algebra encodes the 


consistency of the operators R’, that define the original gauge transformations. 
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The main idea of the deformation analysis is to revert this logic.^ We are now 
given only a free theory, with some fields and gauge symmetries, and we seek to 
determine the most general set of interactions by solving the master equation. In 
practice we do this perturbatively, expanding the BV action as W = Wọ + gW, + 
g?°W2 +--+, where g is a formal deformation parameter that will play the role 
of a coupling constant. At first order in g eq. (2) reads (Wo, W1) = 0, which is 
to be solved for Wi; at second order we have to solve for W2 from the equation 
(WA, W1) + 2(Wo, W2) = 0, and so on. At this stage it may seem that we have 
not simplified the problem by much in comparison to the Noether procedure — 
instead of solving for the action and gauge transformations, we now have to solve 
for the BV functional order by order. The real technical advantage of the BRST-BV 
formalism may be seen by rephrasing the analysis as a cohomological problem, as 
we now explain. 

We have remarked that the BV action has no gauge invariance, which is precisely 
the reason for introducing the ghost fields in the first place. But a remnant of the 
gauge symmetry is still present in Wo in the form of a BRST symmetry, sWo = 0, 
where s denotes the BRST differential. One can then show that Wọ acts as a gen- 
erator of BRST transformations in the sense that sA = (Wo, A) for any functional 
A. The order-g part of the master equation then states that W, is BRST-closed, 
sW, = 0. Since s? = 0, given any solution of this equation we can always add a 
BRST-exact term W1 = sB,. But it can be proved that such terms are precisely 
the expressions that encode the possible trivial deformations alluded to above. In 
other words, the non-trivial solutions of the master equation that we are after are 
defined by the cohomology of the BRST differential. The method thus provides a 
very clean mathematical characterization of trivial deformations of field theories. 


3. Application to massive field theories 


It is clear from the construction of the BV functional that gauge symmetries play 
a crucial role in the formalism. This may seem to preclude the application of the 
method to treat massive theories, which in their usual parametrization possess no 
gauge invariance. However, as is well known, gauge symmetries may be straight- 
forwardly introduced simply by adding some extra fields in such a way that the 
action regains the invariance of the massless theory. This is known as the Stueck- 
elberg procedure. In the following we summarize our results of the application of 
the BRST-BV formalism to analyze interactions for a multiplet of massive spin-1 
particles and for a single massive spin-2 particle.? 


3.1. Multiple massive spin-1 fields 


The starting point is the free action for a collection of massive spin-1 fields Aj, 
(a = 1,...,n), and is given by a sum of n Proca Lagrangians, and we assume all 
the fields to have the same mass m. To this we add a set of Stueckelberg scalars 
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7* responsible for restoring the local U(1)" symmetry of the massless theory, with 
gauge functions e^ and corresponding ghosts C^. The antifields are denoted by A7^, 


7, and C;. 

The solution of the first order deformation of the BV functional may be 
written as Wi = f dPz(ag + a1 + a3), where the subscript in aj denotes the 
antifield number. From the master equation we obtain ag = 4 fuc Ue. 


a, = gf^, Ast AL Ce + 2 f% men’C*, and ao = 2 f^. (— Fv A® AS + ALO, 1 n°) . 
Each term has a wales o aa az encodes the deformation of the gauge al- 
gebra, so that the coefficients f^,. play the role of structure constants; a; encodes 
the deformation of the gauge transformations at linear order in the fields; and ao 
encodes the cubic vertices of the deformed theory. Notice that the existence of 
a non-trivial ag enforces the constraint fabe = fj», on the structure constants, 
whereas initially we only had f^. = f Tec: 

Continuing to the next order, one finds an obstruction when solving for W2 
unless one imposes the constraint fyc f — 0. This is nothing but the Jacobi 
identity for the structure constants, and therefore the gauge algebra of the theory 
must be a Lie algebra for the deformations to be consistent. We omit the explicit 
result for W2, but we remark that it does correctly reproduce, together with W1 
as given above, the cubic and quartic non-abelian interactions for a multiplet of 
massive spin-1 fields, which have been derived previously via other methods. 


3.2. Massive spin-2 field 


The free theory of a spin-2 field h,, of mass m is given by the Fierz—Pauli action. 
Linear diffeomorphism invariance is restored by the inclusion of a Stueckelberg 
vector B,, and the corresponding ghost is denoted by C,. In order to have a well 
behaved high energy limit, it is useful to further add a Stueckelberg scalar y in 
order to restore a local U(1) symmetry, whose ghost we denote by C. 

The calculations in this case are more involved and so we limit ourselves to 
present only the final result for the cubic vertices (we refer the reader to? for 
details), omitting contributions from the Stuckelberg fields: 

5 


2 
= Lili] += ( Wh, hov — Z Ph l gs 
|, sm LEME e SE (nunt, w+ 


tay 7 ala! +a 2 + a3a as (3) 


Here £r. is the cubic part of the Einstein-Hilbert Lagrangian, so that the de- 
formation parameter & may be identified with 1/M SUM = with Mp the Planck 
mass. There are also three arbitrary constants a 1,23 multiplying the homogeneous 
solutions Go of the master equation. These are all terms of the Born—Infeld type, 


-(dRGT) 


constructed out of a basic invariant tensor H,,. In particular, aj contains no 


derivatives of H,,,, and when added to the first line in (3) it hears the cubic 


interactions of dRGT massive gravity.’ Lastly, the operators acp involve second 
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derivatives of H,,, and correspond to the cubic pseudo-linear interaction terms for 
a massive spin-2 field.? Our result in eq. (3) thus provides a full classification of the 
possible cubic vertices for a single massive graviton. 


3.3. Abelianization 


We conclude by commenting on an interesting property of Stueckelberg gauge the- 
ories, which has been made manifest thanks to our application of the BRST-BV 
formalism. This is the property that interacting Stueckelberg theories may always 
be abelianized, that is there always exists a choice of field variables for which the 
gauge symmetries become abelian, reducing to the symmetries of the free theory. 
This follows from the fact that the ghost associated to a Stueckelberg symmetry is 
necessarily BRST-exact, which in turn implies that all deformations of the gauge 
algebra and the gauge symmetries are trivial. A further interesting consequence 
of this abelianization property is that the action is of the Born-Infeld type, which 
makes it a simple matter to construct the most general set of interactions for a given 
set of fields. That being said, the use of variables that makes the abelian nature 
of the theory manifest is not always the smartest choice, as this formulation may 
obscure the correct power counting of operators in the derivative expansion. 
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We consider a general Einstein-scalar-Gauss-Bonnet theory with a coupling function 
f($) between the scalar field and the quadratic gravitational Gauss-Bonnet term. We 
show that the existing no-hair theorems are easily evaded, and therefore black holes 
may emerge in the context of this theory. Indeed, we demonstrate that, under mild only 
assumptions for f($), asymptotic solutions describing either a regular black-hole horizon 
or an asymptotically-flat solution always emerge. We then show, through numerical 
integration, that the field equations allow for the smooth connection of these asymptotic 
solutions, and thus for the construction of a complete, regular black-hole solution with 
non-trivial scalar hair. We present and discuss the physical characteristics of a large 
number of such solutions for a plethora of coupling functions f(@). Finally, we investigate 
whether pure scalar-Gauss-Bonnet black holes may arise in the context of our theory 
when the Ricci scalar may be altogether ignored. 


Keywords: Generalised Gravitational Theories, Gauss-Bonnet term, no-hair theorems, 
black-hole solutions, scalar hair 


1. Introduction 


The General Theory of Relativity is a beautiful mathematical theory that predicts 
a variety of gravitational solutions, with the black holes being the most fascinating 
example. In the context of General Relativity, the black-hole solutions have been 
uniquely determined and classified according to their properties (mass, charge and 
angular-momentum). No-Hair theorems, that forbid the association of a black hole 
with any other “charge” or field, were formulated quite early on. The existence of 
black-hole solutions associated with a non-trivial scalar field in the region outside 
the black-hole horizon has also been intensively studied. The old no-hair theo- 
rem? was formulated in the seventies, and excluded static black holes with a scalar 
field. However, this was outdated by the discovery of black holes with Yang-Mills?, 
Skyrme fields? or conformally-coupled scalar fields^. Twenty years later, the novel 


no-hair theorem? was formulated (for more recent analyses, see? 5) but this was also 
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shown to be evaded in the context of the Einstein-Dilaton-Gauss-Bonnet theory? 
and in shift-symmetric Galileon theories !?:1, 

In fact, the black-hole solutions? !! were derived in the context of the so-called 
generalised gravitational theories, where additional fields and higher gravitational 
terms may be present. These theories comprise a popular test-bed for the for- 
mulation of the ultimate theory of gravity beyond Einstein's General Theory of 
Relativity, and are under intense research activity. In this work, we will consider 
a wide class of gravitational theories where a scalar field ¢ has a general coupling 
function f(¢) to the quadratic gravitational Gauss-Bonnet (GB) term. Choosing 
the coupling function to be of an exponential or a linear form, one recovers the 


9,11 


two novel black-hole solutions with non-trivial scalar hair?'!!, respectively. In!? 


we demonstrated that, in fact, this class of theories with an arbitrary f(¢) always 
evades the existing no-hair theorems and allow for the emergence of novel black-hole 
solutions, with a regular horizon and an asymptotically-flat limit. Here, we review 
these results and discuss the characteristics of these solutions. We also investigate 
whether solutions arise in the context of the pure scalar-Gauss-Bonnet theory where 
the Ricci scalar may be ignored. 


2. The Einstein-Scalar-Gauss-Bonnet theory 


We will therefore consider the following generalised gravitational theory 


1 1 
s=- [day |n - 50,600 f() Rh, (1) 


where the GB term is defined as Rap = Ryuvpo R""^" — AR,, R"" + R?. By varying 
the above action with respect to the metric tensor and scalar field, we obtain the 
following gravitational field equations and the equation for the scalar field: 


Gur = Tu» , Vo + f(¢) Rep =0, (2) 


respectively, where a dot denotes the derivative with respect to the scalar field. The 
energy-momentum tensor has the form 


1 1 1 ee 
Tuv = ~FZ9nv9p GG + 50,00,0 — 5 (IpI + ougor) OR” ,4V40,f. (3) 


In the above, 2^? ag = 1°77" Rerop = e?*?* Rorag/ A/—g. In the context of the above 
theory, we will look for regular, static, spherically-symmetric and asymptotically- 
flat black-hole solutions described by the line-element 


ds? = —e^ (qt? + eB dr? + r? (00? + sin? 6 dy”). (4) 

Using the above expression, the Einstein’s equations take the following explicit form 
4eP (eP + rB' - 1) = 9? [r?e? plage? = 1) 

-8f [B’g'(e? —3)-29"(e? -1)], (8) 

4eP(eP — rA' — 1) = —9?r?eP +8 (e? - 3) JAG, (6) 
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g^ [r4 2B' + A (2— rB^) -2rA"] = — peP 
89? f A' + Af (A? +2A") + A'(2¢" — 3B'9)], (7) 
while the scalar equation reads 


ard” + (4+rA' —rB') j! + a [(e? — 3)4'B' — (e? — 1)(24" + A?)] 20 
: =0. 


(8) 


In the above, we have assumed that the scalar field depends only on the radial 
coordinate, and thus the prime denotes differentiation with respect to r. 

The unknown quantities, that we seek to determine through the solution of the 
system of Eqs. (5)-(8), are the scalar field ¢ and the metric functions A and B. Of 
these, the metric function B may be easily determined in terms of (¢, A) through 
Eq. (6). Then, the remaining field equations lead to a system of two independent, 
ordinary differential equations of second order for the functions A and 6: 

n P d Q 
A" = F o = 5: (9) 
The functions P, Q and S are rather complicated expressions of (r, ¢’, A’, f. f) and 
may be found in”. 

For a regular horizon to form, we demand that e^ — 0 in Eq. (4), while ¢, ¢’ 

and $" remain finite, as r > ra. Then, the 2nd of Eqs. (9) yields the constraint 


[2 
(esie | pae cipem 
A fn Th 


(10) 


The quantity under the square-root should be positive which results in the additional 
bound f < r}/96. Using the above in the 1st of Eqs. (9), we may uniquely 
determine the form of A’ near the horizon. Putting everything together, the near- 
horizon solution reads 


e^ — air — T) 4-..., eB = bilr — rà) +..., 


$ = pn + di(r — ra) + do (r ra) +... (11) 


On the other hand, at asymptotic infinity, we assume power-law expressions for the 
metric functions and scalar field as customary. Substituting these expressions into 
the field equations, we obtain 


AL 1 2M MD? B 14 2M, 16M? - D* | 
aber Popes oo Oe r 4r? 2 
D MD 32M?D— D? 
P= Poo + r T r2 24r3 ue 


The above asymptotic behaviour is characterised by the ADM mass M and scalar 
charge D of the black hole. We may therefore conclude that the scalar-tensor theory 
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(1) with a general coupling function f (9) is always compatible with either a regular 
horizon or an asymptotically-flat limit. 

However, no complete black-hole solution may be constructed unless the afore- 
mentioned asymptotic solutions are smoothly matched. To investigate whether 
this is in principle possible, we turn to the novel no-hair theorem? and examine 
its requirements under which it may forbid the existence of such a solution. This 
theorem assumes first that, at asymptotic infinity, the 7^. component of the energy- 
momentum tensor is positive and decreasing. Indeed, we find that this has the form 

e P / 8e7 B eB a3 A! 12 1 

r= le - CENT) zE op e 

In the near-horizon regime, T”, should be negative and increasing according to?; 
however, employing the asymptotic solution (11), we find that in our case 


9e-B 


r2 


r 


T” = — A'd! f -- O(r — ra). (14) 
This expression is always positive-definite since, close to the horizon, A’ > 0, and 
f d! < 0 according to Eq. (10) for a regular horizon. Also, we find that T", is always 
decreasing close to rp and as a result, the novel no-hair theorem is non-applicable 
in our theory. 

'The above result opens the way for the construction of novel black-hole solutions 
in the context of the general theory (1). We have therefore numerically solved the 
system of equations (9), and determined a large number of black-hole solutions with 
scalar hair for a variety of forms of the coupling function f(¢): exponential, odd 
and even power-law, odd and even inverse-power-law. Once the form of f(¢) was 
chosen, the input values (n, 9), with $ being given by Eq. (10), always led to a 
regular black-hole solution with scalar hair. The scalar field and profile of 7". for 
those solutions are depicted in Figs. 1(a,b). 

Some of the characteristics of the black-hole solutions we found!” are represented 
in Figs. 2(a,b), where we depict the indicative case of f(¢) = a/¢. The scalar charge 
D is a function of the black-hole mass and thus a dependent quantity; this renders 


Fig. 1. The scalar field $ (left plot) and the 7". component (right plot) for different coupling 
functions f($), for a = 0.01 and ġp = 1. 
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Fig. 2. The scalar charge D (left plot), and the ratios Ay/Agen and Sp/Ssen (right plot, lower 
and upper curve respectively) in terms of the mass M, for f(¢) = a/¢. 


the scalar hair secondary. For a large mass, the scalar charge vanishes and our 
black-hole solutions match the Schwarzschild solution. The horizon area is always 
smaller than the one of the Schwarzschild solution exhibiting also a lower value 
beyond which the black hole ceases to exist — the latter feature is due to the 
additional bound emerging from the positivity of the quantity under the square- 
root in Eq. (10). Its entropy is larger than that of the Schwarzschild case and thus 
thermodynamically more stable. 


3. The pure scalar-Gauss-Bonnet theory 


We will now investigate whether a regular black-hole solution can arise in the context 
of a pure scalar-GB theory, i.e. in the absence of the linear Ricci term. By ignoring 
all terms in the field equations related to the Ricci term, these are simplified — but 
can we construct again a regular horizon? If we assume as before that, as r > rp, 
¢' remains finite while A’ diverges, Eq. (6) now yields: e? ~ 3+ O(1/A^); but 
this does not describe a black hole. We may alternatively demand that e? — oo 
instead, as r — rp; then, Eq. (6) gives: A’ ~ r?9/ /8f + O(e-P). In this case, A(r) 
is the dependent quantity, and Eqs. (5) and (7) form a system of two differential 
equations for B and ¢. In the limit r — rp, we find the results 1? 


/ 2 B —B n eP / =B 
B---e -O(eP), Q m + O(e~*). (15) 


Upon integration, the first equation leads to the solution e7? = 21n (r/rn), which 
does resemble a horizon, but the second one reveals that this horizon is not regular 
unless ó'(r,) = 0, an assumption that trivialises the contribution of the GB term. 
Alternative ansatzes for the form of the spacetime around the sought-for black hole 
have also failed to lead to a regular horizon in the absence of the Ricci scalar. 


4. Conclusions 


In the context of a general Einstein-scalar-GB theory, we have demonstrated that 
the emergence of regular black-hole solutions is a generic feature. For an arbitrary 
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coupling function f($), we were always able to construct a regular black-hole hori- 
zon as well as an asymptotically-flat solution at infinity, and to explicitly show that 
the novel no-hair theorem is then easily evaded. Our numerical analysis has subse- 
quently led to a large number of regular black-hole solutions for different choices of 
f (à), all characterised by a non-trivial scalar hair (for similar black-hole solutions, 
see also!?:14). The study of the pure scalar-GB theory, and the failure to obtain 
a regular horizon, clearly demonstrates that the presence of the GB term in the 
theory is a necessary condition for the emergence of novel black holes but not a 
sufficient one as it must be supplemented by the presence of the linear Ricci term. 
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We investigate the general approach to finding exact cosmological solutions in f(R) 
Horava-Lifshitz gravity, based on Noether’s theorem. A feature of this approach is that 
it uses the behavior of an effective Lagrangian under infinitesimal transformations of 
the desired symmetry, explicitly determining the form f(R) for which such symmetries 
exist. It is shown that the dynamics of the scale factor changes according to either a 
exponential function of time. 


Keywords: Horava-Lifshitz gravity; f(R) gravity; Noether symmetry. 


1. Introduction 


At the end of the past millennium, it became clear from the observation of type Ia 
supernovae and the cosmic microwave background that our universe expands with 
acceleration [1, 2]. The explanation of this phenomenon within the framework of the 
general theory of relativity led to the formulation of a large number of models, one 
of which consists in introducing a mysterious substance, the so-called dark energy 
(see for example Ref. [3] and references therein for some reviews). The nature of 
dark energy is still not clear, but mathematically it fits well with the ACDM model 
a wide range of data [4]. Nevertheless, this model has strong theoretical flaws [5], 
which motivated the search for alternative models [6, 7]. One of the alternatives 
is the modification of the Einstein-Hilbert term, replacing the Ricci scalar R in 
the action with some common functions f(R) of the Ricci scalar (see for example 
Ref. [8]). 

In parallel, some models for quantum gravity were developed. In 2009, Hořava 
[9], based on an idea proposed by Lifshitz [10], formulated a model for a theory of 
quantum gravity, which takes into account ultraviolet mode renormalizability, due to 
an anisotropic scaling between space and time, so that Lorentz invariance is violated 
on ultraviolet scales. However, when choosing the parameter A = 1, the infrared 
limit of the theory reproduces the general theory of relativity. This modification 
of the general theory of relativity consists in introducing high-order terms into the 
Einstein-Hilbert action, which lead to different scalings and divide the coordinates 
into space and time. In theory, there are no ghosts, since there are only second-order 
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time derivatives in the action, but a clear violation of general covariance introduces 
a new scalar degree of freedom, due to which pathologies appear [11]. This model 
developed further and is known as the Horava-Lifshitz theory (see for example Ref. 
[12]). From the above considerations, it is clear that the quantum theory of Hořava- 
Lifshitz, combined with the alternative theory f(R), is a promising candidate for 
completing the general theory of relativity in the ultraviolet range [13, 14]. 

In this paper, we consider the Friedman-Lemaitre-Robertson- Walker (FLRW) 
flat spacetime in the framework of the metric formalism f(R) of gravity. We 
consider a general approach to constructing modified gravity, which is invariant 
with respect to diffeomorphisms and preserve foliation. The approach was pro- 
posed in [14], where special attention was paid to the formulation of modified f(R) 
Horava-Lifshitz gravity and its Hamiltonian structure. Following [15], we calcu- 
lated an effective Lagrangian in which the scale factor a and the Ricci scalar R 
play the role of independent dynamic variables. This Lagrangian is constructed in 
such a way that its variation with respect to a and R gives the equations of motion 
of the Horava-Lifshitz theory. The form of the function f(R), appearing in the 
modified action, is then determined by the requirement that the Lagrangian admits 
the required Noether symmetry [16]. Under Noether symmetry of this cosmologi- 
cal model, we understand that there is a vector field X, which is an infinitesimal 
generator of a symmetry in the tangent space of the configuration space, such that 
the derivative of the Lagrangian along this vector field vanishes. We will see that, 
by requiring the Noether symmetry as a feature of the Lagrangian of the model 
under consideration, we can obtain the explicit form of the function f(R). Since 
the existence of symmetry leads to constants of motion, we can integrate the field 
equations, which then lead to a exponential expansion for the universe. 


2. Modified f(R) Hofrava-Lifshitz Gravity 


In this work, we consider a more general model of the Horava-Lifshitz gravity pro- 
posed in [14]. The action of such a model has the form 


B rU = [ee V g (9 N f(Eanr). (1) 


Here g?) is determinant of the three-dimensional metric tensor ae for the ADM 


metric given in the following form 
ds? = — N?d£? + gf? (da + Ndt) (da? + N?dt) , (2) 


where i, j = 1,2,3, N is the so-called lapse variable and N’ is the shift 3-vector. In 
the action, we use the function f(Re#L), which denotes the generalized curvature 
of the Horava-Lifshitz gravity Rez and is defined as 


Rew, = KÖ Kij — AK? + 2uV, (n Vyn” — n’V yn") - ESQ, EM, — (3) 
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where Kj; is the extrinsic curvature 
= (3) (3) wr. (3) ar. _ pi 
Ky = 5x (08 ~VPn,- vi Aj); K=K}, (4) 


n” is a unit vector perpendicular to the three-dimensional hypersurface 9, defined 
by t = constant, and vo expresses the covariant derivative on the hypersurface X. 
In the last term of Eq. (3), Gijx: is the inverse of the generalized De Witt metric 


gh — (9 kg + g 1g (3k) = dg®) 3g(RU (5) 


Here it is important to note that G*' is singular for A = 1/3 and G;j; exist 
if A £ 1/3. The expression for Ej; is constructed to satisfy the “detailed balance 
principle" [17] and is defined as 


(3) 
4 /g(3) BY = oW [gj ] (6) 
sg ' 
Jij 
where the form of Wig? ] is given in [18] for z = 2 and z = 3. 
Consider a spatially flat FLRW universe 


ds? = —N?dt? ra(t? V7 (ds), (7) 


i=1,2,3 
where N can be considered as time-independent and we will fix as N = 1. The 
scalar curvature (3) can be written as 


Ranz = 3(1 — 3A+ a)i Be ous. (8) 


Following [16], in order to investigate Noether’s symmetry of the model, it is neces- 
sary to determine the effective Lagrangian of the action (1) of the minisuperspace 
under consideration, in which the scale factor a and the scalar curvature Rep play 
the role of independent dynamical variables 


S= | ukia, Rens, Rent) = 


J ato? f(Rens) - v[ Ronn - (30 -3A +4) + 6u- 3n (9) 


where v = a?df(Ragr)/dRagr is a Lagrange multiplier. Then, the effective La- 
grangian will have the form 


L(a, à, RGHL, Reut) = (9X = 3)à?af' T 6uà Ro gra? f" F a*(f'Raur = f). (10) 
The equations of motion will have then the following form 


3H? +2H = — 3A-iF = [uf Rus t uf" Ran + 


+(3\ — 1)f"H Ran + = “(f= Reutf') |. (11) 
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Also, we have the zero energy condition associated with the above Lagrangian as 
1 
3(3A — 1) f 


Knowing the Lagrangian of the generalized Horava-Lifshitz gravity, it is possible to 


H? = = [/ Reut —f - 6uRGgrH f" |. (12) 


determine the Noether symmetry. 


3. The Noether symmetries in f (Reuz) theory of gravity 


Here, our aim is to find the function f(AGmr) such that the corresponding La- 

grangian exhibits the desired symmetry. Following [16], we define the Noether 

symmetry induced on the model by a vector field X on the tangent space TQ = 
a, à, R, Rout) of the configuration space Q = (a, Rez) of the Lagrangian (10) 

through 

da O0 dB ð 


X= ER ae 
aD diBà dé olen 


(13) 


such that the Lie derivative of the Lagrangian with respect to this vector field 
vanishes 


Lx£-90. (14) 
In Eq.(13), a and f are functions of a and Rauz and 4 represents the Lie derivative 
along the dynamical vector field, that is, 
d o : 
c end — 
dt 29a + AGHL ORGHL 
Here we substitute the expressions for the effective Lagrangian (10) and com- 


bine the coefficients in front of à?, R2,,,,,4RGHL-. Equating to zero the resulting 
expression, we obtain the following equations 


(15) 


3(3\ — 1) (a + 2aaa) f’ + [3(3\ — 1) Ba + 6ua? Ba] f" =0 
607 ORex f" =0, (17) 
6u (2aa + aaa) f" + 6(3A — l)aoRen, f" + 6ua? (Bf" + Brent f") = 0. 


Then, we collect the remaining free member 
Joa* (f R — f) + Ba! Rf" = (19) 


Now, our task is to solve the system of equations (16) - (19) in order to find the 
cosmological parameters that describe the dynamics of the universe in the frame- 
work of the f(ReuL) Horava-Lifshitz gravity. From Eq.(17), it is clear that two 
cases must be considered: f” = 0 and HL = 0, but the solution for f” = 0 has 


no physical meaning; therefore, we consider only 3 ae = 0, then 


B B 
a(a) = agao*?, B(a, R)= Boao R, (20) 
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and 
f=foR°*, (21) 


where ag = mco; fo, Bo are integral constants. 


4. Cosmological solutions 


In this section, to describe the dynamics of the universe, we solve analytically the 
field equations (11) - (12). To this end, we need to find the explicit dependence of 
the scale factor a in terms of the time t. We rewrite Eqs. (11)-(12) as follows 


: 4u(3A — 3 — 1) Rag, 2u Rent 
3H*4 2H —— et A 
+ (\—6p—1)? Ray, | 3\—6u—1 Ron 
99, — 1) R 1 
( ) eas H+—Reut, (22) 


3A —6u-—1RexAL 6u 


2 Han 2u Rent 


ES NR 23 
18u 1 — 3A + 6u Raur 8) 
To solve this system we obtain 
Ci 
H= — tanh( CıCəat), (24) 
C5 
where C, = XD Co Oe or, equivalently, 
1 
à = ag po ou i (25) 


Thus, we have found a general solution to the modified f(R) Hořava-Lifshitz 
gravity theory. In general, it represents an expanding cosmological model with a 
scale factor with grows exponentially. 


5. Conclusion 


In this work, we analyzed the f(R) Hořava-Lifhitz gravity model, which is a modi- 
fication of the original Hořava-Lifhitz model for quantum gravity. We consider the 
spatially flat FLRW line element to find out what kind of cosmological scenarios 
are allowed in this modified gravity. Since usually it is very difficult to find analytic 
solutions to the field equations, we use here the alternative method, which is based 
on the analysis of the Noether symmetries of a particular effective Lagrangian. In 
this work, we derive the effective Lagrangian, from the corresponding field equations 
for the f(R) Hořava-Lifhitz theory in the presence of spatially flat, isotropic and 
homogeneous line element. 

It turns out that the field equations can be represented as a set of two second- 
order ordinary differential equations, which can be expressed as one differential 
equation for different variables so that it can be solved by using the standard method 
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of separation of variables. This simple representation allows us to integrate explicitly 
the scale factor as well as the Ricci scalar. Both quantities are then explicit functions 
of time. 

'The results presented in this work show that the method of Noether symmetries 
can be applied also in the case of the modified f (R) Horava-Lifhitz gravity model to 
derive cosmological solutions. The resulting functions for the scale factor show that 
the corresponding universe expands either exponentially. This scenario is possible 
in relativistic cosmology so that, in principle, we could compare our results with 
observational data from different epochs of the universe evolution. This could be 
used to set limits on the values of the parameters that enter the Horava-Lifhitz 
action. 
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We propose a novel class of degenerate higher-order scalar-tensor theories as an extension 
of mimetic gravity. By performing a noninvertible conformal transformation on “seed” 
scalar-tensor theories which may be nondegenerate, we can generate a large class of 
theories with at most three physical degrees of freedom. We identify a general seed 
theory for which this is possible. Cosmological perturbations in these extended mimetic 
theories are also studied. It is shown that either of tensor or scalar perturbations is 
generically plagued with ghost/gradient instabilities. See Ref. 1 for more details. 
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1. Introduction 


When one constructs a field theory with higher derivatives, a guiding principle 
comes from the theorem of Ostrogradsky?, which states that any theory described 
by a nondegenerate higher derivative Lagrangian has unstable extra degrees of free- 
dom (DOFs), i.e., Ostrogradsky ghost. Therefore, a theory without Ostrogradsky 
ghost, often referred to as a healthy theory, must have a degenerate Lagrangian. 

Within (single-field) scalar-tensor theories in four dimensions, the Horndeski 
theory? (or its equivalent formulation known as generalized Galileons ^?) provides a 
basic ground for studying a wide class of such healthy theories having three DOFs, 
since it is the most general scalar-tensor theory that yields second-order Euler- 
Lagrange equations. There are further possibilities of healthy theories beyond the 
Horndeski class, such as Gleyzes-Langlois-Piazza-Vernizzi (GLPV) theories? and 
quadratic/cubic degenerate higher-order scalar-tensor (DHOST) theories" ?. Those 
quadratic/cubic DHOST theories form the broadest class of healthy scalar-tensor 
theories known so far. However, these theories are obtained under the assumption 
that the Lagrangian depends on up to quadratic/cubic order in V,, V, ó (hence the 
name “quadratic/cubic DHOST"), and thus the very boundary of healthy scalar- 
tensor theories remains unclear. 

In light of this situation, we explore the possibility to construct a new class 
of DHOST theories by use of conformal/disformal transformation of the metric, 
which has been employed for investigating the relation between the known scalar- 
tensor models. To this end, we perform a noninvertible conformal transformation 
on generic scalar-tensor theories that could possess an unwanted extra DOF. Here, 
the noninvertibility of the transformation is crucial because otherwise the resultant 
theory could also have an extra DOF 9, Since the formulation of the new theory 
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can be regarded as an extension of the mimetic gravity model introduced in Ref. 11, 
we call the theory extended mimetic gravity. We show that these models have at 
most three DOFs based on Hamiltonian analysis and thus form a broad class of 
DHOST theories, most of which lie outside the quadratic/cubic DHOST class. We 
also study the linear stability of cosmological perturbations in our extended mimetic 
gravity and show that the models obtained in the above explained way generically 
exhibit the problem of ghost /gradient instabilities. 


2. Extended Mimetic Gravity 


We start from the following general scalar-tensor theory: 


NE / diag [falb, XR + folo, X)G"" bu + F(guo, didis do), — (1) 


with R and Guy being the four-dimensional Ricci scalar and Einstein tensor, 
Qu = Vues Quv = VuVve, and X = ó"o,. Note that, for a generic choice of 
the functions fo, f3, and F, the theory yields Ostrogradsky ghost. Using the action 
of the form (1) as a seed, we perform the following conformal transformation: 


Juv 7 Juv = =X guv; (2) 


Here, j,, is identified as the metric in the original frame (1), while guy is now 
the metric of the new theory, which we call extended mimetic gravity. The trans- 
formation (2) is noninvertible as the right-hand side is invariant under conformal 
transformation of g,,. As a result, the new theory acquires a local conformal sym- 
metry. 

To study whether the so-obtained extended mimetic gravity models possess a 
problematic extra DOF or not, one needs to perform a Hamiltonian analysis. In 
doing so, we write the action in the ADM language, which becomes of the form 


piis J dtas [N /7Lrme + ANA, + NTDió — à]. (3) 


where Lgwa is some function of (ij, Rij, 0, Ax; Vij; Di). Here, we have defined 


A, — DiG9D;N — Nİ Di Ax 


Vi; = Ki; 
7 " NA, 


ffi: (4) 
and introduced an auxiliary variable A, with a Lagrange multiplier A so that second- 
order time derivatives do not appear explicitly in the action. Reflecting the afore- 
mentioned local conformal symmetry, Jij and A, (namely, ¢) appear only in a 
special combination Vij. When one proceeds to a Hamiltonian analysis, this rela- 
tion leads to an additional primary constraint, which turns out to be first class. 
Thus, it kills the otherwise existing unwanted DOF, leaving only three DOFs. For 
a more rigorous and detailed analysis, see Ref. 1. 
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3. Cosmological Perturbations 


To see whether the general mimetic theories are phenomenologically viable or 
not, let us analyze perturbations around the Friedmann-Lemaitre-Robertson- 
Walker (FLRW) background in the mimetic gravity models. 

For simplicity, we take the unitary gauge to write ọ = t and impose the con- 
straint X — —1 which fixes the conformal gauge DOF. As a consequence, any 
function of (¢, X) can be regarded as a function of t only. We also have N = 1 since 
X is written in terms of N as X — —1/N? in the unitary gauge. Under this setup, 
the action can be recast in the following form: 


1 
Sema = f ata | (fo — 545) n rt fien Ks Ke), (5) 


where F is some function of t and Kn = KIK? -o K (n = 1,2,---, 4). It is 
useful to define the first and second derivatives of F respectively as 


_ OF 0 OF 
Fn = OR Fin = 5 AK (6) 


Now we substitute the following metric ansatz to the action (5), 
2.26 1 
N21, N= iX, Jij = ae Oi + hij + ;hikhjk Tes]. (7) 


where x and Ç are scalar perturbations and h;; denotes a transverse-traceless tensor 
perturbation. The background EOM is given by 
£ 
P+3HP-F=0, P=) nH”'F,, (8) 
n=1 
where H = à/a is the Hubble parameter and F, are evaluated at the background, 
Kn = 3H". This equation will be used to simplify the expressions of the quadratic 
actions for the tensor and scalar perturbations below. 
The quadratic action for the tensor perturbation hij is given by 


s = / dat ; (Bit, tH |: (9) 


where 
£ E: 
B= x Mn Dap, €= fy Shs (10) 


The tensor eee are stable if B > 0 and € > 0. 
The quadratic action for the scalar perturbations ¢ and x is 


E. 


SY = J dtd? za? E (3A + 2B)C? + 2€ 
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where 
£ 0 
A=) mnt Finn. (12) 
ma=l1n=1 


Provided that A+ 26 4 0, x can be eliminated from the action by use of its EOM. 
Then, we are left with the following quadratic action for curvature perturbation: 


(2) _ 3, 3 | BRA+t 2B) x» (Ox¢)? 
Sg =2 f aa ra T C +E "E (13) 


Written in this form, one notices that the stability condition for the tensor per- 
turbations, € > 0, is not compatible with the stability for the scalar perturbation, 
€ « 0. This indicates that either of the tensor or scalar perturbations exhibits 
gradient instabilities, even if one circumvents ghosts by choosing the coefficients in 
front of the time derivative terms in Eqs. (9) and (13) to be positive. 

One would notice that if B(.A 4- 25) (3.A +28) = 0 then the scalar perturbations 
appear to be nondynamical. This is indeed the case if we choose a Horndeski (or 
GLPV) theory as seed, where A+ 2B = 0. In this case, it is important to take 
into account the presence of matter fields other than ó to discuss the viability of 
mimetic cosmology. If another scalar field ~ is added to the seed Lagrangian, one 
can show that the scalar perturbations revive, i.e., there are now two scalar DOFs, 
and one of them is a ghost. 

Thus, we have established that all the mimetic gravity models with three DOFs 
obtained so far are plagued with ghost /gradient instabilities on a cosmological back- 
ground (except for the special case of strongly-coupled scalar perturbations). More 
detailed discussion is found in Ref. 1 (see also Ref. 12). 
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The constructive gravity programme applied to electrodynamics with vacuum birefrin- 
gence yields the — up to unknown gravitational constants — unique compatible gravity 
theory for the underlying non-metric geometry. Starting from a perturbative variant 
of this procedure, we solve the resulting gravitational field equations for the geometry 
perturbation and point out the non-metric refinements to the linear Schwarzschild and 
the gravitational wave solution. 


Keywords: Constructive gravity; pre-metric electrodynamics; modified gravity; gravita- 
tional waves; massive gravity 


1. Introduction 


Equations of motion for a matter field (e.g. an electromagnetic potential) are always 
incomplete in the sense that the coefficients in these equations, which are functions 
of the geometric field to which the matter field couples, are not determined. General 
relativity, in its essence, closes Maxwell’s equations by providing dynamic equations 
for the metric tensor. The gravitational closure programme provides a prescription 
for performing this closure for any kind of matter theory subject to a few condi- 
tions.! Applying a perturbative variant of this procedure to a certain generalization 
of Maxwell electrodynamics which does not exclude vacuum birefringence a priori 
has been shown to yield gravitational field equations that predict the dynamics of 
these birefringent perturbations. ? 


2. Birefringent electrodynamics 


The most general theory for an electrodynamic potential has been derived by Hehl 
and Obukhov in Ref. 3 from the principles of conservation of electric charge and 
magnetic flux and a linear constitutive law. Instead of the usual metric tensor g 
from Maxwell electrodynamics, the potential couples to a rank 4 tensor field G with 
symmetries 


0= Gilabjed = (ated) - (acd = Gedab (1) 
via the action 


SIA, G) = J dz wa G* E Fa, (2) 


where F = dA denotes the electromagnetic field strength and wg a 1-density built 
from G. This theory is called General Linear Electrodynamics (GLED). Maxwell 
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electrodynamics is recovered by setting G?5cd = gacgbd — gadgbe — | /—g € *4 and 
WE = g;€ascaG ®t = yg. 

A very distinctive property of GLED is the causality of the field equations: 
While wave covectors in the WKB limit of Maxwell electrodynamics are selected 
by the causality condition 0 = P(k) = g(k, k), which is a homogeneous polynomial 
of degree two, the causality condition of GLED is of degree four.? This allows for 
more roots of P which introduces the possibility of a polarization-dependent speed 
of light — birefringence in vacuo. 


3. Gravitational closure of weakly birefringent electrodynamics 


While the gravitational closure procedure is fully laid out, it remains very difficult to 
follow through because the problem boils down to a set of infinitely many homoge- 
neous first-order PDEs. There is, however, a way around this obstacle: Perturbative 
gravitational closure, which is only concerned with gravitational dynamics of small 
perturbations of the geometric field. This is also the sector of great phenomenolog- 
ical relevance, because corrections to Einstein gravity and field theories coupling to 
the geometry should — if present at all — be rather minute. 

In Ref. 2, the perturbative gravitational closure procedure has been applied to 
perturbations H of the GLED geometry G, 


Gabed = nenet A pad goo _ cabed 4 Awe. (3) 


which results in a 11-parameter family of field equations for the perturbation H, 
where H has been gauge-fixed and decomposed according to a 3 4- 1 split into a set 
of spatial fields (greek indices being spatial indices from 1 to 3, raised and lowered 
at will with the spatial part y of 7): 


transverse traceless (tt) tensor modes Uag, Vag, Wag satisfying 


0 = Usp 0=0,0 and Qe, 
Vag, Wag similar, 


solenoidal vector modes Ua, Wa, Ba satisfying 
0=0,U%, Wa, Ba similar, (5) 


scalar modes V, W, U, V, A. 


Einstein gravity corresponds to the sector where only Uag, Ba, U , and A are 
non-zero. In the following sections, we will solve the field equations for two pro- 
totypical matter distributions: The inertial point mass, which yields corrections to 
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the linear Schwarzschild solution of Einstein gravity, and the vacuum, which reveals 
the causality of the theory. 


4. Inertial point mass source 
An inertial point mass resting at the spatial origin of a coordinate chart is described 
by the world line 

y(r) = 788 (6) 


and produces a contribution of — Mó 9) (x) in the equation of motion which corre- 
sponds to the variation of the action with respect to A. Since the matter distribution 
(6) is stationary, we may restrict our attention to stationary solutions for the gravi- 
tational field by setting all time derivatives to zero. In this setup, the field equations 
for tt and solenoidal vector modes are homogeneous and yield 


0 — Tag for all tt modes, (7) 


0= Va for all solenoidal vector modes. (8) 


The field equations for the scalar modes read 


0 =0a,AV oU oV 4an A, 

0 =04AV +05V +06 AW - oW + (—301 + o2)U + (-9o1 + 302)V 
+ (71261 + o2)A, 

0 = eg AV +07V +0o8sAW — o5W, 


2 2 2 ~ ~ ~ 
0= (—20) + 372 — g73)AAV = 3734U + 09 AV + o19V 
4 
+ (409 + 373)AA, 
-M = (—401 + 502)AAV + 403 AU + (602 + 203) AV, 


where the constants g; denote combinations of the 11 independent gravitational 
constants. The general solution of this system admits the form 


V(z) = 4—l€1 + Gofi.(r) + G3 folr)] 

W(x) = [G4 + Gsfiulr) + Getol) 

Ü(z) = [Gr + Gs ful) + Gofulr) + Gio tolr) (10) 
V) = Zant) 

AG = = Cee bor ded at Get ey 
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with functions 


(11) 


e- Var a>0 


far) = a a <0 


and constants Gj, 4, v, depending on the 11 gravitational constants.* 
The solutions (10) can be regarded as corrections to the linearized Schwarzschild 
solution of Einstein gravity, which in the context of GLED reads 


~ M M 
V=0, W=0, V=0, U(z) = 4n7—, and A(x) = Kz. (12) 


TT Tr 


If (10) shall only introduce short-ranging Yukawa corrections — instead of long- 
ranging Coulomb corrections —, the constants G4 and G4 must vanish and the ratio 
G7/G1» must be equal to 4. These conditions are satisfied by only one condition on 
the 11 independent gravitational constants and greatly simplify the form of (10) to 


V (a) = 0, 
W(x) — 0, 

Ü(z) = la + be, T 
Ple) = yev, 

A(z) = i—- [ja — E(B + 33)e- VP] 


Arriving at (13) concludes — perturbatively and only for this special matter 
distribution — the gravitational closure programme for a theory of electrodynamics 
with vacuum birefringence. The result is a prediction of where and how non-metric 
refinements are produced by an inertial point mass, depending on 4 unknown grav- 
itational constants. The ramifications of such refinements have been investigated 
both on the astronomic scale for e.g. galaxy rotation curves? as well as on the 
quantum scale for quantum electrodynamics?. Experimental tests based upon these 
studies could now, in principle, provide approximations or bounds for the unknown 
parameters in (13). 


5. Vacuum solutions 


In the case of a spacetime with no matter content, the gravitational field equa- 
tions are a system of coupled homogeneous wave equations with mass and damping 
terms. A very critical property of the solutions of this system can be examined by 
calculating the complex eigenvalues of the time evolution: the stability of solutions 


aThis is the result for one of two cases which have to be considered, depending on the exact values 
of the gravitational constants. The solution in the other case contains products of exponential and 
trigonometric functions of r, but the discussion below and especially the result (13) remain the 
same. 
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with respect to small variations of the initial data. Stability in this sense is guar- 
anteed if and only if the real part of each eigenvalue is non-positive. Because we 
are interested in investigating the sector of the theory which produces only small 
phenomenological refinements to Einstein gravity, we implement this stability con- 
ditions and find that the remaining 10 gravitational constants must satisfy two 
additional conditions. 

Furthermore, for propagating gravitational fields it is desirable that the causal- 
ity condition in the WKB limit coincides with the Minkowski causality condition 
n(k,k) = 0. Otherwise, consistent co-evolution of gravitational and electrodynamic 
fields as proposed by the gravitational closure programme would not be possible. 
This imposes one further condition on the gravitational constants. With this fi- 
nal condition implemented, we arrive at a 7-parameter family of gravitational field 
equations wich in vacuo simplify to 


one massless wave equation 


massive wave equations 


0-— Vag + mVag = Wag + mWag, 
0 = LIU. + mU, = OW, + mW, 


(15) 
0 — LIV -- mV. = OW 4- mW, 
0-— V 4 msV, 
constraint equations 
T 
By = -> a> 
BU. 
~ 1 a+3~ 
Shy 16 
U 3 V 5 Y. (16) 
TA Siege 


with three combinations of gravitational constants: a mass m, a second mass mg 
for the scalar mode V, and c. Comparing this result with the vacuum equation for 
Einstein gravity, 


0=QUag + constraint equations, (17) 


we immediately see that the metrically inducible mode Ugg still obeys a mass- 
less wave equation, while all non-metric modes evolve according to massive wave 
equations. This fact has a great impact on the phenomenology of the non-metric 
corrections: In e.g. binary systems, massive modes are only produced above a cer- 
tain threshold? and disperse during their propagation. That is, both the generation 
as well as the detection of these modes will be suppressed, depending on the exact 
values of the gravitational constants. 
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It is remarkable that, in addition to the one metric and two non-metric tt modes, 
also solenoidal vector modes and scalar modes propagate. This introduces new 
ways a gravitational wave can affect test matter, which is seen by calculating the 
geodesic deviation of dust spheres: a tt mode propagating in z-direction deforms 
geodesic spheres in zx- and y-direction in a volume preserving way. A trace-free scalar 
mode propagating in the same direction, on the other hand, would lead to volume- 
preserving oscillations in z- and both lateral directions — exhibiting qualitatively 
completely new behaviour, which is quantitatively suppressed by the unknown mass. 
Pure trace modes also introduce a new quality as they make the whole volume of a 
geodesic sphere oscillate. 

How these modes can be generated has been studied in Ref. 6 for non- 
gravitationally bound systems, because emission of gravitational waves from a grav- 
itationally bound system is a second order effect which requires knowledge of the 
gravitational theory to this order. Currently, two different approaches’ for obtain- 
ing the second order of the gravitational theory consistent with GLED are being 
pursued. Their results will fill this gap and eventually allow to answer the question: 
What would the non-metric refinements to emission, propagation and detection of 
gravitational waves be if the vacuum was birefringent? 
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The constructive gravity program demands to derive the dynamics for the background 
geometry of some prescribed matter theory as the solution of a set of partial differential 
equations — so called gravitational closure equations — whose coefficient functions can 
be calculated directly from the prescribed matter action. Finding general solutions to 
the closure equations is hard to achieve in practice. A suitable symmetry reduction of 
the constructive gravity program will be demonstrated that allows to insert symmetries 
directly into the closure equations. Using cosmological symmetries — spatial homogeneity 
and isotropy — enables one to derive the Friedmann equations without Einstein equations 
for Maxwell electrodynamics as matter input. Studying general linear electrodynamics 
as a refined matter input, the way towards refined Friedmann equations is laid out. 
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1. Constructive gravity 


Combining the standard model of particle physics with general relativity and com- 
paring them to astrophysical measurements on the energy content of the universe 
shows a discrepancy; only up to five percent of the universe are actually described by 
the standard model of particle physics and general relativity in their current form. 
The remaining 95 percent are attributed to dark matter and dark energy for which 
no satisfying theoretical model exists until today. This discrepancy strongly indi- 
cates that there is something significant that we do not understand about matter, 
gravity, or their interaction. 

In recent years, the constructive gravity program has provided new insights and 
understanding of the interaction of gravity and matter”. Its central tenet is that 
the gravitational Lagrangian can — and then must — be derived from a prescribed 
matter action by solving an immutable set of linear partial differential equations, 
the so called gravitational closure equations, whose coefficient functions depend 
on the specified matter theory in a simple way. The key physical requirement for 
the constructive gravity program to work is that the common canonical evolution 
of data between initial and final data hypersurfaces proceeds in lockstep for both 
matter and geometry. 

A crucial check of the program, namely that using the Lagrangian of the stan- 
dard model as the matter input yields the Einstein-Hilbert Lagrangian as the unique 
two-parameter solution of the gravitational closure equations, is passed with flying 
colours. The scope of the constructive gravity program reaches far beyond the 
standard model. In fact, for any matter theory that satisfies basic well-posedness 
and energy conditions, the solution of the associated closure equations yields the 
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Lagrangian governing the dynamics of whatever (multi-)tensorial background ge- 
ometry is employed in the formulation of the matter theory. In short, any such 
matter action, even if a severe modification or extension of the standard model, 
predicts the suitable gravity theory that must underpin it. 

This sheds a new light on the great variety of proposals for modifications and 
extensions of the standard model. It is useful to spell this out for a physically 
meaningful modification of the electromagnetic sector of the standard model of 
particle physics, which replaces Maxwell theory by what is variably called general 
linear, premetric? or area metric electrodynamics. This is the most general theory 
of electrodynamics with linear field equations that arises from an action. Its action 
is given by 


1 
SGLED = -3 jae ug hahaa? , (1) 


where F is the usual electromagnetic field tensor for the gauge potential A and wg 
a scalar density of weight one built from the background geometry encoded in the 
fourth rank tensor field G. This theory of electrodynamics allows for birefringence 
in vacuum, an effect that is excluded by construction in Maxwell-Einstein theory. 
Were one not to provide dynamics for the more general background geometry G, 
the latter would have to be described by hand. This would require to already know 
whether and how this background geometry would deviate from a metric-induced 
background of the form 


Gered = gy = jah. = y= det g e°%°4 : (2) 


Of course, constructive gravity relieves us from such tinkering, since the gravita- 
tional closure equations associated with (1) yield the dynamics for G that allow 
to predict, rather than stipulate, where the background geometry G takes which 
values. Closing the matter action by addition of the thus obtained gravitational 
action then provides the suitable refinement of the Einstein-Maxwell action as it 
is demanded by dropping the par-force exclusion of vacuum birefringence. This is 
of course just exactly what constructive gravity is about: learning about the grav- 
itational implications of modifications of the matter theory, which sometimes are 
nil and more often not (even in cases where intuitive reasoning would suggest no 
implication for gravity). 


2. Symmetry-reduced constructive gravity 


While it is clear from a theoretical point of view that solving the closure equations 
yields the desired gravitational Lagrangian, it is at best difficult to do so in practice. 
Even if one were able to find a general solution to the closure equations, one would 
not find general solutions to the resulting gravitational field equations, just as in 
case of the Einstein equations. The way around this, for the purpose of cosmology, 
is to implement the assumed cosmological symmetries already at the level of the 
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closure equations rather than later at the level of the gravitational field equations. 
One can visualize the situation as in figure 1. 


Siwutior{®:G) — closure equat ions Ze Sa«w|G] —* field eqns © general solution 
| 
| 
|| 
$ i 


symm. closure eqnseesymin. action-sytnm, eqns-Ésynman, solutions 


Fig. 1. Key idea of the symmetry reduction in the constructive gravity program. Diagram com- 
mutes if symmetric criticality is satisfied?. 


This diagram only commutes if implementing a symmetry at the level of an 
action or even before — in the closure equations — produces the correct symmetric 
field equations*. Fels and Torre investigated this question of symmetric criticality? 
and derived sufficient conditions for when one may impose a symmetry already 
at the level of an action (only the simplest of which is if the symmetry group is 
compact). 

With this being a sufficient criterion, also symmetries stemming from non- 
compact group can be inserted properly into the closure equations. In the case 
of spatial homogeneity and isotropy, one is left with three different topologies for 
the symmetric spatial hypersurfaces. Only the case of 3-spheres (closed cosmology) 
originates from a compact symmetry group. In this work, we will stick with flat 
cosmology and choose flat planes as the spatially homogeneous and isotropic hyper- 
surfaces. Still, as shown in 3, checking the viability of the symmetry reduction with 
Maxwell electrodynamics as matter input, produces the correct Friedmann equa- 
tions with a non-compact underlying symmetry group. Once this is established, 
attention will turn towards finding the refined Friedmann equations for a universe 
with general linear electrodynamics in section 4. 


3. Cosmological closure of Maxwell electrodynamics 


Because it is clear that the Friedmann equations are the symmetry-reduced version 
of the Einstein equations which, in the philosophy of constructive gravity, arise from 
Maxwell electrodynamics as matter input into the associated closure equations, we 
employ precisely this standard case as a proof of principle. Apart from providing 
this proof of concept, the interesting insight is that constructive gravity allows to 
obtain the two Friedmann equations without using the Einstein equations. 


?'l'his is not guaranteed a priori. Imagine the situation in classical mechanics. Variation of the 
action is comparing possible curves with respect to each other and choosing the one making the 
action stationary. By inserting a symmetry into the action, one compares curves obeying the 
symmetry — in general fewer than before. By comparing fewer candidate curves, one can produce 
fake solutions compared to the full setting with symmetry applied in the equations of motion. 
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In order to identify the form of a Lorentzian metric with spatial homogeneity 
and isotropy, one solves the Killing condition 


(Cx,g)^ — 0 (3) 


with six Killing vector fields generating this symmetry ^97. As already mentioned 
above, we choose flat planes as the spatial hypersurfaces. This allows to write the 
resulting metric in a simple form 


CEDE SEN 
lin rg a ap zu) 4) 


with the usual scale factor a(t) and a time-dependent lapse function N in an ADM 
split. Now, an important technical step in the constructive gravity enters the sym- 
metry reduction — namely the introduction of the actual geometric degrees of free- 
dom q^ ^. The spatial metric g can be expressed in terms of the actual degrees of 
^) = [98 , o^ with a constant matrix I?. 
'The resulting gravitational action and its Lagrangian are then built from the actual 


freedom by virtue of a linear map $?^ (qv 


d.o.£. ^. Another crucial step is the expansion of the gravitational Lagrangian 
oo 
[Pete NW C cow [p k ikan (5) 
N=0 


in terms of generalized velocities k^ and expansion coefficients C'4,...4, which are 
functionals of the actual geometric d.o.f.s and which the closure equations are 
solved for. 

After symmetry reduction, the symmetry-reduced expansion coefficients 
CA "An Only depend on the scale factor a(t) which is the only freedom left in flat 
cosmology. The derivative of a symmetric expansion coefficient can be expressed 


via a chain rule, 


OC A,... Ax 0^ 
Clay aw (2) = ea (e^ (0)) GE (6) 


The derivatives Mii also appear in the gravitational closure equations. The 
task is now to evaluate the closure equations on symmetric configurations, that is 
evaluate all equations by setting y^ = p^ (a) and then compute expressions for 
the derivatives a For each expansion coefficient, this can be calculated in 
several pages and the procedure will not be presented in this brief article. One 
ends up at ordinary differential equations for every coefficient. Solving them and 


bThe motivation for introducing actual degrees of freedom stems from the necessity to encode 
all symmetry conditions and constraints arising from the ADM split into a set of independent 
variables. For the refined geometry G appearing in (1), performing an ADM split gives rise to 
non-linear constraints on the spatial geometry?. Introducing a suitable parametrization in terms 
of the actual geometric d. o. f. takes care of these constraints. 
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plugging all results together, one ends up at an action of the form 


A 3 ada? 
Soma | dt|— Na? +3 } . 7 
f E ied) (7) 
with two integration constants — the cosmological and the gravitational constant. 


In order to complete the symmetry reduction, a suitable matter source has to 
be determined by applying the Killing condition to the energy momentum tensor 


Ta = -2/-dag ates (8) 
g 


This tensor then has diagonal form with only two functions of time remaining which 
can be identified as energy density p and pressure p of a perfect fluid in analogy to 
standard theory. By variation of the total action 


Stotal = Scosmo + S matter (9) 


with respect to lapse and the scale factor, the two Friedmann equations known from 
standard cosmology are recovered — without using the Einstein equations at any 
point. This successful proof of principle serves as the starting point for a symmetry 
reduction of the closure equations associated to general linear electrodynamics. 


4. Cosmological closure of general linear electrodynamics 


'The background geometry of general linear electrodynamics is the fourth rank tensor 
field G for which the Killing condition reads 


(£x, Gy * 2 9. (10) 


Using the six Killing vector fields that describe spatial homogeneity and isotropy, 
one now finds two scale factors a(t) and c(t) besides the lapse N (t). 

Proceeding with the symmetry reduction of the constructive gravity program as 
in the previous case, one now obtains two partial differential equations 


OCA,.Aw OC Ay... An 0^ 

Maas Banan (hue) Per 

OCA,... Aw OC 4,... An o^ 
Acero Se (e^o) Gr WW 20 


The procedure is exactly the same as in the previous case. Evaluate the closure 
equations by setting ^ = y^ (a, c) everywhere to obtain expressions for the deriva- 
tives PE AA and solve the two PDEs for every expansion coefficient. The general 
setting of the coefficient functions of the closure equations is more involved here?. 
For instance, one coefficient function vanishes when setting o^ = y4(a,c); first 
taking derivatives of this coefficient and setting w^ = y4(a,c) after that, produces 
non-vanishing components. This fact requires to also consider derivatives of the 
closure equations which are evaluated on q^ = q^(a,c) after having taken the 
derivative of the full equation. These calculations are very extensive and currently, 


640 


we are working on an automation using computer algebra. The first coefficient C 
of the expansion (5) of the gravitational Lagrangian is already determined; it is 
necessary to evaluate the closure equations (C1) and the derivative with respect to 
the geometric degrees of freedom y“ of (C1) and (C5) in the current numbering?. 
One then finds that C takes the form 


C = Kga3 c? (11) 


with Ko a constant of integration?. 

Once all expansion coefficients are calculated, the cosmological action can be 
constructed from them. It is straightforward to generalize the concept of the energy 
momentum tensor to refined spacetime geometries? and especially the tensor field 
G^9, As there are now two scale factors, we will obtain three refined Friedmann 
equations by variation with respect to the lapse function and the two scale factors — 
but only once the cosmological action is calculated. 


5. Conclusions and Outlook 


In this article, it was demonstrated that a suitable symmetry reduction of the 
constructive gravity program allows to derive Friedmann equations directly from 
Maxwell electrodynamics. Refined Friedmann equations follow from general linear 
electrodynamics as matter input once the involved evaluation of the symmetry- 
reduced gravitational closure equations is completed. Besides, studying the three 
independent components of the gravitational source tensor have to be studied more 
closely and a physical interpretation of a perfect fluid in a spacetime with general 
linear electrodynamics is needed. Once the refined Friedmann equations have been 
obtained, one can complement them with an equation of state and derive solutions. 
With these solutions, comparisons and predictions such as the age of the universe 
can be made. This is work in progress. 
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In this manuscript, we will discuss the construction of covariant derivative operator in 
quantum gravity. We will find it is more perceptive to use affine connections more general 
than metric compatible connections in quantum gravity. We will demonstrate this using 
the canonical quantization procedure. This is valid irrespective of the presence and 
nature of sources. General affine connections can introduce new scalar fields in gravity. 
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1. Introduction 


In this manuscript, we will discuss a few aspects of spacetime geometry relevant to 
quantum gravity. In Sec.2, we will discuss the construction of covariant derivative 
operator in quantum gravity. In this article, we will deal with only affine con- 
nections and denote general affine connections by affine connections or connection 
coefficients. ? We will find it is more perceptive to use affine connections more 
general than metric compatible connections in quantum gravity. We will use the 
canonical quantization procedure and the Arnowitt-Deser-Misner (ADM) formal- 
ism to show this.? This is valid irrespective of the presence and nature of sources. 
'This is a general mathematical issue which will be there, in a theory of quantum 
gravity which is not a quantum field theory in a fixed background, provided some 
components of metric can be taken as independent variables in a neighborhood of 
the spacetime manifold. This can be done around any regular point of the spacetime 
manifold.* We will also use the general metric-metric commutators to illustrate this 
issue.? 


2. Quantum Gravity and Covariant Derivatives 


We now consider quantization of gravity by using the canonical quantization pro- 
cedure. Canonical quantization is important to find the particle spectrum when 
we quantize a classical theory. In the canonical quantization of gravity, metric be- 
comes operator on a Hilbert space. We represent such operators by carets. Affine 
connections present in the covariant derivatives act on the tensor operators and we 
represent them also by the symbols: Bio. Affine connections will contain compo- 
nents of metric and their spacetime derivatives and also other fields as evident from 
the previous discussions. 
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In a Hamiltonian formulation, induced metric on a set of constant time surfaces 
is used as dynamical variable. The induced metric on a set of constant time surfaces 
is given by: 


huv = gu» + nm (1) 


where n, is the unit normal to the constant time surfaces. An expression for 
conjugate momenta is given by Eq.(4). We presently use the symbols h,% to denote 
the corresponding collection of canonical operators. In general, the Levi-Civita 
connections contain metric and time derivative of metric components and hence, 
will depend on the canonical conjugate variables (h, f). We now express covariant 
derivative operator in the following form: 

Viv = [Ou — £5,,(09, 9) Aa = [0s — £*,, (ê, h) Aa 
Here, pas are operator version of the Levi-Civita connections. We adopt the follow- 
ing operator ordering in connection coefficients. Whenever there appears a product 
between partial derivatives of metric and metric itself, the partial derivative is kept 
as the first term and metric is kept as the second term. The ordering of the oper- 
ators (A, 7) in fe, is given to be the same as that written in the above equation, 
i.e, h is kept as the successor of 7r. 

We next consider the operator: q" V.q", where q" is a vector field acting as q” Î 
on the Hilbert space. This operator contains canonical conjugate pairs of variables 
when we choose affine connections to be given by the Levi-Civita connections. In 
this case, we will have the following expression: 


l” Via") |) #0 (2) 


remaining valid in a given state |W) with an arbitrary well-behaved vector field q”. 
We will not have a complete set of states for which the expectation value of the 
operator in the l.h.s is zero with negligible fluctuations for all well-behaved vector 
fields. This will be valid only in the classical limit, and is a subject similar to 
the familiar Ehrenfest's theorems in non-relativistic quantum mechanics. Similar 
discussions will remain valid even if we choose affine connections to be given by 
more general expressions.? In general, affine connections will contain canonical pairs 
of variables from metric sector to have proper classical limit of the Levi-Civita 
connections, and the concept of geodesics will not remain exact for all vector fields 
in a quantum state. This will also remain valid for parallel transport and the 
notion of parallel transport is not exact in a quantum theory of gravity. This is 
expected and indicates that we can use affine connections more general than the 
metric compatible connections even in free quantum gravity. 

We now consider the metric compatibility conditions. The metric compatibility 
conditions are to be replaced by the operator identity: MAT = 0. The action of 
V' [da] on any state is zero if connection operators are given by the Levi-Civita 
connection operators and we choose the operator ordering same as that mentioned 
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in.? Here, we always keep metric operators as the successors of the partial deriva- 
tives of themselves. The same will also remain valid for V. [dag]. Here, gag will be 
kept at the right of the Levi-Civita connections. We also define the contravariant 
components of metric as: j^^9,,4 = 63. This ordering leads to the operator identity: 
V' [ĝas] = 0 irrespective of the ordering of (Â, 4) chosen in the partial derivatives 
of metric components. However, the operator version of metric compatibility con- 
ditions need not be consistent with a canonical quantization condition. We will 
demonstrate this in the following. 

As mentioned above, in a Hamiltonian formulation we use induced metric on 
a set of constant time surfaces as dynamical variable. Thus, g,, is replaced by: 
huy = gu» 4 nyny. Here, n, is given by (—N,0,0,0), N being the lapse function. 
The contravariant n^ is given by: x: (1, —N!, -N?, — N?); where N’ are the shift 
functions. We have: goo = N&N* — N?, go; = N; and N; = gij N?.^ The induced 
metric on the constant time surfaces coincide with the spatial part of guy which are 
expressed as gij. These fields are taken to dynamical variables in general relativity 
and we have the following Poisson brackets: 


loi (6,2), v" (t.3)] = or, PII y)] (3) 


Where, z refers to the spatial coordinates and the Poisson bracket is evaluated at 
equal time. The delta function is defined without recourse to metric. The conjugate 
momentum is a spatial tensor density and is given by: 


nP! = —gK(K? — Kg”) (4) 


Where |gi;| is the determinant of the spatial metric, A; = —V',nj is the extrinsic 
curvature of the spatial sections, g”! is the inverse of gp, and K is the trace of 
the extrinsic curvature taken w.r.t gij.4 We can also define the Poisson brackets 
for the lapse and shift functions although their conjugate momenta vanish giving 
primary constraints.^ Thus, in a Hamiltonian formulation with the Einstein-Hilbert 
action, we have constraints and we can not naively replace the Poisson brackets 
by commutators when we try to quantize the theory. There are two principal 
approaches to quantize the theory. ^ In the first approach, gauge fixing conditions are 
introduced to render the complete set of constraints second class. ^ These conditions 
also determine the lapse and shift functions. We then pick two components of gi; as 
independent variables and quantize these components using standard commutation 
relations. We can solve the constraints to evaluate other commutators. The second 
approach is similar to the Gupta-Bleuler method used to quantize electrodynamics 
and was initiated by Dirac.^ In this approach the classical variables are treated as 
independent variables and the constraints are imposed on the quantum states. In 
this case, we can replace the classical Poisson brackets by commutators when we 
quantize the theory. 

We now demonstrate that it is appropriate to extend the Levi-Civita connections 
and metric compatibility conditions as long as we can regard components of spatial 
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metric on the constant time surfaces as independent physical variables subjected to 
usual canonical quantization conditions. We will also find that we can not have a 
Hilbert space on which we can impose the metric compatibility conditions when such 
quantization conditions remain valid. In the following, we will restrict our attention 
to a neighborhood around a regular point 'z'. We can extend the neighborhood 
to the complete spacetime manifold leaving away singularities and other possible 
irregular points associated with the constraints. We pick a component of spatial 
metric, say gp, as an independent physical variable. We then have the following 
equal time commutator: 


lôn (t, Z), " (t, ))] = 196, 5) [0 (2, y) (5) 


Where, the point 'y' belongs to the above mentioned neighborhood of 'z'. There will 
be another such commutator for the other independent variable. The r.h.s of the 
commutator is taken to be a distribution that is a spatial tensor density in the spatial 
coordinates of 4”! (t, ij). The r.h.s will be replaced by different expressions when we 
replace ĝpı(t, X) by any dependent component of metric including gop. These terms 
are determined by the secondary constraints, gauge fixing conditions, definitions of 
the lapse and shift functions given before and the fundamental commutators given 
by the above equation. Covariant derivatives give changes in a tensor when we 
move from one point to a neighbouring point. If the Levi-Civita connections are 
consistent with the commutators obtained above, corresponding spatial covariant 
derivatives of both sides of any of the commutators u.r.t the arguments of metric 
will agree since both sides are equal for all components of metric. We now consider 
Eq.(5). The action of V^, on the r.h.s is same as that on a second rank covariant 
tensor and will contain spatial partial derivatives of the delta function. It will also 
contain additional terms dependent on connections and metric that can explicitly 
depend on time due to explicit time dependence of the gauge fixing conditions. 4 
This covariant derivative is not vanishing in general for all values of x. The left 
hand side vanishes as can be found from the following expression: 


View (pilt, 2)) 8" (6,3) — &" (6g) Vi Colt, B)} = 0 (6) 


This follows since we are imposing the operator versions of the metric compatibility 
conditions. This can also be seen by applying the I.h.s of the above equation to 
any state, introducing a sum over a complete set of states between the products 
of the operators and using the fact that the action of V' [Gas] on any state is 
zero if connection operators are given by the Levi-Civita connection operators with 
operator ordering chosen below Eq.(2). Thus, the Levi-Civita connections are not 
consistent with the canonical commutators given by Eq.(5). We will consider other 
operator ordering in the Levi-Civita symbols in Appendix:A and we will find that 
similar inconsistency arise in these cases also. Similar situation will remain valid for 
any point in the manifold where we can introduce constant time surfaces and assume 
the existence of a metric component as an independent field in a neighborhood 
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around that point. The above inconsistency will also arise with a different choice of 
constant time surfaces. Thus, there will be a multitude of coordinate systems where 
we can not use the Levi-Civita connections as connection coefficients if we impose 
the quantization condition given by Eq.(5). This also indicates that we can not 
use the Levi-Civita connections as connection coefficients in all coordinate systems 
that are diffeomorphic to these coordinate systems due to the tensorial character 
BER 

In Dirac's approach to quantize gravity, all the classical variables are indepen- 
dent and we quantize them accordingly. We can find out [gog(t, Z), àP! (t, y)] from 
the definitions of the lapse and shift functions and [Ñ> (t, z), 4? (t, j)] = 0, where 
N° = N.* All spatial components gi; satisfy canonical commutation relations given 
by Eq.(5). We will again have the inconsistency mentioned above when we use the 
Levi-Civita connections. In this case, the action of V’, on the r.h.s of Eq.(5) is given 
by expressions like: i[0,46(, y) — 2° p(t, Z) N? (t, DET, y) — 21^, (t, z)ó(2, F), 
where we have taken p = l and there is no sum over the repeated indices. Also, we 
can not make the Levi-Civita connections consistent with the commutation relation 
given by Eq.(5) by introducing additional constraints on the physical Hilbert space. 
If we demand that the action of V^, to the r.h.s of Eq.(5) vanishes on the physical 
Hilbert space, we will have the constraint: 


[Oz Ó (2, y) m 2f, (t, g)N? (t, £)6(Z, y) m 3r, ts TOT, gv) =0 (7) 


Where, we have again taken p = l and there is no sum over the repeated indices. 
'There will be other similar constraints associated with other commutators. These 
states also satisfy the secondary constraints. We have used the operator identities 
A — 0, and the Levi-Civita connections. All the above conditions will lead to 
singular expressions involving (0) and the partial derivatives ó'(0) for expectation 
values of some of the variables: jo, ĝij, NP and ou 'This is valid for all physical 
states and is physically undesirable. Lastly, the above problems will arise if we use 
any set of metric compatible connections. 

In the first approach to quantize the theory, it is unlikely that there will exist a 
set of gauges that is time dependent, render the complete set of constraints second 
class and also remove the inconsistency mentioned above. It is not possible to 
remove the inconsistency in the second approach to quantize the theory. Also, 
it is expected that [gag(x"), 9og(y")] will depend on (z",y") non-trivially with 
non-vanishing covariant derivatives.? We can consider semiclassical theories like 
quantum fields in curved spaces to assume so. Thus, it is more appropriate to use 
connections more general than metric compatible connections in quantum gravity. 
'The above discussions are valid irrespective of the presence and nature of sources. 
We can analyze this issue further in the following way. The Levi-Civita connections 
and metric compatibility conditions are taken as basic assumptions to calculate 
the scalar curvature when we use the Einstein-Hilbert action to describe classical 
and quantum gravity. It is better to discuss quantization and non-metricity using 
the metric-affine action or Palatini action where metric and affine connections are 
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independent variables. We have found that nen-metricity can give scalar fields in 
the theory. One of the scalar fields can give negative stress-tensor.? 
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In this paper, we present a brief account of a generic premetric gravity model based an the 
energy-momentum conservation law. Our main goal is to discuss the generic properties 
of the gravitational constitutive pseudotensor. We present irreducible decomposition of 
this object under the permutation group, or, equivalently, under the general linear group 
GL(4, R). Even when the consideration is restricted to the metric ansatz, the nontrivial 
Skewon and axion parts emerge. A special choice of the free dimensionless parameters 
recovers the standard GR in its premetric version. 


Keywords: Premetric gravitational model, teleparallel gravity, gravitational constitutive 
tensor 


1. Introduction 


Gauge field theories such as electromagnetism and Yang-Mills models can be pre- 
sented in premetric formalism! ? that separates the structure into the system of 
metric-free field equations based on conservation laws and the constitutive law be- 
tween the basis field variables. In the simplest vacuum case, the constitutive law is 
expressed in terms of the metric tensor. 

At first glance, the standard GR does not allow for such premetric description 
since it is based essentially on the metric variable. In this paper, we demonstrate 
how GR can be recast into a form suitable for premetric reformulation. This ex- 
tension is based on two field variables, the gravitational excitation Ha and the field 
strength F°, that satisfy the system of field equations that is completely similar 
to the Maxwell system of electromagnetism. A linear constitutive relation between 
the vector-valued 2 forms H, and F is established with a sixth order constitutive 
pseudo-tensor. This new gravitational quantity is a central subject of our consider- 
ation. In order to find the physical meaning of the constitutive tensor, we provide 
its irreducible decomposition under the general linear group GL(4, R). We demon- 
strate the contributions of different irreducible parts to the coframe Lagrangian, 
energy-momentum current and dispersion relation. In metric case, we present a 
most general even and odd metric-dependent ansatz for the constitutive tensor. We 
find the physical meaning of different irreducible pieces of metric constitutive tensor 
and recover the standard GR for a special values of parameters. 
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2. Premetric gravitational model 


In this section, we present a brief description of the premetric formulation of the 
gravity model, see Refs. 3, 4, 5, 6. The construction is very similar to the premetric 


representation of electromagnetism. +? 


2.1. Field equation 


We assume the following basic postulate: 


Every viable model of gravity must be based on conservation law of the energy- 
momentum current of matter and field. 


In the canonical approach, the energy-momentum current is described as a 
mixed-type tensor or, equivalently, as a covector-valued twisted 3-form Xa. For 
a system including matter and gravitational field, Xa consists of two independent 
pieces — for matter and for field, 


Da = 5, ME. (1) 


The inhomogeneous field equation is considered as a consequence of the energy- 
momentum conservation law. For topologically trivial regions, it is realized as an 
equation for the excitation variable 


dX,—0 = | X,-dH,. (2) 


The latter equation is a vector-valued analog of the electromagnetic field equation 
J — dF. Thus, we define a twisted covector-valued 2-form of gravitational excitation 
Ha that is expressed in the basis of odd (twisted) 2-forms €g} as 


1 
H, = Fa Egy. (3) 
Gravitational field strength is defined as an even (untwisted) vector-valued 2- 
form F* that is expressed in the basis 9^? of even (untwisted) 2-forms as 


1 
F° = zF. (4) 
In an analogy to the electromagnetic field equation dF = 0, the gravitational field 


strength is assumed to satisfy the closeness field equation 
dF° -—0 — p? = dye. (5) 


For topologically trivial regions, the field equations yields the existence of the grav- 
itational potential 0*. It is a vector-valued analog of the potential 1-form A of 
electromagnetism. 

Using the form of the electromagnetic Lorentz force fa = (€a|F) ^ J, we define 
the gravitational Lorentz force as a 4-form relating the field strength to the energy- 
momentum current of matter 


fa = (ea | EP) A 953,5. (6) 
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Also the twisted 3-form of energy-momentum current of the coframe field 


Gy = ; [ P ^ (ea | Hg) — Hg ^ (eal F?)] ’ (7) 


and the gravitational Lagrangian 
1 
A = E d ^ Ha (8) 


are defined as full vector-valued analogs of the corresponding quantities of the stan- 
dard Maxwell electromagnetism. 


2.2. Gravitational constitutive pseudo-tensor 


In order to complete the undetermined system of field equations (2) and (5), a con- 
stitutive relation between two basic field variables H, and F* must be introduced. 
Such type of a relation depends on physical model of medium. A wide class of 
electromagnetic models is described by a linear local constitutive relation. In order 
to describe a most general linear constitutive relation, we use the expansions of the 
twisted form H and untwisted form F relative to the basis coframe of 1-forms 0^ 
and the dual basis of vectors e4. Recall a most general linear relation between the 
components of the electromagnetic fields H and F reads 


1 
HOP = EXP p... (9) 
2 


where y°°7° is the electromagnetic constitutive pseudo-tensor. It has 36 independent 
components and irreducibly decomposed into principal part, skewon, and axion 
parts as 36 = 200 156 1. 

With this electromagnetic constitutive relation in mind, we postulate a similar 
local linear constitutive relation between the components of the fields Ha and F^ 


1 
HT = 3X a ^, Fu. (10) 
The gravitational constitutive pseudotensor obeys the symmetries 
P A qon = =P SPP, = aa am (11) 


so it has 576 independent components. 

If we additionally assume that the model is completely specified by the La- 
grangian (8), we have to restrict our consideration to reversible processes. In this 
case, we can specialize to a constitutive pseudo-tensor with an additional reciprocity 
condition 


KT Pa = re P ] (12) 


In this case, the set of the 576 independent components of yY a”? y, is reduced to 
only 300 ones. 

Treating the covariant and contravariant indices as belonging to two separate 
tensor spaces, the irreducible decomposition of a full (non-restricted) tensor x^^ ug 
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is defined as a product of two irreducible decompositions. The corresponding Young 
diagrams are expanded into 6 independent pieces 


Popen- (Een) « (ERE) « (EP 


® e[ [ ]]} € ej ; eLrI] 


(13) 
Explicitly, the irreducible pieces of the constitutive tensor are expressed as 

1 ye. 76 = Sa yó "E Bl yee 16 = PINE ms 14) 
2 n. Qu^ = = xP iy yó 4-— [4] y? nom altho? M. 15) 
: xni uu : = (1/2) (x ap, Au v) X" Putas] , 16) 
Aly? 2, :— (1/2) (x a2, E ij X as 17) 
5 wP 76 = - x^, yó] 2 18) 
6 pF oW ya = ayy yò] ij 19) 


These pieces produce the decomposition of the tensor space into direct sum of 
invariant subspaces with the dimensions, respectively, 


576 = 200 @ 120 6 150 o 90 & 10 o 6. (20) 


Additionally to the described above S» x S4 irreducible decomposition of the consti- 
tutive tensor, we study in Ref. 5 an alternative Sg irreducible decomposition based 
on the pure covariant representation of this tensor. 

Let us turn to a possible physical identification of the irreducible parts. We 
calculate the contributions of the irreducible parts to the coframe Lagrangian, the 
energy-momentum current and into the dispersion relation. The results are sum- 
marized in the following table: 


Irreducible Parts Nomenclature Lagrangian Energy-momentum Dispersion 


Skewon-1 no yes yes 
Skewon-2 no yes yes 


p 
l Ix p 
l Ix p 
BOB, iw Principal-2 yes yes yes 
[51x p Axion-1 yes no no 
[Bly 

p 


Axion-2 no yes no 
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3. A metric-dependent ansatz 


In this section we study the gravitational constitutive tensor constructed from the 


familiar building blocks — metric tensor gag and the permutation pseudotensor 
co8v8. 


3.1. Even and odd parts of the constitutive tensor 


We start with the most general expression that can be constructed from the metric 
tensor g^? alone and apply the symmetry relation constrains. We obtain a parity 
conserving ansatz for the constitutive pseudo-tensor 


even GP qu (g) = — (B: Eg gu + Bo la gPl ge] + b3 digga). (21) 


Here, x is the gravitational constant, g := det g,,, the parameters (1, 32,83 are 
arbitrary dimensionless constants. 

A most general construction that involves permutation pseudo-tensor %81? to- 
gether with metric tensor gag yields a parity violating ansatz. Applying the sym- 
metry relation constraints we obtain an expression with three independent terms 


1 a a 
i uu er R geo Suv + Ps erry, à) +86 (seh, = ire Aa . 
(22) 


'The general metrical constitutive tensor encompasses the parity-even and parity- 
odd pieces, 


xP T9 ig) - Sven P T dta) 4 odda Y8 tg). (23) 
Computing the irreducible parts, we find two zero terms 
Ply 09, (g) = e pg) = 0 (24) 


and four nontrivial terms: 
e Principal-1 part is build up from the even part of the constitutive tensor. It 
contributes to the Lagrangian, energy-momentum current and dispersion relation 


v9 ô 
nyel f d) = e [a gg gu + (Bo + Bs) ala geitat | l (25) 
e Skewon-2 part is constructed from the pure odd part of the constitutive tensor. It 
is not involved in the Lagrangian but contributes to the energy-momentum current 
and dispersion relation 


[B] a8 6 = D [a .8]y8 . — sl 26]a 8 ) 
X u v(g) = a (ale v) Sine v)} > (26) 
e Principal-2 part is similar to the Principal-1 but includes even and odd pieces 


E 1 a ô a D) 
y PO tw) = oe [c — b3) Vagal gana] + Bse Pita 84 , (27) 
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e Axion-1 part is of the odd origin. It is included into the Lagrangian but does not 
contribute to the energy-momentum current and to the dispersion relation 


Hem as ( 


pa a 
v(9) = — goes Juv: (28) 


x 
Summarizing, a general metric-dependent constitutive tensor encompasses two 
principal ly and “ly parts, one axion ly part, and one skewon Ply part. 


3.2. GR recovered 


In the framework of the teleparallel equivalent GR, of general relativity (GR) we 
have found (see Eq. (88) in Ref. 5) for the parameters f: 


Bi =4, Bo=16, Bg=-8 GR). 
ba=0, 8520, 65 =—0 


The GR, Lagrangian is distinguished from the other teleparallelism Lagrangians as 
being locally Lorentz invariant, 


A= XP p ulg) Fap" ur = R4/—g + total derivative. (30) 


(29) 


Any other additional term in the gravitational Lagrangian breaks this local invari- 
ance. The irreducible parts of this constitutive tensor are Principal-1 and Principal- 
2 pieces, respectively 
3 6 
[1] are L( 


a a ô 
4X] pl I guy + 2 legea! (31) 


ge? tg) = 


TE 2 obs 8] 83], (32) 


4. Conclusion 


e We presented a general premetric formalism for gravity based on the energy- 
conservation law. 

e The linear local constitutive equation involves 6-th order constitutive ten- 
sor. 

e The tensor is decomposed irreducibly and some physical meaning of its inde- 
pendent terms is established. In the linear approximation, it is reminiscent 
of the treating recently presented in Ref. 7. 

e We outlined the embedding of the metric-dependent constitutive tensor in 
the general scheme. 

e The telepallel version of GR is found as a unique Lorentz-invariant model. 
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The basics of the premetric approach are discussed, including the essential details of 
the formalism and some of its beautiful consequences. We demonstrate how the classi- 
cal electrodynamics can be developed without a metric in a quite straightforward way: 
Maxwell's equations, together with the general response law for material media, admit 
a consistent premetric formulation. Furthermore, we show that in relativistic theories of 
gravity, the premetric program leads to a better understanding of the interdependence 
between topological, affine, and metric concepts. 


Keywords: Premetric theory, electrodynamics, teleparallelism, wave propagation. 


1. Development of premetric ideas 


The study of the metric-free, or premetric, models has a rich and long history. The 
corresponding timeline of works which developed the premetric approach in physics 
is as follows. As a starting point, we mention H. Minkowski (1908) who estab- 
lished the special-relativistic (Poincaré-covariant) formalism for Maxwell's theory. 
F. Kottler (1912) subsequently provided the generally covariant formulation of elec- 
tromagnetism which was eventually taken by A. Einstein (1916) as a basis for a 
quasi-premetric formulation of Maxwell's theory. F. Kottler (1922) then actually 
pioneered the premetric approach by constructing, based on integral conservation 
laws, metric-free theory for Newton's gravity and Maxwell's electrodynamics. Simi- 
lar line was followed by É. Cartan (1923) in electrodynamics and by D. van Dantzig 
(1934) who proposed a general premetric program in physics. Important technical 
contributions came from I. Tamm (1925) who studied a general linear constitu- 
tive law and from A. Sommerfeld (1948) who coined, following Mie, the notions 
of extensive and intensive quantities. The formal structure of electrodynamics was 
thoroughly investigated by E.J. Post (1962) and by C. Truesdell and R. Toupin 
(1960) in the framework of the formal field theory. An important issue of recov- 
ering the metric (deriving light-cone) was then clarified in the works of R. Toupin 
(1965), M. Schónberg (1971), and A. Jadzcyk (1979). W.-T. Ni (1973) was the 
first to propose an axion-dilaton extension of Maxwell's theory, and subsequently 
F. Wilczek (1987) looked into experimental issues of axion electrodynamics. See!“ 
for exact references. 

Why going metric-free? Quoting Edmund Whittaker (1953): Since the notion 
of metric is a complicated ome, which requires measurements with clocks and scales, 
generally with rigid bodies, which themselves are systems of great complexity, it 
seems undesirable to take metric as fundamental, particularly for phenomena which 
are simpler and actually independent of it. Furthermore, as we know (in Einstein's 
approach), metric is identified with the gravitational field. Thereby, one can say that 
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a metric formulation of a physical theory is *contaminated" by gravity. Hence, by 
revealing the metric-free relations one actually finds the most fundamental physical 
structures. In this sense, premetric approach helps to understand the essential 
interdependence between topological, affine, and metric concepts. Moreover, from 
the experimental standpoint, counting is obviously the simplest measurement! 


1.1. Principles of premetric approach 


Premetric axiomatics is straightforward. Construction of a metric-free physical 
model is inherently based on conservation laws. The latter should be phenomeno- 
logically verified by means of a certain counting process without use of the metric. 
Next, all physical objects are divided into two sets: extensive variables (how much?) 
are distinguished from intensive variables (how strong?). Based on the conserva- 
tion laws, the two sets of fundamental equations then naturally arise for excitations 
(extensities) and for strengths (intensities). Final step: to convert the model into a 
predictive theory, one adds the linking equations, or constitutive relations, between 
excitations and field strengths. 

'The essence of the premetric art is formulated as follows: Fundamental equations 
are metric-free; the metric only enters via linking equations (constitutive relations). 


2. Premetric electrodynamics 


Classical electrodynamics admits a consistent premetric formulation!. Based on the 
conservation of electric charge dJ — 0, one arrives at dH — J, and the magnetic flux 
conservation results in dF = 0. Conservation laws require just counting procedures — 
of electric charges and magnetic flux lines. No distance concept is needed, therefore 
the premetric framework arises naturally. 

Excitations H = (D, 4) are measurable via the charge. These are extensive 
variables (how much?). Field strengths F — (E, B) are measurable via the force. 
They are intensive variables (how strong?). 

Fundamental equations of electrodynamics are metric-free: 


dH — J, dF — 0. (1) 
Linking equations (constitutive relations) yield a predictive theory 
H — &|[F], Hoag = kaa" Fay. (2) 
The metric is hidden/encoded in the constitutive tensor Kag””. Constitutive rela- 
tion can be more general — nonlinear and even nonlocal. 
Using the local coordinates x’ = (t, z^), we have the (1 + 3)-decompositions 
H = Hada! ^ dt + D^e, F = E,dx* ^ dt + B*e,, (3) 
(with dx and e, bases of spatial 1- and 2-forms) and the local and linear constitutive 


law (2) is recast into 


Ha = —€9, E, +Boa B^, — D* = 9009 E, +D BP. (4) 
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With eX =e", i. = ns 7°. = 0, a convenient parametrization reads as: 


ba ab abc —1 
UI — — g"? p etg, Big = Hab — €abc m^, (5) 


g^ = y^. — sq 4 ób Soo +a ób, Do = 775 + s^ —ópsc^--aóp. (6) 


Thereby the fine structure of the constitutive tensor is eventually revealed: 


b = b b.c b 
— Sa + 628 — € & 0 
R= T ab Fab T : abc ie a je c T a iw a (7) 
—g99 4%, En. Sp" — OF Se 0 oF 


—M— 0 —Ó—— o —— 


principal part 20 comp. skewon part 15 comp. axion part 1 comp. 


3. Premetric formulation of gravity 


Kottler in 1922 formulated a premetric nonrelativistic (Newton’s) gravity. How- 
ever, the spacetime metric = gravity in general relativity (GR) theory, and one 
may ask whether a premetric relativistic gravity makes any sense? In GR, the an- 
swer is negative. However, a teleparallel framework offers a viable opportunity? +. 
Qualitatively, one proceeds by replacing the electric charge with the “gravitational 
charge” = mass (energy-momentum). The conservation of the gravitational charge 
dig = 0 yields dH, = X,, thereby introducing the gravitational excitation 2- 
form H, = 1 Hij,dz' ^dz) = 1H?^,e,. Furthermore, the gravitational flux 
conservation results in dF* = 0, introducing the gravitational field strength 2-form 
pec i F;? da! ^da? = d^, so that the coframe 0^ plays a role of the gravitational 
potential. The premetric formulation of gravity can be then consistently constructed 
along the lines of premetric electromagnetism. The corresponding gravitational- 


electromagnetic analogy is summarized in Table 1. 


Table 1. Premetric electromagnetism-gravity analogy 


Objects and Laws Electromagnetism Gravity 
Source current 3-form J bom 
Conservation law dJ —0 dX, = 
Excitation 2-form H Hu 
Inhomogeneous field equation dH = J dH, = Bag = OD, + (my, 
Field strength 2-form F pe 
Homogeneous field equation dF =0 dF% =0 
Potential 1-form A oe 
Potential equation dA=F dpe = Fe 
Lorentz force fa = (eal F] ^J fa = (ea | F8) ^ 54 
Energy-momentum 3-form ir A e€o|H — H ^ea]F) i(F? A ea |Hg — Hg ^ ea |F?) 
Lagrangian 4-form A= -4F ^H A= -ire ^ Ha 


Constitutive tensor obs Pla Bi 
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3.1. Gravitational constitutive tensor 
The local and linear constitutive law 

" 1 

He, = 2x um Foo” (8) 
describes a rich class of gravity models. The symmetry properties y", "? "EL 
— XPa Pu = — Xa u yield a simple number count (6 x 4) x (6 x 4) = 576 of 


components of the constitutive tensor. The constitutive relation is reversible when 
XPa P u = xVP,P,, with a reduced number of components: 24(24 + 1)/2 = 300. 


Splitting eR NR. = X28 715, + xeP Py into reversible and irreversible parts, 


taps qô 


1 ô ô S ô 1 ô ô 
X pn uS Pi eu ur d di DES pd K v=x" 2 (9) 


zl 
8 

one derives a decomposition x??,7?, = Y^ Hly%?,,7°, of the constitutive tensor 
iz 


into six irreducible parts: 


DES E = =X u yó j= KP, y Bh oF m = =x y yó "E x L9; 10) 

Byer E = as oi Myok qu. = =X, 76 T 11) 

Blas o = x?u 79] ilh Bl er n. Tar y6] jr 12) 
We call [ly a reversible symmetric principal part (principal-1), “ly a reversible 
antisymmetric principal part (principal-2), 9x a reversible axion (axion-1), ? 


xa 
skewon antisymmetric principal part (skewon-1), Bly a skewon symmetric principal 
part (skewon-2), and l% a skewon axion (axion-2). 

Comparing to electromagnetism, we have three parts in Maxwell's theory (7): 
yia = T nud d = ()quvaB 4 (2) yuveB 4 (S) ave. the principal Ux piece 
and the axion (?x (both reversible); and the skewon (2x (irreversible). 

When the metric exists on spacetime, the most general linear constitutive tensor 


1 
x28, (g) = = [a Mr + Ba dlge + B ale gel gil (13) 
+ Bae??? gay + Bel, 6) + Be (of el?) — ger) (14) 


encompasses four irreducible parts: principal-1 proportional to 6, and (62 + 83), 
principal-2 proportional to £85 and (82 — £83), skewon-2 ~ fs, and axion-1 ~ 84. 


3.2. Propagation of gravitational waves 


In a geometric optics approximation, F^ = F%e’? with rapidly varying phase ® 
and slowly changing amplitude F® (eikonal ansatz). Alternatively, in Hadamard’s 
theory, wave is described as a discontinuity across characteristic hypersurface (wave 
front). In any case, vacuum field equations reduce to algebraic system for amplitudes 


dH, —0, dF% =0 — qa E que dE Rp qim 
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with the wave covector q = d$ = q,v". As a result, Foo = Aj?q& — Ao“dp, and 
from (15) for the amplitude A,,” we find a characteristic equation 


Mh. VAS =0, MP p = xy p do Qo- (16) 
The dispersion relation (Fresnel equation) arises as a solvability condition of (16). 
Decomposing Aa” = Aa? + A62 into traceless part ( A,“ = 0) and trace A = 44,7: 
Ntg AP =0, NE g = MM a” gM? o — M"SP,M","g. 7) 

Notice the gauge freedom: A,? — A,? + q,C? leaves (16) invariant for any C. 


In the metric-dependent case (14), for generic class of models with 201 —/85— 83 4 
0 and 26, + 83 Æ 0 the characteristic equation splits into decoupled equations 


(281 — B3) (3 (°k — a" qa) (q?05 — a" ag) — (gag — dae)a"q" ) Aur) — 0, (18) 
(281 + B3) (qð — q"q«) (9°53 — 4” 98) Ayr] = 0, (19) 


and the scalar mode is recovered from 394? A = A,"q,q". Therefore, only symmetric 
A(uv) mode is dynamical if 26, = — 83, whereas only antisymmetric Auu] mode 
remains dynamical when 204 = f. 

The teleparallel equivalent general relativity model GR, is a special case when 
both 204 ai B» = Bs = 0 and 201 + B3 = (), Explicitly: ba = Bs = Be = 0 and 


A=-1, fa ——4, fs = 2. (20) 
For GR}; coupling constants (20), the characteristic equation (16) reduces to 
q^ hag = dad’ hag = qod hay =0, (21) 


which describes the usual spin 2 graviton mode hag = A(ap) — igap Ay”. 


3.3. Recovering General Relativity 


The teleparallel equivalent GR, theory (20) is distinguished among other coframe 
models by the following remarkable properties: 


e Field equations are invariant under local Lorentz group? 
2^ —. L?g(z)00, L?g € SO(1,3). 
e Black hole solutions exist”. 
The gravitational Lagrangian of GR, actually reduces to Hilbert’s Lagrangian A = 
—ixP 4^, Fa? Foo = —3- R+ total derivative. The constitutive tensor has only 
two nontrivial irreducible parts — principal-1 and principal-2. 
Premetric gravity summarized. Fundamental equations are metric-free: 


dHa =a,  dF°=0. (22) 


Metric enters only in linking (constitutive law) equations (8), where? for GR: 


1 
96,05, = z (-9t gg, — 45% gPa + 2516 gla) (23) 
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4. Conclusions and outlook: On Kottler's path 


Following the pioneering contributions by Kottler, Cartan and van Dantzig, the 
premetric program works universally in physics, embracing classical particle me- 
chanics, kinetic theory, and (most importantly) electromagnetism and gravity. A 
feasible premetric gravity theory can be constructed on the basis of the energy- 
momentum conservation law as a teleparallel coframe model. The corresponding 
general local and linear constitutive relation encompasses six irreducible parts (2 
principal, 2 skewon, and 2 axion). 

In premetric approach, one can view constitutive tensor y°? n as an indepen- 
dent variable. This opens new perspectives in electromagnetism and gravity theory 
such as: 


e Natural extensions with arion, skewon, and dilaton fields? 
e Natural extension to parity odd contributions ^1? 

e Convenient framework to discuss Lorentz violating models! 
e Nonlinear gravity models, f(R) and f(T), in particular 12:3 
e Nonlocal constitutive laws ! ^15 
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The notion of observers’ and their measurements is closely tied to the Lorentzian metric 
geometry of spacetime, which in turn has its roots in the symmetries of Maxwell's theory 
of electrodynamics. Modifying either the one, the other or both ingredients to our 
modern understanding of physics, requires also a reformulation of the observer model 
used. In this presentation we will consider a generalized theory of electrodynamics, so 
called local and linear premetric, or area metric, electrodynamics and its corresponding 
spacetime structure. On this basis we will describe an observer's measurement of time 
and spatial length. A general algorithm how to determine observer measurements will 
be outlined and explicitly applied to a first order premetric perturbation of Maxwell 
electrodynamics. The latter contains for example the photon sector of the minimal 
standard model extension. Having understood an observer's measurement of time and 
length we will derive the relativistic observables time dilation and length contraction. In 
the future a modern relativistic description of the classical test of special relativity shall 
be performed, including a consistent observer model. 


Keywords: premetric electrodynamics, relativity, observers, radar experiment, time dila- 
tion, length contraction 


1. From electrodynamics to relativity 


The origins of special and general relativity and, in particular, of the relation be- 
tween observers by Lorentz transformations, lies in Maxwell's theory of electrody- 
namics. It predicts the propagation of light on the integral curves of the directions 
forming the null cones cones of a Lorentzian metric, and the Lorentz transforma- 
tions are those transformations which leave this structure invariant, globally for the 
flat Minkowski metric, locally for any non-flat Lorentzian metric g encoding grav- 
ity. Thus historically, first there was a viable relativistic matter field theory which 
described the behaviour of the electromagnetic field correctly, and then, a theory 
of gravity consistent with the relativity principles of the matter field theory was 
constructed 1. 

Modifications and extensions of general relativity, and of the field theories form- 
ing the standard model of particle physics, are numerous and disperse in various 
directions. However, it is rarely discussed what happens to the description of ob- 
servers and their measurements, when one changes the theoretical models of gravity 
or matter. In approaches where gravity is still encoded into a spacetime metric and 
matter fields are minimally coupled to this metric, such as f(R)-gravity or other 
modifications of the Einstein-Hilbert action only involving the metric?, the ob- 
server description from general relativity is still applicable. But, when one changes 
the field which encodes gravity away from the metric, or introduces couplings of this 
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field to matter fields, like in the standard model extension (SME) framework ^, the 
Robertson-Mansouri-Sexl (RMS) framework?, Finsler geometries" or premetric 
electrodynamics??, the influence of the added concepts on observers, their measure- 
ments and their relation between each other has to be investigated and a consistent 
observer model has to be constructed. 

Here we summarize how one obtains an observer's measurement of time and 
spatial lengths starting from a theory of electrodynamics in the following algorithm, 
using the techniques developed in the articles !?!! ; 


I. Derive the geometric optics limit of the theory of electrodynamics. 

II. Derive the Lagrange functions L* and L*, which define the motion of mass- 
less and massive particles on the manifold, from the geometric optic limit. 

III. Use L* to realize the clock postulate, i.e. to identify the proper time nor- 
malization of observer worldlines x by choosing L* (a) = 1. 

IV. Model the radar experiment by demanding that for a spatial direction X 
the vectors N+ = £5(X)à + X and N` = £5(X)& + X are the tangents of 
the light rays of the radar signal, i.e. are null-vectors of L*. 

V. A solution of L#(N*) = 0 defines the radar length Ly(X) = (X) + 
£5 (X) an observer on worldline x associates to an object represented by 
the vector X. 


'To demonstrate how the general algorithm works in practice we apply it to first order 
modification of Maxwell electrodynamics caledl weak premetric electrodynamics. 
Throughout this article we use the convention that 7 = diag(1, — 1, — 1, —1). 


2. Weak premetric electrodynamics 


The field equations of weak premetric electrodynamics are !” 


(ne nht + kg Fea eu Fg= Ote Aq] ; (1) 


the tensor K^"** parametrizes the deviations from metric electrodynamics and has 
the following properties K%¢? = Kclat]led] — jc[ed]lat] and Kalbedl — Q, 

Step I. Plane waves: The geometric optic limit. Wave covectors k of the 
plane waves solving the field equations are the roots of the Fresnel polynomial G (k) 1? 


G(k) = n7! (k, k)? — q^ (k, k)K(k, k) + 5 (ct. k)? — J (kk, k, k)) . (2) 


The tensor fields appearing are derived from the perturbation tensor defining the 
field equations 


K(k, k) = K kake = K” rkako, (3) 
J (k, k, k, k) = If k kk. kg = KK pf akakckekg . (4) 


Observe that, in order to study the correction in the propagation of light predicted 
by the perturbation of the field equations to first order, it is necessary to consider the 
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Fresnel polynomial to second order. For the following, in particular the condition 
det (Ox, Oy, G(k)) Æ 0 must hold??. 

Step IL: The determination of the Lagrange functions L* and L*. 
The Lagrangian which determines the propagation of light is given by the dual 
polynomial of G(k), i.e. by the unique polynomial satisfying L(a(k)) = Q(k)G(k), 
where i^(k) = Oy, G(k). Employing à^ = n(a,-) we find 


LË (è) = nlà, x)? + 3 (2? , @?)n(a, à) 


+ 2 (34 (2? , à^ 3, 49) + AK (a^, i)? + 5K aK pea? n(a, £)) (5) 


(2,5)? + hi (2, £)n($, 3) + holt, t, č, à). (6) 


The abbreviations hı and hz were introduced to display the radar length formula 
later in a compact form. The motion of observers and their geometric clock is given 
by a second Lagrangian L* which can be obtained from the Helmholtz action 


Slax, k, A] = far (ki =n (9(5))). (T) 


by eliminating k and the Lagrange multiplier A with help of the corresponding 
equations of motion. Doing so we find the length functional 


7 — LED) 
sta] = [ar (i) = far vni IS J (8) 
Physically this parametrization invariant action integral measures the observer's 
proper time, and mathematically speaking L* is a Finsler function. 
Step III.: The clock postulate. An observer worldline is a cuvre z(7) whose 
tangent satisfies L*(3) = 1, or explicitly n(4,%) = 1 — 3K(i^, i^). The directions 
X which are spatial w.r.t. x satisfy X ^O; L* = (2, X) + 3K(2?^, X^) = 0. 


3. The radar length 


Step IV.: Setup the radar experiment. An observer on a wordline z(7) with 
tangent « emits light along the curve with tangent N* towards the end of an 
object, which is modelled by a vector X spatial w.r.t. x. There the light gets 
reflected and propagates back to the observer along the curve with tangent N7. 
The observer measures the time of flight of the light between its emission and 
return. This time is the radar length the observer associates to the object. The 
tangents of the light curves N+ = £;(X)t + X and N- = £5(X)i — X must satisfy 
L*(N*) =0 = L*(N*), which can be solved for £;(X) and £;(X). 

Step V.: Solve for the radar length. The radar length then is given by 
Lil X) = (X) + £:(X). 

The influence of L* on the radar experiment is obvious, however it is important 
to stress that also L* enters the calculation by the demands that « satisfies L*(z) = 1 
and the fact that X shall be spatial w.r.t. t, see the comments below (8). 
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Using the explicit form of L# and L* in (5) and (8), the desired radar length is 
given by, see!? for the derivation, 


Esos = 2V M,F) (5) 
r (VEED BED) ea 
1 yaa 2? ye ———— 


The abbreviations B and B are lengthy functions of the perturbation tensors hı 
and ho defined in (6), they are displayed in!?. The labels ø and & can each take the 
values +1 or —1 and label which polarization of light has been used for N* resp. 
N-. For example o = 6 yields the radar length deermined by the same polarization 
used for N* and Nt, while o = —6 represents the case when the reflection at the 
end of the object changes the polarization of the light. 


4. Relativistic Observables 


Having clarified an observers measurement of time and spatial lengths we can derive 
the classical relativistic observables time dilation and length contraction. To do so, 
consider two observers on inertial wordlines xı and x2, which have met at some 
point in spacetime. There they synchronized their clocks. After a proper time tı 
the first observer may decompose the tangent of the worldline of the second observer 
in terms of an equal time displacement vector X = t1V as t2t2 = tı (tı + V), where 
V is the relative velocity between the observers. 

The relation between the proper time t2 of the second observer and the proper 
time tı then is 


to” ($3) = te = tL" ($1 + V) 2t / A q(V, V) (: + -— . (10) 


Most interestingly, for weak premetric theories of electrodynamics for which h?? = 
K^; = 0, no change in the time dilation between observers compared to special 
relativity appears. 

The calculation of the length contraction is more involved. Let observer xı carry 
a spatial object Y to which it associates the radar length £;,(Y). With respect 
to the observer x2 the object Y is not spatial, so first one needs to determine the 
projection Y of Y onto the spatial directions of 22. Then, x2 can associate the radar 
length £;,(Y) to Y. The length contraction factor is given by the fraction ——. 
The result is a complicated function of the perturbations hı and hg which can be 
found in!?. The interesting observation is that, in contracts to the time dilation, 
even for h2^ = K*^ , = 0 the effect does acquire a first order modification compared 
to the special relativistic result. 
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5. Conclusion 


A modification of the geometry away from metric spacetime geometry requires a 
careful revision of the observer model used to compare observations with theoretical 
predictions. The example of the radar length demonstrates nicely that, in partic- 
ular for Finslerian spacetime geometries it is not viable to simply exchange the 
Lorentzian metric employed in general relativity with the Finslerian metric evalu- 
ated at the observer curve on the tangent bundle for a description of observables. 

The future task for spacetime geometries based on a Finsler function or a general 
dispersion relation is to find a description of observers from these quantities and to 
clarify the transformations mapping them onto each other. 
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We present a method of constructing perturbative equations of motion for the geometric 
background of any given tensorial field theory. Requiring invariance of the gravitational 
dynamics under spacetime diffeomorphisms leads to a PDE system for the gravitational 
Lagrangian that can be solved by means of a power series ansatz. Furthermore, in 
each order we pose conditions on the causality of the gravitational equations, that en- 
sure coevolution of the matter fields and the gravitational background is possible, i.e. 
gravitational equations and matter equations share the same initial data hypersurfaces. 


Keywords: Constructive gravity; diffeomorphism invariance; causality 


1. Introduction 


Given a matter field theory in terms of an action functional Smat|®; G) for a ten- 
sorial matter field ® whose geometric background is provided by an additional 
tensorfield G, the problem of constructive gravity consists of completing the matter 
field equations with EOM for G that make the coupled system of matter dynamics 
and supplemented gravitational dynamics a predictive theory. In contrast to the 
existing canonical framework described in Ref. 1 , we outline in the following how 
this problem can be tackled perturbatively from the spacetime covariant point of 
view. 


2. Perturbative diffeomorphism invariance 


Let M be a smooth 4-dimensional manifold that represents spacetime. The grav- 
itational field is described as a tensorfield G on M, i.e. as a section of a bundle 
Tp : F — M, with adapted coordinate functions (z",v4), where F C T7"M for 
some m and n. The equations we want to construct for G shall be given as Euler- 
Lagrange-Equations of an up to now unknown Lagrangian L : J! F — A*M, which 
is a bundle map from the first order jet bundle over F with coordinates (x"*, v4, vAp) 
to the bundle of volume forms on M. One of the key requirements we pose on the 
to-be-constructed gravitational EOM is the invariance under spacetime diffeomor- 
phisms. The action of Diff( M) on M extends naturally to F by pullback and can 
then be lifted to the first jet bundle in standard ways.? Doing so, given f € Diff(M) 
that acts on M, we can construct bundle automorphisms f, and j!f. that act on 
F and J'F, respectively. Diffeomorphism invariance of the theory is given if the 
Lagrangian is equivariant w.r.t. the lifted action on J'F and the action by pullback 
on A*M, i.e. for all f € Diff(M) it holds that: 


Lop f, = fol. (1) 
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On the Lie algebra level, (1) can be shown to be equivalent to the following set of 
first order partial differential equations for L:? 


0= Lim 
0 = LACH vp + L'4°CRr vep — L uan + Lóm (2) 
0 = LACCRI™ yp, 


where the constant tensor C7?" is obtained from the lie-algebra action of vector 


fields € on F, £p = £” ôm + CE"Vg50,,£"0^ and hence depends on the specific 
nature of G. Here and in the following we use the notation Lim :— ôm L, L^ := 04L, 
etc. Later on we are going to use the equivariance condition of the Lagrangian 
to explicitly construct gravitational EOM. It is then often advantageous to work 
directly on the level of the EOM. Given a Lagrangian L(x™, vA, vap) we obtain the 
corresponding EOM by applying the variational derivative to L and equating to 
Zero: 

e eh Dp 

ÓUA (3) 
D, := Om + VAm d UApm * o^, 


A s 
OE (2, 04. Vig Ass) = 


The EOM are now described by a function E^ on J?F. As consequence of (1) the 
EOM satisfy the following first order partial differential equation system: 


pen. 
0 =E“ P Opp vo + EA PROP vop — EAP up, 
+ BA BPC eM vop 2E SPP opos + EAT + E” Chn (4) 


0 =E BECSI yg ah BAB aK, E Ep^Be&s, 
0 — pA:Poxl EI) 


The problem of constructing diffeomorphism invariant theories for a given tensor 
field G is thereby translated into the equivalent problem of finding solutions to the 
equivariance equations (2) on the Level of the Lagrangian or the equations (4) on 
the level of the EOM. Details concerning the derivation of these equations can be 
found in Ref. 2. In most cases of physical interest, obtaining general solutions 
to either one of the two systems of equations is strikingly difficult. Therefore we 
are going to construct perturbative solutions, more precisely we are seeking power 
series expansions of the Lagrangian (or the EOM) that solve the equations (2) 
(or the equations (4)) up to the desired order.4 We choose an expansion point 
xo that is induced by the flat Minkowski metric Nap, ie. zo = (x",NA,0,..), 
where the coordinates Na = Na(nap) are functions of the flat Minkowski metric 
and the derivative coordinates are zero. This allows the perturbatively constructed 
theory of gravity to be interpreted as an expansion around flat Minkowski spacetime. 
Discharging any explicit «” dependency that is prohibited due to the first equation 
in (2) from the very beginning, the most general expansion of the Lagrangian is 
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given as: 
L- DEP (va — Na)(vs — Ng) + LAPB p UApUBa 
+ DAB) (va — Na)(vp — Ng)(vo — Nc) (5) 


+ LAMPE) vapvpg(ve — Nc) + O(4). 


Here any linear terms are neglected as they do not contribute to the EOM. Terms 
with an odd number of indices are neglected as these can otherwise be eliminated 
using a result that can be derived from the equivariance equations:? If the chosen 
expansion point is eta-induced, the expansion coefficients in (5), i.e. L&B |p, etc. 
are linear combinations of sums of products of n°? and e****, Inserting the induced 
expansion of the EOM into (4) and evaluating at zo yields a set of linear equations 
for the expansion coefficients that contribute to the EOM in linear order. Prolonging 
(4), Le. deriving with respect to the coordinates of J?F, inserting the expansion 
of the E^ and again evaluating at zo, we obtain a system of linear equations for 
the second order expansion coefficients. In total, by doing so we end up with the 
following set of linear equations for the linear order expansion coefficients: 


0— LAP CS Nc 


:Ap:Bq Cm 
L |, C5» No, 


(6) 
xs lois 


where ... — | oo denotes the total symmetrization in pgm for the whole equation. 
In quadratic order we obtain: 


== Brem cgm ES Gre CB™ Np H2pP€| (am = 2pm] óm 
zo Bn zo Bn zo ~ Bn zo n 


0— ga erem] ai + peee os qp UP] Con Np 

TP Ca + LAPen do i5 
0— maj ed - 2p^sP| CET 

+ P EUM u UM = ponasa lCBT Np 
0— ip OE Lee) Can Np 


Note that the complex quest of solving the PDE system (4) which guarantees dif- 
feomorphism invariance is now translated, at least perturbatively, into the much 
simpler task of solving a system of linear equations. Furthermore the presented 
equations take this form irrespective of the specific gravitational field G. The only 
quantity that depends on G is the constant tensor C317 that can easily be com- 
puted once G is specified. Solving this linear system can be simplified even further 
by again exploiting the fact that the expansion coefficients are built from r^ and 
ecd, We construct the most general such expression for each coefficient. These 
expressions obviously involve undetermined constants. Inserting into (7) yields a 
system of linear equations for these constants. 
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3. Examples of the construction procedure 


In the following we present two examples of the previously described construction 
procedure. 


3.1. Metric gravity 


Given the action functional of a Klein-Gordon matter field on a fixed metric back- 
ground 


Sica[®; gan) = A299", 90,6, (8) 


we want to construct a second order expansion of diffeomorphism invariant EOM 
for gap around Nab. Starting with the linear order equations (6), the first step is 
computing the most general expressions built from 7^ and e**** for the two linear 
expansion coefficients. Using the induced symmetries of these one readily finds that: 


(ay bd. (9) 


je =u: nnet Js me n 


In similar ways we compute the expression for L'%èP:eda with constants 11, .., V4. 
Inserting in (6) and solving for the unknown constants we get: 
Hj — 0, po —0 (10) 
V2 = —VW4, V3 = 2v4 v4 = —2n. 
Performing the same computation for the quadratic order expansion coefficients and 
the corresponding equations (7), we are left with one overall constant vı which is 
irrelevant once the EOM are equated to zero. Furthermore the two terms in the 
expansion of E^ that have no contributions of derivatives of gap are identically 
zero. Comparing the obtained quadratic order expansion of the EOM with the 
Einstein field equations we conclude that the two systems coincide. 


3.2. Area metric gravity 


As a second example we consider the action functional of general linear electrody- 
namics, in short GLED. The action is given as 


Sargp[Àm: Gated) = f dose, (11) 


where A is the electromagnetic potential, F = dA is the field strength, G is the so 
called area metric, a (0,4) tensor field with the symmetries Gated = Gedab = —Goacd 
and wg is a density of weight 1 constructed from G. The components of the inverse 


*In the following such terms are referred to as mass terms and the corresponding constants are 
called masses, whereas the remaining terms and constants are called kinetic terms and gravitational 
constants respectively. 
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area metric G2 are defined by G****G,., = 4b 8. We choose Nabed = Nachod — 
Ülad!]be — Eabed aS expansion point. With this choice, we recover—to zeroth order 
in the gravitational field—Maxwell electrodynamics on a Minkowski background. 
As before we construct ansátze for the expansion coefficients from r^ and €%°¢, 
Solving the equations (6) and (7) we obtain 3 masses and 7 gravitational constants 
in linear order, 5 additional masses and 36 additional gravitational constants in 


quadratic order. Details regarding this particular example can be found in Ref. 2. 


4. Causal compatibility of gravitational and matter field equations 


Apart from diffeomorphism invariance, the second crucial requirement that con- 
structive gravity poses on the gravitational dynamics is their causal compatibility 
with the given matter theory.! Physically meaningful matter theories have hyper- 
bolic EOM, i.e. given initial data on an initial data hypersurface in M, the EOM 
can be used to evolve this initial data and thereby uniquely predict the values of 
the matter field away from the hypersurface. Assuming this for the given matter 
theory, one can construct a certain polynomial function on the symmetric product 
S* (T* M), the so called principal polynomial of the matter equations P. From the 
vanishing set of P a convex cone in each T7 M is constructed. It can be shown that 
precisely those hypersurfaces that have at each point a co-normal vector lying in- 
side this cone are admissible initial data hypersurfaces. +4 If the gravitational EOM 
shall complete the given matter dynamics to a predictive theory, we must require 
that there exist initial data hypersurfaces that are common to both EOMs. This is 
certainly the case if the principal polynomial of the gravitational EOM has the same 
vanishing set as the principal polynomial of the matter theory. In the following we 
are going to explore how this additional requirement might or might not restrict the 
gravitational constants and masses that were obtained in the previous two exam- 
ples. We start with metric gravity. The principal polynomial of the Klein-Gordon 
theory is, up to an overall factor, simply given by 


Pxa(k) = g^ k,ky = n" kako — NEn’ heakaky + O(2), (12) 


where we introduced hab :— gab — Nab and expanded the polynomial in powers of 
hap. Computing the principal polynomial of the perturbative expansion of metric 
gravity obtained before, we find that 


Pretric(k) = TP hake cS nEn heakako)} s O(2). (13) 


Obviously this polynomial describes the same vanishing set as Pga. Hence we get 
no additional condition from the causality requirement. This is not too surprising 
as except from an overall gravitational constant there is no freedom left in the 
perturbative metric EOM in the first place. 
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The principal polynomial of GLED was first computed by Rubilar® and is given by 


1 
Pavgp(k) — gi e Emnpatrsi GI GPG Ka kg ok 


1 1 

= [L- An(H) - 5 A«(H) + z5;«(H)]m(k) -H (knk) c OQ) (14) 
1 i 2 

zD] - 5:809) + O02), 
where Habed := Gabea — Nau N(H) := qw Habea, e(H) := CP“ Hua, H(k) := 
nen? Havcakpkg, n(k) :— nPIkpkq and A is a constant that depends on the 
specific choice for the density wc. Note that, as we are only interested in the 
vanishing set of the principal polynomial, we can multiply a given polynomial with 
a non vanishing density of arbitrary weight. Such a density admits the general form 


= {[1 7 5404) - 54«(7) + 


T b 
zE) + 15«02) +00), (15) 
for arbitrary constants bı and b2. Multiplying (14) with such a density we see that 


perturbatively the GLED polynomial describes the same vanishing set as 


X =1+bı: (n(H)+ 


Poren (k) = X. POLED = {{1 = a — bin(H) — F(A — bı)e(H))+ (16) 
16 
: EP e(H))n(h) - PH) + O(2). 


The principal polynomial of the constructed, diffeomorphism invariant expansion of 
area metric gravity to second order is calculated as 


Pass = { [1 = FONE) - FCEH) + yD) - 5:80) +002), (17) 


7 
12:19" 
where C is an expression that depends on the gravitational constants of the theory, 
but not on Haj4.? Comparing (16) and (17) shows that, multiplying the GLED 
polynomial with a density with constants bj = A — C and b = i the two polyno- 
mials are products of the same factor and therefore describe the same vanishing set 
in O(2). Hence already the required diffeomorphism invariance fixes the principal 
polynomial of area metric gravity to the point where, perturbatively, the EOM have 


the same initial data hypersurfaces as those of GLED. 
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In the young field of constructive gravity, the gravity theory constructed from general 
linear electrdynamics has been frequently used as a physically meaningful text case for 
the entire approach. Based on a Newtonian approximation of area metric gravity, we 
use the rotation curves of low surface brightness galaxies to determine ranges for the 
gravitational constants in this weak field limit. Thus we are able to show that even by 
using very simple models for the distribution of visible matter in the galaxies, Newtonian 
area metric gravity yields reasonable rotation curves and consistent estimates for the 
gravitational constants. Area-metric gravity turns out to not be an alternative to dark 
matter, but to reduce the dark matter fraction and to remove the need for a distribution 
subtantially different from visible matter. 


Keywords: constructive gravity, rotation curves, dark matter, area metric 


1. Introduction 


The rotation properties of spiral galaxies have puzzeled astronomers for about 
100 years now.! Without the introduction of dark matter, Newtonian physics is 
not able to explain the flattened behaviour of the velocity curve for large distances 
from the centre. Until today, neither have dark matter particles been detected, nor 
has a modified theory been found which all by itself could explain all phenomena 
connected to dark matter. 

In this work, we will assess whether a modified theory using the constructive 
gravity algorithm yields flat rotation curves in a universe with area metric matter. 
We will also look for estimates on the gravitational constants under the assumption 
that gravity is not governed by general relativity but its area metric refinement 
instead. 


2. Newtonian Area Metric Gravity 


The constructive gravity programme offers a fundamental connection between the 
matter content of a universe and the dynamics of its spacetime structure. Indeed 
using the toolset given by the construction equations,” one may take a matter theory 
and construct the corresponding theory of gravity. 

Area metric gravity is constructed — in this fashion — as the gravity theory that 
underlies a refinement of Maxwellian electrodynamics, namely the general linearized 
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electrodynamics defied by the Lagrangian 
Laren = waG?9* Fag Fs, (1) 


with the tensor Ge??? = Gel?) being antisymmetric in the first and the second 
index pair and symmetric to an exchange of both pairs. To date, no general solution 
is known for the construction equations that one needs to set up for this matter 
theory in order to find the dynamics of the fourth-rank tensor geometry encoded in 
G. However, the equations have been solved for a linear perturbation around the 
standard metric geometry.” Ref. 2 also finds the 3D screen manifold action 


RN / dtr yapi À + mAQ()) + maus (0)363 
+ SAA) Yapi). (2) 


for the motion of a point particle with trajectory A(t) and mass m on a weak area 
metric spacetime, where the fields A(A) and Q(A) are found from the construction 
equations. Starting from this solution, many known phenomena can be reassessed 
to check for a possible realization of area metric gravity. Many astrophysical objects 
even do not require a full relativistic form as in eq. 2, but can be evaluated using 
a small velocity and weak field limit? 


Lgs GLED © —7 28A" ÀP + mA(A(t)) (3) 


with a point particle potential 


G 


dn 


A(r) = (1 + vete), 
that will be referred to as the ” Newtonian limit” further on. This Yukawa correction 
term introduces a gravitational length scale with the constant ju. 


3. Galaxy Rotation Curves 
3.1. Symmetric potentials 


To determine galaxy rotation curves, one needs to find the orbital velocities of test 
bodies within a galactic potential ®. For simplicity, the potential is assumed to be 
cylindrically symmetric around the axis of rotation. For a spiral galaxy, two basic 
types of models can be distinguished: Core-centered models use a spherical mass 
distribution with a disk of negligible mass, while disk models only contain a flat 
disk without a central bulge. 

'The rotation curves for spherical distributions can be calculated analytically, or 
at least symbolically, for a wide range of density distributions. As the shell theorem 
does not hold for the area metric correction, contributions from outside the test 


673 


mass orbit arise. We get the general expression 


AnvG Gal dr’ r'p(r’) sinh(ur) (4) 
ur E 


®[p](r) = €(M|,) — 


+sinh(ur) f dr’ Poj") 


for the sphere's gravitational potential? with ® being the standard Newtonian po- 
tential. Potentials of disklike distributions can be assessed by using a multipole 
expansion. Now the rotation curves may be calculated via the relation 


v = [m (5) 


3.2. Models and methods 


In this study three common spherical models were used. While the isothermal model 
is a simple model for a dark matter halo, the Hernquist and Plummer models are 
more realistic for visible matter distrbutions. The disklike approach was done with 
a Kuzmin disk. The following table shows the mass density distributions for the 
four models: 


Table 1. Models used for the galactic fits 


2 


Isothermal pr(r) = x 

: _ Ma 
Hernquist pH(T) = Qar(atr)> 
Plummer pp(r) = —— 


= 
4n(a2+r2)2 


Kuzmin disk px (z, R) = 6(z2) —““_, 
21(a?--R2)2 


Using the emcee Monte Carlo Markov Chain package,* galaxy rotation curves 
were fit to the velocity distributions of 22 low surface brightness galaxies from Ref. 5. 

Three such fits were performed. The first fit, with the weak field standard 
metric theory, was used for comparison and for generating starting values for the 
gravitational constants. The second fit, with the area metric corrections, yielded 
individual best fits for the 22 galaxies. The third fit, using the weighted mean of 
the best-fit values for the gravitational constants from step two, was done to check 
whether this mean generates consistent rotation curves. 


3.3. Individual galactic fits 


While only the isothermal sphere — and for some galaxies the Kuzmin disk — yielded 
adequate rotation curves, in the area metric regime all four models provide reason- 
able fits for the galaxies with a sufficient sample size (21 of 22). 
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For the fits using the weighted mean gravitational constants u and v, we find 
that most galaxies have a good fit in this parameter range (see Fig. 1). However, 
Hernquist and Plummer spheres show a bump in their rotation curves for small radii. 
In seven datasets this small bump is also present in the data, the other galaxies do 
not show this behaviour. There are two possible explanations. On the one hand, 
there might be no data available for such small radii where the galaxy shows this 
bump, on the other hand, this might be a sign for a misfit in the density model. 
'This could mean that the core behaviour cannot be described with these simple 
models or that some galaxies are more disklike and others are bulge dominated. 


Hernquist sphere model for U11819 Kuzmin disk model for U11616 
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Fig. l. Sample fits for a Hernquist and a Kuzmin model with area metric correction. 


3.4. Implications for area metric gravity 


'The four models provide reasonable fits for most of the low surface brightness galaxy 
data used. The isothermal sphere model reproduces the metric result with vanishing 
area metric correction. This was expected as the isothermal model already provided 
a good fit in the first run using Newton’s theory. 

However, in area metric gravity both density distributions that are close to a 
typical distribution of visible matter also yield reasonable results for rotation curves 
over the observable distance range without the need for some particular dark matter 
distribution. Furthermore, the total galactic mass within area metric gravity is up 
to 3096 lower in comparison to the metric results, reducing the amount of dark 
matter needed for explaining the observations. 

The weighted mean gravitational constants using the spread of the MCMC- 
samples gives results that differ by about two standard deviations from zero (see 
Fig. 2), except for the isothermal sphere result. The remaining three models yield 
comparable constants: 

Combining the results we find the guesses u zz 0.023 + 0.010 kpc^! and v = 
0.011 + 0.05 for area metric gravity. This is not yet a significant difference from 
zero, but shows a trend that is worth to be investigated further. 
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Table 2. Area metric gravitational constants for dif- 
ferent galaxy model fits 


eto, [h/kpc] vtop 
Isothermal n/a 0.000002 + 0.00010 
Plummer 0.025 + 0.014 0.017 + 0.009 
Hernquist 0.021 + 0.011 0.0021 + 0.0028 
Kuzmin 0.008 + 0.002 0.0044 + 0.0013 


Due to the exponential behaviour of the correction term, effects of area metric 
gravity are restricted to phenomena near the intrinsic length scale 1/, of the theory. 
Compared to the current uncertainty in Newton's constant, the correction does not 
play a role for phenomena four orders of magnitude off the intrinsic scale. This 
makes the Newtonian effects of area metric gravity basically unmeasurable in a 
laboratory. On cosmological scales, however, one would observe a slightly altered 
gravitational constant by a factor 1 + v, which makes the Newtonian limit of area 
metric gravity a MOND-like theory. 

The theory's scaling behaviour leads to another insight: If the intrinsic length 
scale is not within the range of galaxy diameters, the galactic dynamics would not 
be affected and area metric rotation curves would be the same as for standard 
Newtonian gravity. 


Plummer Sphere 


0.04} 


0.02 


0.00 


20.05 0.00 0.05 0.10 0.15 0.20 


Fig. 2. Weighted mean area metric gravitational constants for a Plummer sphere model. 


4. Outlook 


Several topics connected to the rotation curve issue should be inspected more closely 
in the future. On the one hand, the density distributions used are mostly based on 
random motion in a metric universe. These may not be stable anymore for an area 
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metric geometry which may introduce additional corrections. On the other hand, 
further phenomena should be used to determine better range estimates for the new 
gravitational constants. 

There are three areas of interest for a determination of the constants. The first 
is astrophysical phenomena based on linearized area metric gravity like the one 
presented here, including relativistic phenomena. The second area is effects based 
on symmetry reduced solutions. In particular, area metric cosmology has gained 
some attention so far, but has not been resolved yet completely. The third area is 
the inspection of the matter side. As matter and gravitational dynamics are linked, 
non-metric quantum effects may be used to restrict the complimentary gravitational 
constants. Ê 


References 


1. F. Zwicky, Helvetica Physica Acta 6, 1933 (2009). 

2. arXiv:gr-qc/1708.03870v1 Gravitational Closure of Weakly Birefringent Elec- 
trodynamics, 2017. 

H-M. Rieser and B. Schäfer and F. Schuller, in preparation, 2019. 
arXiv:astro-ph/1202.3665v4 emcee: The MCMC Hammer, 2013. 

S. McGaugh and V. Rubin and W. de Blok, Astron. J. 122, 2001. 
arXiv:hep-ph/1703.07183v2 Quantum signatures of ray-optically invisible 


QUIT uxo 


non-metricities. 


677 


Constructive gravity: Foundations and applications 


Frederic P. Schuller 


Department of Applied Mathematics, University of Twente, 
P.O. Box 217, 7500 AE Enschede, The Netherlands 
E-mail: f.p.schuller@utwente.nl 


Constructive gravity allows to calculate the Lagrangian for gravity, provided one previ- 
ously prescribes the Lagrangian for all matter fields on a spacetime geometry of choice. 
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1. Introduction 


Constructive gravity reveals a connection between matter dynamics and gravita- 
tional dynamics, which is deeper than previously appreciated. The key result! is 
this: Three physically mild conditions on a given action 


Smmatter|A,G) (1) 


for a matter field A (on which the action depends locally) on a geometric back- 
ground described by one or several tensor fields G (on which the action depends 
only ultralocally), suffice to derive a universal system of linear homogeneous partial 
differential equations whose coefficient functions depend on the given matter action 
and whose solutions provide diffeomorphism-invariant actions 


Sgeometry [G] (2) 


for the geometry that are causally consistent with the initially prescribed matter 
dynamics and must be be added to the latter in order to provide a closed system of 
equations for both the matter and the geometry. 

The mechanism behind this causally consistent closure of given matter field 
dynamics is simple. First, the matter dynamics unequivocally determine? — no 
matter how complicated the background geometry on which they are formulated 
and as long as elementary well-posedness and energy conditions hold — all ways in 
which the spacetime may be foliated into initial data hypersurfaces for the matter 
degrees of freedom. The only further step then consists in a straightforward techni- 
cal exploitation? of the requirement? that the geometric background be furnished 
with canonical dynamics that evolve the pertinent geometric degrees of freedom be- 
tween any two of the initial data hypersurfaces for the stipulated matter dynamics, 
thus making these the common initial data hypersurfaces for both the geometry 
and the matter fields. Without this requirement, no sustained prediction for the 
total matter-geometry dynamics could possibly be made. With this requirement, 
one has a condition so strong as to typically determine the action for the geometry 
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up to only a few constants of integration. After adding the thus obtained action for 
the geometry to the matter action, the resulting coupled field equations describe 
how the geometry is influenced by the presence of dynamical matter fields (which 
amounts to the generation of a gravitational field) and, conversely, how the motion 
of matter is influenced by the geometry (which amounts to the influence exerted by 
gravity on matter). 

The thus constituted constructive gravity program hence simply takes a mat- 
ter action as an input and provides a canonically compatible gravitational action 
as its output. Starting the program with standard model matter?, one obtains 
the Einstein-Hilbert action with two undetermined constants in place of the grav- 
itational and the cosmological constant. Starting the program, instead, with 
modifications of standard model matter, a correspondingly modified action for 
the underlying geometry can be obtained and provides the gravity theory for 
all geometric degrees of freedom that is selected by causal consistency. In any 
case, gravitational field dynamics are revealed to be à mere consistency condition, 
imposed by the entirety of matter field dynamics one postulates and tailor-made 
for the geometric background fields employed by the matter field equations. In pro- 
grammatic brevity, the philosophy underlying constructive gravity is: Matter first, 
gravity second. 


1.1. A previously not solvable problem 


In order to appreciate the far-reaching implications of what is said above, consider 
the following phenomenologically interesting observational scenario. Assume that 
future advances in radioastronomy reveal that electromagnetic waves propagating 
through vacuum regions of space suffer birefringence effects of various strengths, 
however small, while there is no indication at all that there would be any violation 
of the linear superposition principle in the observed energy range. This scenario 
presents one small step for the matter phenomenologist, but one giant leap for the 
gravitational theorist. It is easy for the matter phenomenologist, since the most 
general electrodynamics action that generates linear field equations on a tensorial 
background geometry takes the form? 


D scis |A, G) = n GE LI , (3) 


where A is the familiar electromagnetic gauge potential with the associated field 
strength F = dA, while G is an, at first arbitrary, fourth-rank tensor field and wg = 
(ciii GÀ" )71 is a weight-one scalar density constructed from it. The quadratic 
appearance of the field strength F and its two-form character render only those 
components of G relevant that conform to the algebraic symmetry conditions 


Gabed = edab and gobed = aren (4) 


while finiteness of the density factor imposes the open condition €;;,.G’7*' Z 0. Any 
observed birefringence effect can now be modelled in one way or another by suitably 
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adapting the 21 independent components of the tensor field G at each point within 
the spacetime region of the electromagnetic wave such as to fit the obervational 
data. Given the described hypothetical observations, this is certainly the correct 
classical matter model’. But in this form, it is yet of little predictive power, since 
both the location and strength of vacuum birefringence and further effects beyond 
Maxwellian electrodynamics entirely depend on the values taken by the fourth-rank 
tensor field G. Without a way to predict the values taken by the tensor field G, one 
is thus not able to predict the electromagnetic field either. 

The only way to predict the values of the geometric field G (up to equivalence 
under diffeomorphisms) with the least possible prejudice is to furnish G with dy- 
namics of its own, by extending the action (3) to the total action 


S[A, G] = S. |A, G) + Secometsy [G] (5) 


such that the stationarity conditions 


OO matter OS sonei [G] 2 Same 

Aa ó Gabed T bGabed 

recover both the phenomenologically enforced general linear electromagnetic field 
equations and the gravitational field equations. The central problem to solve in 
order to make this work, of course, is the identification of all physically consistent 
choices of the action $,.,,,,,[G] for the geometry. But finding the gravitational 
actions that can underpin given matter dynamics is the very problem solved by 


[A,G) 2 0 and 


[A, G) (6) 


constructive gravity. 


1.2. A familiar problem solved a century ago 


It will be enlightening to see how standard general relativity arises, in the philosophy 
of constructive gravity, from standard model matter. Other than for the previous 
example, the reader will not need to have mastered the general machinery described 
in this article in order to follow the steps of the constructive gravity program in 
some more detail for the present case, because one simply recovers known concepts 
from general relativity — even if from a slightly different conceptual perspective: 
all mathematical objects of the general theory reduce here to their familiar form. 
Simplifying as much as possible for the purpose of clarity, we consider the matter 
field action 


Saarel, g) = | d*xr/det g (g^ 8,90, — my”) (7) 


for a scalar field y and a second rank tensor field g, about which we do not need to 
assume anything a priori beyond the symmetry and non-degeneracy conditions 


g^ = 9" and det g £0. (8) 


In order to find the elementary well-posedness and energy conditions on the matter 
theory that need to be satisfied for the constructive gravity program to apply, one 
first calculates the principal polynomial of the postulated matter field equations in 
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each spacetime cotangent space (see section 2 for an outline of the general theory), 
which information is equivalent to the one held in an even-rank totally symmetric 
contravariant tensor field P. For the dynamics defined by (7), this principal tensor 
field happens to be of second rank and turns out to be given by 


pw = g” : (9) 


From the point of view of the general theory, it is a pure coincidence that this princi- 
pal tensor field P has the same rank as the fundamental geometry g and additionally 
that it is in fact identical to it. (That this truly is a coincidence is impressively illus- 
trated by the fact that for the previously considered general linear electrodynamics, 
the principal tensor field P«^c«* = Wemapetrei Ga A OG pole ghatu is found to be 
cubic in the fundamental geometry G underlying that matter theory and as a to- 
tally symmetric tensor certainly does not share its index symmetries, although it 
coincidentally has the same rank.) Indeed, some occurrences of the inverse metric 
in general relativity are in fact occurrences of the principal tensor field, while others 
are occurrences of the fundamental geometry. Failure to recognize this degeneracy 
as coincidental goes with impunity only in general relativity proper, but in fact 
lies at the heart of causality problems of various generalized theories of gravity and 
matter?. The general well-posedness and energy conditions!? that a matter theory 
must satisfy in order to be a viable starting point for the constructive gravity pro- 
gram boil down, in the present special example, to the condition that the principal 
polynomial P be of Lorentzian signature. That also the fundamental geometry g 
must have Lorentzian signature is only due to the very particular coincidence (9). 

It is obvious that for the previous subsection's general linear electrodynamics 
with its pertinent fourth-rank principal tensor P, a more general algebraic classi- 
fication than the signature classification of symmetric bilinear forms needs to kick 
in and that the implications for the underlying fundamental geometry G are even 
more intricate to extract, but ultimately obtainable?. From a practical point of 
view, here and in general, one may perfectly ignore the rather extensive theoretical 
machinery running in the background and write down the the so-called gravita- 
tional closure equations (in either functional differential or partial differential form) 
— which determine the desired gravitational Lagrangian within the constructive 
gravity program and are informed by the assumed matter theory — by ultimately 
employing only the pertinent fundamental geometry and the calculated principal 
polynomial in the coefficient functions of the closure equations. Their solution? 
for the present case of Klein-Gordon dynamics on a Lorentzian background yields — 
without any a priori knowledge of metric geometry whatsoever — the two-parameter 
family 


S RM. [g] =k d^r4/det g (R — 2A) (10) 


of gravitational actions, which one recognizes as the Einstein-Hilbert action 
with both the gravitational and cosmological constant left to be determined by 
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experiment. The Ricci scalar, or rather its definition in terms of the metric, arises 
automatically in the solution of the closure equations, which are just informed about 
the matter dynamics though the principal polynomial of the latter and indeed the 
underlying fundamental geometry. In the parlance of the constructive gravity pro- 
gram, Einstein-Hilbert gravity arises as the gravitational closure of Klein-Gordon 
theory. The same result is obtained by starting from Maxwell theory or indeed the 
entire standard model?. 


2. Principal polynomials of matter field equations 


We now turn to an exposition of the general theory, for which the previously men- 
tioned examples present just special cases. 

Starting point of the gravitational closure mechanism is a matter action of the 
form 


Saanel A, G) = f, dtz £(A(x), OA(x),..., OPA(z), G(£)), (11) 


where £ is a scalar density, A is a smooth GL(4,R)-irreducible tensor field (or, 
more generally, a finite collection of various such) representing the matter whose 
dynamics is determined by Smatter and G is a smooth tensor field (or, again, a finite 
collection of various such), to which we will refer as the geometry on the smooth 
four-dimensional manifold M. Note that we assume that our matter actions depend 
locally on the matter fields and ultralocally on the geometry. 

Variation with respect to the matter field A yields the tensor-density equations 
of motion 


o You (2), GG]às, +++ Ban AN (a), el 


where AM (zx) indicates components with respect to the GL(4,R) representation 
space in which A(x) takes its values at any point x € M and the Q are N+ 1 
coefficient functionals with local dependence of A and G. For field equations that are 
linear in their highest order derivative term, the corresponding coefficient functions 


QN ^ (G(2)) (13) 
do not depend on the field A at all, and only ultralocally on the geometry G. In 
order to avoid inessential technical complications, we restrict attention here to such 
matter models. 

We first discuss the case in which the field equations (12) do not feature any 
hidden integrability conditions, which could otherwise alter the highest derivative 
coefficient functions. In this straightforward case, the causal structure of the mat- 
ter field dynamics is encoded entirely in the functions (13). In particular, well- 
posedness for the matter field dynamics described by Smatter on a fixed geometry 
(M, G) — in other words, the question of whether one can find a suitable foliation 
of spacetime into hypersurfaces such that prescription of initial field data on one 
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such hypersurface suffices for the dynamics to predict the data on another, neigh- 
bouring, such hypersurface such that the resulting spacetime matter field solves the 
field equations — requires that the a-solution space of the infinite frequency limit 
Wentzel-Kramers-Brillouin condition 


OCG ka. -kaya™ =0 (14) 


is at least (S+1)-dimensional, where S is the dimension of the gauge orbits featured 
by the matter theory!. It can be shown!!! that this condition can always be 
written as a polynomial condition 


Pas P (2)k k =0 for k € TM, (15) 


ea *aeg P 


where Pis P(x) are the coefficient functions for some totally symmetric tensor 
density P of weight one. Since this is a homogeneous condition we may and will 
regularly de-densitize this condition by use of some meaningful scalar density that 
can be constructed ultralocally in terms of the geometry G and then denote the 
resulting totally symmetric tensor field by P. Since, in the language of the theory 
of partial differential equations, P(x) is the principal polynomial (in the cotangent 
fibre variable k) of the field equations (12), we refer to P as the principal tensor 
field. 

In the presence of hidden integrability conditions — which are only revealed by 
systematically repeated differentiation and elimination of the equations that were 
originally obtained by variation — the highest order coefficient functions may be 
altered once the integrability conditions have been made explicit. The simplest 
example illustrating this is the system 


Ar + Ay =0 and  A,4 A, —0, (16) 


for which only differentiation and elimination reveals the contained implication 
Azz — Ayy = 0, which crucially alters the highest order coefficient functions of 
the equations of motion (even making them into a non-square matrix) and hence 
the calculation and final form of the principal tensor. 

Extending a given system of partial differential equation, such that all hidden 
integrability conditions are made explicit, is achieved by the Cartan-Kuranishi al- 
gorithm 2. 
which is then termed involutive, one may then calculate the principal tensor, by a 


From the highest order coefficient functions of a so obtained system, 


slight generalization of the prescription given before for systems without hidden in- 
tegrability conditions. The algorithm for taking equations of motion ®g[A] = 0 for 
fields u™ into involutive form revolves around repeated calculation of the so-called 
geometric symbols 


0o 
(My)an" = aXX lA] for q =r +++ + Vaim M, (17) 
OAN , 
where the derivative A“, with respect to the multi-index v = (w,...,Vaim M) 


denotes the q-th partial derivative 01! 07^ ... 04,4 AN of the field component AN, 
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for q being the currently highest derivative order of the intermediate system of 


equations generated in each step of the now easily performed Cartan-Kuranishi 
algorithm: 


(1) 


Having calculated the components of the the geometric symbol for the current 
set of equations (starting with the initially given set of equations if no other 
set has been generated yet by the algorithm), they are arranged into a matrix 
M, whose rows are labeled by the index B and whose columns are labelled by 
the combination of the indices M and v. The only rule for how this labelling 
is done is that the resulting column indices (non-strictly) decrease in the class 
1 < c(v) € dim M of the multiindex v, which is defined as the smallest i for 
which v; is non-zero. The actual calculational step then consists in taking the 
thus constructed matrix to row echelon form by judicious linear combinations of 
row vectors only. For any i = 1,..., M one then reads off the set of coefficients 


ge := number of pivot elements in all columns of class i. (18) 


Prolongate the current system, i.e., combine it with all dim M possible first 
order partial derivatives of each of its current equations and calculate the matrix 
M41 for this prolongated system. This allows to determine whether the system, 
as it was before this last prolongation, is pre-involutive. This is the case if the 
beta coefficients satisfy the pre-involutivity condition 


dim M 

XO ip = rank(Mg41). (19) 

i=1 
If this is not the case, consider the just calculated prolongated system the new 
current system and return to the first step with the thus updated system of 
equations. It is guaranteed that the above equality will be satisfied after a 
finite number of iterations on steps 1 and 2, in which case one then proceeds to 
step 3. 
Consider the prolongated system that has just been calculated to confirm that 
the pre-involutivity condition of step 2 has been satisfied, but still consider 
the unprolongated system as the current system. If no integrability condition 
(an equation of equal or lower derivative order than the current system that 
is linearly independent of the latter) can be derived from the prolongated sys- 
tems, the current system is called involutive and the algorithm terminates. If, 
however, integrability conditions are found, they are appended to the current 
system and the such extended system is handed as the new current system to 
step 1 of the algorithm. It is guaranteed that after a finite number of iterations 
of steps 1, 2 and 3, the algorithm terminates. 


Application of the algorithm to the system (16) yields beta-coefficients pe — 2 and 


pe = 1 and rank 3 for the prolongated system, which identifies the initially given 
system as already pre-involutive in step 2. Since the prolongated system, however, 
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turns up the integrability conditon Azz — Ay, = 0, the system is not involutive 
yet. Adding the integrability condition to the original system and repeating steps 
1 and 2 one obtains the new beta coefficients po — 2 and geo = 1 and rank 4 
for the prolonged system. Thus the original system extended by the found integra- 
bility condition is found pre-involutive in step 2 and one indeed finds no further 
integrability condition in step 3. Thus 


Az + Ayy — 0 and Ay + Ay; = 0 and Ag, — Ayy =0 (20) 


is the involutive form of the original system (16) as obtained by the Cartan- 
Kuranishi algorithm. 

For equations of motion ®g[A] = 0 that follow from a matter action by variation, 
but are not already involutive, a slight adaptation of the calculation of the principal 
tensor is required, since the principal symbol 

Tay (k) = » well)" +++ (kaim ma)“ ™ (21) 


vit +Vdim M=] 


of their involutive form ®z[A] = 0 — where the index B now not only covers the 
range of the original B but also all the additional equations that had to be added in 
order to achieve involutive form and @ is the highest derivative order encountered in 
the involutive system — generically constitutes a non-square matrix T(k). In any 
case, the principal tensor density can be shown the be determined in this case by 
taking the determinant of the Gramian matrix of T(k), 

Pace Bh. +++ ka aB T det(T*(k)T(k)). (22) 


d 


Note that the Gramian matrix is a square matrix whose rows and columns are 
labeled by some GL(4, R) representation, so that its determinant transforms as a 
scalar density of the appropriate weight. 

For technical reasons, and since it does not affect the information encoded in the 
principal scalar density P(k), whether obtained from (15) or more generally from 
(22), we will not only routinely de-densitize it by multiplication with a suitable 
density factor, but also reduce its degree as much as possible by dropping repeated 
factors, so that 


P(k) = w@ PP (k) P^ (k) -- Pr (k), (23) 
where m is an integer and n1,...,n# are positive integers while P,(k),..., Pr(k) are 


irreducible polynomials in k that transform as scalar fields for any substitution of 
a covector field k, gives rise to the reduced principal tensor P uniquely determined 
by 


os a := P,(k)P>(k)-++ Pp(k) . (24) 


* “adeg P 
Only this reduced form of the principal tensor P will play a role in constructiuve 


gravity and will simply be called the principal tensor of the matter field equations 
in the following. 
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3. Kinematics induced by matter field equations 


Three technical conditions on any given matter field equations must be satisfied 
in order to derive a complete kinematical interpretation for the underlying space- 
time geometry. They all concern the principal tensor P of the matter field equa- 
tions obtained from an action $,,.,[A, G), and thus implicitly impose conditions 
on the geometric tensor G in terms of which P is expressed. Physically, these 
conditions correspond to classically hardly negotiable necessary requirements for 
the field equations and their geometric optical limit, namely that (a) there exist 
initial data surfaces for the field equations, (b) the spacetime structure can be in- 
terpreted in a temporal-spatial way and (c) that the spacetime structure allows for 
time-orientability and corresponding energy-orientability. Technically, these physi- 
cal conditions amount to 


(a) The homogeneous polynomial P, : T7 M — R defined in terms of the principal 
tensor by k ++ P^" P(r)k, +++ Kageg p at each point x of the manifold M 
must be hyperbolic. This means, by definition, that there exists some h € Tz M 
with P,(h) #0 such that for all q € T7 M the equation 


P,(q+ Ah) 20 (25) 


possesses deg P real solutions A1,..., Adeg p, counting algebraic rather than ge- 
ometric multiplicity. One can show that if h satisfies the above condition, then 
there is an entire connected set of such vectors which constitute an open and 
convex cone C, (Ah), the so-called hyperbolicity cone of P, that contains h. Note 
that the hyperbolicity cones are uniquely determined by the principal tensor 
and that the latter has been uniquely constructed in terms of the spacetime 
geometry G, in a way that is crucially informed by the particular equations of 
motion of the matter field A, but is functionally independent of the latter. 
Clearly, one can choose any other covector h’ in this hyperbolicity cone as an 
alternative representative, since C,(h) = C;(h’). Moreover, since —h satisfies 
condition (25) if and only if h does, but since P(h) Z 0, —h does not lie in the 
same connected component as h and thus C,(h) n C,(—h) = 0; thus there is 
always an even number of hyperbolicity cones at each point of spacetime. A 
time-orientation of the spacetime is chosen by prescription of some smooth and 
everywhere hyperbolic covector field n, which singles out one particular cone 
C, :— C, (n,) at spacetime point x. We call these cones the local observer cones, 
since they contain all possible conormals (which set one may geometrically think 
of as all possible tangent hyperplanes) to initial data hypersurfaces through the 
respective spacetime point to which they are attached. This, indeed, is the 
relation to the question of well-posedness of the field equations. 

We impose a positive sign convention, which will come in handy later on, namely 
that P,(C;) > 0 for all x € M. If this does not hold in the first place, then 
we necessarily have P,(C,) < 0 for all x € M, due to the continuity of the 
time-orienting hyperbolic covector field n, and the continuity of the principal 
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— 


tensor field P, so that replacing the principal tensor P by —P, which has no 
effect on the hyperbolicity condition, arranges for the desired sign. 

The dual polynomial Pf : T,M — R, which is uniquely determined by a given 
hyperbolic polynomial P, : T7 M — R up to a non-zero factor (which turns out 
to cancel for any use the dual polynomial is put to) must be hyperbolic. The 
dual polynomial P# of a hyperbolic polynomial P, = (P1), -- - (Pr),, which is 
decomposed into mutually different irreducible factor polynomials Pi,..., Pr, 
is defined as the product 


PF = (PE +++ (Pre (26) 


of the duals of these irreducible factors. Thus it suffices to define the dual 
polynomial Q** associated with an irreducible polynomial Q, namely as the 
likewise irreducible polynomial for which 


Q#(DQ.(k)) — 0 holds for all k € T*M with Q,(k) = 0 and DQ,(k) 40, 

(27) 
where DQ, denotes the derivative of Q, with respect to the cotangent space 
fibre at z. The very existence of the dual polynomial Pf hinges on the hy- 
perbolicity of P,, which is equivalent to the hyperbolicity of each irreducible 
factor polynomial. The immediate physical relevance of the dual polynomial is 
revealed by the real projective relation 


[DP ([DPz([k])])] = [k] (28) 


for all k € TZ M with P,(k) = 0 and DP,(k) Z 0 and DDP,(k) 4 0, where 
[-| denotes projective equivalence, since it reveals that any projective P,-null 
covector [k] (safe such on an exceptional subset of measure zero) is bijectively 
mapped to a projective vector [DP ([k])], with the inverse map given by [DP]. 
Due to the generic non-linearity of these maps, this is highly non-trivial. In 
physics language, however, it establishes a easily understood fact: for each P*- 
null ray direction, which emerges in the geometric-optical limit of the underlying 
hyperbolic matter field theory, there is a unique P,-null wave surface and vice 
versa. We will refer to P,-null covectors also as massless momenta. 

The positive energy cone E; at each point x of the spacetime M is defined for 
any hyperbolic principal polynomial P, with hyperbolic dual polynomial Pf, 
as required by conditions (a) and (b), as the closed convex cone 


Et := {e € T: M |e(X) > 0 for all X € £;!(C,)). (29) 


'The physical rationale for this definition is clear: a massless or massive momen- 
tum p can only be said to be of positive energy if all observers (represented here 
by all possible oberserver worldline tangent vectors X) agree on the sign of the 
respectively seen energy e(.X). Any massive momentum p, as defined under (b) 
above, is automatically of positive energy, by construction of C#. 

'The final condition on the principal polynomial, and thus the underlying space- 
time geometry G, is that any massless momentum p at some point x € M must 
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lie either in the positive energy cone E or the negative energy cone EZ. This 
energy distinguishing condition is physically required, since it is necesary to 
have all observer agree on whether a decay that involves a massless particle is 
kinematically possibly or not. 

'Together with the previously adotped hyperbolicity condition on the dual poly- 
nomial P7, the energy distinguishing conditions allows to unquely identify the 
hyperbolicity cone C# C T,M of P# for which the observer cone C, C £,(Cf ), 
where ly denotes the invertible Legendre map 


1 DP#(X) 


ls: CF > h(C#) CTM, Xe- a 
deg P? Pi (X) 


The corresponding restriction of the inverse ¢;! of this map to the observer cone 
C, is physically easily understood as the bijective map between the massive 
momenta p of mass m at the point x € M, which are characterized by p € C; 
and P,(p) = m38 P for some positive mass m, and the tangent vectors £7! (p) 
of their respective worldlines. 


Matter dynamics satifying the above three conditions impose the kinematical inter- 
pretation of the spacetime geometry (M, G), with the relevant information coming 


from the matter dynamics being encoded in the principal polynomial. The three 


kinematical constructions of immediate practical importance are 


(1) 


A local observer is given by a curve e : (a,b) — LM in the spacetime frame 
bundle r : LM —» M such that (i) the first frame vector eo(A) lies in the 
Legendre dual Force x (Coe 39) of the cotangent space observer cone for all 
A € (a,b) and (ii) the other frame vectors e1(4), e2(4), e3(4) are Legendre- 
orthogonal to e9(A), which is to say that they lie in the kernel of £45.) (3) (€0(A)) 
for every A € (a,b). Physically, this means that for every point of every initial 
data hypersurface, one can find a local observer whose worldline 7 o e pierces 
the hypersurface at this point and whose worldline tangent vector eg is Legen- 
dre orthogonal to the hypersurface's tangent directions. These latter tangent 
directions are the purely spatial directions seen by this particular observer. 

A first order action for the worldline x : IR —> M of a massless point particle 
is immediately implied by the dispersion relation P(k) = 0 that must hold for 
the momentum of such a particle, namely 


S, aes k, i] = J dA [ka 094) — n) Ps o (09)] (31) 


where u is a Lagrange multiplier. But solving the corresponding equations of 
motion requires solving for k. By virtue of the inverse Gauss map [DP*] and 
the homogeneity of P*, one can indeed solve for k = oD P* in terms of another 
Lagrange multiplier ø (which absorbs the projective scaling ambiguity). En- 
coding this elimination directly into the action one finds the equivalent second 
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oder action 
S ael o] = f ddoQ)PS GOD), (32) 


which can be straighforwardly varied without knowledge of the generically non- 
linear kinematical machinery running in the background. 

(3) For massive point particles, the same philosophy applies, but entirely different 
mathematics are at work. Instead of projective algebraic geometry and projec- 
tive Gauss maps, as for the massless particle, it is now convex analysis and the 
Legendre map and its inverse that play the crucial role. Also in this case, an 
obvious first order action 

Sdn] = f dd [DO - i0) eo) (E) 6 
leads to the problem of inverting a non-linear velocity-momentum relation, 
which is now achieved by virtue of the Legendre map k = m4, (i/(A deg P*)), 
which can be used to arrive at the equivalent second order action 


S cade J P GO r, (34) 


It is instructive to note how the kinematics of standard general relativity follow from 
the above general theory, starting from even the simplest possible field dynamics 
one wishes to have available on a Lorentzian metric manifold of signature (4- — ——), 


Sc marver(9] = | d'zv/— det g(x) (9* (x)0.ó()0yó(z) — m^? (z)) (35) 


whose equations of motion yield a second rank principal tensor field with compo- 
nents P*^ = 9*5. so that hyperbolicity of P is equivalent to the supposed Lorentzian 
signature of the metric. The hyperbolicity cones of Py at each point x are two dis- 
joint open convex cones of covectors k for which g2? > 0 and a time-orientation iden- 
tifies one of them as the observer cone Cy. The positive sign convention P,(C.) > 0 
is immediately satisfied because of the mainly minus signature chosen for the metric. 
The dual polynomial is PE = gap and the projective Gauss maps [D° P(k)] = [g?^k;] 
and [D?#(X)| = [ga»X°] simply raise and lower the index and are linear in this 
simple case. The positive energy cone is the closure C; of the observer cone, and 
thus indeed captures all massive momenta contained in C, and all massless mo- 
menta on the boundary OC, that is not part of the open cone C, and none of 
the momenta in —C, are captured. The Legendre map and its inverse evaluate to 
(.(X)) = —gasX"/gma X" X" and (£;!(k))* = —g9*^ky/g"" kk, yielding pre- 
cisely the velocity-momentum relation for massive particles and reveal the gener- 
ically required Legendre orthogonality of purely spatial observer frame vectors to 
the temporal frame vector as simply their Lorentzian metric orthogonality in this 
simple case. The general action for massless and massive particles reduces to the 
known actions in general relativity, 


S assess, 0] = J dA o(A)gav(a(A)) EE (A)& (A) 
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and 


Seas | dix EE 


The general theory presented before generalizes these cornerstones of general 
relativity to generalized tensorial spacetimes, in a way that is informed by the 
specific matter dynamics one stipulates on the given spacetime. From this point of 
view — which is indeed the view taken by Einstein when he distilled the kinematical 
lessons conveyed by Maxwell dynamics into the spacetime structure and its inter- 
pretation — the kinematical interpretation of a spacetime geometry (M, G) cannot 
be extracted from, or be assigned to, the geometry per se. Indeed, had we not 
chosen Klein-Gordon theory (or any other standard model field) as the matter field 
theory on our Lorentzian manifold, but instead, say, a Proca theory with quartic 
self-interaction, we would have obtained a vastly different kinematical interpreta- 
tion of the very same Lorentzian manifold. In essence, the kinematics impressed on 
a geometry follows only from the triple (M, G, Smatter| 4, G)). This is an insight that 
was so far essentially ignored in the overwhelming majority of attempts to construct 
gravity theories beyond general relativity. 


4. Gravitational closure 


Consider a foliation of the spacetime M into initial data surfaces, described by a 
one-real-parameter family of smooth embedding maps X, : X —> M, where X 
is a smooth three-dimensional manifold such that the image X,(X) is an initial 
data surface for the matter theory. We now define projection frames by choosing 


coordinate maps y^, for a = 1,...,3 on X, whence we obtain a spacetime tangent 
basis 
- a 
colto) = umi) and  ealt,o) = Xul ( g) ) (86) 


along each embedded hypersurface X,(3), where each n(t, o) is a spacetime covector 
field normal to the hypersurface and normalized with respect to P*, 


n(to)(es(t,o)) 2-0 and Pf. jl (n(to)) 1. (37) 


Employing this frame e,(t, c) and the unique dual frame e(t, o), we obtain an obvi- 
ous projection of the spacetime geometry G to several one-real-parameter families 
of induced tensor fields on X. For a geometry dexcribed by a (1,3)-tensor field, 
for instance, we obtain eight one-real-parameter families of tensor fields on X with 
valence (0, 0), (0, 1), (0, 1), (0,2), (1,0), (1, 1), (1, 1) and (1,2), namely 


gi” (c) = Gx, cy (P(t, 0), e(t, o), er (t, 0)) (38) 


for Par € (999,994, 950, 954, “00; "04, "0, %87}. Analogously for geometric tensor 
fields of different valence or even several such tensor fields of various valences. It 
proves useful to notationally collect the occurring index combinations in one calig- 
raphy index A, such that we can write g/'(c). Analogously, the dual P* of the 
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principal tensor field yields deg P* + 1 one-parameter families of totally symmetric 
covariant tensor fields pya,...,(7) for n = 0,1,...,deg P*. An important point 
is that our projection frames are constructed such that the first two projections 
always take the values 


pi(o) — 1 and p:^ (c) — 0. (39) 


But since the dual of the principal polynomial is given ultralocally in terms of the 
spacetime geometry, one can write these two induced tensor fields, in particular, as 
functions of the induced geometric fields, 


p(s)-— »(g'(c) and  pW*(c)- p° (gi'(o). (40) 


Thus the properties (30) impose a (generically non-linear) algebraic relation between 
the pee fields g/*. While these are automatically satisfied once the definition 
of the gf are amei they become non-trivial if one turns to the canonical view of 
dynamics, which no longer considers the spacetime geometry G as the fundamental 
variables of the theory and the projected fields g^ as derived quantities, but pre- 
cisely the other way around. This change in perspective is reflected by introducing 
tensor fields gi on X whose tensorial structure mimics that of the projections p^ 
including the algebraic index symmetries the projections once inherited from the 
spacetime geometry, but are functionally no longer related to the spacetime geome- 
try. But then the generically non-linear conditions (39) must be imposed explicitly 
as 


P(g(c))=1 and  p*(gf(o))=0, (41) 
since they no longer follow automatically. But instead of dealing with such non- 
linear constraints, we introduce generalized configuration fields yt, ..., p” on X and 
parametrization maps g4(¢!,...,¢") such that the tensor fields 

Gf — 9^ (01... OF) (42) 


generated from from one-real-parameter families of these configuratiomn fields sat- 
isfy the linear symmetry conditions and generically non-linear frame conditions (39) 
while the configuration variables diffeomorphically parametrize the remaining de- 
grees of freedom. The latter is ensured by requiring also the existence of inverse 
maps Q^ with for A — 1,..., F, such that 


9^(9^(g)— g^ and PAGAY) =", (43) 


from which the important relation 
OG üg^ A 
puis x E —ó 44 


follows. 
With the above preparations made, we can now calculate the two coefficient 
functions F^, (v) and M47(~) of the countable set of linear homogeneous partial 
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differential equations that must be solved in order to obtain the gravitational actions 
that are causally consistent with the given matter field dynamics. The first of these 
coefficients can be read off the right hand side of 

(9(9)) =: N"8,o^ + INF (o), (45) 


^A 
^A p 
(Lyg) (P) gga 


where N is some vector field on X. The second one is calculated directly from 


Ge” 007 


M^" (o )= 88. Ba, X« aga A (9(0)); 


(46) 
which is easily calculated by expressing g^ in terms of the spacetime geometry G 
(for which 0G/90, X^ vanishes) and using the relations 


ðe 1 empoy 
00,X^  1— deg P# a? 
Oe™ 
Emir 48 
00, X^ Boe ) 


CIOE 47) 


T = —éeq, , 49) 


1 A 
38X” aem T deg P$ mea” (GP). 50) 
^Y 


The key result! of constructive gravity is that the gravitational dynamics for 
the spacetime geometry are given by the action 


Seeometry [Got Ne, Na) = | dang (ve, Klee, Ne Nil) (51) 
where 
: 1r. 
K^[o, N, N] = x (6 — (9,N)M ^l] - N*Oyp4 + (8,N")F^,"(g)) (82) 


and the scalar density - of weight one is a functional of the y and a function of 
the K that is determined by the gravitational closure equations, which in functional 
differential form are just the two following equations 


a 6.2 (x) : DE -L (x) , By 
0 = KV) + 0,5.) KEW) Male) rg n) 0, (Sr) C) 


+ dy PZ (0) [ len P — 1)7 Pt F^, — MPM MAP] (0) (0,35) (9) 
aL ; 
aka 2)|(degP* — 1) ip? (8,9 + BP) 


+ô, (M* [al AI. B) |) (0,05) (y) 


= ŽE o) KA(y) (152 + FP 7a) Q(0,5,)G) 
- K^(y)à, SS (y) FP, alv)dy(2) 
OL 


- (KAZE - 2) wade 2, (KAZE - 2) bale) 


ðZ (y) ðL (y) 

A A A 

+ (89^ + Fu y) (2) jo (z) + FQ (z)8, Fre! (x), (54) 
where the shorthand Q.4% 9N := 0Q/00a,...an p^ has been used in both. Solving 
these equations for .Z then completely determines the gravitational action (51) that 
provides dynamics for the geometry employed in the matter action which is causally 
consistent with the initially stipulated matter field dynamics. 


5. Solution techniques for gravitational closure equations 


General gravitational closure. While it is straightforward to set up the gravi- 
tational closure equations for any matter field action on any tensorial background 
geometry — as long as the principal polynomial of the resulting matter field equations 
of motion satisfy the three physicality conditions, which may require restriction of 
the geometry — it appears generically prohibitively hard to solve this countable set 
of linear homogeneous partial differential equations. 

A notable exception is provided by standard model matter on a metric back- 
ground. The restriction on the geometry, which makes the standard model fields 
satisfy the physicality conditions, boils down to the metric having Lorentzian sig- 
nature. In this case, the closure equations are not only set up as swiftly as in any 
other case, but they can also be solved without further assumptions. 

Maybe the difficulty to solve the gravitational closure equations for other matter 
models of physical interest, such as general linear — and thus birefringent — elec- 
trodynamics, is in part due to an unfortunate choice of field parametrization (42) 
of the field degrees of freedom. A well-considered choice of parametrization might 
render a general solution less difficult. 

'The most promising line of attack, however, is to better understand the struc- 
ture of the closure equations themselves. A theoretically invaluable step would be 
to take them to involutive form, maybe in general and maybe case by case. At 
any rate, this would allow, for instance, a direct calculation of the dimension of 
their linear solution space. This dimension would then of course be equal to the 
number of physical constants that remain undetermined by constructive gravity 
and must hence be measured in experiments. While this number is 2 in the case of 
standard model matter — corresponding to an undetermined gravitational constant 
and an undetermined cosmological constant — we know that it is at least 11 for 
the gravitational theory that underlies general linear electrodynamics. Clearly, any 
gravitational theory with infinitely many undetermined constants is non-predictive 
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in general, although the number of relevant constants might become finite under 
special circumstances, such as symmetry assumptions. 

From a practical point of view, however, a general solution to the gravitational 
closure equations for some given matter dynamics beyond the standard model is 
not required. For even if it was available, it would give rise to field equations that 
are at least as difficult to solve as Einstein's equations. At that stage, these elusive 
general gravitational field equations would have to be solved either by symmetry 
assumptions or perturbation theory. The obvious idea is to implement any desired 
symmetry assumption or perturbative technique already at the level of the gravita- 
tional closure equations. This is not entirely straightforward, and the following two 
subsections briefly outline the problem an the solution. 


Symmetric gravitational closure. Since the gravitational closure equations 
yield a gravitational action, any implementation of a Killing symmetry 


£kG —0 


for the pertinent tensorial spacetime geometry at the level of the closure equations, 
if properly implemented, will be passed down to the action. 

But this means that variation of the action, with the aim to obtain the grav- 
itational field equations, must now be performed with respect to the symmetric 
field configurations that appear in the already symmetry-reduced action. Think- 
ing of variation in field theory as a competition between a candidate field and 
slightly deformed competitors, one notes that the competition is severely limited 
by only considering competitors that also already satisfy the imposed symmetry 
condition. It is thus clear that variation of a symmetry-reduced action produces 
weaker symmetrized field equations than variation of the full action and subsequent 
symmetrization would have. This is the known issue of symmetric criticality!’ and 
further useful necessary and sufficient conditions for when a symmetry reduction at 
the level of the action yields the correct field equations have been identified !^!5, 

It is clear from the above discussion that the implementation of spacetime sym- 
metries at the level of the gravitational closure equations is possible under precisely 
the same conditions that apply to their implementation at the level of an action. 
Symmetric gravitational closure is discussed and illustrated in!6, where it is shown 
that one obtains the Friedmann equations as the cosmologically symmetry-reduced 
gravitational closure of standard model matter dynamics, without ever having to 
know Einstein’s equations. 

For matter models beyond the standard model, the simplification of the corre- 
sponding gravitational closure equations are tremendous!” and thus put a solution 
in reach, see the contribution by Düll to these Proceedings. 


Perturbative gravitational closure. Perturbative solutions of gravitational clo- 
sure equations my be performed under precisely the same assumptions that render 
them meaningful at the level of the equations of motion. Since the action needs to 
be known, roughly speaking, to second order if one wishes to derive field equations 
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that are valid to first order perturbations, care needs to be taken in the determi- 
nation of terms that can be dropped or not. In practice, this is based on a subtle 
interplay of the order to which the coefficient functions of the gravitational closure 
equations must be expanded, the number of derivatives that act afterwards and the 
resulting overall order of a particular closure equation. 

The perturbative treatment yields the 11-parameter weak gravitational field 
18 as well as the interesting 
bimetric gravity theory as it underlies the only superficially trivial matter model 
of two Klein-Gordon fields that couple to two different Lorentzian metrics, see the 
contribution by Wierzba to these Proceedings. 


equations that underlie general linear electrodynamics 


6. Applications 


Birefringence in the weak gravitational field of a point mass. The pertur- 
bative gravitational closure of general linear electrodynamics, which served as our 
opening example for a problem that was previously not solvable, yields a spacetime 
geometry 


(cd — Qnwlen al? = cubed a pobed 


that describes the gravitational field not too close to a point mass m with the per- 
turbative deviation H *^** from Minkowski space H%°¢ given int18. No birefringence 
is seen, to first order perturbation theory, where and only where !? 


1 
HU HS - Destine” a (55) 


holds to second order. Thus allowing for birefringence in principle, the weak gravita- 
tional field generated by a point mass indeed generates birefringence, whose strength 
depends on the mass and four more independent constants to be determined by only 
four experiments in that gravitational field; see also the contribution by Stritzel- 
berger to these Proceedings. 


Gravitational effects in birefringent quantum electrodynamics. The quan- 
tization of birefringent electrodynamics is renormalizable in a gauge-invariant way 
to all perturbative orders on a flat background??. This result can be used to reli- 
ably calculate quantum field theoretic processes in locally essentially flat regions of 
a globally non-flat area metric geometry that arises as the solution of the under- 
yling gravity theory that one obtains by gravitational closure of classical birefringent 
electrodynamics. This allows to search for signatures of birefringence in localized 
quantum electrodynamic processes, which are now dependent of the spacetime re- 
gion where they occur. Of particular interest is a modification of the observationally 
important 21.1 cm line of hydrogen, which in the presence of birefringence is seen 
to depend qualitatively and quantitatively — in a way precisely predicted by con- 
structive gravity — on the location of the hydrogen; see the contribution by Tanzi 
to these Proceedings. 
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Gravitational radiation. An notable result?! 


sure of birefringent electrodynamics is that the gravitational radiation emitted by 
two circularly orbiting masses contains only one massless trace-free tensor mode, as 
in general relativity, while additional scalar, vector and tensor modes are all mas- 
sive. The production of these massive waves is shown to be significantly suppressed, 
since it requires the orbital frequency to surpass a certain threshold. Slowly orbiting 
binaries therefore only radiate waves of the type predicted by general relativity. 


concerning the gravitational clo- 


Etherington distance relation. On a Lorentzian spacetime, the Etherington dis- 
tance duality relation?” connects the luminosity distance, angular diameter distance 
and redshift of an astrophysical light source independent of the gravitational dy- 
namics. This is not the case for the refined spacetime geometry that underlies 
birefringent linear electrodynamics. Direct calculation, from the field equations ob- 
tained by gravitational closure, yields a modification of Etherington’s relation that 
depends on the gravitational dynamics and indeed the particular spacetime solu- 
tion??, This opens up the possibility of deriving new gravitational lensing effects or 
indeed a pathway for the explanation of known anomalies that is directly connected 
to carefully studied extensions of the standard model?^. The reader is referred to 
the contribution by Werner to these Proceedings. 


Parametrodynamics. Parameters in matter field dynamics are usually considered 
as constants whose values must be determined by experiment. Gravitational closure, 
however, can be used to predict the values of non-scalar parameters that appear in 
any local field theory that is amenable to the closure equations?. To this end, one 
first promotes the constant parameters to fields, analogous to the promotion of the 
flat spacetime Minkowski metric in Maxwell theory to the metric tensor field in the 
general theory of relativity. Gravitational closure of the this modified matter action 
then yields a multi-parameter family of actions for these parameters (and, if one 
so chooses, also for the underlying geometry) as the unique dynamics that enjoys 
a consistent co-evolution with the matter fields of the initially stipulated matter 
theory. See the contribution by Wierzba to these Proceedings. 


7. Conclusions 


Constructive gravity is a method to determine, by calculation rather than stipu- 
lation, a family of gravitational actions that are compatible with a large class of 
matter field theories. Remarkably, it is any concrete representative of these matter 
field theories themselves that provides the relevant information for the calculation 
of the gravitational theory, essentially based on the requirement that the latter have 
a diffeomorphism gauge group and possess a canonical evolution that shares its ini- 
tial data surfaces with those of the chosen matter theory. The availability of such 
a procedure allows to ask and answer questions that could not be posed before and 
reveal gravitational dynamics as a mere consistency requirement once the matter 
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contents of the universe is specified. While for a universe filled with standard model 
matter, there is no new physics predicted by the gravitational closure mechanism, 
this significantly changes once matter beyond the standard model is considered. 
This is where constructive gravity will likely find its key application. 
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There are numerous reasons to study modifications of general relativity and the Standard 
Model of particle physics, ranging from modelling inflation to exploring galaxy rotation 
curves and the nature of dark matter. Here we study the most general linear theory 
of electromagnetism, which admits vacuum birefringence, and derive weak gravitational 
field equations for the underlying area metric spacetime geometry. We discuss the weak 
gravitational field sourced by a point mass in an area metric spacetime and find first 
order corrections to the linearized Schwarzschild metric of general relativity. 


Keywords: General linear electrodynamics; vacuum birefringence; area metric; construc- 
tive gravity; modified gravity. 


1. Introduction 


Could there be weak birefringence of light in vacuo? How can we predict whether 
and where such splitting of light rays in vacuo occurs? Standard Maxwell electrody- 
namics, for which the electromagnetic field couples to a metric spacetime geometry, 
a priori excludes the possibility of vacuum birefringence. The spacetime geome- 
try must be refined, from a metric to a tensor field of the fourth rank, in order 
to obtain a linear theory of electrodynamics allowing for vacuum birefringence to 
occur. The such obtained matter theory is known as the theory of general linear 
electrodynamics‘ and the fourth rank spacetime tensor field as an area metric. 
Because the matter field equations of general linear electrodynamics depend on the 
area metric background, finding any concrete solution for the electromagnetic field 
requires to simultaneously solve some yet-to-be-determined field equations for the 
area metric, which thus take the role played by Einstein’s field equations for a met- 
ric background. In particular, also the splitting of light rays depends crucially on 
such gravitational field equations underlying general linear electrodynamics. We 
can thus rephrase the question of whether and where birefringence of light in vacuo 
occurs as follows: What are the gravitational field equations underlying general 
linear electrodynamics, and what are the solutions to these field equations? 

This question can be answered by means of the recently discovered procedure of 


^5. which employs the causal structure of given matter field 


gravitational closure 
equations in order to provide causally compatible canonical dynamics?" for the 


underlying geometry. For instance, starting from Maxwell electrodynamics, one 
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obtains the familiar Einstein equations in this way. Exactly along the same lines, 
when starting instead from general linear electrodynamics, one obtains the gravi- 
tational field equations for an area metric geometry. Based on Ref. [8], this paper 
reviews the derivation of the weak gravitational field equations underlying general 
linear electrodynamics, followed by a discussion of a concrete solution to these equa- 
tions, namely the weak gravitational field sourced by a point mass in an area metric 
spacetime, revealing first order corrections to the linearized Schwarzschild metric. 


2. General linear electrodynamics 


We start our discussion with a brief review of the theory of general linear electro- 


dynamics! $911, The action of this matter theory is 
1 
Smatter [A, G)J = -f dz wg Fay F,,G9978 ; (1) 
M 
where M is an orientable four-dimensional spacetime manifold, F = dA de- 


notes the electromagnetic field strength tensor, the fourth-rank contravariant ten- 
sor field G denotes the area metric spacetime geometry, and the scalar density 
wa = AN (€abeaG@)—! is constructed by virtue of the canonical top form density e. 
In a spacetime equipped with a tensorial spacetime geometry, general linear electro- 
dynamics is the most general theory of electrodynamics for which the classical linear 
superposition principle still holds. By virtue of the appearance of the fourth-rank 
tensor field in the above matter action, the algebraic symmetries 


getea = geda and getea = —Gbacd (2) 


may be assumed without loss of generality. Consequently, an area metric spacetime 
geometry features 21 independent degrees of freedom at each spacetime point, as 
opposed to only 10 independent degrees of freedom for a metric spacetime geome- 
try. It is ultimately due to these additional degrees of freedom that general linear 
electrodynamics allows not only to describe all of Maxwell electrodynamics, but 
also various new phenomena such as vacuum birefringence. 

The causal structure of the equations of motion of general linear electrodynamics 
is prescribed by the principal tensor field Pc, which was shown in Ref. [2, 3] to be 
a totally symmetric tensor field density of the fourth rank, determined entirely in 
terms of the spacetime geometry, 


1 
panes = — qe amen aC bee ata . (3) 


The principal tensor field is the reason why generic area metric spacetime geometries 
feature vacuum birefringence: The null cone of general linear electrodynamics, that 
is the set of covectors annihilating the principal tensor field, is a quartic surface. 
However, if the splitting of light rays in vacuo was a large effect, it would most 
likely have been observed by now. Therefore, instead of studying generic area 
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metric spacetimes, this paper focuses on spacetime geometries which are small area 
metric perturbations H around metric Minkowski spacetime 7, 


Gabed = nent nent: eabed Haee (4) 
Once we know the linearized gravitational field equations underlying general linear 
electrodynamics, we can derive the area metric perturbations H for given small mat- 
ter distributions. In the following two sections, we therefore discuss the derivation 
of these linearized gravitational field equations by means of gravitational closure. 


3. Canonical geometry 


'The procedure of gravitational closure enables the derivation of causally compatible 
gravitational field equations for the spacetime geometry underlying any predictive 
and quantizable matter field theory ^". The first step in this gravitational closure 
procedure is to determine the canonical geometry for which one ultimately wishes to 
obtain canonical dynamical field equations. The canonical geometry of an area met- 
ric spacetime geometry can be determined as follows. Let X be a three-dimensional 
manifold and let X, : X — M be a one-real-parameter family of embedding maps, 
which specifies a foliation of the spacetime manifold into initial data surfaces. For 
each point c € X and each embedding parameter t € R, one can construct an or- 
thonormal frame {e° (t, o), e^ (t, c)), where a € {1, 2,3}, which allows to project the 
area metric spacetime geometry onto the initial data surfaces, 


(g)* [X4 = GL e*, e? P) , (5) 
PM 1 Eauv Ebor e". e". c. eT 

(g2)oa| X] E 4 Vue) Vue , , , ) , (6) 

(as ^ [X] = 5 eb Ge, e^, ese) — dg (7) 


resulting in three one-real-parameter families of induced tenor fields. By construc- 
tion, the induced tensor fields gı and go are symmetric, 


(n)^7 =0 and (ggg —0. (8) 
Moreover, the orthonormality conditions satisfied by the four frame fields imply 
(g1) (g3) =0 and (ga), — 0. (9) 


Therefore, only 17 of the components of the induced tensor fields are independent 
degrees of freedom. In order to obtain the canonical geometry from this induced ge- 
ometry, we need to parametrize the three induced tensor fields (gi, go, g3} in terms of 
unconstrained canonical configuration variables {y!,..., 17}. Note that since the 
four frame conditions (9) are non-linear, any parametrization {g1 (Y), ga(v). ga(v)) 
respecting the symmetry conditions (8) and frame conditions (9) is non-linear in 
the canonical configuration variables. One possible parametrization—particularly 
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suited for the perturbative approach pursued in this paper—is the following. Con- 
sider a constant intertwiner Z^? 4, distributing the unconstrained configuration vari- 


ables {y!, ..., p17} over three second rank tensor fields, 
6 12 17 
en)? im ST ae, (Gayo ST ae, (es) = ST u^. (10) 
A=1 A-T A=13 


Now let y denote a flat three-dimensional Euclidean metric on X and let the inter- 
twiner Z ^? 4 and its inverse Tiag satisfy the completeness relations 


6 
Lm Uc. S TOAL o=, 


12 17 
NOI AI a eam. YO Ip =a ayn . (11) 
A=7 A=13 


By means of this particular choice of intertwiner, the tensor fields yı and ye are 
symmetric, while o3 is symmetric and trace-free. We find that the parametrization 


(alp) P :— 3"? + (e1)^?, (12) 
(g2(y))9? :— y^? + E (13) 
aß 
(g3(y)) ^? == (vs "Xe Iac (ev [o [s fes] H] (14) 
ees C 
n—1 anti-commutator commutator 
brackets bracket 


meets all symmetry and frame conditions, leaving us with an explicit expression of 
the canonical geometry in terms of the 17 independent geometric degrees of freedom. 


4. Linearized gravitational dynamics 


The second step in the gravitational closure procedure is to set up and solve a set 
of countably many linear homogeneous partial differential equations—the gravita- 
tional closure equations—whose coefficients are determined by the principal tensor 
field expressed in terms of the canonical configuration variables. A derivation of 
these coefficients can be found in section IV.C of [4]. Starting from general linear 
electrodynamics, the principal tensor field (3), together with the parametrization 
(12-14), allows to determine these coefficients in terms of the canonical configuration 
variables {y!,...,y!7}. The gravitational closure equations then in turn determine 
the coefficient functionals C4, A, [v] of a power series ansatz for the gravitational 
Lagrangian density 


L seas [p,k 2» Cay. VR pas uu , (15) 


where k are the velocities associated with the canonical configuration variables q. 
Deriving gravitational field dynamics hence amounts to solving the gravitational 
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closure equations—which turns out to be a difficult task for a non-metric geometry. 
However, we here only wish to study small area metric perturbations, which require 
just linearized gravitational field equations. In order to obtain the gravitational 
field equations underlying general linear electrodynamics to linear order in y and 
k, we only need to derive the Lagrangian density to second order 


Lgravly, k] = Cl] + Cal[y]k4 + Cap [p]k^k? + O(3). (16) 


That is, we only need to solve the gravitational closure equations for Cy] to sec- 
ond order, Ca[y] to first order and C4g[y] to zeroth order in y. We now also 
see why the parametrization (12-14) is particularly suited for this perturbative ap- 
proach: The configuration variables y can be directly employed as the perturbative 
degrees of freedom of an area metric perturbed around flat Minkowski spacetime 
n = diag(1, —1, — 1, —1). We then perturbatively expand both the coefficients of the 
gravitational closure equations and the coefficient functionals C4, ... A, [p] in orders 
of y, and evaluate the equations order by order. The such obtained gravitational 
Lagrangian, to second order in y and k, and the therefrom obtained linearized grav- 
itational field equations can respectively be found in section I.D and IV.B of [8]. 
These field equations can now be solved for specific matter distributions of interest. 


5. Solution around a point mass 
For instance, let us consider the Hamiltonian Hmatter of a point mass M at rest, 


dA matt 
nate e MEAT) 17 
I (2), (17) 
where A denotes the perturbation of the lapse vector field. Solving the linearized 
gravitational equations of motion for this particular small matter distribution yields 


the following area metric perturbations, 


HP — 4594 1y — 1V) 4 O(2), (18) 
HOPI — PV(A + 3U + iV) + O(2), (19) 
HP — 9,2h7,618 (t 4 2V) + O(2), (20) 


where the scalar perturbations A, U and V can be expressed in terms of the Eu- 
clidean radial distance r and undetermined integration constants a, 3, y and u: 


M M 
LS —pr mE gH - 
u= Arr (o ui ) ma amr pd 167r ( 


Just like the gravitational and cosmological constants in the Einstein field equations 
of general relativity, these constants need to be determined by experiment. For the 
principal tensor field of an area metric spacetime sourced by a point mass we obtain, 


o — (B--3y)e "7). (21) 


Pj? —1426+0(2), P289? —0(2), PZY = -1y + 0(2), 
PEY = OR), PEEP = (1 — 28) +002), (22) 
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light rays split, one would need to determine the solution of the gravitational field 
equations for the area metric to second order ?. However, already to linear order, we 
find corrections to the usual linearized Schwarzschild metric in the form of a Yukawa 
potential. Allowing for vacuum birefringence, by assuming the electromagnetic field 
to be described by general linear electrodynamics, hence leaves its imprints on the 
spacetime geometry around a point mass. With the solution (22) one could now for 
instance study weak gravitational lensing in area metric spacetimes. 


where we defined $ := 4 E + B 3) e "|. In order to decide whether 


6. Conclusions 


The weak gravitational field equations for the area metric spacetime geometry un- 
derlying general linear electrodynamics can be obtained by means of the gravita- 
tional closure mechanism. We find that modifying the spacetime geometry from 
a metric to an area metric, thereby allowing for vacuum birefringence, affects the 
canonical dynamical field equations and their solutions: For instance, for the weak 
field around a point mass in an area metric spacetime, we find first order Yukawa 
corrections to the Schwarzschild metric. The linearized gravitational field equa- 
tions now also enable further studies, e.g. the propagation of gravitational waves? 


or modifications of the standard Etherington relation! in area metric spacetimes. 
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The most general theory of electrodynamics with linear field equations introduces a 
new geometry, the area metric, that regulates the propagation of light rays and massive 
particles instead of the usual Lorentzian metric. In the majority of the experimental 
situations, the area metric is expected to be a small perturbation around a metric back- 
ground. In this perturbative case, two interesting results can be achieved. First, the 
dynamics of the area metric can be found explicitly. Second, the relative quantum the- 
ory of electrodynamics can be shown to be renormalizable and can be used to compute 
various fundamental processes. 

I will show that, when one combines the results of quantum electrodynamics with the 
dynamics of an area-metric perturbation, the anomalous magnetic moment of the elec- 
tron, the cross sections of Bhabha scattering, and the hyperfine splitting of the hydrogen 
pick up a dependence on the position. This way, measurements of the position depen- 
dence of these quantities provide a new channel to investigate area-metric deviations 
from a metric spacetime. 


Keywords: general linear electrodynamics; constructive gravity; area metric; SME. 


1. General Linear Electrodynamics and the Area Metric 


'The main subject of our discussion is the most general theory of electrodynamics 
with linear field equations, i.e., the most general theory of electrodynamics that still 
features the superposition principle. In particular, we wish to study the quantum 
effects that are produced when one considers this general linear electrodynamics as 
the fundamental description of the electromagnetic interactions instead of Maxwell's 
theory. 

General linear electrodynamics has been extensively studied in the past years 
and many effects are currently known.! The starting point of our discussion is the 
action 


1 
Seren (A; W, G] = ^8 J d'r wo Fa Feat , (1) 


where A is the one-form electromagnetic potential, F — dA is the field strength, 
Ged is a fourth-rank contravariant tensor field called the area metric, and w is a 
scalar density employed to build the volume form. The area metric G^"*7 is required 
to satisfy, without loss of generality, the algebraic symmetries G^c4 = Glablled] — 
Gledllab] and to be cyclic, i.e., Gorcde peg = 0. 

Further conditions on the area metric come from the requirements that the 
field equations ensuing from (1) have a well-posed initial-value problem, that the 
spacetime is time orientable, and that general linear electrodynamic is canonically 
quantizable. We leave out the details of this important points since they do not play 
a relevant role in the present discussion. Indeed, starting from the next section, we 


706 


will consider only small area-metric perturbations around a flat metric background, 
in which case all the three conditions are satisfied. 

At this point, it is important to note that not only does the action (1) cause 
a departure from Maxwell electrodynamics, but it also implies that the geometry 
of the spacetime is no longer described by a metric. One way to see this is by 
considering the geometric-optical limit of the field equations, which restricts the 
wave covector k of light rays to satisfy the quartic dispersion relation 


P(G,w)" t kakykeka = 0 (2) 


rather than the familiar quadratic one g^ k,k; enforced by a Lorentzian metric 
g. In the expression above, the completely-symmetric tensor field that defines the 
dispersion relation is explicitly given in terms of G*** and w by the expression 
1 
pabed — — 4 emnpaérai Gn gl gat : 

Furthermore, the motion of massive particles is affected in a similar way, as it was 
shown in Ref. 2. In particular, the momentum p of a particle of mass m satisfies 
the dispersion relation 


P(G,w) kakpkeka = m^. (3) 


Therefore, we see that the area metric G?"*4, together with the scalar density w, 
regulates the motion of point particles instead of the metric and, therefore, replaces 
this latter as the geometry of the spacetime. 

Finally, in order to study an interacting theory of electrodynamics, it is necessary 
to introduce Dirac particles on an area-metric background. The general procedure 
to do so can be found in Ref. 3. Here, we limit ourself in quoting the fact that the 
"matrices need to satisfy the quaternary algebra 


ye ye = P(G, uy I (4) 


rather than the usual binary one yy") = n° I, being I the identity matrix. This 
ensures that the Dirac field equations share the same initial-value surfaces of the 
field equations of general linear electrodynamics and that the causal structure of 
the spacetime is well defined. 


1.1. Linear deviations from a flat metric background 


When considered in its generality, area-metric electrodynamics (1) can produce 
effects that greatly differ, qualitatively and quantitatively, from Maxwell electro- 
dynamics. However, the majority of these effects are experimentally excluded in 
vacuum with a fairly good accuracy. For this reason, we study the case in which 
the area metric is a small perturbation around Maxwell electrodynamics in a flat 
metric background. In particular, we consider the case in which 


Gabed = nent = nen: +4 Evbed and wait e, (5) 


where second-order corrections in E?**4 and e will be discarded. 
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In this perturbative regime, a great simplification is possible. It was indeed 
shown in Ref. 4 that it is always possible to find a (local) frame where the area- 
metric perturbations satisfy the conditions 


lon Tez 
pomo. = gE un” and e= -gE^u . (6) 
This frame has two major advantages. First, it is an observer frame as defined in 
Ref. 5, which means that results expressed in it are those measured by an observer. 


Second, the massive dispersion relation and the Dirac algebra reduce to the usual 
n kk, = m? and geh) = èT (7) 


up to second order corrections. In particular, the description of massive fermions, 
such as the electron, is the same as in the standard theory. Finally, note that there 
is more than one frame in which (6) and (7) are satisfied; these frames are all related 
to one another by means of Lorentz transformations. 


1.2. The dynamics of the area metric 


So far, the area metric has been an a priori given and fixed geometry and we have 
mentioned some of the effects it produces on matter, such as the propagation of 
massless and massive particles. This still leaves open the questions of how matter 
affects the area metric and what the precise dynamics of this new geometry is. 

The good news is that it is possible to calculate, without any need to postu- 
late, the precise dynamics of the area metric starting from the matter action (1). 
This is precisely the purpose of the gravitational closure mechanism. The (purely 
computational) bad news is that the gravitational action emerges as the solution of 
countably-many partial differential equations that have not been solved, so far, for 
a general area metric. Nevertheless, the solution to these differential equations was 
found explicitly in the case of linear area-metric perturbations around a flat metric 
background. With these perturbative solutions, it is possible to find, in particular, 
the area metric linear perturbations sourced by a point mass." 

We now make the two assumptions that our experimental apparatus is at a fixed 
distance R from the point mass and that, inside the laboratory, the area metric can 
be considered to be constant. Then, in one of the special frames described in the 
previous section, the area metric perturbations around a point mass take the form 


F907 = U(R) 8P, = goc?vo.9g, EPY = —U(R)(5eoP — 6% 597) , 

Me (8) 
e—3/2U(R), where U(R):2 ————e "P. 

In the expression above, € and u are two integration constants of the countably- 

many partial differential equations and they need to be fixed by experiments. 
All the results we derive will be expressed both in terms of a generic area- 
metric linear perturbation E*'"*7 satisfying the restrictions (6) and in terms of the 

particular area-metric perturbation around a point mass displayed in (8). 
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1.3. Quantization and renormalization 


The theory we consider is the general linear electrodynamics (1) in the linear- 
perturbation regime (5) with the restrictions (6) minimally coupled to the usual 
fermions. The Feynman rules can be derived with no difficulties using the path- 
integral formalism, as it is done in Ref. 4. One sees that the fermion propagator 
and the vertex are the same as in standard QED, whereas the photon propagator 
contains a new term linear in the area-metric perturbation. Moreover, fermion 
external legs can be treated in the same way as in standard QED. Photons external 
legs would require some extra care, but they are not needed in the processes we 
consider. 

Finally, it is possible to prove that quantum electrodynamic with linear area- 
metric deviations from a flat metric background is renormalizable at every loop order 
in a gauge-invariant way. The complete proof, which uses the Batalin-Vilkovisky 
formalism, can be found in Ref. 4. 


2. Results 


We collect in this section the various processes that we have studied and the results 
that we have found. The derivation of these with detailed discussions can be found 
in Ref. 4. 


2.1. Bhabha scattering 


The first process is Bhabha scattering, that is the elastic scattering of an electron 
and a positron: ete~ — ete~. The tree-level cross section da/dQ picks up a 
dependence on the area metric perturbations FE“ and on the angle ¢. Integrating 
out this latter, one finds 


do ro? [1 


1 + cost (0/2) 9008" (8/2) 


= 1 + cos? 0) 4 | 
d cos 0 E 5t soed sin (8/2) sin? (0/2) 
cost 0 + x cos? 0 + 3 50303 (1 + cos? alt + cos? 0) EUS| (9) 
8sin (0/2) 32sin^ (0/2) 


for a generic area metric perturbation. 

When one considers the area metric perturbations (8) caused by a point mass, 
one finds that the tree-level cross section loses its dependence on the angle $ and, 
actually, becomes proportional to the usual cross section of standard QED. In par- 
ticular, 


p = (1200) E: 


where the proportionality factor 1 + 2U(R) depends on the distance R from the 
point mass. 


| QED (10) 
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2.2. The anomalous magnetic moment 


'The second process is the scattering of an electron in an external magnetic field. 
Using the Born approximation on the one-loop non-relativistic scattering amplitude, 
one finds the interaction potential 


is a EV, es > Q aag / 68a 
Vg zi E ( a) | CE T e) Be g1) 
between the magnetic field B and the spin of the electron s. 

The first summand in (11) is the usual spin-magnetic field coupling which gives 
the anomalous magnetic moment in terms of the Schwinger correction a/27 times 
the area-metric-dependent factor 1 — E?,;;/12. Around a point mass, the one-loop 
anomalous magnetic moment becomes 


(I-lop) _ & 
als! —(1+U(R)), (12) 


T 


whose behavior is depicted in Fig. 1. 

The second summand in (11) shows the emergence of a new interaction between 
the spin and the magnetic field by means of the tracefree tensor BoB = p0e08 4. 
EU1,/12. This qualitatively-new interaction is, however, not present in the case of 
the area metric perturbations (8) around a point mass. 


> 
Ro R 


Fig. 1. The position dependence of the anomalous magnetic moment at one loop. 


2.3. Hyperfine splitting in hydrogen 


Finally, we consider the hyperfine splitting in the hydrogen atom. The situation is 
the one depicted in Fig. 2. The trace of the perturbation E*;; is responsible for 
a stretching of the triplet-singlet separation. The tracefree part E? removes the 
degeneracy of the triplet states. A quantitative description of these effects can be 
found in Ref. 4. 

For the area metric (8) around a point mass, we see an explicit dependence of 
the singlet-triplet separation on the distance R from the point mass, whereas the 
degeneracy of the triplet states is not removed. 
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Fig. 2. The hyperfine splitting in the hydrogen atom due to the area metric perturbations. 
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The gravitational closure of given matter field dynamics provides diffeomorphism- 
invariant dynamics for the very background geometry that is ultralocally employed in 
the matter action. Conceptual and technical key to this construction is the principal 
polynomial of the initially given matter field equations, which crucially depends on how 
exactly the background geometry makes its appearance in the matter action. In this 
talk, we consider two very different matter theories that employ a background geometry 
consisting of two Lorentzian metrics in vastly different ways. Applying the gravitational 
closure mechanism we derive the remarkable result that they share the same underlying 
gravitational dynamics. 
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1. Gravitational Closure 


In theoretical physics, one usually postulates separately, on the one hand, dynamics 
for a collection of matter fields on a particular four-dimensional spacetime manifold 
and, on the other hand, dynamics for the geometry of that spacetime which is uti- 
lized in the matter field dynamics. The prime example for this is the standard model 
of particle physics with its matter fields, and the — independently postulated — 
theory of general relativity making dynamical the spacetime metric employed in 
the standard model Lagrangian. The same reasoning is applied in situations where 
either different matter theories or different gravity theories are used. 1 

This view, however, is ill-fated, as the two theories — matter and geometry — 
are not independent of each other. The need for the existence of a well-defined initial 
value problem of the combined full theory requires the existence and co-evolution 
of common initial data hypersurfaces. One can show this severely restricts the 
admissible dynamics for the spacetime geometry. 

The gravitational closure mechanism provides a way of implementation of these 
restrictions and allows to derive the unique gravitational dynamics for the geomet- 
rical background that is compatible with the stipulated matter field theory.? Thus, 
if having been given a matter field theory, one must not postulate the dynamical 
theory for the geometric background used, but instead calculate that theory. 

Indeed, if one starts with Maxwell electrodynamics as the matter field theory 
and the spacetime metric appearing in its action as the geometric background, ap- 
plication of the gravitational closure mechanism will give rise to the Einstein-Hilbert 
action of general relativity, with two undetermined constants, the gravitational and 
the cosmological, appearing as constants of integration in the process. 

Similarly, if one now wants to use a different matter theory, one can immediately 
calculate the gravity theory determining its geometric background.? 
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This contribution will study two specific, considerably different toy model mat- 
ter theories which both use a geometric background consisting of two spacetime 
metrics.9'7 The focus will lie on the calculation of the principal polynomial of these 
matter field theories, which constitutes the first crucial step of the gravitational clo- 
sure mechanism. In particular, it will also look at the case of a constrained system 
of matter field equations and the implications this has for the application of the 
mechanism. 


2. Principal Polynomial 


The central object underlying the gravitational closure program is the principal 
polynomial of the matter field theory one takes as a start. Its origin lies in the study 
of approximate local wave-like solutions to the field equations and the resulting 
dispersion-relations for massless modes.^ Having linear field equations of the form 


S Qs (Canu (2) =0, (1) 
i—0 


for matter fields AP, one can read off, using the highest order derivative term, the 
principal symbol of these equations, as the matrix 


TR) Ag = Qu nas «css (2) 


with k being a covector. The principal polynomial of the matter field equations is 
then the cotangent space polynomial given by 


P(k) := det (T(k)). (3) 


'The importance of this polynomial in the study of the matter field theory, stems 
from the fact that it has to be a hyperbolic polynomial everywhere in spacetime in 
order to ensure the existence of a well-posed initial value problem.^ Furthermore, 
it enters the hypersurface deformation algebra, and thus the Poisson algebra, used 


in the derivations of the gravitational closure mechanism.? 


3. Constrained systems 


An important observation is, that the method for calculation of the principal poly- 
nomial just described, has to be refined slightly for cases in which one deals with 
a constrained system of field equations, such as the one presented in section 5.2. 
In such a case there is information present in the lower derivative order terms of 
the equations that is of importance to e.g. the question of existence of a well- 
posed initial value problem. This information, however, is clearly not accessible by 
considering only the highest order derivative term as in equation (3). 

'The reason for this is that the field equations in such a case are not in involutive 
form, in which all the information implicitly contained in them is explicitly expressed 
in the form of additional partial differential equations. 
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Fortunately, every system of partial differential equations can be brought to 
involutive form by application of the Cartan-Kuranishi algorithm.” This method 
adds to the original system all the implicitly contained information in the form 
of additional partial differential equations. These additional equations are always 
satisfied for solutions of the original system of equations and thus do not change 
the solution space. Furthermore, applying this algorithm also works as a test, of 
whether or not a system of differential equations is already in involutive form in the 
first place. 

Only after this step has been taken, one can calculate the principal polynomial of 
the matter field theory, starting from the derived enlarged system of field equations 
that now contains all necessary information explicitly. 


4. Principal Polynomial of Non-Quadratic Systems 


The enlarged system of partial differential equations derived using the Cartan- 
Kuranishi algorithm will, if the theory contained constraints, be larger than the 
original system. In particular, since the original system of equations derived by 
variation of an action contains as many equations as unknowns, this enlarged sys- 
tem will contain more equations than there are unknowns. Thus, the principal 
symbol T(k) one reads off from the equations is a non-square matrix. Hence, for 
such a system, one cannot apply equation (3) to calculate the principal polynomial. 
The underlying origin of the determinant in equation (3) is to encode a condition 
for the non-maximality of the rank of T(k). This condition can be written in 
polynomial form also for a non-square T(k), by either — but not exclusively — 
one of the three methods presented in the next sections. While all of these will 
in the end lead to the same principal polynomial, they may differ in the ease of 
applicability and/or the difficulty of calculations necessary, from case to case. 


4.1. Method 1: Elimination of a pure constraint 


The first possibility is to reduce the number of equations by dropping pure constraint 
equations. That is equations that will only restrict the initial data that may be 
provided on an initial value surface, but are immediately satisfied everywhere else 
as a result of the remaining equations of motions. 

The process of finding such pure constraints differs from case to case and may 
at times be tedious. Examples for this approach can be found in Ref. 8 where it is 
illustrated for example for Proca electrodynamics. 


4.2. Method 2: Minors or Gramian matriz 


It is clear that a matrix of arbitrary form has non-maximal rank if and only if all 
its quadratic minors of maximal size have non-maximal rank, i.e., have determinant 
zero. Thus, for each such minor T;(k) one finds a polynomial condition P;(k) := 


det(T;(k)) = 0, which all have to be satisfied simultaneously. This is the case if and 
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only if P(k) := Y, PY? + 0, where the second expression is, by the theorem of 
Cauchy-Binet, just the determinant of the Grammian matrix T'(k)*T (k). 


4.3. Method 3: Lagrange multipliers 


For each equation C[A] — 0 in the enlarged system of field equations that does not 
follow directly from variation, but is added during the course of the involutive com- 
pletion, one is free to add a term AC[A] to the Lagrangian, introducing a Lagrange 
multiplier A. This does not change the solution space of the matter field theory, as 
we are merely expressing explicitly, at the level of the Lagrangian, equations that 
have to be satisfied as a result of the original field equations anyway. 

For each equation that was added to the original system, one thus introduces 
one new unknown quantity, the corresponding Lagrange multiplier. Varying this 
new Lagrangian and reading off the principal symbol of the resulting equations will 
thus give rise to a quadratic matrix and one can use the expression from equation 
(3) for calculating the principal polynomial. 


5. Bimetric Matter Theories 


As a possible model application for the gravitational closure mechanism and in 
particular to showcase the importance and possible implications of the necesssary 
application of the Cartan-Kuranishi algorithm, we will consider two — at the first 
glance — completely different matter theories, which both employ a geometric back- 
ground consisting of two metric tensor fields. 


5.1. Bi-Klein-Gordan theory 


The first bimetric matter theory is one for two scalar fields y and w, with dynamics 
being governed by the action 


Soxa [e sg.) = f dta (V500 (Bag) (Bro) + VERR (2,9) (W); (4 


combining two individual Klein-Gordan actions. However each of the scalar fields 
couples to a different spacetime metric. 
Variation of the action gives rives to the matter field equations 


0 = ôa (V—99"" 8o) , (5a) 
0 = ôa (v-mehaye) (5b) 


which, upon application of the Cartan-Kuranishi algorithm, are found to be in 
involutive form, allowing to directly read off the principal symbol 


J—9g9 kak 0 
Tsxa(k) a ( e) ° Pe) : (6) 
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Upon taking the determinant and dropping the density factor (which is not of 
importance for the calculations of the gravitational closure mechanism), one thus 
finds the principal polynomial 


Paxa(k) :— g^ h^ k, ks kk. (7) 


5.2. Refined Proca Theory 


The second matter theory making use of a bimetric geometry is a refinement of 
Proca theory for a covector field A. Instead of adding an “isotropic” mass term 
2: g^^ A, Ap to the Maxwell Lagrangian, one introduces an “anisotropic” mass term 
utilising a second spacetime metric, giving rise to the action 


Snpr | A; ;g,h y= f ats V — i(-7 -gg Fuel ba + she bA ZJI (8) 
and upon variation the matter field equations 


= ða (V=99" g Fa) + my/—gh Ag. (9) 


Two crucial differences to the first example theory are, first, the presence of a lower 
order derivative term in the field equations and, second, the highest order derivative 
term being completely determined by only one of the two metrics. This may lead 
one to the, as it will turn out wrong, assumption that the other metric h cannot 
enter into the principal polynomial. 

However, most importantly, these field equations constitute a constrained system 
and application of the Cartan-Kuranishi algorithm will lead to the enlarged system 
of field equations 


= 0a (V= 9979" Fra) + my/—gh"* Aa, (10a) 
Oe (V.-gh^ Aa) , (10b) 
0 = 82, (V—gh Aa) . (10c) 


Using one of the proposed methods for calculating the principal polynomial, one 
finds that it takes the form 


Papr(k) := gh kakokeka, (11) 


which is identical to the one found in the first model theory. In particular, one 
realises that the second metric h does indeed enter into the principal polynomial as 
a result of the necessary application of the Cartan-Kuranishi algorithm to get an 
involutive set of field equations. 


6. Conclusions 


The previous sections showed that remarkably the two, very differently looking em- 
ployments of a bimetric geometric background, have the same principal polynomial. 
Thus they provide the same starting point for the application of the gravitational 
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closure mechanism. As a result one will find that the gravitational dynamics gov- 
erning the two theories are indeed the same. Using the mechanism to derive the 
linearised version of these dynamics, one will end up with equations containing 13 
scalar constants, taking the role of the two constants found in general relativity.” 

'The study of the refined Proca theory furthermore showcased the importance 
of applying the Cartan-Kuranishi algorithm before trying to calculate the principal 
polynomial, and thus also before applying of the gravitational closure mechanism. 
In particular, this study demonstrates the impact that the addition of lower order 
derivative terms can have on the involutivity and thus on the calculation of the 
principal polynomial. 

Such lower order terms also appear in that matter theory which is currently 
considered to be the most likely one to describe the physical reality, the standard 
model of particle physics. Therefore, if wanting to give dynamics to the spacetime 
metric (or possibly also to additional parameters like mass matrices or coupling 
constants) appearing in the standard model lagrangian, it is vital to apply the 
Cartan-Kuranishi algorithm here as well." 
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The causal structure of given matter field equations provides the crucial input from 
which the constructive gravity program starts. It is therefore of paramount importance 
to successfully address a number of subtle issues, which do not arise in the simplest 
examples in the mathematical literature, but urgently must be taken into account for 
physically realistic models. This talk presents a recipe to handle these complications. 
In particular, we will focus on how to deal with non-scalar systems of equations, gauge 
symmetries and implicit information that needs to be made explicit before the causal 
structure, encoded in the so-called principal polynomial, can be calculated correctly. 
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1. Introduction 


The causal structure of field equations tells every physicist what events are con- 
nected to which events, and is intimately linked to the notion of initial value formu- 
lations. Not any mathematical theory, in the form of a partial differential equation, 
can be used to formulate a predictive theory, as is demonstrated already in the case 
of Maxwell electrodynamics on a metric background: only for a metric of Lorentzian 
signature we find an initial value formulation. This was used in the whole standard 
model of particle physics and general relativity by making sure that the causal struc- 
ture does not differ from the causality that light propagates on. Unfortunately, this 
process led to the idea that as long as a Lagrangian is constructed in a Lorentz- 
invariant way, the resulting equations of motion will possess the well-known causal 
structure. 

However, a surprising example that a Lagrangian that is constructed in a fully 
Lorentz-invariant fashion but still has a causality that differs from the standard 
Lorentzian causal structure was given by Velo-Zwanziger!. The analyzed La- 
grangian is a modification of covariant Maxwell electrodynamics by a Proca mass 
term and a quartic term in the covector field A, i.e. 


1 1 1 
£vz|A] = - 5 Ful AJF^[A] + zm? 4? + =a (42) (1) 
'The causal structure, encoded in the principal polynomial that describes the char- 
acteristic surfaces of the equations of motions, is given by 
P(n) = (n? - [n? + Am? (n? A? + 2(n- A)?)] . (2) 
This is a product of the standard term n? and a modification term, resulting in 
massless modes propagating with another speed of light that — worst-of-all — depends 


on the particular solution A, to the equations of motion. Although the highest 
derivative order coefficient is the input for the calculation of the principal polynomial 
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and is seemingly not influenced by the modification terms, Velo-Zwanziger showed 
that one can derive a constraint that does change the characteristic surfaces. 

Nowadays this is not surprising at all and is related to the fact that the equa- 
tions of motion are no involutive differential equations. Intuitively, this type of 
differential equations has all information that is required to construct a formal 
power series solution explicitely present. In other words, they do not contain any 
hidden information that needs to be extracted by tedious steps, as is the case in 
the Velo-Zwanziger example. Due to the Cartan-Kuranishi algorithm it turns out, 
that any differential equation can be brought into involutive form in finitely many 
steps. 

This article will first present the notion of involutive differential equations and 
explain the Cartan-Kuranishi algorithm*. Afterwards we tackle a practical example 
that represents a generalization of the case analyzed by Velo-Zwanziger. 


2. Involutive differential equations 


Before we can properly introduce the notion of an involutive differential equation, 
let us first give some definitions of the underlying mathematical theory. A system of 
differential equation — in the following simply referred to as differential equation — is 
formulated over independent variables x! ,..., x" and dependent variables u',...u"™. 
In the case of point particle equations of motions the only independent variable 
is the time coordinate t and the generalized coordinates q^ being the dependent 
variables. For field theories, the independent variables are given by spacetime points 
and the field values are the dependent variables of the theory. In the case of the 
system of differential equations called the gravitational closure equations of the 
constructive gravity program? the independent variables correspond to the local 
degrees of freedom of the gravitational field and their derivatives and the dependent 
variables are the coefficients of the gravitational Lagrangian. 

Locally we treat a differential equations as a collection of implicit functions 
that depend on the independent variables z^, the dependent variables u% and their 
derivatives, i.e. 


$* (z, u^, pi) —0, (3) 


a _ alu% 
where pù = “gan 


dent variables, and u being a multi-index. The order of the differential equations 
will be denoted by q in this article. 

An object of incredible importance is the geometric symbol of an differential 
equation. It is defined by the linear equation? 


aor | 
Ops" = 0 (4) 


are the corresponding derivatives in the direction of the indepen- 


Ma: 


|p|—a 


which is the kernel of the coefficient Q74 :— E . This matrix can be brought into 
H 


reduced row echelon form in order to read off which coefficients p}, can be solved 
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for in the differential equation. For everything that follows it suffices to summarise 
this information in a collection of coefficients that are defined in the following way: 

For each column of the matrix Q, i.e. the different derivatives of the dependent 
variables, we associate a class. For each multi-index u = [i1,...,%n] we define its 
class as the index k of the first non-vanishing ik. Then the columns of Q can be 
sorted in a class respecting order (from highest to lowest), and after bringing the 
matrix into row echelon form we can look for the first non-zero entry of each row. 
The corresponding p; of this entry is called the leader of the row of class k. Then 
let ge denote the leaders of a row of class k, i.e. the number of highest order 
derivative terms of class k that could be solved for?. 

The symbol of the differential equation is then called involutive if the rank of 
the prolongation of the differential equation, i.e. the derivatives of the differential 
equation 97 by all independent variables, can be determined as the following sum? 


rank M4 = 5 k- Bi) (5) 


k=1 


Is this the case, one can derive a recursion relation to calculate the coefficients a 


directly from the coefficients BP, meaning that we can completely predict what 
coefficients we can solve for in the prolongations of the differential equation. If the 
symbol M, is involutive, it turns out that the same will be true for all further 
prolongations M,+,, for any r > 0. Furthermore, it can even be shown that there 
always exist an integer r such that the symbol M,+, will be involutive, and thus all 
further prolongations. Note that this, however, does increase the differential order 
of the equation. In practise, this can lead to the scenario where a seemingly second 
order field equation is in fact of higher order and is then possible equipped with 
Ostrogradski ghosts. 

“Hidden information” can still be contained in the differential equations. If we 
can algebraically manipulate the prolongation of the differential equations — equa- 
tions of order q-- 1, such that we obtain an equation of order q then this is considered 
an integrability condition and needs to be added to the system?. Of course, no new 
information is added, it is simply made explicit and can then properly be considered 
in all further calculations — as in the calculation of the causal structure. 

If we revealed hidden integrability conditions the symbol of the equation at 
order q possibly changed, so we need to make sure again that it is involutive in the 
way described above. Once the symbol is involutive again, we can search for new 
integrability conditions. If no condition exists, then it can be shown that for no 
further prolongation an integrability condition can be found: all hidden information 
is made explicit and the differential equations (with all the integrability conditions 
identified) is called involutive?. 

The algorithm to bring the differential equation into involutive form is the 
so-called Cartan-Kuranishi algorithm and can be performed for any differential 


equations*. Once this step is performed all information that can contribute to 
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the characteristic surfaces and the causal structure of the differential equation is 
present. 

As a result, we can then properly calculate the principal polynomial of the 
differential equation and obtain the causal structure. If one applies all the steps of 
the Cartan-Kuranishi algorithm for the Euler-Lagrange equations of the Lagrangian 
considered by Velo-Zwanziger, it turns out that there are indeed hidden integrability 
conditions. Calculation of the principal polynomial then recovers their result. Note, 
however, that the result was obtained in a completely algorithmic fashion. 


3. Example: Generalizations of Maxwell electrodynamics 


We now want to put the algorithm presented above to good use by analyzing a 
specific example. The setup is the following: 


LIA;n) = -a +V(A), (6) 


ie. we take the Lagrangian of Maxwell electrodynamics on a flat Minkowskian 
background 7 and add an arbitrary function of the covector field Am. 

'The equations of motions are calculated by variation of the action with respect 
to A. This yields a differential equation of 2"¢ order 


0 = 2ng Inn Ap + E (A). (7) 


In this case, by the choice of our function V, we see that the geometric symbol 
coincides with the term obtained for standard electrodynamics. To obtain the four 

() coefficients, we first pick an order for our independent variables. Since we 
want to solve for as many Am, terms as possible in order to be able to distinguish 
between evolution equations and constraints, we make the choice (x®“,t), i.e. time 
comes after the spatial components and has the highest class. As the next step, we 
need to write down the geometric symbol and sort the columns in our chosen order. 


From this one finds that the coefficients read 
1 4 
Mao pMa0 gP-i pas i) 


This just reflects the well-known fact that in Maxwell’s equations we have three 
evolution equations and one constraint. In order to check if the geometric symbol 
is involutive, we need to calculate the rank at the next order and see if it is given 
by 


rankM3 = ye BS) = 15 (9) 


Although tedious, the calculation can easily be performed by computer algebra 
software, with the result that the symbol is indeed involutive. 

The next step consists in checking for hidden integrability conditions. By con- 
sidering the divergence of the equations of motion (7) we find the integrability 
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condition 

2 PV 
^ OAmOAn 
which is of 1** order. This means we have to add it to the system to make the 
information explicit. For our new system, we repeat the steps from above, i.e. 
check if the symbol is involutive. Since the new equation (10) is of 1** order, the 
symbol remains unchanged and so it is still involutive. But clearly, if we prolong 
the integrability condition (10) we find another 2"¢ order equation that also has to 
be added to the system. The geometric symbol of the system has then changed, so 
we need to read off the ge coefficients again. We find that 


0 (O, Am) = H™"(OnAm) (10) 


poi BP =1 g?-2 pM=a (11) 
and that the geometric symbol is still involutive. If we now check for integrability 
conditions we find that there are no further conditions. As a result our final system 
OV 
"P 
0 — H""(AY(0, Am) (12) 
0 = H™"(A)(OnpAm) + (0H (A)) (0s Am) 


0 = 25" nP] (Onn Ap) + ——(A) 


is involutive and thus, all hidden information is made explicit. 
We can now analyze the causal structure of this system. By making a Wentzel- 
Kramers-Brillouin approximation to lowest order via 


Am (x) = Re {exp (25(2)/A) lam() + OY] ; (13) 


only the highest derivative order terms survive and the derivative operators are 
replaced by the covector n, that is the derivative of the eiknonal function S(x). This 
equation has non-trivial solutions in case that the principal polynomial, defined by 


P(n) = det (T*'(n) - T(n)) , (14) 


vanishes, where T are the coefficients of the differential equation in front of the 
amplitudes am and the operation t denotes the matrix transpose. One finds that in 
general we have the principal polynomial 


P(k) = (y" "ky ks)? - (HP (A)k, ka) . (15) 


This gives, if we eliminate repeated factors, a principal polynomial of degree 4. 
We see that in general this is not the standard Lorentzian causal structure, but 
resembles the causality of a bi-metric theory, with the second metric being con- 
structed by the four-potential A itself. This particularly indicates that in this case 
the dichotomy of matter fields and a geometric field 7 breaks down, since A acts as 
both. 

Note that in order to have a well-defined initial value problem and a canonically 
quantizable theory it is necessary that all factors of the principal polynomial are 
hyperbolic. This tells us that H?% has to be of Lorentzian signature?. 
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Only for two special cases we recover the standard principal polynomial of the 
standard model: Since only the 2"¢ derivative of V appears in the principal polyno- 
mial, any linear term in the gauge field clearly obviously leaves the causal structure 
unchanged. This is not surprising, since this just contributes a coupling of the 
covector field Am to a current, i.e. 


V(A) 2 j" Am: (16) 
'The other case occurs in case the second derivative is proportional to the flat metric 
n, i.e. 

3V 

eS Pt 

OApOAg 
In this case V only contributes as a repeated factor to the principal polynomial. 
This corresponds to a Proca mass term 


V(A) 2 MmT n A, Ap . (18) 


(17) 


While this does break the U(1) gauge invariance — which can be seen in the involutive 
f (4) » ; ; ; 

ystem from the £5" coefficient, since we now have four evolution equations and no 
constraint — the causal structure is not altered. 


4. Conclusion 


In this article, we presented how to perform the Cartan-Kuranishi to bring differen- 
tial equations, especially equations of motions into involutive form in order to make 
all hidden information in the differential equations explicit. This is necessary in or- 
der to correctly calculate the principal polynomial that encodes the causal structure 
of the theory one considers. 

We applied this to the example of a modification of Maxwell electrodynamics by 
adding an arbitrary function V(A). If V is not a linear term in Ag, i.e. a coupling 
to a current or a Proca mass term, in general the causal structure is modified. If one 
had not revealed all the hidden integrability conditions of the equations of motion, 
one would not have ended up with the result. 
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R., Melia, F., Mester, J., Michelson, P., Nordtvedt, K., Parker, L., Pretorius, F., 
Pullin, J., Shapiro, I., Shapiro, S., Shoemaker, D., Smoot, G., Stiavelli, M., Teukol- 
sky, S., van Nieuwenhuizen, P., Zhang, B. UZBEKISTAN: Ahmedov, B., Zalalet- 
dinov, R.M. VATICAN CITY: Gionti, G. VENEZUELA: Herrera, L. VIETNAM: 
Long, H.N. 


MARCEL GROSSMANN AWARDS 


FIFTEENTH MARCEL GROSSMANN MEETING 


Institutional Award 


Planck Scientific Collaboration (ESA) (ESA) 


"for obtaining important constraints on the models of inflationary stage of the 
Universe and level of primordial non-Gaussianity; measuring with unprecedented 
sensitivity gravitational lensing of Cosmic Microwave Background fluctuations by 

large-scale structure of the Universe and corresponding Bpolarization of CMB, the 
imprint on the CMB of hot gas in galaxy clusters; getting unique information 
about the time of reionization of our Universe and distribution and properties of 
the dust and magnetic fields in our Galaxy." 
— presented to its Director General Johann-Dietrich Woerner 


Institutional Award 


Hansen Experimental Physics Laboratory (HEPL) at Stanford University 


“for having developed interdepartmental activities at Stanford University at the 
frontier of fundamental physics, astrophysics and technology.” 


Individual Awards 


Lyman Page 
“for his collaboration with David Wilkinson in realizing the NASA Explorer 
WMAP mission and who now leads the Atacama Cosmology Telescope as its 
project scientist.” 


Rashid Alievich Sunyaev 
“for the development of theoretical tools in the scrutinising, through the CMB, of 
the first observable electromagnetic appearance of our Universe.” 


Shing-Tung Yau 
“for the proof of the positivity of total mass in the theory of general relativity and 
perfecting as well the concept of quasi-local mass, for his proof of the Calabi 
conjecture, for his continuous inspiring role in the study of black holes physics .” 


Each recipient is presented with a silver casting of the TEST sculpture by the 
artist A. Pierelli. The original casting was presented to His Holiness Pope John 
Paul II on the first occasion of the Marcel Grossmann Awards. 
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FOURTEENTH MARCEL GROSSMANN MEETING 
Institutional Award 
European Space Agency (ESA) 
Individual Awards 


Frank Chen Ny Yang, Tsung Dao Lee, Ken'ichi Nomoto, Martin Rees, 
Yakov G. Sinai, Sachiko Tsuruta 


THIRTEENTH MARCEL GROSSMANN MEETING 
Institutional Award 
ALBANOVA UNIVERSITY CENTER, STOCKHOLM 
Individual Awards 


David Arnett, Vladimir Belinski and Isaak M. Khalatnikov, Filippo Frontera 


TWELFTH MARCEL GROSSMANN MEETING 
Institutional Award 
Institut des Hautes Études Scientifique (IHES) 
Individual Awards 


Jaan Einasto, Christine Jones, Michael Kramer 


ELEVENTH MARCEL GROSSMANN MEETING 
Institutional Award 
Freie Universitàt Berlin 
Individual Awards 


Roy Kerr, George Coyne, Joachim Triimper 


TENTH MARCEL GROSSMANN MEETING 
Institutional Award 
CBPF (Brazilian Center for Research in Physics) 
Individual Awards 


Yvonne Choquet-Bruhat, James W. York, Jr., Yval Ne'eman 


NINTH MARCEL GROSSMANN MEETING 
Institutional Award 
The Solvay Institutes 
Individual Awards 


Riccardo Giacconi, Roger Penrose, Cecile and Bryce DeWitt 


xii 


EIGHTH MARCEL GROSSMANN MEETING 
Institutional Award 
'The Hebrew University of Jerusalem 
Individual Awards 


Tullio Regge, Francis Everitt 


SEVENTH MARCEL GROSSMANN MEETING 
Institutional Award 
'The Hubble Space Telescope Institute 
Individual Awards 


SUBRAHMANYAN CHANDRASEKHAR, JIM WILSON 


SIXTH MARCEL GROSSMANN MEETING 
Institutional Award 

Research Institute for Theoretical Physics (Hiroshima) 
Individual Awards 


Minora Oda, Stephen Hawking 


FIFTH MARCEL GROSSMANN MEETING 
Institutional Award 
The University of Western Australia 
Individual Awards 


Satio Hayakawa, John Archibald Wheeler 


FOURTH MARCEL GROSSMANN MEETING 
Institutional Award 
'The Vatican Observatory 
Individual Awards 


William Fairbank, Abdus Salam 


Fig. 1. TEST: sculpture by Attilio Pierelli 
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PLANCK SCIENTIFIC COLLABORATION (ESA) 
presented to Jean-Loup Puget, the Principal Investigator of the High Frequency Instrument (HFI). 


"for obtaining important constraints on the models of inflationary stage of the Universe and level of 
primordial non-Gaussianity; measuring with unprecedented sensitivity gravitational lensing of Cosmic 
Microwave Background fluctuations by large-scale structure of the Universe and corresponding B- 
polarization of CMB, the imprint on the CMB of hot gas in galaxy clusters; getting unique information about 
the time of reionization of our Universe and distribution and properties of the dust and magnetic fields in 
our Galaxy" 


Planck ESA's mission, 
was designed to image 
the temperature and 
polarization 
anisotropies of the 
CMB over the whole 
sky, with unrivalled 
angular resolution and 
sensitivity, pushing the 
technology to 
unprecedent limits. In 
the framework of the 
highly precision 
experimental 
cosmology the legacy 
Planck results on 
: testing theories of the 
Photo of the Planck satellite early universe and the Planck focal plane (Courtesy of ESA) 
(Courtesy of ESA). origin of cosmic 

structure, has provided a major source of information crucial to many 
cosmological and astrophysical issues. Planck carried out two instruments: 
- the High Frequency Instrument (HFI), Principal Investigator: Jean Loup Puget; 
- theLow Frequency Instrument (LFI), Principal Investigator: Nazzareno Mandolesi. 
The instruments were complementary and using different technology to cross check independently final 
results and systematic errors. They worked together to produce the overall mission results. The Planck space 
mission (ESA) has been a wonderful example of Team effort in a large international collaboration, involving 
scientific, technical and managerial aspects. The unprecedented accuracy of the Planck measurements have 
established new standards in the determination of fundamental cosmological parameters, as well as new 
insight in Galactic and extragalactic astrophysics. The Planck full-sky maps in temperature and polarization 
will remain a lasting legacy for at least dozen years to come. More than 100 papers signed by Planck 

E collaboration have already 30 000 KE 

citations in scientific literature. The 
success of Planck HFI and LFI would 
not have been possible without the 
contribution of a large number of 
talented and dedicated scientists and 
engineers from many countries of 
Europe, USA and Canada. HFI was 
designed to produce high-sensitivity, 
multi-frequency measurements of the 
diffuse radiation permeating the sky in 
all directions in the frequency range of 
84 GHz to 1 THz cooled at 100 mK. 
The instrument consisted of an array 
of 52 bolometric detectors placed in the focal plane of the telescope. LFI, a microwave instrument, was 
designed to produce high-sensitivity, multi-frequency measurements of the microwave sky in the frequency 
range of 27 to 77 GHz. The instrument consisted of an array of 22 tuned radio receivers located in the focal 
plane of the telescope, cooled at 20 K. 


Jean Loup Puget - PI of the HFI. Nazzareno Mandolesi - PI of the LFI. 
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HANSEN EXPERIMENTAL PHYSICS LABORATORY AT STANFORD UNIVERSITY 


presented to Leo Hollberg, HEPL Assistant Director 


"to HEPL for having developed interdepartmental activities at Stanford University at the frontier of 


fundamental physics, astrophysics and technology" 


Brief History of Stanford's HEPL and Ginzton 
Laboratories 


In 1947, working in the Stanford Physics 
Department's Microwave Lab, Physics 
Professor, William W. Hansen and his 
research team, along with Assistant 
Professor of Physics and microwave 
expert, Edward L. Ginzton, completed 
development on the world's first traveling 
wave electron linear accelerator. Dubbed the Mark I (see 
photo) it generated a 1.5 million electron volt (MeV) beam. 
Hansen's entire report to the U.S. Office of Naval Research 
(ONR) that funded the project was just one sentence: "We 
have accelerated electrons." 

This successful first step in linear electron acceleration 
spawned the birth of Stanford's High Energy Physics Lab 
(HEPL) and Ginzton labs. In 1990, HEPL was renamed the 
WW Hansen Experimental Physics Lab (also HEPL). 
HEPL and Ginzton were setup as Stanford’s first 
independent labs. They were organized to facilitate cross- 
disciplinary research, enabling scientists, engineers, staff 
and students to work towards common research goals using 
cutting edge lab equipment and technologies on medium- 
scale projects. For the past 70 years, the HEPL and Ginzton 
Labs have spearheaded Stanford's leadership in cross- 
disciplinary physics and become nurturing homes to a 
variety of physics-based, research projects: including the 
following examples: 


Robert H ofstadter’s Nobel Prize & Later Work 

In 1961, Stanford Professor Robert Hofstadter was awarded 
the Nobel Prize for his HEPL Mark III Linear Accelerator 
work on nuclear form factors (nucleons). In the 1980s, 
Hofstadter became interested in astrophysics and helped 
design the EGRET telescope in the NASA Compton 
Gamma Ray Observatory (CGRO). 


Probe B (GP-B 

In 1959, Physics Department Chair, 
Leonard Schiff, became interested in 
using gyroscopes in a satellite to measure 
the Earth's geodetic effect and the 
miniscule frame-dragging effect 
predicted by Albert Einstein's general 
theory of relativity. Schiff discussed this 
project with Stanford cryogenic 
physicist, William Fairbank, and gyroscope expert, Robert 
Cannon (Aero-Astro department). 

In 1962, Fairbank invited post-doc, Francis Everitt, to join 
the research effort. The team sent a proposal to NASA’s 
Office of Space Sciences requesting funding to develop 
gyroscopes and a satellite to carry out this unprecedented 
test. It took 40 years of R&D at Stanford and other places to 
create and ready the cryogenic satellite and all of its 
cutting-edge technologies for launch. In 1975, Leonard 
Schiff moved the GP-B program to HEPL, breathing new 
life into the lab. In 1981, Francis Everitt became Principal 
Investigator, a position he still holds. In 1984, Brad 
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200 francis Everitt (ett) and Brad 
Parkinson holding o GP-B gyro 


Parkinson became Project Manager and a Co-PI, along with 
Co-PI’s John Turneaure and Daniel DeBra. 

On 20 April 2004, GP-B launched from Vandenberg AFB 
into a polar orbit. Data collection began on 28 August 2004 
and lasted 50 weeks. Data analysis took five years in order 
to remove confounding factors in the data. The final results, 
published in PRL on 31 May 2011, yielded highly accurate 
geodetic and frame dragging measurements, with 0.2896 
and 19% margins of error, respectively. 


GPS Spinoffs from GP-B 

In the 1990s, Brad Parkinson's research on GPS solutions 
for positioning the GP-B satellite led to two revolutionary 
spin-off projects: 1) Wide Area Augmentation System 
(WAAS) provides highly precise positioning accuracy and 
itegrity for navigation and the automatic landing of 
airplanes and 2) Precision Farming adding GPS technology 
to tractors has enabled the automation of many aspects of 
farming and has spawned a $1 billion/year industry. 


Fermi Gamma Ray SpaceT elescope (GL AST) 

Stanford Physics Professor, Peter 
Michelson, is a former HEPL Director and 
the Principal Investigator for the Large 
Area Telescope (LAT) on board NASA's 
Fermi Gamma Ray Space Telescope, the 
successor to CGRO/EGRET. Launched on 
11 June 2008, Fermi has been highly 
successful mapping the gamma-ray sky. Under Michelson's 
guidance, HEPL’s collaborations with Italy are 
noteworthy. The development of cryogenic bar detectors of 
gravitational waves, in collaboration with Edoardo Amaldi 
and his colleagues, established new stringent upper limits to 
the gravitational waves incident on the Earth. Likewise, the 
Fermi LAT was developed by a collaboration between 
Italian INFN and ASI, NASA, and international partners in 
France, Japan, and Sweden, and used tracking detectors 
developed, integrated, tested, and qualified for the mission 
by Italy. GP-B provided the first evidence of frame- 
dragging on a spinning, superconducting gyroscope. The 
Fermi detector offers the potential of seeing, through the 
GeV emission in the Binary Driven Hypernova subclass of 
long GRBs, the emission from a newly born Black Hole, 
originating in the induced gravitational collapse of a 
supernova hypercritically accreting on a binary neutron star 
companion. 


Robert Byer'sLIGO and ACHIP Projects 

—-— Robert Byer, former Stanford Dean of 
Research and former HEPL Director, nurtured 
the GP-B, GPS and Fermi programs to 
success during his tenure. He is currently an 
Applied Physics Professor specializing in 
lasers and optics. His LIGO Group provided 
seismic isolation, coatings and materials for the LIGO 
observatories. His ACHIP project is developing a particle 
accelerator on a microchip—bringing the HEPL/Ginzton 
Labs full circle to — Hansen's 1947 research. 


Peter Michelson, Fermi 
LAT Principal investigator 


Professor Robert Byer 
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Professor LYMAN PAGE 


"for his collaboration with David Wilkinson in realizing the NASA Explorer WM AP mission and as founding 
director of the Atacama Cosmology Telescope" 


k Y. 

Lyman Page David Wilkinson 
This award is given in recognition of Lyman Page's pivotal role in transforming cosmic microwave 
background observations into a high-precision experimental science over the past two decades. In particular 
Page provided major contributions to the success of the Wilkinson Microwave Anisotropy Probe (WMAP) 
space mission, which delivered outstanding measurements of the CM B anisotropy and polarization pattern. 
Heis now continuing his effort by promoting a new generation of experiments like the A tacama Cosmology 
Telescope to study CM B polarization to greater precision. 


The CMB, the faint afterglow of the Big 
Bang, is the most powerful probe of the 
early universe. From its study, we have 
learned the age of the universe, its major 
constituents, and have characterized the 
fundamental fluctuations in gravity that 
gave rise to cosmic structure. The desire 
&» to measure the CMB ever more precisely 

, has driven the development of 
extraordinary detectors and techniques 
which will be reviewed in the Lectio 
Magistralis by Lyman Page. He will 
describe what we might hope to learn 
from the CMB in the next decade, 
including detecting gravitational waves 
from the birth of the universe if they exist 


Photo of the Atacama Cosmology Telescope at sufficient amplitude. 
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Professor RASHID ALIEVICH SUNYAEV 
"for the development of theoretical tools in the scrutinising, through the CMB, of the first observable 
electromagnetic appearance of our Universe" 


"m mm 


Rashid Sunyaev and 
Yakov Borisovich Zeldovich 


Rashid Sunyaev 


Rashid Sunyaev gave extraordinary contributions to the understanding of physical processes in the universe 
which identified new and uniquely informative targets for observational cosmology. In particular, the 
Sunyaev-Zeldovich effect, now observed in thousands of clusters of galaxies over the entire sky, has become 
a cornerstone of cosmology and extragalactic astrophysics, so much so that it is now considered a research 
field in its own right. Furthermore, Sunyaev's studies of processes in the early universe responsible for 
angular anisotropy and frequency distortions of the cosmic microwave background have left a profound and 
lasting legacy for cosmology. In particular, Sunyaev and Zeldovich predicted the presence of acoustic peaks 
in the CM B angular fluctuation power spectrum and the existence of baryonic acoustic oscillations. 

He is currently the project scientist leading the scientific team of the international high-energy astrophysics 
observatory Spektr-RG being built under the direction of the Russian Space Research Institute. 


Yakov Zeldovich and Remo Ruffini at the audience with Pope J ohn Paul II 
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Professor SHING-TUNG YAU 

"for the proof of the positivity of total mass in the theory of general relativity and perfecting as well the 
concept of quasi-local mass, for his proof of the Calabi conjecture, for his continuous inspiring role in the 
study of black holes physics" 


Shing-Tung Yau 


Shing-Tung Y au has made fundamental contributions to differential geometry which have influenced a wide 
range of scientific disciplines, including astronomy and theoretical physics. With Richard Schoen, Y au 
Solved a longstanding question in general relativity by proving that the combined total energy of matter and 
gravitational field in an asymptotically flat universe is positive. In 1982 Y au was awarded the Fields M edal, 
the highest award in mathematics, and in 1994 he shared with Simon Donaldson the Crafoord Prize of the 
Royal Swedish Society in recognition of his development of nonlinear techniques in differential geometry 
leading to the solution of several outstanding problems. 


Another outstanding achievement of Y au is his proof of the Calabi conjecture which allowed physicists to 
show that string theory is a viable candidate for a unified theory of nature. Furthermore in 2008 Y au (with 
M.T. Wang) introduced the concept of "quasi-local mass" in general relativity which can be of help to get 
around the old conundrum — the non-locality of the energy density in relativistic gravity. 


During his scientific carrier Y au had more than 50 successful PhD students. At present he is a professor of 
mathematics at Harvard University where along with research he continues many pedagogical activities. For 
example, he has created the "Black Hole Initiative", an interdisciplinary center at Harvard University 
involving a collaboration between principal investigators from the fields of astronomy (Sheperd Doeleman, 
Avi Loeb and Ramesh Narayan), physics (Andrew Strominger), mathematics (Shing-Tung Yau) and 
philosophy (Peter Galison). This "Black Hole Initiative" is the first center worldwide to focus on the study of 
the many facets of black holes. 


M G16 in 2021 will mark the 50" anniversary of the mass-energy formula for black holes based on the K err 
metric. This timing is an omen that Y au and his school will soon further enlarge our knowledge of this 
formula with their powerful mathematical analysis. 
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PREFACE 


'The Marcel Grossmann Meetings on Recent Developments in Theoretical and Ex- 
perimental General Relativity, Astrophysics and Relativistic Field Theories have 
always had the goal of bringing together scientists from all over the world enabling 
them to share recent developments in general relativity and cosmology, paying at- 
tention to the interplay between physical predictions and mathematical foundations. 

More than 800 scientists met at the University of Rome “la Sapienza” for the 
Fifteenth Marcel Grossmann Meeting (MG15) during the week of July 1-7, 2018 
to discuss theoretical topics and the status of the experimental testing and ob- 
servations of Einstein's theory of gravitation together with the broad spectrum of 
gravitational physics related phenomena. The topics discussed ranged from clas- 
sical and quantum aspects of gravity, relativistic astrophysics, branes and strings, 
inflation theory, the thermal history of the Universe, to more concrete astrophysics 
experiments, observations, and modeling, reviewing the current state of the art in 
theory, observations, and experiments related to relativistic gravitation. 

'The meeting featured 39 plenary talks during the six mornings of the meeting, 
plus 6 public lectures given by experts in gravitation and cosmology. 73 parallel 
sessions, some of which were split over multiple days, kept participants busy with 
the crucial support of 33 students from Sapienza who managed the coordination of 
each parallel session and offered technical help. 

'Three scientists and two collaborations were presented with Marcel Grossmann 
awards. These were: Lyman Page, Rashid Alievich Sunyaev, Shing-Tung Yau, the 
Planck Scientific Collaboration (ESA) represented by Jean-Loup Puget, and the 
Hansen Experimental Physics Laboratory (HEPL) at Stanford University, repre- 
sented by Leo Hollberg, 

'The detailed program of plenary and public talks is as follows: 


Shing-Tung Yau (Harvard University): Quasi-local mass at null infinity 
Malcolm J. Perry (University of Cambridge): Black hole entropy and soft hair 
Thomas Hertog (KU Leuven): A smooth exit form eternal inflation 

Jean-Luc Lehners (Max Planck Institute for Gravitational Physics): No smooth 
beginning for spacetime 

Ivan Agullo (Louisiana State University): Loop quantum cosmology and the cos- 
mic microwave background 

Elena Pian (IASF Bologna):Kilonovae: the cosmic foundries of heavy elements 
Nial Tanvir (University of Leicester): A new era of gravitational-wave / electro- 
magnetic multi-messenger astronomy 

Tsvi Piran (Hebrew University of Jerusalem): Mergers and GRBs: past present 
and future 

Stephan Rosswog (Stockholm University): Neutron star mergers as heavy ele- 
ment production site 


David Shoemaker (MIT LIGO Laboratory): LIGO's past and future observations 
of black hole and neutron star binaries 

Yu Wang (ICRANet) On the role of binary systems in GW170817/ 
GRBI170817A / AT2017gfo 

Hao Liu (University of Copenhagen): An independent investigation of gravita- 
tional wave data 

Stefano Vitale (University of Trento): Gravitation wave astronomy in ESA science 
programme 

Takaaki Kajita (University of Tokyo): Status of KAGRA and its scientific goals 
Masaki Ando (University of Tokyo): DECIGO : Gravitational-Wave observations 
from space 

Jun Luo (Sun Yat-Sen University): TianQin: a space-borne gravitational wave 
detector 

Jo Van Den Brand (Dutch National Institute for Subatomic Physics Nikhef, and 
VU University Amsterdam): Gravitational wave science and Virgo 

Ernst Maria Rasel (Leibniz Universitat Hannover): Science fiction turns into 
reality: Interferometry with Bose-Einstein condensates on ground and in space 
Manuel Rodrigues (Université Paris Saclay): The first results of the MICRO- 
SCOPE test of the equivalence principle in space 

Victoria Kaspi (McGill University): Fast radio bursts 

Bing Zhang (University of Nevada): From gamma-ray bursts to fast radio bursts: 
unveiling the mystery of cosmic bursting sources 

Jean-Loup Puget (CNRS): The Planck mission 

Jorge Armando Rueda Hernandez (ICRANet): Binary-driven hypernovae and 
the understanding of gamma-ray bursts 

Remo Ruffini (ICRANet): The essential role of the nature of the binary progeni- 
tors for understanding gamma ray bursts 

Heino Falcke (Radboud University Nijmegen): Imaging black holes now and in 
the future 

Luc Blanchet (Institut d'Astrophysique de Paris): Post-Newtonian theory and 
gravitational waves 

Jean-Loup Puget (Université Paris): Frome Planck to Atacama Cosmology Tele- 
scope 

Razmik Mirzoyan (Max Planck Institute for Physics) Gamma-ray and multi- 
messenger highlights with MAGIC 

Elisa Resconi (Technical University Munich): Neutrino astronomy in the multi- 
messenger era 

Francis Halzen (University of Wisconsin-Madison): IceCube: opening a new win- 
dow on the universe from the South Pole 

James Lattimer (Stony Brook University): The history of R-process 

Ralph Engel (Karlsruhe Institute of Technology): What have we learned about 
ultra-high-energy cosmic rays from the Pierre Auger Observatory? 
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Paolo De Bernardis (Sapienza - University of Rome): 

Fabio Gargano (INFN Bari): DAMPE and its latest results 

Markus Arndt (University of Vienna): Experiments to probe quantum linearity 
at the interface to gravity & complexity 

Tobias Westphal (University of Vienna): Micro-mechanical measurements of 
weak gravitational forces 

Shu Zhang (Institute of High Energy Physics, Chinese Academy of Sciences): 
Lorenzo Amati (INAF - OAS Bologna): Cosmology and multi-messenger astro- 
physics with Gamma-Ray Bursts 

Elisabetta Cavazzuti (ASI): Gev LAT observations from GRBs and active galac- 
tic nuclei 

Remo Ruffini (ICRANet): Concluding Remarks 

Roy Kerr (University of Canterbury): Towards MG16 


Public Lectures 


Jeremiah Ostriker (Columbia University): Ultra-light scalars as cosmological 
dark matter 

Malcolm Longair (University of Cambridge): Ryle and Hewish: 50 and 100 year 
anniversaries |Radio astrophysics and the rise of high energy astrophysics] 

Lyman Page (Princeton University): Measuring the Cosmic Microwave Back- 
ground 

Marc Henneaux (Université Libre de Bruxelles): The cosmological singularity 
Anne Archibald (Newcastle University): Does extreme gravity affect how objects 
fall? 
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Concluding remarks by Prof. Remo Ruffini 


For over more than four decades the Marcel Grossmann Meetings have been 
fostering the interaction between mathematics, relativistic field theories and 
observations in physics and astrophysics and has witnessed the birth and 
exponential growth of various new subfields within astrophysics. This has 
also occurred in 2018 during the MG15 (see Fig. 1), which has seen the 
participation of approximately one thousand participants from 71 different 
countries (see Fig. 2). In MG15, as is clear from the above program, we 
have seen considerable progress in theory on topics ranging from models of 
quantum gravity to the mathematical structure of Einstein's equations. 
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Fig. 2. umm TH of MG15 participants in the Aula Magna, Sapienza University of Rome. 
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In particular, an MG15 individual award was given to Prof. Rashid 
Sunyaev, as a member of the relativistic astrophysics school of Zel’dovich- 
Sunyaev (see Fig. 3) and to Prof. Shing-Tung Yau, as a representative of 
the Chinese-American school of differential geometry and general relativity 
(see Fig. 4). 


Fig. 3. Rashid Sunyaev receiving the MG15 individual award from Roy Kerr. 


Fig. 4. Shing-Tung Yau receiving the MG15 individual award from Roy Kerr. 


This has been accompanied by extensive developments in the 
exploration of the cosmic microwave background with announcements of 
the final results of the Planck satellite that followed earlier predecessors, 
like WMAP. In this sense, particularly meaningful have been the MG15 
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Awards presented to Prof. Jean-Loup Puget, who has successfully 
accomplished the ESA Plank mission (see Fig. 5) and to Prof. Lyman Page, 
one of the main participants of the glorious NASA WMAP mission, 
successfully lead by David Wilkinson (see Fig. 6). I was very fortunate to 
be in Princeton as an assistant professor at the time WMAP was initially 
conceived. 


e 


Fig. 5. Jean-Loup Puget accepting the MG15 institutional award on behalf of the Planck Scientific 
Collaboration (ESA) from Roy Kerr. 


Fig. 6. Lyman Page accepting the MG15 individual award from Roy Kerr. 


X-ray astrophysics gradually successfully evolved from the first rockets 
of Riccardo Giacconi discovering Scorpius X-1 using well tested Geiger 
counters, moving on to larger missions using X-ray mirrors in the Einstein 
Observatory, in XMM and on to the NASA Chandra mission, each new 
mission introducing new technologies based on previous successes. The 
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Chandra data on GRB 170817A were amply discussed in the MG15 
meeting. Analogously, starting from the earlier gamma ray detectors on the 
Vela satellite, gamma ray astrophysics reached maturity with the Compton 
Observatory with the BATSE instruments on board. These two fields joined 
their separate expertise together in the hybrid Beppo SAX satellite. Equally 
impressive was the transition from Beppo SAX to the Neil Gehrels Swift 
Observatory and the Fermi Gamma-Ray Space Telescope that followed 
EGRET and opened up the field of high energy gamma-ray astrophysics, 
adding further successes to this ongoing story. One of the most significant 
contributions to the success of the Fermi mission has been the LAT detector, 
jointly led by the Hansen Experimental Physics Laboratory (HEPL) at 
Stanford University, which received the MG15 institutional award, 
presented to Prof. Leo Hollberg (see Fig. 7). 


Experimental Physics Laboratory at Stanford University. 


More recently we are witnessing the birth of TeV astrophysics springing 
from the ground-based MAGIC, HESS and Whipple telescopes, as well as 
neutrino astrophysics associated with underground (ICE Cube) and 
underwater laboratories. New tantalizing results concerning the spectrum 
and composition of cosmic rays have been reported by the Alpha Magnetic 
Spectrometer experiment on the international space station. All of these 
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together mark the gradual development of the largest observational effort in 
history, well recorded in these MG meetings (see Fig. 8). Today relativistic 
astrophysics is offering us the possibility of utilizing all of these multi- 
wavelength observations simultaneously in the study of GRBs and active 
galactic nuclei. Indeed the description of the distinct temporally discrete 
episodes for the GRB 1304274, one of the most complex astrophysical 
objects ever observed, requires the simultaneous knowledge of observations 
from all of these various wavelengths. This exponential growth in all these 
areas of astrophysics has been accompanied by attempts at data acquisition 
of gravitational wave signals arriving on the Earth. After the failure of the 
initial attempt by Misner and Weber in 1972, the new attempt by LIGO- 
VIRGO was discussed extensively in this MG15 meeting. 
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Fig. 8. From the if to right: Leo Hollberg, Rashid Sunyaev, Shing-Tung Yau and Remo Ruffini during the 
MG15 official awards ceremony. 

Indeed in addition to the many topics discussed in the plenary lectures, 
there was a special session dedicated to kilonova and gravitational waves 
chaired by Enrico Costa on July 3 and a session on gravitational waves 
chaired by Claus Lámmerzahl on July 4. Many intense discussions took 
place at the meeting, both in the plenary and parallel sessions, bringing 
together different points of view, at times controversial, which stimulated a 
large number of articles published in leading scientific journals in the 
months following the meetings. The impossibility of finding these 
discussions in these proceedings is simply explained: it is due to the 
incomprehensible decision by Sapienza University not to renew the 
collaboration agreement with ICRANet. What is incomprehensible is that 
both the research and teaching activities of ICRA and ICRANet are 
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recognized internationally at a worldwide level, in more than 70 nations. 
Locks were put on the ICRA Offices (see Fig. 9). 


Fig. 9. Remo Ruffini shows to Barry Barish the locked offices of ICRA at Sapienza University. 


The preparation of the proceedings was halted. It was not possible to 
follow up with post-conference interactions and the impossibility of access 
to our offices and interact with our students. The invited lecturers, clearly 
indicated in the conference program and some of the world leaders in their 
fields who had just presented their extremely interesting lectures 
stimulating widespread interest, mostly chose to publish their results in 
international journals giving rise to some of the most highly cited articles in 
recent times. Only a minority were published here. This was also the case 
for some of the ICRA-ICRA Net lectures, which appeared in: 


e J.F. Rodriguez, J.A. Rueda, R. Ruffini, On the final gravitational 
wave burst from binary black hole mergers, Astron. Rep. 62, 940 
(2018). 


e J.A. Rueda, R. Ruffini, Y. Wang, Y. Aimuratov, U. Barres de 
Almeida, C.L. Bianco, Y.C. Chen, R.V. Lobato, C. Maia, D. 
Primorac, R. Moradia, and J.F. Rodriguez, GRB 170817A- 
GW170817-AT 2017gfo and the observations of NS-NS, NS-WD and 
WD-WD mergers, JCAP 10, 006 (2018); and J.A. Rueda, R. Ruffini, 
Y. Wang, C.L. Bianco, J.M. Blanco-Iglesias, M. Karlica, P. Lorén- 
Aguilar, R. Moradi and N. Sahakyan, Electromagnetic emission of 
white dwarf binary mergers, JCAP 03, 044 (2019). 
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e R. Ruffini, R. Moradi, J. A. Rueda, L. Becerra, C. L. Bianco, C. 
Cherubini, S. Filippi, Y. C. Chen, M. Karlica, N. Sahakyan, Y. 
Wang, and S. S. Xue, On the GeV Emission of the Type I BAHN GRB 
130427A, The Astrophysical Journal, 886, 82 (2019). 


The dialogue we had started at MG15 undoubtedly had a very 
stimulating effect on the community which have been followed up and 
expanded upon in the subsequent MG16 meeting in 2021. Paradoxically, 
the moments of greatest difficulty for ICRA members have coincided with 
the flow of new ideas which promoted the steps forward towards the final 
identification of some fundamental laws of black hole electrodynamics. The 
very night ICRA offices were locked up and its electronic communications 
cut, we had submitted a paper to The Astrophysical Journal for publication 
containing the first fundamental steps for identifying the “inner engine" of 
GRBs as discussed in talks in this conference. After one year and four 
months a judge ordered Sapienza to return the ICRA offices. 


I am looking forward to a renewed successful collaboration with 
Sapienza University, enjoyed for more than three decades, to pursue a new 
common "path" for the rapidly expanding knowledge of the largest distant 
objects in our Universe. There is still room for improvement: now that the 
differences have been identified in published articles, a joint effort on an 
attentive scientific analysis on both sides can lead to the understanding of 
the nature of these differences and to jointly converge to common solutions. 
For this to occur, dialogue and not obstruction of office space is needed. As 
soon as these clarifications will be achieved, we will be able to proceed in 
a broad scientific effort of common topics of interest in Einstein's theory, 
in relativistic astrophysics, ranging from the astrophysics of black holes, 
neutron stars, dark matter and primordial cosmology, observing the rules of 
basic academic relations. 


I am grateful to all members of the IOC and to Carlo Luciano Bianco, 
Nathalie Deruelle, Rahim Moradi, Tsvi Piran, Jorge Rueda and Narek 
Sahakyan for advice and discussion. 


Remo Ruffini 

Chair of the MG International Organizing Committee 
Director of ICRANet 

President of ICRA 


January 10, 2022 
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1. Definition of the theory and its canonical formulation 


With the aim of obtaining simultaneously perturbative renormalizability and unitar- 
ity, Horava! has introduced a gravitational theory with higher orders only in spatial 
derivatives, breaking the symmetry of general diffeomorphisms over the spacetime. 
Indeed, the very concept of spacetime is substituted by the one of foliation of space- 
like hypersurfaces along an absolute line of time. The theory is defined in terms of 
the ADM (Arnowitt-Deser-Misner) variables N, N; and gij. They are understood 
as tensors over the spacelike hypersurfaces that evolve in time. The gauge symme- 
try is given by the FDiff (diffeomorphisms that preserve the foliation), defined on 
the ADM varaibles. The Lagrangian has a kinetic terms that is of second order in 
time derivatives, 

Zg” + gigi*) — Ag g" , (1) 
and A; is the extrinsic curvature of the hypersurfaces. This kinetic term is FD- 
iff covariant for any value of the dimensionless coupling constant A. Our concern 


£k -—gNGÜ"K,Ky,, Gk = 


in this paper is a particular formulation of the Hořava theory, which we call the 
kinetic-conformal theory, given by a critical value of A. For spatial hypersurfaces of 
dimension 3, the critical value for A we refer to is A = 1/3. This value defines a dy- 
namically different formulation of the Horava theory, in the sense that the structure 
of constraints is discontinuous to the generic formulation with A Z 1/3. That is, 
the constraints of the kinetic-conformal theory cannot be obtained by continuously 
varying A. At À = 1/3 the hypermatrix G?*' becomes degenerated and this leads 
to the raising of the primary constraint 7 = g;;7’? = 0, where 7” is the canonically 
conjugate of gij. There is an additional secondary constraint that emerges when 
the time preservation of 7 is imposed. As a consequence, the kinetic-conformal 
theory propagates less physical degrees of freedom than the generic formulation of 
the nonprojectable Hořava theory with A 4 1/3. It propagates two physical modes, 
the same number of General Relativity. The so-called extra mode of the generic 
formulation theory is absent in the kinetic-conformal formulation. We consider this 
an interesting feature that deserves to be explored. Furthermore, at A = 1/3 the 
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kinetic term (1) gets an anisotropic conformal symmetry defined by the anisotropic 
Weyl transformations! 


Gig = 2? gij, N - (PN, Ñi ON, (2) 


where Q = Q(t, z). This motivates the name kinetic-conformal. The full theory is 
not conformally invariant since the potential is not, unles it is defined with specific 
conformal terms. 

In Ref. 2 several versions of the Hořava theory were associated to the algebra 
of the Newton-Cartan geometry. In summary, depending of the connection used in 
the gauging and the central extension on the side of the Newton-Cartan algebra, 
the correspondence is 


e Torsionless connection: projectable Hořava theory. 
e Twistless-torsional connection: nonprojectable Horava theory. 
e Central Bargmann extension: U(1) extension of the Hořava theory. 


'Thus, the kinetic-conformal formulation can be found in the twistless-torsional- 
gauging case, by fixing the values of some coupling constants on the side of the 
Newton-Cartan dynamics. The extrinsic curvature arises via the covariant deriva- 
tives of the inverse vielbein denoted by v" in Ref. 2. Then the kinetic term (1) 
emerges from the terms that are quadratic in derivatives of v”, 


ca Vv V,v" + ca V,v" Vv" = ca (xx = are) . (3) 
C4 
Thus, the kinetic-conformal theory is achieved by adjusting c3 and c4 according to 
C3 1 
oe ee 4 
"iE (4) 


The action of the nonprojectable Hořava theory is! 
S= P dtd?z /gN (G" Kj Ky — V), (5) 


where to define the kinetic-conformal theory we consider that the value À = 1/3 has 
been fixed. The potential Y should include all the inequivalent terms that are FDiff 
covariant and up to sixth order in spatial derivatives (z = 3 terms), as required for 
the power-counting renormalizability!. Among them, the terms that contribute to 
the action of second order in perturbations, hence contributing to the propagator, 


are* 


—V@=) = BR + aaia’ , (6) 

—y C7? = o, RVia! + a2Viaj Vta + biR RË + 84 RP, (7) 

—y 679 = os V? RV ja! + o4 V?2a;V?a! + B3 V; Rj, V RI? + BaViRV'R, (8) 
where a; = Oj; InN. 


In order to determine the dynamical consistency of the theory we have performed 
its Hamiltonian formulation’. The phase space is spanned by the conjugate pairs 
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(gij 17) and (N, Py). The Hamiltonian, with the primary constraints added, is 
given by 


H= pes (Z^ mu VINV + NAE + ur +a Px ) ' (9) 
and the full set of constraints is 

HI = -2V in! + PRO! N — 0. (10) 

Py = 0, T= 0; (11) 
1 1 2N 

vi = -r mij — BR + 2a aaja =0, (12) 
1 i4 B VN a, 

—C = ——mqHm;,--—-R-2 —aja’ =0. 1 
v o," ti + ah b- + 3aia 0 (13) 


H’ is a first-class constraint whereas the four constraints Py, 7, H and C are of 
second class. In the Hamiltonian formulation the shift vector N; plays the role 
of Lagrange multiplier (as in GR), as well as u and c. When applying Dirac's 
programme for extracting the constraints, the time preservation of the second-class 
constraints leads to equations for u and e. Considering the complete potential V, 
it can be shown? that these are elliptic (sixth-order) equations, hence they can 
be consistently solved with appropiated boundary conditions. This ends Dirac’s 
programme, the set of constraints is closed. The constraints H and C can also be 
casted as elliptic equations if the appropiated field variables are chosen to solve 
them, see®. This analysis shows that the Hamiltonian formulation of the theory is 
consistent. Considering the second-class nature of Py, 7, H and C, it results that 
the theory propagates two physical modes, coinciding with the number of modes of 
GR. 

The presence of the 7T = 0 constraint is intriguing, since it generates the Weyl 
scalings on gi; and 7, but this theory is not conformally invariant. This is in 
agreement with the fact that m is of second-class, hence it is not the generator 
of gauge symmetries. Contrasting with an exactly anisotropic conformal Horava 
theory, which is given by a conformal potential, we have that 7 = 0 can be combined 
with the Py = 0 constraint to form the full generator of the anisotropic conformal 
transformations (2), which is 


m=ntSNPy. (14) 


In the anisotropic conformal theory this is a first-class constraint. It is preserved 
without further conditions, hence no furhter constraints are generated. Therefore, 
in the exact anisotropic conformal case there is asymmetry more than in the kinetic- 
conformal formulation, the anisotropic Weyl scalings, but a second-class constraint 
less (the C constraint). Hence the number of physical degrees of freedom is the same 
in both cases (at least in the sense of classical field theories, since there is evidence" 
for a conformal anomaly in the anistropic conformal theory), and it is the same of 
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GR. Further developments in the relationship bewteen the kinetic-conformal theory 
and the exact anisotropic conformal formulation can be found in?. 


2. Quantization: propagators and the superficial 
degree of divergence 


A perturbative analysis considering all the terms (6) - (8) allows to check explicitly 
the consistency of the Hamiltonian formulation of the theory and to obtain the 
propagators of the physical modes. We work on the transverse gauge Ojhi; = 0, 
where hij represents the perturbative metric around the flat background. The 
momentum constraint eliminates the longitudinal sector of the canonical momentum 
at first order in perturbations. Constraints H and C are consistently solved for hkk 
and the pertubative version of the lapse function, n, fixing these variables to zero at 
first order in perturbations (with asymptotically flat conditions). Constraint 7 = 0 
elminates the trace of the canonical momentum. There remains the transverse- 


traceless sector ( a Pa) as the independent propagating physical modes. The 
6 


ij 
corresponding propagators are 


Pot 
(hij hat) = > Sa (15) 
w? — Bk? + Bik* + B3k® 


where PI is the transverse-traceless projector. 

Another important issue of the perturbative quantization is the distribution of 
Fourier momentum in Feynmann diagrams. We recall that this is a theory with 
second-class constraints, hence standard techniques of gauge field theories which 
only have first-class constraints do not apply. One plausible scheme of quantizaton 
is to solve the second-class constraints perturbatively. It can be shown that the 
perturbative field variables used to solve the constraints end with a balance of 
zero Fourier momentum. Therefore when the solutions are substituted in the 
Lagrangian they do not alter the order in momentum of the interacting terms, the 
weight in Fourier momentum of the vertices is the same of the off-shell theory. 
These results allow to evaluate the superficial degree of divergence of Feynman 
diagrams, since the badly divergent diagrams are those with vertices corresponding 
to the terms of the Lagrangian of highest order, which is the sixth order. The 
internal lines scale also with sixth order according to the propagator (15). With 
these considerations we may show? that the superficial degree of divergence of 
the badly divergent diagrams is given by the order 6. This implies that counter- 
terms of 6th order in spatial derivatives must be added to the bare Lagrangian, 
but this is precisely the order of the bare Lagrangian designed for power-counting 
renormalizability. Thus, the theory passes the criterium given by the superficial 
degree of divergence needed for the renormalization of the theory. 
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3. Gravitational waves and observational bounds 


The coincidence in the number physical degrees of freedom between the kinetic- 
conformal Hořava theory and GR raises interest on the behavior of the gravita- 
tional waves in this theory. This was analyzed in? using the equivalence of the 
large-distance effective action with the Einstein-aether theory!?. The Einstein- 
aether theory implements the breaking of the Lorentz invariance keeping the gauge 
symmetry of general diffeomorphisms over spacetime by using a dynamic unit time- 
like vector (the aether). The analysis of gravitational waves in the kinetic-conformal 
Hořava theory done in? 
field in the construction of the gauge invariants. The first main result is that the 
transverse-traceless sector is propagated with a wave equation, vØ being the speed 
of the gravitational waves. 

For the case of an isolated source, the dominant mode of its gravitational radi- 
ation in the far zone can be deduced by applying the same techniques of GR. The 
considerations on the source are the standard ones for a weak source: small mass, 


was achieved in a gauge-invariant way, involving the aether 


slow velocity and negligible self-gravity. If /;; is the quadrupole moment given by 
the 00 component of the energy-momentum tensor, then it is found? that the lead- 
ing contribution for the generation of gravitational waves has the same structure of 
Einstein’s quadrupole formula of GR, 

Ky TT d? Ia (t mi r/v/B) 


AIT = pf 
K AnBr 9M dt? : 


(16) 


where &g is the coupling constant arising in front of the Hořava action (which we set 
equal to one in Eq. (5), since that is a vacuum action). To get an exact matching 
with the quadrupole formula of GR, we must set the coupling constants ky and 6 
equal to their GR values, Ky = 87Gy and f = 1. 

We may apply the analysis of the parameterized-post-Newtonian (PPN) expan- 
sion for solar-system tests to the kinetic-conformal theory. It turns out that the 
theory reproduces the same values of the PPN parameters of GR, except for the 
parameters o1"? and o$"", whose deviations from the zero value indicate Lorentz- 
symmetry violation. For the kinetic-conformal Hořava theory these two constants 
are given by? 


1 a 
PPN IL = A PPN LOg ql 0. 17 
o got B 7 (17) 
The current observational bounds!? on these parameters are |a}?%| < 1074 and 
lo5""| < 107°. Relation (17) demands that the strong bound, which is the one on 


o5", must be satisfied by both parameters. This condition is met if 


a —2(8 —1)4-6, (18) 


where ô represents the narrow observational window for the o5"" parameter, 


i. e. |ô] < 107°. 
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We identify the proper geometry underlying non-relativistic string theory as ‘String 
Newton-Cartan Gravity'. It has the distinguishing feature that one-dimensional foliation 
in Newton-Cartan geometry is replaced by a two-dimensional foliation on the target 
space. We discuss some basic properties of the string Newton-Cartan space-time, in 
particular it's behaviour under T-duality transformations. This leads to interesting non- 
relativistic conformal field theories at the boundary that have applications in condensed 
matter physics. 
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1. Introduction 


Assuming small spacetime curvature, the low-energy limit of superstring theory is 
described by a supergravity theory. Using this connection our knowledge about 
supergravity has teached us a lot about some basic properties of superstring theory 
such as T-duality, D-branes, exotic branes etc. Via it's embedding into string theory, 
supergravity in an AdS background has an intriguing holographic relation with a 
conformal field theory in one dimension lower. This latter relationship has also 
been investigated at the non-relativistic level by considering background geometries 
in the bulk that have non-relativistic isometries such as Lifshitz or Schródinger 
symmetries. This leads to non-relativistic conformal field theories at the boundary 
that have applications in condensed matter physics.* 

A different and less well studied corner of non-relativistic holography occurs 
when the gravity in the bulk itself becomes non-relativistic. It has been argued that 
the relevant non-relativistic gravity is an extension of Newton-Cartan (NC) gravity, 
ie. the frame-independent formulation of Newtonian gravity. This new kind of 
holography leads to non-relativistic CFTs at the boundary with a different set of 
symmetries such as the (infinite-dimensional) Galilean conformal symmetries, see 
Ref. 1. We are especially interested in the possibility that the non-relativist gravity 
theory in the bulk is connected to a non-relativistic string theory in the same way 
that general relativity is related to relativistic string theory. This non-relativistic 
string theory could then perhaps be used as at starting point by itself, independent 
of the relativistic string theory, to study non-relativistic holography. 

Independent of holography, it was realized in the condensed matter commu- 
nity that reparametrization invariance is not only relevant to gravity but also plays 


aIt has been found that the non-relativistic conformal field theories at the boundary couple to a 
Newton-Cartan geometry with twistless torsion in Ref. 13. 
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a crucial role in Effective Field Theories (EFTs), where one writes effective La- 
grangians in an expansion organized according to the number of derivatives. Cou- 
pling an EFT to an arbitrary gravitational background enables one to study generic 
features of this EFT in an arbitrary frame. The application of non-relativistic grav- 
ity in this new context was pioneered by Son and coworkers in Ref. 2. The detailed 
understanding of how to couple a non-relativistic EFT to a general NC gravitational 
background can be obtained systematically by starting from a relativistic EFT in 
a general gravitational background that includes an auxiliary zero-flux vector field 
as in Ref. 3. By taking a special limit of this EFT in a frame-independent way, one 
automatically obtains a non-relativistic EFT in a Newton-Cartan background. 

In the first part we recall how the kinematics of NC gravity follows from gauging 
a specific non-relativistic algebra. We extend this analysis to String NC gravity. In 
the second part we discuss the non-relativistic string theory that naturally couples 
to the String NC geometry. In particular, we discuss the T-duality properties of 
this new kind of geometry. At the end we give our conclusions. 


2. Newton-Cartan Gravity 


It is well-known that the symmetries connecting non-relativistic inertial frames are 
given by the following set of Galilei symmetries: 


e time translations: ót = £0, 

e space translations: ba’ = £5, i—1,2,3, 
e spatial rotations: da? = JA a. 

e Galilean boosts : bn’ = A. 


Here €°, £*, M; and X are the constant parameters associated with the time trans- 
lation, space translations, spatial rotations and Galilean boosts, respectively. These 
symmetries are identical to the Poincaré symmetries except for the Galilean boosts 
which differ from the Lorentzian boosts in the sense that under Galilean boosts the 
spatial coordinates z transform to the absolute time coordinate t, but t does not 
transform back into the spatial coordinates zt. 

It turns out that gauging the Galilei algebra associated with the above symme- 
tries is not sufficient to obtain NC gravity. One way to see this is to realize that 
the spin-connection fields associated with the spatial rotations and boost symme- 
tries are dependent fields in General Relativity and one expects this to be the same 
in NC gravity. In General Relativity this is obtained by setting the torsion equal 
to zero which yields the 24 so-called conventional constraints needed to solve the 
24 spin-connection fields associated with the Lorentz transformations. The prob- 
lem with the Galilei algebra is that the curvature of time translations does not 
contain a spin-connection field and hence cannot be used for obtaining a conven- 
tional constraint. Therefore, there are not enough conventional constraints to solve 
for all spin-connections. One way to circumvent this issue is to work with a cen- 
trally extended Galilei algebra, called the Bargmann algebra. It turns out that 
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the curvature corresponding to the central charge transformations does contain the 
boost spin-connection fields. By setting this curvature to zero one acquires the 6 
missing conventional constraints. Together with the 18 conventional constraints 
that follow from setting the curvature corresponding to the spatial translations 
equal to zero, one is now able to solve for the 12 spatial rotation connection fields 
Q, (u = 0,1,2,3;a = 1,2,3) and the 12 Galilean boost connection fields Q^. 
'The central charge introduced by the Bargmann algebra also has a physical inter- 
pretation. When coupled to matter, the U(1) central charge symmetry leads to a 
conserved Noether charge expressing the conservation of particle number. It also 
leads to the fact the the Schrödinger equation is necessarily complex providing a 
projective representation of the Galilei algebra. 

We now consider the gauging of the Bargmann algebra, see Ref. 4. Our starting 
point is the set of commutation relations defining the Bargmann algebra 


[Jab, P.] = = 26 nF 5) E [Jab, Ge] = —2ô ela Gt , 


[Ga, H] = —P,, [Ga, Po] = —darZ , (1) 


where (H, Pa, Jab, Ga, Z} with a = 1,2,3 are the generators of time translation, 
space translations, spatial rotations, Galilean boosts and central charge trans- 
formation, respectively. In this gauging procedure we associate to every genera- 
tor/symmetry a gauge field and gauge parameters that are arbitrary functions of 
spacetime together with the covariant curvatures, see Table 1 below. Note that we 
have left out the parameters corresponding to the time and space translations. In- 
stead, we assume that all gauge fields transform as covariant vectors under general 
coordinate transformations with parameters £"(r). The two symmetries (H and 
P transformations versus general coordinate transformations) are related to each 
other via a so-called trivial or Zilch symmetry in Ref. 5. 


Table 1. This table indicates for every symmetry of the Bargmann algebra the 
corresponding generators, gauge fields, local gauge parameters and covariant 


curvatures. 

“symmetry generators gauge field parameters curvatures - 

“time translation H vm |  -  . Ro) 
space translations Pa Ep’ = Rur? (P) 
Galilean boosts Ga On” A? (z") Rur’ (G) 
spatial rotations Jap Qe Ab (x) Ryy9*(J) 
central charge transf. Z My a(x”) Ryv(Z) 


One can now show that by imposing the 24 conventional constraints 


Rys? (P) = R(Z) =0 (2) 
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the 24 connection fields Q,*^ and Q,,“ can be solved in terms of independent gauge 
fiels . Furthermore, we impose the 6 geometric constraints 


Ryv(H) = 20,74] L0 — Tu = uT, (3) 


defining absolute time. Due to this constraint the time difference AT between two 
events becomes independent of the path C that the observer has traveled between 
these two events: 


ar= da= f ar. (4) 
[6 [e 


One thus ends up with three independent gauge-fields (7,,, E^, Mj) that trans- 
form under general coordinate transformations, with parameters é”, as covariant 
vectors and under spatial rotations, Galilean boosts and central charge transforma- 
tion as follows: 


ÔT = &€ yr, + LETA ; 
óE," = OE? + OEE + A, By? + A ty, (5) 
6M, = £^0,M, -O,E M5 + Ono + A, Ey? . 
One may define the following Bargmann-invariant metrics 
Tuy. = Tuy h” = BYE’, pe. (6) 


one in the time direction and a separate one in the spatial directions. One cannot 
define a boost-invariant metric with upper indices in the time direction or lower 
indices in the spatial directions. A Galilean boost-invariant metric can be obtained 
by adding terms proportional to the central charge gauge field M,, as follows: 


Hy, = Ep E, bab — 2r, M). (7) 


However, in that case one ends up with a metric that is not invariant under the 
central charge gauge transformation. 

Newton-Cartan gravity can be obtained as a non-relativistic limit of general 
relativity, much in the same way as the Bargmann algebra can be obtained as 
the Inónü-Wigner contraction of the direct product of the Poincaré algebra and 
a U(1) generator. The latter has the physical interpretation that, when coupled 
to matter, its Noether charge corresponds to the conservation of particles minus 
anti-particles. To describe this particular Inónü-Wigner contraction we consider 
the Poincaré algebra plus an additional U(1) generator Z that commutes with all 
the Poincaré generators: 


[Pa Mao] =2naa Pe, [Mig Mop] — 4majo Mpe plus Z. (8) 
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Here {P e M Ap] are the generators of spacetime translations and Lorentz trans- 
formations, respectively. We have indicated all relativistic generators with a hat 
to distinguish them from the non-relativistic case. The extra U(1) generator Z 
is needed because the Bargmann algebra contains one generator more than the 
Poincaré algebra. Next, we decompose A = (0, a) and relate the Poincaré & U(1) 
generators { Po, Ê, Mao, Mav} and Z to the non-relativistic Bargmann generators 
{H, Pa, Ga, Jab, Z} as follows: 


M 1 ^ 1 
0 Dg +w ; Ou w , (9) 
Ê, = P,, Mav = Jab, Mao =wGa, (10) 


where we have introduced a contraction parameter w. In a second step, taking the 
limit w — oo, we obtain the Bargmann algebra including the following commutator 
containing the central charge generator Z: 


[Pa,Gp] = bap Z. (11) 
Poincaré & U(1) ‘gauging’ GR plus Os My — 0, My =0 
contraction |j | the NC limit 
Bargmann cd Newton-Cartan gravity 


Fig. 1. This figure compares the Inónü-Wigner contraction of the Poincaré algebra times a 
U(1)with the non-relativistic limit of general relativity plus a zero flux gaugefield M,, discussed in 
the text. 


'The non-relativistic limit of general relativity, which is inspired by the above 
Inónü-Wigner contraction, is introduced as follows, see Figure 1. Using a second- 
order formulation of general relativity, we first introduce, on top of the Vierbein 
field, a vector field M, u with 9, M, — 0, see Ref. 3. Next, we relate the relativistic 
gauge fields (£,^, M) to the non-relativistic gauge fields (7,, E,^, Mu} of NC 
gravity as follows: 


n 1 , 1 5 
Bp? = wt, + z My, My = 0 Ty — g- My; E, =E," (12) 


In a second step we take the limit w — oo in the relativistic transformation rules. 
In this way we obtain the correct non-relativistic transformation rules (5). The 


736 


same limit can be used to derive the NC gravity equations of motion from the 
Einstein equations. Note that the standard textbooks on general relativity usually 
go straight from General Relativity to Newtonian gravity skipping the general frame 
formulation of Newtonian gravity. 

A striking feature of the non-relativistic limit we just defined is that it requires 
the introduction of the auxiliary gauge field M,. Another way to see the necessity of 
this additional gauge field for taking the limit is considering the action of a particle 
moving in a general relativistic gravitational background. In order to define a 
limit without fatal divergencies one needs to couple the particle not only to general 
relativity but also to the gauge field M y Via a so-called Wess-Zumino term. This 
brings us to the remarkable conclusion that the limit of general relativity we just 
defined is particular to particles. It will not work for other extended objects such 
as strings. This leads to the following question: 

If NC gravity couples to particles what is the non-relativistic gravity that couples 
to strings? 

We will answer this question in the next section. 


3. String Newton-Cartan Gravity 


A basic difference between particles and strings is that a particle naturally couples 
to a 1-form gauge field M u Whereas a string couples to a 2-form gauge field M pv 
In order to cancel the leading divergence that occurs in the particle limit one needs 
to add a Wess-Zumino term to the particle kinetic term with 


M, — wr, de (13) 


In the case of strings the cancellation of the leading divergence requires that the 
2-form gauge field M, uv Starts as w° times something quadratic in 7, but, due to 
the anti-symmetry of the 2-form, one cannot write down such an expression. One 
way to avoid this problem is to introduce two Vierbeine Tur where A = 0, 1 refer to 
the two (timelike and spacelike) directions longitudinal to the string. One writes 


My = w? 7,472 ear + Ow). (14) 


The r^ are two generalized clock functions that define a so-called string NC ge- 
ometry. The basic difference with the particle case is that the relativistic index A 
is divided up differently in longitudinal directions A and transverse directions a as 
follows: 


particle: A= (0,a) with a=1,---,d (15) 


string: A=(A,a) with A=0,1 and a—2,---,d— 1. (16) 
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The string Galilei symmetries underlying this geometry are given by 
longitudinal translations Ha 
transverse translations Pa 
string Galilei boosts G Ab 
longitudinal Lorentz rotations MAB 
transverse spatial rotations Jab 


In gauging the algebra corresponding to these symmetries one again encounters 
extensions that in this case are non-central: 


[G 4s, P] 2 0 > [Gaa, Po] = fab ZA (17) 


and leads to non-central charge gauge fields M, A To obtain irreducibility one needs 
to impose a set of conventional and geometric constraints. A difference with the par- 
ticle case is that the zero torsion constraint now becomes a mixture of conventional 
and geometric constraint: 


Ry ^(H) = Dub) = 0. (18) 


For instance, in 4 spacetime dimensions, i.e. d = 3, the 12 curvature constraints 
(18) is a mixture of 4 conventional constraint that can be used to solve for the 4 
components of longitudinal spin-connection fields 


A A 
Of" = (19) 
and 8 geometric constraints. 


After gauging, one ends up with the independent string NC gauge fields 
(7,4, Ept, M^} that transform under the different symmetries as follows: 


OT, = Af BT,” ; 
6B, =A EL = DA T (20) 
óm,^ = Dyo* +4, Ep". 


Furthermore, all gauge fields transform as covariant vectors under general coor- 
dinate transformations. These transformations rules are the generalization of the 
particle transformation rules (5) to strings and will play a prominent role as the 
symmetries on the non-relativistic Polyakov string we discuss in the next section. 

We note that the string analogue of the longitudinal metric (6) and boost in- 
variant metric (7) are given by 


longitudinal metric: Tuv = r,^7,P map, (21) 


boost invariant metric: Hpv = Ei Ey Sab + [no wis + Tu ma”) nap. (22) 
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Like in the particle case, H,, is invariant under string Galilei boost transfor- 
mations but transforms under the non-central charge gauge transformations with 


parameter g^. 


4. The Non-relativistic Polyakov String 


To understand the non-relativistic Polyakov string as the limit of the relativistic 
Polyakov string, it is instructive to first consider the particle case. Our starting 
point is a particle in a Polyakov formulation moving in the fields of general relativity 
and coupled to the extra gauge field W, via a Wess-Zumino (WZ) term: 


TC . 
Spol. = -i faf - 2B, Ai^ B, Pyg + MPe— 2M ita"). (23) 


Here e is the Einbein and M a mass parameter. Substituing the parametrization 
(12) we obtain a potential leading divergence of order c?: 


1 
Spa. (c?) = -te fuz [Tt — me]? ' (24) 


To circumvent this potential divergence, we introduce by hand a Lagrange multiplier 
À and rewrite the above term in the following equivalent form: 


Sie) f eben — me) — d (25) 


Solving for A by using it's equation of motion one recovers the Lagrangian (24). 
The advantage of the Lagrangian (32) is that the quadratic divergence has disap- 
peared. Note that this rewriting can only be done after making the expansion (12). 
Strictly speaking we can not consider the result we obtain as the limit of the original 
Polyakov Lagrangian (23). 

Continuing in this way, we obtain the following Lagrangian for the non- 
relativistic Poyakov particle: 


Spal. (N.R.) = -4 | dri irit u 4 (Tye! — me) }. (26) 


Note that the boost invariant metric H,,, defined in eq. (7) occurs in the Lagrangian. 
The fact that this metric is not invariant under the central charge transformation 
leads to a total derivative in the Lagrangian. Solving for e by using the equation of 
motion for A leads to the Lagrangian for the non-relativistic Nambu-Goto particle. 
Note that the resulting Nambu-Goto Lagrangian is non-linear in the longitudinal 
time coordinate 7,2" but quadratic in the transverse coordinates that are contracted 
with the boost invariant metric H,,. This is in contrast to the Lagrangian for the 
relativistic Nambu-Goto particle which is non-linear in all directions. 

The Lagrangian (26) for the non-relativistic Polyakov particle has all the features 
of the non-relativistic Polyakov string. To derive the action for the non-relativistic 
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Polyakov string, the relativistic gauge fields are redefined as follows; 

x 1 x 

B^ = won,” + m m^ ; ES = E, , (27) 

M, = wre a €AB + Buy (28) 
and two Lagrange multipliers A and A are introduced to avoid divergences when 
the limit is taken. We have used here the following definitions. First of all, we 
have defined a worldsheet metric hag that can be expressed in terms of worldsheet 
Zweibeine as follows: 

hag = €a eg Nab , (29) 


with a = 0, 1(a = 0,1) curved (flat) worldsheet indices." Furthermore, for e,,^ and 


Ta we use the following lightcone notation: 


_ 0 1 "EE 1 

€. 3 €. c es, €, = €a — Ca ; (30) 
__ 0 1 "-- 

Ty 8 Ty Tp, Ty 8 Ty — Ty. (31) 


On top of definitions above, by taking w — oo limit of relativistic Polyakov action 
of a string that is coupled to both the target space metric G,,, and 2-form gauge 
field M,,, the non-relativistic Polyakov string action 


T : 
Spo. = -5 / do [v= he? Og" Opa” Hyy +P (Neat + A674) Aga] 


T 
— L feo eP Iarl Ogz" Buy (32) 


is obtained. Using the equations of motion of the Lagrange multipliers À and À one 
is able to solve for the worldsheet metric h,, in terms of the longitudinal metric 
Tuv up to a scale factor: 


hag ~ Oat" Ogz" Tyv . (33) 


Substituting this solution back into the non-relativistic Polyakov Lagrangian (32) 
one obtains the Nambu-Goto formulation of the non-relativistic Polyakov string. 

The non-relativistic Polyakov string defined by the Lagrangian (32) is a central 
result. The nice thing is that, although it was obtained as a kind of limit of the 
relativistic Polyakov string, one could use the Lagrangian (32) as an independent 
starting point to investigate the properties of non-relativitic string theory. Imposing 
the worldsheet conformal gauge 


VRR = eP (34) 
and taking the flat spacetime background 
M,* =0 (35) 


bNote that we use the index a both for flat worldsheet indices as well as for flat transverse target 
space indices. Whenever confusion could occur we will specify which index we mean. 
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one recovers the Lagrangian of the non-relativistic string theory of Ref. 6 


S= -5 | èo (02^ dx” dan + AÓX + NOX) . (36) 

where 
X = to + %1 X = to- 21, (37) 
8—605 4-8, ð = —09 + ô. (38) 


We have generalized this Lagrangian to a string moving in an arbitrary non- 
relativistic gravitational background and, moreover, we have identified the geometry 
underlying the non-relativistic string as the string NC geometry discussed in section 
2. We could now use this relation to study some of the properties of string NC geom- 
etry in the same way as we are doing in the relativistic case. One of these peculiar 
properties is the behaviour of the geometry under the so-called T-duality tranfor- 
mations. In the next section we will derive the non-relativistic T-duality properties 
using the non-relativistic Polyakov Lagrangian (32) as our starting point. The non- 
relativistic limit introduced above is also applied to the Eintein-Hilbert action plus 
a term contains an auxiliary two-form and one-form gauge field and it produces the 
extended string Newton-Cartan gravity in Ref. 11. 


5. T-duality 


Before discussing the non-relativistic case, it is instructive to first go shortly over 
the relativistic case. Following Refs. 8, 9, 10, we assume that the geometry has a 
spacelike Killing vector k”. Using adapted coordinates with isometry direction y 


x^ = (y, x’) k" 9, = Oy (39) 


we rewrite the non-relativistic Polyakov Lagrangian (32) as the following parent 
action: 


S'parent = Spol. (ay => Va) -r f doe FOqug , (40) 
a 


quadratic in va! 


where we have replaced everywhere Oqay by a new field v, and, moreover, have 
introduced a new Lagrange multiplier field y who in a minute is going to play the 
role of the dual coordinate. The important point is that the Polyakov Lagrangian 
(32) is quadratic in Oy and, hence, the parent action as given in (40) is quadratic 
in Va. 

Starting from the parent action (40) we can follow two approaches. One, we 
impose the equation of motion corresponding to the Lagrange multiplier y leading 
to the Bianchi identiy for v4 whose solution is given by 


Va = Oyy: (41) 


Substituting this solution back into the action corresponding to the Polyakov La- 
grangian (32) one re-obtains the Polyakov action we started from. Instead of doing 
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this, we can also solve for the equation of motion of va. Since the first term in the 
parent action (40) is quadratic in va this leads to the following solution for va: 


Va = eo Ogi . (42) 


Substituting this solution back into the parent action (40) leads in the relativistic 
case to a Polyakov string moving in a dual geometric background. For instance, 
taking the ten-dimensional background to be a nine-dimensional Minkowski space- 
time times a circle with radius R, after the duality transformation one ends up with 
the same geometry but now with R replaced by 1/R: 

R + «a/R. (43) 
This is a special case of the so-called Buscher rules obtaned in Refs. 8, 9, 10. 

We now wish to perform the same manipulations for the non-relativistic 
Polyakov string and derive the non-relativistic version of the Buscher rules. First 
of all, it matters whether we dualise in the longitudinal or transverse direction. 
This has to do with the fact that the term with the extra Lagrange multipliers A 
and \ only depends on the longitudinal embedding coordinates. These extra terms, 
which are absent in the relativistic case, can therefore only effect the longitudinal 
T-duality transformations. Following Ref. 7 we find the following results: 


(1) The longitudinal spatial T-dual of the NR string is the Polyakov string moving 
in a general relativity background with a lightlike direction. 


(2) The transverse spatial T-dual of the NR string is again a NR string but with a 
transverse spatial isometry direction given by the Buscher rules, i.e. a transverse 
circle with radius R becomes a transverse circle with radius 1/R. 


6. Conclusions 


We showed that the geometry underlying non-relativistic string theory is given by 
the string NC geometry as discussed in section 2. In section 4 we derived the action 
describing a non-relativistic Polyakov string moving in this string NC background. 
This led to the action (32) which should be the starting point for every effort to 
study non-relativistic string theory. As an example, we showed in this talk how the 
action (32) could be used to obtain the non-relativistic T-duality rules which gives 
information on how a non-relativistic string feels it’s own geometry. 

There are many other things one can study now, like, e.g., the calculation of the 
non-relativistic beta functions which would determine the consistent backgrounds 
in which the non-relativistic string can move. Our hope is that at the end we 
may use non-relativistic string theory as defined by the Lagrangian (32) to de- 
fine non-relativistic holography and in this way learn something about the (non- 
perturbative) properties of non-relativistic conformal quantum field theories with 
(infinite-dimensional) Galilean conformal symmetries that could not be studied us- 
ing general relativity in the bulk. 
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We present a systematic technique to expand the Einstein-Hilbert Lagrangian in inverse 
powers of the speed of light squared. The corresponding result for the non-relativistic 
gravity Lagrangian is given up to next-to-next-to-leading order. The techniques are 
universal and can be used to expand any Lagrangian theory whose fields are a function 
of a given parameter. 


Keywords: Newton-Cartan geometry, non-relativistic gravity, post-Newtonian expan- 
sion. 


1. Introduction 


Recent developments have significantly improved our understanding of non- 
relativistic geometries such as Newton-Cartan geometry and their role in approx- 
imations and limits of relativistic theories such as general relativity, Chern-Simon 
theories and string theories. We will show how Newton-Cartan geometry and its 
torsionful generalization can be used to construct an order by order non-relativistic 
approximation of the Einstein-Hilbert Lagrangian. This will provide us with a 
non-relativistic gravity Lagrangian whose equations of motion describe Newtonian 
gravity and generalizations thereof that involve e.g. gravitational time dilation. 


2. Expanding fields and Lagrangians 


Consider a Lagrangian for a set of fields 9 (with spacetime indices suppressed) 
that is a function of c, 9!, 0,9! where ¢! = Pio) + hy +--+ with c the speed 
of light. The explicit c dependence is determined by the Lagrangian and is related 
to our choice of working with a set of fields whose 1/c? expansion starts at order 
c?. We will only consider even powers series in c^!. Assuming the overall power of 
the Lagrangian is c" we define £(o) = c^" £(c, 6", 0,6") where o = c~?. We then 
Taylor expand £(c) around ø = 0, i.e. 


E(o) = É(0) + o£ (0) + 5e*£'(0) 1 O(c?), (1) 


where the prime denotes differentiation with respect to c, which satisfies 
d ð 09! ð 00,0] 0 


do 80 Oc B9 ^ Oe OB. 


(2) 
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Hence if we write 


L= c" É(o) = NV (Lio + c 7LNLO + c “LNNLO + O(c 9)) ; (3) 
it follows that the LO and NLO Lagrangians take the form 
Lro = £(0) = Lro (oj, 9,60) ; (4) 
z aL ó£Lo 
£ = ye icis 5 
NLO (0) Jo loc + $11) 59, (5) 


This shows that the equations of motion of the next-to-leading order (NLO) fields 
of the next-to-leading order Lagrangian are the equations of motion of the leading 
order (LO) fields of the leading order Lagrangian. A very similar calculation gives 
for the NNLO Lagrangian the expression 


18L ô OL 1; Chto 1 9? Lio 
LNNLO = == té —T = tlób + E oy) Tr 
2 do? lo=0 | "564 Aole=o 2 A 8o, ' 2 [OO AGT o 
0? £o 0? fio 
+ (é59&40y + $039.60 ) zar + ub) 8-60) zzz Mr I 
( 0) 4 (1) (1) 4 in) 9$/o)9(Aub%0)) d 0) 0) TORTON 


(6) 
The term in square brackets is the second variation of the LO Lagrangian and is a 
quadratic form involving the Hessian of the LO Lagrangian. It can be shown that 


ÔLNNLO  ÔLNLO 
E E a (7) 
(1) (0) 
Combining this with the fact that the equations of motion of Pia) of the NNLO 


Lagrangian give the equations of motion of the LO Lagrangian we see that the 
NNLO Lagrangian reproduces all of the equations of motion of the NLO Lagrangian. 


3. Explicit dependence on speed of light of Einstein-Hilbert 
Lagrangian 


In order to apply these ideas to the expansion of the Einstein-Hilbert (EH) La- 
grangian we need to construct fields that start at order c?. To this end we define 


1 
Go = -PT aT, 1 and g” = Sag T T +, (8) 


where c? = &/a with ĉ equal to the speed of light. The expansion is in o around 
zero which is the square of the dimensionless slope of the light cone in tangent space. 
We will set 6 = 1 and expand around 1/c?. We can always impose the conditions 


TA, MeO, Tes, Ml” aren, (0) 


It will be convenient to use the following torsionful connection (instead of the usual 
Levi-Civita connection) 


1 
Chy = ~TPO,Ty + SUP? (OpT ye + OMe — Oey) - (10) 
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(C) 
The covariant derivative V,, with respect to this connection obeys 


(C) (C) (C) 1 
Vulv — 0, Mul ^ —0; Vil’ = gl £r, , (11) 
where £r is the Lie derivative along 7". The EH Lagrangian can be written as 
g gx 
Leu = ——V—-9R = —L(o,T, II, 0), 12 
EH 167G g 167rG (e; , ) ( ) 


where G is Newton’s constant. The prefactor c?, as opposed to the usual c^, is due 
to the presence of c in (8). The Lagrangian £ which is at most order c? is 


~ ill (C) (C) 
£ = 4j —det (T4 Ts + Iag) eT TT + eT" dine 192” Rul . (13) 


(C) 
In here Rp is defined with respect to the connection Cf, and Ty, = O,Ty — 0,T,. 


4. Non-relativistic expansion of the metric 


The fields T, and I,,,, entering the metric, admit the following 1/c? expansion 


Ty = T, c ^m, c ^B, + O(c ), IL, = hy, 4 c ^9,, + O(c*), (14) 
T" z ^ +O(e), II^" = h” + O(c-?), (15) 


where the LO fields obey the following orthogonality and completeness relations 
Ty" ==; Tih’ — 0, v"h,, — 0, ht RS = OF + vr. (16) 
'This implies that the metric is expanded as 
Juv = xx + huy + za + O(c~*) , (17) 


where we defined 

hao = hy — 20m, , $,, = Oy, — mym, — Byty — Byry. (18) 
This is equivalent to metric expansions presented in the literature !:?. In the decom- 
position (8) we can perform local Lorentz transformations that act on T, and the 
vielbeine that form I,,,. In the 1/c? expansion these become local Galilean boosts 
(also known as Milne boosts) at leading order and NLO local boosts at NLO. These 
leave each order of the metric invariant. The quantities 7,, huv and h#” (the LO 
term of the inverse metric) are Milne boost invariant. The combination (18) in the 
~? is invariant under both local Galilean and NLO local boosts. 
The form of the expansions for T, and II,,, should be preserved in any coordinate 


metric at order c 


system. This means that we must also expand the diffeomorphisms in powers of 
1/ c?. If under a diffeomorphism a tensor X,, changes as 0X,, = £CzX,, then 
we should write E" = £" + e~?¢" + O(c~*). All fields in the expansions are then 
tensors with respect to diffeomorphisms generated by £". The LO fields 7,, and hy, 


TAT 


are invariant under the NLO diffeomorphisms G^", while the NLO fields transform 
according to 


Mpy = LeTy = Oph — Ady +A GC, (O5T,, — OnTp) 5 (19) 
buv = Puy DAK po + VG + Vie, (20) 
where A = 7,¢" and G, = hpk” and where Ky, = —i£h is the extrinsic 


curvature and a, = LoT, = v^(O,Tr, — OuTp) is called the torsion vector. The 
derivative V y, is covariant with respect to the torsionful connection 

- 1 

Tis = C, —vPO,T, + z (Ou hys + 3vhyup — Opp) . (21) 


jm NT = 


The geometry is thus described by the LO fields 7, and h,,, and the subleading fields 
M, and 9,,, are treated as gauge fields on this non-relativistic geometry. This setup 
is called type II Newton-Cartan geometry ?. 


5. Non-relativistic expansion of the Einstein-Hilbert Lagrangian 


We are now in a position to apply the results of section 2 to the case of the EH 
Lagrangian. Using (13) equation (4) becomes 
e 
Lio = 4 MP TuTo, (22) 
where we defined Ty, = Out, — 0,7, and e = (—det (—7,7, + h,)) t. 
We can consider 7,, huv, m,, and 9,, to be an independent set of quantities 
that can be varied independently. The total variation of Lgo is then given by 


1 , 1 
Lro =e EL - GP Eh nurus Shap 
1 
+e | qna T hash" tye — e 10, (eh h^?) | OT . (23) 


We used here that óh"" = (v"h"? + v" h"^) dt, — hh”? hpo. Contracting the 
7T, equation of motion with T, tells us that h’”h?? ToT ¢ = 0. This is a sum of 
squares and so it implies the vanishing of the twist tensor h""A/? 7, = 0 and thus 
that T ^ dr = 0. This is a causality condition for a non-relativistic spacetime. 
The spacetime admits a global foliation given by a nowhere vanishing hypersurface 
orthogonal (clock) 1-form 7. This is known as twistless torsional Newton-Cartan 
(TTNC) geometry 4. 
From equation (13) we find that 


al "mc "m" 
ala Af —det (—T Ts + Hag MP" R pv o = eh” RS. (24) 
The NLO Lagrangian is of the form (5) and can thus be written as 


" dLL0 LLO 
L = eh” Ry + —— a 
NLO = € uv + jn. My + Than 


Ow ; (25) 
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where the Ricci tensor is defined with respect to the connection (21) as 


Rig Rig! = 0d Ooh ie ID VI (26) 


In section 2 we have shown that the equations of motion of the NNLO La- 
grangian include all the equations of motion of the NLO Lagrangian. Furthermore, 
as can be seen from (6), the equations of motion of the NNLO fields will reproduce 
the equations of motion of the LO Lagrangian, i.e. they will impose the TTNC con- 
dition. If we are only interested in those equations of motion that involve at most 
NLO but not NNLO fields then we can ignore the variations of 7, and hyv that lead 
to equations of motion for the NNLO fields. Using the T'TNC condition on shell it 
can be Ren that the ony 7, and h,, variations that do not involve NNLO fields 
are Ty > 5 and Rusher” jh. . As far as these variations and those of the other fields 
are concerned we might as well implement the T'TNC condition off shell. We thus 
conclude that an action for the LO and NLO fields can be obtained by computing 
the NNLO Lagrangian with T'TNC off shell. The T'TNC condition itself can always 
be obtained by adding a Lagrange multiplier of the form iB, PELO where B, is a 
NNLO field. . 

We will call the NNLO Lagrangian with TTNC imposed off shell the non- 
relativistic gravity (NRG) Lagrangian. Using (6) it can be shown to take the form 


: . "A 
L=e |: —2m,V, (REPAY? — KRP?) Ks + BAM Ryy + TRR”? Fuu Epo 


" E 1 - 
—$ h^? h7 (Bu V dy — apay alah Rex + huve ð (cha) | ; (27) 


where $ = —v"m, is the Newtonian potential and where Fy, = O,m, — Oym, — 
ApMy + Oy My. When comparing with (6) we see that the first term in (27) agrees 
with 5 1E) o: The terms linear in ®,, and m, agree with by sit e l- o: Thé 
terms containing NNLO fields in (6) are not present here because we M TTNC off 
shell. Finally the second order variation of the LO Lagrangian with respect to T, is 
still nontrivial even when we use T'TNC off shell and this leads to the field strength 
squared terms in (27) on the last line. Note that there are no terms quadratic in 
$,,, because all derivatives with respect to huy of the LO Lagrangian give zero upon 
using the TTNC condition. The equation of motion of ®,,,, agrees with the equation 
of motion of h,,, when varying (25) and the m, equation of motion of (27) agrees 
with the 7,, equation of motion of (25). 

There is only one term containing ® = —v^m,,, the Newtonian potential. To find 
Newtonian gravity and its MU ur E to TTNC geometries requires computing 
the variations Tuz and huv y Sh, ?. If one would like to continue expanding to 
higher orders then we would need to compute the full NNLO Lagrangian without 
using TTNC off shell. 

In non-relativistic gravity 7 is of the form tT = NdT where N is a non-relativistic 
lapse function and T is some time function. This means that gravitational time di- 
lation is a non-relativistic phenomenon??. For example the Tolman-Oppenheimer- 
Volkov solution for a fluid star is a solution of NRG coupled to a fluid®”. As a result 
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the classical tests of general relativity: gravitational redshift, perihelion precession 
and bending of light are also passed by non-relativistic gravity”. 
We can rewrite (27) in terms of manifest Milne boost invariant tensors as 


L = e |08 Ru, + Bh! R,, — poh! h”? (Ruy — Vua, — aut 


1 - 
= sth Ry + hyve 10, (eh™ay) ) , (28) 
where 9^ = v" — "m, and Ê = —v^m, + 1"m,m,. In here the Ricci tensors 
are defined with respect to the Milne boost invariant connection 
_ : ae - - 
I7, = —0^O,r, + z (Otten + Oy hyp = Bolus) : (29) 


The NRG Lagrangian is uniquely fixed by all its gauge symmetries?. 

It would be interesting to make contact with the post-Newtonian approximation 
by finding a convenient way of expressing the higher orders of the 1/c? expansion of 
the EH Lagrangian and more generally to see if this off shell and covariant approach 
can be used for interesting approximations to general relativity. To this end it might 


be useful to employ a first order formulation??. 
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In this talk, we review the construction of two three-dimensional non-relativistic pure 
supergravity theories. One of these yields a supersymmetrization of Newton-Cartan 
gravity. The other one is a Chern-Simons theory with different bosonic equations of mo- 
tion and matter couplings than Newton-Cartan gravity. We comment on the prospect of 
using these theories to construct non-relativistic supersymmetric field theories in curved 
backgrounds, that can be amenable to exact non-perturbative analysis via localization 
techniques. 


Keywords: Supergravity; Newton-Cartan gravity. 


1. Introduction 


Ever since its inception in Ref. 1, supergravity (sugra) has played an important 
role in string theory, cosmology and high energy particle physics. Apart from its 
phenomenological use, sugra has also been instrumental as a tool to study strongly 
coupled and non-perturbative aspects of Quantum Field Theory (QFT). For exam- 
ple, the anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence allows 
one to rephrase the calculation of quantities in d-dimensional strongly coupled CFTs 
as computations in weakly coupled dual (d+1)-dimensional sugra theories. Another 
development where sugra is used in the study of non-perturbative QFT, concerns 
the construction of supersymmetric QFT in curved space-times. Such QFTs have 
the advantage that localization techniques often allow quantities such as the parti- 
tion function to be calculated exactly (see Ref. 2 for a recent collection of reviews). 
Here, sugra techniques give a particularly convenient and insightful way to obtain 
the Lagrangians and supersymmetry transformation rules of these theories as a rigid 
limit of matter-coupled off-shell sugra, as has been shown in Ref. 3. 

Sugra is most often discussed in the relativistic regime, that is suitable for high 
energy physics. In light of the above mentioned applications, it is clear that also 
non-relativistic (NR) sugra can be useful to study strongly coupled NR effective 
field theories that appear in Condensed Matter physics in the context of e.g. the 
Fractional Quantum Hall Effect or quantum critical points. NR versions of the 
AdS/CFT correspondence have been proposed, in which strongly coupled NR CFTs 
are given a dual gravity description. ^ Most of the ensuing work has focused on 
non-supersymmetric versions of these dualities. Including supersymmetry can shed 
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more light on the validity of such conjectured correspondences and this is where NR 
sugra can show its applicability. Similarly, if one can extend the results of Ref. 3 
to the NR realm, one can use NR sugra as a tool to construct supersymmetric NR 
QFTs in curved space-times, that are amenable to exact analysis using localization 
techniques. 

Despite the fact that relativistic sugra is by now more than 40 years old, NR 
versions thereof have only recently appeared in the literature. The first non-trivial 
pure sugra theory that incorporates only NR gravitational and spin-3/2 fields was 
constructed in Ref. 7. This is a three-dimensional on-shell theory and its equations 
of motion correspond to a supersymmetric version of Newton-Cartan (NC) gravity, 
Cartan’s diffeomorphism covariant reformulation of the laws of Newtonian gravity. 
A peculiar feature of NR gravity is that one can formulate different theories, with 
different local space-time symmetries and equations of motion, that nevertheless are 
of the same order of derivatives. This is unlike relativistic gravity, where the only 
possibility for local space-time symmetries is given by Lorentz symmetry, leading 
to General Relativity as the unique theory of gravity at the two-derivative level. 
Indeed, a three-dimensional NR gravity theory, that is different from NC gravity, 
was considered as a Chern-Simons (CS) theory in Ref. 10. The sugra version of this 
theory was then constructed as a super-CS theory in Ref. 9. 

In this talk, we will give a brief overview of the construction and structure of 
the sugra theories of Refs. 7 and 9. We will then also comment on ongoing and 
future research regarding the steps that need to be taken to apply these theories to 
studies of non-perturbative aspects of NR field theories. 


2. Three-dimensional Newton-Cartan and Extended Bargmann 
supergravity 


2.1. Three-dimensional Newton-Cartan supergravity 


A three-dimensional sugra version of NC gravity can be constructed by gauging a 
suitable NR supersymmetry algebra. The algebra chosen in Ref. 7 is the three- 
dimensional M = 2 super-Bargmann algebra. !! The bosonic part of this algebra is 
given by the Bargmann algebra, that consists of time and space translations, spatial 
rotations, NR. boosts and a central charge that is associated to mass conservation. 
'The first step of the gauging procedure then consists of associating gauge fields to 
every generator of the superalgebra and reading off the gauge transformation rules 
and covariant field strengths from the structure constants of the superalgebra in 
Ref. 11. See Table 1 for the notation used here. 

The bosonic fields 7,, e,^ and m, transform under local rotations, boosts and 
the central charge such that they can be interpreted as the time-like and space- 
like Vielbeine and the central charge gauge field of the Vielbein formulation of NC 
geometry. 1>13 The two fields w,*5, w,,^ can be interpreted as supersymmetric ver- 
sions of the rotation and boost spin connections of NC geometry, once the following 
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Table 1. Gauging the VV = 2 super-Bargmann algebra 


time translations 
space translations 
boosts 


spatial rotations 


central charge transf. 


two supersymmetries c Yud 


so-called ‘conventional’ constraints are imposed 
Ryu (P®) = 20,0 — Ww. en — wu Ta — Puta- = 0, (1) 


Ruy (M) = 20m, — 2uy "ey — Vi 1b. = 0. (2) 


Solving these constraints to express w,,“”, w,,7 in terms of the other fields, one finds 


that the resulting expressions transform as expected from NC spin connections. 
At this point, one is left with the independent fields 7,, e,^, m, and v4. The 
commutator of two local supersymmetries should then close on these fields in order 


for them to define a NR sugra multiplet. The conventional constraints ensure that 
the supersymmetry algebra properly closes on e,,^ and m,,. In order for this to work 
on 7,, however, one needs to impose the extra constraint 


` i= 
Ryv(A) = 20,74 — ZY+ Va- = 0. (3) 


This is the supercovariantization of the so-called ‘zero torsion’ or ‘foliation’ con- 
straint that is often imposed in NR gravity, as it expresses the notion of absolute 
time in a coordinate independent way. 

For consistency, one then needs to require that this constraint is invariant under 
supersymmetry, leading to two additional constraints 


Rw(A)=0 > $4,,-0 > Êp(Ja)=0. (4) 


The constraint Y v+ = 0 ensures algebra closure on w,4. For the superalgebra to 
close on ~,—, one needs to impose two more constraints 


e" oe" vuv- = 0, y" buy = 0, (5) 


where e", T” are projective inverses of e,,^ and T. The last of these constraints can 
be interpreted as an equation of motion for a NR spin-3/2 field. This interpretation 
is confirmed by its supersymmetry variation that is given by a supersymmetric 
version of the covariant Poisson equation, that is the analog of the Einstein equations 
in NC gravity. At this point, one is then left with a set of independent fields 7,,, 
eu", my, 44. that form a consistent NR on-shell sugra multiplet. This multiplet 


can be called *on-shell Newton-Cartan' since it only realizes the superalgebra once 
the supersymmetric NC equations of motion hold. 
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2.2. Extended Bargmann supergravity 


One of the drawbacks of ordinary NC supergravity described above, is that there is 
no simple action principle (involving just the fields given above) known that leads 
to the NC equations of motion. This complicates discussions of matter couplings 
and attempts to e.g. construct supersymmetric QFTs in curved space-times by 
generalizing Ref. 3. Moreover, as noted in eq. 4, on-shell NC sugra implements 
a foliation constraint ROI ) = 0 from which it follows that also Fool oat) = 0. 
These two constraints imply that the theory’s space-time manifold is foliated in 
an absolute time and flat spatial slices, severely limiting the possible backgrounds 
that could be obtained via a generalization of Ref. 3. Adding matter is unlikely to 
change this, as matter coupling in NC gravity does not change these constraints. 

As mentioned in the introduction, there exists a different three-dimensional NR 
gravity theory, that is a CS theory with gauge algebra given by a central extension 
of the Bargmann algebra encountered in the previous subsection. !4 In Ref. 9, it was 
shown that adding matter density in this theory sources the constraint that implies 
that the spatial slices are flat, so that matter coupling can now lead to interesting 
NR curved backgrounds. A sugra generalization might thus serve as a good starting 
point to generalize the construction of Ref. 3 to NR QFTs. 

Such a sugra generalization was constructed in Ref. 9, as a super-CS theory based 
upon a novel superalgebra that admits a non-degenerate supertrace. With respect 
to Table 1, this algebra contains 2 extra generators: a bosonic generator S with 
associated gauge field s,, and field strength Hinds) and a fermionic generator R with 
associated gauge field p, and field strength „v. The action is easily constructed 
following the CS recipe and is given by 


k A A A TA 
S= dr I d*e”? (es Ru (Go) — MpRvp(J) — Tu Epp (8) + byt Pvp 


P Pudvpr gu ducibus) , (6) 


where k is the CS coupling constant and À,,(J) = ie A uds ) Varying this 
action with respect to w,,", T dd reproduces the conventional constraints 1, that 
allow one to express these spin connections in terms of the other fields. Variation 
with respect to s,, yields the foliation constraint 3. Since one has an action at hand, 
matter coupling can be done by adding a suitable matter action, minimally coupled 
to this sugra background. In such a minimally coupled matter action, the field m, 
couples to the matter density. Since m, couples to Bol) in the gravitational 
action 6, one sees that the inclusion of matter can indeed source the curvature 
Ruv(Jab) of spatial sections, as advertised. 


3. Towards non-relativistic supersymmetric field theories in 
curved space-times 


The method of Ref. 3 to obtain supersymmetric QFTs in curved backgrounds starts 
from matter-coupled off-shell sugra. This has several technical advantages. Firstly, 
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the off-shell character of the sugra multiplet cleanly separates between dynamical 
matter fields and sugra background fields. It further allows one to systematically 
classify all possible backgrounds on which supersymmetry can be defined. This 
is done by looking for background values for the metric and auxiliary fields of 
the off-shell sugra multiplet for which the Killing spinor equations, obtained by 
putting the gravitino supersymmetry transformations equal to zero, have non-trivial 
solutions. The auxiliary fields can then be physically interpreted as couplings of the 
supercurrent multiplet to the background geometry. 

Both NR sugra multiplets discussed in the previous section are on-shell. In or- 
der to maintain the above mentioned technical advantages, it would be desirable to 
extend these multiplets to off-shell ones. This question has been addressed for the 
on-shell NC multiplet in Refs. 15, 16. The multiplets constructed in these references 
are off-shell, in the sense that one no longer needs the second of eqs. 5 to obtain 
algebra closure. At present, there is however no completely off-shell formulation 
of the multiplets presented above known, for which algebra closure is guaranteed 
without the imposition of extra constraints. One always needs to impose the folia- 
tion constraint or a so-called twistless torsional (see Ref. 18) generalization thereof. 
The last constraint of eqs. 4 is modified to include auxiliary field contributions. It 
would be interesting to investigate how to couple matter to these multiplets. Like- 
wise, it would be interesting to carry out an analysis of the Killing spinor equations, 
following from these multiplets, to see whether they can support non-trivial curved 
supersymmetric backgrounds. +" 

The lack of completely off-shell multiplets indicates that an alternative approach 
to obtaining NR supersymmetric field theories in curved space-times can be use- 
ful. In this regard, it is noteworthy that four-dimensional Lorentzian backgrounds 
on which supersymmetry can be defined exhibit a null Killing vector.'%?° It is 
known that dimensional reduction along null isometries leads to NR theories. !?:?! 
This suggests that three-dimensional NR supersymmetric field theories on curved 
backgrounds can be obtained by dimensional reduction of relativistic ones over null 
directions. This approach is currently pursued in work in progress, on which we 
hope to report soon. ?? 
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We review how the large c expansion of General Relativity leads to an effective theory 
in the form of Twistless Torsional Newton-Cartan gravity. We show how this is a strong 
field expansion around the static sector of General Relativity and illustrate this through 
two examples. 
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1. Introduction 


Weak field and/or nonrelativistic approximations of General Relativity (GR) have 
various applications, see e.g. Ref. 1 for an introduction. These approximations are 
typically worked out in an adapted coordinate system. To the author's knowledge 
a covariant expansion of GR in the (inverse) speed of light c was not systematically 
studied before the work of Dautcourt? in the '90s. In that work it is assumed that 
the coefficient of c? in the relativistic connection vanishes and with this assumption 
the leading and subleading orders of the expansion reproduce Newtonian and post- 
Newtonian gravity respectively, see also Ref. 3. Because the formalism is manifestly 
covariant one reproduces (post-)Newtonian gravity in a covariant formalism, so 
called Newton-Cartan (NC) gravity. The analysis of Ref. 2 leaves however two 
questions: 1) why this assumption on the connection? 2) how come a large c 
expansion automatically leads to a small Gy result? Indeed, as was recently shown’, 
these two questions are closely related: relaxing the assumption on the connection 
introduces (nonrelativistic) strong gravitational effects, in particular time dilation. 
Working out the expansion in full detail one obtains at leading order a generalization 
of Newtonian gravity, where this effect of time dilation is encoded as a torsion in 
the NC connection. 


2. Review of the large c expansion 


2-4 


In the large c expansion ^ * one starts from an expansion of the metric and its inverse 


in (even?) powers of c^!: 


= e) —2i py 
Juv = guvC 


i——1 i—0 


queues (1) 


M: 


aSince this talk was presented some further related work appeared 56. 
bit is consistent to consider only even powers of c, odd powers are allowed to appear however and 
including them is interesting". 
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The key physical input — that time is related to space through a factor c — translates 
to the assumption that p is of rank 1 and negative, so we can write 
27 
Juv = —TyTv- (2) 
One needs to impose the condition that g,, and g"" are each others inverse. For 
the leading term of the inverse metric this implies it is purely spatial, i.e. a rank 
three symmetric tensor orthogonal to the time direction: 
giv =h” with hn =0. (3) 
At subleading order one finds that 4 
Juv = -2Ónuy + yy — 9" = PHP + prn (4) 
where T/7” + Ayph?! — àv FF iigg =0 — qur" — 0. 
Expanding the metric compatibility equation for the relativistic covariant deriva- 
tive naturally leads to the nonrelativistic connection 4 


(nc) 


1 , . E . R 
b = gn (Bhie + shup — O5h,, + 20, 97,7, — 4P (Tu OT] + täua) 


Tf^8,T,. (5) 


(nc) 
This connection is compatible with the Newton-Cartan structure, i.e. V T s =0 
(nc) (nc) 
and VT = 0, but has torsion To = I2 Ou Tul: 


One can now insert the expansion (1) into the relativistic Ricci tensor and expand 
it in turn in powers of c~?. Equating each term to zero will provide an expansion of 
the vacuum Einstein equations®. At leading order the Einstein equation is equivalent 
to 


T[pOvTD| =0. (6) 


The geometric interpretation of the equation (6) is two-fold: first it implies that 
T, defines a foliation and hence a global time direction, second it implies that the 
torsion of the connection (5) is twistless?, and the related geometry is referred to 
as Twistless Torsional Newton Cartan (TTNC) geometry. 

The next to leading order Einstein equation provides an equation for this torsion: 


(ne) 
WP(V dp — GG) =0, ^ where Gy = Lt). (7) 


At next to next to leading order the expanded relativistic Ricci tensor provides 
an equation for the Ricci tensor of the Newton-Cartan connection (5), see Ref. 4 
for the actual expression, we'll here simply refer to it as the ‘Ricci equation’. The 
component of this Ricci equation proportional to 7,,7, provides the Poisson equation 
for the Newtonian potential ®. The Ricci equation together with (7) provide a 
system of equations for the fields determining the TTNC geometry and for this 
reason we'll refer to the theory formed by these equations as T'TNC gravity. 


*See Ref. 4 for the contributions of the energy momentum tensor. 
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In summary, up to next to next to leading order in a c? 


effectively described by T'TNC gravity. 


expansion GR is 


3. TTNC gravity as an expansion around static GR 


One of the defining features of NC geometry is that it is covariant under 4 dimen- 
sional diffeomorphisms. But since in TTNC there is a well defined time direction 
— specified by 7, — on which all observers agree, this 4 dimensional diffeomorphism 
covariance is somewhat artificial. Indeed, from a physical point of view it might be 
more natural to introduce an explicit time coordinate t, such that 7,, = ett. 
the most general form allowed by (6). This choice of time breaks 4 dimensional 
diffeomorphisms to 3 dimensional time dependent diffeomorphisms.? It has the 
advantage that it removes a number of unphysical components of the fields and 
makes the physical field content more explicit. After this partial gauge fixing the 
expansion (2, 3, 4) can be rewritten as 


ds? = —c? e^t? + e*hijda'dx! — 2e*dt(@dt — Cid?) 
c^? ((e^^8ij — e&^C;C;)dz!da? + Bydtdx' + Xd?) + O(c ^). — (8) 


The physical fields are then a scalar A, a spatial 3-metric h;;, the Newtonian po- 
tential 9, a vectorfield C; and a symmetric 3-tensor 5;;?. This formulation makes 
manifest the connection between the NC torsion and the time-like warpfactor of GR, 
both determined by A. Contrary to the Newtonian potential ®, which is the con- 
tribution to the warp factor at zeroth order the potential À appears at the higher 
order c?, it encodes a strong gravitational effect that is absent in the weak field 
fioetefidbosedimm approximation. 

The TTNC gravitational equations, (7) and the Ricci equation, take the follow- 
ing form in this formulation (Ki; = 205;Cjj, Gi = —0;® — e7 3^0,(e3^C;)): 


Vi0A =0 Rig = 500A (9) 


1. 
gv (e^ Kj) = -hV phir — Lah hjk —À)8/ — dÀ + hig (10) 


—e? Vi(e?G;) = TIÄ, h, 89, Vf]. (11) 


The first important point to note is the hierarchical nature of the above equa- 
tions. The first two equations (9) form an independent closed system of equations 
for hi; (t, x) and A(t, x) wich determines their spatial dependence but leaves the time 
dependence free. The third equation (10) is an equation that determines the spatial 
dependence of C; (t, x) and takes the time derivatives of h;; and À as input sources. 
The last equation (11) is an equation containing A® and can thus be identified with 


dSee e.g. Ref. 9 for some details on the precise relation between the 4d diffeomorphisms, Milne 
boosts and 3d time dependent diffeomorphisms. 

*Note that the fields B; and X will not appear in the equations to the order of the expansion we 
consider in this work. 


759 


the Newtonian Poisson equation, interestingly it contains second time derivatives 
of hj; and A, and spatial derivatives of C; as sources’. 

Secondly one observes® that the equations (9) are essentially the static Einstein 
equations. Indeed any static metric can be written in the form ds? = —c? eA dt? + 
e^ hi; (a)da da and for such an ansatz the vacuum Einstein equations reduce to 
equations of the form (9). The key difference between (9) and the static Einstein 
equations is that contrary to À and hij the fields À and hij are time-dependent. We 
come to the conclusion that A and hj; correspond to solutions of the static Einstein 
equations with any integration constants replaced by arbitrary functions of time. 
Such time-dependent deviations from static solutions then source the equations for 
the higher order fields, starting a series of corrections. One thus sees that the large 
c-expansion is an expansion around the static sector of GR. In particular any static 
solution" of GR will also be an exact (i.e. contrary to infinite series) solution of 
the effective TTNC gravity theory (by putting all fields other than A, hij to zero). 
This makes very concrete how the large c-expansion is an extension of Newtonian 
gravity that also contains strong gravitational effects: indeed all the non-linearities 
of the static sector of GR are included. 


4. Non-static examples 


This interpretation of the large c-expansion as an expansion around the static sector 
of GR can best be explored in some non-static examples. 


4.1. Kerr black hole 


'The Kerr black hole is a good starting point as it is no longer static but still station- 
ary. The metric! contains two physical parameters M = mGwc ? a = J(mc) ! = 
Ac-!. We consider the 'strong field'^ expansion c — oo with M and A fixed. 
Comparing with (8) one finds 


A = log (1 — =) hida'da) = dr? + (: — — r?dQ? (12) 
r r 
, „AM 2M\~* A&M 2M\~* 
Cidi = 2 sin? 0 (: — a do P= 3 (: — a cos”. (13) 


fNote that we refrained from spelling out these source terms explicitely here. They can be obtained 
from Ref. 4 and as was pointed out there one can remove £j; from (11) by a gauge transformation. 
A better, gauge-independent, understanding has emerged from work? that appeared after this talk 
was presented: at one lower order there will appear an additional equation for ij not including 
other new fields. Together with the equation (11) this will form a closed system determining the 
spatial dependence of ® and Bij. 

This was pointed out by J. Raeymaekers. 

hThe example of the Schwarzschild black hole was worked out in Ref. 4 and extends to other 
examples such as Tolmann-Oppenheimer- Volkov fluid stars 1°. 

iWe follow the notation of Ref. 11. 
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This example — of which one can check that it solves (9-11) — shows the Kerr black 
hole as a nonrelativistic expansion around the Schwarzschild black hole, which is a 
solution to (12)*. The non-zero rotation of Kerr — i.e. A - translates to a non-zero 
C, and ®. Note that the fields above only express the first terms in an infinite 
expansion of the Kerr metric. For these first terms to be a good approximation of 
the relativistic metric one needs the condition 


2 
rJ ca + O(c*), (14) 
which means that at a distance a. from the outer horizon the nonrelativistic 
approximation breaks down. Interestingly the strong field expansion remains valid 
for large radii where gravity becomes weak and where it overlaps with the post- 
Newtonian expansion obtained by keeping m and J fixed as c > oo. This suggests 
that the TTNC effective theory is a resummation of the post-Newtonian series. 


4.2. Oppenheimer-Snyder collapse 


Realistic dynamic situations can be far from stationary, and so it is interesting to 
explore what additional effects can appear in their large c-expansion. To this aim we 
shortly present some aspects of the nonrelativistic expansion of the Oppenheimer- 
Snyder solution!? which describes the collapse of a ball of dust. This solution 
depends on two parameters: ro, the initial radius of the ball and M = mGye7?, 
its total mass. It is composed of two metrics - an FRW universe inside the ball 
and the Schwarzshild metric outside — glued together along the worldtube of the 
ball’s surface. This surface follows a radial geodesic in the Schwarschild geometry, 
see figure 1, and can be described through the curve rmatcn(t), with r and t the 
standard Schwarzschild coordinates. 


Schwarzschild 


FRW 


p. wr 
> 


2M ro 


Fig. 1. Space-time of a collapsing ball of dust. 
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Again we'll be interested in a ‘strong field? ^ expansion, where we keep ro and 
M fixed as c — oo, and one finds 


T match (£) =% 2M (ven s cie +O(e-#)). (15) 


Note that the expansion here is of a very different type than the standard Newtonian 
expansion which holds far away from the ball of dust, just after the collapse has 
started. In (15) we are close to the event where the ball forms a horizon, both 
in space and time, the green box in figure 1. There gravity is strong and non- 
Newtonian, still it is nonrelativistic. That this is the case follows from the well- 
known — but ever intriguing — fact that an outside observer never sees a horizon 
form. For such an observer the radial velocity of the shell goes asymptotically to zero 
again at late times, making it describable by non-relativistic physics. Interestingly 
though we see that the form of the first correction in (15) is non-perturbative in 
large c. It appears that to describe the nonrelativistic gravitational fields of such a 
collapsing ball one would need a transseries extension of the ansatz (1). 
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We have used data sets from Type Ia supernova (SN Ia) and Baryon Acoustic Oscillations 
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scalar field plays the role of chameleon field. In our analysis the exponential and non- 
exponential forms for the non-minimal coupling function and tachyonic potential have 
been assumed. 
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1. Tachyonic chameleon model 


A scalar field with non-minimal coupling to the matter is known as a chameleon 
field^?. Although, this type of scalar field is heavy in the laboratory environment, 
on cosmological scale where the matter density is small, the chameleon is light 
enough to play the role of dark energy. 

A chameleon scalar field has many remarkable cosmological features as they 
pointed out by many authors. For instance, when it couples to an electromagnetic 
field? in addition to the fluid then the fine tuning of the initial condition on the 
chameleon may be resolved^. Chameleon field can also successfully explain a smooth 
transition from a deceleration to an acceleration epoch for our universe?. The 
scalar field that plays the role of chameleon could be a Brans-Dicke scalar field with 
interesting cosmological consequences such as explaining the current accelerated 
expansion of the universe? ". Koury in? has summarized some important features 
of the chameleon field theories. Moreover, phase-space analysis of chameleon scalar 
field where a quintessence field acts as a chameleon has been investigate in?. We 
have also studied the dynamics of chameleon model where tachyon field plays the 
role of chameleon!?. We have utilized the dynamical system tools to obtain the 
critical points of such theory and showed its interesting cosmological behaviour. 

In the present work we apply combined datasets of Type Ia Supernova (SN 
Ia) and Baryon Acoustic Oscillations to test the tachyonic chameleon model and 
constrain its parameters. We use xy? minimization technique to find the best fit 
values of the model parameters and to plot the likelihood contours for them. 
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Tachyonic chameleon model of dark energy is described by the following action 


S= | davali - VT 9,006 + HOL], (1) 


where g is the determinant of the metric tensor g,,, R is the Ricci scalar and G 
is the bare gravitational constant. f(¢) is the coupling function between scalar 
field and the matter. Lm is the matter Lagrangian and V (9) is also the tachyon 
potential. 

Variation of action (1) with respect gay in FRW background 


ds? = dt? — a? (dr? + r?d0? + r?sin?0d9?), (2) 


gives the following Friedman equations: 


V(9) 
3H? = pmf + ==, (3) 
V1— ¢ 
2H + 3H? = —yomf + V($)y 1- Ẹ, (4) 


where pm and pm are the matter energy density and pressure respectively where 


Pm = YPm- 
On the other hand, variation of (1) with respect to the scalar field yields to 


j+a -PBE D) - a - 390 - oye, (5) 


where a prime stands for derivative with respect to the ®. 
In addition, the continuity equation reads, 


(Pn f) - 3H(1-- y)pauf =—U = 37) emf. (6) 


Since, tachyonic chameleon dark energy model exhibits some interesting cosmologi- 
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cal implication from dynamical system point of view +", investigation of such scenario 


using observational cosmology and constraining the model parameters according to 
the latest data is not only interesting but also necessary. 


2. Observational constraints 


In this section, we will fit the model parameters with recent observational data from 
Type Ia Supernova (SN Ia) and Baryon Acoustic Oscillations (BAO) observations. 
The total x? for combined data analysis is given by: 


X? = xgn + XBao> (7) 


where 
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A= Y [Hobs (2i) = Len s Ho = op 


c? 


(9) 


t 


Hobs(2i) — Hth (zi; Ho = 0) 

B= y Hose = antes 0). (10) 
1 

C= » "E (11) 


Hobs and Hrn represent the observed and theoretical distance modulus respectively. 
c; is also the uncertainly in the distance modulus. 

We use (8) for minimization of x? for 580 recent data points of SN Ia !. 

X®ao is also given by 


h b cq h b 
XBao = (zinAo — 1? Bao) (Cs30);; (zT 540 — 25840) ; (12) 
where the indices ?, j are in growing order in z, as in Table 1. The WiggleZ collab- 


oration!? has measured the baryon acoustic scale at three different redshifts, while 
SDSS and 6DFGS surveys provide data at lower redshift 1°. 


Table 1. The BAO data used in our analysis. 
6dF SDSS WiggleZ 


| z |0106| 0.2 0.35 | 0.44 . 0.6 0.73 
| d, | 0.336 | 0.1905 0.1097 | 0.0916 0.0726 — 0.0592 


0.015 | 0.0061 0.0036 | 0.0071 0.0034 0.0032 


4444 0 0 0 0 0 
0 30318 —17312 0 0 0 
= 0  —17312 87046 0 0 0 (13) 
BRO 0 0 0 23857 —22747 10586 
0 0 0 —22747 128729 —59907 
0 0 0 10586 —59907 125536 


2.1. Four different classes 


Two important functions in the model (1) are the chameleon field potential V(Q) 
and coupling function f(¢). We perform our analysis based on this fact that whether 
these functions are exponential (power-law) or not. Thus we have four categories 
given by the following cases, 

case I: exponential coupling function and power-law potential 


FC) = foe*®, 
V(¢) = Ve’. (14) 
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case II: exponential potential and a power-law f(¢) 


F) = fogt, 

V(b) = VoeP* (15) 
case III: power-law f(ó) and V(¢) 

f(9) = foe", 

V(¢) = Vg’. (16) 
case IV: Exponential f(¢) and V(¢) 

f(¢) = foe®®, 

V (à) = Voe®?. (17) 


We are interested in constraining model parameters a and 8 together with the 
present values of the density parameters. The best-fit values of a, 8 and Qmo in 
addition to x?,,,, (the minimum value of chi-square) for each cases are presented 
in Table 2, separately. We have also plotted the likelihood contours for different 
combinations of the parameters for lo , 2e and 30 confidence levels in Figures 1-4 
in cases I to IV respectively. For simplicity reasons we set fo = Vo = 1. As one 
can see in these figures this model is in agreement with observations. 


Table 2. The value of om and the best fit values of model parameters Qmo, a and £. 


2 
| Xmin | Em | e | B 


casel 


casel I 
casel IT 
casel V 


-19 -1.8 -1.7 -1.6 EE -14 -13 -12 0.20 0.25 0.30 0.35 0.40 0.45 0.50 


ü Om 


(a) (c) 


Fig. 1. Plots of 1c (light blue), 2e (blue) and 3e (dark blue) confidence contours on a — 8 
(a), a — Nmo (b) and B — €, (c) parameter spaces for SN Ia+BAO datasets in the case 
I. The black dot in each plot shows the best fit point. 
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0.15 0.20 0.25 030 0.35 0.40 0.45 
Om 


(c) 


Fig. 2. Plots of 1c (light blue), 2e (blue) and 3e (dark blue) confidence contours on a — 8 
(a), a — Qm, (b) and 8 — Qm, (c) parameter spaces for SN Ia+BAO dataset in the case 
II. The black dot in each plot shows the best fit point. 


Fig. 3. Plots of 1c (light blue), 2e (blue) and 3e (dark blue) confidence contours on a — 8 
(a), a — Qm, (b) and 8 — Qm, (c) parameter spaces for SN Ia+BAO dataset in the case 
III. The black dot in each plot shows the best fit point. 


0.20 0.25 0.30 0.35 0.40 0.45 0.50 
om 


(c) 
Fig. 4. Plots of 1c (light blue), 2e (blue) and 3e (dark blue) confidence contours on a — 8 


(a), a — Qm (b) and 8 — Qj, (c) parameter spaces for SN Ia4-BAO dataset in the case 
IV. The black dot in each plot shows the best fit point. 
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3. Conclusion 


Tachyonic chameleon dark energy model has the ability to alleviate the coincidence 
problem via the mechanism of scaling attractors!?. In this paper we have used the 
latest observational data to constrain the parameters of this model. Two important 
functions in our analysis are tachyonic potential V(ó) and non-minimal coupling 
function f($) in action (1). In general we have considered two types of these 
functions i.e power-law and exponential forms. 

We have fitted data from Type Ia supernova (SN Ia) and Baryon Acoustic Oscil- 
lation (BAO) to constrain the present matter density parameter Nm, the parameter 
a in functional form of f(¢) (the non-minimal coupling function f is of the form 
f(¢) x e°? or f(¢) x $*) and the parameter 8 in V(ó) (tachyonic potential is 
assumed to be V(¢) o ef? or V(¢) x $?). For exponential f(¢) and power-law 
V(@) we have seen that positive a and negative @ are favoured by the data while 
for power-law f(¢) and exponential V (¢) both a and 6 should be positive in order 
to our model be compatible with observations. On the other hand, when f($) and 
V(@) are both power-law functions of scalar field a positive value of a and a negative 
value of 8 are favoured while when these functions are both in exponential forms 
then a is negative and f is a positive constant. We remark that in all four cases the 
value of present matter density parameter Qmo is very close to the desired value. 

In summay, the scenario of the tachyonic chameleon dark energy is compatible 
with observations, for all examined scalar field potential and non-minimal coupling 
functions. 
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Density perturbations in the cosmic microwave background within general f (R, ¢) models 
of gravity are presented. The general dynamical equations for the tensor and scalar 
modes in any f(R,¢) gravity model are provided. An application of the equations to 
the (varying power)-law modified gravity toy-model is then given. Based on the latest 
observations of the density perturbations in the sky, the model requires inflation to 
occur at an energy scale less than the GUT-scale (1014 GeV). The density perturbations 
obtained from observations are recovered naturally, with very high precision, and without 
fine tuning the model’s parameters. 


Keywords: Modified gravity; Inflation; Density perturbations; (Varying power)-law 
model. 


1. Introduction 


Some of the great problems of modern cosmology are the problem of dark energy, 
the problem of dark matter and the problem of the early Universe. A widely pursued 
axis of research to solve these problems consists in modifying general relativity (GR). 
The easiest way to modify GR is to replace the Ricci scalar R in the gravitational 
action by an arbitrary function of R and/or to add a possible extra degree of freedom 
for spacetime, besides the metric, in the form of a scalar field ¢. Such modified GR 
models are known as f (R, à) gravity models. In order to understand the motivation 
behind the peculiar (varying power)-law model, let us briefly draw a timeline of some 
of the well-known models of f (E, 9) modified gravity. 


2. A brief history of f(R, $) gravity 


Here is a very simplified sketch of the various f(R,¢) models and their evolution in 
time. 


*This talk is based on the published paper 1. 
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S~ [ afa Hilbert (1915). 


Thiry (1948), Jordan (1955), 
Brans-Dicke (1961), 
Bergman (1968), 
Nordtveldt (1970), 
Sw n (on — Aa oro — ve) Wagoner (1970), 
O'Hanlon (1972), 
Horndeski (1974, complicated), 
Bekenstein (1977), 
Barker (1978). 


Sw / dir,/-—gf(R) Buchdahl (1970). 


Sw ftev (ao +a R + a2(R? — 4Ruv + Rwpo RPP) Lovelock (1971). 


R? 
6M 


Sw ] i (R + fR? + fa Ry, RY + falis REA) Stelle's gravity (1980). 


Sw J dta/—g G ) Starobinski (1980). 


Biswas- 


Gerwick- 


S ld ] iw =g (R + RF\( )R + Ry Fo( )R"" +F CuvppF3( JUPE) Tu s 
Koivisto 


(1980). 


The tensor C vpo consists of the more complicated invariant im = 2R,, R"" + 
Ryvpo RY’? These expressions arise from the study of the quantum trace anomaly. 
A pragmatic trend has appeared more recently, however, which consists in trying 
out an arbitrary function of f(R) inside the Lagrangian such that it could a priori 
be Taylor-expanded in R: f(R) = ao +a1R+a2R?... Such models are called f(R) 
gravity. Below is a list of the most studied ones, 


f(R) = R-— + B(R- Aa)”  Nojiri & Odintsov (2003), 


(R — M) 
f(R) = R4 aln (4) + BR"  Nojiri & Odintsov (2004). 


f(R)=R+ 7R™” (=) Meng & Wang (2004). 
m 


f(R) = ————L—  Nojiri & Odintsov (2007). 
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The various powers in these models are constrained by solar-system observations 
one one hand, and the need to reproduce both the early expansion of the universe 
and the late-time cosmic acceleration on the other. Some models, however, require 
different (real and fractional) values for the powers whether one applies them to 
reproduce inflation or the late-time expansion. This suggests that one might as well 
let the power of the Ricci scalar in the gravitational action to vary in space and 
time, so that it would adjust itself depending on the epoch in the evolution of the 
Universe and on the cosmological environment. This leads to a (varying power)law 
model, in which the power of the Ricci scalar is a spacetime-dependent scalar field: 


ne (4) ° 
2 \ py? 
An important remark to make here is that, unlike f(R) gravity models, the re- 
definitions Or f = ¢ and (2f — ROrf)/3 = dV/d¢@ do not transform the (varying 
power )-law model into GR with a scalar field. this is due to the high non-linearity 
of the model. On the other hand, a Weyl transformation guv — ¢7g,v, followed by 


the field redefintion à? ~ a~', does transform the model into a Brans-Dicke like 
theory, in which matter also acquires a coupling with the scalar field c, though. 


Sw ] ds (1) 


3. Scalar modes in any f(R, o) model 

Start from the field equations of an f(R, $) model.? Then, perturb the equations 
using gu, = Juv + hys, with Juv = diag(—1, a”, aà?, a?) is the Friedmann-Lemaitre- 
Robertson- Walker (FLRW) background metric and |h,,,| < 1, as well as ¢ = 94-09. 
Then, choose the Newtonian gauge ds? = —(1 + 29)dt? + a?(t)(1 — 2V)ó;;dz'da?. 
The dynamical equation for the gravitational potentials V and © is,! 


AE EN E e 38 (6+ Ù) -— ai — S58 4 hed ® 
do ÍR fr fred 
od fr fa 2haó @ V? 


" a a Ja lnd in d 


6H+6H?+H | 


4. Tensor modes in any f(R,ó) model 


In order to extract the tensor modes equation, perturb the FLRW background, 
ds? = —(1 + 26)dd? + [a?(t)(1 — 2W)6,; + hij] dz'dz? and impose the transverse 
gauge, O;h’, = 0, with also hý = 0. The transverse modes’ equation is, * 


F _ 2 
dp g-iB|a.4gn.ji-2H^R VU hij — 0. (3) 
R fr a? 
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5. The (varying power)-law model 


The action of the model is,? 


s- Me fatzy=a|R 


2 $ 
(00)? mee (EY |. (4) 
where Mp is the Planck mass and m, whose order of magnitude is not constrained by 
the model, is the scalar field's mass. The energy scale ju is determined by observation 
and it is found that it should be ~ 10!4 GeV. At the beginning of inflation R ~ u?, so 
that the action approximates to S ~ f d4z,/—g(R—(0¢)?). At late times, R « p?, 
so that the action approximates to, S ~ f d*2,/—g(R—(0¢)?—m?¢?— 34? (R/ p?)?), 
in which the last term could be identified with a cosmological constant, while the 
scalar field could be identified with dark matter. Thanks to the effective potential, 


m? 2/R (a 
VR o= ePi) (5) 
2 4 
of the scalar field, the mass of the latter is found to depend on the curvature of the 


environment. In addition, the radiative corrections show that meg could be huge 
3,4 


for very low curvatures. 


It turns out that this model easily finds a very nice application for investigating 
the early Universe.! The slow-roll parameters of the model are, 
c= Fl gi, nes (6) 
In usual inflationary models, where the Hubble parameter is given by H? ~ V(4), 
the analogue of the r-condition is ¢?/H? « 1, which, thanks to the scalar field’s 
equation of motion, is just equivalent to the e-condition in (6). However, in the 
model (4) the Hubble parameter is not simply given by H? ~ V (9) and, therefore, 
no condition should a priori be imposed on d. However, it turns out that the 7- 
condition is automatically satisfied throughout all the duration of an inflation. The 
latter starts in this model at an energy scale u and ends at another energy scale not 
very far off. The end of inflation occurs at that energy scale for which either both or 
one of the slow-roll parameters in (6) ceases to be small and negligible. It is found 
that both slow-roll conditions (6) are satisfied up to the scale R/j? ~ 107995. The 
number of e-folds N in this model can be deduced via the formula, ! 


Na Fin (PA), (7) 


4 


For example, if one assumes inflation to have ended at the energy scale of p ~ 
1079-5. then one should allow inflation to start at the energy scale of p ~ 10710 ^, 
in which case one finds, N ~ 50.! To have a bigger number of e-folds one needs to 
push back the starting of inflation to scales which are even closer to the p-scale, if 


not exactly equal to u. 
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5.1. Scalar modes in the (varying power)-law model 


Using the scalar modes equations (2), one easily extracts for the model the following 
Qs, Vs and P are given by,! 
4 3e | 1501g , 225 285e  145555n 


“= T7997 968 "5-131" 124 ^ 21296 ^ 
139 
Sa 
ae ears (8) 


5.2. Tensor modes in the (varying power)-law model 

Using the tensor modes equations (3), one easily extracts for the model the following 
Qt, Vt, 1 

9 119 


7] 
UE and y= ztke- (9) 


5.3. The power spectra in the (varying power)-law model 
At Hubble-crossing one finds, ! 
Fs. (10) 


where 7, is the slow-roll parameter in (6) evaluated at the Hubble crossing. The 
scalar and tensor tilts n, and n; can be computed from the scalar and tensor power 
spectra Pr and Ph, respectively, as,! 


dln Pr 
s= = =? 2 s—2 s3 11 
" qu, °° a 
dln Ph 
ne = Jnak T" =2 + 20 — 2. (12) 


One can compute the values of r, ns and n, in (10), (11) and (12), respectively, 
for various energy scales comprised between the energy scales p ~ 10719 * and 
p ~ 107995, One easily finds that the scale for the Hubble crossing that matches 
the best with observations is comprised between p ~ 10-9905 and p ~ 1070-01 for 
which the values of r, ns, and n, found using expressions (8) and (9) for as, Vs, Qt 
and 1 are: r € [0.00035, 0.00055], ns € (0.965, 0.972], and n, € (0.031, 0.040]. ! 

The specific scale that agrees best with the observed values is found to be p ~ 
1070-009. Indeed for this scale a computation using again expressions (8) and (9) 
for Qs, Vs, o and v, gives the following results: 1 


r ~ 0.00044, n, 7 0.969, n:~ 0.036. (13) 


Here, one uses the value of the scalar tilt to find the best match. In fact, the value of 
the ratio r is only known by its upper boundary value which is r « 0.1?. Notice that 
the tensor tilt here is positive in contrast to usual single-field inflationary models 
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where it comes out negative. The other major difference is that the model predicts 
a very small value for the tensor-to-scalar ratio r. 

One can also deduce the energy scale for inflation required by the model after 
making use of the relation between the scalar power spectrum Pr and its amplitude 
Ag. The latest observations show that the amplitude of the scalar power spectrum 
at the Planck pivot scale k, is Ag ~ 2 x 10-?.? This implies that the inflation scale 
according to the model should be around ~ 1014 GeV. 


6. Conclusion 


The (varying power)-law model cannot be motivated from particle physics. It has 
only two free parameters, though, and does not require any fine-tuning. It might 
unify dark energy, dark matter and the early expansion of the Universe. 
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We revise the cosmological concordance paradigm assuming dark matter shows non- 
vanishing pressure. We propose a Lagrangian for matter field with a Lagrange multiplier 
as constraint. In addition, we add a symmetry breaking effective potential accounting for 
the classical cosmological constant problem. 'To face out the fine-tuning issue, we investi- 
gate two phases: before and after transition due to the symmetry breaking. Investigating 
the conserved Noether current due to the shift symmetry, we show that our Lagrangian 
does not depend upon the scalar field y before and after transition. We propose that 
during the transition the dark matter sector cancels out the effects due to quantum field 
vacuum energy. This process induces a positive increase of Helmotz’s free-energy which 
naturally leads to a negative pressure, which turns out to be constant since the sound 
speed naturally vanishes. The order of magnitude of the pressure is determined by vis- 
ible matter only or by the bare cosmological constant. The numerical bounds over the 
pressure and matter densities are in agreement with current observations, alleviating the 
coincidence problem. Finally assuming a thermal equilibrium between the bath and our 
effective matter fluid, we estimate the mass associated to the dark matter candidate. 
Our bounds seem to be compatible with the most recent predictions over WIMP masses 
for fixed spin and temperature. 


Keywords: The cosmological constant problem; dark energy; dark matter. 


1. Introduction 


It is now a controversial and debatable fact that the cosmic speed up is induced 
by a vacuum energy cosmological constant A. Quantum fluctuations lead to a 
huge amount of energy which severely differs from observations. Although A is the 
most accepted possibility, it does not represent the unique alternative to describe 
present-time acceleration!. What cancels A out leads to the well-known cosmo- 
logical constant problem and may suggest the ACDM model could be theoretically 
incomplete?, requiring stunning revisions?. 

In the standard paradigm, cold dark matter and baryons are pressureless. We 
here show that assuming an effective a scalar field Lagrangian for matter with non- 
vanishing pressure it is possible to address the cosmological constant problem if a 
cancellation mechanism is included. The underlying idea is to assume that during 


aIt is commonly believe that the introduction of dark energy represents a possible strategy. As the 
Universe expands the net fluid gets less dense, whereas A remains constant over time. Dropping this 
out, dark energy leads to an evolving equation of state. However, although appealing, this scenario 
does not explain why quantum fluctuations are not included into Einstein’s energy-momentum 
tensor. Nonetheless, our A-dominated Universe fixes the cosmological constant magnitude to be 
overwhelmingly close to matter, providing a further issue: the coincidence problem. 
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an early-time phase transition, dark matter pressure counterbalances the effects of 
A, leaving as unique contribute the pressure of baryons?, as the transition ends?. 

In this paper, we discuss: 1) under which conditions pressure can be negative 
without putting it by hand, 2) which mechanism cancels A out, 3) which predictions 
on dark matter candidates can be obtained and 4) how thermodynamics and small 
perturbations fix bounds on our model. Since we show our process does not set A 
to zero, but partially removes it in a natural way, we end up there is no need of dark 
energy and/or modified gravity contributions to accelerate the Universe today. We 
only invoke that baryons may have non-zero pressure or that the bare cosmological 
constant can be the only byproduct as the transition ends. 

The paper is structured as follows: In section II we discuss the effective field 
representation of our model. In section III, we discuss thermodynamics and small 
perturbations. Afterwards we show the predictions of our model in section IV and 
finally we conclude with our final remarks and perspectives, in section V. 


2. Effective field representation of matter with pressure 


Let us invoke a few number of basic hypotheses and possible clues on the prob- 
lems plaguing the concordance paradigm: 1) dark energy does not evolve and its 
existence is not due to quantum fluctuations, but only to one matter fluid with 
non-vanishing pressure, 2) the coupling between matter and A can produce a mech- 
anism of cancellation for quantum fluctuations, 3) a phase transition enables the 
aforementioned cancellation, 4) the whole energy is constrained through a Lagrange 
multiplier, i.e. the fluid flows along geodesics, but with non-zero pressure, 5) ther- 
modynamics naturally fixes an emergent negative pressure capable of accelerating 
the Universe. In this respect, the model is thought to degenerate with the ACDM 
paradigm, although providing different predictions ?. 

This suggests 


£ — K (X. g) + AY [X,v (g)] - V** (X, 9) (1) 


where the scalar field ọ is associated to matter only and X = $9°°VayV ay. Here, 
v(y) plays the role of the specific inertial mass and V°“ takes arbitrary forms 
which produce a symmetry breaking transition. Assuming thermal equilibrium, 


the simplest possibility is: V°"(X,~) = Vo + X (v? ye)? sro, with 


T, = po x/g the critical temperature. 
The corresponding equations of motion are 


Y zo, (2) 
Lig = Va (Ex V*q) = 0, (3) 
Tag = Cx VagVgp — (K — V**) gag , (4) 


>For the sake of completeness, our model leaves open the possibility that the effective contribution 
to the net pressure is due to the bare cosmological constant, leaving baryons to be pressureless 
and dark matter to have a primordial non-vanishing pressure term. 
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and immediately one gets: 


pà, X, p) =2XLx — (K-V%) , (5) 
PULojeX-y*. (6) 


Non-dissipative fluids are puzzled through the Carter's covariant formulation, in 
which coordinates of each matter space serve as labels, distinguishing fluid ele- 
ment worldlines?. Each scalars can be viewed as Stückelberg fields and are framed 
with four scalar fields. Hence, all thermodynamic properties are encoded via pre- 
cise action's symmetries. Below we discuss which symmetries can be used for our 


purposes. 


3. Thermodynamics and small perturbations 
Providing the cosmological principle, the global shift symmetry’ applies as 
eve, (7) 


with c? an arbitrary constant, on the zero-component of our fluid only. 

To account for perfect fluid thermodynamics we use the first principle, the 
Gibbs-Duhem relation and the Helmotz free-energy density and we infer that if 
the Helmotz free energy variation is positive, ie. df > 0, one gets —PdV > 0, 
or alternatively that P < 0. Immediately one finds: the internal energy u = p = 
2XLx — (K — V), the enthalpy h = u + P = 2XLx, and the Gibbs free-energy 
g=f+P=0. 

It is remarkable to stress that before transition the effective potential remains 
constant, although after transition: the effective potential becomes a function of 
X, ie. invariant under global shift symmetry. The study of our model during 
transition is beyond the purposes of this work, thus we limit our analysis when we 
are in proximity of minima. Therefore, invoking the Noether's theorem, from the 
matter Lagrangian part we find a first conserved current: 


Jf? = VX (Kx + AYx)w?. (8) 
while from the potential part only, we define another conserved current: 
Jg --V/2XV$fvo. (9) 
Hence one can see that 
J? = JË + Ig = VIX Lx = s. (10) 


The former coincides with the entropy density current sq = SVa. 

It is easy to see that the fluid is irrotational and insentropic and, in the conformal 
Newtonian gauge, the density perturbations are functions of the X and of the 
Lagrange multiplier perturbations, whereas pressure perturbations depend only on 
dX. We easily obtain: 


õp = A(X)5X -2XAYx,óv 4-2XYxó0A, SP = B(X)óX. (11) 


TTT 


where A(X) = (2X £x)y — Kx and B(X) = Kx. After some manipulations, the 
entropy perturbation shift, A = (3 — 2) 2e = — BOD Sy EEQORA leads to c2 = 0 
and P = const, i.e. showing a vanishing adiabatic sound speed? 1°. The functions 
D(X) and E(X), in particular, are: 

D(X) = 2X\Yx c% , (12) 


E(X) = 2X2Yxck. (13) 


4. Solving the cosmological constant problem 


Shortly summarizing the cosmological constant problem is due to the ambiguity 
over the two possible choices of the off-set Vo, which leads to profoundly different 
physical puzzles!!. The two possibilities are: 


1) Vo = —xv6/4. This implies that as the transition finishes V** = 0. We 


have: 
-JK (BT) 
eaten AD em 
 [2XAY, -K (BT) T 
imn e —~K—-yypt/4 — (NT) d) 


with K < —x«vg/4. 
2) Vo = 0. Now we have that before the transition: V° = 0. One has: 


.[K-xwe4 (BT) 
Ba a (16) 
2XAYx — K + xy§/4 (BT) 
im Dos -K o (AT) ' un 


so K <0. 


In both the aforementioned cases, one has that K is negative, but with different 
magnitudes. On the one hand, it is possible to demonstrate that Vo = 0 corresponds 
to the ACDM model, plagued by the issues of coincidence and fine tuning. On the 
other hand, we propose that: 
Kpm & —Xv0/4, (18) 
Kem < Kom, (19) 


and easily one infers 


Rou (BT) 
Px 20 
ges s (20) 
pa Fé (ppm ES DBM) (14 2)! - Kom (BT) (21) 
(Pom + pem) (1+ 2)” — Kem (AT) © 
where PBM = 2X AoYnBM,x; PDM = 2X \oYpm,x and a= 


1+z° 
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4.1. The mechanism for cancelling A out 


The mechanism of cancellation is defined in Eq. (21). It elides vacuum energy 
contribution through dark matter. In fact, x > 0 implies that Kpm has opposite sign 
with respect to vacuum energy. It remains the question: Which fluid contributes 
to accelerate the Universe today? The answer is at the end of transition: the 
Universe accelerates because of the presence of a negative baryonic pressure or in 
terms of a bare cosmological constant which remains non-zero. Since the pressure 
is constant, the corresponding emergent cosmological constant is represented by a 
fluid whose equation of state evolves by w^! « p, mimicking a dark fluid, but with 
no coincidence and fine-tuning?. 

The mechanism works only if dark matter constituents are appropriately chosen. 
In the simplest case of thermal equilibrium, the energy density of all bosons (b) and 


fermions (f) becomes 
4 3 
T, T, 
0. | —E One 4 Q 
(z) © (z) = 


where Q, = (9.16 + 0.19) x 107? is the radiation density parameter, and e, = pcc?, 
where p, = 3H?/(8rG) is the Universe critical density, in which H is the Hubble 
parameter and G the gravitational constant. The plasma temperature is Tp = 
(6.6559 + 0.0019) x 1014 K. 

In the standard picture, primordial dark matter interactions are due to anni- 


EBT = Eo Fév, (22) 


hilation of a heavier particle Q with its antiparticle Q. Assuming a mass M and 
a production of two lighter particles, say q and q, it is licit to invoke symmetry 
between Q and Q and so: ng = nọ = n, leading to the Boltzmann equation for 


the evolution of n under the form i eo) = —(xv) (n? — n2,), where neq is the 
equilibrium number density and (xv) the thermally averaged cross-section. 
Standard treatments? on the form of such particles show that the mass inter- 
val is < 2 TeV. These constituents enter the standard puzzle and represent the 
ones enabling the mechanism to work. Summarizing the model produces intriguing 


outcomes which have been reported in the list below 


P = const (always) > cPM = œM «9, 23) 
P <0 (from thermodynamics) , 24) 
T = const (during the transition), 25) 
Pom > Pam , Pom © €, 26) 
pa = Pom (BT), 27) 
pa = Pp (AT), 28) 
0.5 € Mc?/TeV X 1.7 (Cold Dark Matter), 29) 
0.81 < (ev)/ (10 76 cm?s 1) < 2.42. 30) 
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5. Conclusions 


We demonstrated that there exists only one perfect, irrotational, and isentropic 
fluid, composed by baryons and cold dark matter. If matter is not purely pressure- 
less, a coupling to A induces a phase transition in which the quantum fluctuations 
may be removed by means of matter pressure. In particular, the corresponding ther- 
modynamics of our matter fluid naturally suggests an emergent negative pressure, 
which turns out to be constant. This guarantees, from small perturbations, that the 
sound speed vanishes, degenerating with the ACDM model. Soon after the transi- 
tion, we can have two possibilities: the emergent cosmological constant is given by 
the (negative) pressure of baryons only or by the bare cosmological constant which 
may dominate over baryon pressure. In both cases, the fine-tuning and coincidence 
issues are overcome and the ACDM effects are mimed in terms of a dark fluid with 
constant pressure but non-constant density. To address this mechanism to work 
at thermal equilibrium, we predict the dark matter constituents to lie inside the 
interval 0.5 C M S 1.7 TeV. This leaves open the possibility to detect in laboratory 
additional heavier bosons. However, the mass value is strongly influenced by sev- 
eral factors. If non-equilibrium is invoked, for example, its magnitude is expected to 
change. Future developments will take into account the consequences of our model 
on structure formation and during early phases of Universe’s evolution. 
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We discuss constraints to some nonminimally (NMC) coupled curvature-matter models 
of gravity by means of Solar System experiments. 

First we discuss a NMC gravity model which constitutes a natural extension of 1/ R” 
gravity to the nonminimally coupled case. Such a NMC gravity model is able to predict 
the observed accelerated expansion of the Universe. Differently from the f(R) = 1/R” 
gravity case, which is not compatible with Solar System observations, it turns out that 
this NMC model is a viable theory of gravity. 

Then we consider a further NMC gravity model which admits Minkowski spacetime 
as a background, and we derive the 1/c expansion of the metric. The nonrelativistic 
limit of the model is not Newtonian, but contains a Yukawa correction. We look for 
trajectories around a static, spherically symmetric body. Since in NMC gravity the 
energy-momentum tensor of matter is not conserved, then the trajectories deviate from 
geodesics. We use the NMC gravity model to compute the perihelion precession of planets 
and we constrain the parameters of the model from radar observations of Mercury. 


Keywords: Extended theories of gravity; nonminimal coupling; PPN formalism; Mercury 
precession. 


1. Introduction 


We consider the possibility of constraining some nonminimally coupled (NMC) 
curvature-matter models of gravity! by means of Solar System experiments. The 
action functional involves two functions f!(R) and f?(R) of the Ricci curvature R. 
The function f!(R) is a nonlinear term which is analogous to f(R) gravity, and the 
function f?(R) yields a NMC between the matter Lagrangian density and curvature. 
For other NMC gravity theories and their applications, see for instance? ^. 

NMC gravity has been applied to several astrophysical and cosmological prob- 
lems such as dark matter”, cosmological perturbations", post-inflationary reheat- 
ing? or the current accelerated expansion of the Universe?. 

First we discuss the application of a perturbative method due to Chiba, Smith 
and Erickcek!? to the NMC gravity model by Bertolami, Frazao and Paramos? 


1 
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which constitutes a natural extension of 1/R” gravity to the non-minimally cou- 
pled case. Such a NMC gravity model is able to predict the observed accelerated 
expansion of the Universe. Differently from the f(R) = R + 1/R” gravity case, 
which predicts the value y = 1/2 for the PPN parameter y, so that the f() model 
is not compatible with Solar System observations, it turns out!! that the NMC 
gravity model cannot be constrained, for specific choices of the functions f!(R) and 
f? (R), by the perturbative method considered by Chiba et al.!?, so that it remains, 
in this respect, a viable theory of gravity. 

Then we consider a further NMC gravity model!?2, which admits Minkowski 
spacetime as a background, and we derive the 1/c expansion of the metric assuming 
the functions /!(R) and f?(R) analytic at R = 0. The nonrelativistic limit of 
the model is not Newtonian, but contains a Yukawa correction. A parameterized 
post-Newton plus Yukawa (PPNY) approximation of the NMC model of gravity 
can be computed. We consider the metric around a static, spherically symmetric 
body and we look for trajectories of a test body around the spherical body. Since 
in NMC gravity the energy-momentum tensor of matter is not conserved, then the 
trajectories deviate from geodesics. We use the NMC gravity model to compute 
the perihelion precession of planets. Eventually we constrain the parameters of 
the model from radar observations of Mercury, including data from the NASA 
orbiter MESSENGER (MErcury Surface, Space ENvironment, GEochemistry and 
Ranging) spacecraft. 


2. The NMC gravity action functional 
The action functional of NMC gravity is given by! 


s- f [stu «ti» Panes] vct 


where f!(R), f?(R) are functions of the spacetime curvature R, g is the metric 
determinant, Lm = —pc? is the Lagrangian density of matter, and p is mass density. 

The function f?(R) yields a NMC between geometry and matter, and the class 
of f(R) gravity theories is recovered in the case f?(R) = 0. General Relativity 
(GR) is recovered by taking: 


f'(R) =2«(R-2A), f?(R)=0, &-c'/16nG, 


where G is Newton’s gravitational constant and A is the Cosmological Constant. 
The first variation of the action functional with respect to the metric yields the 
field equations 


(fR + 2fRLm) Ru» — Fi = Vw (fR +2fRLm) + (1+ f^) To, (D) 


where f = dft /dR and Vy, = Vp Vv —9u»9g?" V; V4. Such equations will be solved 
by perturbative methods. 
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3. A model for the accelerated expansion of the Universe 


We consider the NMC gravity model proposed by Bertolami, Frazao and Paramos? 


to account for the observed accelerated expansion of the Universe: 


p= Pay-(z) . 2 Q) 


where n is an integer and Rn is a constant. This NMC gravity model constitutes a 
natural extension to the non-minimally coupled case of the 1/ E" model proposed 
by Carroll et al.!^ as an instance of f(R) model. 

Matter is described as a perfect fluid with negligible pressure? with Lagrangian 
density £4, — —pc?. We assume that the metric, which describes the spacetime 
around the Sun, is a perturbation of a flat Friedmann-Robertson- Walker (FRW) 


metric with scale factor a(t): 


ds? = — [1 + 2% (r, t)] dt? + a? (t) ([L + 2®(r, t)] dr? + 17dQ7) , (3) 


where |W(r,t)| < 1 and |®(r,t)| « 1. The NMC gravity model Eq. (2) yields 
a cosmological solution with a negative deceleration parameter q < 0, and the 
scale factor a(t) of the background metric follows the temporal evolution a(t) = 
ao (t/tp t3, where to is the current age of the Universe?. 

In the perturbative approach developed by Chiba et al.!? for f(R) gravity, the 
Ricci curvature of the perturbed spacetime is expressed as the sum 


Rr, t) = Ro(t) +R, (r, t), 


where Ro denotes the scalar curvature of the background FRW spacetime and R; is 
the perturbation due to the Sun. The extension of the perturbative method of Chiba 
et al.1? to NMC gravity consists in the following steps!!. We assume that functions 
f! (R) and f?(R) admit a Taylor expansion around R = Ho, and we linearize the 
field equations (1) under two conditions: 


(i) terms nonlinear in £4 can be neglected in the Taylor expansion of ft, f?; 
(ii) the following inequality 


|Ri(r,t)| < Ro(t), (4) 
is satisfied both around and inside the Sun. 


We compute the functions V and ® of the metric Eq. (3), then we find an expres- 
sion of the parameter y of the PPN (Parameterized Post-Newtonian) formalism !6. 
Eventually the validity of the condition (4) is checked a posteriori. 

The condition (4) means that the curvature R of the perturbed spacetime re- 
mains close to the cosmological value Ro inside the Sun. In GR such a property 
of the curvature is not satisfied inside the Sun. However, for some f(R) theories 
condition (4) can be satisfied and that leads to a violation of a constraint on PPN 
parameter y from Solar System tests of gravity. For instance, the 1/R" (n > 0) 


ravity model!^ satisfies condition (4) 1917, 
g 
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The perturbative solution of the field equations (1) yields the following expres- 
sion for the PPN parameter y = —®(r)/W(r)!': 


_ 1 [14 fà +4 F2oRo + 120 fh 
Y= 3 | 1+ 48 + f2pRo + 3LF2q | 

where f? = f?(Ro) and fo = df?/dR(Ro). When f?(R) = 0 we find the known 
result y = 1/2 which holds for f(R) gravity theories which satisfy the condition 
|Ri| < Ro?9. The 1/R" (n > 0) gravity theory !^, where f(R) is proportional to 
(R + constant/R”), is one of such theories that, consequently, have to be ruled out 
by Cassini measurement !5. 

For the NMC gravity model (2), though |R4| < Ro for n > 1, the solution for 
R4 inside the Sun shows that non-linear terms in the Taylor expansion of f?(R) 
cannot be neglected !! : 


FP(R) = f$ range MD) (Ay -inata (&y lo (G5) 


Hence assumption (i) is contradicted, implying the lack of validity of the pertur- 
bative regime. Eventually, by such a contradiction argument the model (2) cannot 
be constrained by the extension to a NMC of the perturbative method by Chiba et 
al.!?, so that the model (2) remains, in this respect, a viable theory of gravity". 


4. Planetary precession 


We now consider a NMC gravity model where the functions f!(R) and f?(R) are 
assumed analytic at R = 013, so that they admit the Taylor expansions: 


fQR)e245 ak, asl, — FR) gH. 
i=1 j=l 


If aj = 0 for any i > 1 and q; = 0 for any j, then the action of GR is recovered. 
The model admits Minkowski spacetime as a background, and the 1/c expansion 
of the metric can be computed ?, assuming a general distribution of matter with 
mass density, pressure and velocity. The nonrelativistic limit of the model turns 
out to be non-Newtonian, but contains also a Yukawa correction. The coefficients 
a2,43,91,92 are used to compute the metric at the order O(1/c*) for the 0 — 0 
component, and are considered as parameters of the NMC gravity model. A pa- 
rameterized post-Newton plus Yukawa (PPNY) approximation of the NMC model 
of gravity can be computed 1. 
Here we report the result 13 for the metric in vacuum around a static, spherically 
symmetric body (Sun) with uniform mass density (go; — 0): 
ous (1 + ae*/>) + AF(), 


h 4 3€Ms (1 - ae") | bo (5) 


rc? 


goo = —1 +2 


Jij 


784 


where Ms is the mass of the spherical body, F(r) is a radial potential, and A, œ are 
the range and strength of the Yukawa potential which depend on the parameters of 
the NMC gravity model ?: 


A = V6a;, a= 51-6) Se lo (5-1) - 5| ( a Jaen (6) 


3 CRs 2 3 | (Rs 
where Rg is the radius of the spherical body, 0, 4, v are the following dimensionless 
ratios: 0 = qi/a2, p = a3/a3,v = q2/a3, and dots ... denote smaller contribu- 


tions?. Formula (6) has been obtained for A > Rs. 
Using the metric (5) the effect of NMC gravity on the orbit of a planet is com- 
puted. In NMC gravity the energy-momentum tensor is not covariantly conserved!: 
2 
vo = EG", -T"Nw,RZO0  itf?^(R)Zz0, 
2 


consequently, the trajectories deviate from geodesics: 
dre dz" dx" 2(R 
ee ee, (7) 
ds? ds ds 1+ f?(R) i 
Moreover, geodesics are different from GR. The formula for perihelion precession of 
a planet has been computed!’ for A >> L, where L is the semilatus rectum of the 
unperturbed orbit. Here we report the leading term in the formula P*: 


61GMg a (LM 
Sbp = — — + 1-0)? Z) eg 
ud Lc? *j ) 3 (x) ° 


+ (1-6) ja (4-1) -2 (1-5) (Z) +... (8) 


where the terms in the first row are the GR precession and the nonrelativistic 


Yukawa precession, respectively, and the term in the second row is the leading 
contribution from the NMC relativistic correction. Dots ... denote smaller contri- 
butions!?. Eq. (8) reduces to the GR expression if 0 = 1. 

Using Eq. (8), bounds on PPN parameters from the Cassini experiment !? and 
fits to planetary data, including data from Messenger spacecraft ? orbiting around 
Mercury, it follows that the additional perihelion precession due to NMC deviations 
from GR, in the case of Mercury orbit, is bounded by ? 


—5.87537 x 107* < óóp — 42.98" < 2.96635 x 107°. 


These inequalities define an admissible region in the four-dimensional parameter 
space with dimensionless coordinates 6, u,v,Rs/X. Exclusion plots obtained by 
slicing the admissible region with two-dimensional planes can be drawn ?. 

'The admissible region in three-dimensional parameter subspace with coordinates 
(0, u, v), for 0 < |1 — 0| «& 1 and a given \ > L, can be approximated by the region 


enclosed within the degenerate quadric surfaces 


3 3 Rs\° Ei S 
/-in-3-9(5) ü-zDjü-sey * b% 
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where 
67GMs 67G Msg 
Le? Lc 

The intersection of the three-dimensional admissible subregion with a plane 0 = 
constant, with 0 < |1 — 0| < 1, is a strip enclosed between two lines in the (1, v) 
plane. The intersections with the planes u = constant and v = constant are regions 
enclosed by pairs of hyperbolae!?. 

Eventually, the BepiColombo mission to Mercury should allow for a reduction 
on the above bounds by approximately one order of magnitude??, 


£1 = —5.87537 x 1074, E2 = 2.96635 x 107°. 
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Our proposal is suggested by the presence of still open problems in Astrophysics 
and Cosmology. In fact the Standard Cosmological Model, even if in agreement 
with the experiments on several Phenomena, features strange structure, with the 
presence of the ^Magic" Contribute of Dark Matter and Dark Energy that reaches 
9696 of the total. At a closer glance the principal open problems in Astrophysics 
and Cosmology are: 


i. 


v. 


v. 


In the observed Universe the matter prevails on antimatter even if both are 
always created together; 

CMB is not anisotropic nor inhomogeneous enough to be compatible with the 
Big Bang model without the introduction of a still unknown interaction driving 
the inflation; 

Given the gravity we expect a negative acceleration of the expansion. On the 
contrary that seems to accelerate; 

'The gravitational field of Galaxies, clusters and even of the Solar system seems 
much stronger that the one due to the visible matter. 


At present the possible suggested solutions are: 


The mechanism suggested by Sakarov for matter/antimatter asymmetry is con- 
nected to CPV but experimentally this phenomenon is far too weak; 

Models have been proposed to justify inflation by supersymmetric vacuum en- 
ergy and SSB but at present no evidence for supersymmetry has been found 
yet; 

Dark Energy has been introduced by hand in order to give a motivation to the 
accelerated expansion of the Universe; 

Dark Matter has been introduced in order to give a motivation to the observed 
discrepancies between theory and measurements of the orbital speed of the stars 
of the external part of the galaxies. 


'This situation is far from being satisfactory from the point of view of the ele- 


gance: 


i. 


As many hypothesis as problems; 
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it. Most of them just put by hand into the theory; 
iii. Dark Matter and Dark Energy hypotheses are artificial. 


The hypothesis that antimatter could have a different coupling to the gravita- 
tional field has fascinated physicists since the discovery of the first antiparticles. 
Several authors and one of the authors of this paper, Hajdukovic, have shown 
that the possible gravitational repulsion between matter and antimatter could offer 
at least a partial explanation for this number of cosmological problems, including 
those connected to dark matter and dark energy  !? with this single hypothesis. At 
present, the state-of-the-art is not very different from the framework summarized 
in the article by Nieto et al. in 199119. Limits on repulsive gravity have been cal- 
culated based on measurements!" and!?. A relatively large number of experiments 
on the gravitational interaction of antimatter have been proposed and even started, 
e.g. AEGIS?, ALPHA”, ATRAP?!, and GBAR??. Our proposal is very simple 
and is completely model independent. It is inspired by Good’s argument?°. We in 
fact propose to study a possible dependence of CP violation on the gravitational 
interaction in the Ks-KL system in space. The magnitude of any difference between 
the CP violation parameter, measured in orbit and that measured on Earth's sur- 
face would give important indication on the nature of the gravitational interaction 
between matter and antimatter as well as provide evidence for a quantum gravita- 
tional effect. In this paper we outline a new approach to the problem capable of 
providing a measurement taking advantage from the presence of energetic cosmic 
protons at the level of the LEO orbit around the Earth. 

The rate of incoming protons in a LEO has, in fact, been measured?? and?9, 
and when integrated on the target of the proposed orbiting detector, can reach as 
many as 2.2110^ protons per second. The energy of the cosmic protons ranges from 
a few MeV to ~200 GeV with the maximum flux around 1 GeV and several smaller 
local maxima at 5, 13, and 31 GeV. 

We simulated the interaction of this spectrum of protons with several kinds of 
targets in order to extimate the KL and Ks production (Figures 1 and 2). We 
simulated the position of the decay vertex as well, downstream of a Wolframium 
target. 

In the Figures 3 and 4 it is evident that a simple cut at the moment allows to 
depress the contamination of Ks in the measured events. 

This means that the incident proton spectrum is energetic enough for the pro- 
duction of kaons allowing for a measurement of 


T(Ky > ntm) 


R = 
(Ky, > ntron?) 


(1) 


which is quadratic in e. The mean gravitational field strength in a Low Earth Or- 
bit (LEO) is about 10% less than the one on the Earth’s surface. If CP violation 
depends linearly on the gravitational field! and? we expect a 10% effect to trans- 
late into a 20% effect on R. On a GEO orbit the intensity of the of the Earth's 
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Fig. 1. KL production as simulated on different targets from cosmic proton spectrum as measured 
by AMS satellite 93-35, 
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Fig. 2. KS production as simulated on different targets from cosmic proton spectrum as measured 
by AMS satellite 33:35, 


gravitational field is of the order of few percent configuring an even better experi- 
mental condition. We suggest the use of a dedicated Satellite on a LEO orbit with 
a payload aimed at performing a particle physics experiment in orbit. 

As can be seen in Figure 5 it includes active target, magnetic spectrometer, 
tracker and calorimeter. We estimate that on a square target of 70 cm of side, 
about 1.4710* protons per second will impact, and produce the neutral Kaons. The 
total number of K mesons decays over a space mission lifetime (> 2 years) will yield 
the required physical measurement of 12.5710? Kz, decays necessary to make a 5 o 
measurement of a 2096 variation of R. 
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Fig. 3. Decay vertex z position for simulated production of KL and Ks by cosmic proton spectrum 
as measured by AMS satellite 35. 
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Fig. 4. Decay vertex z position for simulated production of KL and Ks by cosmic proton spectrum 
as measured by AMS satellite with the additional constraint P, < 0,5 Gev/c 35 
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The first step to complete physical theories is to contemplate on the axiomatic character 
of the principles. This principle of relativity was formulated by Galileo and used by 
Newton to derive the laws of motion, and later was placed by Einstein at the center of 
the Special Theory and the General Relativity. This work considers the general principle 
of relativity as an expression of the inherent characteristic of the most important quantity 
in physics - the energy - that states that the energy is constant and is independent of 
the type or speed of movement of an object. The energy of an object is expressed 
as one entity that equals the sum of two energy expressions with different character. 
One of these two terms is denoted as the exposed energy with a kinetic character and 
represents the magnitude of the field of an object. This new definition of the energy 
offers several perspectives that are valid for both the classical and relativistic physics 
and provides insights beyond these two as: i) it leads to a coherent and complete model 
that relates the energy with the momentum and the force, ii) enables to construct the 
lagrangian that can be used to derive the equations of motion without artifices, iii) offers 
an original viewpoint on the dark matter and dark energy that is coherent with recent 
developments. Einstein was the first to deny the separate existence of gravitation and 
electromagnetism and has implied that the goal of a unified theory would be to explain 
the existence and to calculate the properties of matter. He revolutionized the use of 
the principles of symmetry in deriving the physical laws. It is known that the classical 
and quantum domain do not overlap and one would not expect the same governing 
symmetry principles in both domains. To calculate the properties of matter we employ 
spatial parameters that are related with the energy state of an object and the force 
that it exhibits. The mechanism assumes the common origin of different forces at the 
highest energy level. These spacetime parameters can be used to derive the electric 
and gravitational forces through a single mechanism that respects the LT dimensional 
analysis using neither the electrical charge nor the gravitational constant. 


Keywords: Special relativity; exposed energy; gravitational force; non-gravitational 
forces; spacetime parameters; Planck scale. 


1. Introduction 


Newton and Einstein in his early efforts in formulating special relativity did not 
recognize the energy as an inherent characteristic of the object and this is the major 
reason why they postulated the expressions of the momentum in both the classical 
and relativistic physics. The aim of the construction of the fundamental theories is 
the complete understanding of the matter and its interactions. The steps to follow 
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in the formulation of fundamental theories would be: i) the matter, ii) fundamental 
quantities, iii) invariants, iv) the principle, v) mathematical apparatus, vi) the 
conservation laws. The matter is associated with the energy that is strongly related 
to the fundamental quantities of mass-space-time. The dynamic interaction of these 
quantities leads to consistent patterns, or constants of nature such as the constant of 
the speed of light c, Planck constant h, Sommerfeld constant a etc. These constants 
lead to the formulation of the principles that stand at the top of the theories. 
This approach allows to remove the axiomatic character of the principles, which 
according to the Method are considered simply as a representation of the character 
of the fundamental quantities. So, the fact that the speed of light is constant 
constitutes a postulate of the special theory, is just an unnecessary promotion to a 
undeserved rank. The speed of light being a constant is just a result of the fact that 
the ratio between the lengthscale and timescale parameters is always a constant. 
The energy dictates the behaviour of the space and time parameters, and their 
behaviour produces an important constant in physics: the constant of the speed 
of light. At this point we have arrived at the fourth step of the newly proposed 
scheme: the principle. The principle is associated by a mathematical apparatus that 
reflects the essence of the principle from a quantitative perspective. The scheme is 
concluded with the formulation of the conservation laws that determine the range of 
the applicability in practice of the principle that is put at the front of the theories. 
Placing the energy at the top of the hierarchical structure makes unnecessary the 
postulation of the expression of the physical quantities. Here we define the exposed 
energy that can be considered as the measurable energy of an object, or also as a 
term that is analoguous to the kinetic energy term. We define also the expression for 
the unexposed energy that is analoguous to the energy stored in the internal degrees 
of freedom of an object, or can be considered as the amount of the energy that cannot 
be measured experimentally. The exposed energy can be used to describe the overall 
interaction of an object and we can derive all the expressions of physical quantities 
from it. The expression for the momentum is not postulated but is directly obtained 
by taking the derivative of the exposed energy (of the kinetic term) with respect to 
the velocity for both the classical and relativistic physics. Taking the derivative of 
this quantity with respect to the velocity yields the expression of the momentum 
which for small velocities is the same as in the classical mechanics and relativistic 
physics. 

Over time, through great efforts physicists have been able to construct elegant 
models of interaction of matter. Now the challenge is to unify these models as 
much as possible and to have a complete picture!. Sometimes, if not frequently, we 
may need to be more creative than analytical. Einstein was the first that used the 
principles of symmetry to derive the constraints to the dynamical laws. He wanted 
to include electromagnetism to the general relativity and was very persistent in 
the task. The major difficulty is to provide a common explanation to both gravity 
and quantum mechanics. The quantum effects become dominant only at smaller 
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lengthscales, whereas gravitation is dominant at large lengthscales and it would be 
unexpected to have a single symmetry principle at both domains. 

De Broglie was the first that associated a space parameter to an object and on 
one of his works dating 1964 he calls for a reinterpretation of the wave mechanics 
and states that there is a need to postulate a relation between the wave and the 
corpuscle?. In a unique work that applies topological methods to cosmology, Bartini 
uses a unique model that a particle with a small inner radius (gravitational radius) 
can undergo an inversion to the larger outer radius (classical radius)?. He then 
proceeds to derive all the physical constants as a function of two parameters only. 

Here in this work we present the following major points: (i) the association 
of an object with a field that is a function of the object’s mass only, allows one 
to define spacetime parameters with a quantum character, and (ii) the spacetime 
parameters are used to determine all the parameters of an object including the 
potential energy that the object creates, from which the force emerges. Using these 
spatial parameters the force exerted by an object as a function of mass only is 
derived, thus dropping the gravitational constant, the Coulomb's constant and the 
concept of the charge. These spatial parameters are modified by the Lorentz factor 
and at the highest energy level are equal to the Planck length and it is at this 
specific point where the quantum foam-like medium is excited ^. 


2. Definition of the Exposed Energy 


The principles upon which the physical theories are constructed, rather than having 
an axiomatic character, are statements that describe the character of the most 
important fundamental quantity: the inherent character of the energy. The major 
principle should emphasize the constant character of energy and that is described as 
the sum of the internal energy (distributed among the internal degrees of freedom) 
and the exposed energy (defined here in this work and has kinetic character). The 
central idea emphasizes that as a force is exerted on an object, there is no change in 
its mass or its total energy but only a transformation of the internal energy into the 
exposed energy. The object changes only its attributes such as inertia, an attribute 
that should not be confused with the mass or the energy. 


2 
Eesp = Me? k- i$ (1) 


An object with a defined mass and energy transforms its energy as the velocity 
changes. The part of the energy that is transformed is defined in this work as the 
exposed energy as in Eqn. (1), whereas the other part is called the unexposed 
energy and expressed as in Eqn. (2). 


2 
Eunexp = me | [= 5 (2) 
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The sum of these two energies is a constant quantity which is called the total 


energy of an object, E = Eexp + Eunezp = mc?. The exposed energy for small speeds 


converges to the expression of the kinetic energy in classical physics: E — imv?. 


Fig. 1. The exposed (red) and unexposed (blue) energy as a function of velocity and their corre- 
sponding momentum. 


The interpretation of the two newly defined energies is that the exposed energy 
has a kinetic character and relates to the experimentally measurable quantities. So 
if one massive object has a small speed then the effects that it exhibits are small, 
whereas for higher speed the measurable quantities increase. In this respect, the 
total percentage of the whole mass of the universe that is called the standard mass 
is very small because of the low exposed energy, or because of its relatively low 
kinetics. According to this interpretation, there is no need to include the dark 
matter as a constituent of the mass of the universe. Careful analysis of recent 
experimental data is raising serious questions on the existence of dark matter?. 
As the universe undergoes expansion the lengthscale increases and thus the energy 
scale decreases, and this decrease results in the lowering of the exposed energy. As 
the exposed energy decreases the experimentally measurable mass of the Universe 
decreases. 


3. Derivation of the Equations of Motion 


One can find the expression for the momentum by taking the derivative of the 
exposed energy — that represents the field of a material object as Einstein envi- 
sioned — with respect to the velocity and that is valid for relativistic and classical 
physics. 


p= ee = (3) 


796 


If one takes the derivative of the momentum with time, one finds the expression 
of the force for both classical mechanics and relativistic mechanics. 


dpex ma 
= Pen (4 


F — UH Ó NR Ó 
dv (i= ve )3/2 


Once we find this force, one can calculate the work done on an object by inte- 
grating the force with the distance and one finds: W = f Fdz = (y—1)mc? = KE. 

The exposed energy can be used in the formulation of the Lagrangian from which 
the equations of motion for both classical and relativistic mechanics are derived. 


= V(z) (5) 
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Fig. 2. The exposed and unexposed energy used to determine classical physics (blue), relativistic 
physics (green) and quantized geometrodynamics domain (red). 


'The expression for the energy used here in this work never diverges to infinity. 
'The expression for the momentum that is postulated by Newton and then by Ein- 
stein is found here by taking the derivative of the energy. A hierarchical functional 
scale of the expressions of energy-momentum-force is constructed. The lagrangian 
described by Eqn. (5) is valid for the classical physics depicted in Figure 2 in blue 
(not to scale), and is also valid for the relativistic physics shown in green up to 
the intersection point of the exposed energy with the unexposed energy. In the 


literature one may find the Lagrangian expressed in the form as L = — au. where 


y= Tr This expression may be criticized as the Lagrangian is commonly a 
relation of kinetic energy and this quantity cannot be a negative quantity. The 


Lagrangian reported as in Eqn (5) does not include a negative energy term and 
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the term is a bounded value that is between 0 and mc?. The Lagrangian in polar 
coordinates can be expressed as below. 


2 292 
teme li or Ve (6) 


The intersection point of the exposed energy with the unexposed energy is at 
v= {3 = 0.866c and this point determines the upper limit that an object can be 
described using general relativity. All the observed black holes have rotational speed 
smaller than this critical value. The highest speed observed is that of the black hole 
found in the center of the NGC 1365 galaxy with a reported value of 0.84c9. An 
object beyond this critical point cannot be analyzed without revealing its singularity. 
The intersection of the curves corresponds to the point where an object has its 
Schwarzschild radius or lengthscale parameter. After the intersection point, which 
would be beyond the black hole radius, all the space parameters have a quantum 
character and the calculations are done using the quantized geometrodynamics as 
formulated by Wheeler^. In the next section we will also show that beyond this 
limit an object can reach the highest energy level that would correspond to the 
Planck parameters. 

The exposed energy increases as shown in the figure above and higher energy 
levels are associated with smaller lengthscales and at the highest energy level an 
object’s spatial parameter correspond to the Planck parameters. This perspective 
is in line the idea of doubly-special relativity”. 


4. Wave Mechanics and Associating Space Parameters for Objects 


Here we propose the use of mcr—o/i to find space parameters for any object. A sim- 
ilar formulation is the Compton wavelength, which plays an important role in de- 
termining the Compton shift and appears in Klein-Gordon equation. The equation 
allows parameterization of the minimum (corresponding to largest lengthscale) and 
the maximum energy state (smallest lengthscale) of objects in nano- and macroscale. 


ah 


n = (7) 
TMC 


Using these space parameters, all the other parameters including the force can be 
determined. The equation to find the space parameters that determines the inertia 
of mass (gravitational radius) exhibits an inversion represented by replacing the mc 
by the 1/Mc term and resulting in (1/Mc)rM,, = 27ah. The equations for the 
minimum and maximum radii exhibit a symmetry with respect to a critical mass, 
such as the minimum radii for lighter masses (m) can be found using the same 
expression that finds the maximum radii for heavier masses (M). 

(1/mc)ri* 


min 


= 2nah (8) 


798 


Similarly we can write: rM, = gh, Quantum effects become evident in small 
dimensions and the parameter that determines whether the quantum effects are 
dominant or not, undergoes modifications as the mass of an object changes. The 
product of minimum and maximum radii for all the masses considered is equal to 
the square of a critical length scale that is equivalent to the Planck length. 

The radius or the length scale found in Eqn. 7 is two orders smaller, or 1/137 
of the Compton wavelength (scale where quantum effects become dominant). The 
length scales employed here can be thought as parameterizing tools for different 
energy scales. 

The equations used for the lighter masses are equivalent to the representation 
of the real domain, whereas the equations for the heavier masses are equivalent to 
the representation of the reciprocal domain and this can be seen by the use of the 
inverse of ‘mc’ to derive rmaz. An equivalent interpretation of the reciprocal space 
can be found in the literature denoted as the hologram approach?. In that interpre- 
tation, the reality is considered to be the projection of the three dimensional reality 
on a two dimensional screen with spatial frequency equal to the Planck length !?. 
The imaging of reality on image planes is in the reciprocal domain whether done 
through a lens (requiring the Fourier optics analysis) or through a pinhole. An 
object exhibits its maximum gravitational radiation associated with the maximum 
force when it has its minimum length scale (with quantum character) and the prod- 
uct of these two quantities is equal to the total energy of an object denoted by 


ET 2 
FnaxTmin = me. 


mc Cc 
F™ a ee MR NN 9 

This maximum value of the force is associated with a space parameter that 

is in the same order with the Planck lengthscale: Areal. For heavier masses one 


2 $n . 
finds: EM, = T = E. To calculate the force as a function of some real 


experimentally measurable distance ("real > Areal) One can use the inverse distance 
squared relation: Phils = = F(r)r? Tq): Finally we obtain one expressions for the 
force that is mass independent (m < Merit) and one expression that is proportional 
one can obtain po 
ED he 


to m? (m > Merit). Using the expressions of r™,,, and r% n, 


parameter Areal that is of the order of the Planck length: rm in max 
mechanism that shows how the variables are linked is essential. 


real* 


h 
2X = TmaaTmin = —me(2nah) — Areal = vrah = (1.36)(107?9)m 


If we control r% y for the electron (me < Merit), and rM,, for the black hole in the 
NGC 1365 galaxy (mpg > mer): 


aec _ ah — (1/137)(1.054) (10734) 


mer wi — (9.)(10-31)(3)008) 900" 


(1.054)(107°4) 


rBH = me(2rahħ) = 2(1099) (3) (105) ee 


= (1.4)(10°)m 
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The maximum lengthscales that are found for the electron and for the black hole 
correspond to the lowest energy point. The radius would then decrease with the 
Lorentz factor as the energy is increased through the same factor. So, if we mul- 
tiply the maximum radius of the Black hole with the Lorentz factor evaluated at 
v = V3/2c one finds the Schwarzschild radius rmax\/1 — v2/c2 = (0.7)(109)m. 
This is the correct radius reported for this black hole confirming the use of the 
spatial parameters. The radius of the black hole will keep decreasing beyond the 
Schwarzschild radius as the speed increases and will converge to the Planck radius 
at the highest energy level. At this point of highest energy level, an object exerts 
its maximum force (see the expression for F7"... and E...) on its surface assuming 
that all of its mass is contained within a Planck length. These units help one to 
express the gravitational field flux using F44A2,,, = F(r)r2,,, = constant, and the 
force decreases with the square of the distance. The determination of the maximum 
radius, minimum radius (equivalent to Planck length) and real physical parameter 
of an object makes the use classical radius and Schwarzschild radius redundant. 


— Rma | 
— Rmin 
€ Electron}: l i — Rmax 


— Rmin 
m Universe 


log(radius) 


-20 0 20 40 60 
log(mass) 


Fig. 3. Space parameters (radii) vs mass. 


According to our approach, an object exhibits the maximum force (that is in- 
versely proportional to the square of the physical distance) when it attains its 
maximum exposed energy and at that point the object has its smallest physical pa- 
rameters, which are equal to the Planck length. We use the term physical distance 
so that it is not confused with the minimum and maximum space parameters that 
have a different character (scaling parameters) rather than a physical character. 
'The space parameters that have the quantum character are used only to determine 
the energetic state of the object. 


4.1. Newton gravitational constant and electrostatic force 


Gravitational constant is the force between two objects each of a mass of 1 kg at a 
distance of 1 meter. At first we calculate the minimum radius of the object using 
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the expressions of rM, , EM. 
= -34 
m "Sh. (T297)00-3).0840079) a sog rat 
mc (1.3)(105) 


'The second step relates the maximum force with the smallest lengthscale ac- 
cording to FmazTmin = mc? and resulting to Fmaz = 3.5 x 108! kg m/sec?. 

The maximum force corresponds to lengthscale of (1.36)(10~ °°) m and decreases 
with the square of the distance. As the distance increases from rmin to 1 meter, 
one finds: 


The result is 98% of the gravitational constant G. If we use the expressions 
of rins Fm, for the electron (m < Merit), to determine the force between two 


electrons at a distance of 1 meter we find a force that is equal numerically to the 


Coulomb force. F = T = Me Lato T = 1.14 x 10-?8N 


ke? = 9(10°)(1.6 x 10719)? = 2.3 x 10-4 N 


log(Force) 


log(mass) 


Fig. 4. Fmin and Fmaz vs mass (in red). F(r) at r = 1m (in blue). Four markers (in red) are 
forces between two electrons, two protons, two objects with a mass equal to the Planck mass and 
two objects with mass of 1 kg (equal to gravitational constant G = 6.53 x 10-11). 


'The calculation of the forces presented here are based on principle that agree 
with LT dimensional analysis, and this way we show that both the gravitational and 
nongravitational forces can be derived using a single mechanism. We use spatial 
parameters with quantum character because they are equivalent to the Compton 
length and De Broglie wavelength. Below we show the relation between the force as a 
function of the mass only. An interesting observation is that the force is independent 
of the mass for objects lighter than the Planck's mass. Using the above formula 
one can calculate a force of around 10?N between two nucleons at a distance of 
r œ~ 1071?m. Using the model presented in this work that relates all the forces at 
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the smallest lengthscale one can find the gravitational and nongravitational force. 
It is known that gravitation coverges to the magnitude of the other forces at the 
smallest lengthscales. We found the forces using only the mass and did not use three 
parameters (k, e, G), thus eliminating the difference between the gravitational and 
nongravitational forces. 


5. Conclusions 


We established the idea that the correct expression of energy (the exposed energy) 
helps derive the expressions of other physical quantities (momentum and force). 
Using the exposed energy in the Lagrangian formalism the equations of motion for 
both the relativistic and classical physics were derived. This expression provides 
the insight that the experiments measure only the exposed energy and thus a lower 
mass. A lower mass as the system expands, which can be predicted using the 
exposed energy may be one of the alternatives to the dark matter and to the modified 
Newtonian dynamics (MOND)?. The major problem of MOND is that it cannot 
predict the lower mass in the system being analyzed. The exposed energy also 
provides a model on how to predict the upper limit of the spin of the black holes, 
and also the gravitational flux beyond the Schwarzschild radius. 

Here in this work spatial parameters are used to derive important parameters for 
elementary particles and for celestial objects. These parameters exhibit an inversion 
at a mass that is analogous with the Planck mass. The calculation of the gravita- 
tional constant and of the electrostatic force between two elementary particles were 
provided as two examples to confirm the validity of the proposed mechanism. The 
same set of equations was used to determine the Schwarzschild radii of the black 
holes. The derivation of the gravitational force employs a mathematical step — de- 
noted here as the reciprocal domain of the spatial domain — that is equivalent to the 
approach used by several researchers to describe the holographic representation of 
three dimensional reality. The need for such a set of spacetime parameters with a 
quantum character can help the researchers to measure other important parameters 
of matter. The rare equality between the physical and quantum spacetime param- 
eters may have hindered our path to complete the full picture. For example, the 
accepted radius of the electron (zz 10715m) is equal to (1/137)Ac, where Ac is the 
Compton wavelength. In the case of the electron, classical radius corresponds to its 
physical size, but this is not always the case for the other elementary particles. 
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1. Introduction 


The parallel session AT7, “Theories of gravity: alternatives to the cosmological 
and particle standard models” was devoted to alternative scenarios to the standard 
models of cosmology and particle physics. It run on Monday, July 2 and Tuesday, 
July 3, 2018 and included nineteen speakers. There was no poster session. There 
were several motivations for holding this session at the 15th Marcel Grossmann 
Meeting. To begin with, in the standard model of cosmology the A-Cold Dark Mat- 
ter (ACDM) model based on Einstein’s General Relativity, dark energy is introduced 
completely ad hoc in order to explain the present acceleration of the universe. This 
standard model requires also the introduction of dark matter dominating (by far) 
ordinary baryonic matter but yet undetected in the laboratory, and it suffers from 
phenomenological problems. The simplest explanation to account for the cosmic 
speed up lies on considering a vacuum energy cosmological constant, whose origin 
comes from quantum fluctuations at early times. Modifying gravity may give an 
interplay between cosmology and quantum field theory and represents a possible 
alternative, albeit a wide number of proposals have been presented in recent years. 
Likewise, the standard model of particle physics is unable to incorporate all of the 
current particle phenomenology and proposed dark matter candidates. Further, the 
model cannot match cosmological observations in terms of expected vacuum energy 
and it seems to be unable to predict the required cosmological constant or any 
dark energy terms. In this respect, cosmology and particle physics come together 
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in the early universe and, surprisingly, also in theories and models of the present, 
accelerating universe. The main target of present-time researches is to have a self- 
consistent scheme which incorporates quantum field theory and general relativity 
in a unique scenario. 

Session AT7 was designed in a wide framework to include several topics related 
to these problems, and spanning alternative theories of gravity and cosmology, al- 
ternatives to the ACDM model, quantum field theory applied to gravity, extensions 
of the standard model of particle physics, and dark energy and dark matter from 
a particle physics point of view. This session represents the interplay between, and 
the efforts to match, particle physics and cosmology, giving particular emphasis to 
the role played by particle quantum field theory in the early and the late universe. 


2. Cosmology and dark energy 


Stefano Bellucci presented a contribution entitled Constraints om chameleon dark 
energy model from SN Ia and BAO observations. He considered a scalar field, 
known as chameleon, i.e., a scalar field non-minimally coupled to matter. Such a 
chameleon field not only can be heavy enough in the laboratory tests so that the 
local gravity constraints are fulfilled but also it can be light enough at cosmological 
scales and considered as a dark energy candidate. In his talk Bellucci used the latest 
observational data to constrain the parameters of the tachyonic chameleon model 
of dark energy. Two important functions in the analysis were considered, i.e., the 
tachyonic potential V and the non-minimal coupling function f between the scalar 
field and matter. In general Bellucci and collaborators considered two types of these 
functions, i.e., power-law and exponential forms. They fitted data from Type Ia 
supernova (SN Ia) and Baryon Acoustic Oscillations (BAO) to obtain constraints 
on the present matter density parameter and the free parameters in the functional 
form of the functions f and V, thus showing that the scenario is compatible with 
observations. 

Hernando Quevedo discussed geometrothermodynamic cosmology by applying 
the formalism of geometrothermodynamics to derive a fundamental thermodynamic 
equation. In conjunction with the Friedmann equations, this was used to construct 
a cosmological model. The main features of this scenario are an early phase with 
thermodynamic interaction, corresponding to inflation, and a late phase without 
thermodynamic interaction, equivalent to the standard ACDM model?. 

Orlando Luongo presented Speeding up the universe using dust with pressure. He 
showed that the standard cosmological model can be updated assuming a mechanism 
which cancels vacuum energy out. This enables the universe to accelerate today 
without the need of some sort of “quantum fluctuating” cosmological constant. To 
do so, he suggested that standard matter, i.e., baryons and cold dark matter, can 
show a non-vanishing pressure. Soon after a spontaneous symmetry breaking, one 
recovers two cases: the first, i.e., the ACDM model, is disfavored with respect 
to the second case, i.e., an effective dark fluid approach, in which the universe 
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accelerates with a fine-tuned emergent cosmological constant. To model the matter 
fluid able to realize the above mechanism, he introduced a Lagrangian composed of 
a Lagrange multiplier and a generalized kinetic term. Further, to account for the 
phase transition the model presumes a fourth order potential, in which the scalar 
field is the one associated to matter only. Evaluating the Helmoltz free energy, 
it is possible to constrain the sign of the pressure, instead of postulating exotic 
dark energy terms. Further, once the shift symmetry is invoked on the field, the 
associated Noether currents show that the entropy density is conserved and particle 
production does not contribute, in proximity of each minima. Luongo showed the 
net fluid is therefore irrotational invoking the Carter-Lichnerowicz equations. From 
small perturbations, after cumbersome algebra, he showed that the pressure turns 
out to be constant as the entropy shift suggests. In such a way, the adiabatic 
sound speed vanishes, in agreement with previous dark fluid approaches. As a 
byproduct, the numerical bounds on the pressure and matter densities fulfill modern 
observations and, under the hypothesis of thermal equilibrium, the dark matter 
candidate turns out to be a highly massive WIMP particle whose mass lies in the 
interval? 0.5 — 1.7 TeV. 

Behnaz Fazlpour talked about Cosmological constraints on tachyonic teleparallel 
dark energy model. She started from teleparallel gravity, reviewing that it is an 
equivalent formulation of general relativity in which instead of the Ricci scalar R, 
one uses the torsion scalar T' for the Lagrangian density. She showed that by adding 
a quintessence scalar field, and allowing a non-minimal coupling to gravity, the so- 
called teleparallel dark energy emerges as a natural fact. It has been proposed 
in hher slides, and it was found, that such a non-minimally coupled quintessence 
theory has a richer structure than other approaches based on general relativity. The 
work employs tachyonic teleparallel dark energy in which a tachyon scalar field is 
responsible for dark energy. She focused on constraining this model with the most 
recent observations of Type Ia supernova (SN Ia) and Baryon Acoustic Oscillations 
measurements and she showed that the scenario is compatible with observations‘. 

Ali Banijamali presented Dynamics and observational constraints on a scalar- 
tensor model with Gauss-Bonnet coupling. He discussed the dynamics of a scalar- 
tensor model of dark energy in which the scalar field, playing the role of dark 
energy, is non-minimally coupled to the Gauss-Bonnet invariant in four dimensions. 
He showed how to use the dynamical system approach to extract the critical points, 
finding scaling attractor solutions with the property that the ratio of the dark energy 
and dark matter density parameters are comparable. These solutions may alleviate 
the coincidence problem in cosmology and may give an explanation of it. Further, 
constraints on the free parameters of the model have been computed using different 
sources of cosmological data. In this respect, the viability of the model has been 
explored combining different data sets, among all Type Ia supernova (SN Ia) and 
Baryon Acoustic Oscillations?. 
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Antonino Marciano talked about Emergent inflation from a Nambu-Jona- 
Lasinio mechanism in gravity with non-dynamical torsion. He discussed a new 
scenario of early universe inflation emerging from a Nambu-Jona-Lasinio mecha- 
nism in the presence of non-dynamical torsion, which couples to Standard Model 
fermions. Without introducing new scalar fields, in this model inflation emerges 
from a four-fermion interaction induced by the torsion. The role of the inflaton field 
is played by a (nonminimally coupled) composite field of Standard Model particles 
arising from a curved space Nambu-Jona-Lasinio mechanism. Definite predictions 
for gravitational waves in this inflationary model were also presented?. 


3. f(R), f(¢, R), and metric-affine gravity 


The class of f(¢,R) theories of gravity (where R is the Ricci scalar and ¢ is a 
gravitational scalar field) is very large. Fayçal Hammad discussed scalar and tensor 
perturbations in this general class, talking about Density Perturbations in f(R, y)- 
Gravity with an Application to the (Varying Power)-Law Model. Within the specific 
model of varying power-law modified gravity, he computed tensor-to-scalar ratio, 
scalar tilt, and tensor tilt. In order to be compatible with current cosmological 
observations, this model requires inflation to occur at an energy scale less than 
the GUT energy scale. It was claimed that the observed density perturbations are 
obtained without fine tuning. 

Restricting to the (still very broad) class of f(R) theories of gravity, Rocco 
D'Agostino discussed a model-independent method to reconstruct the Lagrangian 
function f(R) from cosmological observations, in both the metric and the Palatini 
formalisms in a talk entitled Model-independent reconstructions of f(R) gravity. 
The method relies on building model-independent approximations of the luminos- 
ity distance by means of rational polynomials, in order to extend the convergence 
radius of the standard cosmographic series (Padé polynomials and ratios of Cheby- 
shev polynomials are used) "8. The function f(R) is reconstructed from the Hubble 
function versus redshift H(z) by first reconstructing f(z) functions and then invert- 
ing the relation R = R(z). The results of this method imply small deviations from 
the ACDM model and a time-evolving effective dark energy equation of state. 

Roberto Giambó spoke about perfect fluids in f (R) theories, presenting analyt- 
ical results on the qualitative behavior of Friedmann-Lemaitre-Robertson- Walker 
(FLRW) cosmologies in theories coupled nonminimally to matter in his talk: Late 
Time Evolution of Perfect Fluids Universes in f(R) Theories of Gravity. Assump- 
tions on the scalar field potential arising from conformal compactification and on the 
fluid equation of state determine the late time behavior of the universe (big crunch 
if matter dominates over the scalar field, or perpetual expansion in the opposite 
situation)?. 

Again in the context of f(R) gravity with a nonminimal coupling of R to matter, 
Riccardo March reviewed models and Solar System constraints. In the talk Nonmin- 
imally Coupled Curvature-Matter Gravity Models and Solar System constraints that 
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he presented, an older perturbative approach due to Chiba et al. !? was applied in! 


to nonminimally coupled f(R) = R^" gravity (with n > 0). It was claimed that, 


=n 


while pure R~” gravity violates Solar System constraints, the nonminimally coupled 
version of this theory does not. Another nonminimally coupled model admitting a 
Minkowski solution was found to possess a non-Newtonian Yukawa potential in the 
non-relativistic limit. A study of non-geodesic trajectories of test particles around 
a static spherical body was also reported. 

In the broad context of metric-affine theories of gravity, concerning the contri- 
bution Constraining metric-affine gravity with particle scattering, Adriá Delhom I 
Latorre discussed how to probe non-metricity with particle scattering and how to 
constrain Ricci-based gravity from scattering data. Arguing that torsion and non- 
metricity could originate from new physics associated with defects in a hypothetical 
spacetime microstructure, he showed effects of non-metricity which are presumably 
observable in quantum fields in the form of 4-fermion contact interactions. Bhabha 
scattering then constrains the scale of non-metricity to be larger than 1 TeV (that 
is, orders of magnitude higher than previous experimental constraints) !?. 


4. Symmetry violations 


Deviations from the Standard Model of particle physics may take the form of sym- 
metry violations. In a talk entitled CP violation in space, Giovanni Maria Piacentino 
discussed a new proposal to probe directly the gravitational acceleration of anti- 
matter by measuring the branching fraction of CP-violating Kz decays in space. He 
showed that, at the altitude of the International Space Station, gravitational effects 
could change the level of CP violation to the point that a 5— c discrimination would 
be possible by collecting the Kz produced by the cosmic proton flux within a few 
years. 

Gravitational waves in the presence of string axion dark matter and the gravita- 
tional Chern-Simons coupling were instead the subject of Daiske Yoshida's contribu- 
tion, Exploring the string axiverse and parity violation in gravity with gravitational 


13.14 and discussed how parametric reso- 


waves. He reported on two recent papers 
nance of gravitational waves occurs due to coherent oscillation of the string axion 
and how circular polarization of gravitational waves is induced by the Chern-Simons 
coupling. The observational constraints set on the model by the failure to observe 


these two effects were also presented. 


5. Quantum gravity-inspired scenarios 


In a talk entitled The gravity's rainbow cosmological constant, Remo Garattini re- 
ported on his computation of the zero point energy due to quantum fluctuations 
around a fixed background using a reformulation of the Wheeler-DeWitt equation. 
Using a variational approach with Gaussian trial wave functionals, the first loop 
contribution of the graviton to the zero point energy was computed, controlling 
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ultraviolet divergences with a distorted gravitational field (the "gravity rainbow"). 
This finite zero point energy was identified with the induced cosmological constant. 

Gabriele Gionti presented recent results of a Hamiltonian analysis of asymptot- 
ically safe quantum gravity in his talk entitled Bouncing and Emergent Universes 
from Hamiltonian Analysis of Asymptotically Safe Quantum Gravity. While renor- 
malization group (RG) approaches to quantum gravity suggest that Newton's con- 
stant G and the cosmological constant A run with the characteristic energy scale, 
it is not clear how to embed this modification of Einstein theory in Dirac's theory 
of constrained systems. The Hamiltonian formalism for RG scale-dependent G and 
A were discussed with regard to Dirac’s constraint analysis. It was reported that, 
under certain conditions, the algebra of Dirac constraints is closed. Brans-Dicke 
theory was also studied as a Dirac constrained system and compared with modified 
gravity via asymptotically safe quantum gravity. Assuming asymptotic safety, the 
results were applied to the early universe: in the minisuperspace with FLRW geom- 
etry, the RG-improved Friedmann equations exibit solutions describing bouncing 
and emergent universes. While, classically, emergent universes are only found in 
closed topology (curvature index K = +1), in the sub-Planckian regime they exist 
also for flat and open (K = 0, —1) topologies. 


6. Miscellaneous 


Sayantan Choudhury talked about COSMOS-e-soft Higgsotic attractors. He showed 
an algorithm to study the cosmological consequences from a huge class of quan- 
tum field theories (i.e., superstring theory, supergravity, extra-dimensional theory, 
modified gravity, etc.), which are equivalently described by soft attractors in the 
effective field theory framework. He restricted the analysis to two scalar fields — 
dilaton and Higgsotic fields minimally coupled with Einstein gravity, which can 
be generalized to any arbitrary number of scalar field content with generalized 
non-canonical and non-minimal interactions. He used R? gravity to study the 
attractor and non-attractor phase and he presented also theoretical bounds on the 
amplitude, tilt and running of the primordial power spectrum and other quantities 
of interest. Additionally, three possible theoretical proposals have been presented 
to overcome the tachyonic instability at the time of late time acceleration. Last but 
not least, he provided also the bulk interpretation from the three- and four-point 
scalar correlation functions for completeness !?. 

Andrea Addazi discussed aspects of black hole physics in extended theories 
of gravity. In his presentation, he focussed on classical evaporation and anti- 
evaporation instabilities, discussing their implications for black hole thermody- 
namics. He put particular emphasis on their connections with deformed energy 
conditions. 

Aram Saharian spoke about Current densities in braneworlds with compact di- 
mensions. There, the vacuum expectation values (VEVs) of the current densities 
for charged scalar and fermionic fields were investigated in braneworlds on AdS 
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spacetime with toroidally compact spatial dimensions and in the presence of a con- 
stant Abelian gauge field. Because of the non-trivial topology, the latter gives rise 
to an Aharonov-Bohm type effect for currents. The VEVs are thus decomposed into 
the purely AdS and brane-induced contributions. Both contributions are periodic 
functions of the magnetic flux enclosed by compact dimensions, with the period 
equal to the flux quantum. The asymptotic behavior of the current density along 
compact dimensions was investigated near the branes, near the AdS boundary, and 
near the horizon. In the talk, it was shown that, unlike the case of the Minkowski 
bulk, the total current density in supersymmetric models on an AdS bulk does not 
vanish. 

Arban Uka in New perspective in achieving the unification theory according to 
the ideas of Einstein and Wheeler dealt with a philosophical conjecture between 
relativity and quantum physics. 


7. Conclusions 


'The session AT7 represented the principal session in which different aspects of 
particle physics matched cosmology in a broad sense. The scope of the session was 
to stress the strong need of unifying quantum field theory with general relativity 
in a future context of a more universal theory. All the talks provided hints and 
represented first attempts toward this ambitious target. 
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Stellar-mass black holes come from the deaths of massive stars, and have been observed 
both in our own Galaxy and in other galaxies. Supermassive black holes have masses 
of up to 10,000,000,000 times the mass of the Sun and reside at the centers of galaxies. 
Intermediate-mass black holes (IMBHs), with masses in between these two regimes, are 
elusive and represent the missing link. When a compact object ventures too close the 
IMBH, it is captured because of the emission of gravitational waves, to be eventually 
swallowed whole when it crosses the event horizon. The process, an intermediate-mass 
ratio inspiral, represents a mapping of warped spacetime and can be observed with 
existing gravitational-wave ground-based detectors. Depending on the dynamical pa- 
rameters, IMRIs can be detected jointly with space-borne ones, which will allow us to 
do multi-band width gravitational-wave astronomy. 


Keywords: Gravitational waves. 


1. Introduction 


Contrary to the Newtonian description of gravity, in the theory of relativity compact 
objects can lose energy via the emission of gravitational radiation. A small compact 
object such as a stellar black hole, a neutron star, or a white dwarf, can therefore 
form a bound system with a massive black hole because of the emission of gravita- 
tional waves!?. Since the binary loses energy, the semi-major axis shrinks which, 
combined with the precession and the change of inclination, represent a unique 
probe of spacetime around massive black holes in strong gravity?. The number of 
cycles that the small compact object will have to go until the plunge through the 
event horizon is roughly proportional to the mass ratio. Because this mass ratio 
is at least of five orders of magnitude, we call these systems extreme-mass ratio 
inspirals, EMRIs. 

At such mass ratios, similar mass-ratio techniques to derive the waveforms are 
not useful, to say the least, because self-force is crucial^. But the problem is even 
more challenging than that, because the binary is not isolated. Surrounding it, the 
host environment can contain up to a few tens of millions of stars?. Since EMRI 
orbits are very eccentric, this poses another challenge at apocenter, where the bulk 
of the stellar system might have an impact at certain semi-major axes. This means 
that, in order to address the EMRI problem, we need to take into account not 
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“just” the relativistic two-body problem at these extreme mass ratios, but also the 
a-few-tens-of-millions body problem. 

In spite of all of these problems, there has been impressive progress over the 
last two decades?. Even if we do not have a waveform which describes in precision 
this systems, there are good enough approaches that have proven to be accurate 
enough to ensure detection and, taking into account the restrictions of the different 
approaches, parameter extraction?. 

EMRIs are formed in galactic nuclei via two-body relaxation, which allows us to 
address this problem, within limitations, in an analytical way thanks to the analysis 
of the loss-cone9?. This relies on the fact that the massive black hole is fixed at the 
centre of the system. Lighter-mass black holes, i.e. intermediate-mass black holes 
IMBHs, see!9:1! for reviews, with masses > 100 Ms (but less massive than super- 
massive black holes) therefore pose a problem. We rely on numerical simulations to 
obtain a description of the process of formation and evolution of intermediate-mass 
ratio inspirals (IMRIs). This is unfortunate, because one numerical simulation of 
a cluster containing a realistic number of stars can last a few months of time to 
achieve a relevant amount of time!?. The first numerical simulation of a globular 
cluster with an IMBH that formed an IMRI was performed byt. Their findings 
were corroborated by!^ and also the work of!?, which is almost a replica of their 
numerical setup. Also,!® explore compact binaries forming with IMBHs, but in a 
lighter regime. These different numerical simulations show that IMRIs form at very 
small semi-major axes, a ~ 10^? pc, and very high eccentricities, e Z 0.999, very 
likely (since the data writing does not capture the small timescale for this partic- 
ular event) following the hyperbolic capture scenario described by 7, and see!9?? 
for more recent works. 


2. Cascade of harmonics 


In Fig. (1) we show two typical examples of IMRIs forming at low-frequencies, 
within the LISA bandwidth, and merging in the range of ground-based detectors, 
such as the ET??24 or LIGO/Virgo. Because of the inspiral, it would be ideal to 
have a decihertz detector operating simultaneously to LISA and LIGO/Virgo such 
as the DECi-hertz Interferometer Gravitational Wave Observatory ??, the Supercon- 
ducting Omni-directional Gravitational Radiation Observatory SOGRO, see?®?" or 
the geocentric Tian Qin??. We can see that LISA can forewarn ground-based de- 
tectors up to five years in advance, and tenths of seconds of precision, so that ET 
(or LIGO/Virgo, depending on the parameters of the source) can optimise their 
sensitivity to optimise the detection. 


3. Conclusions 


IMRIs forming in globular clusters and have very high eccentricities and small semi- 
major axes, and are detectable both with space-borne observatories and ground- 
based detectors. 
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Fig. l. Strain of the gravitational wave as a function of the frequency. The gravitational wave is 
approximated in the quadrupolar derivation of?? in different harmonics, and we only show the first 
ten. The left curve corresponds to the LISA sensitivity curve and the lower-frequency, U-shaped 
curve to the Einstein Telescope, and the higher-frequency curve to Advanced LIGO. In each panel 
we give the initial parameters for the binary; namely the mass of the IMBH, Mriwnnm in solar 
masses, the mass of the compact object, mco, the initial semi-major axis, ag in pc, the initial 
eccentricity eo, the distance to the source, D, as well as the timescale for merger, Tmrg, in years. 
Along the second harmonic, which is the predominant one at higher frequencies, we show different 
values of the eccentricity and the periapsis in Schwarzschild radii, Rg at different moments in the 
evolution of the IMRI. The left panel corresponds to an IMBH of mass 300 Mo and a stellar-mass 
black hole of 10 Mọ at a distance of 2 Gpc. The right panel depicts a binary of 800 Me and a 
neutron star of 1.4 Mo at a distance of 1 Gpc. 


'The combined detection of a source of gravitational waves has been addressed 
in the literature previously 30-34, but with mass ratios not larger than 10. The joint 
detection of similar mass ratios for small compact objects, as motivated by the 
first detections of LIGO/Virgo, have been discussed by ??, and?°, who showed that 
a multi-bandwidth detection of this kind of binaries is only possible for circular 
binaries, so that the information about the formation channel (dynamical or via 
stellar evolution) cannot be obtained. 

Conjunct IMRI detections from the space and the ground will allow us to place 
improved constraints on the physical parameters. A combined detection enables 
the possibility of splitting the different degeneracies as well. LISA can detect the 
inspiral with enough signal-to-noise ratio?" and hence it can forewarn ground-based 
detectors years in advance with seconds and even tenths of seconds of precision. The 
ET and LIGO/Virgo can detect the merger with a very large SNR in the former case, 
of up to a few thousand, and LIGO/Virgo with more modest values, but still well 
above the threshold?". If LISA is operating at the same time as ET or LIGO/Virgo, 
one should think of them as a single detector. These results are discussed in more 
detail in the recent work of?". 
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We compare two action integrals and identify the Lagrangian multiplier to set up a con- 
straint equation on cosmological expansion. 'This is a direct result of the fourth equation 
of our manuscript which unconventionally compares the general-relativity action integral 
with the second derived action integral. This leads to Eq. (3)-(5), a bound on the cosmo- 
logical constant. We replace the Hamber quantum-gravity reference-based action integral 
with a result from Klauder's “Enhanced Quantization,” while showing its relevance to 
early-universe black-hole production and the volume of space producing 100 black holes 
of 10? Planck mass in a radius of 10? Planck length for entropy of about 1000. 


Keywords: Inflaton, Action Integral, Cosmological Constant, Penrose Cyclic Cosmology. 


1. Basic Idea, Can Two First Integrals Give Equivalent 
Information? 


Instead of using the Hamber result! for a first integral, we use what John Klauder's 
first integral? to make a one-one equivalence with the first integral associated with 
general relativity.?:4 We have a one-one relationship between two first action inte- 
grals.? The the two integrals have a one-one and onto relationship by details. &7 


2. Now for the General Relativity First Integral? 


We use Padmanabhan’s first integral^* (Eq. (1)), with a Ricci scalar? and usually 


the curvature, Ñ, set as extremely small, with general relativity 219 


S; = g; | V-gd's( —2A) —g = — det guy n=6 + (4) + 3). (1) 


2 gil2 


min 


Also, the variation of gu ~ a will have an inflaton, ¢,°°7"9!? which is 
combined into other procedures for a solution to the cosmological constant problem. 


Here, amin is a minimum value of the scale factor. ?:? 


3. The Idea from Klauder 


Next, a restricted quantum action principle? (p. 78) S2 with one-one equiva- 


lence, 13:5 


T 
S = [ HPOO- Hot at) * $1 = s. f Vcg 2A. 2) 


We assume A is a constant. Hence, we 
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assume the following approximation, ^6 


2 2 
N 
Py _ Pol ) LN: for 0 < N € œ and q = qo £ pot (3) 
0; for0crcl1 
a : (4) 
N; otherwise 
2 h 2 
Hno) a) = P D 4, for0<N «oc (5) 


Our innovation is to equate q = qo 3 


Vo (3y—1) 
vucimatINCEmS| fa (à 


i [ y/—g d? 


E pot ~ @ and assume small time-step values: 


(6) 


Lf 


These terms within the bubble of space-time" use the same inflaton potential. The 
scale factor is presumed to obey the value of that in Camarade et al.’ 


4. Why This Is Linked to Gravity/Massive Gravitons 


Klauder's program? is to embed via Eq. (6) as a quantum-mechanical well for a Pre- 
Planckian system for inflaton physics,? (Eq. (3)) as given in Klauder's treatment of 
the action integral? (p. 87) where Klauder talks of the weak correspondence principle 
in which an enhanced classical Hamiltonian is given one-one correspondence with 
hv 13 

c 


quantum effects in a nonvanishing fashion. Thus, m; 


5. Reviewing Penrose's Multiverse CCC Generalization and 
Suggestions as to a Uniform Bound to the Graviton 


We extend Penrose's suggestion of cyclic universes, black-hole evaporation, and the 
embedding structure in which our universe is contained. This multiverse embeds 
black holes and may resolve what appears to be an impossible dichotomy. The 
following!^ has serious relevance to the final part of the conclusion. There are no 


"15 contained in 


fewer than N universes undergoing Penrose “infinite expansion 
a mega universe structure. Furthermore, each of the N universes has black-hole 
evaporation, with Hawking radiation from decaying black holes. If each of the N 
universes is defined by a partition function, called {=;}=), then there exist an 
information ensemble of mixed minimum information correlated as about 107—105 


bits of information per partition function in the set (E; i . $0, minimum 


14 


1 
before 
information is conserved between a set of partition functions per universe. 


{Ei} zs (7) 
However, there is nonuniqueness of information put into each partition function 


{ 


strange attractor collection in the mega universe structure to form a new big bang for 


i=N lbefore 


T. 
—i 


‘=),- Furthermore, Hawking radiation from the black holes is collated via a 
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each of the N universes represented by (Z;)/—l. Verification of this mega structure 
compression and expansion of information with a nonuniqueness of information 
placed in each of the N universes favors ergodic mixing treatments of initial values 
for each universe expanding from a singularity beginning. The nf, Sentropy ~ n5. 18 
Tying this energy in, as in Eq. (11), requires ig ignoring the formation of a nontrivial 
gravitational measure as a new big bang for each universe: n(E;). The density of 
states at a given energy E; for each partition function. 14 
m i=N 
[EE x (ff dE; n(Ei) - en (8) 
0 i=1 
Each E; identified with Eq. (8) iterates for N universes. !41°:!7 Then, in the following 
two claims on the universe, as a mixed state, black holes playing a major part. 


Claim 1 Where subscipts bn and an refer to before and after nucleation, 


N 


1 » = | vacuum nucleation, — | (9) 
N 4 1 Jj bn transfer tli an 
j= 


For N universes, with each Ejly bn for j = 1 to N being the partition function 
of each universe just before the blend into the RHS of Eq. (12) for our present 
universe. Also, each of the independent universes given by £j l; bn IS constructed by 
the absorption of one to ten million black holes taking in energy. !^!? Furthermore, 
the main point is in terms of general ergodic mixing. 


Claim 2 


max -" 

Es & Z : 10 
d , bn 3 a "T holes in the jth universe ( ) 
In Claims 1 and 2, we show how a multidimensional black-hole physics enables 
continual space-time mixing!^!? largely to avoid the anthropic principle and its 
preferred set of initial conditions. Claim 2 is CCC cosmology: First, have a big bang 
(initial expansion) for the universe, for say redshift z — 10. At ten billion years ago, 

SMBH formation starts. Matter-energy is vacuumed up by the SMBHs. Then, 


A—oa-TP. (11) 
cı is constant. Penrose’s proposal (Eq. (1)) evaluates a change in the metric gab by 
a conformal mapping 2 to Jab = 2? gay. Penrose suggested ! ^15 


> oO. (12) 


Infall into cosmic black holes has been the most useful mechanism for the recycling 
apparent in Eq. (12) with the caveat that ñ is kept constant from cycle to cycle as 
represented by hola = Anew. We claim that the invariance of the Planck A combined 
with Eq. (10) gives a good indication of a uniform mass to a graviton, per cycle, 
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provided that haga = Anew holds. Note that all these above results should be com- 
pared with the initial Hamber-based results, ! which led to an initial idea.? That is, 
we claim we have kept full fidelity with this program and improved on it. 


We have what is known as a scale factor a(t), which is nearly zero in the 
Pre-Planckian regime of space-time and equal to 1 in the present era. In 
addition, we will define, for the purpose of analysis of the integrals: 


2 3 
f dty/gaVs(t) = Valt) ~ SE Velt) = E kp —9(282)8 (13) 


Here, the subscripts 3 and 4 in the volume refer to three- and four- 
dimensional spatial dimensions, and this will lead to us writing, a first 
integral, 1 if G is the gravitational constant, a first integral defined by '? 


(14) 


1 
m SD 


[vin E + SVP (t) - LO 


Compare this to the Padmabhan first integral" of the form Eq. (1), with a 
Ricci scalar? and usually the curvature N? set as extremely small. 


Our presentation uses all this, and aligns it with the ideas of the Klauder's 
enhanced quantization? for what we think is a better extension of the same idea. We 
have improved upon this idea, and it is in full fidelity with the FFP 15 presentation.? 


ay 1 (15) 


1 1 —g 
AV3(t) ~ — Zg: dr- (24A) > à ~ =, | A.’ (16 
VTV ~ a | VE Pe QA) An l erg (16) 
So, we argue that we have related “the Lagrangian multiplier and the cosmolog- 
ical constant.” We obtain the exact same physics for when we appeal to Eq. (7) as 
a bound to the enhanced quantization, hence we have extended our basic idea. ?? 


To obtain maximum results, we assume 


v (E + avto) TJ ls 


and 


6. Conclusion, Relevance to Black-Hole Production 


Our assumption is that the Lagrangian multiplier is roughly equivalent to a mass 
of about 10* times the mass of a Planck-sized black hole. That is, we have black 
holes initially produced which are say 10? times the Planck mass. In Corda's recent 
work, 18 we have that n is the quantum number where the Planck mass is normalized 
to 1. So, then, if there are 10? black holes of mass 10? times Planck mass M — 
10?masspianck = 100. Here we simplify a horizon volume. 


n—l 


AV, ion poni = 102 x AV, 15s A 10 x 167 - icum (17) 


iw 
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We assume 10? mini black holes, each with a mass of 10? times Planck mass. So, 
we find n for quantum number. !? Then we have an entropy count, on r.h.s. as 


n n—l1 


HEETE 


x 10°. (18) 


At 1000 Planck lengths, 100 mini black holes appear, each about 100 Planck masses, 
restricting n. Use Eq. (18) to choose a quantum value for quantization level used to 
penetrate beyond the shell creating the cosmological constant modeled in Eq. (6). 
The entire mass of initial black holes, 104 Planck masses, would also scale to the 
right-hand side of Eq. (16). We use Corda’s result 18 to delineate the quantum value 
of relic black holes and a quantum state commensurate with penetrating from Pre- 
Planckian to Planckian physics. Second, if there are, say, ten gravitons produced 
per relic black hole and 100 relic black holes, say, in a sphere of about 1000 times 
Planck distance, we can by Ng infinite quantum statistics, as has been done by 
the author time and time again (entropy as a counting algorithm) of black holes 
creating entropy, use this above procedure to estimate an initially generated entropy 
of the order of 10?, in the immediate aftermath of black hole production, with m, 
as calculated by Eq. (18) as the production of initial entropy. We argue that all 
the above will, if we equate the nucleated black-hole mass of 100 relic black holes 
as proportional to the right-hand side of Eq. (16), lead to an integrated version of 
initial mass-energy. Note that the nonsingular start to the universe is justified. ^?:19 
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The first observational indication of the gravitomagnetic monopole is reported, based 
on the X-ray observations of an astrophysical collapsed object: GRO J1655-40. Earlier, 
the three independent primary X-ray observational methods gave significantly different 
spin values for GRO J1655-40. We show that the inclusion of an extra parameter, 
corresponding to the gravitomagnetic monopole, makes the spin and other parameter 
values inferred from the three methods consistent with each other. In addition, our 
result weakly indicates that GRO J1655-40 could also be a naked singularity. 


Keywords: Gravitomagnetic monopole, QPOs, Singularity, X-rays: binaries. 


1. Introduction 


In 1931, British physicist P. A. M. Dirac showed that if the magnetic monopoles 
exist in the universe, then all electric charge in the universe must be quantized’. 
When the analogy of Einstein's general relativity is drawn with electromagnetism, 
‘gravitoelectric charge’ exists and is referred to as ‘mass’ which is an important con- 
stituent of the physical world. The next evident question that arises is ‘does grav- 
itomagnetic charge or the so-called gravitomagnetic monopole exist in nature?'? 
Historically, Newman, Tamburino and Unti discovered a stationary and spherically 
symmetric vacuum solution (which is now known as the NUT solution) of the Ein- 
stein's equation, that contains the gravitomagnetic monopole or the so-called NUT 
parameter^. Though this gravitomagnetic monopole is physically interpreted as “a 
linear source of pure angular momentum”, i.e., ^a massless rotating rod" ? ?, and is 
the proposed gravitational analogue of Dirac's magnetic monopole, an observational 
evidence of this aspect of fundamental physics was elusive?. 

Perhaps Lynden-Bell and Nouri-Zonoz? 
tigation. They argued that the best place to look for the gravitomagnetic monopole 
is in the spectra of supernovae, quasars, or active galactic nuclei. We demonstrate 
that the X-ray observations of a black hole X-ray binary (BHXB), i.e., an accreting 
stellar-mass collapsed object, can provide a way to detect a non-zero NUT param- 
eter or the gravitomagnetic monopole. A rotating astrophysical collapsed object is 
generally described by the Kerr spacetime!?, and is characterized by only two pa- 
rameters : mass and spin. Depending on the spin value of the rotating astrophysical 
collapsed object, it could be a black hole, or a naked singularity (also sometimes 


were the first to motivate such an inves- 
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called a “superspinar”) which is visible in principle to external observers. Now, 
if the Kerr spacetime contains the gravitomagnetic monopole or vice-versa, it is 
regarded as the Kerr-Taub-NUT (KTN) spacetime!. This is geometrically a sta- 
tionary, axisymmetric vacuum solution of Einstein equation, and reduces to the Kerr 
spacetime if the NUT parameter is zero. Thus, if one can identify a collapsed object 
with the KTN spacetime, this could establish the existence of the gravitomagnetic 
monopole. Here, we demonstrate? that the X-ray observations of a black hole X- 
ray binary (BHXB), i.e., an accreting stellar-mass collapsed object, can provide a 
way to infer and measure the gravitomagnetic monopole. Although, the collapsed 
object is generally thought to be a black hole, i.e., a singularity covered by an event 
horizon due to the Cosmic Censorship Conjecture, we do not exclude the possibility 
that it could also be a naked singularity in some cases!?. However, before going into 
detail, we first briefly recapitulate the KTN spacetime and discuss some important 
observables which are useful to explore the possibility of gravitomagnetic monopole 
in nature. 


2. Kerr-Taub-NUT Spacetime and Fundamental Frequencies 
The metric of the KTN spacetime can be expressed as!! 


A p? 


1 
ds? — -z — Ad¢)? + Adr + p?d8? + A sin? (adt — Bdo)? (1) 


with 


A=r?—-2Mr +a? -n?, y?-r!-E(n--acos0)", 
A =asin? 0 — 2n cosh, B=r +a +n’, (2) 


where M is the mass, a/M is the Kerr parameter and n/M is the NUT parameter. 


Now, using the metric components (guv) of KTN spacetime one can obtain the 


three fundamental frequencies. The orbital frequency can be written as? 


Ml 


, (3) 


m 
gu = anvp TN => UL 
rz (r? +n?) tam 


Ne 


where m = M (r? — n?) 4-2 n?r. Here, the upper sign is applicable for the prograde 


orbits and the lower sign is applicable for the retrograde orbits. Similarly, the radial 


and vertical epicyclic frequencies are written as?: 


pKTN 


ji — oc [M (r$ — n° + 15n*r? — 15n?r*) — 2M?r(3r* — 2n?r? + 3n?) 
m3 (r? +n?) 


[v 


—16n^r? + 8ar? m? +a? (M (n* H 6n?r? — 3r^) 8n?r?}] (4) 


V 
VEN LL roc [M (r9 — n9 + 15n*r? — 15n?r*)  2n?r(3r* — 2n?r? + 3n?) 
m? (r? +n?) 


+16M2n?r3 F dar? m? (n? + Mr)(n? +17) 
] 
— à? (M(n* + 6n?r? — 3r*) — 8n?r?}]? 


(5) 


respectively. Setting the square of Eq. (4) equal to zero (i.e., [vSTN]? = 0), we 


T 
obtain the innermost stable circular orbit (ISCO) condition as follows ^14: 


M (r$ — n? + 15n*r? — 15n?r*) — 2M?r(3r* — 2n?r? + 3n*) 
—16n*r? + Sar? m? +a? (M (nf + 6n?r? — 3r) — 8n?r?} = 0. (6) 


The gravitational redshift in the KTN spacetime is expressed as? 
ZKTN _ ri(r? +n?) c a m 


O rmGhem)eamb 
[(r? +n?) fre? 3n?) + M (n? 3r?) + 2a(mr)* } | 


tope 


3. Exploring the possibility of non-zero gravitomagnetic monopole 


a/M measurement can be very useful to probe the strong gravity regime and to 
characterize the collapsed object. Some of the X-ray spectral and timing features 
which originate from the accreted matter within a few gravitational radii of a col- 


lapsed object in a BHXB, is generally used to measure a/M 9 !7. There are two 
16 


. There is also a 
timing method based on the relativistic precession model (RPM) of quasi-periodic 
oscillations (QPOs) of X-ray intensity 18. 

In continuum X-ray spectrum method, thermal spectral component from the 


main spectral methods for a/M estimation: (1) using continuum X-ray spectrum 


and (2) using broad relativistic iron Ko spectral emission line! 


accretion disk is fit with a relativistic thin-disk model, and this gives a measure of 
the ri, 1?. Then from a known M and rjgco/M values, a/M is inferred assuming 
Kerr spacetime. In the second method, a broad relativistic iron Ka spectral emission 
line in X-rays is observed from many BHXBs, which is believed to originate from 
the reflection of hard X-rays from the inner part of the geometrically thin accretion 
disk. The red wing of the line that determines the observed constraint on a/M ?9, 
gives a measure of the gravitational redshift at the disk inner edge radius rin, and 
for Tin = risco (risco is the innermost stable circular orbit (ISCO) radius), the 
a/M value is inferred for a prograde accretion disk assuming the Kerr spacetime. 
In the QPO-based timing method, three observed QPO frequencies are used to 
estimate a/M: (a) the upper high-frequency (HF) QPO, (b) the lower HFQPO, and 
(c) the type-C low-frequency (LF) QPO!5. This method is based on the relativistic 
precession model (RPM)?!:??, in which the Type-C QPO frequency is identified 
with the LT precession frequency (vpr)?* 7°, and the upper and lower HFQPO fre- 
quencies are identified with the orbital frequency (vy) and the periastron precession 
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frequency (Vper) respectively ?. In Kerr spacetime, each of these three frequencies 
is a function of three parameters: M, a/M and rapo (rqpo is the location of ori- 
gin of these QPOs). Therefore, one can obtain the numerical values of these three 
parameters? for a particular Kerr compact object using the RPM method. 

The RPM method could be fully applied for GRO J1655-40, as the three above- 
mentioned QPOs could be simultaneously observed only from this BHXB!*. The 
mass of GRO J1655-40 is either (6.3 + 0.5) Mo ?9 or (5.4 + 0.3) Mc; ?". It is not 
known until now, which mass value is reliable!?. The observed frequencies of the 
above mentioned three simultaneous QPOs imply vg = 440 Hz, vper = 300 Hz 
and ver = 17 Hz for GRO J1655-40. Using these frequencies, Motta et. al.!* 
determined a/M ~ 0.286 +0.003, M ~ (5.3140.07)Mo and rapo ~ (5.68::0.04) M. 
Moreover, GRO J1655-40 is currently the only BHXB, for which all the three above 
mentioned a/M estimation methods are available. Thus, this source provides a 
unique opportunity to test the reliability of these methods by comparing the three 
estimated a/M values. The timing method gives a/M ~ 0.286 + 0.00315, the line 
spectrum method gives a/M ~ 0.90 — 0.99?9, and the continuum spectrum method 
gives a/M ~ 0.65 — 0.75 for GRO J1655-40. Therefore, the a/M value inferred 
from these three methods are grossly inconsistent with each other. 

Are these three methods missing an essential ingredient, is it possible to make 
these methods reliable? We explore an possibility that the inclusion of NUT charge 
may make the results from three methods consistent, and it suggests that gravit- 
omagnetic monopole exists in nature?. We have already calculated the important 
observables with non-zero NUT parameter values, i.e., by considering the KTN 
spacetime, instead of the previously used Kerr spacetime. Now, we can use those 


results directly to show the possibility of existence of non-zero gravitomagnetic 
monopole in GRO J1655-40. 

As we have already discussed, we can apply the RPM method to GRO J1655—40 
using KTN spacetime, instead of Kerr spacetime which was used in!*: 


vETN = 440 Hz; vAT^ = 300 Hz; vip = 17 Hz. (8) 


per 
Using Eqs. (3-5) we can solve Eqs.(8) for a/M, M and the radius rqpo of QPO origin 
for a given n/M value?. For n = 0, one can easily recover the above-mentioned 
parameter values as described in!?. As the three equations are also satisfied for 
other non-zero values of n, a new range of n could be found?, and this can give the 
same QPO values for GRO J1655-40 with a specific combinations of M, a/M and 
"apo. One should note here that the range of 0 < a/M <1 represents a Kerr black 
hole, whereas a/M > 1 represents Kerr naked singularity 225, Similarly, the KTN 
naked singularity is represented with the following range a/M > 4/1 4- (n/ M)??? 
and KTN BH is represented with 0 < a/M < \/1+ (n/M)?. 

Using the line spectrum method??, the a/M range for GRO J1655-40 was es- 
timated as = 0.90 — 0.99, assuming it as a Kerr black hole. Now, one can cal- 
culate the gravitational redshift range (~ 2.70 — 6.08) from the reported a/M 
range (z 0.90 — 0.99), and using this range (~ 2.70 — 6.08) as the primary 


828 


observational constraint, and assuming GRO J1655-40 as the KTN spacetime, i.e., 
ZKTN(at risco) = 2.70 — 6.08 (L.H.S. is given by Eqs. 6 and 7), one can solve 
for M, a/M, n/M, risco/M and rgpo from Eq. (8). This solution gives the fol- 
lowing constraints for GRO J1655-40, which are consistent with both the RPM 
method and the line spectrum method: M ~ 6.76 — 6.83Mo, a/M ~x 2.12 — 2.27, 
n/M ~ 1.86 — 1.97 and rgpo/M ~ 4.99 — 5.04?. The M range is consistent with an 
independently measured mass ([6.3+0.5]|Mo;°) for GRO J1655-40, which provides 
a confirmation of the reliability of our method and results. 

Using the continuum spectrum method, one can find the a/M range as ~ 0.65 — 
0.75?9? for GRO J1655-40. This was inferred from the risco range as ~ 29.8 — 
34.2 km, using M = 6.3Mo. Now, considering rigco = 29.8 — 34.2 km as the 
primary constraint and assuming the KTN spacetime (using Eq. 6), we solve Eq. (8) 
for M, a/M, n/M, risco/M and rgpo/M. Consequently, the following parameter 
constraints could be obtained: M ~ 6.79 — 6.86Mo, a/M ~ 2.04 — 2.21, n/M & 
1.79 — 1.93 and rqo5/M =œ 4.96 — 5.02%. It can be seen that these parameter 
ranges overlap with the parameter ranges obtained from the combined RPM and 
line spectrum methods. 


4. Conclusion and Discussion 


We have shown that a/M ~ 2.12 — 2.21 and n/M ~ 1.86 — 1.93 are consistent 
with all the three methods?. These ranges imply that the collapsed object in GRO 
J1655-40 could also be a naked singularity (see Fig. 1 of?). One can also realize 
from the above mentioned n/M range (z 1.86 — 1.93) that the inferred non-zero 
n/M values cannot be caused by the systematics, as is significantly away from 
n/M - 0. The earlier three independent primary X-ray observational methods pro- 
vided significantly different spin values for GRO J1655-40, which were 0.286 4- 0.003, 
0.65 — 0.75 and 0.90 — 0.99. Employing an interesting technique, we have demon- 
strated that the inclusion of one extra parameter (i.e., gravitomagnetic monopole) 
not only makes the spin and other parameter values inferred from the three methods 
consistent with each other, but also makes the inferred black hole mass consistent 
with an independently measured value?. This confirmation provides a new way to 


measure the NUT parameter, even when only two a/M measurement methods are 
available for a BHXB. Here, one should note that the value of n/M can be different 
for different objects like the value of a/M and a high n/M value inferred for one ob- 
ject does not mean that every object will have a high n/M value. The value of n/M 
can even be very close to zero for some objects?. However, the inferred significantly 
non-zero n/M value for even one object, i.e., GRO J1655-40 could strongly suggest 
the existence of gravitomagnetic monopole in nature?. Finally, our inference of the 
first significant observational indication of the gravitomagnetic monopole, which, 
even though is not a direct detection, can have an exciting impact on fundamental 
physics and astrophysics. Moreover, as the accreting collapsed object GRO J1655- 
40 could be better described with the more general KTN spacetime, instead of the 
Kerr spacetime, this makes the KTN spacetime astrophysically relevant. 
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Kerr—Newman black hole in the formalism of isolated horizons 
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We study the Kerr-Newman black hole in the formalism of isolated horizons using a gen- 
eral solution found by Krishnan in 2012.1 It establishes the existence of a null tetrad 
which is tangent to the horizon and parallelly propagated off the horizon along a non- 
twisting null geodesic congruence. However, the explicit construction of such a tetrad 
for the Kerr-Newman metric was not given. We have formulated appropriate initial 
data and found the exact form (up to integrals) of the solution everywhere in the Kerr— 
Newman space-time.” In the near future we aim to apply this formulation to the study 
of distorted black holes by perturbing the initial data found in this work. 
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1. Introduction 


In 2012, Krishnan investigated the near horizon geometry in the vicinity of an 
isolated horizon in the Newman-Penrose formalism.! He found a solution of the 
Einstein field equations in the form of a power series of the Newman-Penrose tetrad. 
It was possible since the properties of weakly isolated horizons allow one to solve 
the constraint part equations in the Newman-Penrose formalism. The solution tells 
us a lot about how the Newman-Penrose tetrad shall look like. On the other hand, 
the approach does not provide an insight into the choice of the initial data for any 
particular space-time and, hence, it stayed unknown, including the Kerr-Newman 
space-time. 

This particular space-time (in the formalism of isolated horizons) was interesting 
for us for the previous treatment of the Meissner effect in Ref. 3. They proved that 
the magnetic field is expelled from a general extremal axisymmetric stationary black 
hole. To be able to do so, one, however, needs to know the initial data. They found 
a first order approximation for the particular case. This solution represented a 
deformed Kerr solution, however, it was not clear, how it was deformed. The aim 
of our work was to find an approach which would lead to a general solution to this 
problem. 


2. Weakly isolated horizons 


A non-expanding horizon is a null hypersurface H with topology R x S?, where 
the Einstein equations hold and for any null normal of the horizon l°“ its expansion 
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is zero and if the normal is future pointing, also the vector Tal? is future pointing. 
The tensor Ta» is the energy-momentum tensor. 

'The introduced expansion is the well-known optical scalar for null geodesic con- 
gruences* and its zeroness implies also vanishing shear and twist. Among other 
relations we can derive from the properties of non-expanding horizons there is one 
to be discussed here: 


H=}. (1) 


This tells us that jz is real and it shall be a key feature for us. For the discussion of 
all relevant relations, see Ref. 5. 

A weakly isolated horizon is a pair (H, ||^]) where H is à non-expanding 
horizon and [l^] is an equivalence class of normals satisfying 


I Da] =o (2) 


for any l° in this class. Here £ is the Lie derivative and D, is an induced covariant 
derivative on the horizon introduced by X^D,Y^ + X^V,Y? for any tangent 
vectors X^, Y?. Eq. (2) ensures that the /*-part of the induced connection is time 
independent. 


3. Krishnan construction 


In Ref. 1, it was described how a Newman-Penrose tetrad is constructed to reflect 
(and describe) the properties of isolated horizons and the initial value problem was 
formulated, though without stating the initial data. Here let us just summarize the 
key principles. 

An arbitrary sphere So is chosen on the horizon and the vectors m^ and m^ 
are chosen as the basis of its tangent space. They are Lie propagated along the 
null normal /* on the horizon. It is possible thanks to the following: the normal 
is null and therefore also tangent to the horizon, the normal is surface forming for 
it has vanishing twist,? the Lie transport preserves the scalar products in the case 
of a non-expanding horizon. In this manner, the triad is introduced on the entire 
horizon and thanks to the scalar products of the Newman-Penrose tetrad (i^n, = 1, 
mim, = —1, others zero) the last vector n^ is already fixed on the horizon. We are 
left with the propagation of the vectors off the horizon which is achieved by parallel 
transport of the triad (l^, m^, r^) alongside a geodesic in the direction of vector 
n^ which is constructed first. The coordinates are propagated alike. The situation 
is schematically illustrated in Fig. 1. 

The Bondi-like coordinates are introduced in the following way: z^ are spherical 
coordinates on the sphere S?, v is a time coordinate in the direction of |^ and r is 
a radial coordinate in the transversal direction of n^.? 


aThe Newman-Penrose tetrad is a non-holonomic one and therefore there are no coordinates which 
could be connected to it. However, since some of the coordinates are connected to only some of 
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Fig. 1. Local topology of the space-time. 


We have already discussed the vanishing optical scalars for the geodesic congru- 
ence in the direction of /*. Let us now recall that u spin coefficient has vanishing 
imaginary part, Eq. (1). Since the imaginary part of spin coefficient jz is the twist 
of a geodesic congruence in the direction of n^, let us call such a tetrad non-twisting 
(in the direction of n?). If there is an imaginary part of u, the tetrad is to be called 
twisting. 

'This tetrad is expanded in the radial parameter r 


X—XO.Lrx(D ig2x0 dd (3) 


and the constraints are solved.! To do so, one employs the Ricci and Bianchi iden- 
tities which, in the Newman-Penrose formalism, play the role of the field equations. 
In this manner Krishnan formulated the initial value problem which is displayed 
in Fig. 2. There are two characteristics: the horizon H and a transversal hyper- 
surface Mo intersecting each other in the sphere So (both /* and n^ are surface 
forming). On the sphere So are introduced the quantities: spin coefficients a, 7, 4, 
A, Maxwell scalar $1 and the surface gravity xg). After solving all the constraints 
on So and obtaining so the Weyl scalars V2 and Ws, the full geometry of the hori- 
zon can be reconstructed from the data on Sg. Finally, in order to propagate the 
solution off the horizon, scalars ¢2 and V4 must be prescribed on the entire No. 


4. Perturbative solution 


Now we are ready to look for the appropriate tetrad connecting the Kerr-Newman 
space-time to the formalism of isolated horizons. We started with the Kinnersley 
tetrad’ which is a Newman-Penrose tetrad, however, it is twisting. On the other 
hand, there must exist a sequence of Lorentz transformations of the tetrad which 
eliminates the imaginary part of the spin coefficient ju. 


the vectors, there is a way how to make a correspondence between the vectors of the tetrad and 
the coordinates. E.g. a gradient of vector n^ is given by all the coordinates, but the r coordinate 
is only present in this gradient. 
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No : W4, bo 


So : V», V3,0, T; H, À, Qı 


Fig. 2. The neighbourhood of the horizon and initial value surfaces. The scalars enlisted after 
the colons have to be introduced on the corresponding (hyper)surface. 


In Ref. 5, we used a coordinate transformation, boost and rotation about {° (all 
valid on the horizon) and we ended up with a tetrad on the horizon: 


lIR =j; 
a? sin? 0 a? 4- r2 a 
hg = Say 06—— 35-5 Or - plu 6 (4) 
2(r2 + a? cos? 0) r4. +a? cosÜ a? + r2 


1 T i(r} — ia cos 0) 
V2 (r4 + ia cos) / V2 (a? 4- r2) sind 


'The tetrad has all required properties on the horizon and to get it also off the 
horizon we used an expansion in the radial parameter r: 


1 = d + (r-rel) O(r- ry, fy = 14) (8,4), (5) 


where the time-independence was inferred from the existence of the time-like Killing 


mg = 


vector in Kerr-Newman space-time. 

The subsequent orders of the tetrad were computed, using the parallel transport 
conditions, in Wolfram Mathematica. By this we get all quantities exactly on the 
horizon and up to an arbitrary order elsewhere. 


5. Exact solution 


To get the exact solution, it is needed to use all four types of Lorentz transforma- 
tions: spin, boost, rotation about |^ and rotation about n^. Moreover, unlike for 
the expansion, they have to transform the tetrad properly in the entire space-time. 
We were unable to find the parameters directly, since the final step requires the 
solution of a difficult differential equation. 
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Instead, it is possible to write the vector n^ in the form of a gradient: 


ndz” = E dv — dr + VO d6 + L dy = d$ (6) 


P+ Lm 
where P = aL + E(a2 +12), R = P? — KÄ, © = K — (L+aE)’ 
(a? E? — L? sin? 0) cos? 0 and A-—a?4:5?—2Mr 4 Q?. Inspection of the in- 
tegrability conditions for Eq. (6) implies the values L = 0 and E = 1,? then we also 
arrive at K — a?. 

With this simplification in hand, we can apply the Lorentz transformations. For 
the discussion see,? here we only briefly recapitulate them. We start with a boost 
followed by a rotation about l° to set the vector n^ to the direction given by Eq. (6). 
The transformations are: 


Iis ae. n* — A ?n*, m^ e m^, (7) 
i^o, n* — n? 4- em? + em? + Jete, m^" — m” +l (8) 

and their parameters are (let us introduce also function p = r + ia cos 0): 
2 UH c= et (9) 

P+VR’ Vp 
We proceed by the spin: 

m* e e Tm? , 9 > elm? | (10) 
The remaining transformation is the rotation about n^ and in order to find the 
corresponding parameter we have to solve the equation n° V,d = T, where 7 is a spin 


coefficient. This is however very difficult in the Kerr coordinates. In order to solve 

the problem, we perform a transformation to Bondi-like coordinates introduced by 
" oq dr . . ~ 

v=v— area Oe sin = tanh X, $-—wv-J(r), (11) 


adu 


X — a(r) +arthsinv, a(r) — l|—ÁÁ—— 
ut + a? u? +2a? M u — a? Q? 


T 


" =) 
—— ee) 
r4 Plu) + /R yR 
Then the equation il RAM d is Es — 7 and can be integrated to get: 
T Ü 2 
d(r, 9) = -f TEE tu Hat, (13) 
T R(u) 
Unfortunately, this cannot be evaluated explicitly and, hence, the final tetrad shall 


also be an implicit expression. To complete the construction of the Bondi-like 
coordinates, we define 


EM COMPRE 
= O du, o=¢ T (14) 


I(r) = 
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We arrive at the final tetrad, which is of the Krishnan type and has the form 
(I = 2,3): 


1=0,+U04,4+X'6;, n=-0, m=0,+é' ðr. (15) 
The functions U, X/, € and €/ shall not be shown here for their length, see Ref. 2. 


6. Conclusion 


We constructed a parallelly propagated, Bondi-like tetrad in the Kerr-Newman 
space-time and, hence, we were able to formulate the initial data not only on the 
horizon, as in the previous works, but also on the transversal null hypersurface. 
Although the tetrad is not calculated explicitly, we present the results in the form 
suitable for both symbolic manipulations (e.g. in computer algebra systems) and 
numeric calculations, since all functions are expressed in terms of the integrals of 
one variable. These results were published in the paper.” In the near future we 
will apply this formalism to the study of deformed black holes. This is a promising 
approach since by varying data on the hypersurface Mo (see Fig. 2) one can generate 
a wide class of exact solutions describing black holes. 
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Testing the Kerr spacetime with X-ray reflection spectroscopy 
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Astrophysical black holes are thought to be Kerr solution of general relativity but their 
Kerr geometry have not yet verified. Iron line is prominent feature in X-ray reflection 
spectra. Shape of iron line in X-ray reflection spectra of both stellar-mass and super 
massive black hole candidates are supposed to be strongly affected by spacetime geom- 
etry. This method is a powerful technique to prob strong gravity regime and deviations 
from Kerr spacetime. In this talk, I present iron line of some non-Kerr spacetimes. I also 
present data simulations of X-ray missions. The purpose is to understand whether X-ray 
reflection spectroscopy can distinguish these non-Kerr spacetimes from Kerr solution of 
general relativity. 
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1. Introduction 


Final product of gravitational collapse is Kerr spacetime according to Einstein's 
theory of general relativity. General relativity is strongly constrained by weak 
field regime experiments. There have been efforts to test strong gravity regime 
by probing the metric around astrophysical candidates in the recent years!. The 
studies are based on properties of electromagnetic radiation emission of accretion 
disk. Kerr black holes are only characterized by mass and spin based on multipole 
moment expansions. Higher multipole moment expansions in a Kerr spacetime are 
only function of mass and spin. The compact object cannot be the Kerr black hole 
of general relativity in the case of measurement of independent higher multipole 
moments such as quadrupole moment by observational data. 

Neutron stars have high density and strong gravity. They are fascinating lab- 
oratory to study possible deviation from prediction of general relativity, and in 
general, to study strong gravity regime. Multipole moment expansion can provide 
accurate approximation of spacetime surrounding a neutron star. Study of higher 
order multipole moments can reveal properties of neutron stars. 

Approximate solution of exterior spacetime of neutron star is presented in ref- 
erence?. The solution is based on Ernst formulation of general relativity up to five 
multipole moments, mass, angular momentum, mass quadrupole, spin octupole, 
and hexadecapole. The relation between these hairs and neutron star surrounding 
spacetime is also introduced in the reference. The hairs only depends on mass, spin, 
and quadrupole moment. 

In present paper, I considered this metric based on Ernst formalism up to five 
multipole moments to study observational test of the neutron star exterior spacetime 
and distinguish it from Kerr spacetime. I employ iron line method. The iron line 
is prominent feature in X-ray reflection spectra. The emission is fluorescent narrow 
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lines from geometrically thin and optically thick accretion disk which produced by 
absorption of a hard X-ray photon of corona. This emission would be broadened and 
skewed in the inner region of the accretion disk due to relativistic effect of compact 
object there. In this paper, first, iron lines are simulated. Then, observational 
data are simulated and analyzed. The result is as follows. It is hard to constrain 
parameters of neutron star exterior spacetime using iron line method since both 
fast rotating and slow rotating case cannot be distinguished from Kerr solution of 
general relativity. The paper is structured as follows. In section 2, I present the 
spacetime metric. Section 3 is devoted to iron line method and data simulation 
and analysis is presented in section 3. Finally, section 4.1 is a short summary and 
conclusion. Throughout the paper, I employ units in which Gy = c — 1 and metric 
signature is (—, +, +, +). 


2. Theoretical Framework 


A stationary and axially symmetric spacetime based on Ernst potential formalism to 
describe spacetime surrounding a neutron star is reported in?. The solution contains 
the first five relativistic multiple moments, the mass, M, angular momentum, J, 
the mass quadrupole, M», spin octupole, $5, and the mass hexadecapole, M4. The 
line element reads 


ds? = — f (dt —wdy)? + f^! [e (dp? + dz?) + p?de?] , (1) 


where metric functions f, w, and y are given as 


iod 2M 2M? (M- M?) p? -—2(M? + Mp) 2? 
,2) = } | 
i Vphrz2 P+? (p2 + 2)? 
22? (-J? + M* + 2MM) - 2M Mop? 
(P + 22 
Alp,z)  ,  B(o?) 
28 (p2 + 22)? — l4(gh + 2)" 
2. o? 2JMp? F(p,z 
w(p, z) = 3/2 "uc ae r 
(p? + z?) (p? +27)" (p? + 2”) 
H(oz) |,  G(»z) 
2(o?--z2)!  4(g2 +22 
TD p? (J? (p? — 82?) + M (M? + 3M3) (p? — 422)) M? p? 
y(p, z) = 


4 (p? + 22)! 2(g +2) 
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where 


A(p, z) = [8p?z? (24J? M + 17M? Ms + 21M1) + p* (10? M + 7M? + 32MM?) 
— 21M, + 824 (20? M — 7M? — 22M; M? —7M,)], 

B(p,z) = [p* (10? M? + 10M3 M? + 21M4M +7M3) + Az! (—40J? M? — 14753 
+ 7M® + 30MM? + 14M4M + 71M) — Ap? z? (21J? M? — 21J 93 
+7M° + 48M3M? + 42M4M +7M3)], 

H(p, z) = [4p z? (J (Ma — 2M?) — 3MS3) +p* (JMa + 3M S;)] 

G(p, z) = [P (J? (— (p + 824 — 12p?2?)) + JM ((M? + 2M3) p^ 
— 8 (3M? + 2M3) z* + A(M? + 10M2) p?z?) 

+ M?S; (3p* — 40z* + 129? z?))] 

F(p,z) = [o* (S3 — JM?) — 4p? z? (JM? + S3)] : 

The first multipole moments can be expressed as follows to use for neutron star 
case 


M; = -oj? M*, 
S3 = —bj?’ Mt, 
M, = 4j^M* , (2) 


where M is mass and j = J/M? is spin parameter. The case a = 8 = y= 1 
presents the Kerr case but these parameters can be large for neutron star case. The 


relation between a, 3, and y is? 


yi = —0.36 + 1.48 5:65 
ya = —4.749 + 0.27613 z 19149 + 5.5168 4022229 | (3) 


where x = /a,yi = WB, and y = 4/y. Thus, one can determine the neutron 
star exterior spacetime by mass, spin, and parameter a, ranges from ~ 1.5 for 
non-rotating case to 8 for cases with maximum value of spin parameter such as 0.5. 


3. X-ray Reflection Spectroscopy 


Iron line is prominent feature in X-ray reflection spectra of astrophysical black hole 
candidates. Iron atom absorbs hard X-ray photon of optically thin comptonized 
corona and emits fluorescence lines. This line is at 6.4 keV for weakly ionized or 
neutral atom and shifts up to 6.97 keV in the case of ionized H-like iron. This 
line would be broadened and skewed as the result of presence of strong gravity 
region and relativistic effects such as Doppler shift, gravitational redshift and light 
bending in the inner region of the accretion disk. This broad and skewed line 
provide us powerful tool to test strong gravity regime. This observational feature is 
determined by background metric, viewing angle, and emissivity profile of the disk. 
In my simulation, the inner edge of the disk is considered at the ISCO radius and 
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the outer edge is large enough that its impact is small. The emissivity is power-law, 
l/r*, where q is emissivity index. The assumption is q = 3 which corresponds to 
Newtonian limit at large radii. The code is described in. 

The iron lines for metric 1 with two sets of spin parameter 0.5 and 0.2, and 
viewing angle 55° are presented in figures 1 and 2. The lines present slight difference 
with respect to Kerr one for case with spin 0.5 and the impact on the line profile 
with spin 0.2 is weak and maybe harder to constrain. 


Flux 


E (keV) 


Fig. 1. Spin parameter value is 0.5 and viewing angle is 55°. The parameter values for a are 6 
and 8. See text for more details. 
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Fig. 2. This figure present the iron lines with spin parameter value 0.2 and viewing angle 55°. 
The parameter values for a are 2 and 4. See text for more details. 
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4. Simulating Data and Analysis 


In this section, I simulate observed data of a neutron star and analyze them with 
a Kerr model. This tells us whether the Kerr model fit the data or not. I simulate 
data with a model consists of power-law and a single iron line of previous section. 
The considered flux is about 1071! erg/cm?/s in the range 2 — 10 keV for neutron 
star case. The equivalent width is about 200 eV and photon index of power-law is 
2. The simulation is done with fakeit command of XSPEC using RMF, ARF, and 
background file of LAD instrument with large area detector on board of enhanced 
X-ray Timing and Polarimetry (eX TP) China-Europe mission which is planned to 
launch before 2025. The LAD instrument has large effective area to provide more 
counts with less poisson noise. The data fitting is done with a power-law model and 
a RELINE model (a Kerr iron line). Figure 3 shows data to model ratio of best fit 
model for neutron star data simulation with spin parameter 0.5 and o = 8 in the 
left panel. Right panel shows the case with spin value 0.2 and a = 2. As we see 
there are slight differences for the case with spin 0.5 and there are not strong effect 
for spin value 0.2 which means it is hard to be constrained. 


data/model data/model 


=—— 
ratio 
i 1.02 1.04 
e 
i 
Een 
i 
[E 
a 


ratio 
105 
0.98 
=j 
E 
E 
= 
= 
—4 
IE 


—— 


0.95 


2 5 2 5 
Energy (keV) Energy (keV) 


Fig. 3. Left panel: Data-to-model model ratio for simulation with iron line j — 0.5, i — 55? and 
a = 8. The reduced y? is 2.1 and there are unresolved features. Right panel: The spin parameter 
for this figure is 0.5, i = 55° and o = 2 for the iron line. The figure shows the data-to-model 
ratio. The reduced x? is 1.1 and there are no remarkable unresolved features, which makes this 
case harder constrain. 


4.1. Summary and Conclusion 


A solution of Einstein’s field equations using Ernst potential formalism up to five 
multipole moments is introduced in the reference?. This method can accurately 
describe the exterior spacetime of neutron star. The iron line emitted from medium 
around neutron star is simulated in the present paper. Two different values of spin 
parameter 0.5 and 0.2 with different value of a are considered. The impact of iron 
lines with spin value 0.5 is not very strong and there is no impact on iron lines spin 


841 


value 0.2. The 100ks observation with LAD-eXTP for neutron star with different 
sets of parameter value are also presented. If the fit is not good, the neutron 
star exterior spacetime parameters and the deviations from the Kerr case can be 
constrained. The fit for higher value of spin parameter 0.5 and a = 8 does not seem 
good. But the impact on iron lines are small and also there are uncertainties. Thus, 
it might be hard to constrain neutron star solution. The fit for spin value 0.2 and 
a = 2 is good which indicates it is not possible to constrain deviations from Kerr 
solution. 
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Super-Massive Black Holes reside in galactic nuclei, where they exhibit episodic bright 
flares due to accretion events. Taking into account relativistic effects, namely, the boost- 
ing and lensing of X-ray flares, we further examine the possibility to constraint the mass 
of the SMBH from the predicted profiles of the observed light curves. To this end, we 
have studied four bright flares from Sagittarius A*, which exhibit an asymmetric shape 
consistent with a combination of two intrinsically separate peaks that occur with a spe- 
cific time delay with respect to each other. We have thus proposed (Karssen et al. 2017, 
Mon. Not. R. Astron. Soc. 472, 4422) that an interplay of relativistic effects could be 
responsible for the shape of the observed light curves and we tested the reliability of the 
method. 
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1. Introduction 


Astrophysical black holes influence their cosmic environs by gravitational and elec- 
tromagnetic effects. They are described by a small number of free parameters, 
namely, the mass and angular momentum.! All evidence as well as theoretical ar- 
guments point to the fact that the effects of electric charge must be very small (at 
least in the steady-state limit), whereas the magnetic monopole and additional even 
more exotic parameters are thought to be negligible or they vanish completely to 
zero.” + Several independent methods have been developed to measure the black 
hole mass as a primary parameter defining the black hole action on luminous mat- 
ter in their neigborhood.*” A new method of mass determination from optical 
polarization of broad emission lines has been proposed to constrain SMBH mass in 
active galactic nuclei.5? In X-rays, also the possibility of measuring the black hole 
mass from the energy shift of narrow spectral lines has been discussed widely. !0 13 
We describe a recently developed method that is based on the assumption that a 
fast orbital motion of radiating X-ray flares can be detected in time variability of 
accreting black holes. 14:15 
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2. Bright flares from a source orbiting near a black hole 


The time-scale of matter orbiting along r = const circular trajectory around Kerr 
black hole of mass M can be written 


Tow (r;a) = 310(r? + a) Ms sec. (1) 


Hereafter we use dimensionless geometric units, where length is expressed in terms 
of gravitational radius, R;ZGM/c? ~1.5 x 10? Mz cm and the spin parameter 
—] € a € 1 (positive values for the prograde rotation with the black hole). The 
dimension-less angular momentum a adopts values in the range —1 < a < 1. 
Positive values correspond to co-rotating motion, while negative values describe 
counter-rotation (many papers assume that the accretion disc co-rotates, although 
such an assumption may not be necessarily true). Circular orbits of free particles 
are possible above the innermost stable circular orbit (ISCO a.k.a. marginally sta- 
ble orbit).!6 Gravitation governs the orbital motion near the horizon, and so the 
apparent variability associated with the motion can be scaled with the black hole 
mass. 
The gravitational field is described by the metric of Kerr black hole! 


2 
sin* 0 
ds? — 


A AED, 2 X 2 2 
-Z (dt — asin 6 de) +d? +5 de? + 
in Boyer-Lindquist (spheroidal) coordinates t, r, 0, 6. The metric functions A(r) 
and X(r, 0) are known in an explicit form. The event horizon occurs at the roots of 
equation A(r) = 0; the outer solution is found given by r = Ry = 1 + (1 — a2)!/2, 
which exists for |a| < 1. Once the black hole rotates (a 4 0), particles and photons 
are pushed to co-rotate with the black hole due to frame-dragging effect. The 
co-rotation is obligatory within the ergosphere. Let us note that the Kerr spin 
parameter is limited to an equilibrium value by photon recapture from the disc 
(a ~ 0.998) and by magnetic torques. 17-18 

The existence of ISCO is a remarkable feature of motion in strong gravity. 16 For 
a co-rotating equatorial disc, 


la dt — (r? +a’) dó| : (2) 


[v 


Risco = 3+ 22 — | (3 — 21)(3 + 21 + 222)]?, (3) 


where z; = 1 - oo. [o +a_], a+ = (1ta)3, and z2 = (3a? + Z2)3. The ISCO 
radius as function of spin spans the range of dimensionless radius from Rigco = 1 
(for a = 1, i.e. a maximally co-rotating Kerr black hole) to Fisco = 6 (for a = 0, 


a static case of Schwarzschild black hole) to Fisco = 9 (a = —1, case of maximum 
counter-rotation). The velocity of prograde Keplerian circular motion is 
-1 
vy? = AV? (P — 2art/? + a?) [ne + a) (4) 


with respect to locally non-rotating observers (LNRF). The corresponding angular 
velocity is Q(r;a) = (r3/2 +.a)~!. Finally, to derive the interval measured by 
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a distant observer, one needs to consider the Lorentz factor associated with the 
orbital motion, 


3/2 o] Al/2 
pac 9 e (5) 
r1/4 y/73/2 — 3r1/2 + 2a Vr? + a2r + 2a 


a/M=0.9981, 9-80" 10 4 


a/M=0 
Yo=80° 


Fig. 1. Exemplary light curves of the signal from a spot orbiting on Keplerian circular trajectory 
near Kerr black hole. Effects of General Relativity have been taken into account, which allows us to 
constrain the parameters of the system. Left panel: radiation flux variation over a two revolutions. 
Parameters of the system are specified with the plot (radius of the orbits is given with each curve 
in units of the black hole gravitational radius, Rg = GM /c?). Right panel: Two cases of tidally 
decaying spots due to differential rotation; (a) constant total emission from the spot (solid line) 
vs. (b) exponentially decaying intrinsic emission with time (dashed line), motivated by modelling 
the origin of the spot. Location of the spot is centered at r = 6R,.?! 


Geodesic motion is determined by three constants of motion: the total energy 
€, the azimuthal component of angular momentum L;, and Carter's constant Q. 
Null geodesics are relevant to describe propagation of photons, and for these the 
number of free constants can be reduced: € = L,/E, 7 = Q/£?. For photons 
propagating from the accretion disk towards a distant observer, the initial point is 
set at a given radius in the equatorial plane of the black hole, whereas the final 
point is at radial infinity, along the view angle of the observer. Relativistic effects 
become more prominent an high inclination angles. !?:1? 

We employ geometrical optics and derive predicted light-curves from a source of 
light orbiting at a particular radius with the equatorial accretion disk. The equation 
for photon rays (null geodesics) relates an emission point Po = (7,6,)em near the 
black hole with the terminal point (a, 8) in observer's detector plane at spatial 
infinity.29:?! The rays can be integrated in terms of elliptic integrals, 


R 0 $ 
f REP [ ooa) Fed, 0 
R 0 


em em gem 
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where 
R(r) = r* + (a? - € — g)r^ + 2[n + (£ — a?]r — an, (7) 
O(0) = n + a? cos? 0 — €? cot? 0, (8) 
F($) = [ar + (X: — 2r)£ esc? 0A! , (9) 
A(r) 2r? -2r a), Xi r? +a? cos? 6, (10) 
A(r,0) = (r? + a”)? — A(r)a? sin? 0. (11) 


'The two constants of motion of the photon motion satisfy 


€ = AV?2y-12? g-1 sin Osin asin Bip, , (12) 
n =A !(r? +a? — at)? — XE? cos? a — E? + 2a — a? ip, (13) 


with EAV? = x/?A1/2 + 2ar3;-V/? sin0 sina sin. Finally, time coordinate can 
be integrated in the form 


7 * A(r, 0) — 2ar£ " 
i] mr, Ar) 47 (14) 


0 
To show exemplary solutions of the above-given equations and to illustrate the 
main effects of General Relativity, we plot several model light curves of an orbiting 
spot in Fig. 1. The main parameters are the radial position of the center of the spot, 
view angle of a distant observer, and the Kerr parameter of the black hole.?! ?? One 
can distinguish two local maxima that dominate the light curve variation over the 
revolution of the spot: (i) the Doppler boosting peak near the phase ~ 0.7 (on the 
approaching side of the trajectory with respect to the observer, with a certain time 
delay due to light-travel time), and (ii) the lensing peak near the phase 0.5 (due 
to light bending at the point of upper conjunction of the trajectory). Only one 
of the peaks may appear in some cases; the occurrence and the relative height of 
the two peaks depend on the model parameters. For spots on a close orbit around 
the black hole, the light rays are bent to the extent that the Doppler-peak follows 
immediately after the lensing peak, whereas for larger orbits the two peaks can be 
a quarter of an orbit apart from each other. We propose that the changing profile 
can be used to constrain the parameters of the system; in particular, this can allow 
us to determine the parameters of the central black hole. 14 
Solving the above-given equations usually requires to perform several steps nu- 
merically. Alternatively, let us mention that a number of semi-analytical approxima- 
tions have been formulated that allow us to examine selected aspects (e.g. extremal 
values of the redshift function from an orbiting spot).?*?76 These can provide sim- 
ple and practical estimates that are useful in analyzing the redshifted narrow lines, 
however, the approximation approaches assume additional limitations that reduce 
the accuracy. 
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Fig. 2. Histogram of the predicted mass of Sgr A* supermassive black hole derived from a com- 
bination of the four flares taken into account. The most likely mass predicted by the method is 
the median value indicated by the solid vertical line; figure from Karssen et al. 2017. 14 


3. The Method and Results 


Karssen et al. (2017) studied the light curves of the four bright flares of Sagittarius 
A* (Sgr A*) in the center of the Milky Way. They allowed the mass of the black 
to vary as a free parameter and employed the model profiles to fit the most likely 
value. The flare time-scale in periods is matched with the actual duration of the 
observed flare in physical units, which provides a way to constrain the black hole 
mass. The quality and the volume of data for Sgr A* SMBH is the best, however, 
the same approach can be employed also with other bright objects. In particular, 
the method has been tested with the Seyfert I galaxy RE J10344-396. 4 

The simulated light curves are normalized to the maximum flux of the light 
curve, which is set to be identical to the observed light curve. To conduct a time 
efficient fit of the models to the data, we introduce a time shift, a flux density scaling 
factor and a flux density offset. For each light curve the ratio is considered between 
the number of data points of the light curve which belong to the flaring period 
(defined by the requirement to on the flux to exceed 30 per cent of the maximum 
value) and the number of data points of the quiescent state. The main features of 
the flares are contained in the upper two-thirds of the flares. Every simulated light 
curve ratio is then compared to an observed one; quiescent state data points are 
removed from or added to the simulated data until the ratio is comparable. 

By the fitting process the theoretical light curves are lined up with the observed 
ones and the conversion factor is determined between geometrized time units of 
a particular model and the physical time-scale of the observation. This relation 
depends on the mass of the black hole. By gauging the intrinsic clock of the black 
hole in its gravitational units to the clocks of the observations in seconds, the mass 
of the black hole can be estimated. Each fit of a particular simulated light curve to 
a particular observed flare then results in an estimate for M. The simulated data is 
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multiplied by a factor because in general the best-fit shape of the light curves does 
not depend on the initial normalization we inferred earlier. In Fig. 2 we show the 
resulting mass predicted from a combination of the four brightest Sgr A* flares by; 
the y-axis of the diagram represents the number of model results that have predicted 
the particular mass value. A peak in this diagram occurs where the most models 
predicting the corresponding value in the particular mass bin find the minimum 
of best-fit statistics. Let us note that the resulting distributions are not normal 
distributions, hence we use the medians as a measure for the most probable mass, 
as indicated by the vertical solid line in the graph. 


4. Conclusions 


The null geodesics were obtained by solving numerically the equations governing 
the photon propagation in Kerr spacetime. In this initial work we have not included 
additional complexities due to the intrinsic variation (decay) of the flares; such a 
generalization is postponed for a future study, however, the necessary methodology 
has been already developed; cf. the right panel in Fig. 1, where an exponentially 
fading signal of a tidally sheared spot has been studied. 

We have outlined a method based on a comparison between the simulations with 
the bright X-ray flares from Sgr A*, which gives an estimate on the mass of the black 
hole. Let us emphasize that the result does not depend on the uncertainties about 
the object distance, which otherwise complicates approaches to the mass estimation 
by different methods. On the other hand, the hereby described method has other 
underlying assumptions and it can be applied only if the light curves of the flare 
events are dominated by the effects of relativistic motion of the source orbiting 
the black hole. This may be adequate for a limited sub-sample of targets; we have 
argued that the bright flares belong within the suitable category. For further details, 
see Karssen et al. (2017).'4 
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The quintessence is one of the several candidates which represents the dark energy respon- 
sible for the acceleration of the universe. The quintessence is described by a canonical 
scalar field minimally coupled to gravity. We study the timelike geodesic congruences in 
the background of a rotating black hole spacetime surrounded by quintessence in equa- 
torial plane. The effect of equation of state (EOS) parameter for quintessence and the 
normalization factor on geodesics is investigated in detail in view of the structure of 
possible orbits, including the innermost stable circular orbits (ISCOs). The structure 
of photon orbits is also studied for the different values of parameters involved in. The 
results obtained are also then compared with those of the Kerr black hole spacetime and 
Schwarzschild black hole spacetime in GR with or without quintessence. 


Keywords: Geodesics, Black Holes, Dark Energy, Quintessence, ISCO. 


1. Introduction 


The Black Holes (BHs) are one of the numerous consequences of General Relativity 
(GR)!. A number of BH spacetimes emerge as the solution of Einstein field equa- 
tions in GR and other alternative theories of gravity. The study of geodesic motion 
in the background of a given spacetime is one of the most an elegant ways to describe 
the underlying geometry of that particular spacetime’. Further, different observa- 
tions from supernovae (Type Ia), cosmic microwave background radiation (CMBR), 
Baryon acoustic oscillations (BAO) and the Hubble measurements strongly advo- 
cates for an accelerated expansion of our universe which is believed to be due to the 
presence of some mysterious form of energy known as dark energy having a large 
negative pressure? *. There are several candidates to represent the dark energy in 
our universe and quintessence is one among them. It would therefore be quite inter- 
esting and important to study the geodesic motion in the background of a rotating 
BH spacetime surrounded by quintessence to see the effect of dark energy, if any, 
on the universe locally. 
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2. The Effective Potential 
6 


3 


The metric of a Rotating BH surrounded with quintessences is given below?:? 


A — a2sin26) dt2 2 — a2 sin? 
ds? — Bu - = + 2asin76 h = — dtdo — Xd? 
NDA 
— sin?0 E + a? sin?0 (2 — LA) do’, (1) 


with, A =r? +a? - 2Mr — and X = r? + a?cos?0 where a is normalization 


3w—1 
EEN 

T 
factor and w is quintessential EOS parameter. For equatorial plane (i.e. 0 — 2^ 


the Lagrangian corresponding to the spacetime given by (1) can be written ast, 


2 


r :) 124 (2af,) ib — (r? +.02(1+ fr) &, (2) 


2L =(1— f,)t? — ao 


2M 
where, f, = — n The generalized momentum may thus be written as, 
T W 
i E (r? +07 (1 f-)) - af. L (3) 
r? (1— f.) +a? i 
' E seed 
j= SEE Hh (4 
r? (1— fr) +a? 
2M (L-aE? (L?-a?E? 2 +a? —2M L-—aEy 
paga MU rem gung ese SUE Lg. 
T r T T: 


Here E is the total energy per unit rest mass of test particle at infinity while L is 
the angular momentum per unit rest mass of test particle. The effective potential 
(V) with 7? = E? — V? then reads as" ?, 


Ve B +V? — ôy 


L—. (6) 


L 2 2 (1 ^ L? 
dats ia OO g at, 
T: D T T 
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Fig. 1. Effective Potential with M = 1, L =V20 for (a) a = 0.1 w = —1/3 (b) a = 0.4 
and w = —1/3 (c) o = 0.1 and a = 0.4. 


3. The ISCO Parameters 
With r — A L — aE = x and the condition for Innermost Stable Circular Orbit 
(ISCO) V d 0, V’ = 0 respectively further leads to ^5^10-13 , 

E? + 2Mu32? — (a? + 2Eax)u? — (a2u? -2Mu -1)- 37s? fu + f, 2 0, (7) 
and 


1 
3Ma?^w? — (a^u? - Mu)- (2? -2Eax)w? +r u? f. (a^u? + 1) E ) fu =0, (8) 


here, fu = au?"*!, Solving equations (7) and (8) simultaneously, 


aut,/Mu+ — J Ta 


2 
1 
1—2Mu F au mu (252 PE 
E= 10 
- | (10) 
1 

F (a?u? + 1) Mut Bu. — 2Mau? — au fu 
L= 11 
E , (11) 


with, 


yY?—-1—3Mu-— (=) fu F 2auy | Mu + (==) Tos (12) 
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where F signature correspond to direct (i.e. co-rotating with L > 0) and retrograde 
(i.e. counter-rotating with L « 0) orbits respectively. The photon orbit is found to 
only exist if the denominator of equation (10) is real i.e. 


3w +3 3w 41 
1—3Mu-— ( fu = x2au,| Mu + Tu: (13) 
2 2 
ad 
5 
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Fig. 2. Variation of (a) Radii of marginally bound orbits (b) Radii of photon orbits. Here, 
black, blue and green colors correspond to a = 0, 0.05, 0.1 at w = —1/3 as a function 
of specific angular momentum. Here, dash and solid lines represent direct and retrograde 
orbits respectively. 


Fig. 3. Marginally stable orbit M = 1 for w = —1/3 here black, blue and green colors 
correspond to the cases a = 0, a = 0.01 and a =0.1 respectively. Here, dash and solid 
lines represent direct and retrograde orbit respectively. 


Similarly for a marginally bound (MB) orbit, one can examine the variation of r 
with a and the condition for MB orbits just read as E = u. However, bound orbits 
are not necessarily stable and for the stability, we have the condition V” = 01014), 
For w = —1/3, the condition for marginally stable (MS) orbit is reduced as below, 


3a? + 6Mr — r? + 8aV Mr + ar? < 0. (14) 


The effective potential, ISCO parameters and radius of circular orbits (photon orbit, 
marginally bound orbit and ISCO orbit) are also visually presented (see figures for 
different sets of parameters involved in. 
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4. Conclusions 


We have investigated the geodesic motion and structure of orbits in particular 
ISCO, MB and Photon orbits in the background of a rotating BH in presence 
of quintessence which is spherically symmetric solution of Einstein field equations 
with the quintessence as a source of energy-momentum. Some of the key results 
obtained are summarized below. 


(i) The extrema of effective potential lies at lower value as compared to Kerr BH 
in GR when normalization factor (a) increases and EOS parameter (w) for 
quintessence decreases which therefore indicates that unstable orbits can even 
be found at lower energy values. 

(ii) The radius of direct photon orbit, MB orbit and MS orbit increases as normal- 
ization factor (a) increases for the case of a non rotating BH. 

(iii) The radius of photon orbit, MB orbit, and MS orbit are larger as compared to 
the Kerr BH when normalization factor increases, EOS parameter w — —1/3 
and for finite value of spin parameter ‘a’ which in fact lies between 0 and M. 

(iv) The direct photon orbit, direct MB orbit and direct MS orbit coincide at a = M 
which is the same as for Kerr BH in GR which is basically due to the subtle 
nature of Boyer-Lindquist coordinates at r = M for a = M. 

(v) The radius of retrograde orbit for photons and retrograde MB orbits increases 
as normalization factor increases, for a fixed value of EOS parameter while spin 
parameter is small. 

(vi) The radius of retrograde MS orbit increases with the increase in normalization 
factor at a particular value of EOS parameter i.e. w — —1/3. 


In view of the current observations related to dark energy, the value of EOS pa- 
rameter w tends to —1 and similar investigations for the value w = —1 along with 
w = —2/3 are currently underway. 
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1. Introduction 


It is known that the center of mass energy can take arbitrarily large value if a 
collision occurs near the event horizon of an extreme rotating black hole’. However, 
it does not mean that an ejected particle will have very high energy at infinity 
because of red-shift. Hence, how large energy we will observe at infinity has been 
evaluated for various situations?. Most of those results were obtained for a point 
test particle. But a matter around a black hole normally has rotation. Since 
the equation of motion of a spinning particle is totally different from the geodesic 
equation, and the effect of spin is nontrivial, it is important to study the efficiency 
of the extracted energy (7 = (extracted energy) /(input energy)) in the collision of 
spinning particles. We focus on the collisional Penrose process of spinning particles 
near the horizon of an extreme Kerr black hole and evaluate the maximal value of 
the energy efficiency for various processes. 


2. The orbit of a spinning particle 


In the Kerr spacetime, there are two Killing vectors, and then we have two conserved 
quantities; the particle energy E and the particle total angular momentum J. For 
simplicity, we assume that a spinning particle is orbiting on the equatorial plane 
(0 = 7/2) and the direction of a particle spin is parallel to the rotation of a black 
hole. The spin parameter s is positive when a particle is parallelly spinning to the 
rotation of the black hole, while s is negative when it is counter-rotating. 

By this setting, we obtain the specific momentum u(9 = p? /u, where p(?) is 
the momentum and p is the particle mass, as 


[(r? + a(a + s)r - aMs)E — (ar + Ms)J] 
ue) = [J — (a + s)E] 


ur (1 — AER) ° 


u) = 


(1) 
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where M and a are the black hole mass and its specific angular momentum, respec- 
tively. The suffix (a) denotes the tetrad components. From the definition of the 
particle mass, we obtain the radial component u“!) as 


u® = oy (ut? — (w®)? — 1, (3) 
where e = +1 denotes the direction of the radial motion of the particle, i.e., a 
particle is moving outward for ø = +1 while it does inward for e = —1. 


Before the discussion of the collisional Penrose process, we should note a few 
important points as follows: 
(1) Since the four-velocity of a spinning particle v? = dx /dr is not always paral- 
lel to the four-momentum ul®), we have to impose the timelike condition v (9v «0 
in our analysis. 
(2) In order for a particle to reach the horizon, the condition JL € J < Jer must 
be satisfied. Here, J.,(» 0) and J_(< 0) are the maximum and minimum values 
of the particle angular momentum, respectively. This condition is obtained from 
(u))? > 0 for any radius of r > rg = M. 
(3) To obtain arbitrarily large center-of-mass energy, the collision must take a place 
near the horizon and one of collisional particles must have the critical angular 
momentum Jer = 2EM, and the other particle must have sub-critical angular mo- 
mentum (J_ «)J < Jer. 


3. Collisional Penrose process 


We assume that two particles (the particle 1 [critical, J4 = 2E1 M] and the particle 
2 [sub-critical, Jo < Jer]) plunge from infinity, and collide at the point re = rg / 
(1— €) (0 < e < 1), where ry = M is the horizon radius. After collision, the 
particle 3 (— the particle 1) is coming back to infinity, while the particle 4 (— the 
particle 2) will fall into a black hole. 

At the collision, we have the following onservation laws: 


Ei + Ez = Esc Ea, Sy + Jo = J34+ Ja, (4) 


51 +82 — $3 +54, pP +p? = pP + pl. (5) 


From these conservation laws, we find that particle 3 must have near-critical angular 
momentum (J3 = 2E3M + O(e)). We consider only the head-on collision with 
0, = 03 = +1 02 = 04 = —1, s2 = 54, and s, = ss, because it gives the maximum 
efficiency. 

We expand the above conservation equations in terms of e and solve the ener- 
gies E» and Es by use of the expansion coefficients. We then evaluate the energy 
efficiency ņn = Es/(E1 + E2). The detailed analysis is given in Ref. 4. 

In Table 1, we show the maximal efficiencies and the input and output en- 
ergies for the following three cases : [1] Collision of two massive particles, [2] 
“Compton” scattering (the particle 1: massless, the particle 2: massive), and [3] 
“Inverse Compton” scattering (the particle 1: massive, the particle 2: massless). 
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In the case of the collision of two massive particles, the maximal efficiency n is 
about 15.01, while it is about 26.85 for the case of the “Compton” scattering in the 
limit of E, — oo. The maximal efficiency becomes the largest for the “Compton” 
scattering, which in fact is the same as the case for without spin. Compared with 
the spinless case, these maximal efficiencies become twice larger than the spinless 
case. We then conclude that a spin plays an important role in the context of energy 
extraction. Note that the efficiency does not change significantly in the case of the 
‘inverse Compton” scattering because the absorbed massless particle is spinless and 
the escaped massive particle with large energy cannot have a large spin. 


Table 1. The maximal efficiencies and energies for three cases of collisions of particles plunging 
from infinity. We include the result for the nonspinning case (Ref. 3) for comparison. The maximal 
efficiencies and maximal energies are enhanced when the spin effect is taken into account. 


lli 1 input energy | output energy maximal 
collisional process 
P (51, 82) (E1, E2) (E3) efficiency 


Collision of non- | non-spinning  ć | 12.661 6.328 
! mme NILN 
wo massive particles a 01379uM, —0.2709uM ) 30.024 15.01 


" (+00, 
scattering B) 


| o AW em m E 


(0, —0. mST) 26.85 
“Inverse Compton" ( EN NM 661 12.66 
scattering UUEM, 0) m0 15.64 15.64 


The present setting may be very unlikely in more realistic astrophysical situa- 


tions. Since there are many particles in an accretion disc around a black hole, it 
may be more natural for a particle plunging from infinity will collide particles in 
the innermost stable circular orbit (ISCO). The result in this case will be published 
elsewhere?. The ansatz of an extreme black hole is also not natural. The study for 
a non-extreme black hole is in progress. 
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We derive the conditions for a non-equatorial eccentric bound orbit to exist around a Kerr 
black hole in two-parameter spaces: the energy, angular momentum of the test particle, 
spin of the black hole, and Carter's constant space (E, L, a, Q), and eccentricity, inverse- 
latus rectum space (e, u, a, Q). These conditions distribute various kinds of bound orbits 
in different regions of the (E, L) and (e, u) planes, depending on which pair of roots 
of the effective potential forms a bound orbit. We provide a prescription to select these 
parameters for bound orbits, which are useful inputs to study bound trajectory evolution 
in various astrophysical applications like simulations of gravitational wave emission from 
extreme-mass ratio inspirals, relativistic precession around black holes, and the study of 
gyroscope precession as a test of general relativity. 
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1. Introduction 


Bound trajectories in the Kerr geometry have been studied extensively, and some 
of the important results are discussed in a pioneering work by S. Chandrasekhar 
(Ref. 1). The general trajectory in the Kerr spacetime was first expressed in terms 
of quadratures in Ref. 2, while Ref. 3 discusses the essential conditions for bound 
spherical geodesics, and also horizon-skimming orbits. The quadrature form of the 
fundamental orbital frequencies for a general eccentric trajectory was first presented 
in Ref. 4. Later, to decouple the r and 0 motions, a parameter called Mino time, A, 
was introduced in Ref. 5, which was then implemented to calculate a closed-form 
trajectory solution and orbital frequencies in Ref. 6. Recently, an alternate analytic 
solution was derived for the general bound and separatrix trajectories in a compact 
form using the transformation 1/r = (1+ ecosx) in Refs. (7, 8). The inputs to 
these integrals for calculating the trajectories are the constants of motion E, L, Q, 
and spin of the black hole, a. These parameters can also be translated to (e, u, a, 
Q) space, as derived in Refs. (7, 8). It is essential to find the canonical bound orbit 
conditions in these two parameter spaces to calculate the trajectory evolution. 

We express the bound orbit conditions on (E, L, a, Q) parameters for the non- 
equatorial eccentric bound orbits around a Kerr black hole, and then find the analog 
of these conditions in the (e, u, a, Q) space. The regions of different bound orbits 
were graphically separated in the (E, L) plane in Ref. 9, according to the pair of 
roots of the effective potential spanning the radius of the bound orbit. It is essential 
to find the canonical bound orbit conditions in these two parameter spaces. 
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2. Conditions for bound trajectories around Kerr black hole 


Now, we consider the radial motion of the bound trajectory which is described by 
the equation (Refs. 2, 4, 7, 8) 


(gi) p (x 1 D-a (E?-1)+Q_ (L-aE}+Q Q 


2 JO dr 


EZ MUS DN. S MICI SLE NU a ONIS MEQUE 
r 2r? r3 2r4? (1) 
to derive the conditions in (E, L, a, Q) and (e, u, a, Q) spaces for various bound orbit 
regions previously discussed in Ref. 9, where o? = r? + a? cos? 0, r is the proper 
time, and a — J/M? which have their usual meanings; we use geometrical units 
throughout. 


2.1. Dynamical parameter space (E, L,a,Q) 


Next, we solve the quartic equation, Eq. (1), to find the four roots (that include 
the turning points of the bound orbit) of dr/dr — 0, which can be expressed as 


å 2 (aE? - L? - Q-a?) 2 (x? +Q) so 
y tug eren toy uj (2) 


where x = L—aE. Applying Ferrari’s method (Ref. 10) to the above equation gives 


1 V2z 1 
n-3ü-mBj'» '3vVP» n) 
1 V2z 1 
= + zc. 
2= ru MENE i Pu 
1 V2z 1 
= =- —D 
"= y-a) 2 3^ oo) 
1 V2z 1 
"= 20- 3 -3VP». Ba) 
where rı > r2 > r3 > r4, and 
2H 
D,= —2G —2 -2E Da = -26 - 22 X77 (3e) 
z 
G 1/3 1/3 
z= U+V-<, U=(1+VPFP) ,v-(r-vm-m)' , qo 
(2G? + 27H? — 72GT) (G? + 12T) 
p. onus ee E VH 
G u [L? = a? (E? = 1) d Q| u 3 (3h) 
(1 — E?) 2(1 — £2)?’ 
" |L? -a (E? -1)+Q] 2(2?+Q) 1 (3i) 
= n Š Á o— —É ÀÀ 1 
(1— E?)? (I=) — (p.gey 
LP - a? (E? - 1) +Q] 3 (5-9), aQ 


4(1— E» 160-59) (By TCE) 
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The bound orbit regions were graphically classified in the (E, L) plane in Ref. 9 
on the basis of which pair of roots of quartic equation, Eq. (2), contains the bound 
orbit. We algebraically classify these regions using the expressions of roots, Eqs. 
(3a-3d), in the (E, D, a, Q) parameter space as follows (Ref. 11): 


(1) Region A: Bound orbits exist between (r1, r2), and between (ra, r4): Dy > 0, 
Ds » 0, and E « 1. 

(2) Region ç: Bound orbit either exists between rı and r2 if (rs, r4) forms a 
complex pair i.e. Də < 0 or exists between ra and r4 if (r1, r3) forms a complex 
pair ie. Dı < 0: (Dı - D2) < 0. This region exists for both E < 1 and E > 1. 

(3) Region A: Bound orbit exists between r2 and ra with r4 < r3 and rı > ro: 
Dı > 0, De > 0, and E > 1. 


30 

25} 

20; ¢ ^ | — Stable spherical 
a 15t — Unstable spherical 

10r i _ IUSO 

SF A | E-1 

o ,,,,B MET | 

0.90 095 1.00 1.05 1.10 1.15 1.20 


E 


Fig. 1. The bound orbit regions A, c, and A are shown in the (E, L) plane for a = 0.5, Q = 5, 
where the region A is bounded by stable and unstable (also corresponds to the separatrices) 
spherical orbits, and E = 1; the A region is bounded by the inner unstable spherical orbits 
(IUSO). Points A and B represent the innermost stable spherical orbit (ISSO) and marginally 
stable spherical orbit (MBSO) respectively. 


The classification of these regions in the (E, L) plane is shown in Fig. 1. The 
bounding curves of these regions represent spherical orbits. The eccentricity and 
inverse latus-rectum of the bound orbit are defined as (Ref. 11) 


2, (4) 


where we see that {e;;, Hij} can be expressed in terms of (E, L, a, Q) through roots, 
Eqs. (3). The details of derivations presented here will be provided in Ref. 11. 


2.2. Conic parameter space (e, u, a, Q) 


According to the definitions given for regions A, c, and A in §2.1, the convention 
adopted for {e, u} is as follows: Region A given by {e12, 412}; Region A given by 
{e23, u23}; Region ¢ given by {e12, p12} or {e34, H34}, depending on which pair is 
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real. Now, we derive the defining conditions for A, c, and A regions in the (e, ju, a, 
Q) space: 

(i) Region A: The defining conditions for this region was derived using the 
necessary constraints on the parameters of the Elliptic integrals involved in the 
trajectory solutions (Refs. 7, 8), which are 


[aQ A+ e)? +p? (ua®Q- 2? -Q)(3-e)(1+e)+1] >0, (a) 
e+e) (1+ v1-)| <1, (5b) 
E(e, n, a, Q) « 1. (5c) 


(ii) Region ¢: The region ¢ is defined by two complex roots of r or u = 1/r 
with a bound orbit existing between the two remaining real roots. We can write 
Eq. (2) for region ¢ in the form (Ref. 11) 


u- n(1- 9) -Iu - n (14 9)] - (u? + Au +B) =0, (6a) 
where bound orbit exists between u (1 + e) and p (1 — e) which is a real pair of the 
roots, and 

z24Q 1— E? 
A--2|——- B=: 6b 
| VQ a Pegle) di 


Hence, the remaining factor (u? + Au + B) of Eq. (6a) should have complex roots 
for the ¢ region, which reduces to the condition (Ref. 11) 


{(Q +27)" ut -R (+e) (QH) — (n 
where we have substituted for the factor (1— E?) in terms of (e, u, x) using relations 
previously derived in Refs. (7, 8). 

(iii) Region A: The region A is defined by the condition that a bound orbit 
exists between rg and ra (or ug and ua) with rı > rs (or uy < u2) and r3 > r4 (or 
ua < u4). We can express Eq. (2) for this region as 

[u — u (1 — €)] - [u — u (1 + e)] - (u? + Au + B) = 0. (8) 
The remaining roots u; and u4 can be derived from the factor (u? + Au + B), which 
can be substituted into the conditions u1 < ug and ua < u4 to obtain 


[Q (1 e)? +p? (ua?Q — 2? -Q) (3 +e) (1 -e)+1| <0, — (92) 


and 


[tg (1 +e)? +p? (ua2Q - 2? -Q) (3 — e) (1 +e) + 1| <0, (9b) 
respectively. Next, as we see from Fig. 1, that the region A corresponds to the 
orbits with E > 1; this implies 

[p (1 — e?) (ua?Q — Q — 2?) +1] <0. (9c) 
In effect, Eqs. (9a, 9b, 9c) together define A region the (e, u) plane, and Fig. 2 


shows all these regions in the (e, u) plane. The details of derivations of the above 
conditions will be provided in Ref. 11. 
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Fig. 2. The bound orbit regions (a) A and A, and (b) ¢ in the (e, u) plane for (a = 0.2, Q = 2) 
are shown along with their defining bounding curves and end points. The regions A; and Ag are 
replicas of region A when (e13, p13) and (e23, j423) are chosen respectively. 


3. A prescription for selecting bound orbits 


We present the scaling formulae specifying the parameters (E, L) and (e, u) in 
terms of the variables (a1, yi) and (xs, yo), where z;, y; € [0,1], 4 = 1,2, can be 
chosen to produce valid combinations of the parameters (E, L) and (e, p) for bound 
orbits. The formula for selecting E for bound orbits written in terms of the variable 
zı, a, and Q for region A in Fig. 1 is (Ref. 11) 


E (21,4, Q) = Ez (a,Q) +21 [Ey (a, Q)- Ez (a, Q)], (10) 


where Ez (a, Q) and Ey (a, Q) are the spherical orbit energies at ISSO and MBSO 
respectively, and where Z(a, Q) and Y (a, Q) are radii of ISSO and MBSO respec- 
tively (Eqs. (19), (20) in Refs. 7, 8). 
Now, for a fixed x; and a, yı € [0,1] defines the range of L (r, a, Q) for bound 
orbits. The formula for selecting allowed L (A in Fig. 1) can be written as (Ref. 11) 
1 7 1 1 1 
L (#i, isa, Q) E... (51,05) is L- (21, a, Q) L4 (x1,a, Q) ? 
where L, (z1,a, Q) and L_ (z1,a, Q) are end points of the A region in Fig. 1 given 
by (Ref. 11) 


Ly (x1,a, Q) = ary (z1,0,Q) ,a,Q) ta: Er, (21, d, Q),2, Q), (11b) 
L- (z1,a, Q) d (ru (21,4; Q).a,Q) ta: E(ru (23,8; Q),2,Q), (11c) 


where x (r;,a, Q) and E (rs,a, Q) can be calculated using the spherical orbit for- 
mulae (derived in Refs. 7, 8) and where r, (z1,a, Q) and ru (z1,a, Q) are the two 
roots of r, in the equation 


E (fa; a, Q) = Ez (a, Q) tdi [Ey (a, Q) = Ez (a, QJ] t (12) 


The radii r, (z1,a, Q) and ry (z1,a, Q) obey r, (v1, a,Q) > Z(a, Q) and Y (a, Q) < 
Tu [21,0,(Q) 7 (a, Q). 


(11a) 
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For the (e, u) space, the corresponding formulae for the A region in Fig. 2 are 
given by 


e(%2) = r3, (13a) 
L Yate tie) = Y2° Us (rz;0, Q); (13b) 


where the allowed range of u is 0 < u < Us (rz, a, Q) for a given x2, and us (Tx, a, Q) 
is the value of u at the separatix [Eq. (25b) in Refs. (7, 8)], and rẹ is a root of 
rs in the equation x2 = es (rs,a,Q) and es (rs,a,Q) is the eccentricity value at 
the separatix [Eq. (25a) in Refs. (7, 8)]. The radius ry lies between Y (a, Q) and 
Z (a, Q) for a given a and Q. Hence, for a fixed a and Q, x2 and y» € [0,1] which 
thereby defines the range of (e, p). 


4. Summary and discussion 


We presented the algebraic conditions for non-equatorial bound trajectories in the 
(E, L, a, Q) and (e, u, a, Q) spaces and showed how these conditions classify 
the bound orbits into various regions, A, ç, and A, in the (E, L) plane, which 
was previously discussed graphically in Ref. 9; see Fig. 1. In this article, we have 
also shown these bound orbit regions in the (e, u) plane, Fig. 2, geometrically 
specified by their bound curves and vertices. For astrophysically relevant orbits, 
only the region A is applicable. We also provided a useful prescription to select 
the parameters (E, L) and (e, w) in the A region, which are canonical inputs 
to the trajectory solutions for studying their evolution in various applications like 
gravitational wave emission from extreme-mass ratio inspirals, relativistic precession 
around black holes, and the study of gyroscope precession as a test of general 
relativity. 
We acknowledge the support from the SERB project CRG 2018/003415. 
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We present a smooth extension of the Schwarzschild exterior geometry, where the singular 
interior is superceded by a vacuum phase with vanishing metric determinant. Unlike the 
Kruskal-Szekeres continuation, this solution to the first order field equations in vacuum 
has no singularity in the curvature two-form fields, no horizon and no global time. The 
underlying non-analytic structure provides a distinct geometric realization of ‘mass’ in 
classical gravity. We also find that the negative mass Schwarzschild solution does not 
admit a similar extension within the first order theory. This is consistent with the 
general expectation that degenerate metric solutions associated with the Hilbert-Palatini 
Lagrangian formulation should satisfy the energy conditions. 


Keywords: Curvature singularity, Schwarzschild, Degenerate metric, Naked singularity. 


1. Introduction 


In view of the imposing experimental success of Einstein's theory of general rela- 
tivity, one could be tempted to accept the invertible metric phase (det gy, 4 0) 
as a self-contained and complete framework in describing the classical dynamics of 
spacetimes. However, in general, (the first order formulation of) gravity theory is 
known to exhibit an additional phase based on non-invertible metrics! ? 
general perspective, the Einsteinian theory is nothing more or less than the special 
phase of first order theory where the metric is invertible everywhere. It then seems 
natural to ask as to how certain robust features of Einsteinian solutions, such as 
singularities, get manifested in a more generic solution where both the phases could 


. From à 


coexist. 

In the spherically symmetric vacuum Einstein theory, the Schwarzschild space- 
time happens to be the unique solution. For a positive (negative) mass, its singular 
interior represents a black hole with a horizon (a naked singularity without a hori- 
zon). However, in the presence of both the phases of first order gravity, there is no 
reason for Birkhoff's uniqueness theorem to be applicable, as it works only under 
the assumption of the invertibility of metric. Here we provide an explicit realiza- 
tion of such a scenario^?. The solutions discussed are smooth extensions of the 
Schwarzschild exterior through a noninvertible metric phase, which supercedes the 
interior of the standard Schwarzschild solution of Einstein equations. These space- 
times are solutions to the first order equations of motion everywhere. The associated 
field-strength components are manifestly finite everywhere, unlike in the standard 
Schwarzschild case. Even though it is not possible to construct four dimensional 
curvature scalars in regions where the metric is degenerate, it is still possible to 
define effective lower-dimensional curvature scalars associated with the nondegen- 
erate subspace of the four geometry in such regions. All such scalars are found to 
be finite, implying that the emergent three-geometry is regular. 
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Let us now elucidate our construction for the positive mass Schwarzschild ge- 
ometry, followed by a brief discussion of the negative mass case. 


2. A smooth extension of the Schwarzschild exterior 


Our aim is to construct a smooth continuation of the Schwarzschild exterior, such 
that it satisfies the vacuum field equations of first order gravity?. These equations of 
motion are obtained through a variation of the Hilbert-Palatini Lagrangian density 
with respect to the tetrad and connection fields: 

elt D, weg] — 0, eL RAS (w) —0. (1) 
Although degenerate solutions to these equations may be associated with nontriv- 
ial torsion in general, we shall consider torsionless configurations which would be 
sufficient for our purpose here. 


2.1. Basic fields 


We define the two phases of the full spacetime through the following metric 
(t € (—00, 00), u € (—00, 00), 06 € [0, 1], o € [0, 27]): 


ds? = — h - a dt? + NUUS + f? (u) [d6? + sin? 6d¢?] (u > uo), 
f(u) | 2 — 
= 0 + c F?(u)du? + H?(u) [d0? + sin? 6dd?] (u < uo). (2) 


The smooth functions f, F satisfy the following set of boundary conditions: 
f(u) 2 2M, f'(u) 50, F(u) 2 0 as u > uo; 
f(u) > oo, f'(u) > 1 as u — oo. (3) 


While the first line above ensures the continuity of the metric, the last line im- 
plies that the spacetime is flat as u — oo. The internal metric is given by 
nız = diag|-1,1,1,1]. The metric at u > uo may be brought to the Schwarzschild 
form through a reparametrization u — r — f(u). However, the degenerate metric 
at u < uo has no semblance to the Schwarzschild interior. Also, uo in this construc- 
tion is not a new free parameter, but rather is dependent on the ‘mass’ parameter 
M. Although it is not necessary to adopt any specific f(u), we choose it to be the 
following in order to be explicit: 


—ug) 


2 
“i 
e & | : 


This satisfies all the boundary conditions in (3) provided uo = 2M. 


?'l'he form of the metric defining the full spacetime here is the same as introduced in Ref. 5. 
However, the solutions there are based on fields that are continuous but not smooth and have 
nonvanishing torsion, unlike the case here. 
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The nonvanishing components of the associated (torsionless) spin-connection 
and the resulting field-strength are given below: 


il. 
M 2M X? 
w! = Fu)’ wg? = —cos8, ug = (: - — sin 0 = —we'” sin 6; 
1 
2M f'(u) M 2M M? , s 
o 03 _ _ p02 
Riu - Bu) ” to ~~ Pu) di sind = Rig sin 0, 
1 
2M . M f'(u) 2M V? . 
Hg = Flu) sin 0, Re = “Rw V Fw sind = R, sin 0. (4) 


At the region u € ug with a degenerate phase, we choose a zero-torsion config- 
uration, defined by the following connection fields along with the associated field- 
strength: 


H 
ag? = —c080, wy = JeF sin = —®"? sin 6; 
x H'(u) 2 . H'(u) / . 
23 : 31 : 12... 
Rog = | = 72 ( F(u) ) sin 0, Rou = — VaF(u) sin 0 = Rio sin 0, (5) 


where we have displayed only the nonvanishing components. Note that even though 


some of the field components are imaginary for c = —1, the physical fields, given 
by their SO(3,1) gauge-invariant counterparts fep = = LN c are all real. 


2.2. Solving the field equations 


Since this configuration with degenerate tetrads have vanishing torsion by construc- 
tion, the first of the set of equations of motion (1) is already satisfied. The remaining 
equation involving the curvature two-form is also satisfied provided the fields obey 


the constraint: 
H” (u) H'(u)\' 
—~ -o| F 2H =0. 
Ci 7) rere (E) =0 " 
A solution to the continuity conditions at u = uo and the constraint (6) is given by: 
f'(u) 
1 2 
2M |? 
ve - $5) 
Note that all the gauge covariant fields (tetrad and field-strength) are smooth across 


the phase boundary. The apparent discontinuity in the connection field (w,°! 4 (5,9! 
at u = uo) could be gauged away by a boost of the form: 


F(u) =- H(u) = f(u). (7) 


cosh [z47] sinh [74] 0 

Aia sinh |747] cosh | zz] 0 
em 0 0 1 
0 0 01 
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2.3. Distinct features 


We now summarize the main features of these new solutions of first order field 
equations: 

a) The spacetime metric, along with all the gauge-covariant fields in this solution, 
are smooth everywhere. 

b) This (nonanalytic) extension has no horizon; The two values c = +1 corre- 


spond to a Lorentzian and Euclidean three geometry which supercedes the standard 
Schwarzschild interior. 

c) The curvature two-form fields are finite everywhere, in contrast to the case 
of a Schwarzschild interior. 

d) The solution has a free parameter ‘M’, exactly as in the usual Schwarzschild 
case. However, there is no matter sourcing this mass, rather, its origin is purely 
geometric. 

e) There is no horizon; Rather, the two-sphere at u — uo characterizes a minimal 
area surface Amin = 167M? and is impenetrable, at least classically. 

f) The method of defining the degenerate phase through ju = 0 is unique, 
since it is not possible to obtain a nontrivial extension of the Schwarzschild exterior 
through any other kind of degeneracy (e.g. Guu = 0). 

Finally, note that even though the four-curvature scalar polynomials cannot be 
defined everywhere due to the noninvertibility of tetrads, the spacetime at u € uo 
may be treated as an emergent three-geometry defined solely by the induced metric: 


ds? = o F?(u)du? + H? (u) [d6? + sin? 6d] . 


'The three-scalar curvature polynomials built upon the torsionless connection for 
this three-geometry also turn out to be finite everywhere. 


3. Naked singularity 


Next, let us analyze the case of negative mass Schwarzschild geometry, the corre- 
sponding metric being obtained through a sign reversal M — — M. This represents 
a naked singularity solution of vacuum Einstein equations. 

Since there is no horizon in the original geometry (gi: 4 0), let us consider an 
extension in first order gravity through guu = 0 at u € uo is as follows: 


PM h 2M | dB LO) aaa fu) [d0? + sin? dg] (u > uo), 
f) [+ 24) 
Fu) 
E h x — d£ +0 + f? [d6? + sin? 0dg?] (u < uo), (8) 
0 


where u = uo corresponds to the phase boundary hypersurface and fo = (uo). 
Since the phase boundary must correspond to some finite but nonzero Schwarzschild 
radius (r), fo > 0. However, the noninvertible phase above just corresponds to the 
trivial restriction of the original negative mass solution at u = uo rather than a new 
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spacetime region. The same conclusion holds for a possible degeneracy through 
git = 0 (based on a redefined ‘time’). 

Thus, the singular curvature-two form fields associated with ‘negative mass’ 
solution cannot be regularized using a degenerate extension, in contrast to the 
‘positive mass’ case discussed in the previous section. 


4. Conclusions 


The smooth extension of the exterior Schwarzschild geometry, as discussed here, 
involves a modification of the standard picture of a singular black hole interior in a 
purely classical setting. These solutions could provide a fresh perspective into the 
information loss problem. Being rooted within a fairly conservative framework based 
on first order gravity, such an approach could complement (and perhaps supercede) 
some of the more exotic proposals (e.g. Firewall or Fuzzball programme) that have 
been put forth to resolve this celebrated paradox. 

The cases of positive and negative mass curvature singularities of the Einsteinian 
theory are perceived very differently within this framework. While the singular inte- 
rior of positive mass Schwarzschild geometry may be traded for a zero-determinant 
phase with regular field-strength components, the negative mass naked singularity 
admits no such smooth extension in first order gravity. This outcome, however, is 
consistent with the general expectation" that degenerate metric (det g,,, = 0) solu- 
tions obtained within the Hilbert-Palatini Lagrangian formulation! ? should satisfy 
the energy conditions. The scenario here may be contrasted with the case of de- 
generate triad (det E? = 0) solutions obtained earlier within the complex SU(2) 
(Sen-Ashtekar) Hamiltonian framework, which are known to contain negative en- 
ergy geometries®. 

Finally, let us note that in the vacuum solution constructed here, there is no 
matter sourcing the ‘mass’ M. Rather, its origin could be attributed to the time- 
nonorientability at the phase boundaries ?69:9:10. This is an interesting realization of 
mass through pure geometry. Further, this scenario is distinct from the remarkable 
ideas explored first by Einstein-Rosen!! and later by Wheeler-Misner?, through 
their respective attempts to generate ‘mass’ and ‘charge’ from a nontrivial geometry 
or topology. To emphasize, our analysis here does not involve wormholes (which are 
not solutions to the vacuum field equations in general) or quantum configurations 
such as geons. It would be natural to ask if there is a more interesting manifestation 
of such geometric ‘mass’ sourced by noninvertible phases in vacuum. 

To conclude, given the number of intriguing features of these ‘two-phased’ so- 
lutions, one wonders if quantum gravity could be a more suitable arena for further 
explorations based on these. 
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The scattering of the Dirac fermions by the black-holes with spherical symmetry is 
studied by applying the method of partial wave analysis. The analytical expressions for 
the phase shifts and analytical formulas for the differential scattering cross section are 
written down for the fermion scattering from Schwarzschild, Reissner-Nordsrtöm and 
Bardeen black holes. A brief comment about the principal features of these cases is 
outlined. 
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1. Introduction 


In this paper we want to present a comparative study of the scattering of 
Dirac fermions by black-holes with spherical symmetry. For that we choose the 
Schwarzschild, the Reissner-Nordsrtöm and Bardeen black holes, which were each 
analysed separately in our previous works. ^. Other works that studied numeri- 
cally the scattering of fermions by these three types of black holes can be found for 
example in Refs. 5-19. 

'The main steps for solving the Dirac equation in the geometries that describe 
black-holes with spherical symmetry are detailed. We obtain the scattering modes 
resulted solving the Dirac equation in the asymptotic zone of the black hole, which 
help us to obtain the phase shifts and the analytical expression of the differential 
scattering cross section. The differential scattering cross section will be analysed in 
terms of the relevant parameters such as the mass of the black hole and the charge 
of the black hole and scattering angle. From the analytical expression for the cross 
section the zero mass limit can be obtained. 

We begin in the second section with the basic notions about the Dirac equation 
in geometries that describe black holes with spherical symmetry. The third section 
is dedicated to the phase shifts obtained using the partial wave analysis and in 
the fourth section we make a graphical analysis of the cross section in terms of 
scattering angle. 


2. Dirac Equation and Black Holes 


In this work we are discussing fermion scattering by black holes with spherical 
symmetry that have the following generic metric 
2 


di! m Map. 


NE r? (d0? + sin? 6d9?) (1) 
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In the case of Schwarzschild, electrically charged Reissner-Nordsrtóm and (regular) 
Bardeen black holes the function h(r) reads: 
2M 2M Q? 2Mr? 
h = 1- — h = 1- — + h = 1- ——— (2 

(r)s F , (r)RN " T r2 , (r)B (r2 m Q2 )3 ( ) 
where M is the mass of each black hole; Q is the total electric charge and Qm is 
the nonlinear magnetic monopole charge”. 

It can be shown (for details see our previous papers that the Dirac equa- 
tion, iy* D4wv — mw = 0, in the black holes geometries given by eq. (1) can be 
reduced to only a radial equation, namely 


my/h(r) c V() =h) + EVA) \ (FEO _ pf fi. 0 
hr) + Eya) -mya - V(r) J \ fasl) NO 


where f*(r) are two radial wave function and V(r) = eQ/r. The angular part 
of the Dirac equation is contained into the standard 4-component angular spinors 
+ (0,¢)7!. Thus the particle-like solutions with energy E can be expressed as 


mk 


1244,23) 


(3) 


—iE 


tos (à, PE (0.8) + Filan} A 


VE, jmt, T, 0, o) = r h(r)/4 


The separation of angular variables as in eq. (4) was possible by using the Cartesian 
gauge (see eqs. (1)-(4) in Ref. 2). In this gauge the Dirac equation is manifestly 
covariant under rotations. 

The radial equation (3) can not be solved analytically for any of the three black 
holes (2) and up to now a combination of analytical and numerical methods was 
used to solve it and to compute numerical phase shifts as was done for ex. in Ref. 6 
for Schwarzschild BH or in Ref. 19 for Bardeen BH. 


2.1. Scattering modes 


In the following we will briefly show how to obtain analytical phase shifts by finding 
(approximative) analytical scattering modes resulted from solving the Dirac equa- 
tion in the asymptotic zone of the black hole as done in Refs. 1-4. One starts by 
changing the variable r to a Novikov-like one, namely 


v= i 6) 


with r} the radius of the outer black hole horizon. For Schwarzschild BH z = r 
and ry = ro = 2M; for Reissner-Nordsrtöm BH z = r and r} = M + y M? — Q?; 
while for Bardeen BH z = yr? + Q$, and rẹ} has a more complicated analytical 
expression not given here. 

By rewriting eq. (3) in terms of the new variable x and making a Taylor ex- 
pansion with respect to 1/x one can show, after discarding the O(1/z?) terms and 


873 


higher, that in the asymptotic zone of the black hole the new equation becomes 


diet oute- EHA) (FE) \_) o 
Te T 1228 MO 
where u = rm, € = r, E and 
e for Schwarzschild black hole one has: 
C=, Boe, r, 22M (7) 


e for Reissner-Nordstróm black hole: 
1 = 
c= gu (1-5). B=e-eQ, r+ = M + yM? - QR? (8) 
T+ 


e for regular Bardeen black hole: 


cai- E). 8 =e, (9) 


ry 


The scattering mode solutions (with € > u) of eq. (6) can be found in terms of 
Whittaker functions +2423 


F(z) _ [ivet eivute Cft +Mp,,s(2ivx?) + CT 1W,, ,(2iva?) 
f(x) vVe-u Ve-u Cy iM, (iva?) + Cy iW, .(2ivz?) 
(10) 


were v = 4/&? — u?. The four integration constants Cf, Cy are not independent, 


satisfying the following relations -??: 


Ci  s—iq Cy 1 
cr k— id’ p K —4AÀ 


and were the following parameters are used: 


s-VETXO-B, pn -sl-i, q= EE, a= fee (12) 


(11) 


2.2. Analytical Phase Shifts 


Applying the partial wave method on the scattering modes (10) as done in Refs. 
1,2,4 we obtained for the first time in the literature analytical expressions for the 
phase shifts associated to the scattering of Dirac fermions by black holes, namely: 


; —4AN T(14-5— iq) ina- 
Sk = 210, — R—t S T2 "dj mn(l—s) . 13 
i (= T(i+s+iq). ue) 


Using these phase shifts one can now calculate analytical expressions for the differ- 
ential scattering cross section 


do 


3g = OP +o (14) 
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were the scalar amplitudes f(0) and g(@) are defined in terms of Legendre polyno- 
mials?? and the phase shifts e??? 


f(0) = y = [(L + 1) (e259-1—: — 1) + 1(e?: — 1)] PP (cos) 


(15) 


'The above infinite series have a singularity present at 0 — 0 that can not be removed. 
This makes the scattering section to be divergent in the forward direction. However, 
by using a method first proposed in Ref. 24 one can define new reduced series for 


f(@) and g(0) (see eqs. (72)-(75) in Ref. 1 for more details) that converge more 
quickly. 


3. Main Results and Brief Comments 


In this section we perform a graphical analysis of the cross section in terms of the 
scattering angle. The relevant parameters in our analysis are the black hole mass 
M, the fermion mass m, fermion speed v, the charge of the black hole Q and the 
scattering angle 0. 


5000] ^ 


10004 


log, (M ? do /dQ) 
log, (M ? do /dQ) 


04n 0.6x 0.8% T 


Fig. 1. Differential scattering cross section for fermion scattering by a Schwarzschild black hole 
(left panel), respectively for a Bardeen black hole (right panel). 


In Fig. 1, we make a comparative study of the differential scattering cross sec- 
tion for fermion scattering by a Schwarzschild black hole and a Bardeen black hole. 
Our graphical results prove that the cross section has a oscillatory behaviour which 
become more pronounced as we increase the product of masses mM in the case of 
scattering on Schwarzschild black hole. When the scattering angle approaches the 
value 0 = 0 the cross section increase proving that the forward scattering is domi- 
nant. In the case of Bardeen black hole the differential cross section depend on the 
ratio between the charge of the magnetic monopole and the black hole mass and we 
observe a variation of the differential cross section when we modify the ratio Qm/M. 
In both cases the differential cross section have a maximum for 0 = m, which prove 
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30007 eQ=0(Schw.) ----- mM-25, v=0.25 
eQ=+100a — 
eQ=-100a —:— 


0 (rad) 


Fig. 2. Differential scattering cross section for fermion scattering by a Reisnner-Nordstrom black 
hole (left panel). Scattering of massless fermions (right panel). 


that the backward scattering is also relevant. In the case of Schwarzschild black 
hole the backward scattering become important as the parameter mM increase. 

'The results presented in Fig. 2, shows the dependence of the differential scat- 
tering cross section for fermions scattered by a Reisnner-Nordsrtóm black hole on 
the scattering angle. Here we analyse the case of massive fermions as well as the 
case when the mass of the fermion is zero. In the case of scattering of massive 
fermions we observe the differential scattering cross section variation in terms of 
the charge of the black hole and the charge of the fermion in comparison with the 
scattering on Schwarzschild black hole (left panel). When the charge of the black 
hole and the fermion charge have the same sign, the backward scattering become 
important because of the electrostatic repulsion between charges. For scattering of 
fermions with zero mass we observe the variation of the differential scattering cross 
section in terms of the ratio Q/M and that in the backward direction the differential 
scattering cross section is vanishing. 


4. Conclusions 


The principal conclusion is that the scattering processes analyzed here can be stud- 
ied by using exclusively analytical methods with suitable asymptotic conditions. In 
this manner we complete the previous studies which combine analytical and numer- 
ical methods obtaining new results and a synthetic overview over the considered 
processes, pointing out that these are described by similar formulas. 
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The Kerr space-time possesses a “hidden symmetry”, which exhibits itself in an unex- 
pected conserved quantity along geodesics known as the Carter constant. Here I report 
on a recent paper!, where I answer the question whether this hidden symmetry can be 
used to formulate a conservation law for a general matter field. First, I show that there 
cannot exist a conserved sum of Carter constants for a matter system with momentum 
exchange between its components. Then, I derive a “weak” conservation law associated 
with the hidden symmetry and demonstrate its properties. Finally, I show how this weak 
conservation law and related identities can be used to detect violations of the evolution 
equations in numerical simulations of astrophysical processes near spinning black holes. 


Keywords: Black holes; conservation laws; symmetries; numerical simulations. 


1. Introduction 


Accreting black holes are now widely believed to reside in many astrophysical sys- 
tems including X-ray binaries and active galactic nuclei. Even though simple ana- 
lytical models provide reasonable agreement with the observational appearance of 
such black holes, the detailed observational signature of their accretion disks are 
obtained from expensive numerical simulations that involve the non-linear and of- 
ten turbulent interaction of magnetic fields, non-thermal radiation, and possibly 
non-thermal plasmas. This all takes place on the stage of the Kerr space-time, the 
gravitational field of a spinning black hole. 

It is very much possible that errors occur in such computer simulations. This 
may come about either as an inherent error of the numerical method, or as an un- 
derstandable mistake in the writing of such complex simulation programs. Hence, it 
is very useful to devise independent checks of the validity of the evolutions obtained 
with such numerical codes. This can be done either by checking the codes against 
known exact solutions? *, or by checking against conservation laws. For example, 
one may look for conservation laws that apply to general evolutions of particular 
matter models but also for conservation laws that apply only in situations with a 
given symmetry of the matter configuration, such as was done for the case of ideal 
magnetohydrodynamics?. However, both of these approaches will typically test the 
code only in very specific modes, and there are only two conservation laws that hold 
for completely general evolutions. These laws are the conservation of energy and 
azimuthal angular-momentum fluxes, which emerge, in fact, from the stationarity 
and axisymmetry of the Kerr background. 
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Nevertheless, the Kerr space-time has an additional geometric property that is 
often called a “hidden symmetry”. The hidden symmetry follows from the existence 
of a Killing-Yano (KY) tensor, and it leads to conservation laws of an “angular 
momentum squared”, also known as the Carter constant®, for free test particles 
as well as linear wave equations (free test quantum particles) in Kerr space-time. 
It is natural to ask whether these conservation laws form a pattern which can be 
generalized to any test matter field evolving in the Kerr space-time. In other words, 
is there a conserved Carter-constant flux for general matter systems, even such as 
those needed to describe accretion disks near black holes? It turns out that the 
answer is no and that this can be easily proven. Nevertheless, there does exist a 
conserved KY vorticity flux which has the character of a differential constraint or a 
“weak conservation law”. I briefly summarize these results in this contribution to 
the Proceedings, while further information can be found in Ref. 1. 


2. Carter constant and colliding particles 


I use the G = c = 1 geometrized units and the — + ++ signature of the metric. 
Coordinate gradients are denoted by a comma preceding an index, and covariant 
gradients with a semi-colon preceding an index. 

The Kerr metric is independent of time t and azimuthal angle y, which makes 
£t) = ô and Ep) = 64 Killing vectors with antisymmetric covariant gradients, 


£u» = -—Éyw. Consequently, geodesics with four-velocity u” have constants of 
motion u, 

d (gu — £n v Hy’ = 0 1 

TE Up) = &"uy;,u" + upu” — 0. (1) 
A natural generalization of a Killing vector is a KY tensor, which fulfills Y,» = 
—Yyu Yuvin = —Yur;v- Now a projection of four-velocity into a KY tensor is a 
vector that is parallel-transported along the geodesic, 

D 

g ka’) = Y, uU u^ + Y,u pU". (2) 


The square of a vector is conserved, so C = K,,u’u, Ky = Ya is an integral 
of motion of the geodesic. 

Now consider a collisionless cloud of free test particles. This will have a stress- 
energy tensor and conserved current of Carter constants 


TH (g^) = 2 Mau Ua J. 64(a* — TQ) (r))dr , (3) 
C^) Y Como, | PG —ahy(r))ar, (4) 


where (i) labels quantities associated with the i-th particle in the cloud. In other 
words, C^, = 0 and the integral of C * over the spatial extent of an isolated cloud will 
be conserved and equal to the sum of (mass-weighed) Carter constants at time t. 
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However, if we consider elastic collisions between particles, we notice that even 
though these do not violate the conservation of the sum of constants of motion 
linear in momenta, they will destroy the conservation of the sum of the constants 
of motion quadratic in momenta. Formally the elastic collision is characterized by 


dP) - Dro = 9 (5) 


where the primed and unprimed quantities always signify quantities right after and 
before the collision respectively. 

As a consequence, one can contract the momentum conservation (5) with the 
KY tensor to see that the sums of angular momentum vectors associated with KY 
tensors are always conserved 


9 up) — 9 (Yast(o) = 0. (6) 
(i) (i) 


V a 


Similarly, if we contract (5) with a Killing vector £,, we see that that the sum 
of Guy is conserved in collisions. However, as was noticed also by’, if we 
try to see what happens to the sum of the quadratic Carter constants Cu) = 
K pv PsP) Kuv = YunY 5, in momentum exchanges, we obtain 


v? 


2 Co-Co = DD Kurora - 2, 2, Kupro - (7) 


i j£ i ffi 


It can then be shown that this leads to C^, # 0 whenever collisions occur within 
the particle cloud. The conservation of the angular momentum vectors (6) leads 
to the identity (T'""Y,^)., = 0, but this is not a conservation law for a current. 
However, it is possible to create one by taking a divergence with respect to the 
redundant index and thus one obtains a conserved current jky mquy. Lwil 
call it the flux of KY vorticity, since it is proportional to anti-symmetric gradients 
of stress-energy. 

As an interesting side note, the recent work®® discusses that even though the 
collisions spoil the long-term evolution of the sum of Carter constant of a general 
matter flow, it is always possible to find a certain effective Carter constant that is 
conserved for sufficiently compact bodies for a short enough time. However, this 
fact seems to be useful only for the evolution of compact astrophysical objects such 
as neutron stars and black holes in extreme mass ratio inspirals. 


3. Demonstration on dust in Kerr 


Consider the Kerr space-time in Boyer-Lindquist coordinates t,y,r,0, A = r? — 


2Mr+a?, Xi = r? +a? cos?0, and M, a are the black hole mass and spin respectively. 
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We set up a field of dust T'"" = pu"u" which is infalling into the Kerr black hole 
with a mass density p and the four-velocity 


Up = us = 0, (8) 

u;-—-—1, (9) 
2Mr(r? 2 

up = OO be, (10) 


where when the dimensionless constant € = 0 then the velocity field fulfils the 
geodesic equation a” = 0 but violates it for € Z 0 by introducing two non-zero 
components of acceleration 


2a? sin V cos 94/2Mr(r? + a?) 
ag sag. + 0(e"), (11) 


$e pS | + Ole). (12) 


y 


Since the velocity field is purely radial, the continuity equation (pu^);,, = 0 has the 
simple solution 


M ($) 


pe 2mA^u, ' (13) 


where M (ð) is an arbitrary positive function of Ý which represents the dust accretion 
rate through a 0 = const. layer. In the examples here we choose M = const.. 

Now the ¢ term will not induce deviations from the conservation of mass, energy, 
or angular momentum. Hence, it cannot be detected by existing tests. However, 
it will induce deviations from the KY conservation laws and relations given above. 
Specifically, I considered the integral formulation of the KY vorticity conservation 
Gy); = 0, the KY-projected equations of motion (T“”Y,"),, = 0, and the equa- 
tions of motion T"7, = 0. 

Now consider receiving the data about the flow on a finite numerical grid in the 
interval r € (3M,6M). When evaluated numerically, the non-zero value of the right- 
hand sides of the equations above indicate an error in the evolution (in our case the 
dust infall). However, there will always be numerical noise in the right-hand sides. 
In particular, the evaluation of jky requires taking numerical derivatives of the 
data, which proved to be a strong source of noise. I have thus defined a “detection” 
value £q of £ as such that the values of the right-hand sides are ten times that of the 
noise for the unperturbed “correct” flow. It is then instructive to see how sensitive 
is the conservation law as a function of the numerical grid spacing. 

The results of the comparison are given in Fig. 1. It turns out that even though 
the KY vorticity is a “proper” conservation law, the numerical noise associated with 
the numerical derivatives makes it difficult to use for data with large grid spacings. 
Nevertheless, the *KY-projected equations of motion" represent an interesting al- 
ternative to just integrating the equations of motion themselves. 


* a-0.9M 
* a-0.6M 


* a-0.3M 
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* a=0.6M 
* a=0.3M 


1 1 1 1 1 1 1 h/M 
0.001 0.002 0.005 0.010 0.020 0.050 0.100 


£d 


0.001 0.002 


* a=0.9M 
* a=0.6M 
* a=0.3M 


0.001 0.002 0.005 0.010 0.020 


0.050 0.100 


i : h/M 
0.005 0.010 0.020 0.050 0.100 


h/M 


Fig. 1. The detection value of the perturbation €q as a function of grid spacing h for various 
choices of the black hole spin. The top left figure corresponds to the KY vorticity conservation, 


top right to KY-projected equations of motion, and the bottom to the plain equations of motion. 
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We consider the effects of rotations on the calculation of some thermodynamical quan- 
tities like the free energy, internal energy and entropy. In ordinary gravity, when we 
evaluate the density of states of a scalar field close to a black hole horizon, we obtain a 
divergent result which can be kept under control with the help of some standard regular- 
ization and renormalization processes. We show that when we use the Gravity’s Rainbow 
approach such regularization/renormalization processes can be avoided. A comparison 
between the calculation done in an inertial frame and in a comoving frame is presented. 


1. Introduction 


Gravity’s Rainbow (GRw) is a modification of the space-time close to the Planck 
scale. It has been introduced for the first time by Magueijo and Smolin!. Basically 
one defines two unknown functions gı (E/ Ep) and gə (E/ Ep) having the following 
property 
li E/Ep)=1 and li E/Ep)=1. 1 

222 oU) n gb gy MR) (1) 
'This property guarantees the recovery of ordinary General Relativity when sub- 
planckian physics is involved. In this formalism, the Einstein's field equations are 
replaced by a one parameter family of equations 


Gy, (E) = 81G (E) Tw (E) + uv A (E), (2) 


where G (E) is an energy dependent Newton's constant and A(F) is an energy 
dependent cosmological constant, respectively. They are defined so that G (0) is 
the physical Newton's constant and A(0) is the usual cosmological constant. In 
this context, the Schwarzschild solution of (2) becomes 


2MG (0 dt? dr? ? 
ds? (E) = — (1 " D M NN NET E 
gi (E/Ep) (1 2400) 93 (E/Ep) 92 (5/Er) 
(3) 
An immediate generalization of the metric (3) is represented by the following line 
element 
b —2®@ dr? 2 
ds? (E) = — ( = to) EUELA ge eet s sd 
r gi (E/Ep) (1 = — g2(E/Ep) 92(E/Ep) 
(4) 
The function b (r) will be referred to as the “shape function” and it may be thought 
of as specifying the shape of the spatial slices. The location of the horizon is 


dQ?. 


r 


884 


determined by the equation b (rg) — rg. On the other hand, ® (r) will be referred 
to as the “redshift function" and describes how far the total gravitational redshift 
deviates from that implied by the shape function. The line element (4) describes 
any spherically symmetric space-time with a horizon: by definition, this is a black 
hole distorted by GRw. Note that a metric of the form 

exp (-26 (r)) da dr? r? 


ONSET) tG) graue) * STER 


dQ?, — (5) 


describes a traversable wormhole modified by GRw if exp(—2®(r)) never van- 
ishes!?. The line element (5) has been used in a series of papers where to avoid any 
regularization/renormalization scheme which appear in conventional Quantum Field 
Theory calculations like one loop corrections to classical quantities?. On the other 
hand, the line element (5) has been considered for the computation of black hole 
entropy?. In this last case, the idea is to avoid to introduce a cut-off of Planckian 
size known as “brick wall" ^. The “brick wall" appears when one uses a statistical 
mechanical approach to explain the famous Bekenstein-Hawking formula ?: 


1 
SBH = 1 A/ lo. (6) 


relating the entropy of a black hole and its area. Indeed, when one tries to adopt 
such an approach, one realizes that the density of energy levels of single-particle 
excitations is divergent near the horizon. Of course, several attempts have been 
done to avoid the introduction of the brick wall. For instance, without modifying 
gravity at any scale, it has been suggested that the brick wall could be absorbed 
in a renormalization of Newton’s constant" ?, while other authors approached the 
problem of the divergent brick wall using Pauli-Villars regularization!9 1?, Other 
than GRw other proposals have been made in the context of modified gravity. For 
instance, non-commutative geometry introduces a natural thickness of the horizon 
replacing the 't Hooft’s brick wall!" and Generalized Uncertainty Principle (GUP) 
modifies the Liouville measure? 16, 
when one introduces rotations. For instance, one could consider the free energy 
obtained for a real massless scalar field, rotating with an angular velocity Qo around 
the z axis in Minkowski space 


F- NE dg (E,m)ln (1 — a) . (7) 


For this case, it is better to work in cylindrical coordinates 


Nevertheless we can wonder what happens 


ds? = —dt? + dr? + r7d¢* + dz? (8) 


and with the help of a WKB approximation it is possible to show that a divergence 
appear close to the speed-of-light (SOL) surface, defined as the surface where r = 
0,119. This divergence can be taken under control with the help of GRw by 
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modifying the line element (8) in the following way ?? 


dt? dr? rd dz? 


~@(E/Ep) | gf (E/Ep) 93 (B/Ep) gi(EJEp) 


where for simplicity we have replaced ds? (E) with ds?. The same above thermo- 
dynamical system can be analyzed on a comoving frame rotating with the same 
angular velocity Oo. By plugging ¢! = ¢ — Not, from the line element (3) we obtain 


ds? = 


(9) 


ga =O) 2, 2Uordó'dt —— , — dr red de 
|. qi (E/Ep) gı (E/Ep)g2 (E/Ep) 93(E/Ep) 93 (E/Ep) ded 


It is immediate to see that in this system of coordinates appears a fictitious horizon 
located at r = Qo 1 namely the SOL surface of the rotating heat bath introduced 
in (7). Note that a mixing between gı (E/ Ep) and gə (E/ Ep) appears. A similar 
mixing appears also in a Vaidya spacetime for 
2M (v)G dv? dud 2g? 
d (1- — m x M ÁN S a 
gi (E/EpP) | gm (E/Ep)g2(B/Ep) 93 (E/Ep) 
where v is the advanced (ingoing) null coordinate and finally also for the Kerr metric 
which, in the context of GRw, becomes?? 


; (11) 


T 


ds? E gudt? 2grgdtdp E goo d? Gar m good0? 
gi (E/EpP) g(E/Ep)g(E/Ep) 93(E/Ep) 93 (E/Ep) gi E 
12 
where 
E A — a? sin? 6 E asin? 0 (r? + a? — A) 
jac-- x c d4——— — Ua 5 
2 22 Qr D 
+ ET 0 X 
" uni eld sindo, s-l, w-E (13) 
and 
A =r? —2MGr +a’, X = r? +a? cos? 0. (14) 


Here M and a are mass and angular momentum per unit mass of the black hole, 


respectively. A vanishes when r = r4 = MG + /(MG)? — a2, while gj, vanishes 


when r = rg, = MG4+\/ (MG)? — a? cos? 0: they are not modified by GRw and the 
outer horizon or simply horizon is located at r} = rg. Units in which A = c = k = 1 
are used throughout the paper. 


2. GRw Entropy for the Kerr Black Hole 


To discuss the entropy for a Kerr black hole we have two options: we can use a 
rest observer at infinity (ROI) or we can use a Zero Angular Momentum Observer 
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(ZAMO)1??5, The ROI frame is described by the line element (12) and the appro- 
priate form of the free energy is the following 


F- Ju dn (E) In (1 = ere ees) (15) 


It is immediate to see that when we use a ROI, the problem of superradiance appears 
when the free energy (15) is computed in the range 0 < E < mQpo. On the other 
hand when a ZAMO is considered, the free energy (15) becomes similar to the one 
used for a Schwarzschild black hole. Basically this happens because near the horizon 
the metric becomes 

N? dt? do? dr? dé? 


ds = —NEJEZ) + I ETER * 9r (EJER) | 9° GE (EJEp) 


(16) 
and the mixing between f£ and ¢ disappears. Moreover when we use a ZAMO frame, 
the superradiance does not come into play because there is no ergoregion. Indeed 
since we have defined 
2 - 2 
g 1 A sinf 0 
N? =g- ŽE 2. ; (17) 
Igo 


N? vanishes when r — rg. The number of modes with frequency less than E is 
given approximately by 


mEy- | ot +1) f ^ VEI Byard. (18) 
T Jo TH 


Here it is understood that the integration with respect to r and l is taken over those 
values which satisfy ry < r < R and k?(r,l, E) > 0. Thus one finds 


dn(E) 1 "T is 3 p3 3 
~ ga vaf c dr ( gs y ürr 960906 re a in (E/Ep)E js (19) 
In proximity of the horizon, the free energy can be approximated by 
d (1 
—BE 
Prg = za; [aoa | m (1— e? loa E (E/Ep) E’) H (rg,ri)dE (20) 
where we have defined 


A s dr (—g'*)? 


TH 


tolo 


vy rr900966- (21) 
F,, can be further reduced to 


C (rn, 0) [a nl er") d 
0 


Foy S TET; -EE dE E (E/Ep)E ")ag, (22) 


where 


TH (rg — r) XH a 


2 TM 
C (ra 0) = | atas | 
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and where we have assumed that, in proximity of the throat the brick wall can be 
written as ro (E/ Ep) = ryo (E/ Ep) with 


c (E/ Ep) > 0, E/Ep — 0. (24) 

With an integration by parts one finds 

F = C (rg, 0) l Exh? (E/Ep) 
"a 734m jy ^ e(EJEr) 
B In (1 = Eom / 
X |—————— — —————e (E/E dE. 25 
E (BEJ-1)] ~ Epa (E/Ep)” (PP) 
It is possible to show that 
EE iu s der BEe-3E/Er —3E/Ep -6E 
Pesma E ennai In(1—e ) dE 


= ~<a kf a) (+0 (1+), (26) 


where C (s, v) is the Hurwitz zeta function, I (x) is the gamma function and V (x) 
is the digamma function. In the limit where GEp > 1, at the leading order, one 
finds that the entropy can be approximated by 


g= eos = 7 E [= (r2, + a2)* sin | (27) 


(rg — r— y XH 


and even when rotation is included, the “brick wall” does not appear. Of course 
the entropy (27) can always be cast in the familiar form 
AH 
S= IG’ (28) 
where Ag is the horizon area. To summarize, we have shown that the ability of 
Gravity's Rainbow to keep under control the UV divergences applies also to rota- 
tions. However the connection between a ROI and a ZAMO has to be investigated 


24 


with care Indeed in the ROI frame, the superradiance phenomenon appears, 


while in the ZAMO frame does not. Once the connection is established nothing 
forbids to extend this result to other rotating configuration like, for example, Kerr- 
Newman or Kerr-Newman-De Sitter (Anti-De Sitter). 
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The holography for rotating black holes provides a description of black hole physics in 
terms of a certain two-dimensional conformal field theory (CFT). The first realization of 
the holography for rotating black holes was proposed for extremal Kerr black hole. The 
proposal states that the near horizon geometry of the extremal Kerr black hole does have 
a dual holographic description in terms of a two-dimensional chiral CFT. The proposal 
has been studied and extended extensively for other extremal or near extremal rotating 
black holes. For all extremal and near-extremal black holes in different dimensions, 
the physical quantities associated to black hole (such as the entropy or scattering cross 
section) are in agreement with the corresponding microscopic dual quantities in CFT. 
In this talk, we find the explicit form of two-point function for the conformal spin-2 
energy momentum operators on the near horizon of a near extremal Kerr black hole 
by variation of a proper boundary action. In this regard, we consider an appropriate 
boundary action for the gravitational perturbation of the Kerr black hole. We consider 
the boundary action and calculate it on-shell to find the two-point functions for the spin- 
2 energy momentum tensor fields, on the near horizon region of the Kerr black hole. We 
show that the variation of the boundary action with respect to the boundary fields yields 
the two-point function for the energy momentum tensor of a conformal field theory. We 
find agreement between the two-point function and the correlators of the dual conformal 
field theory to the Kerr black hole.* 


Keywords: Gravitational perturbation, Kerr black hole, Kerr/CFT correspondence. 


1. Introduction 


Inspired by the fact that near horizon region of a near extremal Kerr black hole 
contains a two dimensional copy of Anti de Sitter!, a field theoretic calculation 
can be done to find the two-point correlation functions of conformal fields with 
different spin. Explicitly, in Ref. 2, the two-point correlation functions of spinor 
fields were constructed by calculating the on-shell gravitational action for the spinor 
fields with appropriate boundary condition. Though the on-shell bulk action for the 
spinor fields vanishes, however one can add a boundary term to the gravitational 
action which does not vanish on-shell?. The variation of the boundary action yields 
the proper two-point correlation functions for the conformal operators. In a recent 
article, Ref. 4, the authors used an appropriate boundary action for the vector 
fields to calculate the two-point functions of conformal vector fields. In this article, 
we derive the two-point function for the energy-momentum tensor fields in the 


*'l'his presentation is entirely based on published paper in the journal Gen. Relativ. Gravit. A8, 
102 (2016) by A.M. Ghezelbash. 


890 


background of Kerr black hole. The first step is to find an appropriate boundary 
action for the spin-2 fields. In this regard, we write the Einstein-Hilbert action as the 
summation of two actions. The first action is a bulk action that unlike the Einstein- 
Hilbert action depends only on the metric tensor and its first derivative. Although 
the bulk action is not a scalar under the general coordinate transformations, however 
it leads to the same Einstein's field equations. The second action is a boundary 
action that depends on the metric tensor and the Christoffel symbols. We consider 
the boundary action and calculate it on-shell to find the two-point functions for the 
spin-2 energy momentum tensor fields, on the near horizon region of the Kerr black 
hole. We then compare the result of our calculation to the correlation functions for 
spin-2 conformal operators in a conformal field theory. 


2. The Gravitational Perturbations and the Boundary Action for 
Them in the Rotating Black Hole 


We consider the gravitational action for a general four-dimensional curved spacetime 
M with a boundary 0M as S = Spy + Sag, where Sey = zu d'z4/—-gR 
and SGH = — Joss @PaV/kK is the Gibbons-Hawking boundary action. k,, is the 
induced metric on the boundary OM and K = V, N" is the trace of extrinsic 
curvature and N^ is the unit normal vector to OM. We may use the following 
identity 


1 
Seu = S1 —— | d'z/-gN,(g" T7, — g^" T7, ), (1) 
167 3M 
where 
1 4 T 
M ETT ae {r7 T2, — qo qu 2 
Sy 167 fa T gg { pv TO Ac mua ( ) 


to write Spy as the summation of a bulk action that depends only on the metric field 
and the first order derivatives of the metric field and a boundary term. In fact, The 
bulk action $1 clearly depends on the gravitational field and its first derivatives and 
resembles to the action for a scalar field or spinor or electromagnetic field that only 
depends on dynamical field and its first derivatives. We consider the gravitational 
action S for the four-dimensional curved spacetime M with a boundary 0M as? 


1 4 ji 
E m v[pr pe _pr pe 
S F Ty —99 { pu> Tc Lo vu] FSB, (3) 
where 
1 
Se = — | d/-gN.ig" T7, — g^" T5, )- (4) 
16T Jam 


We consider M as the near extremal Kerr black hole and use the boundary action (4) 
to calculate the two-point functions of spin 2 gravitational perturbation fields hy on 


the near-horizon geometry of the near extremal black hole where g,, = ge) + chuv 
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and ge) describes the Kerr black hole which the line element in Boyer-Lindquist 
coordinates is given by 


2 
ds? =- (dt — asin? ddd)” + Edr? + pde? 4 2 s dt — (r? +a?) dd)”, (5) 


where p? = pp*, p = r+iacosé and A = r?+a?—2Mr. We should note that in (4), 
OM is the hypersurface r = rg which is the near-horizon of near-NHEK geometry 
for the Kerr black hole. Moreover the field h pv is the spin 2 field which represents the 
gravitational perturbation of the Kerr black hole (5). The explicit representation 
of the different components of huv is given in Ref. 5. In fact, a detailed analysis of 
the gravitational perturbation fields shows that we can represent the fields hpv as 
the real parts of h,,, where? 


his(hr, 8,0) =halr, de Pr, (6) 
and 
= Y fH (r, OR(r)S;(0), (7) 
i j=+,— 
where 
v(-1)A—1 v(0) A0 
m AC EE CAP eee (8) 


In equation (7), P+(r) and S4(0) are related to the radial and angular Teukolsky 
functions, respectively?. We notice that the presence of p in all components of the 
graviton A"", makes the results (8) completely non-separable in terms of coordinates 
r and 0. However, in calculation of the boundary action, we consider a spherical 
boundary with radius rg as the boundary of the near-NHEK geometry. We set 
the radial coordinate in p equal to rg and so pp = p(r = rg) depends only on 
0. As a result, we check out explicitly that any single term in the expansion (7) 
is completely separable in terms of coordinates r and 0. In other words, we can 
re-write (7) as 


he = S x ^. Fii (7 fois (0) Ri (7)85(0), (9) 
ij-L- 
where x, = Ap, x- = 1, the over-line means that there is no summation over 
superscripts u and v. The summation index N in (9) shows all the individual terms 
that appear in expansion (8). After a long calculation, we can show that the only 
relevant terms in the boundary action (4) that lead to the proper two-point function 
are given by? 


1 D 
se = fa ar —g N, {a (0) m d ape EL = i) 
T=TB 


a lse gre "E 
EN Cio. 3 (h — Apyh? ) ; (10) 
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where p ,1—0,1,2are the expansion coefficients of the Christoffel affine connec- 


tion in terms of e, as T2, = T? 4 er? + er®. After some substitutions and 


showing the (t, ó)-dependence of the boundary fields by HW (t,@) and rewriting 
the boundary field an as 


his, (60,0) = 435 (t 6)09" (0), (11) 
where HYF (t, ¢) is equal to Age*+?™* Rp} for a, B = t, r, 0, ó and 


OF — YU? (rg) EOSO), (12) 


N 


we find that the boundary action (10) becomes 


1 4% ap ==% ap 
S) = ar J. Pan ire (0)037* + FT" (6e? ](V n)sssa(rn, 0) 
= => R* JT — — 
x [FFE (6)07? + FT (ojo T Raa) R- (2) ag. (t, HHE, (t. $) + co} 
Rp Ep. 


(13) 
In equation (13), (V p)agss(rp, 0) denotes 


g” g™(B + 3/2) 
= ð, (ga BB MU o 
{ g 2r (Garg 85) + T 
IaIBI) Ifor lorr 
gr ) +5 (aia 29 2) góy,r 


(V B)agss(rp,0) = 


1 
P (savoie — go«4985 — 


1 gr? 
und 169 Gor 80895,85 + pU Ioar (Iapgys — gassa) } PETA 


(14) 
and the -dependent functions PT and F,- are give by 
nv [a 0 
ro = Sele as) 
m Firs (rB) fiyr (0) 
and 
[a [a 0 
Fr-(0)- Dx F1 x (rB)f2- X (9) (16) 


COE DR Y 


respectively?. We can find now the two-point function of the boundary energy- 
momentum tensor operators O45 by taking the functional derivative of the action 
(10) with respect to the rescaled boundary gravitational field no as < OapOy >= 


Sa. We get the result 
arene: We get the result as 
HS OH], 


gs gus (RP) * RB 
« OngO-5 >= — = "dm —— Fass, (17) 
SHE OH}, (RE) RE 
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where all the factors are given explicitly in Ref. 5. Using the explicit form of 
Teukolsky radial functions, we find 


< OopOys >= M8r 8 F, ous fı + uN Gs + M-N Gy xar ies?) 
(18) 

where the function Gg is given by? 
g= 2p EATE — 3/2 — im) (1/2 + B — i(n 7 m)) (19) 


'" ^^ T(28)1(5/2 — B — im) (1/2 — 8 — i(n- m)) ' 
and C = (A— 2m? —2imfl) (A — 2m? — 2imf +2). As we notice, the second and third 
terms in bracket in equation (18) are complex conjugate of each other and so we find 
a real-valued two-point function for the boundary conformal operators. However 
according to similar analysis in References 2 and 4, we can drop the second term 
in (18) to find a complex-valued two-point function for the boundary conformal 
operators. The main physical reason to drop the second term in (18) and so find a 
complex-valued two-point function, is that we can find the absorption cross section 
of spin 2 fields (using the optical theorem), only from a complex-valued two-point 
function (19). We also notice that the coefficient & of term GrFagys in (18) 
depends on the momentum. However it is not a part of the two-point function 
(19). Moreover, similar momentum-dependent coefficients have been found for the 
two-point functions of other spins, such as spin-1/2 operators? as well as spin-1 
operators^. Moreover, we note that the first term in bracket in equation (18) is just 
a constant contact term, compared to the third term that is proportional to Gp. 
In general, such contact terms can be cancelled by adding a proper counter term to 
the boundary action. The effect of adding the counter term is just to cancel out the 
constant contact term in (18) and we do not expect any changes in the two-point 
function GrFogys. The last term in (18) is very small compared to the third term, 
since the ratio of the last term to the third term is proportional to (4)? where 
TH — 0°. Hence we conclude that the field theoretical two-point function for spin- 
2 conformal operators Ogg on the boundary can be described by GrFoagys. The 
retarded Green's functions for fields with different spins were proposed in References 
6 and 7. We note that Gg, as a part of two-point function GrFagys for the boundary 
conformal operators, is in perfect agreement with the proposed retarded Green's 
function for spin-2 fields. We also find that the absorption cross section of fields 
(with spin 2) is in exact agreement with the result of Reference 8 if we apply the 
optical theorem to the retarded Green's function (19). 

The finite temperature two-point function of scalars®’, spin-1/2 fermions? as 
well as spin-1 fields* are given by 


" 2hr a 2hr 

TLR TLE 

OO) ~ | ———— —————— 20 
Sm E (x Tntj) E (Tt) f um 


by proper identification of left and right conformal weights hz and hg, where 1/Tr, 
and 1/Tg are the circumferences of two fundamental circles of a torus. The Fourier 
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transform of the two-point function (20) is given by 
_ 28 T (1— 2hg)T (1—2hz) 

FOND) Tn Dl(1— hg —ing)Y (1— hg 4 ing)Y (1 — hy — inp) V (1 — hy, +inz)’ 
(21) 

where ng and nr, stand for X and xe respectively. If we consider the conformal 

weights hr = B + 1/2 and hy = 8 — 3/2 for spin-2 operators, we then find 

T (-28)T (1/2 + 8 — ing) T (8 — 3/2 — inz) 

T (1/2 — 8 — ing)T (-8 + 5/2 — inp) Y (28) 

Moreover, we consider nz = m and ng = n —m in (22) and find an exact agreement 

with the retarded Green's function (19) that we found as a part of two-point function 

for spin-2 operators. 


F((00)) ~ Tr”? (22) 


3. Conclusions and Acknowledgements 


The energy-momentum tensor operator of the CFT that is dual to the near extremal 
Kerr black hole, couples to the gravitational boundary fields with spin-2, on the 
near horizon of near extremal Kerr black hole. Hence we can find the two-point 
function of the energy-momentum tensor operator, by finding the explicit form of a 
boundary action that is bilinear in the boundary fields. In this article, we construct 
explicitly such a boundary action and vary the action with respect to the boundary 
fields. We derive the explicit expression for the two-point function and note that 
the two-point function factorizes into two terms. We show that the result for the 
two-point function is in agreement with correlation functions of spin-2 conformal 
operators in a dual CFT. We also note that one part of the result heavily depends 
on the gauge choice, that we made on fixing some of the Weyl scalars. Investigation 
about the gauge dependence of the two-point function would be an interesting 
project. Moreover, deriving the two-point function of the energy-momentum tensor 
operator with the primary fields of the dual CFT would be useful to establish a 
stronger field-theoretic approach to Kerr/CF T correspondence. The authoe would 
like to acknowledge the financial support by the Natural Sciences and Engineering 
Research Council of Canada. 


References 


1. M. Guica, T. Hartman, W. Song and A. Strominger, Phys. Rev. D 80, 124008 
(2009). 

2. M. Becker and W. Schulgin, JHEP 1204, 063 (2012). 

3. J.N. Laia and D. Tong, JHEP 1111, 125 (2011). 

4. A.M. Ghezelbash and H.M. Siahaan, Phys. Rev. D 89, 024017 (2014). 

5. A.M. Ghezelbash, Gen. Relativ. Gravit. A8, 102 (2016). 

6. B. Chen and C.S. Chu, JHEP 1005, 004 (2010). 

7. T. Hartman, W. Song and A. Strominger, JHEP 1003, 118 (2010). 

8. I. Bredberg, T. Hartman, W. Song and A. Strominger, JHEP 1004, 019 (2010). 


895 


Entropy bound for scalar fields in the near-horizon region 


Kaushik Ghosh 


Vivekananda College (University of Calcutta), 
269 Diamond Harbour Road, 
Kolkata - 700063, India 
ghosh_kaushik06@yahoo.co.in 


In this article, we will discuss a Lorentzian sector calculation of the entropy of a minimally 
coupled scalar field in the Schwarzschild black hole background using the brick wall 
model of G ’t Hooft. In the original article, the Wentzel-Kramers-Brillouin (WKB) 
approximation was used. In this article, we will consider the entropy for a thin shell of 
matter field of a given thickness surrounding the black hole horizon. The thickness is 
chosen to be large compared with the Planck length and is of the order of the atomic scale. 
The corresponding leading-order entropy of the scalar field is found to be proportional 
to the area of the horizon and is logarithmically divergent. Thus, the entropy of a three- 
dimensional system in the near-horizon region is proportional to the boundary surface. 
The leading order entropy is a decreasing function of the the thickness of the thin shell. 
This is also valid for the sub-leading terms. 


Keywords: Scwarzschild black hole, scalar field entropy, brick wall model, area law, 
logarithmic divergence, entropy bound. 


1. Introduction 


Since the four laws of black hole mechanics were formulated!, there has been much 
effort to relate the laws of black hole mechanics to those of thermodynamics. The 
area theorem led Bekenstein to assign an entropy to a black hole?. Hawking estab- 
lished the thermodynamical aspects of black holes by showing that a black hole can 
radiate like a hot body at a temperature equal to a multiple of the surface gravity 
of the horizon? 
system, was found to be 4. Here A is the area of the horizon. 

We have to consider quantum field theory in curved spaces in most of the works 
related to black hole thermodynamics. In flat space, a uniformly accelerated ob- 
server detects a thermal spectrum when the field is in the Minkowski vacuum*?. 
The temperature is dependent on the proper acceleration of the observer. A cor- 
responding situation arises in the Schwarzschild black hole for a static observer 
outside the event horizon. The temperature is the same as that of the black hole if 
the static observer is at a large distance from the horizon?. In this article we will 
discuss the expression of the entropy of a minimally coupled massless scalar field in 
a Schwarzschild black hole in thermal equilibrium with the black hole. The expres- 
sion is derived by us in a series of articles" ?. We have used a model proposed by G. 
't Hooft known as the brick wall model and used the Wentzel—Kramers—Brillouin 
(WKB) approximation to count the states!?. We can define a thermal equilibrium 
between a black hole and black body radiation of a massless scalar field surrounding 
the black hole at the same temperature as that of the black hole. The amount of 
radiation absorbed and emitted by the black hole is the same. Divergences appear 


. The entropy of a black hole, considered as a thermodynamical 
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when we try to calculate the entropy of the scalar field ^19. This is associated with 
the continuous energy spectrum and unboundedness of the allowed angular quantum 
numbers in the near-horizon region. To regulate the divergence, ’t Hooft proposed 
a boundary condition on the scalar field near the horizon?. He assumed the scalar 
field to be vanishing at a small distance away from the horizon. This radial pa- 
rameter is known as the brick wall cut-off parameter. This boundary condition is 
a good model since in thermodynamic equilibrium there is no net interchange of 
particles between the black hole and the surrounding matter. The details can be 
found in^. The expression of the entropy is found to be logarithmically divergent 
in the brick wall cut-off parameter. The metric component grr has a simple pole at 
the horizon. The WKB quantization rule indicates that the divergence is expected 
to be logarithmic. In the Schwarzschild black hole, we can also use the blueshift 
factor together with the form of the proper distance in the near-horizon region to 
understand this logarithmic divergence. The thickness of the thin shell takes care of 
the unbounded nature of the allowed angular quantum numbers. The expression of 
the entropy obtained by us is proportional to the area of the horizon when we take 
the temperature to be same as the Hawking temperature. The entropy is also found 
to be a decreasing function of the thickness of the thin shell. These aspects may 
be taken to be the semiclassical signs of a holography principle and entropy bound. 
Here the semiclassical theory refers to quantum field theory in a fixed background. 
The expressions obtained in this article are also significant in the context of entan- 
glement entropy and the Euclidean approach to calculate the matter field entropy 
in a black hole background. We will discuss these aspects and the significance of 
the results obtained in this article in Sect. 2. 


2. Entropy of a Thin Shell of Scalar Field in the Schwarzschild 
Black Hole 


In this section we will consider the entropy of a minimally coupled scalar field in the 
Schwarzschild black hole. We will discuss the case of a massless field but the results 
can be easily extended for a massive case ^?. We will follow the method discussed 
in"? and consider a thin shell of scalar field surrounding the horizon. We found 
earlier that in the spherical polar coordinates, the WKB approximation is suitable 
for a thin shell of scalar field ^9. Since the near-horizon region gives us interesting 
physics, we proceed to discuss the entropy of a thin shell of scalar field confined in 
the near-horizon region. The metric of the Schwaarzschild black hole is given by: 
2 

ds? = — (1 = zt) dt? + qom + r?(d6? + sin?6d¢”) (1) 
Here M is the mass of the black hole defined with respect to an asymptotic observer. 
'The wave equation of a minimally coupled massless scalar field in a curved space is 
given by the following expression: 


(79) 58,[C-9)29^"8,u] = 0 (2) 
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The wave equation is separable in the Schwarzschild black hole and we can take the 
basis function to be of the following form ^59: 

f(l,m, Elz) = NR(r)P,(cos 0)e?"?e Et (3) 


Where, l is the angular momentum quantum number and F is the energy defined 
with respect to an asymptotic observer, P;(cos 0) are the Legendre polynomials and 
R(r) satisfies the radial wave equation: 


We use the WKB approximation to solve the above equation. This is a good ap- 


proximation if we consider a thin shell of scalar field in the near-horrizon region" ?. 


We impose the brick wall boundary condition 1°: 


R(2M +h) — 0. (5) 


where, h is a small radial parameter compared to 2M whose value will be discussed 
later. We can consider the scalar field to be confined in a half-infinite potential 
well in the near-horizon region ^?. The trial solutions are assumed to be of the form 
p(r)exp[iS(r)]. The actual solutions are sinusoidal functions to satisfy the boundary 
conditions. In the near-horizon region, the radial wave function takes the following 
form: 


Ri(r) ^ exp l froe] (6) 
Here, the r-dependent radial wave number is given by the following expression: 


l mi du a 1) (7) 


To implement the thin shell boundary condition, we consider solutions that vanish 
at the brick wall and are stationary up to a certain value 'd' of the radial coordinate. 
We have the condition: h << d << 2M. The radial quantum number is given by 
the WKB quantization rule: 


2M+d 

Tq «f dr k(r,l, E). (8) 
2M-h 

To evaluate ng, we have to ensure that the wave number is real throughout the 

range of the radial integral for each value of E,l present in its argument. This gives 

an upper limit on the allowed values of | given by ^5: 


E*(2M - dh) — 8E?M? 


L(L+1)= CEN A (9) 
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'The free energy of the thin shell can be obtained from the expression: 


^  BdE 
ub oom i 
f.i ans py E - YO say), 
2M+h V AT) Jo T 


'The entropy of a scalar field confined within the near horizon region and as predicted 
by an observer at infinity is given by®: 


1 €d A 
-—In[-)——. 11 
30 » (=) Area? du 
'The corresponding expression in the Kerr black hole is given by the following ex- 
pression’: 


" 1 €d A 

D 60 In (2) pu (12) 
The temperature in both the cases are taken to be the Hawking temperature 
of the corresponding black holes. Here e, represents the proper radial variable: 
Ez = pr gs dr, rj is the event horizon. ‘A’ represents the area of the horizon. 
'The entropy of the scalar field in the Kerr black hole is half of the corresponding 
value in the Schwarzschild black hole. This is due to rotation and is consistent with 
the preferential emission of particles in the Kerr black hole with azimuthal angular 
momentum in the same direction as that of the black hole itself. The Lorentzian 
sector calculation of the scalar field entropy in the Kerr black hole is more signif- 
icant since the corresponding Euclidean sector literature is not well formulated". 
The expressions of the scalar field entropy contain two free parameters, the proper 
thickness of the thin shell and the proper brick wall cut-off parameter. We take 
the proper thickness of the thin shell to be of the order of atomic lengths. The 
other undetermined parameter is the proper brick wall cut-off. °t Hooft wanted to 
explain the black hole entropy in terms of the near horizon part of the matter field 
entropy and equated the two? 
finite: U — M . This also determines the proper brick wall cut-off parameter. In 
the present case we then have: 


en = (€a)exp E o (13) 


Where, lp is the Plack length. If we take e; = 10~'° cm, en is given by the following 
expression in terms of the Planck length: e; ~ [107*]Jexp(—10°°)(I,). Thus, the 
brick wall is almost coincident with the horizon although the free energy is finite. 
This is expected since there exists solutions vanishing on the horizon". These 
solutions are consistent with the brick wall boundary condition. We note that even 
in the extreme case of a thin shell of thickness comparable to the Planck length, 
the proper brick wall cut-off remains small compared to the thickness. However, 


. If we do so, the internal energy turns out to be 
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in this case the semiclassical theory of quantum fields in a fixed background may 
not be appropriate. The back reaction problem is discussed in detail by Candelas 


12 These discussions may become 


and is not much important in the present case 
significant in the context of an entropy bound discussed below. 


The scalar field entropy in a Schwarzschild black hole with off mass shell tem- 


perature is given by: 
3255? 2MN*. fe, 
S = — —(2My|[-—)|Imn[l-). 14 
Em "GE n (2) (14) 


We find that the entropy is a decreasing function of the proper thickness even when 
the temperature is not given by the Hawking temperature. We now consider the sub- 
leading terms of the scalar field entropy. It can be seen that in the approximation 
h << d << 2M, the complete entropy is given by the following expression, ": 


m 1 €d A 


where, x = 4[1 + 45 + ...] > 0 and the temperature is given by the Hawking tem- 
perature. For d >> h, the second term is negligibly small compared with the first 
term. The complete expression is also a decreasing function of the proper thickness 
of the thin shell. The leading-order scalar field entropy in a Kerr black hole with 
off mass shell temperature is given by: 
1653? 1 (ry2+a7)* 1 in ( & 

E BF (n-rT eg 9 

Where, a is the angular momentum per unit mass, r} is the event horizon and 
r. is the inner horizon of the black hole. We again find that the entropy is a 
decreasing function of the proper thickness even when the temperature is not given 


(16) 


by the Hawking temperature. The leading order entropy is a decreasing function of 
the proper thickness when the temperature is given by the corresponding Hawking 
temperature. This is obvious from Eq. (12). 

We find that the entropy is a decreasing function of the proper thickness even 
when the temperature is not given by the Hawking temperature. Thus, we may 
conjecture that the entropy of a scalar field in an asymptotically flat black hole 
background which is correlated with the horizon through the brick wall boundary 
condition has an upper bound and this upper bound is proportional to the horizon 
surface area when the temperature is taken to be the Hawking temperature. It may 
require a quantum theory of gravity to fix the exact magnitude of the upper bound. 
In this article we have chosen the upper bound to be the same as the black hole 
entropy itself. This conclusion is expected to remain valid for the semiclassical 
theory of quantum fields in curved spaces where back reaction problem is not severe. 
We can further verify the validity of the present conclusion by considering the 
spectrum of the solutions of the wave equation defined throughout the manifold 
and satisfying the brick wall boundary condition. We can use numerical methods 
for this purpose. These discussions are also important to the holographic principle 
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in asymptotically flat spaces’. 


of the cosmological horizons. The event horizons are two dimensional fixed point 
sets of the Killing fields!4. This aspect may be important to explain the results 
obtained in this article. 

The logarithmic divergence in Eq. (11) and Eq. (12) is important to the 
Euclidean sector calculation of the scalar field entropy !!. The logarithmic diver- 
gence is expected on physical grounds as discussed briefly in the introduction and in 
detail in^*. The Euclidean sector method contains a parameter which can be fixed 
by comparing with the Lorentzian sector expression obtained in the present article. 


Similar discussions will remain valid in presence 


Lastly, we can consider the scalar field entropy to give quantum correction to the 
black hole entropy and use Eq. (11) and Eq. (12) to renormalize the gravitational 
constant 1. 
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The thermodynamics of a self-gravitating gas cloud of particles interacting only via 
their gravitational potential is an interesting problem with peculiarities arising due to 
the long-ranged nature of the gravitational interaction. Based on our recent work on the 
properties of such a configuration, we extend the system to contain a central gravitational 
field in which the particles are moving, to mimic the potential of a central compact object 
exerting an external force on the gas cloud. After an introduction to the general problem, 
including the aforementioned peculiarities and possible solutions, we will discuss the 
particular properties of the self-gravitating gas in a central field and its thermodynamic 
analysis. 


Keywords: Thermodynamics, statistical mechanics; self-gravitating system; central 
potential. 


1. Introduction 


The topic of thermodynamic systems in the presence of gravity has been discussed 
in many occasions and forms! ?, and has raised many questions on how to deal 
with the long-range effects of gravity in the thermodynamic analysis of systems, 
where concepts such as the isolation of a system in one or the other regard are 
important. Non-stationary equilibrium situations, negative heat capacities or sim- 
ply divergences in the thermodynamic limit have been plaguing the analyses, and 
the conventional, very successful thermodynamic framework of Boltzmann-Gibbs 
statistics had to be adapted and modified in order to account for the peculiarities 
of the thermodynamics of a gravitational system. 

Based on a Boltzmann-Gibbs analysis of the self-gravitating gas*, the statistical 
analysis and subsequent calculation of thermodynamic properties have been carried 
out assuming a generalized framework intended to describe a system with non- 
extensive properties, due to the presence of long-range forces such as gravity. The 
adopted generalized framework, i.e., Tsallis generalized q-statistics, has been devel- 
oped in order to consider non-extensive effects, entailing an additional parameter q 
in the statistical analysis. 

This work is an extension of these previous investigations which generalizes the 
self-gravitating gas to a more realistic system featuring a centrally placed compact 
object, like e.g. a black hole, around which the gas is extending. Due to some 
peculiarities and open questions, we will not continue using the non-extensive q- 
statistics, but rather return to the conventional Boltzmann-Gibbs statistics, in order 
to get a first impression of the results. Other generalizations can be thought of, 
which will be commented on in the last section. 
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2. Statistical mechanics and thermodynamics of a 
self-gravitating gas 


I will briefly review the most important steps in the analysis of a self-gravitating 
gas ^^, from the system's properties to the peculiarities of the thermodynamic anal- 
ysis and some of its outcomes. 

The governing force of the self-gravitating gas is the gravitational attraction 
between its N identical constituent particles which are otherwise moving freely, 
and thus the Hamiltonian of the system is 


— Gm? DD E MS (1) 


, 
1<icj<N lai — ail, 


2 
a 


N 

p 

H=T+U= >, ms 

where G is the gravitational constant, m the mass of an individual particle, and A 

represents a short-range cutoff imposed in order to avoid the unphysical collapse of 

the system to a point. This Hamiltonian is the basis for a thermodynamic analysis 

which can be done in principle in different ensembles, like the microcanonical one, 

where the energy of the system is kept constant, or the canonical one, where instead 

the temperature is fixed, and energy can be exchanged with a reservoir. In the 

microcanonical ensemble, the most important thermodynamic quantity from which 

everything is derived is the entropy, i.e., the logarithm of this sum over microstates 
O(E, V, N), 


$ — kglnQ(E, V, N), (2) 
where 
(21 m)3N/? J T 3N/2-1 
= ————Mw——ld E-U i 3 
NIASNT (BX +1) al | (3) 


From the entropy, you can obtain important thermodynamic quantities such as the 
temperature of the gas, or the equation of state, i.e., the relation between pressure, 
temperature and volume. 

In the case of the canonical ensemble, the starting point is the partition function, 
defined as 


1 
Z=- 7 dN qd?" p exp, (-BH(p, q)) , (4) 


and everything else is derived from that quantity, like the equation of state. The 
temperature in this ensemble is fixed, so it cannot be calculated. 

Following the definition of these basic thermodynamic functions, calculations 
can be simplified by the assumption of a weak gravitational interaction, i.e., the 
gravitational contribution can be treated as a small correction to the ideal gas, and 
results can be obtained analytically in this case. 

Under this additional assumption, further quantities that are of thermodynamic 
interest can be calculated, like the heat capacity and other response functions of 
the system. Both equation of state and heat capacity have been calculated and 
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compared in the framework of Tsallis statistics?, and the details can be found 
there. 

An important point for further investigations is the question of the statistical 
framework, which is closely connected to the choice of thermodynamic limit. T'sal- 
lis’ non-extensive statistics naturally features a modification of the thermodynamic 
limit, in which the thermodynamic state variables result in convergent functions. In 
the case the conventional Boltzmann-Gibbs statistics, another modification of the 
thermodynamic limit has to be adopted? in order to obtain convergent results. In 
the following, we will employ Boltzmann-Gibbs statistics with the modified ther- 
modynamic limit. 


3. Addition of the central gravitational potential 


As a modification to the basic setup of a simple self-gravitating gas many compli- 
cations can be thought of. The simplest gase perhaps is the addition of a central 
potential, to model the situation of a self-gravitating gas around a black hole. We 
will start with the assumption of an external gravitational field caused by a mass 
M of size rs = 2GM/c? in the center of the configuration, restricting the move- 
ment of the gas between the radius of the innermost stable circular orbit (ISCO) 
at rrsco = 3rg and infinity. This will make a difference in the integrals contained 
in the sum over microstates and the partition function, respectively. Moreover, the 
central potential will have its influence on every particle in the gas. The generalized 
Hamiltonian thus reads 
y p? 2 1 1 
H = +- Gm $3 —-GmM Mj —., (5) 


i=l 1<i<j<N di — a5 4 1<icj<N Idi = rl 


with r denoting the center of mass of the compact object. 'To simplify calculations, 
we choose r — 0. 

'The computational procedures in order to extract the thermodynamic equation 
of state is fairly analogous to the case of a simple self-gravitating gas, and differs 
only in the restriction of the range of integration, due to the fact that we consider a 
ring-like structure, or even a flat two-dimensional disk shape. This restriction will 
manifest itself in the definition of the virial coefficients b;, which will be slightly 
different. 

The interesting question is whether the modification of the system will lead to 
differences in the thermodynamic limit, i.e., facilitate the calculation of otherwise 
divergent functions, or modify the qualitative dependence on the number of particles 
in the thermodynamic limit. Preliminary results indicate that this is not the case, 
and that modifications are limited to the virial coefficients of the problem. 


4. Outlook 


We have here discussed the thermodynamic properties of a self-gravitating gas un- 
der the influence of a central gravitational field caused by a heavy mass at the 
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center of the configuration. Basing on the analysis of a self-gravitating gas cloud 
consisting of ideal particles t?, an additional term accounting for the central gravi- 
tational potential was added to the analysis, and the resulting thermodynamic state 
variables were calculated. Preliminary results indicate slight modifications of the 
state variables, depending on the new parameter, the mass of the central object. 
'The goal is to generalize the analysis of a simple self-gravitating gas to eventually 
be able to make predictions on the thermodynamic behavior of matter around a 
compact object, i.e., an accretion disk of sorts. 

Besides the inclusion of a central compact object, the gas itself can be modified 
in its properties, e.g., by considering non-ideal interactions between the particles. 
'This could be accounted for in an exact way by adding additional particle-particle 
interactions to the Hamiltonian, with the corresponding coupling constant, like for 
example an electromagnetic charge. The different strengths of gravity and any 
other interactions that may be added have to be weighed against each other, and 
approximations could be applied. Another possibility would be to include effective 
potentials which are used in condensed matter systems, Mie-type potential like the 
Lennard-Jones case or others, in order to describe different variations of the gas. 
Investigations in this direction would represent the first steps towards the descrip- 
tion of non-ideal fluids in gravitational contexts - either gas clouds of interacting 
particles, or non-ideal fluids constituting accretion disks or clouds around a central 
compact object. 

Further generalizations include rotation of the system, or charge of the central 
object. Importantly, these results should then be connected to results of other 
calculations on accretion disks, in particular the accretion of (charged) dust particles 
in a spherical shell or torus structure?. 
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We explore the Hawking radiation phenomenon as a tunneling process of charged spin 
particles through event horizons of some particular black holes. Using the semi-classical 
WKB approximation to the general covariant wave equations of charged particles, we 
evaluate the tunneling probabilities of outgoing charged particles. The Hawking temper- 
atures corresponding to these black holes are recovered. By considering the back-reaction 
effects of the emitted spin particles from black holes, We calculate their corresponding 
quantum corrections to the radiation spectrum. It is found that this radiation spectrum 
is not purely thermal due to energy and charge conservation but has some corrections. 


Keywords: Hawking Radiation; Spin-1 particles; Quantum Corrections. 


1. Introduction 


A realm of space where gravity is so intense that nothing not even light can escape 
is known as Black Hole (BH). This idea laid by the astronomical pioneer John 
Michell (1784).! The outer surface of a BH is known as event horizon. Stephen 
Hawking (1974) evoked that BHs are not totally black, but they emit thermal 
radiation,? known as Hawking radiation. The mass and energy of BH decreases due 
to the continuous emission of these Hawking radiation, as a result eventually BH 
evaporates, this phenomenon is know as BH evaporation. 

A number of techniques have been introduced to investigate the Hawking ra- 
diation spectrum. By taking into account the semi-classical effects, the quantum 
tunneling approach? is the most convenient strategy to study these BHs radia- 
tion. Quantum tunneling is a process, by which particles have finite probability 
to cross the event horizon. In order to understand this process their are two main 
approaches, one of them is null geodesic technique proposed by Kraus & Wilczek,? 
while the other one is Hamilton-Jacobi technique propounded by Angheben et al.9 
'These techniques gives the tunneling probability, i.e., the estimated rate of emit- 
ted particles accompanying the classically forbidden trajectories from inside to the 
outside region of the BH through event horizon. The tunneling probability, T, of 
outgoing radiated particles can be defined as 


T = exp (— jms) (1) 


where S stands for the action of radiated particle and A represents the Planck’s 
constant. Sharif and Javed’ studied the Hawking radiation process through the 
quantum tunneling phenomenon for fermion particles from various types of BHs, 
also they analyzed quantum corrections for regular BHs. The quantum gravity 
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effects by using generalized uncertainty principle (GUP) have been discussed in 
literature. 1^ Javed and Babar!? investigated Hawking temperature and corrected 
Hawking temperature for fermions particles. Moreover, Javed et al.!9 analyzed 
the corrected temperature for spin-0 and spin-1/2 particles for cubic and quartic 
interactions. In the continuation of previous work, we are going to provide a general 
formulation of vector particles tunneling for general spherically symmetric rotating 
BH and investigate its original and corrected Hawking temperature. 


2. Charged Vector Particles Tunneling 


'The metric can be defined as 


1 
ds? = —Adt? + g^ | Cd8? + Dd? — 2Fdtdy, (2) 


where the metric functions A, B, C, D and F are depend upon r and 0. One 
can obtain the event horizon r} of this BH by considering the horizon equation, 
A(r4,0) — 0. The angular velocity of BH at event horizon is given by 


(3) 


In order to calculate the tunneling probability of charged spin-1 particles at horizon 
r4, the required Proca equation can be expressed as!" 


1 m? 


v b fw L v prs 
Wr (v —gV "m + red "Ny, + Pek p + n2 Vy => 0, (4) 


here g is the determinant of the coefficient matrix and m represents the mass of 
emitted particle, the U“” and PF"^" are anti-symmetric & electromagnetic field ten- 
sors, respectively, which are given by 


V,, = OV, — 8,V, — z eA, + eA Yy , PU LNVARINUA! (5) 
where A,, is electromagnetic vector potential of the given BH, e denotes the charge 
of the radiated W-bosons and V,, represents the geometry of covariant derivative. 
The equation of motion is same for both outgoing W* and incoming W- bosons, 
therefore the tunneling rate for both cases is also similar. Utilizing, the following 
WKB approximation for the given BH 


V, — c, exp [55(67.6, e) + ER” Saht, 7,9, ~)| , (6) 
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and the Proca equation (4), as well as by considering only the leading order terms 
in A, we obtain the following set of equations 


DB [e (81S)((09S) + eAo) — co(018S)?] + FBle3(O1S)? — e3(01S)((03) 
+  eA3)] + DC"! [ea(09S)((89) + eA3) — co(023S)?] + FOT [c3 (326)? 
—  ex(055)((08S) + eA3)] + [e3(03S)((OoS) + eAo) — co(03S)((O3S) 
+  eA43)] + eA3[c3(O9S) + eA3c3 — co(03S) — eA3co] + m?Deo 
+ m?Fes — 0, (7) 
DB [c1(00S)((OoS) + eAo) — co(A1S)(O0S)| + FBlc3(A1S) (AS) 

—  c(00S)((058) + eA3)] + BC (BD + F?)[co(018)(028) — cı (328)"] 
+  AB[es(01S)(03S) — c1(03S)((03S) + eA3)] + m?Ba(BD + F) 
— JBFla(83S)((89S) + eAo) — co(01S)(83S)] + eAoBD([ci((0oS) 
+ eAo)-— c9(0,S)] + eAoBF[es(041S) — e1((03S) — eA3)] 
+  eAsAB[es(618) — e1((058) + eA3)] — eAsBF[ci((O0S) 
+  eAo)-— co(015)] = 0, (8) 
DC™~? [es(09S)? — co(025) (09S) + eAo(0oS)eo] + FC~*[c3 (oS) (02S) 

—  ex(0gS)(04S) — eAaco(0gS)] — m?^c3C- ! (BD + F) 

+ AC les(05S)(03S) — co(03S)? — €A3c2(03S)] — FC !((83S)(09)co 
—  cgo(03S)(83S) + c3eAo(03S)] + eAo.DC"  [e2(09S) — co(O2S) + eAocz] 
+  eAoFC [es(03S) — e2(803S) — c2eA3] + e43 AC" ! [c3 (02) — c2(83) 

—  eAsc;] — eAgFC" ![eo(09S) — co(32S) + e Avoca] 

— BC (BD + F)le(018)? — c1(A18)(A28)] = 0, (9) 
BF [a(809S)(818) — co(018)? + eAoci (818)] + FC [c2(AoS)(A28) 

—  eo(0aS)? + eAoc2(328)] — AB[ea (05S)? — ec1(01S) (83) 

— e€A3c1(O,S)] — AC [es (03S)? — c2(025)(03S) — eAaca(055)] 

+ eAo[es(090S) — co(03S) + eAocs — eAsco] + [c3 (308)? 

—  cg(03S)(8gS) + eAoca(09S) — eAaco(09S)] + FC! [co(09S)(09) 

—  eo(0aS)? + eAgca(05)] + m? [Feo — c3 A] = 0. (10) 


By considering the separation of variables technique, one can write the particle's 
action in the following form 


S = —(E — jQg)t - R(r) 4 jp + 9(0), (11) 


here j and E are the angular momentum and energy of radiated particle, respec- 
tively. The above set of Eqs. (7)-(10) can be describe in the form of following 4 x 4 
matrix equation, i.e., 


(co. c1, c2, c3 zx (12) 
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In order to obtain the following non-trivial solution, we take | A | = 0 


(E jg edo)? EY 


E = 4| 1dr. 1 
R AB dr (13) 
The above equation implies the imaginary part of radial component of particle’s 
action, 1.e., 
E — jg — eA 
tape = dou c e. (14) 
A, (r4, 0) B, (r+, 6) 
where the function Y is given as follows 
Y = -AN?C-! — m?A+ BF(E — jQg) — ABO — eA9BF — eA3AB. 
The tunneling rate of charged spin-1 particles can be calculated as 
4 —4n(E — edo — jQ 
peu E Imr cau S0 a UA (15) 
h Ar (r4., 0) B, (r.- , 0) 


By utilizing Boltzmann formula Tg = exp [(E — eAo — jQg)/Tg], the expected 
Hawking temperature Ty can be obtained as 


quos — . (16) 


4m 


3. Quantum Corrections 


'The GUP-corrected equation of motion of massive uncharged W bosons is given 
by 18 


2 

9, (V 79V") — /-g 4 V" + BN 00, (Vg V”) - Bh*0,2,0,( gg") = 0, 
(17) 

where mw is vector particle's mass, the modified anti-symmetric tensor V^" is 

defined below 


v^" = (1 — BI202)0, v, — (1— BI202)0, V p. 


Using coordinate transformation, the metric can be rewritten as follows 


ds? = — Adt? 4 jd? + Cd? + Dd. (18) 


The WKB approximation for the vector field V^ is given by 


L 


Rott r,0,)| . (19) 


V^ = c, (t, r, 0, p) exp | 


909 


Substituting values from Eqs. (18) and (19) in Eq. (17) and neglecting the higher 
order terms in fh, we obtain the following set of equations 


B [co (8,8)? P2 — c (0,S)(&S)PL Po] + cle (Xo P] — ex (888) (8.8) P Po] 


+ Tie (0 4S P — eg (04S) (iS) P3 Po] + comiy = 0, (20) 
= Ale (As P? — co(0;S) (OS) P Pi] + ale (OS P? — ex(09S)(8,.S) PoP] 

+ L fe1(3p5)?P? — c3 (3p S)(3 S) Ps Pi] + eim? = 0, (21) 
= Alesis P — co(01S) (3S) Py P2] + B[c2(3 S)? P2 — cı (3 S) (39 S) P, Po] 

+ Tile aes P? — ca(04S) (aS) Ps P] + come, = 0, (22) 
= Ales 0i P? — co(0&S) (O4 S) Po P3] + Bes (8)? P2 — e1(0S) (053) P P3] 

+ tiles oS Pd — c2(08) (0,5) Poi] + camy = 0, (23) 

where 


Py =1+4 57 (8:8), P, =1 + B(S}, 


Bar BZS}, Asis EF (24) 


According to the Hamilton-Jacobi method, the separation of variables technique 
provides the following form of particle’s action, i.e., 


S = —(E — jQOg)t + R(r) + 90,9). (25) 
Using Eq. (25) in Eqs. (20)-(23), we get the following 4 x 4 matrix equation, i.e., 
NN (co; c1, c2, ca = 0. (26) 


By considering only the leading order term in B and taking det A — 0, we determine 
the following form of imaginary part of particle's action 


T(E — jn) 
Ar(r+,0)Br(r+,0) 
The tunneling rate of emitted particles at horizon can be obtained as 
An(E = jg) 


"NUxUGMDESuS Pr M 


ImR*(r) =+ 


x (1 + BII). (27) 


4 
D = exp [Zr | = exp 


For h = 1 and Tg = exp[(E — jQx#)/Ty], the effective Hawking temperature is 
evaluated as 


A, (r+, 0) B,. (r4, 0) 
4n(1 + 83) 
where Ty is the original Hawking temperature defined by Eq. (16). 


Ty = = T«(1— AM), (29) 
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4. 


In 


Conclusion 


this paper, we have studied the tunneling rate and Hawking temperature for 


vector particles. By considering the Hamilton-Jacobi method and applying the 
WKB approximation, we have considered Proca equation for massive charged vector 
field. Later, we have investigated the corresponding Hawking temperature of vector 
particles tunneled through horizon, which preserved charge and energy. Moreover, 


by 


utilizing GUP modified Proca equation, the corrected Hawking temperature has 


been computed by considering quantum gravity effects. We have concluded that 


the correction term decelerates the increase in Hawking temperature. 


References 

1. G.E. Romero and G.S. Vila, Introduction to Black Hole Astrophysics (Springer, 
2014). 

2. S.W. Hawking, Nature 248, 30(1974); ibid. Commun. Math. Phys. 43, 
199(1975); Erratum: Commun. Math. Phys. A6, 206(1976). 

3. R. Banerjee and B.R. Majhi, JHEP 0806, 095(2008). 

4. R. Kerner and R.B. Mann, Phys. Rev. D73, 104010(2006); ibid. Phys. Rev. 
D75, 084022(2007). 

5. P. Kraus and F. Wilczek, Phys. Lett. A9, 3713(1994); ibid. Phys. Lett. B437, 
231(1995). 

6. M. Angheben, M. Nadalini, L. Vanzo and S. Zerbini, J. High Energy Phys. 05, 
014(2005). 

7. M. Sharif and W. Javed, J. Korean Phys. Soc. 57, 217(2010); ibid. Can. J. Phys. 
90, 903(2012); ibid. J. Exp. Theor. Phys. 115, 782(2012); ibid. Eur. Phys. J. 
C72, 1997(2012); ibid. Gen. Relativ. Gravit. 45, 1051(2013); ibid. Can. J. Phys. 
91, 43(2013); ibid. Proceedings of the 3rd Galileo-Xu Guangqi Meeting, Int. 
J. Mod. Phys.: Conference Series, 23, 271(2013); ibid. Proceedings of the 13th 
Marcel Grossmann Meeting (Stockholm, 2012), World Scientific, 3, 1950(2015). 

8. A.F. Ali, JHEP 1209, 067(2012). 

9. B. Majumder, Phys. Lett. B701, 384(2011). 

10. A. Bina, S. Jalalzadeh and A. Moslehi, Phys. Rev. D81, 023528(2010). 

11. P. Chen, and R.J. Adler, Nucl. Phys. Proc. Suppl. 124, 103(2003). 

12. R.J. Adler, P. Chen and D.I. Santiago, Gen. Relativ. Gravit. 33, 2101(2001). 

13. L. Xiang and X.Q. Wen, JHEP 0910, 046(2009). 

14. W. Kim, E.J. Son and M. Yoon, JHEP 0801, 035(2008). 

15. W. Javed, and R. Babar, Fermions Tunneling and Quantum Corrections for 
Quintessencial Kerr-Newman-AdS Black Hole, arXiv:hep-th/1812.07937v1. 

16. W. Javed, R. Babar and A. Óvgün, Hawking radiation from cubic and quar- 
tic black holes via tunneling of GUP corrected scalar and fermion particles, 
arXiv:gen-ph/1808.09795v2. 

17. W. Javed, G. Abbas and R. Ali, Eur. Phys. J. C77, 296(2017). 

18. A. Ovgiin, W. Javed and R. Ali, Adv. High Energy Phys. 3131620, 11(2018). 


911 


Killing horizons, throats and bottlenecks in the 
ergoregion of the Kerr spacetime 


D. Pugliese and H. Quevedo 


Institute of Physics, Faculty of Philosophy & Science, Silesian University in Opava, 
Bezruéovo náměstí 13, CZ-74601 Opava, Czech Republic 
Dipartimento di Fisica, Universita di Roma “La Sapienza”, I-00185 Roma, 
Italy Instituto de Ciencias Nucleares, Universidad Nacional Autónoma de México, 
AP 70548, México, DF 04510, Mexico 
E-mail:d.pugliese. physics Q gmail.com 


The properties of Kerr black holes (BHs)and naked singularities (NSs) are investigated 
by using stationary observers and their limiting frequencies. We introduce the concept 
of NS Killing throats and bottlenecks for slowly spinning NSs to describe the frequency 
of stationary observers. In particular, we show the frequency on the horizon can be used 
to point out a connection between BHs and NSs and to interpret the horizon in terms 
of frequencies. The analysis is performed on the equatorial plane of the ergoregion. 


Keywords: Black holes; Naked singularities; Killing horizons. 


1. Introduction 


We study the orbital angular frequencies of stationary observers in the Kerr space- 
time. We introduce the concept of Killing throats that arise in the spacetime of 
NSs and can be interpreted as the “opening” and disappearance of Killing horizons. 
Killing bottlenecks are identified as “restrictions” of Killing throats that appear in 
the case of weak naked singularities? (WNSs) for which the spin-mass ratio is close 
to the value of the extreme BH. To explore these NS effects, and considering the 
dynamics of the zero angular momentum observers (ZAMOS), we introduce the 
concept of “metric bundles" and “extended planes". In this work, we limit the anal- 
ysis of the equatorial plane of the Kerr spacetime. The generalization to the case 
of the Reissner-Nordstróm and Kerr-Newmann spacetimes is presented elsewhere’*. 

We first analyze the behavior of the frequency of a stationary observer in terms of 
the radial distance and the spin parameter a of the source. In this way, we find in the 
NS region a particular set of curves that we identify as the Killing throat. In the case 
of WNSs, for which a/M €]1, 2], the Killing throats show “restrictions” identified 
as Killing bottlenecks. To explore the properties of the bottlenecks, we introduce 
the concept of extended plane which is a graph relating a particular characteristic 
of a spacetime in terms of the parameters entering the corresponding spacetime 
metric. Any curve on the extended plane represents, therefore, a metric bundle, 
i.e., a family of spacetimes defined by a characteristic photon orbital frequency w 
and characterized by a particular relation between the metrics parameters. In the 
case of the Kerr spacetime, the extended plane turns out to establish a relation 


The concept of strong and weak NSs, defined through the values of the spin parameter, has been 
explored in several works! 4^. However, they can also be defined as strong curvature singularities °. 
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between BHs and NSs. As a consequence, WNSs turn out to be related to the 
appearance of (a portion of) the inner horizon, whereas strong naked singularities 
(SNSs) with a > 2M are related to the outer horizon. 

'This work is organized as follows. In Sec. 2, we discuss the concept of stationary 
observers, introducing the concepts of Killing throats and Killing bottlenecks. A 
discussion of the significance of the Killing bottlenecks and their possible origin is 
presented in Sec. 2.0.1. In Sec. 3, we introduce a possible generalization of the 
Killing horizon definition in the extended plane. Finally, we discuss a possible 
connection between black holes and naked singularities, revisiting the definition of 
horizons and the role played by NSs in horizon construction. Final remarks follow 
in Sec. 4. 


2. Stationary observers and light surfaces 


Consider the Kerr spacetime in Boyer-Lindquist (BL) coordinates, (t, r, $,0), with 
M > 0 as the mass parameter and a = J/M > 0 as the specific angular momentum 
or spin, where J is the total angular momentum of the gravitational source. The 
horizons and ergospheres radii are given by r+ = M + VM? —a? and rZ = M+ 
VM? — a? cos? 0. Stationary observers are characterized by a four-velocity of the 


form 


u* = (Ef +H), y ^ = ro’ gas + 2ugio + gu); (1) 
where y is a normalization factor with & = —gagu°u?, £; is the rotational Killing 
field, £j is the time-translational Killing field, and w is a uniform angular velocity 
(dimensionless quantity)". In BL coordinates, in which the metric tensor depends 
on (r,0) only; this means that r and @ are constants along the worldline of each 
stationary observer (the observer does not see the spacetime changing along the 
trajectory). The spacetime causal structure of the Kerr spacetime can be also 
studied by considering stationary observers®. 

Timelike stationary particles have orbital frequencies in the range 


2.. Itt g —_ Iot 
* 


me qu TT uus 

(2) 
where wz is the orbital angular frequency of the zero angular momentum observers 
(ZAMOS) and w+ are the limiting frequencies of photons orbits, which are solutions 
of the equation gas £$ LÊ = 0 with L+ = & + wis. Killing vectors L+ are 
generators of Killing horizons. The Killing vector € + wg becomes null at r = r4, 
defining the frequency w4 (r4) = wp. 

On the equatorial plane 0 = 7/2 of the Kerr spacetime we have that 
_ 2aM? + M/r? 


+ = ————————, A=r?-—2M 3 3 
"es r3 -a2(2M +r)’ li ds (3) 


w Elw_,w4+[ where w+ = wz 4/w} — w 


bThe particular case w = 0 defines static observers; these observers cannot exist in the ergoregion. 
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with the asymptotic behavior 


M 
lim w4 —0, lim w+ =0, lim w4 =w= — (4) 
T—00 a— 00 r0 a 
and the particular values 
u u _ a u du aM 
Wp = were) = wz (r+) = Or,’ We = w4 (r?) = 3M2 4+ a? (5) 


We can see that w— < 0 for r > rf, and w_ > 0 inside the ergoregion, while w+ > 0 
everywhere. Moreover, since w} = w.. on the horizon, stationary observers cannot 
exist inside this surface. Therefore, w+ are limiting angular velocities for physical 
observers. The behavior of the frequencies w+ is depicted in Fig. 1. Notice that 


Eu astu 


Fig. 1. Left panel: Plots of the frequency surfaces w+ as functions of the radial distance r in 
Cartesian coordinates (x,y) for different spin values a, including BHs (upper plots) and NSs 


(bottom plots). Timelike stationary observers are defined in the region bounded by these planes. 
In the BH case, the horizons are clearly identified; as the spin increases, the horizons merge and, 
in the NS region, a rippled configuration (bottleneck) appears specially in the case of WNSs with 
(a €]M,2M]). Right panel: Plot of the frequency interval Aw4 = w+ — w_ as a function of the 
radius r/M and the spin a/M. The extrema rx and rg are solutions of the equations Or Aw4 = 0 
and Os Aw. = 0, respectively. Bottlenecks are shown explicitly 4. 


instead of the spin parameter a, we could use the frequency wo or wp to parameterize 
the Kerr spacetime by using the relations 


M " 4Mwnp, (6) 
a=— or a=, 
Wo 1+ 4w? ’ 


respectively, which can be prove to be 1 — 1 relations. This simple observation 
has very important consequences. In fact, if we could measure all the values of 
wo €]0, co| or wn €]0, 1/2], the entire Kerr family of spacetimes would be described 
by these frequencies. From a practical point of view, however, we can expect that 
the frequency on the (outer) horizon wp is a more suitable candidate for being 
measured. This, again, is an interesting fact that seems to be related to the well- 
known property that all the physical degrees of freedom of a black hole are encoded 
on the horizon. 
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The angular frequency wo (“frequency of the singularity") emerges as a relevant 
quantity in this analysis and, as it is clear from Fig. 1, it can be used to differentiate 
between low spin a € [0, M] sources, where the frequency gap Aw4 = w4 — w- is 
larger, and WNSs and SNSs, where stationary observers are not defined (asymp- 
totically, for large a/M, wo + 0 and Aw ~ 0 for a fixed orbit r). 

The constant wp is also important in the context of BH thermodynamics. In- 
deed, from the fundamental Bekenstein-Hawking entropy equation, $ — 1Àn. where 
An = Ap(r+) is the area of the outer horizon, one can derive all the thermodynamic 
properties of a BH, including its temperature (surface gravity) and angular velocity 


at the horizon*. The frequency wp also determines the uniform (rigid) angular veloc- 
ity on the horizon, representing the fact that the BH rotates rigidly. This quantity 
enters directly into the definition of the BH surface gravity and, consequently, into 
the formulation of the rigidity theorem. BH thermodynamics is established through 
the quantities (r4,w,) and their variation (in r > r4); consequently, from the point 
of view of the geometric laws of the BH thermodynamics considered here, the uni- 
verse in the outer region, r > r+, is regulated exclusively by the outer horizon r+ 
(the region “inside” the black hole, i.e., r < r+, does not directly enter in the outer 
region thermodynamics). This aspect will have a correspondence in the concept of 
inner horizon confinement (in the extended plane) that we will show in Sec. 3. The 
BH surface gravity is defined from the variation of the Killing field £ norm on the 
outer BH horizon. In this analysis we study this norm and its variation on the 
equatorial plane of the Kerr geometries (i.e. r > 0 and 0 = 7/2). We focus partic- 
ularly on the ergoregion as the outer boundary of the ergosurface (r* = 2M) is a 
spin-independent quantity (in the static limiting metric, where r* = 2M, there is 
an event horizon associated to the Killing £j,-apparent, trapped, Killing and events 
horizons in stationary and static spacetimes coincide.). The relevance of this special 
feature of the outer ergosurface on the equatorial plane consists in the variation of 
the norm of the Killing field £ with the dimensionless spacetime spin a/M. The 
off-equatorial case is instead considered in Ref. 7. 

Since S depends only on the radius of the outer horizon, which in turn depends 
only on M and a, we can replace the spin parameter a by the frequency parameter 
wp, by using the 1 — 1 relation (6). This means that wp can play the role of a 
thermodynamic variable for a BH. It would be interesting to investigate how the use 
of the frequency wp, instead of the angular momentum J = aM, as a thermodynamic 
variable would affect the thermodynamics of the corresponding BHs. 

Killing vectors and Killing horizons 

It is convenient here to review some well-known facts about Killing horizons 

and Killing vectors. A Killing horizon is a null surface, So, whose null generators 


*In fact, one can write the Hawking temperature as Ty = fic&/2-kp, where kg is the Boltzmann 
constant and & is the surface gravity. Temperature T = «/(27); entropy S = A/(4hG), where A = 
area of the horizon A = 8rmr.; pressure p = —wj; volume V = GJ/c? (J = amc? /G); internal 
energy U= GM (M = c?m/G- mass) and m is the mass. 
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coincide with the orbits of an one-parameter group of isometries (i.e., there is 
a Killing field £ which is normal to So). Therefore, it is a lightlike hypersurface 
(generated by the flow of a Killing vector) on which the norm of a Killing vector goes 
to zero. In static BH spacetimes, the event, apparent, and Killing horizons with 
respect to the Killing field € coincide. In the Schwarzschild spacetime, therefore, 
r = 2M is the Killing horizon with respect to the Killing vector Qj. The event 
horizons of a spinning BH are Killing horizons with respect to the Killing field 
Lyn = Oi + who, where wp is defined as the angular velocity of the horizon (the 
event horizon of a stationary black hole must be a Killing horizon). In Ref. 7, we 
also consider the case of the Reissner-Nordstróm and Kerr-Newman spacetimes. 
Killing vectors and BH surface gravity 

'The surface gravity of à BH may be defined as the rate at which the norm 
of the Killing vector vanishes from outside. The surface gravity for the Kerr BH 
metric, SG kerr = (r+ — r-)/2(r2. -- a?), is a conformal invariant of the metric, but 
it re-scales with the conformal Killing vector. Therefore, it is not the same on all 
generators (but obviously it is constant along one specific generator because of the 
symmetries). 

Surface gravity and frequencies 

The Kerr BH surface gravity can be decomposed as & = Ks — Ya, where ks = 
1/4M is the Schwarzschild BH surface gravity, while ya = Mw? is the contribution 
due to the additional component of the BH intrinsic spin; wp is, therefore, the 
angular velocity (in units of 1/M) on the event horizon. The (strong) rigidity 
theorem connects then the event horizon with a Killing horizon, stating that, under 
suitable conditions, the event horizon of a stationary (asymptotically flat) solution 
satisfying suitable hyperbolic equations is a Killing horizon. The surface area of 
the BH event horizon is non-decreasing with time (which is the content of the 
second law of black hole thermodynamics). The BH event horizon of the stationary 
solution is a Killing horizon with constant surface gravity (zeroth law)?. Thus 
A = £°L, is constant on the horizon. The surface gravity is then defined as the 
constant k : V°A = —2«K£° (on the outer horizon r;). Alternatively, it holds 
that LEV Lp = —KLa and Ler = 0, where Lz is the Lie derivative (a non affine 
geodesic equation). In other words, « is constant on the orbits of £. 

We here consider A as a function of (r,a) (as we are restricting the analysis to 
the equatorial plane). To analyze the dependence on a, we introduce the concept of 
the extended plane x^ as the set of points (a/M, Q), where Q is any quantity that 
characterizes the spacetime and depends on a. In general, the extended plane is an 


dProgenitors, as stars or galaxies, have generally spin a = J/(Mc) usually bigger than their 
mass m — GM/c?. During the gravitational collapse, the body should lose mass and angular 
momentum, generating the Killing horizons, ending up as a black hole. Penrose Cosmic Censorship 
Hypothesis constrains the gravitational collapse from good (physically realistic) initial conditions 
for the progenitors to end up in a BH; this result, however, is still an hypothesis, strictly depending 
on the “physical” initial conditions. 
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(n + 1)-dimensional surface, where n is the number of independent parameters that 
enter Q^. An example of an extended plane is plotted in Fig. 1, which corresponds 
to the 2D set of points (a/M, w+). The frequency w+ shows “ripples” , which emerge 
when the spin is within the interval a €|M, 2M]. The surfaces become connected 
and the two horizons disappear, leaving as “remnants” in the planes the “Killing 
bottlenecks”. Those ripples appeared also in different analysis of the stationary 
observes. 


2.0.1. Light surfaces 


Light surfaces are determined by the solutions of the equation gas £3 LÊ = 0, which 
in the case under consideration can be expressed as? 
r;  2f,sin(iarcsinfo) rf _ 261 cos (4 arccos(—6o)) 


r = —Ó M^ We (7) 


(8) 


The surfaces rs = rł Ur; are represented for BHs and NSs in Fig. 2. In the 
BH case, we note the disconnection due to the presence of the horizons, which 
corresponds to the disconnection in the frequency planes of Fig. 1, where we limit 
the plots to the region rs < r4. Physical (timelike) observers are located between 
the inner cone and the outer cylinder surfaces of Fig. 2. As the spin increases into 
the NS regime, the surfaces merge at a > M, giving rise to a connected surface frs 
(rf Ur;), the Killing throat (or tunnel). For spins a €]0, 2M], the Killing bottleneck 
appears as restriction of the surface rs = r* U r7. We focus the analysis on the 
Killing bottleneck considering a 2D representation of the Killing throat versus the 
frequency w at different spins, close to values where the bottleneck appears. Fig. 4 
shows the behavior for BHs (gray region) and NSs. In the BH case, we do not 
consider the region inside the inner horizon (i.e. r < r_). The outer horizon is the 
tangent point r} to the curve r, and the minimum (regular) point of the surface 
rs(w). For the extreme Kerr spacetime the horizon is a (non regular) cusp point in 
this representation. Each Killing throat is associated to one spacetime geometry. 


iM ale 


acum anal 


s 


Fig. 2. Plots of the surfaces rg: (in units of mass) versus the frequency w for different spin values 
a/M, including BH and NS geometries. The Killing throat and bottleneck are plotted. 
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For example, the Killing throat defined for a = 2M has a characteristic singularity 
frequency wo = M/a = 0.5, which is the limiting frequency at the singularity 
(note that the restriction of the throat approaching the singularity corresponds to 
a null frequency gap Aw+, meaning that there are no physical stationary observers 
close to the singularity). At a fixed value r,(w), one orbit on a throat a = 2M, 
corresponds to two (positive) photon orbital frequencies w+} and w_ (a part on 
the singularity rs = 0); viceversa, there can be two orbits ri(w) < ra(w) on the 
surface rs (vertical lines in Fig. 2), where photons have equal orbital frequency 
(note that the photon orbital frequency w+ are limiting frequencies for timelike 
particles; therefore, they determine also the range of possible values of w for the 
physical stationary observers). 

Killing bottleneck appears as restriction of the Killing throat in the light sur- 
faces analysis and as ripples in the frequency planes of Fig. 1. We considered the 
possibility that these “horizons remnants” in WNSs were caused by failure of the 
BL coordinates “close” to the a = M, in the region near the horizon r+ = r- = M; 
nevertheless, Killing bottlenecks appear in the whole spin range a €|M,2M]. To 
understand if the Killing bottlenecks are due to some known geometrical properties 
of the singularities, we focus our analysis on the spins a €]M,2M]. Considering 
ZAMOs dynamical properties, we highlight some particular spin values of this 
range. 


2.0 r, =constant 


12 94 r; -constant 


0.5 


0.0L: 


a/M 


Fig. 3. Curves ry =constant and rj =constant (inside panel) in the plane (w,a/M). The 
numbers denote the constant radii r;/M (light cylinders). The angular momentum and the 
velocity (a,w) for rs(a,w) = 0 are related by w = M/a. 


Zero Angular Momentum Observers 
Some properties of spacetimes with bottlenecks shown in Fig. 2 can be related 
to the dynamics of ZAMOs, which are defined by the condition 


L = tolls = gagt9p? = grett+geed =0 (dó/dt = —gpr/99¢ = wz = (we+w_)/2). 
(9) 
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Fig. 4. The radii rz versus the frequency w for different values of the spin a/M (numbers close 
to the curves). The gray region is the only region allowed for the case of BH spacetimes. The 
surfaces f.4 at a = M (extreme-BH-case) are shown in black-thick (from Ref. 4). 


The variation of the orbital frequencies of the ZAMOs with the spin, for differ- 
ent orbits, shows the existence of extreme orbits as shown in Fig. 6, Oawz|, [7 
0, we wz(re), where 


3 2 Y? 
Te T Y = d/oMa? + V3 yat (27M? — a?). (10) 


The relation between ZAMOS orbital frequency and light frequencies w+ can be 
inferred from Eq. (2). In Figs. 5 and 6 some properties of the ZAMOs dynamics 
are shown, which follow from the analysis of the Killing bottleneck and the light 
surfaces, Fig. 4. 


Il 
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LU 


ayaa 


0.0 05 L6 1.5 190 L P 
aM 
Fig. 5. The radius r(a), solution of 0-A., = 0, i.e., it represents the critical points of the 
separation parameter Aw, = (w4 — uw). 72 on the equatorial plane 0 = 7/2. The radius rz, 


where the orbital energy € = 0, and the orbits f, for which £ = 0, are also plotted. Dashed 
lines represent the spins ag = 1.064306M, a, = 44/2/3/3M ~ 1.08866M, aA = 1.16905M and 
a3 = 3/3/AM. The black region corresponds to r < r+. The radii | : Oa Au, = 0 are plotted 
as functions of a/M-from Ref. 4. 


These spins are significant for the orbital properties of the ZAMOs which exist 
exclusively inside the ergoregion of WNS with a < 1.31M*. A more detailed 


©The constant £ and E shown in Figs. 5 and 6 are constant of motion associated respectively to 
£y and £y and compose the rotational version of the Killing fields i.e. the canonical vector fields 
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Fig. 6. Left panel: The ratio £* /£*. and the angular momentum of the ZAMOs w% as a function 


of a/M in the static limit r = r. The angular momentum wh = wy (rZ) which is a boundary 
frequency for the stationary observer (outer light surface) is plotted (gray curve). The radius 
rj is defined by the condition w— (rt) = 0, wp is the ZAMOs angular velocity on r = r+, i.e. 
w4(r+) = wp. The maxima, related to the orbits re(a), are denoted by points. A zoom of this 


plot in the BH region is in the right panel (from Ref. 4). 


analysis is performed in Figs. 5 and 6. See also Ref. 4. From the analysis of Fig. 5 
it follows that the radii connected with the the frequency interval A, = w4 — w- 
are relevant to Killing bottlenecks: 


ae 1 8a? Ex 0. D [Hd . (8a? 
Tw = N COS 3 arccos U* ; Tm = ysm 3 arcsin P3 ; 


| 2/8M? — a? 
n= a 3 


where rg: aA 


fo r&]0,2/2M[ 


| +=0 (maximum points). (11) 
7m 


The plots of Fig. 5 show also the radii related to the frequency gap Aw. These 
radii are related to properties generally associated with so called “repulsive effects” 
of NSs. In this sense, the presence of ripples in the frequency sheets seem to be a 
related effect. It is also to be noted that the ripples are defined as a gap restriction 
in the frequency sheets; more precisely, they could be interpreted as due to the 
existence of two null orbits rı € r2, where Aw4 (r1, r2) is a minimum. That is, there 
is a pair of points (r1, r2) € r,xr,, on the light surface of a selected spacetime, where 
the photon orbital frequencies interval (range of possible timelike orbital frequency) 
is minimized. Clearly, the limiting case occurs for rı = rg = rx : Aws(rs) = 0, 
i.e., in rą € {0,r+}. In this sense, the horizons and singularities can be interpreted 


V= (r? +a?) -FaÓ, and Wza Os, -Fac?0;, c = sin 0. The contraction of the geodesic four-velocity 
with W leads to the non-conserved quantity £L — £ac?, which on the equatorial plane reduces to 
the constant £ — £a. Considering the principal null congruence y+ = +0, 4 A-1V, there is the 
angular momentum £ = ao?, that is Z = 1 (and € = +1, in proper units), every principal null 
geodesic is then characterized by 4 = 1, with £ = E = 0 on the horizon. In this analysis, the 
dimensionless radius R = r/a is relevant. For more discussions on the role of this ratio as £ = £/a 
and £ = £/£a, see Ref. 4. 
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as the limiting cases of the Killing bottlenecks (“horizons remnants"). For more 
details see Ref. 7. 


3. Horizon extension: Unveiling BH-NS connections 


Figure 5 shows a bottleneck configuration for spins a €] M, 1.31M]. We now intro- 
duce the concept of metric bundle g,, as the collection of Kerr metrics within the 
parameter range a € [ao, ag] with 


iis 2M?u + ./r2w? [M2 — r(r +2M)w?] (12) 
(r+ 2M )w? 
and a constant frequency w, which characterizes the bundle g,. Any geometry 
of the bundle possesses two distinct lightlike orbits, rı < ro, whose frequencies 
coincide with the characteristic frequency of the bundle, i.e., w(r1) = w(r2) = w, 
constrained within the limiting geometries with ag and ag. Moreover, the orbital 
distance (ra — rı) reaches a maximum in the bundle and is null on the borders ao 
and ag. All and only the geometries of that bundle share this property. From Fig. 7 
we derive some general properties of the metric bundles: 1) The vertical axis of the 
extended planes contains all the origins ao €]0,oo[ of the metric bundles gw. 2) 
The curve a, represents the horizon in the extended plane c* and the boundary 
spin ag €]0, M] is associated to this curve. 3) We can identify a correspondence 
between the inner horizon r_ and outer horizon r} on the curve a4, as shown in 
Fig. 7; we identify the BH-strip in the lower part of the panel and the NS-strip in 
the upper one as indicated. 4) The metric bundles gwu are closed as a consequence 
of the closing of the €4 orbits. 5) The metric bundles g,, are tangent to the horizon. 
6) The metric bundle shown in Fig. 7 corresponds to the characteristic frequency 
w = 0.5 and origin ag = 2M, which is the upper limit of the spin region, where 
the Killing bottleneck appears. The bundle is tangent to the Killing horizon at the 
point ra = M, corresponding to the spin ag = M. This bundle is related also to 
the light surfaces with wo = 0.5 and wo = 1 as seen in Fig. 4. We note that this 
special metric bundle, corresponding to the spin ag = M, is regular on the point 


WEN 
V |" w "| ^ 


eM 


s 


inner horizon Horizon curve Outer horizon 


Fig. 7. The metric bundle gw for the spin w+ = wp = 1/2 and bundle origin ao = 2M. The 
horizon curve (a. (r) = \/r(2M = r)) and ay, solution of r = r+ where ry € XZ is the photon 
orbit in the ergoregion of the Kerr BH, are also plotted. The right panel shows a confinement of 
the metric bundle in the region bounded by the inner horizon and the bundle at w — 0.5. 
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Expansion of metric bundles 
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Fig. 8. The metric bundle gq, with origins ag > 0. The horizon appears as the envelope surface. 


on the horizon for the extreme Kerr BH and relates the spin-origin ag and the 
tangent point rj, on the horizon with the spin ag defined by the tangent point. It is 
clear that the horizon curve on the extended plane corresponds to a unique horizon 
frequency wg. It is possible to show that the correspondence (ao, ag, wg) can be 
set as a bijection. 

Translating the bundle origin ag in all the range ao > 0 in Fig. 8, some relevant 
properties of the metric bundles and the Killing horizon appear: i) All the metric 
bundles are tangent to the horizon. ii) The metric bundles do not penetrate the 
horizon. iii) The space subtended by the horizon curve in the extended plane is not 
described by any metric of any bundle (in the sense of our analysis). 

From the above properties, we can derive the following consequences: 1) The 
frequencies w of each bundle g, (and on every point r of each bundle) are all and 
only those of the horizon frequency wy. It is, therefore, sufficient to know the 
horizon frequency wg in the extended plane to fix the photon orbital frequencies 
(and therefore the physical observer frequency range) in each point of any BH or 
NS geometry of the Kerr spacetime family. 2) The horizon arises as the envelope 
surface of allthe metric bundles. 3) The part of the horizon curve corresponding 
to the inner horizon in «^ is built partially by metric bundles all contained in 
the region inside the inner horizon, i.e., confined in a, € [0, M], r € [0, M] and 
ao € [0, M]. These bundles have origins in ao € [0, M]. However, these special 
bundles are not sufficient to construct, as envelope surface, the whole inner horizon 
in the extended plane. 4) The bundles necessary for the construction of the other 
part of the the inner horizon in 7? have origin in ag € [M, 2M], i.e., in the WNS 
geometries, where the Killing bottleneck appear. 5) The Killing bottleneck appears 
to be related to the properties of these special metric bundles, which are involved 
in the construction of the inner horizon as envelope surface. 6) The portion of the 
horizon curve corresponding to the outer Killing horizon on the equatorial plane is 
constructed by metric bundles with origins ag > 2M, which we identify as SNS. 
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We close this section noting that the whole set of photon limiting orbital fre- 


quencies w+ (or alternatively the light surfaces r+) of a single Kerr geometry with 


spin à (and therefore the range of orbital frequencies for the physical observers) in 
the extended plane, is given by the collection of points of all the metric bundles on 
the horizontal lines a =constant in Figs. 7 and 8. These frequencies are all and only 
those of the horizon frequency wy. We discuss the interpretation of this result in 
the next conclusive section. Finally, we mentioned above that the internal bundles 


with origin in ag € [0, M] are all confined in the region of the inner horizon in zt, 


ie. in ag € [0, M]. This can be shown in several ways. In particular, considering 
again the horizon frequencies w; , we introduce the radii rt, defined as 


m= 4( eh a? +61 — a? — 22 SE (13) 


qood 32r 4 
=, | = a? — 6y 1 — a? — 22 rs) :w4(r}) =w4(r}) =w, (14) 


where (rI «r.) «(r, <rt), 


where we have used dimensionless units. The radii (rt,r-) correspond to photon 


orbits with frequencies w+ of the BH horizons w. The orbital frequency of the 
inner horizon has a replica on an orbit rZ € [0,r_]- “inner horizon frequency con- 


finement". This result is in agreement with the BHs thermodynamic properties 
discussed in Sec. 2. Also, the relation (ag, ao, r5), where rp, is obtained through wp, 
has been mentioned to be bijective. We can show this through the relation between 


(ag; ao) 7 


4aoM? 
V ao > 0, ag = a4 AM? where ag € [0, M] and (15) 
lim a, — lim a4 —0, aj4(ao — 2M) — M. (16) 


a9—0 Q0—0o 


This relation also allows us to formalize the BH-BH correspondence (construction 
of the inner horizon as an envelope surface in t+), the BH-WNS relation (inner 
horizon construction) and the BH-SNS relation (construction of the outer horizon). 
Particularly, the horizon relates in the extended plane BHs with NSs (through 
the origins of the metrics bundles ao and ag). In this sense, the NSs can be 
interpreted as necessary for the construction (as envelope surface) of the inner and 
outer horizons in the extended plane. Note that the static case of the Schwarzschild 
geometry, a = 0, can be seen as the limiting case in Figs. 7 and 8, where the 
horizon ag = 2M is in correspondence with the limiting SNS bundle with origin 
do = -oo. The plane zt in Figs. 7 and 8 have several symmetries. Note that 
in Fig. 8 negative values of ag and a4 are possible in the metric bundles and are 
related to w+ < 0 frequencies, which are possible outside the ergoregion (r > r7 ). 
The quantity A}, = 7/2 is the area of the region of t+ bounded by the horizon 
(dimensionless quantities); A is the area of the regions in the extended plane z* 
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bounded by the curves az, defining the metric bundles gu. A is a decreasing function 


of the frequency w, shrinking at the origins ag < M, i.e. wo = M/a > M, where 
g% are all bounded by the inner horizons; viceversa, the region areas grow as the 


spin-mass ratio increases in the NS geometries. We repeated this analysis in the 
case of Reissner-Nordstróm and Kerr-Newman spacetimes and similar results are 
found. 


4. Final remarks 


In this work, we investigated the properties of stationary observers on the equatorial 
plane of the Kerr spacetime. The generalization to the off-equatorial case as well 
as the Reissner-Nordstróm and Kerr-Newman spacetimes is presented elsewhere". 
We focused on the behavior of the frequency of stationary observers. To emphasize 
its peculiarities, we introduced the concept of Killing throats and bottlenecks. If 
we consider the frequency as a function of the spin, certain features appear that 
are better explained by introducing the concepts of extended planes and metric 
bundles. In the case of the Kerr metric on the equatorial plane, the extended plane 
is essentially equivalent to the function that relates the frequency with the spin. 

Metric bundles and horizons remnants appear related to the concept of pre- 
horizon regimes. There is a pre-horizon regime in the spacetime when there are 
mechanical effects allowing circular orbit observers to recognize the close presence 
of an event horizon. This concept was introduced in Ref. 8 and detailed for the 
Kerr geometry in Refs. 13, 14, 9. The analysis of the pre-horizon structure led to 
the conclusion that a gyroscope would observe a memory of the static case in the 
Kerr metric. It is clear that this aspect could have an essential relevance in the 
investigation of the collapse !9 1?-see also’. 

In the extended plane of the Kerr metric, the frequency on the horizons deter- 
mines a set of metrics, a metric bundle, describing in general BHs and NSs, and 
also the limiting frequencies for stationary observers, which correspond to light-like 
orbits. This fact can be interpreted as determining a connection between BHs and 
NSs. In the extended plane, the NS solutions have a clear meaning in relation to 
the construction as envelope surface of portions of the horizon in 7+. The inner 
BH horizon is connected to the origin of BH bundles and the outer horizon es- 
tablishes BHs-SNSs correspondence. Moreover, the horizon in the extended plane 
can be interpreted as the envelope surface of all metric bundles. On the other hand, 
the metric bundles are all defined by all and only the frequency of the horizon. In 
this sense, the corresponding inner horizon in 7* is partially constructed by BHs 
metric bundles. The inner horizon is completed by bundles including BHs and 
WNSs. This property appears related with the Killing bottlenecks appearing in 
the light surfaces. Interestingly, the outer horizon in «^ is generated by SNSs 
metric bundles. It is then possible to argue that this result could be of interest for 
the investigation of the gravitational collapse. Indeed, suppose that the collapse is a 
quasi-stationary process in which each state is described by a Kerr spacetime. Since 
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rotating astrophysical compact objects are characterized by spin parameters, which 
correspond to NS configurations (a/M > 1), the formation of a BH (a/M x 1) 
would necessarily imply passing through a series of states with spin parameters in 
the NS regime. In this case, the extended plane of the Kerr metric as described 
above could contain the different states which are necessary for the formation of 
a BH. This fact has the interesting consequence that only horizon frequencies in 
extended plane determine the frequencies w at each point, r, on the equatorial 
plane of a Kerr BH or NS geometry. All the frequencies w+ (r) on the equatorial 
planes are only those of the horizon in t*. Another relevant aspect connected with 
this fact is the confinement of the horizon in the sense of the frequencies given in 
Eq. (13). These aspects are currently under investigation. 
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We formulate a description of 3+1 dimensional gravitational phenomena in terms of a 
relativistic fluid living on the 2+1 dimensional timelike boundary of an arbitrary bulk 
region of spacetime, called a gravitational screen. We establish a consistent dictionary 
between the geometric variables describing the evolution of the screen and the thermo- 
dynamic variables describing a relativistic viscous fluid, and discuss the interpretation. 
We also examine the construction of gravitational screens in different spacetimes and 
analyze the properties of the fluids they realize. 


Keywords: Gravity; thermodynamics; quasilocal; holography; hydrodynamics. 


1. Introduction 


One of the greatest theoretical developments in modern physics has been the anti- 
de Sitter/conformal field theory correspondence (AdS/CFT), which conjectures an 
equivalence between a theory of gravity in a bulk region of spacetime, and a quan- 
tum field theory on the boundary of that spacetime!. AdS/CFT has illuminated 
many aspects of string and field theory, giving key insights into what a quantum 
theory of gravity might look like, having also provided us with powerful tools for 
studying a broad range of strongly coupled systems, such as fluids near quantum 
critical points and quark-gluon plasmas. This notion of a bulk/boundary duality 
is also manifest in the membrane paradigm?, where the interior of a black hole is 
replaced with a relativistic fluid living near the event horizon, and the celebrated 
fluid/gravity correspondence?, where the long wavelength limit of Einstein's equa- 
tions are mapped to fluid dynamics on the boundary of AdS. These ideas are all, 
in essence, a statement of the holographic principle; the fundamental idea that all 
of the information contained in a bulk region of spacetime can be encoded in the 
boundary of that region. 

These approaches offer a limited perspective however, since we are usually con- 
strained to situations where knowledge of the boundary of space or the end of time 
is required. AdS/CFT and the fluid/gravity correspondence makes reference to the 
boundary of anti-de Sitter space at infinity, while standard formulations of black 
hole thermodynamics, as well as the membrane paradigm, relate quantities to the 
event horizon, which is teleological and can only be located by knowing the entire 
future history of the universe. From a practical point of view this is unsatisfactory; 
as local observers we are generally unable to access these types of boundaries. 
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Recent progress in moving beyond these restricted classes of boundaries has led 
to the concept of a gravitational screen*, a 2--1 dimensional timelike hypersurface 
representing the time evolution of the 2D boundary of a bulk region of spacetime. 
In this paradigm, Einstein's equations in the bulk are mapped to equations gov- 
erning the non-equilibrium thermodynamics of a viscous fluid living on the screen, 
with all of the gravitational dynamics present inside the screen being encoded in the 
boundary fluid. This quasilocal approach is reminiscent of the membrane paradigm 
and fluid/gravity correspondence, but can be formulated on arbitrary timelike sur- 
faces, without the aforementioned restrictions. It also bears some resemblance to 
other quasilocal approaches, such as the original work of Brown and York? and 
rigid quasilocal frames", though no fluid interpretation is given in those. 

In this work, we present the fully relativistic generalization of the gravitational 
screen?^. Whereas the original work considered a correspondence between Einstein’s 
equations in the bulk and the non-relativistic Navier-Stokes equations on the bound- 
ary, here we promote the boundary theory to a fully covariant one, placing it on 
equal footing with the bulk theory. We clarify the interpretation of the fluid pressure 
as the screen's normal acceleration, finding that the correct bulk/viscous splitting 
must include an expansion-dependent term. We also construct examples of grav- 
itational screens both in Minkowski and Schwarzschild backgrounds and examine 
the properties of the corresponding holographic fluids. Finally, we examine how the 
fluid entropy can be linked to the curvature of spacetime, and remark on the salient 
features of the correspondence. 


2. Screens as hypersurfaces 


The gravitational screen X is a 24-1 dimensional hypersurface which is the time 
evolution of a 2D boundary S of some 3D bulk connected region of interest. The 
screen is topologically IR x S?, admitting a smooth codimension-one foliation by the 
leaves S, which are level sets of some time function t(x) inherited from the bulk 
foliation. We consider spherically symmetric boundaries only, though the screen 
geometry can in principle be chosen arbitrarily. T'he screen is defined by s^, the 
outward pointing spacelike unit normal vector to S, and u^, the timelike unit vector 
tangent to X. By construction Sas? = 1, uau? = —1, and s,u* = 0. 

The metrics on X and S in terms of the bulk metric gab are 


E: Rab = gab — 888b S: dab = hab + Uau , (1) 


with the associated extrinsic curvatures Has = hohe V isa and Ouab = q£ U?V eua. 
The junction conditions then lead to a surface stress-energy tensor 
1 1 


Sab = ge G 09 = BG 


8nG ([H]ha = [Hav]) ; H=h™ Hy . (2) 


“These proceedings serve as a brief summary of the current work. A more detailed and complete 
presentation, along with numerous examples, will be available in a future publication. 
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Fig. 1. A gravitational screen X and the spatial boundary S. 


Square brackets represent the discontinuity of a quantity across the boundary. We 
will interpret this as the stress-energy tensor of a relativistic fluid living on the 
surface X. We adopt a holographic point of view, where the fluid stress-energy 
tensor (supported entirely on X) and the equations governing its evolution map to 
the geometry and dynamics within the screen. To this end, we let [Hav] > Hap and 
[H] > H giving 


Sab = Hha Hab E (3) 


This is in the same spirit as the membrane paradigm?, where the stretched horizon 
is taken to be the boundary of the spacetime and the stress energy tensor on the 
surface is chosen so that field lines terminate at the boundary. To arrive at a precise 
correspondence, we take Einstein's equations in the 4D space with zero cosmological 
constant, R — 3 gab = Tab, and project them onto the timelike membrane © via 
the Gauss-Codazzi equations, the first of which is the momentum constraint 


D, ge — Tash (4) 


where Da Vp = hee Va is the covariant derivative on X. Equation (4) can further 
be projected into the spatial direction as (Dj,S"*)q,. = Tse, where Tse = s°Tac and 
it is understood that the index c represents components tangent to S. This equation 
expresses conservation of momentum on X, with Tse representing the momentum 
flux density across the screen. Using (3) and inserting the factor (8G) gives: 


(81 G)Ts. = DelYu F 59s) m Üsauc rs (26u de T Ou. | Ebc)w? Duwe Dy. (5) 


Here, auc = U’ Vpue is the acceleration of screen observers, Wa = qa? (s. Vyu*) is the 
normal one-form, Yu = syu* V qu" is the normal acceleration, Our. is the symmetric 
trace-free part of Oubc, Ebc is the antisymmetric part of Oube (which vanishes if u° 
is hypersurface orthogonal) and 0 is the expansion. Projecting (4) along u* instead 
gives conservation of energy on the screen 


(81G)Tsu = (Du + 065)04 — (Yu + 16,)04 — O2 Osa, + (da --2aua)w^ , — (6) 


where Tsu = s^u'T,, represents the energy flux density flowing across the screen 
and we have defined the covariant derivative on S as d, V, = q6,q^ V. Va. 
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3. Relativistic hydrodynamics 


We consider now the equations governing a relativistic viscous fluid living on a 2+1 
dimensional surface with topology S? x IR. The conservation equations are 


VaT =0, (7) 


where in the general case we consider non-perfect (non-equilibrium) fluids with 
stress-energy tensors of the form 


pob = eut EN (p 4p: mq? a u^ q^ T ug? NS m2 ; (8) 
u^ is the fluid 4-velocity, e is the internal energy density of the fluid, p is the isotropic 
pressure, q@ is the metric on S?, II?" is the anisotropic stress tensor, q^ is the heat 
flux, and 7 is the dynamic pressure (the difference between the total pressure and 
pressure at equilibrium). II*^, q^, and 7 are thermodynamic fluxes that capture the 
deviations from a perfect fluid, and are given in this case by 


1 
Te? = ga Te E (p + x)q^^ , q? = —q* Tous ptnr= gd T" . (9) 


As in the gravity picture, we project (7) in the directions parallel and orthogonal to 
u^, giving the analogue of the Gauss-Codazzi equations but with Tab playing the role 
of Sab. Projecting in directions orthogonal to u^ gives conservation of momentum, 


0 = u-(e T p m) 9- de(p +r) + (da + ùa HS, qc d" (wac + Cac d 3 Oqac) q^, 


while the projection in the direction of u^ gives conservation of ener 
J g 8y, 


0 = —é— (e + p + m)8 — (da + 2tta)q* + I? op . (11) 


4. The dictionary 


We can now construct the map between the geometric variables describing the 
boundary evolution, and the thermodynamic variables governing the evolution of 
the relativistic fluid. Remarkably, this can be done consistently in the relativistic 
case just as in the Newtonian case considered in Ref. 4. Comparing the conservation 
of momentum (10) and energy (11) equations for the fluid to the gravity equations 
(5) and (6) leads to the following identifications: 


: Yu + 598 
= — = 0 = Ou ab = Ea 
$ 8TG ' PPR 8G ’ i Sab m eap (12) 
Õsab Wa 
II, — ; ab — SZuab ; d S . 
P 8nG Fab = Quad 8rG um) 


We initially took the hydrodynamic conservation laws (7) to be source-free, resulting 
in the vanishing left hand side of (10) and (11). It is clear now that a non-zero Tsu 
or Tse manifest themselves as non-zero source terms in (7). 
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In this picture, the fluid energy density e is related to the rate of expansion of 
outgoing radial null geodesics at the boundary. Our choice of sign leads to a negative 
energy density which increases with the mass of the screened region. Positivity of 
entropy and temperature for the screen fluid requires the presence of a negative 
chemical potential u for the fluid. The 2D fluid pressure p is now identified with 
Yat 165, in contrast to both the membrane paradigm and the non-relativistic screen 
formalism, where it is simply yy. The pressure can thus vanish for non-trivial screen 
geometries leading to complex thermodynamic behaviour. The fluid expansion 0 is 
directly related to the expansion in the time direction 0, of the screen. The intuition 
is clear; the fluid expands as the 2D volume of the boundary increases with time. 

A new feature appearing in our work is the fluid twist or kinematic vorticity 
€ab Which maps to the twist wap of the screen observers. The fluid twist measures 
rigid rotations of fluid lines with respect to the local inertial rest frame. Tradi- 
tionally, quasilocal approaches to studying gravitational thermodynamics use shell 
observers whose 4-velocities are hypersurface orthogonal", and therefore have van- 
ishing twist. In hydrodynamics however, €a plays an important role in establishing 
the Kelvin-Helmholtz and Bernoulli theorems? 
and is therefore a critical ingredient in understanding the full non-linear dynamics 


, as well as modelling turbulence, 


of gravity in hydrodynamic terms. With this dictionary in place, well-known results 
from relativistic hydrodynamics as well as the laws of thermodynamics can be used 
to study gravitational phenomena. 


5. Thermodynamics of screen fluids 


The thermodynamic system governed by (6) has more degrees of freedom than 
constraints, requiring additional information to complete. In hydrodynamics, this 
comes in the form of an equation of state e(p) which characterizes the fluid. From 
the gravity point of view, e ~ 6, and p ~ ys, so it is the screen evolution/geometry 
which fixes the equation of state of the fluid. We are also interested in relating the 
temperature T and entropy S of the boundary fluid to the internal geometry. These 
quantities are determined by assuming quasistatic equilibrium and employing the 
first law and Euler relation for a (charge-free) relativistic fluid, 


de — Tds 4- udn , e+p=Ts+yun. (14) 


A natural question that arises is “Which screen evolutions give rise to physical equa- 
tions of state?”. As an example, one can construct? a static, spherically symmetric 
screen in Minkowski space, whose boundary fluid has the simple equation of state 


e(p) = —2p , (15) 


which has the form p(e) = we with w = —1/2. Such equations of state appear in 
cosmology as models of dark energy fluids, which satisfy the strong energy condition 


bWe omit the details of the construction for brevity. All of the relevant quantities can be calculated 
from the definitions given in Section 2. 
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but do not support classical perturbations. This fluid requires a negative chemical 
potential in order to have a positive entropy and temperature, suggesting that the 
underlying microscopic constituents are bosonic in nature. 

Another example is a static, spherically symmetric screen centered in a 
Schwarzschild background, lying outside of the event horizon. In this case the 
fluid has an equation of state 


" —4p (1 — 32rmp + /1— 32rmp) 
i (1+ /1- 32amp)” 


where m is the ADM mass. The fluid retains its barotropic nature, but can now 
support classical perturbations (the speed of sound is positive) and has an entropy 


e(p) 


(16) 


which increases monotonically with the screen radius, allowing one to map the fluid 
entropy to the curvature of the space enclosed by the screen. 

These simple examples of screens demonstrate some of the salient features of 
the dictionary, and illustrate the subtleties involved in constructing screens which 
have interpretations in terms of physical fluids. It is also interesting to consider fix- 
ing the properties of the boundary fluid first, and ask what dynamics are required 
of the screen to realize that fluid. Indeed, we would eventually like to classify all 
possible physical screen evolutions and boundary fluids. Moving forward, we aim 
to further apply this formalism to dynamic backgrounds (which generically lead 
to time-dependent equations of state) and better understand how phenomena like 
gravitational waves in the bulk manifest in the boundary fluid. We would also like to 
leverage the power of the bulk/boundary map to shed light on dissipative phenom- 
ena in relativistic hydrodynamics, where exact solutions are generally unavailable. 
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We consider spherically-symmetric black holes in semiclassical gravity. For a collapsing 
radiating thin shell we derive a sufficient condition on the exterior geometry that ensures 
that a black hole is not formed. This is also a sufficient condition for an infalling test 
particle to avoid the apparent horizon of an existing black hole and approach it only 
within a certain minimal distance. Taking the presence of a trapped region and its 
outer boundary — the apparent horizon — as the defining feature of black holes, we 
explore the consequences of their finite time of formation according to a distant observer. 
Assuming regularity of the apparent horizon we obtain the limiting form of the metric 
and the energy-momentum tensor in its vicinity that violates the null energy condition 
(NEC). The metric does not satisfy the sufficient condition for horizon avoidance: a thin 
shell collapses to form a black hole and test particles (unless too slow) cross into it in 
finite time. However, there may be difficulty in maintaining the expected range of the 
NEC violation, and stability against perturbations is not assured. On the other hand, 
expansion of a trapped region that was formed in a finite time of a distant observer leads 
to a firewall that contradicts the quantum energy inequality. 


Keywords: Black holes; null energy condition; thin shells. 


1. Introduction 


Event horizon — the null surface that bounds the spacetime region from which 
signals cannot escape — is the defining feature of black holes in classical general 
relativity’ 3. Nevertheless, it is a global teleological entity that is in principle 
unobservable^?. 
on other characteristic features of black holes?^9. A local expression of the idea of 
the absence of communications with the outside world is provided by the notion of 
a trapped region. It is a domain where both outgoing and ingoing future-directed 
null geodesics emanating from a spacelike two-dimensional surface with spherical 
L3. The apparent horizon is defined as the 


Theoretical, numerical and observational studies therefore focus 


topology have negative expansion 
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evolving outer boundary of the trapped region'?. According to classical general 


relativity the apparent horizon is located inside the event horizons if the matter 
satisfies energy conditions 5. 

However, quantum states can violate energy conditions?. Black hole evaporation 
proceeds precisely because Tj, = (T,,,) violates the null energy condition (NEC): 
there is a null vector k” such that T,,, k" k" < 0. In this case the apparent horizon is 
outside the event horizon. In fact, the very existence of the latter is uncertain ®™1°, 
While existence of spacetime singularities is no longer prescribed, their appearance 
without the horizon cover (“naked”) is not excluded either. This situation motivated 
the introduction of many models of non-singular ultra-compact objects?. 

We consider the formation of a trapped region with a non-singular boundary 
in the finite time of a distant observer as a definition of existence of a black hole. 
Working in the framework of semiclassical gravity with spherical symmetry !! we 
derive the condition that allows an infalling observer to avoid horizon crossing. We 
then show that if the apparent horizon is regular, the energy-momentum tensor and 
the metric in its neighbourhood are determined by the Schwarzschild radius rg and 
its rate of change. Finally, we discuss intriguing implications of these results. 


2. Spherical symmetry. Sufficient condition for horizon avoidance 


A general spherically symmetric metric in Schwarzschild coordinates is given by 
ds? = —e?^ n F(t, r)dt? + f(t 7) dr? + r?do. (1) 


The function f(t,r) = 1— C(t,r)/r is coordinate-independent !*, where the function 
C(t,r) is the Misner-Sharp mass??? 
physical time of a distant observer. 
Trapped regions exist only if the equation f(t,r) = 0 has a root". This root (or, 
if there are several, the largest one) is the Schwarzschild radius r(t). Apparent hori- 
zons are in general observer-dependent entities. However they are unambiguously 


. In an asymptotically flat spacetime t is the 


defined in the spherically symmetric case for all spherical-symmetry preserving fo- 
liations!?. In this case the apparent horizon is located at rg. In the Schwarzschild 
spacetime C(t,r) = 2M and h = 0, hence rg = 2M. 

Radial infall of non-gravitating massive or massless point particle and thin shell 
collapse? are the simplest models that elucidate the near-horizon geometry and its 
dynamics. In thin shell models the geometry inside the shell is given by the flat 
Minkowski metric. The matter content of the shell is given by the surface energy- 
momentum tensor. The trajectory of a massive shell or particle is parametrized 
by its proper time 7 and expresses as (T(r), R(7)) in the exterior Schwarzschild 
coordinates. Initially the shell is located outside its gravitational radius, R(0) > rg. 
Its dynamics is obtained by using the so-called junction conditions?:^. 

The first junction condition is the statement that the induced metric hay on the 
shell X is the same on both sides X*, ds%, = hapdy*dy’ = —dr? + R?dQ. Since for 
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massive particles the four-velocity u^ satisfies upu” = —1, their trajectory obeys 
. vVF4R 
T = — 2 
e (2) 


where A = dA/dr, H = h(T,R), F = f(T, R). This condition is used to identify 
the radial coordinate of the shell in interior and exterior coordinates, R- = R. 

Discontinuity of the extrinsic curvature Ky is described by the second junction 
condition?:^ that relates it to the surface energy-momentum tensor. Given the 
exterior metric the junction conditions result in the equations of motion for the 
shell. The classical collapse in vacuum, and the resulting equation for R(T), is 
simple enough to have an analytic solution T(R), leading to the finite proper time 
T(rg) and infinite time T (rg). 

This equation of motion is modified for a general exterior metric. Its solution 
for the collapsing shell and for a particle that falls into a formed black hole has 
some remarkable features!" !”. Here we focus on the possibility of crossing the 
Schwarzschild sphere of an evaporating black hole (dr/dt = r;(t) < 0) in finite 
proper time. For a finite evaporation time tg the finite proper crossing time is 
equivalent to having a finite time tg of a distant observer. By monitoring the gap 
between the shell and the Schwarzschild radius !:!5, 


X(r) := R(7) — r(T(T)), (3) 


we discover the sufficient condition for a thin shell to never cross its Schwarzschild 
radius. The same condition applies to the study of an infalling test particle into an 
existing black hole. The analysis is generalized to null shells and test particles 16. 

The rate of approach to the Schwarzschild radius behaves as X = R — mu 
Close to the Schwarzschild radius we have T ~ — Re^" /F, and hence 


X = Rü - |rije"" /F). (4) 


If for a fixed t the function exp(h)f goes to zero as £ :— r — rg — 0, then there is 
a stopping scale e.(7). If the shell comes to the Schwarzschild radius closer than 
€, the gap has to increase, X > 0, evidently indicating in this case that the shell 
never collapses to a black hole. 

'The collapse outcome depends on the metric choice: the outgoing Vaidya metric 
with decreasing mass (and thus positive energy density) prevents formation of the 
horizon, but the shell either becomes superluminal!’ or develops a surface pres- 
sure!?, On the other hand, the metric functions of Eqs. (5) and (6) below lead to 
horizon formation in finite time according to both infalling and distant observers. 


3. Metric outside an apparent horizon 


Using only one additional assumption it is possible to obtain the explicit form of the 
metric near rg. In fact this metric satisfies the sufficient condition for the horizon 
avoidance. We consider an evaporating black hole that is formed at some distant 
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observer's finite time, i.e. its apparent horizon radius r,(t) is a decreasing function 
of time. In addition we assume that the horizon is regular (the standard *no drama 
at the horizon? postulate!®, where the established regularity of the classical results 
is assumed to hold in the quantum-dominated regime). The regularity is expressed 
by finite values of the curvature scalars that can be directly expressed in terms of 
the energy-momentum tensor?°, T :— T”, and € := T""T,,. 

'The existence of an apparent horizon and regularity assumptions strongly con- 
strain the energy-momentum tensor, and consistency with the known results on the 
background of an eternal black hole??? 
leading terms in the (tr) block of the energy-momentum tensor are determined by 
a single function a(t) (that for evaporating black holes is identified below), and the 
functions C(t) and h(t) take the following form??, 


C = re) ~ a) VE + za... (5) 


specify its limiting form uniquely. The 


and 


EC NON 
h= Me aa ten (6) 


where £ = r — rg. The function of time £o(t) is determined by the choice of the time 
variable and the asymptotic behaviour of the solutions of the Einstein equations. 
The metric takes a particularly simple form in ingoing Vaidya coordinates”. 

'The energy-momentum tensor that corresponds to this metric violates the null 
energy condition in the vicinity of the apparent horizon??. The comoving density 
and pressure at the apparent horizon of an evaporating black hole are negative, 


172 


X - 
16 R212" 


(7) 


p = p = 
where R is the radial coordinate of the comoving observert”. We focus on the 
question of horizon avoidance. Return first to a collapsing thin shell problem where 
the exterior metric is given now by Eq. (1) with the metric functions that are given 
in Eqs. (5) and (6) above. Expanding Eqs. (5) and (6) for X — 0 the rate of 


approach is 
Xe. c. n (8) 
a 2| R|rg 


which is independent of the function £o. Hence if a test particle is in the vicinity of 
the apparent horizon, X < a?, it will cross the horizon unless |R| < a/ (2. Tg). 

For the evaporating case we match the rs that is obtained as a consistency 
requirement on the functions of C and h from the Einstein equations??, with the 
known results?! for the quasi-static mass loss r, = —&/r2. In Planck units & ~ 
10-? — 1074, and we obtain 


(9) 
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We have seen that the violation of the NEC is necessary for the existence of a 
black hole. Such violations, however, are bounded by quantum energy inequalities 
(QEI). Adapting the QEI of Ref. 24 we obtain that the region where the NEC is 
violated is bounded by 

11 


oO | 10 
9607 |rz|r2 ' (10) 


Umax < 
that is obtained by ignoring the sub-Planckian features of the bound!!. Even this 
estimate fails short of the conventional estimate £max ~ rg. Our results indicate 
either that the required negative energy density for having a Schwarzschild sphere 
at finite time tg cannot be maintained or the trapped regions forms at a much later 
stage of the collapse. Alternatively, the domain of validity of the self-consistent 
metric is much narrower than that of the approximate metric that is obtained by 
taking the backreaction into account?!. If the black hole was formed in the finite 
time of a distant observer and is subsequently accreting, the situation is would more 
radical: on approaching the apparent horizon the comoving density, pressure and 
flux diverge as 1/X, while the curvature invariants remain finite’. We see that 
growth of the trapped region leads a falling-in observer to encounter a firewall at 
its boundary that, moreover, violates the NEC. 

Both scenarios may indicate that the semiclassical approximation and its 
associated classical notions are modified already at the horizon or larger scales. 
A rigourous analysis of this situation is in order. 

Another question results from two properties we discussed above. On the one 
hand, existence of the apparent horizon requires violation of the NEC. Test particles 
cross it in finite time unless moving too slow. It is not clear how the apparent horizon 
that requires NEC violation for its existence reacts to a perturbation by infalling 
normal matter. Given that collapsing thin shells are known to cross the apparent 
horizon and form a black hole with nearly all their rest mass intact ??, it is possible 
that the answer will involve considerable adjustment of our concept of black holes. 
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The well known Schwarzschild black hole entropy is depicted in terms of trapped gravi- 
tons within the event horizon. A discrete spectrum for the so trapped gravitons is 
obtained and used to calculate thermodynamic quantities. The semi-classical expres- 
sion for the black hole entropy is obtained with a temperature proportional to the usual 
Bekenstein-Hawking one and as a result a pressure term arises in the first law of ther- 
modynamic. My approach is an attempt to obtain the semi-classical black hole entropy 
in terms of degrees of freedom stored inside (but ’near’) the event horizon. Moreover, it 
is also shown that by modifying the internal energy by a term motivated by quantum 
Planckian fluctuations, a phase transition emerges during evaporation process with a 
vanishing specific heat at Planckian scales, thus representing the end of the evaporation 
process. 


Keywords: Black Hole Thermodynamics; Black Hole Entropy; Trapped Gravitons. 


1. Black Hole Entropy from Trapped Gravitons 


As well known!, black holes in asymptotically flat spacetimes are equipped with a 

non vanishing entropy given by Spx = fy and temperature Th = TER (r — oc). 
z | 

Open questions are: 


e What is the physical origin of the degrees of freedom implying Sh? 
e Where is the lost information during evaporation? 

e Where is the PdV term in the first law? 

e How can we obtain the log. corrections to the BH entropy? 


In usual approaches (String, Loop quantum gravity) one quantize the area of the 
black hole: nevertheless the physical (statistical) origin of the BH entropy degrees 
of freedom is still obscure. 

Moreover, what is the fate of the matter-radiation falling inside the event 
horizon? 

In??, I have proposed a possible description of the Black Hole entropy in terms of 
massless excitations provided by gravitons trapped inside the event horizon located 
at proper areal radius R — 2GM/c?, with M the ADM mass of the Black Hole. 

The Bekenstein-Hawking (B-H) entropy is a semi-classical formula obtained with 
arguments involving classical general relativity with ordinary quantum mechanics. 
In this regard, the B-H entropy is ‘phenomenological’ and universal since it does not 
assume an underlying quantum gravity proposal, and for this reason it is expected to 
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hold in any physically sound quantum gravity theory. In particular, it is expected in 
low energy regime of the quantum gravity theory. Moreover, logarithmic corrections 
are expected to arise when quantum Planckian fluctuations in a full quantum gravity 
regime come into action. 

To star with, we must obtain a suitable approximate formula for trapped gravi- 
tons within a box of radiaus R. Consider a gravitational wave in the vacuum and 
then put this in a spherical box, not a simple task! 

Fortunately, we can use the well known perturbation formalism of the gen- 
eral relativity (Regge-Wheeler 1957, Zerilli ~ 1970, Chandrasekhar 1984) on a 
Minkowskian spacetime m; = diag(—1,+1,+1,+1) (Cartesian coordinates), per- 
turbed by hig: 


Jik = Mik + hik, |hik| << max]. 


After imposing Dirichelet boundary conditions on the Regge-Wheeler or Zerilli (In 
a Minkowski spacetime equations are the same) equation 
£(£ 4-1) 


Zio, +uizien c ETT gen, 


at r = R we get the following approximate formula for the allowed angular frequen- 
cies: 

c 
2R 
where n is the radial quantum number and / is interpreted as a species index 
(quadrupolar, sextupolar...gravitons). With the (1), we can build the ordinary 
statistical mechanics by calculating the partition function for N oscillators?: we 
obtain the correct equation of state expected for radiation, ie. PV — g, 
P is the pressure and U the internal energy. In this way the pressure, missing in 


(2+L+2n)r, L> 2, n€N, (1) 


Wen = 


where 


the usual treatment with respect to an external observer, emerges from the interior 
of the black hole. The first law of thermodynamics requires that T; = aT), = 


TE. a € (0,00). For a radiation field from the integrated first law we expect 
a = 2. For the entropy we thus obtain the expression: 
An 
S = KgY(o)——-, An = 40R?, 
42, 
b 
ar? (3 + em) 


242 


b= «diu In (1 — em) — ae In (1 — e) 462? + 
222 222 ar? 
E2757 + aln (1- eF) cam (1-5). (3) 
Hence $ = S; iff. Y (a) = 1 with a unique solution a œ 2.2. If a summation over 
the azimuthal index m is performed, we obtain a ~ 8.48 > that must be ruled out 
because too large with respect to the approximations made. 
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In^ also the logarithmic corrections have been obtained by considering quantum 
Planckian fluctuations motivated by a quantum spacetime9 5. It is also interesting 
to note that, by taking the internal energy ‘dressed’ with Planckian fluctuations, 
ie. U(R) — SR + ED. (Ci) € R^, evaporation stops? at the radius R = 
Ro > Re = VCiLp: as expected, Planckian fluctuations act as a repulsive force 


thus opposing to the gravitational one. 


2. Remarks 


We have obtained a statistical description of the black hole entropy in terms of 
trapped gravitons: why gravitons and not photons? First of all, the B-H bentropy 
has been obtained with semi-classical considerations concerning general relativity 
and quantum mechanics. Since the Schwarzschild metric is a vacuum solutions of 
Einstein’s equations, we expect that, thanks to the equivalence principle, only gravi- 
tons can survive inside the horizon. In fact, any other matter-energy is equipped 
with a non vanishing energy momentum tensor Tv, and in a quantum context it 
will appear the mean value of T y in some quantum state, i.e. < Tj, >, in the field 
equations, and as a consequence a non vacuum solution emerges. 

It should be noticed that we have obtained the B-H entropy only with two 
reasonable assumptions. First of all, we have assumed for the internal energy the 
expression Up, = U; = Mc, where M is the ADM mass. This is a rather natural 
assumption. In practice, from the interior point of view the black hole is equipped 
with the same mass-energy as seen by an external observer with the entropy Sp = 
Koah, This entropy is interpreted in different ways. The external observer measures 
the "Hawking radiation at spatial infinity with temperature Tp and thus associates 
a non vanishing entropy to this radiation: the external observer cannot see the 
interior of the black hole and thus cannot have direct experience of the degrees of 
freedom giving the black hole entropy. Conversely, from the interior point of view, 
gravitons are stored inside and provide the degrees of freedom leading to the B-H 
entropy. In some sense, the point of view of the interior is ‘dual’ to the one present 
from the exterior. 

The second assumption is the validity of the first law of thermodynamics. The 
application of the first law implies that the internal temperature is proportional to 
the one at the exterior Th by a factor 2: in this way a pressure term naturally arises 
in the first law. 

We have obtained for œ a numerical value, ~ 2.2, that is near the true value 
a = 2 within the approximations made. To this purpose, note that the function 
Y (a) in? is strongly sensitive to a and therefore our consistent check is far from 
trivial. 

An interesting property of our construction is that we have not used an under- 
lying quantum gravity theory and thus our approach, according to the aim of the 
Hawking drivation, is ‘phenomenological’ and thus it is expected to be physically 
sound, since we used only sound arguments of general relativity, quantum mechanics 
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and statistical mechanics. In this regard is rather intriguing the fact that, as a con- 
sequence of the two assumptions depicted above, we obtain that N ~ A. This 
means that we obtain a result according to the holographic principle without as- 
suming it from the onset: this results is a simple exact consequence of the fact that 
the mass of the black hole is the ADM one and the validity of the first law, no other 
assumptions are necessary. 

In? we have extended the results in? ^ for any massless excitations. This open 
the doors to a physical description of the cosmological constant. 
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1. Introduction 


Black holes in gravity models with a negative cosmological constant are of consid- 
erable interest because of their fundamental role in the Anti-de Sitter/Conformal 
Field Theory (AdS/CFT) correspondence! ?, in which an equivalence between clas- 
sical gravitational solutions with AdS asymptotics in D— dimensions and field theory 
strongly coupled states in (D — 1)—dimensions is proposed. 

In this context the solutions of five dimensional V = 4 SO(6) gauged supergrav- 
ity are of special interest, since this theory is thought to be a consistent truncation 
of type IIB supergravity on AdSs x S??:^, The simplest version of the model corre- 
sponds to the bosonic sector of the theory, which results in Einstein-Maxwell (EM) 
theory with a Chern-Simons (CS) term and a negative cosmological constant. The 
action for D — 5 minimal gauged supergravity is the following 


1 12 2X 
I=-— | dx/=9|R+ — — Fy, FY = erab A Fie Fou. 1 
16z I x il + T2 m 3/3. m By (1) 


Here R is the curvature scalar, L is the AdS length scale (related with the cosmolog- 
ical constant A = —6/L?) and A,, is the U(1) gauge potential with corresponding 
field strength tensor F v = 0, A, — 0, A,. Note that A is the CS coupling constant, 
but in the minimal gauged supergravity case this is fixed to À = 1. 

'The field equations of this model is a generalized version of the Einstein-Maxwell 
equations, 


1 6 1 " =X um 
Rw — 3 Tu — T29wv = 2F,,F^, — zF Iw , VF = m PUB fs . (2) 
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This model has a number of interesting solutions. For instance, static and 
spherically symmetric black holes (the Schwarzschild-Tangherlini solution), station- 
ary vacuum black holes (the Myers-Perry-AdS solution, with two different angular 
momenta in general), or the static, spherically symmetric and electrically charged 
configuration (the Reissner-Nordstróm-AdS black hole). More interesting are the 
stationary and electrically charged configurations (the Chong-Cvetic-Lü-Pope solu- 
tion). These solutions possess four global charges: the mass, two angular momenta, 
and the electric charge?. The symmetry can be enhanced when the two angular 
momenta are equal in magnitude. This particular case was obtained by Cvetié, Lü 
and Pope (CLP)97. They possess a regular extremal limit, which contains a subset 
of solutions that preserves a fraction of supersymmetry?. Several generalizations of 
the CLP solution have been presented in 6 !5, 

In this paper we will review a particular family of solutions that generalize the 
CLP black hole. We will see that these new solutions, in addition to the mass, 
angular momentum and charge, are characterized by some non-trivial asymptotics 
(magnetization and squashing of the AdS boundary). These solutions are motivated 
by similar configurations studied in simpler settings, such as in Einstein-Maxwell- 
AdS theory in 4 dimensions? !!, or static configurations (black holes with a solitonic 
limit) that are supported by a purely magnetic gauge field ?. The box-like behaviour 
of AdS space-time, when combined with some nontrivial asymptotical multipolar 
behavior of the electromagnetic field at the boundary can be used to obtain new 
classes of regular solitons, that can be combined with a horizon to construct black 
holes. We will present the properties of the magnetized configurations with AdSs5 
asymptotics’, and of the more general squashed and magnetized solutions !^!5, 
which possess only a locally-AdS boundary, but allow for the existence of a new 
family of supersymmetric black holes in the extremal limit. 


2. Ansatz, asymptotic behavior and charges 


Since we are interested in configurations with equal angular momenta, spherical 
topology of the horizon, and asymptotical AdS behavior, we can propose the fol- 
lowing Ansatz for the line element, 


ds? = —f(r) (1 + - + FOE) iv ae? + sin? 6d¢) 
L? 
= (dv + cos d0dd — zem) d), (3) 


where r and ¢ are the radial and temporal coordinates, and 0, ¢, Y are the Euler 
angles on S. The gauge field compatible with this line element (3) contains in 
general an electric and a magnetic potential, A = ao(r)dt + ay(r)(dw + cos d0d$)/2. 

A first requirement to the solutions we are going to consider is the existence of a 
non-trivial magnetic field on the AdS boundary 3, $,, = + f g2 F = —Cm/2 which 
can be understood as the magnetic flux passing through the base space S? of the 
S! fibration. 
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In addition, we can relax the asymptotical behaviour of the line element so that 
the boundary space is no longer a global AdS5 manifold, but a space with only the 
local AdS symmetries. We refer to this as a squashed AdS boundary. 

'These two requirements on the asymptotical behaviour of the configuration im- 
pose the following expansion on the functions when close to the boundary: 


f(r) =14 51-0?) eg m(r) =1- (1 - v?) (2) +... 
ato) - (1 Za - vh [E ue j w(t) - 5 H , 
aor) ^ — S +... a(r) = cm (n. — 20 D^? log (7)) 5... (4) 


The full asymptotic expansion can be found in!^!^, It depends on the squashing 


parameter v (where v = 1 for the standard AdS; asymptotics) and the magnetiza- 
tion parameter cm, apart from other standard parameters that are related with the 
angular momentum (J), electric charge (q) and magnetic moment (u) (the param- 
eters related with the mass appear only in the next order of the expansion, which 
is not shown here for simplicity). 

This expansion has important consequences for the total charges of the configu- 
ration!^!^, For instance, now we have to distinguish between the Page charge and 
the holographic charge, calculated with the boundary flux formalism. It is possible 
to see that 


Qo» — 1 


À 2A 
— ] d&s(y gF" —py— E A. Pe) = — — p2 3 5 
An J 3( g Po B b ) T (o po B” , ( ) 


corresponds to the Page charge for po — 1 (whose conservation is implied by the field 
equations (2)), and to the holographic charge for pp = 2/3 (which is calculated using 
the boundary counterterms of the action (1) and the corresponding stress-energy 
tensor at the boundary!*^i^). Note that both charges coincide in the absence of 
magnetic flux at the boundary. 

In addition to this far-field expansion, it is possible to study perturbatively the 
properties of solutions with a horizon (in which case the horizon charges can be 
computed, such as the area, horizon mass, horizon angular momentum, etc). It is 
also possible to find perturbatively regular solitonic solutions, but only in the case 
that the Page charge of such solutions vanishes !^15). 

Despite the existence of these perturbative analytical solutions, the full con- 
struction of the black holes and the solitons extending up to the AdS boundary has 
to be performed numerically. In the next sections we will discuss the properties of 
such solutions. 


3. Magnetized and squashed configurations 


Let us start with the simplest case, in which the squashing parameter is v — 1, but 
the solutions possess some non-trivial magnetization €m Æ 0. 
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Fig. l. Area (Ag) versus horizon temperature Ty and total mass M for the magnetized black 
holes. In black, the family CLP solutions with angular momentum J = 0.003, and (holographic) 
charge Q — 0.044. In colors, families of magnetized solutions with the same angular momentum 
and holographic charge, but different values of the magnetic flux at the AdS5 boundary. 


In Figure 1 we show the relation between the horizon area (Arr), horizon tem- 
perature (Ty) and total mass (M) of the magnetized black holes, for several values 
of the magnetization at the boundary (®,,). Note that in general, the behavior of 
the magnetized solutions is very similar to the standard CLP black hole: one can see 
that there is a regular extremal limit (zero temperature), and that depending on the 
ratio between the different parameters, the families can possess a local maximum 
of the temperature (a phase transition between small and large black holes). 

Apart from the previous families which possess an extremal limit, it is also 
possible to obtain families of black holes that asymptotically deform to magnetic 
solitons. To do so, one has to require the Page charge to vanish, and only then it is 
possible to continuously decrease the horizon size (as compared to the AdS length). 
In such a case the horizon shrinks and vanishes. We construct numerically the full 
solitonic configuration and compare this solution to the asymptotical behavior of 
the shrinking black holes, obtaining a perfect match. A more detailed discussion of 
all these configurations can be found in heret’. 

It is possible to obtain numerically the squashed generalizations of the previous 
magnetized CLP black holes, by introducing the new parameter v in the asymptot- 
ical behaviour of the metric functions. Such solutions were first presented in !4^!5, 
The space of solutions has very similar properties to what we show in Figure 1, but 
now with an extra parameter (the squashing v). Similar solitonic solutions can be 
constructed, and the black holes possess a regular extremal limit as well. 


4. Supersymmetric solutions 


More interesting is the existence of supersymmetric solutions contained in certain 
limits of the previous squashed and magnetized configurations. Some of them are 
well known (the Gutowski-Reall black hole?, which is contained in the extremal 
limit of the CLP black hole, and hence it is unmagnetized and the AdS boundary is 
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Fig. 2. Mass (M) versus holographic charge Q and angular momentum J for three families of 
supersymmetric solutions: in black, the Gutowski-Reall black holes; in blue the supersymmetric 
magnetized solitons with squashing of the boundary; in red the new squashed and magnetized 
supersymmetric black holes. 


not deformed), or supersymmetric solitons!? (which are both squashed and magne- 
tized). In references 1415 
solutions, both squashed and magnetized, exist and branches off from a particular 
Gutowski-Reall configuration. In fact, all the supersymmetric solutions have a fixed 
relation between magnetization and squashing. The black holes can be connected to 
the supersymmetric solitons of Cassini and Martelli!? only by increasing the black 
hole temperature, meaning they are connected by a family of non-extremal black 


it was shown that an additional family of supersymmetric 


holes (and hence non-supersymmetric). 

In Figure 2 we show the mass, holographic charge and angular momentum for 
these three families of supersymmetric solutions. Interestingly, the new black holes 
(in red) have a ‘frozen’ horizon: although they form a one parameter family of solu- 
tions as it can be seen in the Figure, they all share the same near-horizon geometry 
(for instance, the same as the particular Gutowski-Reall black hole from which they 
branch off). They also share the same Page charge, but not the holographic charge, 
because of the non-trivial magnetization of the boundary. 


5. Conclusions 


We have presented here a summary of the properties of the new classes of magnetized 
and squashed black holes that generalize the CLP black hole by allowing for non- 
trivial asymptotics. In addition, the new black holes can be deformed continuously 
into solitons, without horizon. The black holes possess a regular extremal limit, and 
a particular subset of these extremal black holes turn out to be supersymmetric. 
Recently, further generalizations of these black hole solutions have been studied in 


more general settings ?0 ?3, 
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The Einstein equations describing the black-brane dynamics both in Minkowski and AdS 
background were recently recast in the form of coupled diffusion equations in the large- 
D(imension) limit. Using such results in the literature, we formulate a higher-order 
perturbation theory of black branes in time domain and present the general form of 
solutions for arbitrary initial conditions. For illustrative purposes, the solutions up to 
the first or second order are explicitly written down for several kind of initial conditions, 
such as a Gaussian wave packet, shock wave, and rather general superposed sinusoidal 
waves. These could be the first examples describing the non-trivial evolution of black- 
brane horizons in time domain. In particular, we learn some interesting aspects of black- 
brane dynamics such as the Gregory-Laflamme (GL) instability and non-equilibrium 
steady state (NESS). The formalism presented here would be applicable to the analysis 
of various black branes and their holographically dual field theories. 
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1. Introduction 


It is important to understand the dynamics of higher-dimensional black objects, 
since it tells us much about the nature of higher-dimensional gravitational theories 
and their holographically dual quantum field theories. The strong non-linearity of 
gravity, however, usually prevents us from understanding the dynamical properties 
of black objects beyond the linear-perturbation regime without highly sophisticated 
skills of numerical computation. 

The Gregory-Laflamme (GL) instability’, which is a universal instability of 
higher-dimensional black objects, is a good example to see the above situation. 
Though the GL instability in the non-linear regime is quite interesting, its analysis 
needs sophisticated skills of numerical relativity”. While there exists a semi-analytic 
higher-order perturbation method?, it seems applicable only to static problems. 

Recently, Emparan, Suzuki, and Tanabe showed that the Einstein equations 
describing the horizon dynamics of black branes in both Minkowski and Anti-de 
Sitter (AdS) background are recast in the form of coupled non-linear diffusion-type 
equations when the number of spatial dimensions is large^. This result provides 
us with a unique approach to the non-linear dynamics of black objects in higher 
dimensions. The authors indeed showed that the unstable black strings converge to 
non-uniform black strings (NUBSs), which had been predicted to happen above a 
critical dimension?, by solving the diffusion equations numerically with a few lines 
of Mathematica code. 

Once the simple diffusion equations were obtained’, it is natural to ask if the 
non-linear properties of black-brane dynamics can be understood analytically. In 
this work, we develop a systematic non-linear perturbation theory of asymptotically 


948 


flat and AdS black branes, allowing the perturbations to be dynamical. Using 
the Fourier and Laplace transformation to solve the partial differential equations 
(PDEs), the perturbation equations are solved order by order for given arbitrary 
initial conditions up to the integration associated with the inverse transformation. 

While the formulation is so general that it would be applicable to various prob- 
lems, we pick up several examples as the initial conditions, which are a Gaussian 
wave packet, a step-function like shock configuration, and quite general discretely 
superposed sinusoidal waves. For these examples, the integration associated with 
the inverse transformation is completed up to the first or second order, and the prop- 
erties of solutions are examined. Through these examples, one will see the validity 
of formalism itself and some unknown, or yet-to-be-confirmed, non-linear proper- 
ties of black-brane dynamics. In particular, in the case of asymptotically flat black 
branes, an interesting non-liner property of GL instability resulting from the mode- 
mode coupling is unveiled at the second order. In the case of shock propagation on 
asymptotically AdS black branes, the analytic description of non-equilibrium steady 
state (NESS), which was recently discussed in the Riemann problem of relativistic 
fluid mechanics and field theories®, is presented. 

In this article, we present the formulation and a few results in the asymptotically 
flat case. In the original paper Ref. 7 and talk, the results in the asymptotically 
AdS case are presented. 


2. Perturbation equations and general form of solutions 


In the large- D(imension) approach, the horizon dynamics of vacuum black branes 
without a cosmological constant are described by two functions, m(t, z) and p(t, z), 
where t is time and z is the spatial coordinate along which the horizon extends*. m 
and p represent the mass and momentum distributions along the horizon, respec- 
tively. m — +0 corresponds to the pinching off of the horizon. The equations of 
motion for these quantities take form of coupled non-linear diffusion equations, 


2 
(8, —02)m+d.p=0, (Ə; —02)p—d.m = —ð; (=). (1) 


A uniform black-brane solution corresponds to m(t,z) = 1 and p(t,z) = 0. 
Since we are interested in the dynamical deformation of such a uniform solution, we 
introduce one-parameter families of m(t, z) and p(t, z), and expand them around 
the uniform black-brane solution, 


m(t, 2:6) =1+ Y melt, z), vlt,236) = Y pelt, 2e, (2) 
g=] £-1 


where e is a constant parameterizing the families. Substituting these expansions 
into Eq. (1), we obtain the equations of motion at O(c*) (l € N), 


rh, — my + p, = 0, pe — De — m; = Ye, (3) 
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where the dot and prime denote the derivatives with respect to t and z, respectively. 
The right-hand side of right equation in (3), We(t, z), which we call a source term, 
is a polynomial of the lower-order perturbations and their first spatial derivatives. 
For example, the source terms for £ = 2 and £ = 3 are given by 


Uo = —2pipj, Vs = 2mipip, + mipi — 2pip — 2p pa. (4) 
We are looking for the general form of solutions to the perturbation equa- 
tions (3), combining the Fourier and Laplace transformations. A similar technique 
is found to be used in Ref. 8 to analyze the higher-order perturbation of surface- 
diffusion equation, which is a single non-linear PDE. Before starting to solve Eq. (3), 
let us introduce the notations associated with the Fourier and Laplace transforma- 
tions. For a given function, say f(t, z), we shall denote its Fourier transformation 
with respect to z by f(t, k), and its Laplace transformation with respect to t by the 
corresponding capital letter F(s, z). Namely, 


Fr) =o 21 f ^ f(zje dz, (5) 
F(s,z):— £|f(t, z)] = ra f (t, z)e7 dt. (6) 


With the notations introduced above, the Fourier-Laplace transformed version 
of Eq. (3) is written as coupled algebraic equations in a matrix form, 


A Cie) "Goo n): (7 
ai ed s um (8) 


The solution to Eq. (3) is obtained after multiplying Eq. (7) by A^! from left 
and inversely transforming it, 


ee ree) |[A^ w a (9) 


By simple algebra, the inverse matrix A^! is found to be decomposed into two 
parts, 


E 1 
Atl= Pos s Bn (10) 
Bc : » 1) MT es (11) 


After this decomposition, one can perform the inverse Laplace transformation £7! 
in Eq. (9) to obtain 


(63)7 E P (eion rennen) 0o 


g,— 


where * denotes the convolution with respect to time. 
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Equations (12) is exactly what we wanted, namely, the general form of solutions 
to the perturbation equations (3) for given arbitrary initial conditions, m;(0, z) and 
p«(0, z) (£ € N). 


3. Example of initial conditions: Superposed sinusoidal waves 


As an example, we consider the situation where the black brane is initially given 
an O(c) perturbation being a superposition of an arbitrary number of sinusoidal 
waves. This example is simple but interesting enough to see what happens in the 
non-linear regimes. We set the following initial conditions, 


z) ES X da cos(knz + Yn), pi(0, z) = m4 (0, 2), (13) 
n=1 
me(0,z) = pe(0O,z) =0 for all £> 2, (14) 
where an, kn, and Yn (n = 1,2,--- , N) are real constants. We shall compute the 


right-hand side of Eq. (9) order by order for these initial conditions. 

Since we have no source term at O(c), Yı = 0, we see from Eq. (9) that what to 
compute is only the inverse Fourier transformation of the initial spectra, mı (0, k) 
and qi(0, k), multiplied by e*«9*, Then, we obtain the first-order solutions, 


N 


ma(t,z) = ax [(1 + kn )e** )* + (1 — k,)e*- 9t] cos(k, z + Yn); (15) 


n=l 
N 
EP» [(1 + kp eet t — (1 — k,)e*- C!] sin(k,z + Yn). — (16) 


Since we are considering linear equations of motion, there is no mode-mode 
coupling appearing in non-linear regime, and therefore Eqs. (15) and (16) allow 
simple interpretation. The factor of cos(knz + Yn) in Eq. (15) represents the time- 
dependent amplitude of the initially given mode cos(knz + Yn). Each mode evolves 
independently according to its growth or damping rate determined by e?* *»)* and 
e5- Jt, From the concrete form of s+ (k) in Eq. (11), one can see that if kn € (—1,0) 
(resp. kn € (0, 1)), such a mode grows exponentially due to e- ^)! (resp. e8+ (9)t), 
which represents the GL instability. 

Since we assume that the initial perturbations vanish at O(e?), m2(0,z) = 
p2(0,z) = 0, we see from Eq. (9) that what to compute at the second order is the 
so(k)t and the Fourier 


inverse Fourier transformation of the convolution between e 
spectrum of source term w»(t, k). 

Although the second-order solutions can be written down analytically, let us omit 
writing them down here since the space is restricted (see the original paper Ref. 7 
for the explicit form of solutions). At the second order, the non-linear source term 
involves the mode-mode coupling, which is absent at the linear order. This coupling 
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excites the terms of cos|(kn + kn’ )z] and sin[(k,, + kn )z]. For example, one can find 
that both cos[(kn + kn’)z] and cos[(k,, — k,;)z] terms involve the following three 
kind of time dependence, 


got Uc) e$- (kn thy )t and ot (hn Kens Jt eS- Un ht (17) 


Thus, the second-order solutions exhibit a variety of dispersion given by the expo- 
nents of (17). 

Let us consider the meaning to investigate the higher-order perturbations from 
the stability point of view. The asymptotically flat black brane we consider here is 
essentially unstable. Namely, if the initial perturbation contains any mode of which 
wave number k, € (—1,1) V {0}, such a mode grows unboundedly. However, we 
consider the black brane in the large-D limit, namely, above the critical dimension?. 
Thus, the GL instability initially grows but it gradually damps in non-linear regimes, 
and eventually the horizon converges to non-uniform configuration?. 

A black brane that is linearly stable can become unstable at the second order. If 
the initial perturbation does not contain any unstable mode, the initial perturbation 
will damp exponentially at linear level. However, the second-order perturbation 
involves various time dependence as seen in Eq. (17). In order to see directly this 
situation, let us focus on a simple case as follow. 

Suppose that the initial perturbation is the superposition of two modes kı 
and ko both of which are stable modes, kı > k2 > 1. In addition, assume that 
their difference is smaller than unity, kı — ko € (0,1). In this case, the term of 
CPO (09 cos|(ki — k2)z + (1 — w2)] in m»(t, z) includes terms having growing 
factor e** U1—*2)!, Thus, the perturbation does not grow at O(c) but does at O(€?). 

The above phenomenon is an interesting aspect of the GL instability, which 
was revealed for the first time by the present non-linear perturbation theory in time 
domain. It is intuitively understandable. The superposition of the two modes forms 
the beat. For simplicity, assume a1 = a» (4 0), then the superposed wave is written 
as 


kick k, —k = 
Bins ———— ms [Gier en 


5 5 (18) 


This exhibits the fast spatial oscillation with the large wave number itke which 
is enveloped by the slow oscillation with the small wave number hte, 
called the beat phenomenon especially when the difference of the wave numbers is 
rather small kı — ko < kı + ko. This slow oscillation is nothing but the origin of 
the GL instability at the second order. One can observe that the beat formed by 
the superposition of two modes at t = 0. As soon as the dynamics starts, such an 
initial wave rapidly damps as predicted by the first-order perturbation. As the time 
proceeds, however, the waves of which scale is the same order as that of the beat 
begin to grow and eventually diverge. 


which is 
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Unitary evaporation via modified Regge-Wheeler coordinate 
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Constructing an exact correspondence between a black hole model, formed from the most 
simple solution of Einstein's equations, and a particular moving mirror trajectory, we 
investigate a new model that preserves unitarity. The Bogoliubov coefficients in 1+1 
dimensions are computed analytically. The key modification limits the origin of coor- 
dinates (moving mirror) to sub-light asymptotic speed. Effective continuity across the 
metric ensures that there is no information loss. The black hole emits thermal radiation 
and the total evaporation energy emitted is finite without backreaction, consistent with 
the conservation of energy. 


1. Introduction 


The Hawking effect! has an exact correspondence? with the moving mirror.?^ The 
specific and analytically known accelerated boundary condition on the quantum 
field, Y, located at the origin of coordinates, r = 0, corresponding to the location of 
the black hole singularity, depends explicitly on the form of the tortoise coordinate, 
r*. The moving mirror perfectly reflects the field modes and accelerates with the 
precise trajectory, t(x). 

The physical effect of the mirror is that it arouses quantum field fluctuations 
reflecting virtual particles into real ones. The black mirror,? which is the afore- 
mentioned tortoise coordinate associated boundary condition, extracts energy in- 
definitely and does not preserve unitarity. However, we present a summary of a 
modified model? — “a drifting black mirror” — which resolves these two problems. 
It was demonstrated recently? that the new corresponding coordinate to r* is the 
generalized or giant tortoise coordinate (GTC). The giant tortoise coordinate re- 
sults in unitarity preservation and finite energy emission of the black hole during 
evaporation. 

In this MG15 proceedings contribution, first, the usual tortoise coordinate, r*, 
and its relation to the moving mirror, t(x), is briefly considered. Then we generalize 
this coordinate to the giant tortoise coordinate and investigate the correspondence 
between the black hole and the moving mirror in the context of the GTC. We find 
no information loss, finite evaporation energy, thermal equilibrium, analytical beta 


coefficients, and a left-over’ remnant. 


*aizhan.myrzakulQnu.edu.kz 
t michael.good@nu.edu.kz 
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2. The Tortoise Coordinate and the Black Mirror 


In this section the textbook matching solution? for the outside and inside of the 
black hole over the shock wave is derived. 
Let us start from the usual tortoise coordinate, (the Regge- Wheeler r*): 


*=r+2M1 ( 1) (1) 
r* =r UI : 
Requiring the metric to be the same on both sides of the shock wave, vo: 
r(vo, Uin) = r(vo, Uout), (2) 
where 
r(vo, uin) = — and r* (vo, Uout) = a, (3) 


the tortoise coordinate, Eq. (1), can be rewritten as: 


TtUO, Uou V9 — Uou 
r (v9, uout) + 2M In (ee 1) = pd (4) 


Solving this for the red-shift function uout yields: 


lon — Uin| 

4M ` (5) 
The uout = +00 limit corresponds to the formation of a black hole event horizon 
location, vy = vp —4M. Eq. (5) is exactly the matching solution? for the Eddington- 
Finkelstein background (exterior) to the Minkowski background (interior) with a 
strict event horizon. 

Substituting Uout = t(x) — x and ui, = t(x) +x into Eq. (5), and solving for t(x) 
gives the time-space trajectory of the black mirror?: 


Uout = Uin — 4M In 


t(z) = vg — z — AMe?"?M, (6) 


as investigated" in Good-Anderson-Evans (2016).? The range of the coordinates 
are: 0 < r < oo and —oo < x < oo. Eq. (6) is transcendentally invertible and 
is an analytic relation between the black hole matching solution, Eq. (5), and the 
space-time trajectory of its moving mirror, x(t). 


3. The Giant Tortoise Coordinate and the Drifting Black Mirror 


We impose a strong restriction on the maximum speed of the black mirror: it must 
always travel slower than light, even asymptotically.^ That is, in any coordinate 
system the origin of the black hole, r — 0, should not speed away to null-future 


aThe black mirror, which is not eternally thermal,? is called Omex for short, due to the Omega 
constant, Qe? = 1, and exponent argument. 2 

>See also the proceedings of the MG14 meeting 19:11 and the 2nd LeCosPA Symposium. !? 

* An exception in a different model can give finite energy and preserve information if the acceleration 
asymptotes to zero sufficiently fast. !? 
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infinity, .Z*. This is highly restrictive and gives a new time-space trajectory? of 
the origin of coordinates (an asymptotically drifting mirror): 


tr, &) = on — È  AMerfR. (7) 


Here € is the asymptotic drifting speed which lies in the range 0 < € < 1. The 
corresponding matching condition can be easily derived and is: 


UR Vin 
1— 2e 0- 
Uout = tin — 4MEIn ES a) ' (8) 


where W is the product log. When £ — 1, the matching solution Eq. (8) is equivalent 
to Eq. (5), meaning that one has operative formation of an effective event horizon. 
Thus the modest modification in Eq. (7) safeguards the formation of a black hole? 
that occur with Eq. (6). 

Eq. (8) represents the world line of the origin. It is easy to see that this origin is 
a perfectly reflecting boundary as nothing can go behind r = 0 into the r < 0 space. 
Therefore we use the generalized matching solution Eq. (8) in order to find the giant 
tortoise coordinate (analogous to going backwards from Eq. (5) to Eq. (1)), 


r*(€)=r+2Méln E (===) , (9) 


It is a crucial fact that these two coordinates, r* and r* (€), are effectively the same 
when € z 1. The distinction is that there is no singularity at r = 2M in Eq. (9) 
as in Eq. (1) when € Z 1: r*(€);22m = 2M [1 — £W(2/e),, where € = 1— €. The 
user may define the free parameter € as close to € ~ 1 (for effective continuity) as 
is arbitrarily desired as long as strictly, £ « 1 (for unitarity). 


4. Unitarity: Finite Asymptotic Entanglement Entropy 


Qualitatively, the black mirror correspondence demonstrates information loss by 
the acceleration horizon which prohibits some left-movers from hitting the mirror 
and becoming right-movers. We can say these modes are lost forever in the black 
hole. However, the drifting black mirror has an asymptotic approach to time-like 
future infinity, i*, rather than null future infinity, .7, ur and all the left-movers hit 
the mirror and become right-movers, preserving information to an observer at . n ; 

Quantitatively, we see this result by the von-Neumann entanglement entropy ! 
for the black mirror:? 


1 ze 1 


dFor more information on whether any type of horizon is formed during gravitational collapse 
taking into account quantum effects see, e.g. Ref. 14 (for horizonless models see Refs. 15, 16). 
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whose limit in the far future diverges: 
S= jim. S(t) = oo, (11) 


signaling information loss (see e.g. the entropy divergence in Ref. 18). Here k = 
1/4M, the surface gravity for Schwarzschild background. In contrast, the drifting 
black mirror has entropy, 
1 $ 
Selt) = ctanh | — —— |, 12 
«( ) 6 an c + 7 ( ) 


whose limit is 
_ 4: = 1 =i N 
S= Jm Se (t) = tanh (£) = " # oo. (13) 


'The final asymptotic entropy is the drifting rapidity and its measure as a finite 
constant signals information preservation. To achieve effective equilibrium (£ ~ 1), 
the final asymptotic entropy will be very large (7 >> 1), but finite. 


5. Finite Evaporation Energy 


A prime advantage of the GTC, Eq. (9), is that during the collapse the global energy 
emission of the black hole is finite and analytic. The consistency of the result with 
the analytically computed beta Bogolubov coefficient can be shown via a numerical 


5,19 


verification of the stress-energy tensor whose total energy production is, 


1 n 
E= "up E 14 
96x M E + 1), “a 


where y = 1/4/1 — £ is the final drifting Lorentz factor, 7 = tanh ! € is the final 
drifting rapidity, with € < 1 corresponding to the final drifting speed. For high 
drifting speed (thermality), € ~ 1, then 4? > /€, and: 


y 


~ 96xM- 
One immediately sees that the energy diverges as the origin moves to the speed of 
light, (i.e. mirror drift, £ — 1 and y — oo). Eq. (15) is the final expression for 
the energy emission of the thermal black hole which is finite and consistent with 


(15) 


the conservation of energy. Finite energy is anticipated to be a primary result of 
backreaction,? yet, we have obtained consistency by restricting origin speed, £ < 1. 


6. Temperature and the Giant Tortoise Coordinate 


Using the GTC, a constant energy flux plateau is apparent (high drifting speeds, 
€ zz 1). During equilibrium, F = 7T?/12. Expanding the temperature as a function 
of maximum energy flux (where the radiation is closest to equilibrium) gives the 
temperature of the black hole:? 


1/ 
ifs E “2 4.0(6 


827M , (19) 
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to lowest order in e where e = 1—€. The first term in this expression corresponds 
to the equilibrium temperature of the unmodified black mirror model which uses 
the usual tortoise coordinate. The other terms correspond to the deviation due to 
sub-light speed drift, £ < 1, which are negligible for small e. The modification of 
Eq. (6) to Eq. (7) still results in a constant energy flux plateau and effective long- 
term thermal equilibrium of Eq. (16) for € ~ 1. This confirms the robustness of 
the GTC model for describing Planckian distributed particle creation from a black 
hole. 


7. The Beta Bogoliubov Coefficient 


The particle spectrum, 


(Nu) = (in| NS in) = f IB, dor , (17) 


requires knowing the GTC beta Bogoliubov coefficient which is a simple integral to 
compute analytically? with result: 


BaO = - $07 CRY ra, (18) 


2T tp 


where T(x) is the gamma function, A = +[(1 + £)u + (1 — £)o/] and wp = w +w. 


The integrand? of Eq. (17) is Planckian using Eq. (18) with £ ~ 1 and w' > w, 
which is consistent with Eq. (16). 


8. Summary 


m 1) rerna EE] 


= —g — 4M e”/?M = —a/f — AMe?/2M€ 
2 6 “thar: =) 


= wen + O08) for €21 


Bow (E = -E2 (£) P(A) 


2TKWp m 


We have presented an overview ?? of a unitary black hole evaporation model that, 
without backreaction, manages to produce a finite total energy emission. Exact 
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analytic results for several important corresponding quantities are found: the beta 
Bogoliubov coefficients, the finite total energy emission, the matching condition for 
the modes and the generalized tortoise coordinate. 

The model* relaxes uncompromising continuity across the shock wave in the 
metric in exchange for preserving information. Arbitrary precision in continuity 
is permitted with arbitrary fast sub-light drifting speeds for the origin of coordi- 
nates (the moving mirror must travel at speeds less than light). As long as this 
requirement is met, the information is preserved and the energy emitted is finite. 
With ultra-relativistic, sub-light speeds the black hole emits particles in a Planck 
distribution with constant energy flux at equilibrium temperature. 
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Equal-spin limit of the Kerr- NUT-(A)dS spacetime 
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We summarize properties of the Kerr-NUT-(A)dS spacetime in a general dimension. We 
also investigate a limit when several rotational parameters in the metric are set equal 
and study geometry of the resulting spacetime. In dimension D = 6, we found a suitable 
Killing vector basis, whose algebraic structure proves that symmetries of the spacetime 
after the limit are further enhanced. 


Keywords: Black holes; higher dimensions; rotation; NUT charges; symmetries. 


1. Introduction 


In four dimensions, the Plebaáski-Demiafiski metric! represents a large family of 
algebraic type D vacuum spacetimes. For example, it includes the rotating Kerr 
black hole, the Taub-NUT solution with one NUT parameter as well as accelerating 
black holes described by the C-metric. 

In higher dimensions, the most general spacetime metric known so far is called 
the Kerr-NUT-(A)dS metric?. It includes rotational and NUT parameters as well 
as the cosmological constant, however, a solution with acceleration and charge is 
yet to be discovered. 

The Kerr-NUT-(A)dS metric can describe various geometries, such as maxi- 
mally symmetric spaces, a so-called Euclidean instanton and black hole solutions?. 
It also admits explicit and hidden symmetries that can be generated from a single 
object — a closed conformal Killing-Yano tensor, which we call the principal ten- 
sor ^^. Moreover, the principal tensor uniquely determines canonical coordinates in 
which the Hamilton-Jacobi, Klein-Gordon? and Dirac’ equations are fully separa- 
ble, and therefore the geodesic motion is completely integrable?. 

'The main focus of our work is a limit of the metric when several rotational 
parameters are set equal. Other limit cases have already been studied, such as the 
limit with some of the black hole's rotations switched off? or the limit when particu- 
lar roots of the metric function X, degenerate !?. These papers have demonstrated 
that not only can performing various limits of the general metric shed light on the 
role of NUT charges, but it can also result in new interesting geometries. 


2. Kerr-NUT-(A)dS Spacetime 


This section introduces the general Kerr-NUT-(A)dS spacetime and describes some 
of its interesting properties. Firstly, the metric in its general form is discussed and 
subsequently, we show how to obtain a black hole geometry from the general metric 
as a special case. 
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For simplicity, we restrict ourselves to even dimensions D — 2N. Note that 
the generalization to odd dimensions is straightforward — a corresponding term is 
added to the metric. 


2.1. Metric 


A metric describing the Kerr-NUT-(A)dS geometry can be written in the form? 


2 
Un a2 4n (k) 
ges x, tp. ST AQa. | | (1) 
H k 
with greek and latin indices going over slightly different ranges 
Ht Se oasa Na 


k,l=0,...,N—1 


, 


unless stated otherwise explicitly in the sum. 
The functions U,, and AP that appear in the metric are defined as polynomials 
in coordinates £, 


U, -IIt-2. A mo an die (2) 


v 
VAL VIL KV 


Each function X,, = X,(z,) is dependent on a single coordinate z,, and if it is left 
unspecified, the metric is then referred to as off-shell. On the other hand, if the 
function X, is also defined as a polynomial, namely 


Xj — AJ (23) —2b,5,, (3) 


where J (77) reads 
(ai) = [EG - 02 (4) 


then the metric (1) satisfies the Einstein equations in vacuum and we refer to it as 
on-shell. 

The coordinates we used are divided into two sets. In the black hole case, 
which is discussed in detail in Sec. 2.2, the coordinates r, represent radius and 
latitudinal angles whereas the coordinates v, represent time and longitudinal angles. 
Moreover, since the metric functions are independent of Yg, they are also the Killing 
coordinates. 

'The on-shell metric is described by several parameters, but only A can be inter- 
preted easily — it is related to the cosmological constant A as 


A — (2N — 1(N - 1A. (b) 


Regarding the others, in general we can say that the parameters a, somehow de- 
scribe rotations and the parameters b, encode mass and NUT charges. However, 


961 


their interpretation strongly depends on specific other choices that can be made. 
'This will be demonstrated in the next subsection where a black hole geometry that 
can be obtained from the general metric is discussed. 

Instead of v, we can also use a more convenient set of angular coordinates da 
defined as 


T ear da 
$a — aa As Yr, wsi = a n (6) 


Q 


where the functions U, and AC are defined similarly to U,, and AP in (2), only 
x, is replaced with a, 


u, = [J (32-22) i AP =Y ab 2200 (7) 


b Vi, Vk 
vi VjX«XVk 
viz 


The metric (1) then obtains the form 


g= 2x U, x 2 2+ Žu (= Jol) se) , (8) 


where J,, (a2) reads 


Since ģa are simply linear combinations of v, they are the Killing coordinates as 
well. 


2.2. Black hole 


The metric (8) can have both Euclidean and Lorentzian signatures, depending on the 
coordinate ranges and values of the parameters. Detailed discussion of geometries 
with the Euclidean signature, such as maximally symmetric spaces and Euclidean 
instantons, can be found in Ref. 3. 

In order to obtain the Lorentzian signature, some of the coordinates and param- 
eters need to be Wick-rotated, namely 


tn =ir, on = Aant, by =iM. (10) 
Moreover, we use a one-parametric gauge freedom in rescaling parameters and set 
ay ——-. (11) 

We also assume that ap are ordered 


0«aj €«...«ag. 1 < ay, (12) 
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where N — N — 1 and barred indices go over the ranges 


This notation is used to separate the temporal and radial coordinates from the 
angular ones. 
The metric (8) then becomes 


— Àr? + AxÀ 24 a2) Jala? 
1 ur IL Ato at Y (r? + a2) Ja (a2) dé 


RS Lc 
(r? + 27) Un 


7 1+ Ax 1+ Aa2 ~ p (1--Aa2)o ^ | ^ 
(13) 
with the metric functions A,, Aj, X and J(a2) defined as 
A, =—-Xy = (1 - Ar?) [T (r? + 23) —2Mr, DSUN =[|[( +23) ; 
Ag = —Xp = (1 + Ax3) J (25) + baza, J (a2) =] (2 - o2) 
(14) 


and the functions Uz, Ug, Ja (a2) and I (22) defined in the same way as their 
unbarred counterparts in Sec. 2.1, only with modified sets of coordinates and pa- 
rameters (i.e. without zw and ay). 

Let us now discuss suitable ranges of the coordinates rj. For vanishing NUT 
parameters (and non-zero mass), i.e. b; = 0, the metric is non-singular and has the 


desired signature if we assume that the coordinates are ordered as 
—a1«21«aj1«22«02«...« Vg «Gg. (15) 


For non-vanishing NUT charges, the coordinate ranges change only slightly — we 
assume that they are restricted by 


Qg—1 < Ta < Tp < "Tn < an (16) 


with the only exception being “xı since “xı < —aı. Figure 1 shows the discussed 
ranges. 

The horizon structure is given by the roots of the metric function A, defined 
in Eq. (14). For A € 0, there exist at most two horizons — an inner and an outer 
one. The two horizons can also coincide, thus forming a single extremal horizon, or 
we can obtain a naked singularity in case there are no horizons. For A > 0, there 
exists one additional cosmological horizon. 
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(b) 


Fig. 1. Ranges of the coordinates xj for (a) zero and (b) non-zero NUT parameters bj. 


As for the interpretation of the metric parameters, for zero NUT charges bj = 0, 
ap can be identified with the rotational parameters of the black hole. On the other 
hand, when the NUT parameters are non-trivial, then both ag and bj deform the 
geometry, however, their exact role remains elusive. This is where studying various 
limit cases might prove useful as they can help clarify this issue. 


3. Equal-spin limit in D — 6 


In general, performing the limiting procedure is not trivial — since some of the 
coordinate ranges and metric parameters degenerate, it is necessary to rescale them 
using an appropriate parametrization. Moreover, we expect the symmetry of the 
resulting spacetime to be enhanced, therefore we also need to find new Killing 
vectors or another proof of such enhanced symmetry. 

For simplicity, we assume that the cosmological constant and NUT charges van- 
ish, i.e. AX = 0 = bg. We are interested in the black hole form of the metric, which 
has only two rotational parameters in D — 6. Therefore, we will perform the limit 
a2 — a, using the parametrization 


ag = 01 + 20a2€ , 


(17) 
$9 = a1 + (1 + £2) dave, 


where £ < 1 is a small parameter and dag > 0 controls how fast a» approaches 
a1. Instead of x2 € (a1, a2) whose range becomes degenerate, we have introduced a 
rescaled coordinate £9 € (—1, 1). 

Using a more convenient set of angular coordinates $4. = $4 + ¢2, the resulting 


metric is 


2 
x r? +r? 
(dó.. + & as.) + a - de} 


Ty — ay 


ie la n 


2a1 


» (r? + at) (z? — at) / dé 
— e Ne 


+ d$? + dd? + 2&2 ó.do- ) 
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with the metric functions in the form 
Ar ~ (r? + a2) — 2Mr, 


2 j.2Y [2 2 (19) 
Mg (r + aq) (r + 27) ; 


Most importantly, in addition to the original Killing vectors l} and l—, we have 
obtained two new ones after the limit — here denoted by m and n. These new 
vectors are independent of the original Killing vectors and they Lie-preserve the full 
spacetime metric (18). The complete set of Killing vectors regarding the spatial 
part of the metric is therefore 


pe. m = cos ó.- T s ae oe 9$») 

09, ' ? Oko vV1-€& X80, 09. ' (20) 
a meai ecc (FH - os) 

0o. ' 062. /1—& N06. ð- 


Their Lie brackets suggest that the symmetry of the metric (18) is indeed further 
enhanced as three of the Killing vectors above generate the algebra of an SO(3) 


group 
[|-., m] =n, [m,n] =l_, In, l] =m. (21) 


The vector l} commutes with all the other vectors. Therefore, the symmetry group 
in the spatial part of the spacetime decouples from the original U(1) x U(1) into 
SO(3) x U(1) after the limit. 
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We study static, spherically symmetric spacetimes in quadratic gravity. We show that 
using a conformal-to-Kundt ansatz leads to a considerable simplification of the vacuum 
field equations. This simplification allows us to find Schwarzschild-Bach black hole in 
the form of a power series expansion with coefficients given by a recurrent formula. The 
Schwarzschild-Bach solution is specified by two parameters, the horizon position and an 
additional *non-Schwarzschild parameter" b that encodes the value of the Bach tensor on 
the horizon. For vanishing “Bach” parameter, the Bach tensor vanishes as well and the 
Schwarzschild metric is recovered. The new form of the metric enables us to investigate 
the geometrical and physical properties of these black holes, such as tidal effects on test 
particles and thermodynamical quantities. 


Keywords: Quadratic gravity; static spherically symmetric solutions; black hole; Bach 
tensor. 


1. Introduction 


In quadratic gravity, terms quadratic in curvature are added to the usual Einstein- 
Hilbert action. In the case of four dimensions and a vanishing cosmological constant, 
the action can be expressed as 


s= [tz vg (R+ BR? - a Cavea C, (1) 


where y = 1/G (G is the Newtonian constant) and a, B are additional parameters. 

Recently, new static spherically symmetric solutions, representing in particular 
a non-Schwarzschild black hole, to quadratic gravity have been found in Ref. 1 and 
further analyzed in Refs. 2, 3, 4, mainly by using numerical methods. 

Instead of using the standard spherically symmetric coordinates, we study? 
static spherically symmetric solutions in the conformal-to-Kundt form’ which leads 
to a considerable simplification of the vacuum field equations allowing us to con- 
struct a solution describing the Schwarzschild-Bach black hole in the form of a 
power series expansion. The coefficients in the expansion are determined by a re- 
current formula. We also study physical properties of the Schwarzschild-Bach black 
hole such as tidal effects on test particles and thermodynamical quantities. The 
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Schwarzschild-Bach black hole can be also generalized to include a non-vanishing 
cosmological constant, see Ref. 8. 


2. The Field Equations 


We study the case R = 0 (in the case of Einstein-Weyl gravity corresponding to 
B — 0, this directly follows from the trace of the field equations). Then the field 
equations reduce to 


Rab = 4k Bap , (2) 
where k = a G and Ba» is the Bach tensor 

Bay = (V*V* + $R*) Coa , (3) 

which is traceless, symmetric and conserved (g^^ Bap = 0, Bas = Boa; Bap? = 0). 

Instead of using the standard static spherically symmetric metric 
2 NES AR T . 2 2 

ds^ = —h(r) dt Tuum (d0^ + sinf 0d9^), (4) 
we employ a conformal-to-type D-direct-product-Kundt form” of a static spherically 


symmetric spacetime 


ds? = Q? (r)ds? 


Kundt 


= Q? (r)[ d6? + sin? 6d¢* — 2 du dr + H(r)du?], — (5) 
where 
h(r--9*-,  f(n--(Q"-/mrm, (6) 
Q’ denotes the derivative of Q with respect to r. The metrics (5) and (4) are related 
via the transformation 
r —Q(r), t=u-— f H(r) ‘dr. (7) 


We use the time scaling t — o^! t (implying h — o? h) to set h = 1 at spatial 
infinity for asymptotically flat solutions. 
The Killing horizon associated with the Killing vector 0; = Oy is located at rp: 


H| =0, (8) 


which implies that also h(7,) = 0 = f (Th) (see Eq. (6)). 

The main reason behind the considerable simplification of the field equations in 
the Kundt coordinates is that higher-order corrections to the Einstein theory are 
in quadratic gravity represented by the Bach tensor (see (2)) which is conformally 
well behaved Ba, = (7? BSP, 

It can be shown that in Kundt coordinates, the field equations (2) for the metric 
functions Q(r) and H(r) reduce to? 


Q0" — 207 = Ek BIH, (9) 
QQ2/ + 307°H +O? = $k Bs, (10) 


TEF 
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where 2 independent components of the Bach tensor are 
Bı HW". — BQ-uUWu"diw".a. (11) 


B, always vanishes on the horizon (8). 
'The Bach and Weyl scalar curvature invariants read 


Bap B^ = 4 Q79[(81)? + 2(B1 + B3)?], (12) 
Casca CPM = 40-4 (4" +2}. (13) 


Thus, C44 C9?" =0 implies Bay = 0. Moreover, Bas =0 if and only if 
Bay B® =0. The invariant (12) implies that there are two geometrically distinct 
classes of solutions to (9), (10), depending on the Bach tensor, one with Bay = 0 
and another one with Bay 4 0. 

In the case of vanishing Bach tensor B4 = 0 = Bo, the only solution of Eqs. (9)- 
(10) is the Schwarzschild metric in accordance with the Birkhoff theorem 


Q(r) = =, H(r) = -r° -2mr?, (14) 


where a coordinate freedom r > Ar +v, u — A^!u of the metric (5) was used. 
Eqs. (7), (6) give r = —1/T, f(r) = 1 — 2m/r = h(r), respectively, where 7 > 0 cor- 
responds to r < 0 (r increases with 7). 

For non-vanishing Bach tensor, Eqs. (9), (10) form an autonomous system (they 
do not explicitly depend on the variable r) and thus its solutions can be found as 
expansions in the powers of r to any order around any fixed value ro, 


= A" a AT. H(r) = AP ya A. (15) 
i—0 i—0 


where A =r — ro, n,p € R, and ag,co # 0. Eqs. (9) and (10) restrict possible 
dominant powers n, p in (15), see Refs. 5, 6. It turns out that there are only four 
classes of solutions allowed, namely [n, p] = [-1, 2], [0,1], [0,0], [1,0]. The class 
[—1, 2] corresponds to the Schwarzschild black hole (14), the class [1, 0] is equivalent 
to the (s, t) = (2,2) class of Refs. 9 and 2 corresponding to a naked singularity, while 
the Schwarzschild-Bach black hole is contained in the classes [0,1] and [0,0], see 
Refs. 5, 6. 


3. Class [0,1]: Schwa-Bach Black Hole Expressed 
Around the Horizon rp 


Since in the [0, 1] class, ro is the root of H it corresponds to the horizon rp, see 
Eq. (8). This class of solutions of quadratic gravity includes non-Schwarzschild black 
holes with Ba, 4 0, see Refs. 5, 6 


esee D (16) 


T Th 5 


H(r) = nif aes (E40) ] (17) 


i—l 
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where the initial coefficients are 


1 1 
= =1 =1 = =(4 — —— b) . 1 
a9 =0, a » N | W=3 akt? (18) 
and ay, yi41 for | > 2 are given by the recurrent relations 


l 
ape [m Ge A +1) - y_a(t— 0? 233 (70 (14 boa) — i) + gi + 1))], 
i=l 


i—1 


= D’ Sai " j ) j 
N41 = mD 220 Harill +ba:))(l—i)(l— 1- 3i). (19) 


This family of spherically symmetric black holes depends on two parameters: 


e The horizon position rh, r = rp is the root of H given by (17). 

e The Bach parameter b 4 0 for the Schwarzschild-Bach (or Schwa-Bach) 
black hole with non-zero Bach tensor, while b — 0 for the Schwarzschild 
solution. 


On the horizon rp, Eq. (11) gives 
3 


Bi(rn) 20, Bo(ri)— —— 
kr? 


b. (20) 
The invariants (12), (13) are B4, B*^(r,) = Zh. Band Caja C99 (rp) = 12 r4 (1 + 0)2, 
respectively. 

Fig. 1 shows the rapid convergence in the near-horizon region of the function 
h(r) of the metric (4) expressed from Q and H using Eq. (6). The first 20 (red), 40 
(orange), 60 (green), 80 (blue), and 100 (violet) terms in the series are compared 
with the numerical solution of Ref. 1 (black). The horizon is located at 7, = 1 (i.e., 
rj — —1), k — 0.5 and the value b = 0.3633018769168 corresponds to the asymp- 
totically flat case (see Ref. 1). We employed the scaling freedom with o? ~ 2.18 to 
obtain h > 1 asymptotically. 


numerical 
Y— 100 


1.0 


0.8} 


0.6 F 


0.4} 


0.2} 


0.0 


Fig. 1. Rapid convergence of the function function h(r). 
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4. Class [0,0]: Schwa-Bach Black Hole Expressed Around 
Any Point ro Æ ry 


The solution to Eqs. (9), (10) of the form (15) with n = 0 = p is given by the power 
series with 


1+1 
—1 1 ; les: 
Qi41 =m Ta E aj—1 + 3 Ci d1411—i CG +1—i)+ zili- 1)| f 
3 l 
C4 


-3 “EU K aiil +1- $)(L— 3i), (21) 


for any l > 1, where ag, a1, Co, C1, C2 are five free parameters and 


C3 3ag(ao + a1c1) + 9a2co + 2k(c2 — 1)] ; 


HE: 
Sal 
see Refs. 5, 6. 

To identify the Schwa-Bach black hole (16), (17), previously expressed around 
the horizon rp in the class [0,1], we have to uniquely determine the five free pa- 
rameters by evaluating the functions (16), (17) and their derivatives at r = rg. For 
Bap = 0, both classes [0,0] and [0, 1] reduce to the Schwarzschild black hole. How- 
ever, the [0,0] class is a larger family of solutions than the Schwa-Bach black hole 
since it admits one more parameter. 

Moreover, the power series (15) with integer exponents transform in some cases 
to series with non-integer exponents in the coordinate r. For example, a new 
class (w,t) — (4/3,0) in the notation of Ref. 2 also belongs to our [0,0] class, 
see Refs. 5, 6. 


5. Observable Effects Caused By The Schwa-Bach Black Hole 


The Bach tensor, namely two independent parts of the Bach invariant (12), Bi, B», 
could produce measurable affects on test particles described by the geodetic devi- 
ation equation!?. Apart from the classical Newtonian tidal deformation caused by 
the Weyl curvature, there are two additional effects due to the Bach tensor, one in 
the transverse components of the acceleration, the second in the radial component 
along Oz, with amplitudes given by 51,8» defined in (11). On the horizon, there is 
only the radial effect caused by Bz since Bi (rz) = 0, see (20). 


6. Thermodynamical Properties: Horizon Area, Temperature, Entropy 


The horizon of the Schwarzschild-Bach black hole is generated by the (rescaled) 
null Killing vector / = 00; = cO, and is located at H = 0, i.e., at r = rn, see (8), 
(17). Its area (using (16)), surface gravity (K? = —4 £,;, £4”, see Ref. 11), and the 
black-hole horizon temperature !? read 

A — An T2 = An O^ (ry) = 4n rz? , 


k/o = —i (ri) =-ir,= irf ; 


—~ — 
N N 
ww N 
Ww wa 


- 
= 
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respectively. The value of the scaling factor ø is fixed by the condition that 
h = —Q? — 1 asymptotically as r = O(r) > oc. 
Using the generalized definition of entropy S = (27/&) $ Q (see Ref. 13), where 


the Noether charge 2-form on the horizon is Q = — 2722 [14+ gx? —— sin 0 d0Ad¢, 
T=Th 
and using Eqs. (20), (22), and (23) the entropy becomes 
S = LA(1— 4krz b) = LA (1 — Akr, ? b), (25) 


which agrees with the results of Ref. 1, with the identification k = a, b = ó*. For 
the Schwarzschild black hole (b — 0) or in Einstein's theory (k — 0), we recover 
the standard expression. For smaller Schwa-Bach black holes (smaller r5), the 
deviations from $ — iA are larger, analogously to Ref. 14. S > 0 implies 4kb < r7. 

Combining Eqs. (22), (24), and (25), gives a relation between the temperature 
and the entropy 


—1/2 
, 


T = fo (n S + An^ kb) (26) 


eneralizing T = i(xS)-!/? for the Schwarzschild black hole. 
B 8 zi 
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The nature of the progenitors of Type Ia supernovae (SNe Ia) remains a mystery. By 
performing binary population synthesis calculations, theoretical predictions for different 
SN Ia progenitor models, such as supernova rates, delay times, pre-explosion companion 
properties and early ultraviolet signatures from ejecta-companion interaction have been 
presented. The results are then compared with the observations to place constraints on 
the possible progenitor models of SNe Ia. 


Keywords: Binaries: close — supernovae: general. 


1. Introduction 


There is consensus that Type Ia supernovae (SNe Ia) arise from thermonuclear 
explosions of white dwarfs (WDs) in binary systems!. However, the nature of their 
progenitors and the physics of explosion are still unknown?. Depending on the 
nature of the companion star, progenitor scenarios of SNe Ia fall into three general 
categories: (i) the single-degenerate (SD) scenario?, in which a carbon-oxygen (CO) 
WD accretes matter from a non-degenerate companion, potentially a main-sequence 
(MS), subgiant, red giant (RG), or even helium (He) star, to trigger an explosion 
when its mass reaches the Chandrasekhar-mass (Ch-mass) limit, (ii) the double- 


4 jn which explosions are caused by the merger of two 


degenerate (DD) scenario 
WDs, (iii) the WD accretes material from an He-burning star or an He WD to lead 
to a sub-Chandrasekhar-mass (sub-Ch) explosion when the He-shell accumulation 
reaches a critical value of about 0.02 — 0.2 Mo 5®. 

Comparing the expected rates and delay times of SNe from binary population 
synthesis (BPS) calculations with those inferred from the observations can place con- 
straints on progenitor systems of SNe Ia’. It is expected that the companion stars 
in the SD and sub_Ch scenario will be detectable in pre-explosion observations?. 
Also, in the SD scenario, the collision of the SN Ia ejecta with its companion star is 
expected to produce detectable ultraviolet (UV) emission in the first few days after 
the SN explosion’. To constrain the possible progenitor models of SNe Ia by their 
pre-explosion and early UV observations, it is required to preform BPS calculations 
to provide theoretical predictions for the pre-explosion companion properties and 


early UV signatures in the SD scenario. 


2. Method and Results 


In this work, the Cambridge stellar evolution code STARS" is used to trace the 
detailed binary evolution of a set of systems consisting of a WD and a MS or SG, 
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Fig. l. The delay-time distribution (DTD) of different progenitor scenarios in our calculations. 
The results are compared to the observed DTD (gray dots!°). 


a RG, or a He star companion. The WDs are treated as point masses. The mass 
transfer occurs though Roche-lobe overflow (RLOF). In the SD scenario, once the 
WD accretes the transferred companion material to increase its mass to near the 
Ch-mass limit (~ 1.4 Mo), an SN Ia explosion is assumed to occur. In the sub_Ch 
scenario (i.e., for the low mass-transfer-rate He-accreting case), a thick layer of 
helium is believed to grow on the surface of the WD. As a result, once a He-shell 
accumulation reaches a critical value (~ 0.05 Mo), the sub-Ch mass thermonuclear 
explosion is assumed to trigger. 

With a series of binary evolution calculations for various close WD binary sys- 
tems, we determine the initial parameter space leading to SNe Ia in the orbital 
period-secondary mass (i.e. logio P’-M3 ) plane for various initial CO WD masses 
(Mi) in the MS, RG, and He star donor channel. Furthermore, a rapid popula- 
tion synthesis code!? is used to perform a detailed Monte Carlo simulation. When 
a binary system evolves to a CO WD + MS (SG, RG, or He star) system, assuming 
that it will lead to an SN Ia explosion if it is located in the plane of (logio P’, M2) 
for its Mpp based on the detailed binary evolution. For the DD scenario in this 
BPS calculation, SNe Ia are assumed to arise from the merging of two close CO 
WDs that have a combined mass larger than or equal to the Ch-mass (Webbink 
1984). We refer to some previous works for a detailed description about the method 
and basic assumptions used in this work ^12, 


2.1. Rates and delay times 


Figure 1 shows a comparison between the delay-time distribution (DTD ^14) of 
different progenitor scenarios in this calculations and the observed DTD!°. It is 
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Fig. 2. Top panel: H-R diagram of pre-explosion companions in different SN Ia progenitor sce- 
narios from binary evolution calculations!?. Bottom panel: the distributions of companions in the 
the plane of (logio Teg, logio L), which are obtained from BPS calculations assuming a constant 


star-formation rate of 3.5 Mc yr-!. Here, only the He donor Ch-mass channel is considered. The 
pre-explosion observation of the SN 2012Z-S1 is also included (the error in red). 


found that the DD scenario has a wide distribution of the delay times. The SD 
scenario seems to be difficult to produce old SNe Ia with the delay times of > 
3000 Myr. Also, it is really hard to explain the observed rates and delay times with 
a single progenitor model, which may indicate that a combination of current models 
might be an alternative scenario for SNe Ia. Otherwise, a new progenitor paradigm 
may be needed if SNe Ia are indeed generated from the same origin. 


2.2. Pre-explosion companion stars 


The WD can only be observed directly in our own Milky Way and several very 
nearby galaxies as the WD would be faint. However, the non-degenerate compan- 
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ions in SD and sub_Ch scenario will be detectable in pre-explosion observations. 
Therefore, analyzing pre-explosion images at the SN position provides a direct way 
to constrain SN progenitor systems. With performing detailed binary evolution 
calculations, the pre-explosion properties of companions in the SD and sub.Ch 
scenario are shown in Fig. 2. This will be very helpful for constraining progeni- 
tor systems of SNe Ia from their pre-explosion observations. Recently, a luminous 
source (i.e., SN 2012Z-S1) has been discovered from pre-explosion HST images of an 
SN Ia SN 20122, and it is further suggested to be the probable progenitor system of 
SN 20122Z?. In this work, it is found that the detailed binary evolution calculations 
for the WD-4-He star Ch-mass channel can contribute significantly to the number 
of systems in the vicinity of SN 2012Z-S1 (Fig. 2). However, further BPS calcu- 
lations suggest that the WD--He star channel produces companions as cool as the 
SN 2012Z-S1 only at very low probability (see Fig. 2). 
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Fig. 3. Distributions of theoretical light curves predicted from the ejecta-companion interaction 


for different SD progenitor models. Here, only a viewing angle 0 = 0? and uvm2 band are 
considered. The ejecta mass (Mej = 1.4 Mc) and explosion energy (Eej = 10°! erg) are adopted. 


2.3. Early UV emission of ejecta-companion interaction 


In the Kasen’s model®, SN ejecta collides with its companion star, the impacting 
layers are re-shocked and the kinetic energy partially is dissipated, causing UV 
flux emission from the shock-heated region. This emission dominates the early- 
time (few days after SN explosion) light curves within certain viewing angles?. By 
combining our BPS results into the Kasen’s analytical model !?, the distributions of 
early-UV emission from ejecta-companion in the different SD progenitor models are 
presented in Fig. 3. This theoretical predictions will be helpful for future early-time 
observations of SNe Ia to constrain their possible progenitors. 
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A strong UV pulse in the early light curves of an SN Ia iPTF14atg has been 
detected recently!?. It has been further suggested that this strong UV pulse sup- 
ports that some SNe Ia arise from the SD Ch-mass scenario. Here, the predictions 
from our BPS calculations are compared to the early UV flash of iPTF14atg to 
put a more stringent on the possible progenitor of this event. It is found that it is 
unlikely that the detected early UV flash of iPTF14atg arises from the interaction 
with a MS or He star companion by considering that the actual viewing angle may 
be larger than 0 — 0? and taking the uncertainties on the explosion parameters into 
account. However, the results from the RG donor scenario can explain the early 
UV flash of iPTF14atg (Fig. 3). Therefore, it can be concluded that the progenitor 
system of iPTF14atg would be most likely a red-giant donor binary system if we 
assume the observed strong UV pulse of iPTF14atg was indeed produced by the SN 
ejecta-companion interaction. 


3. Conclusion and Summary 


By performing the detailed binary evolution and population synthesis calculations, 
some helpful theoretical predictions for different progenitor scenario of SNe Ia have 
been presented. The results are also compared to current observations to place 
constraints on the possible SN Ia progentiors. The results and conclusions can be 
summarized as follows. 


i) The DD scenario has a very wide DTD and the SD scenario seems to be 
difficult to produce old SNe Ia (> 3000 Myr). It is hard to explain the ob- 
served rates and delay times with a single progenitor model. A combination 
of different progenitor models seems to provide a better explanation. 


ii) Pre-explosion companion properties in the SD and sub.Ch scenario have 
been presented. This will be helpful for constraining progenitor systems 
of SNe Ia from their pre-explosion observations. It is found that the He 
companions in SD scenario can explain the observations of SN 2012Z-S1 at 
a low probability. 


iii) Population synthesis models of early UV emission from ejecta-companion 
interaction in the SD scenario are presented. The results are useful for 
comparing with early UV observations of SNe Ia to put constraints on their 
progenitor models. It is also found that the progenitor system of iPTF14atg 
would be most likely to have a red-giant donor if we assume its observed 
UV pulse was indeed produced by the ejecta-companion interaction. 
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There has recently been an increasing interest in a possible population of type Ia super- 
novae (SNe Ia) triggered by helium detonation on the surface of a massive white dwarf. 
In this paper, we first summarize possible observational signatures of the He detonation- 
triggered SNe Ia, emphasizing the new diagnostics of the He detonation mode potentially 
seen in the SN light within the first few days since the explosion. We then argue that 
observational properties of a peculiar SN Ia, MUSSES1604D as discovered by the Hy- 
per Suprime-Cam (HSC) attached with the Subaru telescope, are best explained by the 
He-detonation scenario. We then discuss possible origins, including the He detonation 
scenario, of the diversity seen in the photometric properties of SNe Ia in the first few 
days. While the He detonation could reproduce observational properties of a fraction of 
SNe Ia showing the excessive emission in the first few days, it is likely that a bulk of 
them are linked to a different explosion mechanism where the early excess would arise 
due to an extensive mixing of ?9Ni during the explosion. A combined analysis of the very 
early phase observations and the maximum-phase observations will be key in mapping 
the diverse SN Ia zoo into different populations reflecting different progenitors and/or 
different explosion modes. 


Keywords: Supernovae; binary stars; nucleosynthesis. 


1. SNe Ia in the first few days 


It has been widely accepted that the type Ia supernova (SN Ia) is a thermonuclear 
explosion of a massive C+O white dwarf (WD) in a binary system. Details are 
however yet to be clarified on the nature(s) of the progenitor system(s) and the 
explosion mode(s) (see Ref. 1 for a review). There are two popular progenitor 
scenarios; the single degenerate (SD) scenario involves an accreting WD from a non- 
degenerate companion star, while the double degenerate (DD) scenario involves 
a binary merger of two WDs.*° There is also a variety in the possible mode of 
the explosion, especially in a way how the explosion is initiated. In the popular 
delayed-detonation model, the carbon deflagration flame is first triggered near the 
center of a massive C+O WD close to the Chandrasekhar limiting mass, then the 
transition to the detonation wave is hypothesized.9 ? 

In the last few years, there has been an increasing interest in a specific mode of 
the explosion, which involves accretion of helium (He) on the surface of a primary 
C+O WD.?-!! If the He accretion is sufficiently rapid, a detonation is initiated 
within the He layer. The shock wave thus generated would penetrate into the 
C--O WD, triggering the carbon detonation near the center of the WD. This sce- 
nario does not require a Chandrasekhar-mass progenitor; the progenitor WD mass 
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Fig. 1. Examples of the simulated early-phase light curves for the He detonation models, in the 
V-band (left) and in the SWIFT UVW1-band (right).?! Three models with different masses of 
the primary WD (0.8,1.1,1.4M®© for 8A, 11A, 14AL, respectively) are shown by the red curves. 
The bolometric light curves of the same models are shown by the black curves. The model 
corresponding to model 14AL but without the He detonation ash (14NL) is shown by the gray 
curve. Reproduced from the following publication: K. Maeda, et al., The Astrophysical Journal, 
861, 78 (2018).?! 


is phenomenologically limited by the capability of synthesizing °°Ni mass to be 
consistent with observed SN Ia luminosities.!?:? To produce ~ 0.6M of °°Ni to 
account for normal SNe Ia, the WD mass (Mwp) is > 1MC. The primary WD 
with Mwp ~ 0.8Mọ will lead to a low luminosity SN, thus at most applicable to 
sub-luminous sub-classes of SNe Ia. The He-detonation model has been first con- 
sidered within the SD scenario (the ‘double detonation’ model), i.e., a C--O WD 
accreting from a non-degenerate He star, while it has been recently discussed in a 
context of the DD scenario as well, i.e., a C+O WD merging with another C+O 
WD with a massive He layer or even with a He WD. 1415 

Infracting opportunities of the time domain science now allow SNe and transient 
objects to be studied from the very beginning of their outbursts. The discovery and 
quick follow-up observations within the first few days since the SN explosions are 
becoming common in the last few years. For SNe Ia, it has been suggested that an 
additional blue (UV-strong) and bright emission should be associated with the SD 
scenario; an interaction of the ejecta with a companion star creates an additional 
thermal energy, which is then radiated away in a few days, superimposed to the 
‘red’ light diffusing out of the main body of the SN ejecta as powered by the decay 
chain °°Ni/Co/Fe.'® A similar excessive light in the first few days is expected for 
the interaction between the ejecta and circumstellar media (CSM).!* As yet another 
possibility, mixing of °°Ni towards the outer region of the ejecta may also contribute 
to the early emission.!? The first attempt to search for such a signal generally 
resulted in non-detection; however, as the observational technique and strategy are 
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Fig.2. Synthetic spectra of the He detonation models around maximum light (8A, 11A, 14AL; see 
the Fig. 1 caption). The spectra of the corresponding models without the He detonation products 
at the same epochs are also shown by gray lines. Reproduced from the following publication: K. 
Maeda, et al., The Astrophysical Journal, 861, 78 (2018).?! 


being matured, there is an increasing number of reports for SNe showing the early 
excess in the first few days (see Ref. 1 for a review). 


2. He detonation: Expected observational features 


Recently, an additional mechanism has been suggested which would create a bright 
emission in the first few days of SNe Ia; it is the He detonation.!? ?! The He 
detonation creates either °°Ni or other radioactive isotopes (??Fe which decays into 
Mn and then Cr, or Cr which decays into V and then Ti). The newly synthesized 
radioactive isotopes are contained in the thin outermost layer of expanding SN 
ejecta. Given the small diffusion time there, it creates a bright emission in the first 
few days, then it is eventually overwhelmed by the main SN emission. The mass 
of the He layer would be between 0.004M (for Mwp ~ 1.4Mo) to ~ 0.13Mo 
(for Mwp ~ 0.8Mọo) for the SD scenario, but it is highly uncertain (or can be 
quite diverse) in the DD scenario. The amount of the surface radioactivity, which 
determines both the luminosity and duration of the early flash, can be diverse 
but can create optical signals similar to the predictions from the companion/CSM 
interaction scenarios. An important difference between the He detonation and the 
interaction scenarios is the UV-optical color; it is much redder in the He detonation 
model. Examples of synthetic observables from the He detonation models are shown 
in Figure 1.?! 

The He detonation would result in highly red spectra around the maximum 
phases, 1321-22 as the UV portion of the light experiences substantial line absorp- 
tions by the He detonation ash (Figure 2). This feature has indeed been a main 
argument against the He detonation model to account for a main population of 
SNe Ia. We however note that this prediction is highly sensitive to the combination 
of the SN luminosity (which determines ionization) and the mass of the He shell 
(which determines the mass of the absorbers); either a very thin shell and/or a 
high luminosity would erase the potential signature of the UV absorptions.?! This 
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Fig. 3. Multi-band light curves (left) and a spectrum around the maximum light (right) 
of MUSSES1604D. The right panel shows comparisons to various SNe Ia; the spectrum of 
MUSSES1604D is shown by the dark green line, while the comparison SNe are shown in different 
colors. Reproduced from the following publication: J. Jiang, et al., Nature, 550, 80 (2017). 1? 


feature adds a predicting power to the He detonation scenario: the properties in 
the early flash and those in the maximum phases are coupled, and therefore the 
combined analysis provides a strong diagnostics for the He detonation scenario. 


3. MUSSES1604D: The first robust candidate of the He detonation 


MUSSES1604D is a peculiar SN Ia discovered by a survey using the Hyper Suprime- 
Cam (HSC) attached with the Subaru telescope. ? The survey is designed to make 
the best use of the wide-field capability of the HSC and the deep sensitivity of the 
8.2m Subaru telescope, in order to discover relatively high-z SNe Ia in the first day 
of the explosion. 

MUSSE1604D shows an excess of the light in the first few days, as compared to 
a simple extrapolation from the template SN Ia light curve (Fig. 3). Indeed, except 
for this early excessive emission, the light curve is largely consistent with normal SNe 
Ia. Around the maximum phase, it shows clear peculiarities in its spectral features. 
While it generally resembles normal SNe Ia, additional absorption features are seen 
in the blue part (< 4, 500A). These absorption features are identified as Ti II and 
Fe-peaks, which are seen in sub-luminous SNe Ia but not in normal SNe Ia. 

A straightforward interpretation is the He detonation-triggered explosion. 
The scenario predicts both the emission in the earliest phase (due to the radioactive 
power) and the absorptions around the maximum phase (due to the decayed Fe- 
peak elements and Ti). As a demonstration, radiation transfer simulations are 


19,21 


981 


iPTF14bdn mA 
SN2015bq Hei 
ASASSN-15uh Hae 
iPTF16abc -4- 


Relative Magnitude 
N 


SN2017ep HH 
SN2005cf = 
SN2008Q HH 
SN2013fw 


SN2012cg A ASASSN-15hx =H 


SN2013gy 
SN2015F HH 
SN2011fe == 
iPTF13ebh i24 
SN2007on ic« 


SN2017cbv -à-  SN2010kg HH ^ SN2008hs i4 
3- ASASSN-Mlp »&  SN201395 SN2010Y = 4 
SN2009ig —— iPTFl3dge ++i  SN2012ht <> 
SN2012fr x< —— SN2007af Jia SN2017f2w «v^ 
SN2013dy óc SN2008ec =  SN2015bp 
SN2011ao <1  SN2008hv ++  SN20llek vw: 
SN2014| <i SN201B HH SN2005ke ev 
4L SN2015ak HH ^ SN20llby =- iPTF1datg wi J 
] i f ] 1 f ] 1 ] 1 ] 
-18 -15 -12 -9 -6 -3 0 3 6 9 12 15 18 


Days Since UVW1-band Max 


Fig. 4. Light curves of SNe Ia in the SWIFT UVW1-band. Reproduced from the following 
publication: J. Jiang, et al., The Astrophysical Journal, 865, 149 (2018).?3 


performed on a grid of simplified kinematic models which are constructed for a 
set of parameters; the ejecta mass (which is translated to the mass of the primary 
WD), the mass of °°Ni in the main SN ejecta, and the mass of the He shell. The 
best match is found for 1.28 — 1.38M for the WD mass, ~ 0.43M for the ?9Ni 
mass, and ~ 0.02 — 0.03Me for the He shell mass. We note that this combination 
in the WD mass and the ?9Ni mass deviates from the expectation from the carbon 
detonation, and this issue is yet to be clarified. The mass of the He shell is largely 
consistent with the classical double detonation model within the SD scenario. 

The rate of MUSSES1604D-like SNe Ia is small; only ~ 0.5% of SNe Ia show the 
combination of normal peak luminosity and the peculiar maximum spectra. 19:23 We 
however note that the properties of the maximum-phase spectra are highly sensitive 
to the combination of the luminosity and the He shell mass; the MUSSES1604D-like 
objects may represent a tip of icebergs of the ‘He detonation population'.?! Indeed, 
the second robust candidate of the He detonation-triggered SN Ia 2018byg has 
different characteristics than MUSSES1604D, but the variation is understandable 
within the He detonation model sequence. 74 


4. Diversity of SNe Ia in the earliest phases 


There are some reports of the detection of the early-phas excess for individual 
SNe Ia (see Ref. 23 for a review). 
early-phase photometric observations well before the maximum light (Fig. 4), 
which include the objects which were not reported previously, show an interesting 
trend;??25 most, if not all, of SNe Ia showing the early-phase excess are classified 
as bright SN 1991T/1999aa-like SNe Ia (or the ‘shallow Si class’). The exceptions 


A systematic study of existing data with 
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are iPTF14atg?$ and MUSSES1604D, for which the companion interaction and He 
detonation, respectively, have been suggested for the mechanism responsible for the 
early excess. 

Furthermore, all the bright SNe Ia with sufficient data in the early phase show 
the excess. Given that the companion interaction predicts a substantial viewing 
direction dependence on the strength of the early flash,!9:?" this possibility is im- 
mediately rejected to explain the early-phase excess seen in these bright SNe Ia. 
Further, the duration is long (~ 10 days) and the color is red, which are inconsistent 
with the CSM interaction scenario. These properties suggest that the mechanism 
to create the early excess for the bright SNe Ia is likely the mixing of °°Ni outward 
during the explosion.?.?? Indeed, modeling the spectral sequence for the bright 
SNe Ia suggests that the ?9NI distribution is extended toward the outer layer, ?? 
which may support the interpretation. The strength of the signal is diverse; this 
may indicate that a different degree of the mixing is realized in these SNe Ia. 


5. Concluding remarks 


In this paper, we have summarized our ongoing activity to understand the progen- 
itors and explosion mechanisms of SNe Ia, highlighting one particular mode of the 
explosion, i.e., the explosion triggered by the He detonation on the surface of a 
C--O WD. Our conclusions are summarized as follows: 


e The He detonation model offers a new mechanism to create the exces- 
sive emission from SNe Ia in the first few days, adding to the previously 
suggested mechanisms (companion interaction, CSM interaction, and °°Ni 
mixing). 

e The He detonation has a unique prediction; the properties seen in the ear- 
liest phase are connected to those in the maximum phases, through the 
absorption by the He detonation ash. 

e Properties of MUSSES1604D, as discovered by the Subaru/HSC high- 
cadence survey likely within the day of the explosion, are best explained by 
the He detonation scenario. 

e Except for two SNe Ia (iPTF14atg and MUSSES1604D), SNe with the 
early excess show strong preference to a bright SN 1991T/1999aa-like sub- 
class. The most likely mechanism to create the early excessive emission for 
these bright SNe is the mixing of °°Ni towards the outer layers during the 
explosion. 

e A combined analysis of the very early phase observations and the maximum- 
phase observations will be key in mapping the diverse SN Ia zoo into differ- 
ent populations reflecting different progenitors and/or different explosion 
modes. 
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Compact binary systems are investigated on timescales where the gravitational radia- 
tion backreaction is negligible but which is much longer than the orbital period. On 
this conservative timescale we use averaged equations over one orbital period removing 
the short time-scale modulations but keeping the secular variations. The effects of the 
eccentricity on the spin flip-flop is studied for equal mass binary systems. We find that 
eccentricity does not affect the flip-flop magnitude but it has a significant influence on 
its period. 


1. Introduction 


The first direct detection of gravitational waves was announced in 2016 by the 
LIGO Scientific Collaboration and Virgo Collaboration, one century after Einsten 
proposed their existence. Ten additional events have emerged since the first detec- 
tion. All observed gravitational waves originated from compact binary systems, 5 
and in two cases the spin of the merging black holes was identified with high sig- 
nificance. 9:9 Therefore the accurate description of the orbital and spin dynamics 
of compact binary systems is important. Effects due to the spin evolution can also 
occur before the merger. The precession of the dominant spin (of the larger mass 
supermassive black hole of the binary) was identified for the first time through its 
jet characteristics from VLBI radio data spanning over 18 years. 1° 

'The evolution of the compact binary system consists of three consecutive phases: 
i) inspiral, ii) merger and iii) ringdown. In the first regime the dynamics can be 
described by the post-Newtonian (PN) formalism. On the conservative timescale 
where the gravitational radiation backreaction is negligible the spin effects appear 
throught the spin-orbit (SO), the spin-spin (SS) and the quadrupole*—monopole 
(QM) couplings, giving contributions to the relative acceleration of the binary com- 
ponents and leading to spin precessional equations. 11:1? The conservative timescale 
contains two additional subscales. The shorter is given by the orbital period, while 
the longer by the precessional period of the orbital plane and spins. On the orbital 
timescale the spin effects on the orbit were analyzed setting up a generalized Kepler 
equation.!? 196 On the precessional timescale the effects occurring on the shortest 
timescale can be swept away by averaging methods. Then a simplified system of 
equations is obtained, governing the longtime spin evolution. The averaged dynam- 
ics for circular orbits with SO and SS coupling terms!" and for generic bounded 
orbits with SO couplings!*!? were derived. With the inclusion of the SO, SS and 
QM couplings Racine identified a new constant of motion for black holes which have 
specific quadrupole parameter and solved analytically the averaged spin equations 


aJf the quadrupole moment is spin induced. 
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for circular orbits.?? By an additional averaging over the precession timescale the 
evolution of the magnitude of total angular momentum during the inspiral was 
investigated. ?.:2? These efforts were exploited for building waveforms.?? 

Several interesting spin related behaviours were identified in compact binary 
dynamics. When the orbital angular momentum and the total spin are anti-aligned 
and nearly cancel each other the orbital plane changes significantly during a rela- 
tively short-lived transitional precession period!". In binaries having components 
with significantly different masses, the direction of dominant spin relative to the 
total angular momentum can change significantly during the inspiral.?^ This spin- 
flip may explain the formation of X-shape radio galaxies.?? When the spin vector of 
the larger black hole S1 (dominant spin) approximately lies in the plane of motion, 
while the smaller spin Sg is closely aligned with the orbital angular momentum 
Ly, the smaller spin slowly evolves to be anti-aligned with Ly, then periodically 
changes back and forth on a timescale shorter than the gravitational radiation re- 
action timescale.?9 This effect, dubbed spin flip-flop was investigated in a wider 
parameter range for binaries moving on circular orbits.?^?? Recently a parameter 
range has been identified where the flip-flop happens on relatively short timescales, 
and dubbed as wide precession. 3? Then over the period during which the magnitude 
of the total spin changes from its minimum to its maximum and back to the mini- 
mum value, one of two spins evolves from complete alignment with Ly to complete 
anti-alignment. 

Here we investigate the effects of the eccentricity on the magnitude and the 
period of spin flip-flop on conservative timescale. For this purpose we use averaged 
equations over one orbital period keeping only the secular effects. 


2. Secular spin evolution of compact binaries moving on 
eccentric orbits 


The orbital and spin dynamics of the compact binary systems up to 2PN orders with 
SO, SS and QM couplings is given by equations (36)-(42)?! in terms of dimensionless 
osculating orbital elements and spin angles. This system of equations describes the 
motion of an object with reduced mass u around another component with total 
mass m. There are two variables which characterize the shape of the reduced mass’ 
orbit: 


= ; 1 
Onn (1) 
and the orbital eccentricity 
An 
= a 2 
e — ce (2) 


with speed of light c, gravitational constant G, magnitudes Ly and Ay of the orbital 
angular momentum Ly and of the Laplace-Runge-Lenz vector Ay. There are 
three Euler angles in the system of equations: the inclination œ = arccos (i Jd x): 
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the longitude of the ascending node $,, = arccos (s - i) and the argument of the 
periastron t; = arccos (i E n): Here J is the total angular momentum, conserved 


in the 2PN dynamics, Î=Înxĵ , & denotes a fixed direction perpendicular to J 
and the hat denotes unit vectors. The magnitudes of the spin vectors are constant 
and they are characterized by the dimensionless quantities: 


Xi = S, mi? (3) 
The polar angles of the spin vectors are 
Kj — arccos (S. : n ; (4) 
and their azimuthal angles 
C; = arccos (S: : Aw) ; (5) 


with SŁ = S; — În (s. Ex). 
We investigate the secular effects which occur over many orbital periods. The 
average of any function f over one orbital period is 


Hu T 2T 1 
Tj = n reu [f dw, (6) 


where x; is the true anomaly, the angle between Aw and the position of the reduced 
mass. The distance r between the binary components changes periodically, thus 


Fig. 1. The spin angles &; and AÇ = 61 — C2 are shown. 
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there are turning points, where ? = 0. The parameter x, is chosen such that 
? (Xp = km) = 0, where k is an integer number. The orbital period T is the time 
spent between x, = 0 and x, = 27. Applying Eq. (6) for the time derivatives 


J= fi ry Cr, Y à, Pm thy, his Gb leads to the secular dynamics. These equations are 


given with 1PN corrections and SO coupling.?? The averaged equations valid up 
to 2PN orders will be presented. ?? We note that the shape variables are constants 
of motion I, = é, = 0 on the secular time-scale (where the gravitational radiation 
backreaction is negligible). In addition, the equations for the variables &; and 
AC = G — ¢ (shown on Fig. 1) are decoupled from the set of equations governing 
the evolutions of a, bn, Yp and 61 + C2. 

On Fig. 2 the color map highlights the values of the difference between the 
extremal values of k2 occuring during the evolution, denoted Ax», for an equal 
mass binary system in the parameter space span by «1 (0) and «2 (0). The orbital 
eccentricity and the initial value of AÇ were chosen as &, = 0.1 and AÇ (0) = 7/2. 
On the left panel xı < x2. Large flip-flops with Akg ~ 7 occur at &4 (0) z 7/2, 
originally identified for circular orbits.?9 For y, = y2 = 0.95 the right panel shows 
that large flip-flops appear in completely different regions than for x1 « x». 


Ax» [Degree] AK» [Degree] 

180 180 180 180 

160 160 

135 140 135 140 

p 120 | — 120 

S 100 S 100 

299 ao — 90 80 

60 60 

45 40 45 40 

=i 20 

00 35 180 ° 00 180 ° 

[AC = 2/2 | [AC 2 3/2] 


K zr X, i 

Fig. 2. The color map represents Akg (the difference between the extremal values of &2 occuring 
during the evolution) as a function of «1 (0) and «2 (0). On the left panel x1 = 0.95 and x2 = 0.05 
corresponding to x2 < x1 while on the right panel x1 = x2 = 0.95 (in this case Akg = Ax). The 
additional fixed parameters are AÇ (0) = 7/2, mı = m», m = 20Mo, Er = 0.1 and & = 0.0001. 


The period of the flip-flop during which «2 changes from its minimum to its 
maximum and back to its minimum is shown on Fig. 3 as a function of eccentricity. 
The flip-flop period (a dimensionless number) is given in units of Gm/c?. On the 
left panel x1 < x2 while on the right panel x1 = X2 = 0.95, and AÇ (0) = 7/2 on 
both panels. At the orange, white and black contour lines Ax» has the values 7/3, 
7/2 and 27/3, respectively. Since these lines are horizontal, Axa does not depend 
on the eccentricity. We have confirmed this property in a wide parameter range for 
binaries with equal mass. 
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Fig. 3. The color map shows the flip-flop periods in dimensionless units as a function of e;. 
At the horizontal orange, white and black contour lines A&2 has the values 7/3, 7/2 and 27/3, 
respectively. On the left panel x1 = 0.95 and x2 = 0.05 corresponding to x2 << x1 while on the 
right panel x1 = x2 = 0.95 (in this case Akg = Axı). Common parameters for both panels are 
K2 (0) = 7/10, AC(0) = 7/2, mı = m2, m = 10? Mc; and = = 0.0001. 


3. Conclusions 


Spin flip-flop effects were considered for equal mass binaries moving on eccentric 
orbits. When one of the binary components is slowly spinning with respect to the 
other, the largest variation in the polar angle of the smaller spin occurs when the 
dominant spin is near perpendicular to the orbital angular momentum. However 
the magnitude of the flip-flop strongly depends on the ratio of the spin parameters. 
For binaries with same identical parameters the flip-flop magnitude is largest in 
the near regions of the two corner points («1 (0) = 0, k2 (0) = 7) and («4 (0) = 7, 
k2 (0) = 0) (see Fig. 2). 

We have found that the magnitude of the flip-flop is unchanged for different 
orbital eccentricities. However the eccentricity significantly influences the period of 
the flip-flop. As the eccentricity increases, the flip-flop period decreases. Comparing 
the low (é, ~ 0.1) and high (@, ~ 0.9) eccentric orbits, the period decreases by one 
order of magnitude in certain cases, for fixed & (0). 
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We report here on a line of work that has played a key role in formally establishing and 
going beyond the state of the art in the effective field theory (EFT) approach and in 
post-Newtonian (PN) gravity. We also outline here how this comprehensive framework 
in fact forms the outset of a prospective rich research program, building on the public 
Feynman and PN technology developed. 


Keywords: Effective field theories; Post-Newtonian theory; Gravitational waves; High 
precision calculations. 


1. Introduction 


In recent years significant progress was made in a line of research, based on an Effec- 
tive Field Theory (EFT) approach for the treatment of gravitational waves (GWs), 
emitted from coalescing binaries, which was put forward by Goldberger et al. 13. 
Such binaries contain compact components, which still orbit in non-relativistic (NR) 
velocities in their long inspiral phase, and are therefore analytically studied via the 
post-Newtonian (PN) approximation in gravity*. Here we report in particular on 
a series of works, which focused on the treatment of the challenging and realistic 
case, where the constituents of the binary are rotating? ? 
eral EFT framework widely accessible and available to the community, including a 
public automated computation tool!416, This line of work has played a key role in 
formally establishing and going beyond the state of the art in the EFT approach 
and in PN gravity, where we also outline here how this comprehensive framework in 


, and on making the gen- 


fact forms the outset of a prospective rich research program, building on the public 
Feynman and PN technology developed. For a general overview presentation of the 
main unique advances in the field of EFTs of PN gravity, and the various prospects 
of using field theory to study gravity theories at all scales, see Ref. 17. 


2. Effective Field Theories of Post-Newtonian Gravity 


Multi-scale problems are prevalent in physics, and as it turns out the compact binary 
inspiral is also of this kind. Such problems are amenable to a systematic treatment 
using the framework of EFTs, originally developed in the context of quantum field 
theories (QFTs) and particle physics. The compact binary inspiral involves indeed 
a hierarchy of scales, controlled by the NR orbital velocity, v, which constitutes 
the small parameter of the effective theories at each of the intermediate scales in 
the problem. There are three widely separated characteristic scales in the binary 
inspiral problem: The scale of the single compact object, rs, the scale of the orbital 
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separation of the binary, r, and the scale of radiation, emitted from the binary in 
GWs, with a wavelength A. These scales satisfy rs ~ Gm ~ rv? ~ M?, where m is 
the typical mass of the single compact object, v « 1, and in the PN approximation 
nPN = v?" order corrections to Newtonian gravity are found. Therefore one needs 
to proceed to construct a tower of EFTs in stages, where in each stage an effective 
theory is devised to remove the corresponding intermediate characteristic scale. 

The setup of EFTs is then universal, and it follows one of the two complementary 
procedures to construct an EFT, which are referred to as “bottom-up” and “top- 
down". Both of these approaches are also used in the binary inspiral problem. At 
the first stage, where the scale of the single object is to be eliminated, the full theory 
of gravity is considered as General Relativity (GR), and is given, e.g., in terms of 
the following Einstein-Hilbert action: 


Slow] = -ggg | la. () 


with g,, for the gravitational field. Then, in the bottom-up approach we construct 
the effective action by identifying the relevant degrees of freedom (DOF's) and the 
symmetries at the desirable scale. In this case, this means that the remaining bulk 
action, after decomposing the gravitational field into gy, = gj, + Juv, where gj, 
represents the strong field modes to be removed in the effective action, is augmented 
with a worldline action, which contains new worldline DOFs of a point particle. The 
effective action is then of the following form: 


Sen[guv (x); y" (e), e (0)] = S[guv] + Spplguv (V); v" (e); eA o)] 


= "ma | CES + Cile) [ do Oilo) (2) 


where the worldline DOFs depend on the worldline parameter c, O; are the oper- 
ators evaluated on the worldline, and C; denote the “Wilson coefficients”, which 
encapsulate the UV physics suppressed, and depend only on the scale rs. 

At the second stage, the field component is further decomposed into components 
with definite scaling in the velocity, i.e. gu, = NQuv + Hy PP sais where H,,, denotes 
the orbital field modes, which we want to eliminate at this stage, and huv denotes 
the radiation modes. We then proceed with the top-down approach to integrate 
out the orbital scale by starting from the following two-particle action, obtained 
from the previous stage: 


Segno. Ys Vo ea edal = Slur] + X Spo [Bue (Ya), (Ya), (ea) 40a). (3) 


a=1 


We integrate out the orbital field modes explicitly, using a standard diagrammatic 
expansion with the following definition for the new effective action: 


Set [uv (Ye) (ec) A] = [Pte eiSertlBus Yt ua 61a ea A], (4) 
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where now there are new worldline DOFs, with the subscript 'c', of a composite 
particle, that is the binary system. 

Finally, when the conservative sector is concerned, no radiation modes are 
present, and one should arrive at an effective action, which no longer contains 
field modes, or another scale to remove. 


3. Spinning Particles in Gravity 


Gravitating spinning objects have been considered as particles in an action ap- 
proach both in special and general relativity already more than 40 years ago, see 
e.g. Refs. 18, 19, yet they were first tackled in the context of the EFT approach for 
PN computations of the binary inspiral in Ref. 20. Spin in Relativity necessarily 
implies having a non-vanishing finite size*, i.e. a deviation from the point particle 
view, which is also adopted in the EFT approach, and this poses a challenge for 
the construction of an EFT for a gravitating spinning particle. Moreover, once we 
leave Newtonian physics, a unique notion of a “center of mass” is lost, and hence 
there is an ambiguity as to the choice of the variables describing the rotation of the 
object. 

Nevertheless, as we noted above the way to proceed is to construct an EFT for 
a gravitating spinning particle, following a bottom-up procedure, i.e. by identifying 
the relevant DOFS, and coupling them in all possible ways allowed by the proper 
symmetries at this scale. After this first EFT is obtained, we can proceed to explic- 
itly compute, using the top-down procedure starting from the two-particle EFT, the 
PN binding interactions of the binary system, i.e. the second EFT of a composite 
particle with spins. The formulation of these EFTs was indeed introduced in Ref. 9 
(see also Ref. 16 for a comprehensive pedagogic presentation), and allowed in par- 
ticular to constrain spin-induced finite size effects to all orders in spin, and to arrive 
at equations of motion (EOMs) and Hamiltonians in a straightforward manner. 


3.1. A gravitating spinning particle 


Let us then go over the relevant DOFs and symmetries for the EFT at the first 
stage?. First, it is assumed that the isolated object has no intrinsic permanent 
multipole moments beyond the spin dipole. 

Then, for a spinning object, there are two types of worldline DOFs, added to 
the gravitational field DOFs. The crucial points to highlight for these three types 
of DOFs, specific to the spinning case, are: 1. The tetrad field, n*°é,"(x)ép” (x) = 
g""(x), represents the gravitational field DOFs, rather than simply the metric, 
gu» (X), in order to couple the field to the rotational particle DOFs; 2. The spinning 
particle position in the worldline coordinates, y” (o), does not necessarily represent 
the rotating object’s “center”; 3. The worldline tetrad, n^Pe4"(c)eg"(e) = gt”, 


“Otherwise, the rotational velocity of the object would surpass the speed of light. 
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is considered for the worldline rotational DOFs, and enables to define the world- 
line angular velocity, Q""(g) = aoe, so that its conjugate, the worldline spin, 
S,» (c), is considered as a further rotational DOF in the action. 

Similarly, when considering the spinning case, further symmetries should be 
taken into account in addition to general covariance and worldline reparametrization 
invariance, which arise already in the point mass case. First, there are parity 
invariance, and Lorentz invariance of the tetrad field. For the worldline tetrad, there 
is the $O(3) invariance of the spatial triad, and on the other hand, an invariance 
under the choice of completion of the spatial triad to a tetrad through a timelike 
vector, to which we refer as “spin gauge invariance”. The latter is a gauge of the 
rotational variables, namely of the tetrad, as well as of the spin. 

The point particle action in Eq. 2 for a rotating object can then be written in 


the following form ?:15:19; 
1 
Spp = fo E Vu? — 55" + Inmec [u", Suv; Juv (y")] , (5) 
where u” = dy"/do, Spv = — A. and Lwwc denotes the non-minimal coupling 


part, which only contains mass/spin-induced higher order terms. Here, the minimal 
coupling part is fixed from considering solely general covariance and reparametriza- 
tion invariance, and it is implicitly assumed that the covariant gauge?! is used for 
the rotational variables. Yet, the minimal coupling rotational term should be gen- 
eralized, in the same vein of Stueckelberg action, to manifestly display the gauge 
freedom related with the choice of rotational variables?. The non-minimal coupling 
part of the action should also be constrained, using parity invariance and other 
symmetries and properties of the problem?. 
The minimal coupling rotational term is then transformed as follows?: 
1 la a wp, D 
55,0" = SS, 0 + — -a 


(6) 


where the hatted variables on the right hand side are the generic rotational variables, 
py is the linear momentum, and an extra term with an acceleration emerges in the 
action. This extra term is not preceded by any Wilson coefficient, as it originates 
from minimal coupling, yet it contributes to finite size effects, and just accounts for 
the fact that a gravitating spinning object must have some finite size. Moreover, 
the leading order (LO) spin-induced non-minimal worldline couplings are recovered 
to all orders in the spin, and can be written in the following concise form?: 


2 (—1)" Crgen E su 
L = D e D, SHB? gii gu2 ... Guan—1 gH2n 
NMC 2. (2n)! m2n-1 Han H3 HE 
22 (-1)” C BS2n+1 B mi , 
1 ———— Iles MY e D, —— gHhgH2...9H2n-19H2n GH2n1 
T Geel m” Cae Pe UE , 


(7) 
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where new Wilson coefficients precede each of the spin-induced non-minimal cou- 
pling terms. These terms are composed from the electric or magnetic curvature 
components, E, or Buv, respectively, and their covariant derivatives, and the spin 
vector, S", dual to the antisymmetric spin tensor, S,,. Of this infinite set of opera- 
tors, the first three, namely the quadrupole, octupole, and hexadecapole couplings, 
contribute up to the 4PN order for rapidly rotating objects?:10:12, 


3.2. A gravitating composite particle with spins 


The obtainment of the EFT at the second stage is in principle more straightfor- 
ward, as the one-particle EFT is already at our disposal to begin with, and so the 
computation from the perturbative expansion of the functional integral over the 
two-particle EFT is expected to be automatic. Yet, when spins are concerned, 
the situation is less than obvious. First, the field DOFs and the particle DOFs 
are entangled in the coupling of spin to gravity, e.g., in Eqs. 5, 6. For this to be 
remedied, it is necessary to also fix the gauge of the rotational variables of the par- 
ticle at the level of the action of the spinning particles, as was first advocated in 
Ref. 5. Indeed, in an action approach one can proceed to directly insert the gauge 
of the rotational variables at any stage. Only once the field DOFs at the orbital 
scale are cleanly separated, one can proceed to integrate them out, using standard 
perturbative techniques. 

Hence, first we transform to new rotational variables: the worldline Lorentz 
matrices, contained in the locally flat angular velocity, (E ensem Azadi’ and the 
spin projected to the local frame, Sab = key Suv. The minimal coupling term in 
Eq. 6 can then be rewritten in the following form®?: 


la 4 la 4 la 
5S" = Sudan, + Sau" (8) 


using the Ricci rotation coefficients, tig?” = puD P. defined from the tetrad 
field. The gauge of the rotational variables is then fixed to what we formulate as 
the “canonical” gauge. Other than that, we should also fix the gauge of the field 
DOFs, where we recall that the Kaluza-Klein (KK) decomposition is beneficially 
applied to the NR space+time metric????, Then, the gauge of the tetrad field is 
fixed to the Schwinger's time gauge, which corresponds to the KK decomposition. 
Eventually, all unphysical DOFs are eliminated from the action, and one can proceed 
to compute the EFT using standard QFT multi-loop techniques, such as integration 
by parts (IBP), and known loop master integrals. 

Finally, it was shown how to derive directly from the resulting effective actions 
the corresponding EOMs and the Hamiltonians. 


4. Applications and State of the Art 


The formulation of the tower of EFTs with spins for the conservative sector, pre- 
sented in the previous section, built on Refs. 5, 6, 7, 8, which handled the sector 
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Fig. l. An outline of the public “EFTofPNG” package version 1.0, which is both a high precision 
Feynman computation tool and a PN theory code!^. The design is modular, where the flow among 
the independent units is shown. 


linear in the individual spins, up to the two-loop level, and clarified some crucial 
points, which led up to the complete framework introduced in Ref. 9. In the latter, 
all the conservative sector with spins was derived up to the 3PN order for rapidly ro- 
tating objects, including the NLO spin-squared sector, which contains spin-induced 
quadrupole effects, and was shown to agree with the corresponding results derived 
within the canonical Hamiltonian approach, see e.g., Ref. 24. Moreover, higher or- 
der results were derived at the 3.5PN order, for the LO cubic-in-spin sector, which 
contains up to the spin-induced octupole!?, and for the NNLO spin-orbit sector 1t. 
Further new higher order results for the quartic-in-spin sector, with up to the spin- 
induced hexadecapole!°, and for the NNLO spin-squared sector !?, were completed 
at the 4PN order. All in all, this line of work completed the conservative sector 
with spins to the 4PN order accuracy, on par with the level of accuracy attained in 


the non-spinning case^!6, 


4.1. A public Feynman and post-Newtonian code 


The entire framework presented here was also put into a fully open automated 
computation tool, “EFTofPNG”, that is approachable and encouraging engage- 
ment within the community !^. The comprehensive and self-contained “EF TofPNG” 
code can be found in the public repository in https://github.com/miche-levi/ 
pncbc-eftofpng, where the current version handles the point mass sector, and all 
the spin sectors up to the state of the art. The design of the code is modular, see 
Fig. 1, so that various units of the code could be efficiently used and developed 
independently for different purposes in various generic contexts in physics. In par- 
ticular, since the Mathematica code builds on the “xTensor” package for efficient 
computer tensor algebra, the treatment of Wick contractions is made significantly 
more efficient, compared to other common Feynman codes, by considering n-point 
functions as tensors of rank n. On the other hand, this is the first code made public 
in PN theory, and is also geared towards the needs of the GW community. 

At this time when the influx of GW data is expected to multiply, it is essen- 
tial to publicly share the up to date analytic output of PN theory, required for 
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the improvement of theoretical gravitational waveform templates? ?”. We strongly 
advocate public development of the code to improve its efficiency, and to extend 
it, innovating towards higher orders of PN accuracy, and incorporating extensions 
of the theory to cover more sectors, especially non-conservative ones. We maintain 
that community development will also help push a number of eventually neces- 
sary research directions. Considering the independent units of the code, as seen in 
Fig. 1, let us list then just some of the diverse collective prospects for development: 
The “FeynRul” unit can be expanded to implement various alternative theories of 
gravity rather than just the theory of GR; The “FeynGen” unit can be modified 
to efficiently generate Wick contractions and Feynman graphs for any generic per- 
turbative scheme; The *NLoop" unit, which handles and manipulates loop master 
integrals and IBP relations, useful in any context of amplitudes computations, can 
be extended analytically to higher loop orders, and to improve in computational ef- 
ficiency; Finally, the “Gauge Invariant Observables" unit, which is aimed to deliver 
the final output of PN theory, in terms of useful gauge invariant quantities, is to 
be progressively developed along with the advances in PN theory, such that these 
would be directly available to the GW community for the waveform modeling. 
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Search for high-energy neutrinos from binary neutron star mergers 
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To search for transient astrophysical neutrino sources, IceCube’s optical and X-ray follow- 
up program is triggered by two or more neutrino candidates arriving from a similar 
direction within 100s. However, the rate of such neutrino multiplets was found to be 
consistent with the expected background of chance coincidences, such that the data does 
not provide indications for the existence of short-lived transient neutrino sources. Upper 
limits on the neutrino flux of transient source populations are presented in Aartsen et 
al. (2019)! and we show here how these limits apply to the predicted neutrino emission 
from binary neutron star mergers. 


Keywords: Neutrino astronomy; binary neutron star mergers; short GRBs. 


1. Introduction 


The first (and so far only) detected binary neutron star merger is the object 
GW 170817? with the electromagnetic counterpart GRB 170817A.? The detected 
gamma-ray and multiwavelength emission indicates that a relativistic jet was 
launched during the merger.* It has been suggest that cosmic rays could be ac- 
celerated within this jet and an associated flux of high-energy neutrinos has been 
predicted.?:6 A search for neutrino emission from the position of GRB 170817A was 
carried out by the ANTARES, IceCube and Pierre Auger observatories, but no 
signal was detected.” 

Here, we present limits on the neutrino emission of short-lived transients, ! which 
also apply to binary neutron star mergers and are independent of the limits derived 
for GRB170817A. The results are based on data from the IceCube neutrino ob- 
servatory, an ice-Cherenkov detector located at the geographic South pole.® An 
array of 5 160 optical sensors instruments a volume of ~ 1 km? and allows to detect 
neutrino interactions in the energy range between ~ 100 GeV and a few PeV.! 

IceCube's optical and X-ray follow-up program (OFU program) 9 !! is tay- 
lored to search for neutrino emission in connection with gamma-ray bursts (GRBs) 
or core-collapse supernovae (CCSNe) with choked jets. An alert is defined as two 
or more tracklike events which are detected within 100s with a maximal angular 
separation of 3.5?. The OFU program currently only uses neutrino candidates from 
the northern sky to avoid the large background of downgoing atmospheric muons. 
'The aim of the program is to identify astrophysical neutrino sources through optical 
and X-ray follow-up observations, which can be triggered within ~ 1 min. 12:3 Ex- 
amples of follow-up campaigns are presented in Aarten et al. (2015) !9, Aartsen et 
al. (2017) !!, and Evans et al. (2015) ?, but the observations so far did not identify 
a likely neutrino source and the number of neutrino multiplets is consistent with 
the expected number of chance coincidences of atmospheric neutrinos or muons.! 
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2. Generic Limits on Short-Lived Neutrino Transients 


Upper limits on the neutrino flux of short-lived transients have been published in 
Aartsen et al. (2019)! and are summarized in this section. The analysis is based 
on 1648.1 days of IceCube data (collected between September 2011 and May 2016). 
Only one alert consisting of three neutrino candidates was detected during this 
time. !! This is consistent with the estimated background of 0.34 chance coincidences 
and the resulting 9096 upper limit on the expected number of astrophysical neutrino 
multiplets (alerts consisting of more than two neutrino candidates) is « 4.0. 

To calculate a limit on the median neutrino luminosity of short-lived transients, 
an extragalactic source population is simulated and those scenarios which yield 
more than 4 astrophysical neutrino multiplets are disfavored at 90% confidence 
level. The source properties are chosen to be similar to long GRBs or CCSNe and 
several assumptions are tested to quantify their impact on the resulting limit. The 
assumed population properties are: 


(1) redshift distribution: star formation rate for CCSN-like sources!* and the 
distribution observed by Swift for GRB-like sources. !° 

(2) neutrino luminosity function: small fluctuations (one astronomical mag- 
nitude) for CCSN-like sources, observed gamma-ray luminosity function for 
GRB-like sources. 1° 

(3) neutrino spectrum: an E ?? or E~?° spectrum between 100GeV and 
10 PeV as measured for the astrophysical neutrino flux at ~ 100 TeV. 16:17 

(4) transient duration: duration of long GRBs observed by the Swift BAT.! 


The rate density of transients and the population’s neutrino flux are free param- 
eters in the calculation. The resulting upper limits are shown as orange and gray 
bands in Fig. 1 and correspond to the 90% c.l. upper limits on the energy emitted 
in neutrinos by the median source in the population. The limit for the GRB-like 
population is stronger mainly due to the steeply falling luminosity function of long 
GRBs.!? The lower edge of the band shows the limit for an E-?:1? spectrum, while 
the upper edge is for an E~?-> spectrum. The dashed diagonal lines show the source 
energy for which the population would produce the entire astrophysical neutrino flux 
assuming an E~?-> spectrum. The corresponding lines for an E-?:? 
lower by a factor of 13, but are not shown here for clarity. 

Rare sources, such as GRBs with a rate of ~ 4 x 107!° Mpc ? yr 
produce a small fraction of the astrophysical neutrino flux without producing more 
than 4 neutrino multiplets. This confirms the non-detections from the stacked 
IceCube searches for neutrinos from GRBs. !??? If, on the other hand, many faint 
sources contribute to the flux, no neutrino multiplets are expected as even the 
brightest sources only yield one or two detected events. The limits are purely based 
on neutrino data and hence also apply to short-lived transients that commonly 


spectrum are 


—1 18 
, can only 


remain undetected, such as binary neutron star mergers or low-luminosity GRBs. 
They are therefore more general than stacked searches. 
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Fig. 1. Upper limits (orange and gray bands) on the median energy emitted by a transient 
in neutrinos (between 100 GeV and 10PeV; for three neutrino flavors; compare Ref. 1). The 
dashed lines correspond to the source energy for which the population would produce the entire 
astrophysical neutrino flux for an E~?-5 spectrum. The blue dots show the predicted high-energy 
neutrino emission from binary neutron star mergers, where the upper dots are for the Kimura 
extended emission (EE) model? and the lower ones for the Biehl prompt flux model. ê 


3. Limits on the Neutrino Flux of Binary Neutron Star Mergers 


While the results presented in Aartsen et al. (2019)! (and summarized in the 
previous section) were calculated for a generic population of neutrino sources, the 
limits are now compared to specific models for the high-energy neutrino emission 
from binary neutron star mergers. Such models have for example been published by 
Kimura et al. (2017)? and Biehl et al. (2018)9. There are considerable uncertainties 
on the model parameters, such as the beaming factor or the baryonic loading, which 
result in large differences between the precited neutrino emission shown in Fig. 2. 
We test several models, listed in Table 1, that predict neutrino emission within 100s 
and yield a considerably higher neutrino flux between 100 GeV and 10 PeV. 

To quantify the sensitivity of the OFU program to the predicted neutrino fluxes, 
the spectral shapes are multiplied with the effective area of the OFU event selection. 
This yields the expected number of neutrino events from a merger in the northern 
sky at a distance of 40 Mpc which is given in the fourth column of Table 1. The fifth 
column lists within which distance three or more detected neutrinos are expected 
from a merger. It is neglected here that an object with fewer expected events might 
nevertheless produce a neutrino triplet due to Poisson fluctuations. ?! 

Contrary to the assumptions for the limit calculation (summarized in Sect. 2), 
the spectra shown in Fig. 2 do not follow a power law. To allow a comparison 
an effective source energy is calculated. It corresponds to the energy of a source 
with an E~?-'8 spectrum between 100 GeV and 10 PeV for which the same number 
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Fig.2. Predicted neutrino spectra of binary neutron star mergers model according to the Kimura 
extended emission model? and the Biehl prompt emission model ®. 


Table 1. Predicted high-energy neutrino emission from binary neutron star mergers. The beaming 
factor T determines the rate of detectable transients. The expected number of v, events (fourth 
column) is for the OFU event selection for sources in the northern sky. The next column lists the 
distance within which three or more events are expected a merger in the northern sky. The two last 
columns show the energy emitted in neutrinos (for the sum of all three neutrino flavors) between 
100 GeV and 10 PeV and the effective source neutrino energy, the energy of a source with an B7213 
spectrum with the same expected number of OFU events. 


Model D rate v, events max. dist. energy inv eff. energy inv 
[Mpc yr-!] at 40Mpc [Mpc] [erg] [erg] 
Kimura EE opt. 10 4 x 10-9 90 « 220 1.2 x 105? 1.9 x 105? 
Kimura EE mod. 30 4 x 10-10 1.5 « 30 8 x 1050 3 x 1050 
Biehl optimistic 5 3 x 10-8 0.02 « 10 1.6 x 1048 3 x 1048 
Biehl moderate 30 1 x 107° 1310-5 «0.1 4 x 1045 2 x 104° 


of events is expected. The effective source energy is given in the last column of 
Table 1. The actual source energy is calculated by integrating the spectra in Fig. 2 
and is listed in the second last column of the table. The difference is less than a 
factor of three for all considered neutrino spectra. 

The flux upper limits moreover depend on the rate density of transients at 
z — 0. As shown in Fig. 1, the limits get stronger for larger rates, because it 
becomes more likely that a source happens within the distance where it is detectable 
(listed in the fifth column of Table 1). The rate of binary neutron star mergers was 
measured based on the detected event and the gray, vertical band in Fig. 1 shows the 
rate within its lo uncertainty. The considered models, however, predict collimated 
neutrino emission which reduces the rate of observable events by a factor of 1/(2T). 
The collimation factors and resulting rates are listed in the second and third column 
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of Table 1. Extended gamma-ray emission is moreover only expected for every 
second short GRB? (and was not detected for GRB 170817A) which reduces the 


56 is not 


rate accordingly. Potential neutrino emission from misaligned mergers 
considered for simplicity. The redshift distribution only has a minor influence on 
the upper limits. When using the observed evolution of short GRBs?? the limits 
become 13% stronger compared to the star formation rate used for the CCSN-like 
population (see appendix of Aartsen et al. (2019) 1). 

'The predicted rates and the source energies for binary neutron star mergers are 
shown as blue dots in Fig. 1. The upper dots are for the Kimura EE model? and the 
lower ones for the Biehl prompt emission model®. The Kimura prompt emission 
model is not shown: It assumes a beaming factor of 1000 and has an effective 
neutrino energy of 5 x 10* erg.? Figure 1 shows that the optimistic EE model is 
within reach of the OFU program. If the luminosity fluctuations between individual 
mergers are as large as the fluctuations observed for long GRBs in gamma rays, the 
lower edge of the gray band represents the relevant upper limit and the model would 
be disfavored at 9096 confidence limit. The models for prompt neutrino emission, 
however, predict fluxes and rates that are many orders of magnitude below the 
IceCube sensitivity. 


4. Discussion 


The observed gamma-ray emission of GRB 1708174 indicates the presence of a 
relativistic jet which might be able to accelerate cosmic rays and yield a neutrino 
flux. No neutrino emission was detected from GRB 1708174 which is expected since 
the jet was likely misaligned by 30°.4 Moreover, no extended gamma-ray emission 
was observed from the central engine.? An additional difficulty was that the source 
was located above the horizon for both the ANTARES and the IceCube detectors 
which reduces the sensitivity. 

Independent upper limits on the neutrino emission of 100s-long transients are 
provided by IceCube's OFU program. The sensitivity of the OFU program to a 
merger located at 40Mpc was evaluated for several models and the results are 
listed in Table 1. For the most optimistic model the OFU program would likely 
be triggered if the merger happens within ~ 220 Mpc in the northern sky. To 
estimate how likely a nearby merger occurs during the ~ 5 years of analyzed data, 
we calculate the rate of mergers which have a jet pointed at Earth. 'The most 
optimistic model predicts a relatively large rate of bright sources, such that one or 
several neutrino multiplets would have been detected by the OFU program. 

Most prompt models, however, predict that the flux from the population of 
binary neutron star mergers only makes up a small fraction of the astrophysical 
neutrino flux. In this case, IceCube might not be sensitive enough to detect the neu- 
trino emission from a merger. With only one detected binary neutron star merger, 
the uncertainties on the physical properties of these objects are still large. Models 
might become more precise, once more observational information is available. 
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Figure 2 shows that the predicted neutrino flux of several models peaks at PeV 
energies. Since April 2016, IceCube announces events with energies Z, 100 TeV to 
the public.!? Follow-up observations of these alerts could hence provide an alter- 
native way to find binary neutron star mergers. The source of a single event is, 
however, on average located at a large distance (the median distance is 3 Gpc as- 
suming no source evolution)?!. The horizon distance of the Ligo-Virgo detector 
was ~ 200 Mpc in run O2 and might increase to 300 Mpc in run 03.23 The optical 
peak magnitude of GRB 170817A was —15.5 in the R-band.? This would allow a 
detection within 140 Mpc (300 Mpc) by a telescope with a limiting magnitude of 
20 (22). If a single PeV neutrino is detected from a binary neutron star merger, 
the source is likely in most cases not detectable by gravitational wave detectors or 
electromagnetic follow-up telescopes. 
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We review some known results obtained in the context of hyperbolic scattering in a two- 
body system, stressing the state of the art, the main actual challenges and the related 
difficulties. 


1. Introduction 


The gravitational interaction between two (massive, spinning or with a 2—polar 
structure,..., with n—polar structure) bodies is a fundamental problem which has 
been largely investigated in many different contexts, all aiming at a complete de- 
scription of the underlying gravitational phenomena but limited by the range of 
validity of the considered modeling used in the description of the interaction itself. 
The problem should be discussed in exact general relativity (GR), allowing for all 
the necessary information concerning the (most important) strong field regime and 
the effects of the nonlinearity of the gravitational interaction as follows from the 
Einstein’s equations. Unfortunately, no such exact solutions are available up to now 
in a genuine GR context and one is forced to cope with some approximate treatment, 
ranging from weak-field and slow-motion (Post-Newtonian (PN) approximation), 
weak-field (Post-Minkowskian (PM) approximation??) 
the condition in which the mass of one of the two bodies is much larger of the other, 
discussed with perturbation theories and gravitational self-force (GSF) *), numerical 
relativity (NR)?. In between, there are various effective field theory formalism, like 
the effective-one body 97, which have shown over the years the capability to simply 
absorb information from any such context and re-use properly and efficiently. 
Given an initial state configuration of the two bodies, the attractive nature of 
gravitation imply that they necessarily approach each other and two possible scenar- 
ios are available: capture (the more massive of the two attracts and then swallows 
the other) or escape (the two bodies can be close enough but they have enough 
energy to resist the attraction). The first situation is characterized by elliptic-like 
motions, the second by hyperbolic-like or parabolic-like motions. Clearly, the de- 
scription becomes more and more difficult as soon as the strong field regime is 


, extreme-mass-ratios (i.e., 


reached and any approximation scheme becomes of poor utility, if not even useless. 

Anyway, both cases are of particular importance in view of the possibility to 
detect gravitational wave signals from Earth-based interferometers operating now 
(Ligo? and Virgo?) and also (more likely) by future, forthcoming satellite missions 
involving space-based interferometers. 
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Since elliptic-like motions have been largely studied, we will review here the 
scattering situation, focusing on the known results for the scattering angle, and 
witnessing an increasing interest on this topic in the recent literature. 


2. Scattering of a test particle by a black hole 


Let us consider first the simplest case of a test particle scattered by a black hole, e.g., 
a Kerr black hole with line element written in standard Boyer-Lindquist coordinates 
(tr. 0, à) given by 


ds? = — (1 - x) dt? — E sin? 0dtdó + Adr? + Xd8? + sin? 6d¢?. (1) 


Here A = r?—2Mr+a?, Xi = r? +a? cos? 0 and A = (r? -- a?)? — Aa? sin? 0, M and 
a denoting the total mass and the specific angular momentum, respectively, so that 
the quantity à — a/M is dimensionless. The inner and outer horizons are located 
at r+ = M +V M? — a°. 

The geodesic equations on the equatorial plane lead to the following equation 
for the orbit 


du * od (u — u4)?(u — u.)? 
(=) = (uu — u1)(u — ur) (u — ua), (2) 


2 (u4 — u)? 
where u = M/r and u < u2 < us are the ordered roots of the equation 


u EM 


2 
3 42 atria , an U 
u? — (2^ + 2aE$ + à^) tatg = 9; (3) 


242 
the constants É and L denoting the conserved energy and azimuthal angular mo- 
mentum per unit mass of the particle, respectively, with x = Mz = L — aE, while 


M L 1 ak 
u+ = —;, uA s(a) . (4) 
HH 


m »2M$ 2 


For hyperbolic orbits we have uj < 0 < u € u2 < ua, with u2 corresponding to the 
closest approach distance. 

The ultrarelativistic limit (É >> 1) of Eq. (2) has been studied in Ref. 10 for 
fixed values of the impact parameter b — Mb — Li v E? — 1. The deflection angle 
ó(à, a) = 29(0) —7 associated with the whole scattering process has been computed 
there. For large values of the impact parameter, i.e., for small values of a = 6-1, 
the first few terms of its expansion are given by 


15 128 
(â, a) = 4a + (2«- 1a) o? 4 (> 107a 4 un) o? 


3465 x 285 i9 8l. 4 
+ (s — 192à + de 9 T 4à ) a 


4 
zx (= - SS rà + 512a? — 277à? 4 1a‘) a +O(a®). (5) 
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Ref. 10 has also compared this result for a test particle without structure to the 
high-energy scattering of an extended body with spin-induced quadrupolar struc- 
ture (characterized by the dimensionless spin parameter § and the polarizability 
constant Cg) by a Kerr black hole as well as of a pointlike particle in the field 
of a (slowly) rotating (slightly) deformed source endowed with a mass quadrupole 
moment (characterized by the dimensionless intrinsic angular momentum à and the 
quadrupole parameter q), as described by the (approximate) Hartle-Thorne solu- 
tion. In all these situations the scattering angle can be formally written as 


f= deco + Ostruct , (6) 
where dgco(q, à, œ) contains information on the background source only, whereas 
Óstruct (8, Ca; à, a) = dspin (8; a, a) F Dia? eee Ca; a, a) , (7) 


also depends on the constitutive parameters of the scattered extended body. The 
first few terms of the corresponding expansion are given by 


15 
Óspin($; à, a) = E ar (sa = =n) o? 


--(—128 + 30a — 124?)a4 + o(0")| . 
EE A 22 3 45 és 
Óspin2 (8°, CQ; à, a) = 8^ 4 AC ga? + l^ 124 


E (Fe = 12a) (Co — o] at + ora") | . (8) 


Therefore, if the spin is known, measuring dstruct can be used for instance to con- 
strain the equation of state of the extended body undergoing the scattering process. 


3. Two-body scattering in a Post-Newtonian framework 


The present knowledge of the PN orbital Hamiltonian for a two-body system is at 
the 4th PN order, with several interesting new features with respect to the previous 
3PN level which include the presence of a non-local term. Up to the 4PN level the 
scattering angle is given by the sum of a local part xis, and a tail part Xtail, the 
latter starting at the 4PN level, i.e., 

4 


L ia 1 
Xioc (E, L) = 5 on PRICE, L) T O (=) ? 
n=0 
_ 1. apn) I 
Xtai(E, L) = Xtian (E, D) FO s] - (H) 


To show some explicit expression (see Ref. 12 for additional details) it is convenient 
to introduce the notation 
1 


Q 
Il 


B(a) = arctana + 7 ; (10) 
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where j is the dimensionless angular momentum L and E is a Newtonian-like energy 
variable (see Eq. (32) in Ref. 12). A part from the Newtonian contribution 


3X9, j = arctana = Bla) - 5, (11) 
the form of the various PN terms x ^P) (including the local part of the 4PN term) 
is of the type 

EXC PIE, j = x [Ces B(a) + Coen] (12) 
with the coefficients CGPN) and ChPN) rational functions of œ. For example 


(3a? + 2 


a(l +a?) 


1 = os 1 
aa (Ej) = = 3B (a) + 


1 =, 1 
AN (E, j) = JE [Crn Bla) + Chen] , (13) 
with 
» 3[2(5a? + 1)v — 5(1 + 7a?)| 
COPN) = age — |? 
0 = [2(15a* + 280? + 13)v — 1050* — 1900? — 81] 
Corn) = ec culi  - - (14) 


In XEM (E, L), however, it enters the following (Hadamard-regularized) integral 


I l6jv P ll u^In(u)(—74E + 373?u? — 62u) 
*- - 5 0 (2E — j?u? + 2u)3/2 


whose value can be anyway given in an approximated form, U(max) being the (New- 


du, (15) 


tonian) minimum approach dimensionless inverse distance. 


4. Two-body scattering in a Post-Minkowskian framework 


The scattering angle is known since much time at 2PM?:1?:4 


2(2,? = 1) 3 (532 — 1) 
== nn d tt ooo 16 
X jy? 1)1/2 4 jh ? ( ) 


where y denotes the rescaled effective energy of the system y = —— and 


h — /1-2v(vy-— 1). (17) 


'The connection between the ultrarelativistic limit of this result and the ultra high- 
energy quantum scattering results of Amati, Ciafaloni and Veneziano *!6 has been 
recently exploited in Ref. 17. It has been shown there that the scattering pro- 
cess between the two (nonrotating) bodies is equivalently described in terms of the 
scattering of a massless particle in a modified Schwarzschild metric of the form 


ds? = — fidt? + f7 tdr? + r?(d0? + sin? dd?) , (18) 
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with 
felu) = (1— 2u) (1 + Zy — 18v? + WS +.. ) ; 
fr(u) = (1 — 2u). (19) 
The scattering angle then turns out to be 
jay da Ha t O(o?), (20) 


with vanishing both the coefficients at O(a?) and O(a‘). 

Very recently, after the MG meeting, in the literature has appeared the 3PM 
scattering angle, derived straightforwardly from re-summation of scattering am- 
1519 The high-energy limit of the 
latter result does not seem to reproduce previous results by Amati, Ciafaloni and 


plitudes and quantum field theory approaches 


Veneziano, even if both approaches use rather involved techniques, making difficult 
independent checks. The ongoing discussion will hopefully clarify this issue soon. 


5. Difficulties for a GSF approach 


The main difficulty in a GSF approach is related to the spectrum of radiation 
emitted. In fact, differently from the case of a particle orbiting a black hole moving 
along a circular trajectory for which the spectrum is peaked around the circular 
motion frequency, in the case of a hyperbolic orbits the spectrum is infinite (all 
frequencies are excited) and this complicates matters. 
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We review the necessary framework to study self-force effects induced by an extended 
body endowed with internal structure up to the quadrupole moving in a Schwarzschild 
black hole spacetime. The motion is described according to the Mathisson-Papapetrou- 
Dixon model. The metric perturbations are computed by using the Regge-Wheeler 
gauge. We apply this formalism to the case of Detweiler's redshift invariant for spinning 
particles along circular equatorial orbits. 


Keywords: Black hole perturbations; extended bodies; gravitational self-force. 


1. Introduction 


After the detection of the first gravitational wave signal emitted by a binary black 
hole system,! further improving our analytical modelling of the general relativis- 
tic two-body gravitational interaction has become mandatory. Many methods have 
been actively pursued over the years, including post-Newtonian (PN) theory,? grav- 
itational self-force (GSF) theory? and the Effective-One-Body (EOB) formalism. ^ © 
The synergy between all these approaches is currently successfully used to construct 
semi-analytical templates which are able to describe the complete waveform emitted 
by coalescing binary black holes. 

GSF theory applies when the mass ratio of the two bodies is very small, so 
that the whole dynamics can be treated as a perturbation induced by the smaller 
body with mass m4 on the background gravitational field of the bigger one with 
mass mg. The goal is to compute gauge-invariant quantities, like redshift and spin 
precession invariants, which can be eventually converted into useful information 
for other approaches, e.g., the EOB model. Many analytical results have been 
obtained in the last few years for a particle moving along circular as well as slightly 
eccentric equatorial orbits around both non-rotating (Schwarzschild) and rotating 
(Kerr) black holes (see, e.g., Ref. 7 for a recent review). To first order in the 
mass ratio, the small body is considered as following a geodesic orbit in a suitably 
regularized perturbed spacetime. However, if the small body has a non-negligible 
internal structure (e.g., spin, quadrupole moment and higher multipoles) the orbit 
will be no longer geodesic, but accelerated due to the coupling between curvature 
and multipolar structure of the body as described by the Mathisson-Papapetrou- 
Dixon (MPD) model.5!? The first GSF computations have been recently performed 
in the case of redshift invariant and tidal invariants for spinning particles orbiting 
a Schwarzschild black hole, to linear order in spin. 111? 
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2. Motion of extended bodies in a given background spacetime 


The MPD equations governing the motion of an extended body endowed with a 
quadrupole moment in a given gravitational background read 


DP" 1 1 
= —LR',,4U" So? — -JP VV" p. 
dr pose 6 i 
DSH 4 
= 2 PHU” 4 JA pl, 1 
S = ply 4 EJER ag, (1) 
where P = mu, with u -u = —1 and ||P\||? = —m?, is the (timelike) generalized 


4-momentum of the body with effective mass m (which does not coincide with the 
bare mass u, but depends on its structure) and U* = dx? /dr is the (timelike) unit 
tangent vector to the particle's world line, C, used to make the multipole reduction. 
The two four vectors U and u are in general not aligned, and P (i.e., u) has support 
only along C. The (antisymmetric) spin tensor S“” (with support only along C, like 
P) is assumed to satisfy the supplementary conditions 


Su, =0. (2) 
As standard, the spin vector (orthogonal to u) associated with the spin tensor is 


given by 


1 
S(u)* = z) Sn, n(u)agy = u"nuags - (3) 


Its magnitude s is such that 


1 1 
s = S(u)-S(u) = 55,09" ——7T(S"], [S709 — S""Sug. — (4) 
Finally, J^??? is the quadrupole tensor of the particle, again with support only 
Y: 
along C. For instance, in the case of a spin-induced quadrupole tensor we have? 
3C 
Joes — 4ul?¥(u) Allyl XQ) = eg es (5) 
m 
where 
a a 1 Q 
[Sper = [guo — zP) "Tr[S?] = [S(u) 8 S(u)]™, (6) 


P(u) = g+ u & u projecting orthogonally to u, represents the symmetric-tracefree 
part (STF) of the spin tensor (or, equivalently, of the spin vector). The constant 
parameter CQ is equal to unity in the case of a black hole, whereas for neutron stars 
it depends on the equation of state. 

When the background spacetime has Killing vectors, there are conserved quan- 
tities along the motion. For example, in the case of stationary axisymmetric space- 
times with coordinates adapted to the spacetime symmetries, € = Ó, is the timelike 
Killing vector and 7 = ð% is the azimuthal Killing vector. The corresponding con- 
served quantities are the energy E and the angular momentum J of the particle, 
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namely 


1 
E--t£&,P* + 55 Va ; 


1 
J = 1P% — 3 9^" Vana (7) 
Finally, the energy momentum tensor of a quadrupolar particle is given by 
1 
T% = J dr aT, (8) 
vag 


where 


1 
T = Gog + igege) ôt — V, (seuat) 


-ŽVVy (95151) (9) 


ôt denoting the 4-dimensional delta function centered on the particle’s worldline, 
i.e., 04 = t(x% — z^ (7)). 


3. GSF program 


Let A = Jap + qha with q = mı/Mm2 < 1 be the regularized perturbed metric, 
where 


jagdz?^ da? = — fdt? + f^! dr? + r?(d0? + sin? 0de’), (10) 


with f = 1 — 2mg/r, is the background Schwarzschild spacetime written in stan- 
dard coordinates (t, r, 0, 9), and AR, is the regularized metric perturbation due to 
the extended body. The main steps to analytically compute first-order metric per- 
turbations in a Schwarzschild spacetime by using the Regge-Wheeler-Zerilli (RWZ) 
approach !^!? are recalled below. 

Decompose first both the perturbed metric h y and the energy momentum ten- 
sor T,» associated with the perturbing body in tensor harmonics in the RW gauge. 
Einstein’s field equations then lead to two different sets of equations for even-parity 
and odd parity quantities. Odd-parity waves satisfy the simple RW equation with 
odd-parity source terms; even-parity waves satisfy, instead, the more complicated 
Zerilli equation with even-parity source terms. However, the Zerilli equation can be 
mapped onto a RW equation with different source terms, so that one eventually has 
to solve a single RW equation, with appropriate (odd-parity or even-parity) source 
terms, i.e., 


re 


even/odd even/odd 
Ru [RÍ / ) = gf / Yr). (11) 


lmw lmw 


Here B denotes the RW operator 


2 
(r) a 2 
Law) = Jr) aa + 
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with d/dr. = f(r)d/dr, and the RW potential 
f(r) 
m Mil) = 


The source terms are "i at the location r — s of the particle, namely 
idt 


Bievenroded ey p (even/odd) c ro(t )), (14) 


lmw 


(13) 


6m 
Vawy(r) = — : 


r 


with 6‘*) (r — ro(t)) denoting the kth-order derivative of the Dirac delta function. 

Next one needs the solutions to the homogeneous RW equation for | > 2, 
which are obtained by using different methods: PN approximation (generic 1, weak- 
field and slow motion), Wentzel-Kramers-Brillouin (WKB) approximation (large l), 
Mano, Suzuki and Takasugi (MST) technique!? (specified values of I). The solu- 
tions to the inhomogeneous RW equation are then computed through the Green’s 
function method for both even and pac source terms, i.e., 


even/o (r, p even/o 
ng) = f at Sir e (15) 
where the (retarded) Green's function 
1 ; 
Gir) = x; REOX eae -7)«xiexgoBe-7). 9 


is expressed in terms of the two independent homogeneous solutions X im and Xp? 

of the RW operator. Here Win denotes the (constant) Wronskian 

dA) dXEÉ oa 

ww a XP | = const. 17 
dr dr ur) Uu) 

and H(x) is the Heaviside step function. 

Once the radial function is known for both parities, the perturbed metric com- 
ponents are then computed by Fourier anti-transforming. At this point one can 
construct the gauge-invariant quantity one is interested in, which still depends on 
the azimuthal number m and the orbital angular momentum number l, and evaluate 


Wi, = f) [xit 


it at the source location, where the perturbed metric is singular. After multiplying 
by the angular part, the sum over m € [-1,1] is done by using spherical harmonic 
identities, whereas the sum over 1 € [0, 00) requires a suitable regularization proce- 
dure to converge. The contribution of the non-radiative multipoles | — 0,1 has to 
be evaluated separately. In fact, these are purely gauge modes which carry into the 
hole the energy E and the angular momentum J of the particle (which are both 
O(q)), leading to a linearized Kerr solution with total mass mə + E and angular 
momentum J. 


4. Detweiler's redshift invariant for spinning particles along 
circular orbits 


Let us consider the simplest case of a spinning particle moving along a circular 
orbit on the equatorial plane with spin vector orthogonal to it. By neglecting 
higher multipoles the MPD equations imply that P and U are aligned to first order 
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in spin, the spin vector is parallel transported and both the particle's mass and 
the spin magnitude are constants of motion. It is convenient to introduce the spin 
parameter § = s/(m mz) such that || «& 1. 

Detweiler’s redshift invariant is defined as the linear-in-mass-ratio change in the 
time component of the particle’s 4-velocity. The latter is given by U = utk, where 
k = ð; + 00, is assumed to be a Killing vector field of the perturbed metric. The 


normalization condition U - U = —1 gives 
—(uf)? = k-k =f +077? + hig, (18) 
where 
hick = hagk*k? = h + êh, . (19) 


The MPD equations of motion then imply the following solution for the angular 
velocity Q 


MN = 437? |1 — Sáu? + q(Q + 813) , (20) 
where 
5, ...m (0) 
Qı = ~ Fyn or kk ; (21) 


as well as the spin correction 
~ ~ ~ ~ 2 
Õis =H + GEM AEN, (22) 


both depend on the metric components hag = oe + shea and their derivatives 


evaluated at r = ma/u (see Eq. (2.15) in Ref. 12). 

It is useful to introduce the dimensionless frequency parameter y = (M29) 
which once substituted into Eq. (18) in place of both Q and u leads to the following 
definition of the Detweiler’s inverse redshift invariant z1(y) = [u'(y)] ! 


2/3 
, 


aly) = v1-3y— ET [^ Cu) +8 ( kx) + may "(hi )) | 
= ay) + a [eP (y) + se] . (23) 


al 
Therefore, in order to determine the spin dependent term POE 


(y) one needs two 
compute h?,(y) and [a-h] y) separately, following the procedure outlined in the 


previous section (all necessary details can be found in Ref. 11). The final result is 


1)! 15 
zí ) (y) = y? = 3y9/? = 225 


6277 20471 , 496 T 
-2U QT 6 16y- L— In(2) - 81 n 
«( 30 ' 10247  19Y- 5 (2) - 8 Zr 
653629 , 87055 729 3772 52 26 
-2 D n(3)4 SS na) - 23 — —1 15/2 
( 2048 ^ — 28 ta MO) + 39g I0) - FIN = nw) 
+O(y*), (24) 


where only the first few terms have been shown, for simplicity. 
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'This is the first GSF analytical computation of a gauge-invariant quantity which 
takes into account the internal structure of the perturbing body, simply given by 
its spin in this case. Tidal invariants in the same context has been studied in 
Ref. 12. 'These works can be further generalized by adding higher multipoles to the 
structure of the body (e.g., quadrupole moment), or by considering different orbits 
(e.g., eccentric), or even a rotating background field (Kerr black hole). In these 
more general cases the redshift variable should be properly modified in order to 
be a gauge-invariant quantity. This is still an open problem which requires further 
investigation. 
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We review here the main advances made by using effective field theories (EFTs) in 
classical gravity, with notable focus on those unique to the EFTs of post-Newtonian (PN) 
gravity. We then proceed to overview the various prospects of using field theory to study 
the real-world gravitational wave (GW) data, as well as to ameliorate our fundamental 
understanding of gravity at all scales, by going from the EFTs of PN gravity to modern 
advances in scattering amplitudes, including computational techniques and intriguing 
duality relations between gauge and gravity theories. 
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1. Introduction 


In recent years there has been a growing recognition in the all-encompassing rele- 
vance of the field theoretic framework beyond the quantum realm of particle physics, 
in which much of it has been conceived. Most notably, for long, in the absence of 
a viable quantum theory of gravity, the overlap between field theory and classical 
gravity has been largely deemed nonexistent. In particular, the conceptual frame- 
work of effective field theories (EFTs), which is intimately tied with the notion of 
renormalization, was widely regarded as uniquely ingrained in the domain of quan- 
tum field theories (QFTs). In order to dispel the latter fallacy, however, suffice 
it to acknowledge that ‘renormalization’ can in fact be taken as synonymous with 
'resolution of physical scales'. Once this realization is made, it becomes clear that 
the framework of EFTs is evidently a universal one, and that it can be applied on 
any wide range of physical scales. Moreover, the EFT framework is a solid and 
powerful one, providing an inherent setup strategy and a robust toolbox, geared 
towards yielding high precision predictions to a desirable accuracy. 

Indeed, just over a decade ago, an EFT approach to handle gravitational waves 
(GWs), emitted from inspiralling compact binaries, which are analytically treated 
with post-Newtonian (PN) gravity !, was put forward by Goldberger et al.? +. This 
novel approach has resulted, in turn, further applications of EFTs in classical grav- 
ity. Notably, significant progress was demonstrated in the application of EFTs to 
higher dimensional gravity in the context of large extra dimensions? ?. Further, also 
in the context of GWs, an investigation of an EFT treatment for the extreme mass 
ratio inspiral (EMRI) case of compact binaries, was initiated in Ref. 10. Moreover, 
within a decade the initial EFT approach to PN gravity has been able — in impor- 
tant sectors of the theory — to catch up and go beyond the spectacular state of the 
art!!, already accomplished within the traditional framework of General Relativity 
(GR). 
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In what follows we highlight the main meaningful unique advances made in the 
EFT approach to PN gravity, yet more importantly, we point to the main prospects 
on a broader scope of using field theory to study gravity, stretching from delivering 
highly demanding accurate predictions for real-world GW data, to confronting our 
fundamental grasp of QFTs and gravity theories at all scales. 


2. From Gravitational Waves to Gravity at all Scales 


Significant progress was made via the EFT approach to PN gravity, which is con- 
cerned with the analytical prediction of the inspiral portion of the GW signal. While 
this progress is evident and encouraging, it crucially serves to illustrate the great 
potential, still awaiting, in the use of field theory to study gravity, with many impli- 
cations at various levels. First, there are clear anticipated developments still within 
the EFTs of PN gravity and the theoretical modeling of the GW signal. Further, 
even if still only in the context of GWs, modern advances in scattering amplitudes 
hold the promise to possibly enable an analytical treatment of the GW signal in its 
entirety, that is also in the strong field regime, beyond the inspiral phase. This may 
significantly improve upon the current phenomenological GW modeling, which relies 
heavily on the effective-one-body (EOB) formulation??, by allowing for a smooth 
analytical model of the whole signal. Yet, more broadly, these advances from scat- 
tering amplitudes also importantly allow us to study gauge and gravity theories at 
a fundamental level, across the classical and quantum regimes. 

Let us first review the main unique advancements accomplished within the EFTs 
of PN gravity so far. The most notable and extensive progress was realized in the 
treatment of the spinning sector, with several new higher order PN corrections. 
Next-to-leading order (NLO) effects in the conservative sector were first tackled in 
Refs. 13, 14, 15, following Refs. 16, 14, and further resolved and extended to the 
current state of the art, at the fourth PN (4PN) order for rapidly rotating compact 
objects, in Refs. 17, 18, 19, 20, 21, 22, 23, following Refs. 17, 24, 20, 18. Further, 
partial results at NLO in the radiative sector were presented in Ref. 25. Moreover, 
following Ref. 26, which also led to a new finite size correction of radiation reaction 
in classical electrodynamics?", and Refs. 28, 29, a leading order effect of radiation 
reaction with spins was obtained in Ref. 30. All in all, beyond the specific new PN 
results obtained with spins, there has been an improvement in the understanding 
of classical spins in gravity. 

Another remarkable finding in the field was the uncovering of classical renormal- 
ization group (RG) flows of the Wilson coefficients, which characterize the effective 
theories, both at the one-particle level?!, and at the level of the composite sys- 
tem, for the multipole moments of the binary ^??. These give rise to higher order 
PN logarithm corrections, which constitute unique predictions of the EFT frame- 
work. In addition, the 2PN order correction for a generic n-body problem was con- 
sidered in Ref. 33, where automated computations were first advocated. Finally, 
the ‘EFTofPNG’ code for high precision Feynman calculations in PN gravity was 
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created?4, comprising the first comprehensive code in PN theory made public. The 
code consists of independent modules for easy adaptation and future development, 
where some prospects of building on this state of the art PN technology for various 
research purposes, were outlined in Ref. 35. 

Within the methodology of the EFTs of PN gravity, there are several important 
directions, where development is required. The first is the solution of higher order 
PN equations of motion (EOMs) for accurate orbital dynamics. One interesting 
related way to find such closed form solutions, is the dynamical RG method, sug- 
gested in Ref. 36. Further, the treatment of non-conservative sectors with the EFTs 
of PN gravity has been rather limited, and so these various sectors should be tackled 
with a proper EFT formulation, and implementation for new PN results. Another 
objective to follow is the possible improvement or extension of the EFT formulation 
for spinning objects. For example, an alternative EFT formulation, which is ideally 
suited for the treatment of slowly rotating objects, based on a coset construction, 
was presented in Ref. 37. Further investigation is required in order to see whether 
these independent EFT formulations may possibly be integrated, and entail an even 
better understanding of classical spins in gravity. Next, we note the analysis of the 
mass- and spin-induced Wilson coefficients, and of the binary multipole coefficients, 
which also mostly remains to be approached via formal EFT matching. Finally, 
the continual public development of the ‘EFTofPNG’ code, or similar open codes, 
is required in order to keep up to date with the actual progress in PN theory. In 
that regard, it is important to note that classical theories of gravity, which modify 
GR in the IR, motivated by the cosmological constant problem and the dark mat- 


38-41. can be incorporated in a rather straightforward manner into the 


ter puzzle 
'EFTofPNG' code, in order to study their analytical predictions for the GW signal 


from the compact binary inspiral, see, e.g., Refs. 42, 43, 44. 


2.1. Advances and prospects for gravity in field theory 


Ultimately, we would like to invoke the correspondence — at any level — between 
gauge and gravity theories, in order to push beyond the state of the art in high pre- 
cision computation for concrete analytical predictions of the real-world GW signal, 
as well as to directly ameliorate our fundamental understanding of the foundations 
of these theories, in particular of gravity. These objectives can be considerably 
facilitated by turning to modern field theory advances in the domain of scatter- 
ing amplitudes, see, e.g., Ref. 45. In fact, the field of EFTs in PN gravity, on 
which we have focused hitherto, and of scattering amplitudes, which are both di- 
rectly concerned with baldly tackling demanding high precision computation driven 
by experiment, share more profound parallels beyond the obvious robust technical 
tools they entail, see, e.g., in Ref. 46. Both of these fields push to the exposure of 
the universal commonalities across classical and quantum field theories, and drive 
us to confront our fundamental grasp of the underlying foundations of these theo- 
ries. One crucial difference to note, though, between these fields, is that where in 
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scattering amplitudes the computational outcome is directly related with the phys- 
ical observables, the objects which are commonly computed in classical gravity are 
coordinate/gauge dependent quantities. 

Let us then note, more specifically, some prospective avenues to deploy this broad 
correspondence of gauge theories and gravity. First, there is the standard working 
knowledge, which can be exchanged between the theories, e.g. multi-loop techniques 
in QFT, such as integration by parts (IBP), and high loop master integrals, along 
with other Feynman calculus and technology ?^?5446, This was nicely demonstrated, 
e.g., in Refs. 47, 48, where an analytic evaluation of a four-loop master integral was 
provided for the first time from the classical gravity context. Furthermore, modern 
scattering amplitudes advances, such as the BCFW on-shell recursion relations ?9, 
and generalized unitarity methods, which imply that tree level data encodes all 
multiplicity at the integrand level, were put forward to extract classical higher order 
loop results for gravitational scattering?9 ??, Such a scattering treatment may also 
enable to analytically tackle the strong field regime of the GW signal, and hence 
smoothly model analytically the entire signal, as we noted above. 

Yet, of particular interest are the novel intriguing color-kinematics or BCJ du- 
ality relations, and the related double copy correspondence ?^55 
in Ref. 56, which were discovered in the context of high loop computations of am- 
plitudes in supersymmetry and supergravity theories. Such relations were already 
known from string theory to hold at tree level, but formulated in terms of the novel 
generic double copy correspondence, these relations have been successfully used to 


, See, e.g., review 


study UV divergences of supergravity theories. This recent new perspective on 
gravity, viewing gravitons as double copies of gluons, suggests that even the sim- 
plest gauge theories and GR are in fact frameworks, which are intimately connected. 
'Though this correspondence was uncovered in the perturbative context, it was also 
found, remarkably, that particular classical exact solutions in GR, are in fact double 
copies of exact "single copy" counterparts in corresponding gauge theories. Such 
classical solutions include all vacuum stationary solutions, most notably, Kerr black 
holes, as well as their higher dimensional generalizations, see Ref. 57 and references 
therein. Yet, the underlying origin of these perturbative relations, as well as their 
essential connection to the particular classical exact correspondence revealed, are 
yet to be uncovered. 

In conjunction with the recent novel methods from scattering amplitudes, it is 
expected that this double copy correspondence can be used to advance the analytical 
calculations for the theoretical prediction of the GW signal, which may also help to 
shed more light on the nature and origin of this correspondence. Related with that 
end, an important time dependent case was studied in terms of the exact double 
copy of the Kerr-Schild form, of an arbitrarily accelerating point source?". In this 
case the radiation current is double copied to the radiation stress-energy tensor 
in Fourier space, and both are related to the corresponding scattering amplitudes, 
which can be obtained from the amputated currents. Hence, the work in Ref. 57 
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made a first explicit connection between the classical double copy in an exact form, 
to that in the perturbative scattering amplitudes context. At this point it should 
also be stressed, that from the scattering amplitudes context, it is already known 
that gluon amplitudes can double copy to arbitrary combinations of amplitudes for 
gravitons, and the additional unobserved dilaton and B fields, depending on the 
choice of the polarization states in the gauge theory amplitudes. This was indeed 
an ambiguous issue in Ref. 58, which built on Ref. 57, and that subsequently Ref. 59 
set out to address, with Ref. 60 following up successfully at NLO. 

Finally, we note the topic of soft graviton theorems for scattering amplitudes, 
which were recently demonstrated to be equivalent to gravitational memory effects, 
as part of a triple equivalence of the IR structure of gauge and gravity theories 
among soft theorems, asymptotic symmetry, and memory effects®!. The latter may 
have observable signatures on the GW signal. 
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Gravitational waves from spinning binary black holes at the leading 
post-Newtonian orders at all orders in spin 
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We determine the binding energy, the total gravitational wave energy flux, and the grav- 
itational wave modes for a binary of rapidly spinning black holes, working in linearized 
gravity and at leading orders in the orbital velocity, but to all orders in the black holes’ 
spins. Though the spins are treated nonperturbatively, surprisingly, the binding energy 
and the flux are given by simple analytical expressions which are finite (respectively 
third- and fifth-order) polynomials in the spins. Our final results are restricted to the 
important case of quasi-circular orbits with the black holes’ spins aligned with the orbital 
angular momentum. 


Keywords: Binary black holes; Gravitational waves; Nonperturbative method; High pre- 
cision calculations; Spinning point particles; Post-Newtonian approximation. 


1. Introduction 


'The general relativistic two-body problem, in particular the description of com- 
pact binaries, as one of the most important sources of gravitational waves (GW) 
detectable from Earth, poses a large challenge for analytical as well as numerical 
calculations. Accurate waveform models are an essential ingredient for the detec- 
tion of GW signals. The detections of such signals! have demonstrated the success 
of the approaches, but the need for more accurate and more general descriptions of 
binary dynamics in general relativity (GR) persists and will grow with future more 
sensitive GW detectors. Several (perturbative) analytic approaches to the two-body 
problem in GR have been developed. Among others, the post-Newtonian (PN) ex- 
pansion?. It is an analytic approach for arbitrary mass ratio compact binaries in 
the weak-field, slow-motion (characterized by epy ~ v?/c? ~ Gm/rc?) and small 
spin regime (determined by the expansion parameter €spin ~ Gmx/rc*)*. Analytic 
results from the PN approximation, together with numerical descriptions of the late 
inspiral, plunge, and merger, can be combined synergetically in effective-one-body 
(EOB) models**. 

Previously, PN results for binary black holes (BBHs), in particular for the 
black holes’ (BH) spins, were obtained order by order in the perturbative series, 
since for BBHs: epN ^ €spin. This way, the conservative dynamics of spinning 
BBHs was computed up to 4PN order”; for the leading orders at various orders in 
spin see Refs. 6-13. For spin-dependent leading orders in the radiative sector, see 
Refs. 14-17. 


aWith cS/Gm? = x € [0, 1), the dimensionless spin parameter. 
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However, by treating both expansion parameters separately, we are able to derive 
compact analytic expressions for gauge-invariant quantities (GW energy flux, GW 
modes, conserved energy etc.) for a BBH at the leading PN orders to all orders in 
the BHs' spins - treating the spins nonperturbatively. 


2. Effective action 


In a harmonic-gauge framework, with a linearized metric perturbation hj, = guv — 
v ~ O(G), following the derivations in Refs. 19 and 20, we implement an effective 
action of a two point-particle system with a spin-induced multipole structure (for 
each particle) and respective multipole couplings to the gravitational field. In G — 
c = 1 units, this effective description is split into particle- and spin-kinetic terms 
Skin[T A], interaction terms Si,c[h, T 4] of the Ath black hole and a term, Salh], 
containing the gravitational field's dynamics at linear order in hpv, so that 


SBBHIh, T1, To] = Safh] + {Skin[T1] + Sint[h, T1] + (1 2) 


The Wilson coefficients in Ref. 18 were set to unity through a matching procedure to 
Kerr spacetime, as outlined in Ref. 20. This way, all spin-induced multipoles of the 
black holes are coupling to the linear metric perturbation h,, by (still containing 
nonlinear velocity contributions) 5:19 


Sint [h, Ta] = n {y 5 mane i üt line dez Nae Coe” REM \ 
£=0 
where a^ is the spin 4-vector, U^ the velocity 4-vector (parameterized by coordinate 
time t) and y4 the Lorentz factor of the Ath BH respectively. h encompasses the 
gravitational degrees of freedom and T encodes the multipolar degrees of freedom 
of the individual black holes. Note, we used the multi-index notation L :— 4 . . . pe. 
This interaction term arises from considering all possible combinations of the vac- 
uum Riemann tensor, multipole moments and particle's velocities at linear order in 


the metric perturbation, under the restriction of reparameterization invariance |’. 


3. Conservative dynamics 


From the above action principle, the linearized field equations in the near zone of 
the binary can be deduced (to linear order the velocities) and solved to all orders 
in spin. A Fokker-type action with Lagrangian (including all spin-spin couplings in 
this linearized framework with up to linear velocity contributions) 


1 : 
I -m + beg x) s mede) 


oo = (1) 
([-AY [ ur. Sutdhestap" o] Orci 
uo» 0) + Bett) Or |o) 


in the center-of-mass frame, is obtained. We introduced the BHs’ masses mA, 
3-velocities vA(t), spin 3-vectors a4 = S4/m, and combination ag = a; + a2, as 


1027 


well as the BHs’ separation vector r with r = |r| and the angular velocity vector 
Qa. The equations of motion for the BBH, in a quasi-circular limit and for spin 
vectors aligned with the orbital angular momentum of the system, can be resummed 
and solved for the angular frequency w of the orbits in compact fashion. To linear 
order in the metric perturbation h,, and velocities v (i.e., at leading PN order), 
but to all orders in the spins a4, the angular frequency is given by ? = —w?r, 
with w? = M/r[r — v(2ag + o*)|(r? — a2) ?/?. Here we defined M = m4 + mz and 
c= lo*| = [maa + m1a3|/M. 

Gauge-invariant quantities (e.g., Noether charges or the GW modes) are conve- 
2/3. such 
that epn ~ x and €spin ~ zx. In the following x serves as book keeping parameter 
for the order in spin considered (e.g., a4 ~ O(x), aå ~ O(x?), ...). At each order 
in x, we consider the lowest order in x, i.e., the leading PN order at each order in 
spin. Notice that this is different from the traditional PN order counting in 1/c? 
(since we treated €spin and epy as independent). 


niently expanded in the commonly used expansion parameter zr = (Mw) 


'The conserved energy and total angular momentum of the two-body system 
can be obtained as the associated Noether charges of (1). Recasting the angular 
frequency w in x yields, together with the respective Noether charges as functions of 
r, the binding energy E(x) and total angular momentum J(x) = L(x)4-m1a1-4-maa» 
perpendicular to the orbital plane of the BBH at the leading PN orders at all orders 
in spin 


i 3/2 xa? gU Ag 
E(z)— — Ee Ez (a0 + ða) - 573 T sio — 6a_)}, and 


5 292  3g7/2 
L(x) = po? M — 127" (Tao +da_)+ En + rt (ao = vay}. 


Where the symmetric mass ratio v = u/M, the antisymmetric mass ratio 6 = 
(mı — m3)/M, and a_ being the projection of a... = a1 — az orthogonal to the 
orbital plane. 

Remarkably, the spin-expansions of the binding energy E and orbital angular 
momentum L terminate after cubic-in-spin contributions. Note that this polynomial 
structure in spin hinges on the use of x (or w) as the variable in the conserved 
quantities. 


4. Radiative sector 


The far zone dynamics, i.e., the gravitational effects at future null infinity, are 
related with the near zone dynamics through a matching of the PN solution ob- 
2. The matching pro- 
cedure yields a relation between the source multipole moments and the emitted 
GW modes and total GW energy flux at future null infinity. The GW polarization 
waveform h4 — ihx = Dem —2Yemhħem is projected onto a basis of spin weighted 
spherical harmonics —sYm. The GW modes hem are explicitly given in eq. (84) of 


tained above and the far zone post-Minkowskian expansion 
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Ref. 20. The spin expansion of the even-m modes terminates at a finite order. The 
odd-m modes have contributions at all orders in spin, though they, are resumed 
in a compact form, i.e., Jen like yM? + x?a2 appear. Expanding these term, 
v M? + z?ad = M + z?2a2/ (2M) — x*ad/ (8M?) + O(a9X9), yields the contributions 
at the leading PN orien i each order in spin. 

In an adiabatic approximation, at the leading PN orders at each order in the 
BHs' spin, we find the total GW energy flux 


245 [39 8413/2 252 
pat” = - 7 (800-352. } + —— (3248 + a? } 


M2 
4x 7/2 2x*a2 
—18M$ = { 16a) + 2apa”. + 52dapa_ + ôa? E a [16a Tat 2 
542,:1/9 
2007 {6403 + aoa? — 68daza_ — 38a? } f 


Again, the infinite sets of spin-induced multipolar interactions of the two BHs re- 
markably cancel out at higher than quintic-in-spin contributions. Hence, the total 
energy flux conveys full information about the spin effects at leading PN order in 
the first five terms of the spin expansion. 


5. Conclusion 


We determined the binding energy, the gravitational wave modes and total energy 
flux emitted by a spinning nonprecessing binary black hole in quasi-circular motion 
at leading post-Newtonian orders at all orders in spin. Our results include contri- 
butions of arbitrarily large PN order, counting in 1/c?. In particular, we obtained 
for the first time the quartic-in-spin contributions to the 4PN waveform and total 
energy flux, along with all higher-order-in-spin contributions at the corresponding 
leading PN orders. Remarkably, the binding energy, the total energy flux, as well 
as the even-in-m gravitational wave modes only contain a finite number of nonzero 
contributions in their spin expansions at leading post-Newtonian order. 
Conversely, the modes where all powers in spin appear are nevertheless rather 
compact, which can be used to improve the resummation of modes, e.g., in the 
synergetic EOB waveform model?!. Though our results are only valid for aligned 
spins, they can still be used to approximate waveforms from precessing binaries?? 
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Quantitative analysis of the inflationary model: reheating process 
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There are various models that were proposed as scalar fields for inflation, some of these 
with an ‘attractor solutions’ to which the system evolves. For each of these models, we 
have a different evolution of the energy density for relativistic matter and dark matter, 
which were created during the reheating period, at the end of inflation in the early 
Universe, as a result of the ‘inflaton’ decay. Furthermore, the temperature at which the 
reheating takes place also depends on the type of scalar field. In this work, we consider 
the polynomial scalar field (chaotic inflation) of the sixth degree, and we study it with 
numerical methods varying the ‘free parameters’ a, b, c, obtaining the attractor behavior 
in particular conditions. Finally, we calculate the reheating temperature, establishing, 
for this case, that we are in the regime of good reheating. 


1. Scalar Field Dynamics 


During inflation, the Universe is dominated by a scalar field ‘y’, the inflaton, which 
causes the accelerated expansion. The field behavior is given by the potential V(). 
The field ‘rolls’ along the potential (the so-called slow-roll inflation, see Figure 1 
on the right) and stops in the minimum, after that inflation ends. 


Fig. 1. On the left, form of the chaotic potential varying the exponent of the power scalar field 
a. On the right, the quadratic potential: the circles show the inflaton field at various stages of 
its evolution. When the circle reaches the minimum, the inflation ends. So the circle starts to 
oscillate around the minimum and the reheating phase begins. 


The simplest potentials which describe the inflation are (see Figure 1 on the 
left): 


V=ax¢* az=const, a= 2,4,6 


This kind of potential, proposed by Linde, is said ‘chaotic inflation’. It is symmetric 
and has a minimum for ¢ = 0, where V = 0. 
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Fixed a, the coefficient a can be calculated with the following formula?: 


g 3 (mn? 4r V C+ 2 
REC NS MN PL MR . A2. 
M$” 8T (4) (=) ds 


where Mp is the Planck mass, Ag is the amplitude of the scalar perturbation, 


whose value is 5 x 10^? and Ne is the e-folding number. So, assuming Ne = 60, we 
obtain: 


Jus dg if 0 —4; 


Vax 10 M7 if o — 6. 


2. Attractor Solution 


In the phase space, these potentials have attractor solution to which its solutions 
must converge over time (see Figure 2 on the left, for the quadratic potential). If 
we consider a potential with all the three terms: 


V —ax qq? bx y*+cx qo (1) 


When a > b,c we have no changes (Figure 2 on the right, in red). But if b and/or c 
is of the same order of a, we have a pick (in blue). In fact, in this case the potential 
is less inclined (Figure 1, left), and the solution, at first, converges more slowly. 


beam a of qerara potenta ine phase apace ehe ot tha vh ponet vr De conowens i rni Pe cana m a Goma. green ind BAe wm 9 n cin 


i 


Fig. 2. Phase portrait in the (i, ¢)-plane of the dynamics of a scalar field for a quadratic po- 
tential (left) and for a sixth grade potential (right). For the last case, we plot the solutions for 
different values of the coefficients. It's clearly visible the pick, putting appropriate coefficients. 
This illustrates the mechanism of attraction toward the slow-roll solution. 


3. Reheating Phase 


During inflation, all the energy density is concentrated in the scalar field. This 
energy density can be used to be transformed in other form, for example radiation. 
This process of conversion is called reheating, while the temperature at which 
the process takes place is called reheating temperature. Let's see what happen 
during this process. Just before of the end of inflation the Universe is cold and 
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hibernated in a state of low entropy: in fact, T(t) ~ a !(t), where T(t) is the 
temperature as a function of the time. The scalar field starts to move quickly along 
the Hubble time-scale, and starts to oscillate around the minimum of the potential 
(see Figure 1 on the right). During this process, the inflaton can decay, producing 
light energetic particles. So, the interaction of the inflaton provides a probability 
decay T. This phase end when all the energy is in thermal equilibrium with the 
radiation. 


ear neers de empa ra m m qnie enm Hie aum sm me pees in atte gem 


n 


Fig. 3. Oscillations of the field f after inflation for quadratic potential (left) and for sixth grade 
potential (right) varying T. For the last case, we have a more oscillations because of the potential 
form. 


The Figure 3 on the left shows the behavior of ¢ during reheating for quadratic 
potential. At the end of inflation T is small, but later it increases, damping 
the oscillations. When I' ~ H, the reheating end. If T < 3H, the reheating 
can't start, and we have a slow-roll phase. If we consider the sixth grade poten- 
tial (eq. 1), we have the same behavior, but with a greater number of oscillations 
and a smaller amplitude (see Figure 3 on the right). This happens because of 
the potential form: it's less curved and wider in the minimum (Figure 1 on the 
left), so that the scalar field, having a less space, oscillates with greater frequency. 

Now, we investigate the matter creation process during the reheating period. 
For this purpose, we consider the Universe as an open thermodynamics system, 
restricting our analysis to the case of a flat FRW metric. During the reheating, the 
constituents of the Universe are the inflationary scalar field, the ordinary matter, 
and the dark matter, assumed to be perfect fluid. So, the total energy density p is: 


P = po + PDM + Pm 


Let’s see what are the equations which describe the reheating process. First of all, 
we have got to consider the dynamics of the scalar field and the matter. From the 
respective components of the energy-momentum tensor in a flat space-time, and 
applying them the energy conservation law, we have: 


b = 3H? + V'(b)b + pm + 3H (pm + Pm) = 0. 
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In order to describe the transition process between the scalar field and the matter 
component, we introduce the friction term I, so we can decompose the previous 
equation in two equations: 


à -—3Hà--V'(9) -Tó 20. ja +3H(Pm+Pm) - F9? — 0. (2) 
For the dark matter, we can consider a similar equation. Moreover, we need to 
consider the balance equation of the particle flux vector in the FRW geometry: 


Um = m dT 3Hnq 


We assume that the function V is proportional to the energy density of the infla- 
tionary scalar field p,, and introducing the friction term I’, we get: 


Tm 
í m 3H m= — — 3 
Nm + n Hie: Po ( ) 


We also consider the Einstein gravitational field equations in a flat FRW Uni- 
verse, which, with inflationary scalar field, ordinary matter and dark matter fluids, 
becomes: 


1 
3H?’ = zz (Po + PDM + Pm) (4) 
Pl 


The particle creation is essentially determined by the energy density p, and pressure 
po Of the scalar field o. 


Fig. 4. Time variation of the dark matter energy density (left) and of the radiation (right) during 
the reheating period in the presence of a quadratic potential, varying the rate decay I. 


The equations (2), (3) and (4) form a system of differential equations, which can 
be solved numerically. The Figure 4 shows the behavior of dark matter (on the left) 
and ordinary matter (on the right) for different values of I, while the scalar field 
decreases to zero. In fact, matter is created at the expense of the field. As we can 
see, it's possible to distinguish two phases: in the first, the matter energy density 
increases from zero to a maximum value; in the second, the matter energy density 
begins to decrease because of the expansion of the Universe, which becomes the 
dominant force. On the other hand, the energy density of the scalar field decreases 
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during the reheating phase, and tend to zero in the large time limit. During this 
phase, the Universe continues to accelerate because of the negative creation pressure, 
which induces an additional acceleration. 


Fig. 5. The same as Figure 4, but with a sixth grade potential, with fixed I. 


On the other hand, considering the sixth grade potential (see Figure 5, left and 
right), we observe a pick at the beginning of reheating and, after that, the density 
rapidly decreases. Also in this case, we can attribute this behavior to the potential 
form: there is a large particles production when reheating starts, but after the scalar 
field decays. 

Finally, we must calculate the reheating temperature. At the end of inflation, 


T;enh must have an upper limit because of the Hubble parameter, which decreases 


in time: 
;, 90 VI 7H. NY? 
ET. 


where g is the number of the degrees of freedom (its value is ~100). In fact, at the 
end of inflation, the slow-roll parameter £ ~ 1, from which we can estimate He for 
different potentials V(pe). Then, we obtain*: 


V Tren < 2 x 10" GeV ifa = 2, 


J Tren < 10™ GeV ifa = 4, 
V Tren < 8 x 10 GeV ifa=6 


So, the model of potential that warms the Universe better, when the reheating 
phase begins, is the quadratic potential. For comparison, the maximum tempera- 
ture, independent from the kind of potential considered, is: Tmar < 1016 GeV. 


*In this proceeding, we not consider the self-coupling of the inflaton. In the case of weakly-coupled 
inflaton, the Temperature is lower: Tye, < 101? GeV. 
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4. Conclusion 


Summarizing, during the reheating phase the production of particles takes place, 
due to the decay of the inflationary scalar field. We got a plot describing the 
evolution of the matter in the time for the sixth grade potential using the Einstein 
equations and the components of the energy-momentum tensor, and we compared 
it with the case of the quadratic potential. So, we can say that a different function 
of the scalar field have some consequences on the inflation theory. The next goal 
is to understand what is the best potential for inflation. I mean, is the quadratic 
potential a good approximation to understood inflation (and the other terms of 
higher order are only little corrections)? Or do we need to add other terms yet? In 
fact, we can see the sixth grade potential as a Taylor expansion of the hyperbolic 
cosine. 
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I provide a brief summary of the work done on asymptotically flat black holes with 
synchronised hair. These black holes form families of solutions that interpolates between 
vacuum Kerr black holes and Bose-Einstein condensates of massive bosonic fields. 


Keywords: Black holes, fundamental fields. 


1. Testing the Kerr hypothesis 


'The Kerr hypothesis is the conjecture that astrophysical black holes, when near 
equilibrium, are approximately described by the Kerr metric.! This hypothesis is 
motivated by the electro-vacuum uniqueness theorems,? but it is a conjecture when 
considering arbitrary sorts of matter or fundamental fields.? 

Testing, theoretically, the Kerr hypothesis amounts to keep some healthy skepti- 
cism about this idea, which, albeit not in tension with any observation at present, * 
is far from proved in any rigorous theoretical or observational sense. In particular 
one may ask: 1) are all astrophysical black holes in equilibrium exactly represented 
by the Kerr metric? or 2) Are all these black hole of the same type? or, allow- 
ing for an even more dramatic possibility, 3) Are all these astrophysical black hole 
candidates really black holes? 


2. Good models 


'The Kerr solution is not just the unique theoretical vacuum black hole model; it 
is a good model. One may postulate some broad theoretical criteria for a good 
theoretical model of a compact object: 1) It should appear in a well motivated and 
consistent physical model (at least as an effective field theory); 2) It should have a 
dynamical formation mechanism; 3) It should be sufficiently stable. Here the key 
word is "sufficiently". Indeed absolute stability is not mandatory for physical rele- 
vance, that always hinges on a competition of timescales for any putative instability 
as compared to other relevant astrophysical processes. As an extreme example, an 
astrophysical object that has a slowly growing instability, with an e-folding time 
comparable to the Hubble time, is, for all astrophysical processes, effectively sta- 
ble.? For Kerr, 1) is General Relativity (GR), 2) is gravitational collapse and 3) has 
been established at the level of mode stability. 9 

To match observations, moreover, the good model must give rise to the right 
phenomenology, including all electromagnetic observables (X-ray spectrum, shad- 
ows, QPOs, star orbits, etc), for which, however, current data is not particularly 
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constraining and the need for astrophysical modelling often yields degeneracies that 
prevent significant constraints. In this respect the gravitational wave channel, be- 
ing more pristine, is also more promising. But at the moment we can only expect 
data for events with a limited range of black hole masses (say, between 1-100 solar 
masses). LISA will, of course, improve this prospect. 

As mentioned above, there is no clear tension between the Kerr model and cur- 
rent observations. Still, given the precision and spread of observations will increase 
in the next decades, it is certainly worth asking if there are other theoretically 
sound models that have different "good" black holes, and how different is their 
phenomenology. 


3. No-hair theorems 


There are two meanings for “black hole no-hair theorems” in the literature. Firstly, 
the uniqueness theorems? are often called no-hair theorems. This falls under the 
rationale that the uniqueness theorems show electro-vacuum, physical, single black 
hole spacetimes have essentially no structure/no multipolar freedom/no hair. De- 
spite the fact that Kerr black holes have a non-trivial multipolar structure,’ this 
structure is completely determined by the mass and angular momentum, the two 
only macroscopic degrees of freedom they are allowed to have. Secondly, in mod- 
els beyond electrovacumm (i.e. with more general matter content and/or modified 
gravitational field equations) one can establish (typically partial) results on the 
inexistence of new black hole solutions with other degrees of freedom rather than 
those associated to Gauss laws, and hence gauge symmetries, such as total mass, 
angular momentum (and electric-type charges). Many such no-hair theorems, in 
models with scalar fields for instance, have been established.? The scalar field case 
is particularly appealing as a test ground, since scalar fields are technically simple 
and are well motivated in models beyond the standard model of particle physics 
(string theory, supersymmetry, multi-Higgs, Kaluza-Klein, etc). But many exam- 
ples of “hairy” black holes have also been found, even in models where no-hair 
theorems exist, by circumventing one or more of the assumptions. Typically these 
models violate either explicitly or effectively energy conditions. A different type of 
mechanism that has been found to allow for black hole hair is the synchronisation 
mechanism. 


4. The synchronisation mechanism 


In 2014, a new type of asymptotically flat, black hole spacetimes with a new macro- 
scopic degree of freedom was constructed.? The model was Einstein's gravity mini- 
mally coupled to a massive complex scalar field. The scalar field has an associated 
global charge, a Noether charge, but since the scalar field is not gauged, this charge 
does not have an associated Gauss law. Thus, it provides the black hole with hair. 
Physically, if the scalar field falls into the black hole, this charge vanishes (unlike, 
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say, electric charge, due to the Gauss law). Thus, the scalar field needs to be in a 
non-linear equilibrium with the black hole, for this Noether charge to be non-trivial. 

'This example of hairy black holes occurs in GR, not modified gravity. The matter 
obeys all relevant energy conditions. The black holes are asymptotically flat, regular 
on and outside an event horizon, they continuously connect to the Kerr solution, to 
which they reduce in the limit where the scalar field vanishes. They also connect 
continuously to relativistic Bose-Einstein condensates called boson stars, !° to which 
they reduce in the limite where the horizon size is reduced to zero. They have 
an independent scalar charge which is primary hair.* They can form dynamically 
and be sufficiently long lived (see below). Although these solutions have been 
constructed numerically, an existence proof has been provided.!! Moreover, more 
than an example, these solutions provide a mechanisms for endowing black holes 
with hair. Generalisations with self interacting scalar hair,!? with Proca hair, ? 
Kerr-Newman black holes with synchronised hair, !^ higher dimensional Myers-Perry 
black holes with this sort of synchronised hair, !?:16 also in AdS,!^ excited states !? 
and generalisations with higher azimuthal winding numbers? are just some of the 
examples considered so far. 


5. The synchronisation mechanism: physics rationale 


The physical understanding for the existence of Kerr black holes in equilibrium 
with a stationary scalar field configuration can be obtained by a linear analysis. 
One considers the massive Klein-Gordon equation in the background of a Kerr 
black hole. Separation of variables can be achieved in Boyer-Lindquist coordinates 
(t, r, 0, 9)??, by taking a scalar field ansatz of the sort 


$ = f(r, Ae tme (1) 


where w is the frequency of the mode and m its azimuthal winding number, and 
one ends up with solving a radial equation which can be cast in a Schródinger- 
like form. Unlike the Hydrogen atom problem of elementary quantum mechanics, 
however, the generic problem in the Kerr black hole does not admit bound states 
solutions with a real frequency w. This is because the boundary condition at the 
event horizon (a purely ingoing wave) makes the Hamiltonian non-hermitian. In 
this generic case, only quasi-bound states are possible, with a complex frequency, 
wherein the imaginary part, Z(w) is determining the decay (for Z(w) « 0) or growth 
rate (for Z(w) > 0) of the mode. But for the special case in which the black hole's 
horizon angular velocity Qy is synchronous with the phase angular velocity of the 
mode w/m, that is 


w= mg, (2) 


which is the synchronisation condition, Z(w) = 0 and true bound states, in the sense 
of quantum mechanics, exist. These are stationary clouds around Kerr black holes. 
It was S. Hod who first considered these clouds by specialising to the extremal 
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Kerr background,?! in which case the radial equation becomes precisely the same 
confluent hypergeometric equation that arises in the case of the Hydrogen atom 
(without spin) in the Coulomb potential. This yields a beautiful and perfect analogy 
between atomic orbitals and stationary scalar clouds around Kerr black holes. For 
the non-extremal case the qualitative analogy remains. 9:22 2° 

For w > mX)g, Z(w) < 0; this is the decaying regime (the only one which is 
present in the Schwarzschild case). For w < mOQ#, Z(w) > 0; this is the growing or 
superradiant regime, in which the mode extracts rotational energy from the Kerr 
black hole.?9 Thus the stationary clouds exist as zero modes of the superradiant 
instability of Kerr black holes. Kerr black holes with scalar hair can be seen as 
the non-linear continuation of these scalar clouds, when they are made heavy and 
backreact. 

How to construct such heavy scalar clouds in a rotating black hole background? 
It turns out that self-gravitating scalar field configurations of a scalar of the type (1) 
were already known in the literature: boson stars. So, these hairy black holes can 
be seen as a rotating boson star in non-linear equilibrium with a central black hole 
horizon. ?" 

Let us remark on how the existence of these black holes with synchronised hair 
is compatible with well known no-scalar hair theorems. Symmetry non-inheritance 
between the matter field and the geometry allows them to circumvent the powerful 
Bekenstein's theorem? and rotation allows them to circumvent the Pefia-Sudarksy 
theorem? that applies to spherical symmetry non-inheriting solutions. 


6. Black holes with synchronised hair: phenomenological features 


Since Kerr black holes with synchronised hair interpolate between the vacuum Kerr 
solution and boson stars, their phenomenology will be Kerr-like in the vicinity of the 
Kerr limit, and Kerr-unlike in the vicinity of the boson star limit. This is what has 
been observed, for instance, at the level of their shadows, ??^?! Ka-line in the X-ray 
spectrum,?? star orbits and their possible relation to observable quasi-periodic- 
oscillations??, or the morphology of accretion disks around them.?^ Consequently, 
current observations that are compatible with the Kerr model, can only rule out 
regions in the parameter space wherein deviations are large, but not regions in the 
parameter space where deviations are small, sufficiently close to the Kerr limit. 


7. Black holes with synchronised hair: dynamical issues 


It has been known since the 1970s???" that in the presence of ultra-light massive 
bosonic fields, astrophysical Kerr black holes would be unstable against superra- 
diance. The end point of this instability has been a lingering question. Recent 
numerical evidence suggests that the instability saturates when the synchronisation 
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condition is met,?? and that the resulting solutions are Kerr black holes with syn- 
chronised hair.3™40 As pointed out before these developments, these configurations 
could not be the end point of the instability, since they are themselves prone to 
superradiant instabilities. ^ Recent progress managed to compute the time scale of 
the superradiant instability of a sample of hairy black hole solutions, all of them 
very close to the Kerr limit.4? These results motivated a bound for the timescale 
of the leading superradiant instability of Kerr black holes with synchronised hair.? 
For regions of the parameter space this timescale can be larger than the Hubble 
scale. Moreover, the instability becomes weaker as the hairiness of the black holes 
increase, when a proper analysis is performed.? The upshot is that these solutions 
could form dynamically from the superradiant instability of Kerr and be sufficiently 
long lived, at least as superradiance goes. 


8. Open issues and further remarks 


The three theoretical broad criteria given above for a good model of compact object 
are met by Kerr black holes with syncronised hair: 1) They appear in a well moti- 
vated and consistent physical model, which is GR minimally coupled to innocuous, 
albeit exotic, matter; 2) They have a dynamical formation mechanism (superradi- 
ance); 3) They can be sufficiently stable, with an instability timescale for the only 
known instability — superradiance — above the Hubble time. 

Of course, it remains to understand what the ultralight scalar (or vector) field 
could be from the view point of fundamental particle physics. Here, the issue of 
fuzzy dark matter may provide an interesting connection. 4344 Or if there are other 
more catastrophic instabilities. In any case, these models illustrate that there exist 
fairly reasonable theoretical possibilities (albeit with admittedly exotic physics) of 
alternative models to the Kerr paradigm. Their study is a high risk, high gain 
endeavour: producing detailed phenomenology will constrain the model and the 
corresponding exotic physics or, in the best case scenario, provide a smoking gun 
to this new physics. But above all, testing the Kerr hypothesis by looking for 
alternative models represents scientific open mindedness. 
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In the context of single-field inflation, the conservation of the curvature perturbation 
on comoving slices, Re, on super-horizon scales is one of the assumptions necessary 
to derive the consistency condition between the squeezed limit of the bispectrum and 
the spectrum of the primordial curvature perturbation. However, the conservation of Re 
holds only after the perturbation has reached the adiabatic limit where the constant mode 
of Re dominates over the other (usually decaying) mode. In this case, the non-adiabatic 
pressure perturbation defined in the thermodynamic sense, óP,44 = ôP — c2, ôp where 
2 = È /p, usually becomes also negligible on superhorizon scales. Therefore one might 
think that the adiabatic limit is the same as thermodynamic adiabaticity. This is in fact 
not true. In other words, thermodynamic adiabaticity is not a sufficient condition for the 
conservation of Re on super-horizon scales. In this paper, we consider models that satisfy 
6Pnad = 0 on all scales, which we call global adiabaticity (GA), which is guaranteed if 
c2, = c2, where cs is the phase velocity of the propagation of the perturbation. A known 
example is the case of ultra-slow-roll(USR) inflation in which c2, = c2 = 1. In order to 
generalize USR we develop a method to find the Lagrangian of GA K-inflation models 
from the behavior of background quantities as functions of the scale factor. Applying 
this method we show that there indeed exists a wide class of GA models with c2, — c2, 
which allows Re to grow on superhorizon scales, and hence violates the non-Gaussianity 


consistency condition. 


1. Introduction 


A period of accelerated expansion during the early stages of the evolution of the 
Universe, called inflation, ? is able to account for several otherwise difficult to 
explain features of the observed Universe such as the high level of isotropy of the 
CMB? radiation and the small value of the curvature. Some of the simplest in- 
flationary models are based on a single slowly-rolling scalar field, and they are in 
good agreement with observations. It is commonly assumed in slow-roll models that 
adiabaticity in the thermodynamic sense, 0P,,4 = 6P — c2,6p = 0 where c2, = P/p, 
implies the conservation of the curvature perturbation on uniform density slices Ç, 
and hence the conservation of the curvature perturbation on comoving slices Re, 
on super-horizon scales. 

In? it was shown that there can be important exceptions, ie. in some cases 
thermodynamic adiabaticity does not necessarily imply the super-horizon conserva- 
tion of Re and ¢, and that they can differ from each other. This can happen even 
for models in which c2, = c2. Here c, is the speed of propagation of the curvature 
perturbation. It turns out that it may be defined as c? = (6P/dp)-, where the suffix 
“c” means a quantity evaluated on comoving slices defined by ôT = 0 (or equiva- 
lently slices on which the scalar field is homogeneous). An example is ultra-slow-roll 


1044 


(USR) inflation , in which the flat potential V(ó) = Vo yields exact adiabaticity 
Paaa = 0 on all scales. USR. inflation could in principle last for 60 e-folds, but 
then it would be difficult to make it consistent with observation. Alternatively, 
one can study models in which a USR phase is followed by a conventional slow-roll 
phase , at which stage Re becomes conserved. In USR inflation, both Re and Ç 
exhibit super-horizon growth but their behavior is very different from each other. 
As it has been stressed in , the non-freezing of Re has important phenomenological 
consequences. Since the freezing of Re on superhorizon scales is a necessary in- 
gredient for Maldacena's consistency relation to hold, models that do not conserve 
Re can actually violate that consistency condition. We note as well that another 
consequence of superhorizon growth of Re is that it should be evaluated at the end 
of inflation, instead of just after horizon crossing . 

In this paper focusing on K-inflation, i.e., Einstein-scalar models with a general 
kinetic term, we explore in a general way other single field models which have 
2, = c, hence satisfy óP,,4 = 0 on all scales which we call globally adiabatic 
(GA), but which may not conserve Re. We find a generalization of the USR model. 

'The method we adopt is based on establishing a general condition for the non- 
conservation of Re in terms of the dependence of the background quantities, in 
particular the slow-roll parameter e = —H / H? and the sound velocity c,, on the 
scale factor a. 

We first derive the necessary condition for the comoving curvature perturbation 
Re to grow on superhorizon scales. Next we determine p(a) and P(a) by solving 


the continuity equation. Then using the equivalence between barotropic fluids and 
2 


S? 


K-inflationary models which satisfy the condition c2, = c? , we determine the cor- 
responding Lagrangian for the equivalent scalar field model. Using this method we 
obtain a new class of GA scalar field models which do not conserve Re. 
Throughout the paper we denote the proper-time derivative by a dot (^ — d/dt), 
the conformal-time derivative by a prime (/ = d/dm = ad/dt) and the Hubble 
expansion rates in proper and conformal times by H = à/a and H = a'/a, respec- 
tively. We also use the terminology “adiabaticity” for thermodynamic adiabaticity 


Paaa = 0 throughout the paper. 
2. Conservation of Re and global adiabaticity 
We set the perturbed metric as 
ds? — o? [-a + 2A)dn? + 20; Bdx! d 
+ {5y (1 + 2R) + 28,8 E ada?) . (1) 
In? it was shown that independently of the gravity theory and for generic matter 
the energy-momentum conservation equations imply 


č 2 
Praa = (=) -1 


(p+ P)A.. (2) 
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In the case of general relativity, the additional relation A, = Re /H gives an impor- 
tant relation for the time derivative of Re 


c 2 
0 Prad = (2) = 
Cs 


'The non-adiabatic pressure perturbation is given according to its thermodynam- 
ics definition 


(0+ PYRE. (3) 


Praa = OP — 2 6p. (4) 


This definition of 6 P,,4 is important because it is gauge invariant and 6 Prag = Pua, 
where óP,4 is the pressure perturbation on uniform density (óp = 0) slices. It 
appears in the equation for the curvature perturbation on uniform density slices 
Ç = Rua obtained from the energy conservation law, 


HoPraad . 1 j 
C= tz Aw- E), (5) 
(pP) 3 : 
where v is the 3-velocity potential (v = 6¢/¢' for a scalar field). In general, the 
curvature perturbations on uniform density and comoving slices are related as 


Ó Pad 

E i RM 6 
£ 35 Pid) (6) 

A common interpretation of these equations is that when when óP,44 ~ 0 with 

c2. A cà, ¢ and Re are approximately equal because of eq. (6), and they are both 


approximately conserved on super-horizon scales because of eq. (3). This is in 


agreement with the well-known coincidence of ¢ and Re on super-horizon scales for 
slow roll-models in general relativity, since in this case c, Æ c, and óP,44 ~ 0 on 
superhorizon scales. 

The equation (3) is the key relation to understand how Re depends on the non- 
adiabatic pressure ÓP,,4. First of all let us note that this equation is valid on any 
scale. The advantage of it with respect to eq. (5) is that it does not involve gradient 
terms, so it allows us to directly relate 6Paag to Re if c2, Z c2, while in eq. (5) C 
depends on spatial gradients, which in the case of USR are not negligible on super- 
horizon scales?. This explains why in USR in which c2, = c? = 1, both Re and C 
are not conserved despite 0.P,44 = 0. 

It should be noted here that for slow-roll attractor models c2, Z c? in general, 
and Re is time-varying on sub-horizon scales. This implies that the non-adiabatic 
pressure perturbation 6P,qq on sub-horizon scales is not zero. In other words, 
the attractor models are adiabatic only on super-horizon scales, and we call these 
models super-horizon adiabatic (SHA). 

From eq. (3) we can immediately deduce that in general relativity there are two 
possible scenarios for the non-conservation of Re, 


1) ae OPnaa = 0, 


‘Ww? 


(2) Ge Paaa #0. (7) 
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Here we focus on the first case. It is trivial to see that because of the gauge 
invariance of Paaa the condition c2, = c? automatically implies Paaa = 0. The 
models satisfying the condition c2 — c2, = 6Pnaa = 0 are adiabatic on any scale, 
and because of this we call them globally adiabatic (GA). In GA models an explicit 
calculation can reveal the super-horizon behavior of Re, and Ç, as was shown in? 
in the case of USR. Below, we develop an inversion method to find a new class 
of models that violate the conservation of Re without solving the perturbations 
equations. 


3. Globally adiabatic K-essence models 


The condition c2, = c? has been studied in the context of K-inflation? described by 
the action (X = —9""0,90,9/2) 


ge ; J d'zJ/—g [MAR + 2P(X,9)] , (8) 


and it was shown that it is satisfied by scalar field models with the Lagrangian of 
the form, 


P(X, ¢) = u(Xg(9)) = u(Y) (9) 


where u and g are arbitrary functions. These models are equivalent to a barotropic 
perfect fluid, i.e. a fluid with equation of state P(p). We note again that these 
models are adiabatic on any scale (GA), contrary to the slow-roll attractor mod- 
els, which are adiabatic only on super-horizon scales (SHA). The fact that they 
are mutually exclusive can be readily seen by considering the hypothetical case of 
Paaa = 0 and c2, Z c2. In this case eq. (3) which is valid on any scale would mean 
Re should be frozen on all scales. In contrast, the condition c?, = c? allows for the 
curvature perturbation to evolve both on sub-horizon and super-horizon scales. 

In® it was shown that is possible to associate any barotropic perfect fluid with 
an equivalent K-inflation model according to 

P 
ru — log(Y), (10) 

where F(P) = p(P) + P and Y = g(¢)X. These models are the ones which could 
violate the conservation of Re for adiabatic perturbations, since they satisfy c2, = c2. 
It is noted of course that the global adiabaticity is not the sufficient condition for 
the non-conservation of Re. Not all GA models violate the conservation of Re on 
super-horizon scales. 


4. General conditions for super-horizon growth of Re 


From the equation for the curvature perturbation on comoving slices, 
ð (= [7 


OL a.) = acAR = 0, (11) 
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we can deduce, after re-expressing the time derivative in terms of the derivative 
respect to the scale factor a, that on superhorizon scales there is (apart from a 
constant solution) a solution of the form, 


"^ da c2(a) 
Re — f(a); a) = ——., 12 
xf Tf): fex (12) 
where we have introduced the function f(a) for later convenience. In conventional 
slow-roll inflation c? and e are both slowly varying, hence the integral rapidly ap- 
proaches a constant, rendering Re conserved. The time dependent part of the above 
solution corresponds to the decaying mode. 
The necessary and sufficient condition for super-horizon freezing is that there 
exists some 6 > 0 for which 
lim a? f(a) = 0. (13) 
a—-oo 
By definition of inflation, H must be sufficiently slowly varying; e = -H LES es 
So we may neglect the time dependence of H in eq. (12) at leading order, while € 
and c2 may vary rapidly in time. For models for which e ~ a^" and c2 ~ a4 we get 


f x qitn-3 1 (14) 
hence the condition for freezing is 


qtn—-3<0. (15) 


If this condition is violated, ie. q +n — 3 > 0, then the solution (12) will grow 
on super-horizon scales. This happens for example in USR, which corresponds to 


6 ie. q= 0, and n = 6. In general, we expect that q would not 


c = 1 and € x a7 
become very large. This implies e should decrease sufficiently rapidly. Conversely, 
if e decreases sufficiently rapidly, then the growth of Re on superhorizon scales will 


follow. 


5. Conclusions 


In conventional slow-roll models, one has c? 4 c2, and the superhorizon freezing 
of Re can be understood as a result of ÓP,44 7: 0 on superhorizon scales. When 
c2 = c2, one has Paaa = 0 on all scales, but following eq. (3) this does not constrain 
the superhorizon behaviour of Re anymore. This behaviour now follows from R,’s 
equation of motion given in eq. (11), and the condition for superhorizon freezing is 
given in eq. (13). Violation of this condition leads to superhorizon growth of Re. 
We have developed a method to construct the Lagrangian of a K-essence globally 
adiabatic (GA) model by specifying the behavior of background quantities such as 
ep where e is the slow-roll parameter, using the equivalence between barotropic 
fluids and GA K-essence models. We have applied the method to find the equations 
of state of the fluids and derive the Lagrangian of the equivalent single scalar field 
models. Interestingly, we have found that the requirement to avoid the gradient 
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instability, i.e., c? > 0 is almost identical to the condition for the non-conservation 
on superhorizon scales. 

'The advantage of our approach is that we did not have to solve any perturbation 
equation explicitly. We have begun from requiring some behaviour for e, or for 
b = 2ep, and have then used our inversion method to find the Lagrangian that 
produces that behaviour. 

We have shown that the main difference between attractor models and GA 
models is that the latter are adiabatic on all scales, while attractor models are 
approximately adiabatic in the sense of 0 P,44 = 0 only on super-horizon scales and 
e se. 

The detailed study of the new models found in this paper will be done in a 
separate upcoming work but we can already predict that they can be compatible 
with observational constraints on the spectral index thanks to the extra parame- 
ter n which is not present in USR. Furthermore they can violate the Maldacena's 
consistency condition and consequently produce large local shape non-Gaussianity. 

In the future it will be interesting to apply the inversion method we have devel- 
oped to other problems related to primordial curvature perturbations, or to develop 
a similar method for the adiabatic sound speed as function of the scale factor. 
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In this work, we discuss whether the new ekpyrotic scenario can be embedded into 
ten-dimensional supergravity. We use that the scalar potential obtained from flux com- 
pactifications of type II supergravity with sources has a universal scaling with respect to 
the dilaton and the volume mode. Similar to the investigation of inflationary models, we 
find very strong constraints ruling out ekpyrosis from analysing the fast-roll conditions. 
We conclude that flux compactifications tend to provide potentials that are neither too 
flat and positive (inflation) nor too steep and negative (ekpyrosis). 


Keywords: Ekpyrosis; Type II string theory; Flux compactifications; Moduli. 


1. Introduction 


The strong no-go theorems which exclude tree-level de Sitter compactifications un- 
der a few simple assumptions with or without negative tension objects such as 
orientifold planes have been much explored because of the possible cosmological 
and phenomenological interests. However, the no-go theorems for ekpyrotic sce- 
nario which is alternative to inflation model in string theory is much less extensive. 
One motivation for the present work is to improve this situation. Since orientifold 
planes are a common ingredient in phenomenologically interesting type II string 
theory, it seems natural to explore the possibility of treelevel de Sitter vacua or 
inflation models in type II string theory with orientifolds. On the other hand, there 
is no constraint for ekpyrotic scenario in type II string theory at present. 

The ekpyrosis inspired by string theory and brane world model suggests alter- 
native solutions to the early universe puzzles such as inflation and dark energy, 
and assumes that two four-dimensional boundary branes which are located at the 
endpoints of orbifold in the higher-dimensional bulk spacetime’ 9. For brane world 
picture, all forces except for gravity are localized on the branes while gravity can 
propagate freely in the bulk. When we assume that there is an attractive force 
between two branes, these branes approach to each other, which gives big bang. 
Since the big bang is described as a collision of branes there is not the beginning 
of time in the ekpyrotic scenario. Although two branes move through each other at 
once after collision, we can get a model so that the branes become closer again. 

The motion of branes is described by the potential of scalar field in a four- 
dimensional effective theory. Non-perturbative effects result in a potential which 
attracts one brane towards the other brane!. In order to resolve a horizon and 
flatness problem, the potential during a period of slow contraction before the big 
bang is negative and steeply falling. There was plenty of time before the big bang 
for the universe to be in causal contact over large regions, and in this way the 
horizon and flatness problem is automatically solved*. Then, the usual statement 
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of the ekpyrosis is that the universe slowly contracts before the big bang with the 
equation of state w = p/p >> 1. The scalar potential is expected to turn up towards 
zero at large negative value of scalar field in the ekpyrotic or cyclic models. 

As two branes approach each other, the branes are rippled because of gener- 
ating quantum fluctuations. Since the collision of branes cannot be happened at 
exactly the same time, the branes collide slightly earlier or later in some places. 
Our universe thus has a little bit more time to cool or hot. When we consider 
the curvature perturbation in the ekpyrotic scenario, it occurs a strong blueshift, 
which is in sharp contradiction with the small redshift of the scalar fluctuation in 
the CMB" », The occurrence of blueshift scalar perturbation is nonetheless a mi- 
nor flaw of ekpyrotic theory which can be easily corrected. Hence, new ekpyrotic 
theory considers multiple scalar field and successfully generated a scalar spectrum 
which is scale invariant and slightly redshifted!9 ??, Producing primordial gravita- 
tional waves sourced by the gauge field in the ekpyrotic scenario was also studied in 
Ref. 21. 

It is the purpose of this work to give a No-Go theorem of the ekpyrotic scenario 
in a ten-dimensional supergravity model which is low energy limit of a string the- 
ory. We study the dynamics of two scalar fields in the four-dimensional effective 
theory after a compactification in string theory. There are a dilaton and the volume 
modulus of the internal manifold in the effective theory, which is a four-dimensional 
theory of gravity minimally coupled to two-scalar fields. We will derive the two 
moduli fields with negative exponential potentials. Since this potential is steep, the 
scalar field should be satisfied by “fast-roll” condition instead of slow-roll parameter 
in inflation model??:7?, Although the terms coupling the scalar fields to the scalar 
curvature of the internal space and orientifold plane contribute the negative value 
to the potential in the string theory, we find that the potential does not satisfy 
the fast-roll condition in general. Therefore, it is not possible for us to realize the 
ekpyrotic phase in a string theory. 

Section 2 describes the potential of scalar field for ekpyrotic scenario and the 
way it derives the four-dimensional effective theory. We discuss the approach to 
the effective action in more detail. The No-Go theorem of the ekpyrosis thus given 
by the string theory is discussed. We also investigate the detailed properties of 
these models, their embedding in a string theory and their viability. For simplic- 
ity, we do not consider D-branes and the associated moduli except for the volume 
modulus (breathing mode) of internal space although the analysis would not be 
different. Finally, section 3 provides a brief summary and an outlook to future 
developments. 


2. No-Go theorem of the ekpyrotic scenario in the type II theory 


In this section, we consider compactifications of the type II theory to four- 
dimensional spacetime on compact manifold Y. The ten-dimensional low-energy 
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effective action for the type II theory takes the form?* 


1 1 1 
S= zz | Pev x (n+ AgM Au oOx o — 2 a) ws pa 
p 


— M (Top + Top) | Pry Zg9p e’, (1) 


P 


where &? 


is the ten-dimensional gravitational constant, g, R denote the determi- 
nant, the Ricci scalar with respect to the ten-dimensional metric gmn , respectively, 
$ is the scalar field, H is the NS-NS 3-form field strength, Fp are the R-R. p-form 
field strengths (p = 0,2,4,6,8 for type IIA, and p = 1,3,5, 7,9 for type IIB) that 
are sourced by D-branes, and Tp, (Top) is the Dp-brane (Op-plane) charge and ten- 
sion. Although there are Chern-Simons terms in the ten-dimensional action, these 
are essentially independent of the dilaton and the scale of the background metric. 
Hence, we will not consider them. 

To compactify the theory to four dimensions, we consider the a metric ansatz 
of the form?* 


ds? = qu dx" da” + gijdy' dy? = qu,dz" dz" + p uij (Y)dy'dy? ] (2) 


where p is breathing mode (volume modulus of the compact space), z^ denote 
the coordinates of four-dimensional spacetime, y^ are local coordinates on the in- 
ternal space Y, and quv, uij(Y) are the metrices of four-dimensional spacetime, 
six-dimensional internal space, respectively. We assume that quv, ujj(Y) depend 
only on the coordinates z^, y! , respectively. Since we factored out the overall vol- 
ume modulus p of the internal space in the ten-dimensional metric (2), the modulus 
p is related to the total physical volume of the internal space vg and the volume of 
Y space v(Y) as 


p= | 7 , W= [ &ws. v(Y) = no (3) 


where gg and u denote the determinant of the metric gi; and u;;(Y) , respectively . 
The volume modulus p is chosen such that the metric u;;(Y) of the internal space 
is normalized v(Y) = 1. 

Now let us consider the four-dimensional effective action Sp in the Einstein 
frame after we integrate over the internal space Y. It is especially interesting to 
understand the dynamics of moduli at negative potential energy. If there are non- 
trivial fluxes in the background, one notes that these make uplifting the moduli 
potential to positive energy. In this work, we consider the moduli potential without 
field strengths and D-branes. Then we obtain the four-dimensional effective action 
in the Einstein frame: 


mÓ 


1 = 1 
SE = [dev —q oP = gf Out OLT = 31 up Ovp m V(r ’ p) , (4) 
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where «? is the four-dimensional gravitational constant, V (7 , p) denotes the moduli 
potential, and we have defined the dilaton modulus?* 


T =e $992, p= Vemo, T — 2k Inr. (5) 


We have performed a conformal transformation on the four-dimensional metric 
quv = (R/T&)^qu, , where qj, is the four-dimensional metric in the Einstein frame. 
q and R in the four-dimensional action (4) are the Ricci scalar and the determinant 
constructed from the metric „v , respectively. Orientifold planes occupy (p — 3)- 
dimensional internal space due to extending our four-dimensional universe. Then, 
the contribution of Op-plane (p > 3) to moduli potential survives. The moduli 
potential of four-dimensional effective theory is given by 


V(r,p)—-Vy-c 5 Vop = —Av exp E (ve + Fo) 


p 


R(Y) 


3/2 , v6 - = 

~ > Aop exp ^ [SR Sr YA ZI fe °t/Gp—3, (6) 
p 
where R(Y) denotes the Ricci scalar constructed from the metric u;;(Y) and Ay , 
Ao are coefficients to scale with numbers of Op-planes. These coefficients in general 
depend on the function of the moduli of the internal space Y . 

When the potential form for the ekpyrotic scenario gives the negative and steep, 
the fast-roll parameters for the ekpyrosis have to obey ?? 

2 y* V (82 V+ av) 


£g = k — «1, = |1- ——__,____, 
=n Q.V? + (85V) i (8. V)? + (05V y 


This is analogy with the standard slow-roll parameters in inflation. The potential 
form satisfying the condition (7) gives the ekpyrotic period of slow contraction 
before the big bang. 

Now we consider IIA compactifications on an internal space (2), namely positive 
curvature and Ricci flat spaces, involving orientifold planes, and discuss the No-Go 
theorem for ekpyrotic scenario. The analysis will focus on the behavior of the moduli 
potential in the volume modulus and dilaton. In order to present the no-go theorem 
using these fields, we have to still make sure that there are no steep directions of 
the scalar potential in the (7 , p)-plane. In such cases one can then study directions 
involving 7 , p, and finds that the scalar potential satisfies 


(7) 


—1 


2 
y? 3 (Vy + Vos — Vos)? 6 
Ep («$e pe ^3 (8) 


where p = 4,6,8. The fast-roll parameter e; has the bound e; > 6/31. This result 
does not depend on the choice of coefficients Ay and Ao,. The value of parameter 
Ef is not much less than one, which is the contradiction with the fast-roll condition 


for ekpyrosis (7). Hence, ekpyrosis is not allowed ??26, 
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On the other hand, for type IIB compactifications in the ekpyrotic model, we 
have also seen that it is possible to obtain simple no-go theorems in the (7 , p)-plane 
if one includes orientifold planes and the curvature of the internal space. From the 
Eq. (7), we find a constraint of the fast-roll parameter er 

-1 


2 
y2 3 (2Vy + 3Vos + Vos — Vor — 3Vos)” 1 


where p — 3,5, 7,9. Unfortunately, the form moduli potential is not steep again as 
€t parameter turns out to be large value??. Just as in the IIA analogue, one obtains 
the bound er > 1/6. If we choose different values for Ay and Ao, in the moduli 
potential (6), we can find the same bound. 


3. Discussions 


In this work, we have studied the No-Go theorem of the ekpyrosis for string theory 
in a spacetime of ten dimensions. We gave a potential of the scalar fields in four- 
dimensional effective theory, in terms of the compactification with smooth manifold. 
The effective potential of two scalar fields can be constructed by postulating suitable 
emergent gravity, orientifold planes, and vanishing fluxes on the ten-dimensional 
background. The scalar potential depends only on two moduli: 7 and p. 

In such a simple setting, one can show that e; > 6/31 for IIA theory and er > 1/6 
for IIB theory whenever V(r,p) < 0. It has been known for some time that the 
effective potential of scalar fields requires the fast-roll parameter to be small during 
the ekpyrotic phase. However, with the help of the tools developed in section 2, this 
is prohibited in a string theory with a compactification we have considered. Hence, 
the explicit nature of the dynamics has made it impossible to realize the ekpyrotic 
phase in the present study. This is consistent with results in Ref. 25. 

Let us comment about the No-Go theorem of ekpyrotic scenario in heterotic 
M-theory. The original ekpyrotic model was inspired by heterotic M-theory which 
is obtained by going from eleven to five dimensions first, and only at even lower 
energies to 4 dimensions. It arose precisely from the realization that in heterotic 
M-theory a realistic phenomenology is obtained by introducing non-perturbative 
effects in the scalar field potential. Otherwise, in the Heterotic theory with a simple 
Calabi-Yau compactification we have considered in this work, the four-dimensional 
effective potential form of scalar fields y; is given by V(y;) « e** , where c; < V6. 
Then, it is impossible for us to construct the ekpyrotic scenario in the heterotic M- 
theory without non-perturbative correction. Unfortunately, no one has obtained an 
exact calculation of the potential involving all non-perturbative effects at present. 

We have not considered the warped compactification because it does not make 
the modification of fast roll condition even if it couples to matter field in the ten- 
dimensional theory. The effect of warped factor gives only the change of coefficients 
for each term in the four-dimensional effective action after integration of internal 
space. 
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In order to embed ekpyrotic or cyclic models in a ten-dimensional supergravity 
we have investigated in this work, we may consider some ingredients, for instance, 
the dynamics of remaining moduli, higher curvature correction other than orientifold 
and flux. We have not attempted an explicit construction here, since that will take 
us beyond the scope of this study. A lot of study remains to be done in string 
theory before a cosmologically realistic case is treated. 
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We derive a general equation for the evolution of the curvature perturbation on comoving 
slices Re in the presence of anisotropy and non-adiabaticity in the energy-momentum 
tensor of matter fields. The equation is obtained by manipulating the perturbed Einstein 
equations in the comoving slicing. It could be used to study the evolution of perturbations 
for a system with an anisotropic energy-momentum tensor, such as in the presence of a 
vector field or in the presence of non-adiabaticity, such as in a multi-field system. 


Keywords: Curvature perturbation, anisotropic stress, non-adiabatic pressure. 


1. Introduction 


The theory of cosmological perturbations is very useful to study the early stages 
of the Universe, especially during inflation, that is, an exponential expansion phase 
which the standard cosmological model hypothesizes to explain observations such 
as anisotropies in the cosmic microwave background radiation (CMB). One quan- 
tity which is particularly important in this context is the curvature perturbation 
on comoving slices, Re. In slow-roll single field inflationary models this quantity 
is conserved on super-horizon scales,'? which has important implications on the 
relation between primordial perturbations and late-time observables such as CMB 
anisotropies. For a globally adiabatic system in a single field model this quantity 
may not be conserved.? Other possible causes of super-horizon evolution could be 
the presence of anisotropy or non-adiabaticity in the energy-momentum tensor. We 
derive the equations for the curvature perturbation on comoving slices, Re, includ- 
ing these two terms showing that they act, as expected, as source terms which are 
relevant also on super-horizon scales. Our approach is quite generic and can be 
applied to any system which can be described by an energy-momentum tensor of 
the form we use, not only to a multi-scalar fields system. 

The derivation is based on manipulating the Einstein equations in order to 
obtain an equation involving only Re, the anisotropy and non-adiabatic pressure 
and background quantities. The equation can be used to study phenomenologically 
the effects of anisotropy and non-adiabaticity without assuming any specific model. 
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One useful application could be to study models which violate the non- 
Gaussianity consistency relation? that was derived in fact based on the assumption 
of the conservation of the comoving curvatue perturbation on superhorizon scales. 


2. Evolution of comoving curvature perturbations 


The Einstein equations in a spatially flat Friedmann-Lemaitre-Robertson- Walker 
(FLRW) background are 


3H? =a" P, (1) 

2(4' — 43) = —a? (p P). (2) 

Here a prime denotes a derivative with respect to the conformal time 7 and H stands 
for the conformal Hubble parameter defined by H = a'/a. p and P represent the 
background energy density and pressure of the matter field respectively. We use 


the units in which 81G = c = 1. 
Scalar perturbations on a spatially flat FLRW metric can be written as 


ds? = a? [-a + 2A)dn* + 20; Bdz' dn + (1 + 2C)ó;j + 20,0; E dada? ; (3) 


where the Latin indices run from 1 to 3. The corresponding energy-momentum 
tensor takes the form: 


To = —(p + 6p), T9; = a Ui, qu = (P + 6P)é*; +I}, (4) 
where 
; m 1 8) . F 
u; —aQ;(v + B), Ij = 6 ^0,0,II — 5 À Il, IT^; =0. (5) 


In the above equations II’; is the anisotropic stress component of the energy- 
momentum tensor, v is the velocity potential, II is the anisotropy potential and 
we have defined A- ôi 0,0;. 

The curvature perturbation on comoving slices Re is a gauge-invariant quantity 
defined as the curvature perturbation C evaluated on the hypersurfaces in which 
v + B vanish. The spatial Fourier expansion of the linearly perturbed Einstein 
equations on comoving slices? takes the form : 


2k? (Re — Hoe) = a?óp., (6) 

R! —'HA, =0, (7) 

AH! — 42)A, = a? [oP. — (2k?/3)IIe] , (8) 

c! + 2Hoe — Ac — Re = aIle, (9) 


where e = F’ — B is the scalar shear. 
In general we can decompose the pressure perturbation as 


P, = c;(n)ópc -- Te, (10) 
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where we can interpret c, and l'e as the adiabatic sound speed and the non-adiabatic 
part of the pressure respectively. For a minimally coupled scalar field model c, — 1 
and Ie is zero, but in general one would expect that I'e could be non-vanishing. 
Our goal is to derive an equation for R, in the presence of both anisotropic stress 
II’; and non-adiabatic pressure Te. 
First we use Eq. (7) to express A. in terms of Re, 
Re 
A. = ay (11) 


We substitute this A. and ôP, given in Eq. (10) into Eq. (8), and solve it for dpe : 


_ H (221, — 30.) — 3(p + PYR. 


sse 3He i 
We then insert this into Eq. (6) to get an expression for oc, : 
m, © [H(2K I. — 3.) — 3(p + P)R,, 
ge = — — (13) 


H 6k?912 c2 


Finally we substitute A. and c. given by Eqs. (11) and (13), respectively, into 
Eq. (9) to obtain 


2v 
1 (z ) / 2 (3) H 
ares Tae GN G Ys = » 14 
Re us z2 Re Cs A R 3 p+ P 0 ( ) 
where we have defined 
a*(p + P) 
ge OW? ^ as) 


4 / 
2 (3) (3) 2 (3) 
a [ls (=) (5 RT. vr.) + 2H ATL + 3 AME Ts (qué 


As expected, for adiabatic (Te = 0) and isotropic perturbations (II. = 0) the above 
equation takes the well-known form : 


(22) (3) 


R! + R! — Ê AR. =U; (17) 


z2 


3. Curvature perturbation for scalar fields 


Given the generality of the form of the energy momentum tensor used in the deriva- 
tion of Eq. (14) it can be applied to a wide class of physical scenarios, including 
multi-field systems. Let us consider the case of two minimally coupled scalar fields 
with Lagrangian 
2 
L=- X Xn - 2V(81,95), (18) 


n=1 
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where Xn = g”0,®,0,®, and $,(z") = o, (n) + 69, (z"). The perturbed energy- 
momentum tensor, without gauge fixing, is given by 


/ Lo / / 12 12 
óp— $1094 T ea Aloi 2 l tids ide 
/ / l t /2,,4/2 
áP- atatt. A(91* + 95 ) _ V5, — Vola, 
/ 1 
He. . 6T°; = 8; (aae), (19) 
a 


where we denote the partial derivatives as V, = (0V/09,)(61, $2). 
The field perturbations transform under an infinitesimal time translation 7 — 
n+ ôn 
óói = 51 — 1N , 5b2 = $2 — $46n. (20) 
The time translation 67. necessary to define the comoving slices can be found by 
imposing the condition (01;). x $4691 + $509» = 0, giving 
ELDER 
Ne = (KG C 
The comoving curvature perturbation for the two scalar fields system is given by 
$1001 + 509» 
(r4 c 


The gauge invariant field perturbations in the comoving slices now can be defined 


(21) 


Re = C — Hôn =C -H (22) 


Ui = 6d — Cia L (23) 
$1 TI 

U= ig- p A l (24) 
$1 ENS a^ 


and similarly for the pressure and energy perturbations in the comoving slices we 
get 

_ Uy + 95U$ — Ac(95? + 947) 
BEEN 
_ 91U1 + 95U5 — Ac(91? + 057) 


a2 


Spe + WU; + V2U2, (25) 


ôP, =i — V2U2. (26) 


Note that all the above quantities are gauge invariant by construction. 
Combining Eqs. (23), (24) and the background field equations of motion we find 


Ui + %03 Htoo 
2 3 


= uU, + V2U2 = la 


(27) 


where we have defined the function O according to 


9 ey (ss zy 
o-[À. - 28 
lo (rs Wd n 
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Assuming a classical field trajectory parameterized as $» = ¢2(¢1) we can write © 


in this form 
5 E 
O= Q8 I3 +1 (8 pı — 2 : (29) 


dø? |Vdói dé 


From the above expression we can see that in order for O to be different from zero 
the trajectory has to have non vanishing second derivative, i.e. there must be some 
turn in the field space. 

After replacing Eqs. (7) and (27) into Eqs. (25) and (26) we get 


/2, Q5? d, 2 + g! 2 
ô c=— 1 2 $ r1 "r2 2 30 
P a? E e E" Eu (B0) 
p? an by” / 
ôP: = -= R}. 31 
PAI (31) 
It follows from Eqs. (30) and (31) that 
12 F2 
1 +5 
g= c —8795 VY; 2 
OP. = Ope + 542 © (32) 


and comparing this with Eq. (10) we obtain the sound speed and the entropy per- 
turbations 


12 12 
+o 
cz) =l; re = Lm 9 (33) 
From these relations we get 
2! (3) a? 
where 
2(,/2 12 
z2 = a a $5 ) (35) 
at N] 
Y= [los (=) r+. (36) 


Eq. (34) is in agreement with Ref. [6], confirming that Eq. (14) is general and 
can also be applied to multi-field systems once the entropy has been appropriately 
defined. In general in order to use Eq. (14) it is first necessary to compute the 
energy momentum tensor in the comoving slices with a procedure similar to the one 
shown above for two fields. 


4. Conclusions 


We have derived a general equation for the evolution of the comoving curvature 
perturbation by taking into account the effects of anisotropy and non-adiabaticity 
in the energy-momentum tensor. The equation can be applied to multi-field sys- 
tems. This approach does not require the decomposition of field perturbations in 
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components parallel and perpendicular to the classical field trajectory, but is based 
just on the fundamental definition of non-adiabatic pressure. In the future it will 
be interesting to apply the equation to more complex systems where both entropy 
and anisotropy are present. 
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We find two distinct families of new charged boson star solutions of à complex scalar 
field coupled non-minimally to gravity by a “John-type” term of Horndeski theory. The 
end points of one of the branches are extremal Reissner-Nordstróm black hole solutions. 


1. Introduction and general considerations 


Although the main motivation for the resurrection! of Horndeski scalar-tensor the- 
ory? was cosmological, a large number of investigations of its small scale aspects 
was also carried out. To mention just a few, black hole solutions? 
in the “John”-type version of Horndeski theory which contains a non-minimal cou- 
pling term of the scalar kinetic term to the Einstein tensor, Lym ~ G” 0 0r 
and in another version known as the Sotiriou-Zhou model? which has a Rag term 
in the Lagrangian where Rap is the Gauss-Bonnet term. Black hole solutions were 
found? also in a “biscalar extension” of the theory and boson stars were found” in 
a different biscalar version where the scalar field becomes complex. On the other 
hand, the real scalar system was also studied in the presence of a radial electric 
field? and black holes were found in that case too. These latter black hole solutions 
are essentially a “superposition” of the pure scalar black holes with the electric field 
of a point charge at their centers. Further study? of the real scalar system produced 
magnetic black holes as well. 

In some of these studies the scalar field ceases to play a role of a gravitational 
degree of freedom, and the Horndeski theory is used as an inspiration for new 
kinds of couplings between scalar matter and gravity. These scalar fields may be 
interpreted as dark matter candidates. This is the attitude we take in this work 
where we analyze the gauged version of the “John” Lagrangian thus producing the 
conventional minimal coupling between the scalar and Abelian vector fields. The 
dynamics of such a system is determined by the following action which is a simple 


were discovered 


generalization of that for self-gravitating solitons like boson stars or Q-stars 1^1! : 
R 1 1 
g= pew (= = FF" + 5|D,9P — U(8) - BG D,& D,® . (1) 


The non-minimal coupling term to the Einstein tensor is known to introduce in the 
field equations of the pure scalar case derivatives of order not higher than two.? It 
is easy to show that the gauged version still has this property. 

Now we assume a static spherically symmetric metric and a radial “electric” 
configuration for the scalar and vector fields: 


ds? = A(r} d? — B(r} dr? — r?dQ2, | & — fire, A da” =ao(r)dt. (2) 
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We take the simplest potential of a mass term only and obtain 4 independent field 
equations for the 4 functions f(r), ao(r), A(r) and B(r). We do not present them 
here due to lack of space, but refer the readers instead to Ref. 12 where a more 
detailed study of this system can be found. 

We will characterize the solutions by their total mass, electric charge and particle 
number. We will define the mass function M(r) by 1/B?(r) = 1 — 2M(r)/r so the 
ADM mass may be read of the asymptotic decay of the metric, i.e. GM = M(oc). 

The local U(1) charge is readily obtained from the time component of the con- 
served total current: 

ie 


J"-J"-—298G""J, dy = 5 (&* D, ® — BD, ®*) (3) 
which in the spherically-symmetric case yields the following expression: 
% r?B 48M! 
Q= sre f dr (w — eao) f? (1 + E ) ; (4) 
0 A T. 


Without loss of generality we will take w > 0, so Q > 0 as well. 
These two quantities, mass and charge determine the asymptotic behavior of 
the localized solution that we seek, i.e. the exterior Reissner-Nordstróm solutions: 
M KQ? Q 
A? =1/B(r)? = (1- £— + _* =—. 5 
(r) FE) Aur | 2(4n)?r? 70 7 Amr 5) 
So, we may extract also the charge from the asymptotic behavior of the solutions. 
The total electric charge is carried in our case by N particles of mass m and 
charge e. We can therefore define a particle density and particle number by 


4 M' oo 2B 
py = Go ea)? (1 4 i N=4r | dr — on. (6) 


Thus, we can use the mass to particle number ratio, or more precisely, M/mN in 
order to study the stability of these solutions against “fission” into a number of 
smaller stable structures: this ratio M/mN needs to be less than 1 in order for the 
solutions to be stable against this kind of processes. The condition M/mN « 1 is 
however not sufficient to guarantee the stability under linear perturbations!!. We 
will postpone this issue to a future work. 

The field equations!? depend a priori on m, e, 8 and Newton's constant G. The 
equations can be written in a dimensionless form which reveals a dependence on 
two independent parameters only: 8 = Bm? and € = e/VKm?. The rescaled and 
original versions of the charge, particle number and mass are related to one another 
by M = Mm/p? = kmM, Q = Qm?/u? = Qkm? and N = Nm?/p? = Nkm?. 
The stability ratio may be calculated both ways: M/mN = M/N. 

The mass function M(r) which we defined above has a dimension of length 
and is rescaled therefore similarly as M = mM. The total mass may therefore be 
expressed in terms of M(oo) or M as M = 81.M(oo)m2,, /m = Mm3,/m, where we 
use the Planck mass mp; = 1/4/&. Similarly the rescaled particle number N may 
be used to express the total particle number as N = 8r N(mpi/m)?. 
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2. Solutions and their properties 


Although in some special cases of this theory solutions were obtained explicitly, we 
found it unlikely to achieve this in the present system we study here. We therefore 
revert to numerical analysis in order to construct our solutions. 

Within our ansatz (2), the unknown functions B, A, f, ag appear with maximal 
derivatives B", A", f". ag in the system of field equations. These maximal derivatives 
appear linearly, so that the equations are symbolically written as 


M(B', A", f" ap) =K (7) 


where M represents a non-diagonal 4x 4 matrix and K a 4x 1 matrix (vector) whose 
entries depend on the lower derivatives. The quantity A(r)  detM plays a major 
role in the existence of regular solutions over space-time. Indeed zeroes of A(r) 
correspond to singular points of the system. In particular, the occurrence of such a 
point renders impossible the construction of numerical solutions on r € [0, oc]. 

For a given set of 5 and e, the solutions comprise a one-parameter set 
parametrized by f(0) or alternatively by w or A(0), although in some regions of 
parameter space the correspondence is not one to one as will become evident shortly. 

In other areas of parameter space we find a second branch of solutions with 
significantly different behavior with respect to the first (“ordinary”) branch. Fig. 
1-Left shows the general structure in the (f(0), A(0)) plane for e = 0.7 and five 
values of 8: 6 = +1,+0.5 and the minimally coupled case 6 = 0. The two-branch 
structure appears for 8 > 0 only and above a certain value of e. 

In order to understand the situation better, we calculate the main properties 
of the solutions: mass, particle number and their ratio which is in one to one 
correspondence with the binding energy per particle 1 — M/N. We study their 


10 


e=0.7; B= -1,-0.5,0,0.5, 1 14 e=0.7, B=1 branch 2 
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Fig. 1. Left panel: Families of solutions for e = 0.7 and 5 values of 8. Note the two branch 
structure for 8 > 0 and the different behavior of branch 2 families appearing at the lower part. 
The “bullets” mark the end point solutions without back-bending, i.e. A = 0 solutions. The other 
end points at A(0) — 0 have almost extremal Reissner-Nordstróm behavior - Right panel: The two 
end-point solutions for e = 0.7 and 8 = 1.0. Both solutions have N = 348.2 and M = 344.7 and 
the same external structure (with A(r) and 1/B(r) almost identical), but very different internal 
structure: f(0) = 0.096255 and f"(0) > 0 - solid; f(0) = 0.2525 and f” (0) < 0 - dashed. 
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dependence on the parameters of the theory £8 and e as well as their behavior 
within a given family corresponding to specific (8, e) and parametrized by f(0). 

Fig. 2 contains some of these aspects: the mass as a function of the central scalar 
field and the dependence of binding energy per particle on the particle number. 

First we observe from our results that the mass and particle number decrease 
with 8 which is in accord with the fact that gravity becomes stronger with increasing 
DB, so a smaller number of particles can form bound states. 

'The dependence on the coupling constant e is expected to cause the opposite 
effect since increasing its value amounts to a stronger electrostatic repulsion. This is 
indeed the general behavior as we will see in what follows. The electrostatic repul- 
sion is also responsible for a critical value of e which in terms of the dimensionless 
parameter reads @, = 1//2. Actually, this bound was obtained!! for minimal 
coupling (8 = 0), but it still holds here with a weak dependence on f. 

Branch 1 of the solutions is quite similar to that of charged ordinary (i.e. 6 = 0) 
boson stars for both signs of 8: it starts at f(0) = 0 with M = N = O0, then 
the mass and particle number grow steeply, attain (together) a maximum and then 
decrease. However, unlike the case of ordinary charged boson stars, the solutions hit 
an end point beyond which no solutions exist. This end point has a similar origin 
as reported for the ungauged counterpart" where the function A(r) was found to 
develop a zero at the end point excluding solutions beyond that point. 

Branch 2 solutions exists only in restricted regions of parameter space: for a 
given e, Ø should be larger than a certain value. For given e and f, branch 2 
starts at a minimal non-zero f(0) and A(0) = 0 and has also a maximal f (0). This 
maximal f(0) point can be either: (i) An end point of a similar kind of branch 1 
where solutions cease to exist because A(r) gets a zero. In this case A(0) > 0 at 
that point. (ii) A turning point in which back-bending occurs and solutions still 
exist down to some final f(0) which is an end point because A(0) = 0. 


e=0.7; B= -1, -0.5, 0, 05, 1 


0010. p en NE ] 


350 Ft T T r 
e=0.7; B2 -1, -0.5, 0, 0.5, 1 


1-MIN 


0.005 | 


0.000 


50r -0.005 | 


i 
0.0 0.2 0.4 0.6 0.8 10 12 Egon 
(0) 


Fig. 2. Mass and binding energy per particle for e = 0.7 and 5 values of B: B8 = +1,+0.5 
and 8 — 0. Left panel: Mass versus the central value of the scalar field; Right panel: Binding 
energy per particle as a function of particle number. The branch 2 curves are the upper ones at 
both figures. The “un-bulleted” ends of the branch 2 curves in the left represent the extremal 
Reissner-Nordstróm solutions. These correspond to the A(0) — 0 points of Fig. 1. 
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ERN limit 
turning points 
A=0 
:ez07 
:e=06 
:e=0.0 
:e=0.0, 0.6, 0.7 


0.0 02 0.4 0.6 0.8 1.0 12 
f (0) 
Fig. 3. The branch structure of parameter space for e = 0, 0.6, 0.7 and —1 € 8 < 1. Note 


that branch 1 extends from the vertical axis at f(0) = 0 up to the curves. Branch 2 regions are 
indicated explicitly. For further explanation - see text. 


To sum up, there are two kinds of end points of curves in parameter space as is 
seen clearly in Fig. 1 and 2: The first kind are the “bulleted” which correspond to 
the A = 0 termination condition. These appear on the 8 4 0 branch 1 curves and 
the higher f (0) end point of the 8 = —0.5 branch 2 curve. End points of the second 
kind are the two “un-bulleted” end points of the 6 = —1 branch 2 curve and the 
lower f(0) end point of the 8 = —0.5 branch 2. These correspond to the A(0) = 0 
termination condition. 

At the end points of branch 2 where A(0) — 0 and the scalar field becomes 
confined within a ball with a sharp boundary at r — rs, we find that the solutions 
approach extremal Reissner-Nordstróm black hole solutions (ERN or ERNS in the 
following) which have identical mass and particle number, but correspond to very 
different internal structure. In our parametrization the ERNS have the character- 
istic relation M = V/2Q or in terms of particle number, M = vV2eN. The right 
panel of Fig. 1 shows for e = 0.7 and 8 = 1.0 the identical exterior solutions of the 
end-point solutions that correspond to the two different internal structures. The 
M and N values of these solutions M = 344.7 and N = 348.2 satisfy this relation 
very nicely. Another characteristic of the ERNS, is the equality A(r) = w — eao(r) 
which we do not show in our plots, but was checked to hold very well. 

As a summary of the branch structure of this theory we present Fig. 3 which 
illustrates the structure of parameter space in the (f(0), 8) plane for e = 0.6, 0.7 
and for comparison with previous work" also e = 0. Note that the line for the 8 < 0 
solutions is the line of end points for any value of e: the maximal f(0) depends on 
DB but not on e. 
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3. Conclusion 


In this work we studied the parameter space of a new kind of charged boson stars 
with a non-minimal coupling to gravity of the “John-type” of Horndeski theory. We 
found two distinct families according to their position in parameter space. More 
widespread are those of branch 1 existing for a finite interval of the central value of 
the scalar field, f(0) starting from zero and ending at some finite maximal value. 
This branch contains as a special case the charged boson stars of the minimally 
coupled theory. In some regions of parameter space we found a new second branch 
of solutions which are more massive and more stable than those of branch 1. This 
second branch exists also in a finite interval of f (0), but its end points (either both 
or in some cases only one) are extremal Reissner-Nordstróm solutions. 

It would be interesting to study whether the intriguing solutions of branch 2 
could exist in different versions of the tensor scalar gravity as well. As a first step 
in this direction, one could check whether a self-interacting potential would lead to 
branch 2-type of solutions with smaller values of the non-minimal parameter f. 

The existence of hairy black holes in some modification of this system is also of 
much interest. It might be sufficient to introduce a bare cosmological constant as 
was done previously? for the neutral system. 


References 


1. C. Deffayet et al., Phys. Rev. D 84, 064039 (2011); T. Kobayashi et al., Prog. 
Theor. Phys. 126, 511 (2011); C. Charmousis et al., Phys. Rev. Lett. 108, 
051101 (2012); C. de Rham and L. Heisenberg, Phys. Rev. D 84, 043503 (2011); 
C. Charmousis et al., Phys. Rev. D 85, 104040 (2012). 

2. G. W. Horndeski, Int. J. Theor. Phys. 10, 363 (1974). 

3. M. Rinaldi, Phys. Rev. D 86, 084048 (2012); E. Babichev and C. Charmousis, 
JHEP 1408, 106 (2014). 

4. A. Anabalon, A. Cisterna and J. Oliva, Phys. Rev. D 89, 084050 (2014); M. Mi- 
namitsuji, Phys. Rev. D 89, 064017 (2014). 

5. T. P. Sotiriou and S. Y. Zhou, Phys. Rev. Lett. 112, 251102 (2014); 
T. P. Sotiriou and S. Y. Zhou, Phys. Rev. D 90, 124063 (2014). 

6. C. Charmousis et al., JHEP 1407, 085 (2014). 

7. Y. Brihaye, A. Cisterna and C. Erices, Phys. Rev. D 93, 124057 (2016). 

T. Kolyvaris et al., Class. Quant. Grav. 29, 205011 (2012); A. Cisterna and 

C. Erices, Phys. Rev. D 89, 084038 (2014). 

9. E. Babichev, C. Charmousis and M. Hassaine, JCAP 1505, 031 (2015). 

10. R. Friedberg, T. D. Lee and A. Sirlin, Phys. Rev. D 13, 2739 (1976); S. R. Cole- 
man, Nucl. Phys. B 262, 263 (1985)+269, 744 (1986) [Erratum]; B. W. Lynn, 
Nucl. Phys. B 321, 465 (1989); T. D. Lee and Y. Pang, Phys. Rept. 221, 251 
(1992); F. E. Schunck and E. W. Mielke, Class. Quant. Grav. 20, R301 (2003). 

11. P. Jetzer, Phys. Rept. 220, 163 (1992). 

12. Y. Verbin and Y. Brihaye, Phys. Rev. D 97, 044046 (2018). 


1067 


21-cm signal of neutral hydrogen from high cosmological redshifts 


Anastasia Fialkov 


Astronomy Centre, Department of Physics and Astronomy, University of Sussez, 
Brighton BN1 9QH, UK 


'The high-redshift 21-cm signal of neutral hydrogen is expected to be a sensitive probe 
of primordial star formation as well as of the heating and ionization histories of the 
Universe. The recent tentative detection by the EDGES Low-Band of the cosmological 
21-cm signal, if confirmed, is the first ever signature from the dawn of star formation. 
However, the magnitude and the shape of this signal are incompatible with standard 
astrophysical predictions, requiring either colder than expected gas, or an excess radio 
background above the Cosmic Microwave Background (CMB) radiation. Here we provide 
a brief overview of 21-cm cosmology, the status of the global 21-cm experiments and 
proposed theoretical explanations for the EDGES detection. 


1. Introduction 


The dawn of star formation at redshifts z ~ 15 — 30 remains veiled in mystery 
being out of reach of existing observations. Large scale structure surveys map 
cosmic structure only out to redshift of z ~ 3. Observations of lensed fields with 
the Hubble Space Telescope (HST) reach further and have revealed galaxies at the 
Epoch of Reionization (EoR, z ~ 6 — 10) with the most distant galaxy detected 
at redshift z — 11.1?!; the Atacama Large Millimeter Array (ALMA) sees dusty 
bright galaxies at z ~ 9.1?! ; while the record-holder high-redshift quasar is located 
at z = 7.54?. Existence of so massive and metal-rich objects when the Universe 
was less than a billion years old suggests an early formation of the first stars (e.g., 
as early as z ~ 15 in the case of the metal-rich galaxy at z = 9.1?!). However, even 
with the most powerful telescopes, only the brightest out of the high-redshift sources 
are currently within the reach, while more typical objects — those that reheated and 
reionized the Universe — remain unobserved. As a result, the process of heating and 
ionization of the intergalactic medium (IGM) during the first few hundred million 
years after the Big Bang, as well as the processes of the primordial star formation, 
remain poorly understood. The 21-cm signal of neutral hydrogen, reviewed here, 
provides a unique way to fill in the gap. 


2. Expected 21-cm Signal: Dependence on Astrophysical Processes 


As the Universe evolves, astrophysical processes strongly affect the thermal and 
ionization states of the IGM. Right after recombination high fraction of free residual 
electrons mediates thermal coupling between the gas and the Cosmic Microwave 
Background (CMB) radiation. The IGM and the CMB are cooling together until 
the coupling becomes inefficient at around zi, ~ 200 as a result of the cosmic 
expansion. At lower redshifts, and prior to the formation of the first astrophysical 
heating sources, gas is cooling faster than the CMB. This period in cosmic history, 
prior to star formation, is called the dark ages and is characterized by cold and 
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neutral IGM. Emergence of first stars and first X-ray sources marks the onset of 
cosmic dawn, completely changing the high-redshift environment. During this epoch 
stars produce Ly-o background, and the IGM is reheated by X-ray photons to 
temperatures higher than that of the CMB. At that epoch, the heating rate of the 
IGM depends on the properties of the X-ray sources, such as their spectral energy 
distribution (SED) and bolometric luminosity 51432 
happens slower than heating. This is because the first small galaxies are inefficient 
in ionizing the gas. The appearance of massive galaxies in dark matter halos of mass 
My = 10? Mo leads to a more efficient process of reionization which, as observations 
suggest, starts not long before z = 7.5 and terminates at z ~ 61°20, This sequence 


. The process of reionization 


of cosmic events is imprinted in the neutral hydrogen signal. 

The lowest energy level of the hydrogen atom is split due to the interaction 
between proton and electron spins (hyper-fine splitting) which gives rise to the rest- 
frame vo; = 1.42 GHz radio signal with the equivalent wavelength of 21 cm (see 
Barkana (2016)? for a recent review). The cumulative signal of neutral IGM at 
redshift z observed against the background radiation depends on the processes of 
cosmic heating and ionization and can be written as 


T1 x zur (1 — TiaaTg +) , (1) 


where xy is the fraction of neutral hydrogen, Taq is the brightness temperature of 
the background radiation at 1.42 GHz (which is usually assumed to be the temper- 
ature of the CMB! at redshift z) and Ts is the spin temperature of the transition 
which encodes complex astrophysical dependence. The spin temperature can be 
written as Ts = (1 + 2tot) (Toi + Vat) *, where zio; = zo + La (see Eqs. 46 
and 48 of Barkana (2016)?), £a is the Wouthhausen-Field (WF !7?7) coupling coef- 
ficient which depends on the intensity of the Ly-a background radiation produced 
by stars, zc is the collisional coupling coefficient, and Tx is the kinetic temperature 
of the neutral IGM. zc is important at high redshifts when the Universe was dense 
and intra-atomic collisions were frequent enough to couple Ts to Tx. This effect 
became sub-dominant as the Universe expanded and the gas rarefied. r4, which 
is negligible before the onset of star formation, became important at cosmic dawn. 
Ly-a photons produced by stars coupled Ts to the color temperature of the Ly-o 
radiation, which at cosmic dawn is close to Tx. Finally, ionizing radiation depletes 
the amount of neutral gas in the IGM, reducing xyr. Owing to its dependence on 
the underlying astrophysics and cosmology, the 21-cm signal is a powerful tool to 
characterize the formation and the evolution of the first populations of astrophysical 
sources and, potentially, properties of dark matter, across cosmic time. 

Figure 1 shows a cartoon of the evolution of the global (sky-averaged) 21-cm 
signal and corresponding power spectrum of the 21-cm fluctuations (shown at a 
fixed comoving angular scale) as a function of redshift. The shapes of the global 
signal and the power spectrum reflect the thermal and ionization histories, and are 
affected by properties of the sources. In particular, the deep absorption trough 
in the global 21-cm signal (around z ~ 20 in the figure) is visible only thanks to 
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the stellar Ly-a photons and is a direct evidence of the initially cold IGM which 
was gradually heated by X-rays. Features of the absorption trough depend on the 
properties of stars and X-ray sources and can be used to put constraints on the 
first luminous populations. Our poor understanding of high-redshift astrophysics 
translates into a vast landscape of plausible 21-cm signals in addition to what is 
shown in Figure 1. A large compilation of possible scenarios was presented recently 
by Cohen et al. (2017)? and Cohen et al. (2018)?. Here we focus on the global 
signal as the probe of the high-redshift environment and star formation. 


Prior to star formation (Dark Ages, grey region), 
the 21-cm signal was driven by intra-atomic 
collisions and (in ACDM models) was fully 
determined by cosmological parameters and 
atomic physics. 


Global Signal 
Mean intensity of the 
line at every redshift 


Ta 


At Cosmic Dawn (purple areas) Ly-a photons 
produced by: stars coupled the spin temperature 
of the 21-cm signal to the temperature of the gas 
(WF effect, 2720-30). X-ray sources, such as X-ray 
binaries, heated up the gas (2710-20). At the 
beginning of the Epoch of Reionization (EoR. z * 
10) the IGM can be either hotter or colder than 
the background radiation depending on the 
properties of X-ray sources. 


Power at a fixed angular 
jÀ scale vs redshift 


K?P(k)/2T7? 


EoR Cosmic} Dawn 


During the EoR (orange) galaxies and quasars 
> ionized the neutral intergalactic medium, 


Fig. 1. Cartoon of the evolution of the global 21-cm signal (top) and of the power spectrum 
(bottom, shown at a fixed comoving angular scale) as a function of redshift. Cosmic epochs are 
shown with different colors including the Epoch of Reionization (EoR, orange), Cosmic Dawn 
(purple/magenta), and Dark Ages (grey). At each epoch, different types of sources had the 
dominant impact on the 21-cm signal (see the text on the right of the plot). 


3. Global Signal Observations 


The global 21-cm signal (computed by averaging Eq. (1) over the entire sky) is 
targeted by several observational teams around the world including the EDGES col- 
laboration with the observational site located in Western Australia, SARAS based 
in India, LEDA observing from Owens Valley (California), PRIZM located on Mar- 
ion Island. All these telescopes feature a very wide beam that measures the total 
Sky radio signal composed of the cosmic microwave background which carries the 
imprint of neutral hydrogen at the intrinsic 21 cm wavelength, foreground emission 
of the Galaxy, integrated contribution of numerous radio sources as well as radio 
frequency interference. The signal is distorted by ionosphere and is convolved with 
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the instrumental beam. Extracting the cosmological contribution is very challeng- 
ing and requires superb understanding of each component (e.g., calibration of the 
instrument ??). 


3.1. Probing the EoR 


Observations with the EDGES High-Band antenna???" and SARAS2???^4 above 
100 MHz yield consistent upper limits on the 21-cm signal from the EoR. In the 
framework of standard astrophysical modelling, the non-detections suggest that 
stars formed in small dark matter halos?" and rule out extremely non-efficient X- 
ray heating sources?^?5?4, As we have pointed out in Monsalve et al. (2019)?", 
out of all existing observations (including the CMB optical depth! and constraints 
on the neutral fraction from high-redshift quasars?19??), properties of the high- 
redshift X-ray sources are uniquely constrained by the 21-cm data. 


3.2. Cosmic Dawn Signal 


Recently, the first detection of the sky-averaged 21-cm signal from z ~ 13 — 27 
has been claimed based on two years of observations with the EDGES Low-Band 
antenna in the 50 — 100 MHz frequency range®. The reported cosmological signal 
is centred at v — 78.2 MHz corresponding to z — 17.2, and features an absorption 
trough of 751 = —500: 200 mK with the errors corresponding to 9996 confidence 
including both thermal and systematic noise. If confirmed, this is the first (and 
only) observational evidence of the primordial star formation at z ~ 20 (~ 180 
million years after the Big Bang) and of the early X-ray heating at z ~ 17. 

The frequency and width of the detected feature are in agreement with theoret- 
ical expectations requiring star formation in relatively small halos and subsequent 
efficient X-ray heating. Therefore, the location and width of the detected signal 
in the Low Band is consistent with the non-detections by EDGES High-Band and 
SARAS2. 

However, the EDGES Low signal is at least twice as strong as predicted in stan- 
dard astrophysical scenarios (based on the assumption of ACDM cosmology and 
hierarchical structure formation and assuming the CMB as the background radia- 
tion) where the strongest possible feature at z = 17 is -209 mK, with Tomp = 49.5 
K and the coldest possible temperature of the IGM of — 7.2 K in the absence of 
X-ray heating sources. The observed 75; « —300 mK requires either the gas to 
be much colder (around 5.2 K) or the background radiation to be much stronger 
(around 67.2 K). Both requirements are impossible to satisfy by changing astro- 
physical modelling. 

To explain the depth of the reported feature, exotic mechanisms have to be 
invoked. The amplitude of the observed 21-cm profile can be explained by non- 
gravitational interaction between dark matter and baryons, e.g., via Rutherford-like 
scattering, first proposed by Barkana (2018)? as a solution to the EDGES Low- 
Band anomaly. Because dark matter is cold, scattering could drain excess energy 
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11,28. Even though this scenario is 


strongly constrained by observations, it is not completely ruled out and is still 


from the gas lowering its kinetic temperature 


plausible for a narrow range of parameters including the dark matter mass, electric 
charge of dark matter particle and cross-section ??, A smoking gun signature of the 
baryon-dark matter scattering with a velocity-dependent cross-section was shown 
to be an enhanced pattern of Baryon Acoustic Oscillations (BAO) in the 21-cm 
power spectrum '??9, The power spectrum itself could be boosted by as much as 
three orders of magnitude calling for verifications of the EDGES Low signal by 
interferometers. 

An excess radio background above the CMB at the rest-frame 1.42 GHz at 
z = 17, even though is not expected in most theories, would also explain the de- 
tected feature®!*. Interestingly, evidence of excess radio background at low radio 
frequencies was reported by ARCADE2 at 3 — 90 GHz! and recently confirmed by 
LWA1 at 40 — 80 MHz!°. However, it is still not clear what part of the observed 
excess is extragalactic?9. The effect of an extra radio background is to deepen and 
widen the absorption trough. In our exploration !Ó we found that the reported global 
signal is consistent with values of the amplitude of the excess radio background of 
1.9 — 418 relative to the CMB at the 78 MHz reference frequency (corresponding 
to 0.1 — 22% of the CMB at 1.42 GHz). With the additional radio background, 
the EDGES Low-Band detection requires efficient star formation occurring in small 
dark matter halos of Mp ~ 7.8 x 108 Mo at z = 17 (or lower), which is consis- 
tent with the non-detections by High-Band instruments. If exists, the excess radio 
background is also expected to boost the 21-cm power spectrum compared to the 
standard astrophysical scenarios!®. However, compared to the case of baryon-dark 
matter scattering, the power spectrum in the case of the extra radio background 
has a smooth shape (no BAO) and is not as strongly enhanced on large scales, as 
can be seen in Figure 5 of Fialkov & Barkana (2019) !6. 


3.3. Follow-ups and Concerns 


'The reported global 21-cm signal is stronger than expected, implying that fluctua- 
tions in the signal might be stronger than predicted within standard astrophysical 
modelling. Therefore, low frequency observations with interferometers, such as LO- 
FAR, which is currently conducting observations in the Low Band within the frame- 
work of the ACE proposal (1000 hours), and, once operational, the SKA, HERA 
and NenuFAR, will be able to verify the discovery. Interferometers can assess the 
nature of the enhanced 21-cm signal (if confirmed) by measuring the amplitude of 
the BAO. Verification with independent global signal experiments is also on the way 
using EDGES Mid-Band antenna, SARAS3, LEDA, and PRIZM. However, part of 
the community remains sceptical regarding the interpretation of the EDGES Low 
data, and concerns have been voiced in the literature ^?2:35, 
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3.4. Conclusions 


With the first observational constraints at high radio frequencies (above 100 MHz) 
by EDGES High-Band and SARAS2, and the first claimed detection from z ~ 17, 
this is a truly exciting time for 21-cm cosmology. More than a year after the EDGES 
team claimed discovery of the global 21-cm signal from Cosmic Dawn, the nature 
and origin of this signal are still mysterious. If this signal is genuine, it is the first 
evidence of primordial star formation some 200 million years after the Big Bang. 
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The rotation of the galactic objects has been seen by asymmetric Doppler shift in the 
CMB data. Molecular hydrogen clouds at virial temperature may contribute to the 
galactic halo dark matter and they might be the reason for the observed rotational 
asymmetry in the galactic halos. We present a method to constrain the parameters of 
these virial clouds given that they are composed of a single fluid. The method is such 
that it should be possible to extend it to more than one fluid. 


Keywords: Cosmic microwave background; virial theorem; dark matter; molecular hy- 
drogen clouds. 


1. Introduction 


Half of the baryonic matter in the Universe is dark, ^^ some of it may consist of 
molecular hydrogen clouds left over from the process of star formation, which would 
continue to collapse till their virial temperature reaches the CMB. To observe them 
one could look for y-ray scintillation due to strikes by cosmic rays on Hə molecules. 
A y-ray corona around the Milky Way was discovered? with the expected angular 
distribution,® but it was not not clear how much, if any, of the carpet might be due 
to the proposed clouds. An alternative suggestion was to look for an asymmetric 
Doppler shift of these clouds in M31.7 

The predicted effect was seen at a sufficient but low level in the WMAP data 
in 2011? and confirmed in the Planck data in 2014.° Objections that the blue shift 
may be due to “hot spots” were countered by the argument that the red shift could 
not be “cold spots” and were soon dispelled. The precision was sufficient to be 
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able to use for studying the rotation of the M31. This was followed by the same 
effect being seen in NGC 5128, M33, M82, M81.!?!? However, the verification of 
the effect that it is due to the molecular clouds which led to its prediction, does not 
prove that it is due to the cause that led to the prediction. It could be partially or 
totally due to other interstellar matter. To be able to determine the nature of the 
cause, we need to model the molecular hydrogen clouds or dust clouds produced by 
the mechanism mentioned, or some mixture of the two, and compare with the data. 
One could then try to look at whether contamination of the spectrum by radiation 
from higher temperature sources could be distinguished. 


2. The Virial Cloud Model 


As these clouds are immersed in a heat bath of the CMB, they are isothermal. Since 
they have formed due to the Jeans instability, they must have a precisely defined 
Jeans radius and consequent Jeans mass. The density profile would then be given 
by the solution of the Lane-Emden equation subject to the boundary conditions 
that the density be literally zero (not approximately zero) at the boundary and the 
density profile be flat at the core. The latter condition says that the derivative of 
the density be zero at the core. We call them *virial clouds". Since James Jeans had 
applied the analysis for the formation of a normal star, he had taken the boundary 
condition that the density of the cloud merge with that of the interstellar medium 
(ISM) (which has been called “the Jeans fiddle").!^ In that case the central density 
had to be put in on an ad hoc basis. We do not need to do this. Further, we will 
want to extend the analysis (in later work) to a two-fluid model. As such, we obtain 
the equations from first principles in any case. 

For an isothermal gas sphere, the temperature, T, is directly related to the 
mass of the molecule, mr in our case, and the average speed. The speed of the 
perturbation would have to be taken to be the speed of sound in the cloud, cs. This 


gives 
|yKIoy 
ER y EN (1) 
MH 


where y is the adiabatic factor given by the ratio of the heat capacity at constant 
pressure to that at constant volume. At the densities and temperatures that we are 
considering no higher degrees of freedom would be excited and we would only have 
the translational degree, making the ideal gas approximation extremely good and 
so y = 5/3. For our purpose, my ~ 2.016 g/mol and T e 2.726°K, so 


c; 1.110 x 10* km s . (2) 


Now the virial theorem 2K + U = 0 gives the Jeans mass as? 


81 322? 
f2 m s 
Mga (=) (=) (3) 
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and the corresponding Jeans radius as 
27 
R? = s 4 
7 207pG ' (4) 


where, pe is the central density of the virial cloud, and G is Newton's gravitational 


constant. We need to use the canonical ensemble distribution in order to calculate 
the density profile of the clouds which is given by the relation !® 


1 1 H (r, 
f.p) = NNI Z P (- — , (5) 


where, H(r,p) is the Hamiltonian of the system. The partition function Z is the 
normalization factor, thus being the integral over phase space of the rest of this 
distribution function. The Hamiltonian is position dependent 


2 
p GM (r)m 
H(r,p) = gh - Oe (6) 


and so the density distribution, is given by 


G p 5/2 GM (r)mg 
r) = 8m27? x exp | —————— — ] , 7 
ptr) H \ 3k Tomp 2: rkTownp (0) 
where M (r) is the mass of the cloud interior to r given by 
Gur) 4s [ paa (8) 
0 


Our problem, then, is that the density is defined in terms of the integral of the 
density, i.e. we have an integral equation. Taking the natural logarithm of Eq. (7) 


"9 _ TrkTounp , (pr) 
f TAg == Gma »( C ) ; (9) 


where ( = 8m3/ (Gpe /3kTomp)*/?. Taking the derivative of the above equation 
with respect to r, and substituting Eq. (7) we obtain the ordinary differential equa- 


Ao) -p p P(r) — p(r) In (£2) -0. (10) 


It will be noticed that this is a nonlinear differential equation that cannot be solved 
by separation of variables. However, we do have the initial condition p'(r)|,2o = 0 


we obtain 


tion 


and the boundary condition that p(R.) = 0. As such, we can solve it numerically by 
assuming a central density and the initial condition. If the density at the boundary 
is too high, we lower the central value and try again, till it becomes too low. At that 
stage we raise the central density a bit till it again becomes too high. Iteratively 
we bring the boundary density close enough to zero to be acceptable. The resulting 
density profile is shown in Fig. 1. One sees that the central density of the cloud 
is pe œ 1.60 x 10718 kgm ?, the radius is Ry c 0.030pc, and the mass is My œ~ 
0.798 M. 
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Density Profile of H Clouds 
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Fig. l. The density of the virial molecular hydrogen cloud. It decreases monotonically from the 
central density, pe ~ 1.60 x 10718 kgm™?, to zero at r = Ry œ 0.030 pc. 


3. Luminosity of the Clouds 


Since the virial clouds are at the CMB temperature, their luminosity is the CMB 
luminosity, except for their Doppler shift. Thus, we only need to look at the differ- 
ential frequency shift, Av/v = —(v;or/c) cos0, where vrot is the rotational velocity 
of the galactic halo, c the speed of light and 0 the angle between the direction of 
the velocity and the line of sight. Now Av/v = AE/E = AT/T, so the differential 
energy is given by AE — (AT/T)E, where E is the energy in the radiation for a 
patch of the sky corresponding to the size of the cloud. Now, as the luminosity, 
L, is proportional to the energy, we get the luminosity of the CMB for that patch. 
Then the luminosity of the cloud will be!” 


Le = (Av/v)L c 1.486 x 10~4L cos6 . (11) 


Thus, as we scan across the halo, the luminosity will not change linearly but with 
cos 0. We can use this check for the Doppler shift explanation and obtain the energy 
associated with each cloud. This would directly give an estimate of the total number 
of clouds being seen. 


4. Results and Discussions 


The virial clouds are completely constrained by physical requirements, and so pre- 
cisely determinable. They provide a satisfactory explanation of the observed asym- 
metry of the CMB Doppler shift in galactic halos. We have only considered pure 
molecular hydrogen clouds, but we also need to model these molecular hydrogen 
clouds contaminated with more or less interstellar dust which will be dealt with 
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elsewhere. We have not discussed the possible contamination of radiation by matter 
at high temperature. That needs to be done. The effect is probably negligible, but 
cannot be neglected without checking. One also needs to investigate how the clouds 
would evolve over billions of years, from the time when the CMB temperature was 
higher than it is now to the present value. Precisely how did the clouds lose energy 
over this period? 
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Diffuse cosmic dipoles 
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The boosting effects induced by the peculiar motion of an observer with respect to 
the Cosmic Microwave Background (CMB) rest frame can be explored to analyze the 
frequency dependence of the dipole. The improvements achievable with future CMB mis- 
sions on our knowledge of CMB spectral distortions and Cosmic Infrared Background 
spectrum are discussed considering realistic uncertainties in relative calibration and fore- 
ground subtraction. 


Keywords: CMB experiments, spectral distortions, reionization. 


1. Introduction 


The cosmic dipoles have a crucial relevance in cosmology since they are linked with 
the isotropy and homogeneity of the Universe at the largest scales. The observed 
dipole is a mixture of different contributions, including the observer motion with 
respect to the Cosmic Microwave Background (CMB) rest frame as well as dipoles 
from astrophysical (extragalactic and Galactic) sources. The CMB and Cosmic 
Infrared Background (CIB) spectra can be investigated by future anisotropy mis- 
sions, as CORE! or LiteBIRD,? by exploring the frequency spectral behaviour of 
the dipole amplitude, thus without requiring an independent absolute calibration. 
Tiny CMB spectral distortions are predicted to be generated at different cosmic 
times in the evolving plasma. In the present work, I will focus on two well-defined 
types of signal, namely Bose-Einstein (BE) and Comptonization distortions. The 
precise interpretation of these signals could contribute to constraint primordial cos- 
mological processes otherwise unexplored. The CIB spectrum amplitude and shape, 
still not well known, can provide a better understanding of the dust-obscured star- 
formation phase of galaxy evolution. 


2. The CMB spectrum 


One of the main features of the CMB is its frequency spectrum. To first approx- 
imation, it emerges from the thermalization epoch (z ~ 10° — 10’) with a ther- 
mal black body (BB) shape owing to highly efficient interaction processes in the 
cosmic plasma, able to re-establish matter-radiation thermal equilibrium. Since 
COBE/FIRAS, no remarkable improvements have been achieved in the knowledge 
of CMB spectrum at v = 30 GHz. Although gaining an absolute calibration pre- 
cision of 0.57 mK, the FIRAS characterization of CIB amplitude and shape still 
presents a substantial uncertainty. To overcome the absolute calibration problem, 
it is possible to investigate the CMB and CIB spectra by looking at the frequency 
spectral behaviours of their dipole amplitude thanks to future CMB missions, as e.g. 
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CORE. The CMB spectrum can set constraints on various types of non-standard 
processes, including non evaporating BH spin, small scale magnetic fields power 
spectra, vacuum energy density and particle decay. 


2.1. Spectral distortions 


Different energy injections in the radiation field due to fundamental unavoidable 
processes occurring at different cosmic times cause the departure of CMB spectrum 
from a perfect BB. 

At early times, a BE-like distorted spectrum with a positive (dimensionless) 
chemical potential is produced by the dissipation of primordial perturbations at 
small scales,? damped by photon diffusion and non-linear processes and then in- 
visible in CMB anisotropies.^ Moreover, because of the matter temperature faster 
decrease with respect to that of radiation temperature in an expanding Universe, 
colder electrons induce Bose condensation of CMB photons, mainly resulting into a 
BE-like distortion with negative chemical potential. The photon occupation number 
of the BE spectrum is "pg = 1/(e***" — 1), where u is the chemical potential that 
quantifies the fractional energy, Ae/e;, exchanged in the plasma during the inter- 
action, te = z/ó(z), o(z) = T«(z)/Tew B(z), being T.(z) the electron temperature, 
Tome = To(1 + z), To the present CMB temperature in the BB approximation 
and x = hv/kTome a redshift independent, dimensionless frequency. For small 
distortions, u ~ 1.4Ae/e; and ópg œ (1 — 1.114) 14.3 

Cosmological reionization associated with the early stages of structure and star 
formation induces electron heating that is responsible for late type distortions, de- 
scribed, at high frequency,” by a Comptonization spectrum." It is quantified by the 
Comptonization parameter u(t) = MC — i)/¢|(keTe/mec?)neorcdt. For small 
energy injections and integrating over the relevant epochs u œ (1/4)Ae/e;. 


3. Future CMB missions 


Among the many different classes of CMB missions, here I will focus on three recent 
proposals with concepts and designs aimed at improving the measure of polarization 
anisotropies and at minimizing the impact of foregrounds on CMB maps using a 
large number of frequency channels, with relevant outcomes for e.g. our knowledge 
of the reionization process and the primordial background of gravitational waves. 
The Primordial Inflation Explorer? (PIXIE) is an Explorer-class mission sub- 
mitted to NASA in 2011 aimed at mapping the CMB and the diffuse astrophysical 
foregrounds over the full sky, from 30 GHz to 6 THz (1 cm to 50 um) with degree 


“At decreasing frequencies, photon emission processes produce a frequency dependent, decreas- 
ing chemical potential and the convergency to a blackbody at matter temperature at extremely 
low frequencies.? For positive (negative) jj they imply a minimum (maximum) in the brightness 
temperature, as well as the avoiding of the divergency of the BE spectrum for negative p. 


b Associated free-free distortions are instead relevant at low frequencies. ® 
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resolution and high signal to noise ratio in absolute intensity and linear polariza- 
tion. It is designed to perform absolute spectroscopy measurements and to simul- 
taneously observe the large-scale CMB B-modes. It will provide crucial constraints 
on Universe ionization history, on CIB spectrum and anisotropies. Indeed, PIXIE 
will trace CIB monopole, dipole and higher order power spectrum up to z ~ 3 for 
matter distribution analyses. The cross correlation of temperature and polarization 
anisotropies will produce more stringent constraints on the optical depth parame- 
ter, the gas temperature and the Universe reionization at z ~ 10. Great hopes on 
CMB spectral distortion parameters are expected from PIXIE, thanks to its abso- 
lute calibration of the CMB temperature measure with a precision about 10? times 
better than FIRAS. 

LiteBIRD is a Lite (Light) Satellite for the studies of B-mode polarization and 
Inflation from cosmic background Radiation Detection at the extremely early Uni- 
verse proposed to JAXA in February 2015. It is a highly-targeted, low-cost Japanese 
B-mode mission concept, aimed at the B-modes detection at the level of r ~ 107%, 
its main scientific goal being one order of magnitude better than what can be done 
from the ground. Its primary strategy is the focus on r measurement in synergy 
with ground based super telescopes which are necessary for an accurate subtraction 
of the lensing contribution to B-mode. 

Cosmic ORigins Explorer (CORE), submitted to the European Space Agency 
(ESA) in October 2016 in response to a call for future medium-sized space mis- 
sion proposals for the M5 launch opportunity of ESAs Cosmic Vision programme, 
is a satellite dedicated to microwave polarization. CORE is targeted to provide 
and exploit definitive maps of CMB polarization anisotropies at large and medium 
angular scales, with a suppression of all systematic effects at an extreme accuracy 
level. The instrument will host about 19 frequency channels over a range spanning 
the 60-600 GHz interval, in order to control astrophysical foreground emissions. 


4. CMB and CIB dipoles 


A relative velocity between an observer and the CMB rest frame induces a dipole 
in the observed CMB sky temperature through the Doppler effect. This dipole, the 
so called / = 1 anisotropy, is likely dominated by the velocity of the Solar System, 
Bs = vs/C, with respect to the CMB (Solar dipole), with a seasonal modulation 
due to the velocity of the Earth or the satellite, Bo, with respect to the Sun (orbital 
dipole). 

In addition, an intrinsic dipole is induced by the Sachs-Wolfe effect at the last- 
scattering surface and by a large-scale dipolar Newtonian potential.? In a ACDM 
cosmology, this dipole should be of order of the Sachs-Wolfe plateau amplitude 
(1075), but it could be larger in the case of more exotic models. Neglecting the 
orbital dipole (useful for calibration aims), and denoting with B the relative veloc- 
ity of the Solar dipole, it is possible to forecast the CORE improvements in the 
dipole recovery including also potential foreground and calibration residuals. !? The 
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dipole amplitude is directly proportional to the first (logarithmic) derivative with 
respect to the frequency of the photon occupation number, 7(v), which is related 
to the thermodynamic temperature, Tijerm(v), defined as the temperature of the 
blackbody having the same 7(v) at the frequency v, by: 

— JN (1) 
keln(1 + 1/n(v)) 


Differencing the measure of Ttherm in the direction of motion and in its perpendic- 


Tiherm = 


ular direction one gets: !! 
hv 1 1 
A'Tinerm = — 4 L————————————————. 2 
em = ELLIO” RIFFS e: 
To first order in 8, ATiherm is approximated by: 
B cB To dlnn (3) 
(1+)in*(1 + 1/2) dina 


A direct determination of the CIB spectral shape is not trivial since it requires 


ATtherm = 


absolute intensity measurements and it is also limited by foreground signal, that, in 
the case of Galactic emission, has a similar shape. Even though the dipole amplitude 
is about 107? of the monopole, its spatial distribution is known, hence, an indirect 
approach may provide in the future a robust measurement of the CIB. The analytic 


form of the CIB spectrum, observed at present time, is: !? 
2 kr kp 
C kplorp TOTIB 
CIB = 33 crB(v) = Io ( T ae (4) 


with Torg = (18.5 + 1.2) K, zxorp = hv/kgTorg = 7.78(v/v), vo = 3 x 101? 
Hz and kp = 0.64 + 0.12. Here Io sets the CIB spectrum amplitude, its best-fit 
value being (1.3 + 0.4) x 107°. The CIB dipole should be detectable by CORE 
in its highest frequency bands. Defining the motion vector of the observer, from 


the dipole direction of the Planck 2015 release, I produced the maps at a given ob- 
servational frequency, Vobs, from the photon distribution function, BB, dist, for the 
assumed type of spectra (BB, CIB, BE or Comptonization (C)) at the frequency 
Vobs multiplied by (1 — &- 8)/(1 — 82)!/2 to account for all the possible sky direc- 
tions with respect to the observer peculiar velocity. The observed signal map in 
thermodynamic temperature is a generalization of Eq. (1): 
zT 

In(1/(n(v, fi, B)8P/dit + 1)" 


where n(n, ù, 8) = n’) with v = w((1— à - B)/(1 — 82)/2. Decomposing the 
maps into spherical harmonics and reproducing them from the a;,, up to a desired 


BB/dist ^ BY 
Tiherm (v, f, B DE 


(5) 


multipole lmaz, I derived the expected signal (see Fig. 1) finding that it is impor- 
tant for the dipole, can be considerable for the quadrupole and, depending on the 
distortion parameters, still not negligible for the octupole (although depending on 
the amplitude relative to experimental noise levels). For higher-order multipoles, 
the signal is essentially negligible. 
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Fig. 1. Left: typical maps of dipole pattern (after the subtraction of the CMB blackbody dipole) 
for the three considered types of signal. Middle: dipole frequency behaviour. Right: angular power 
spectrum of the maps of dipole pattern compared with the sensitivity (diamonds) of CORE (black) 
and LiteBIRD (red). The quadrupole signal (dashes) is also shown in one case of BE distortion 
and in the case of CIB. See also the legend and the text. A dapted from Ref. 10 [OSISSA Medialab 
Srl. Reproduced by permission of IOP Publishing. All rights reserved]. 


5. Results and Conclusions 


To recover the dipole parameters (amplitude and direction) it is essential to perform 
Markov Chain Monte Carlo (MCMC) analyses. I assumed the Planck common mask 
76 (in temperature), publicly available from the Planck Legacy Archive (PLA), ? 
exploiting its extension that excludes all the pixels at |b| < 30°. I first explored 
the dipole reconstruction ability for different frequency channels and then the im- 
plications for CMB spectral distortions and CIB starting from the ideal case (i.e., 
without calibration errors or sky residuals). The dipole can be parametrized as 
d(f) = An- fig + To, where f; and fio are the unit vectors defined respectively by 
the Galactic longitudes and latitudes (l, b) and (lo, bo). The dipole map used in the 
simulations was generated assuming the measured dipole amplitude best-fit values, 
A = (3.3645 + 0.002) mK, and direction, lọ = 264.00 + 0.03 and bo = 48.24 + 0.02, 
as found in Planck 2015 release. 14 

To quantify the ideal CORE sensitivity to spectral distortion parameters and 
CIB amplitude, I carried out detailed simulations assuming a certain model and 
quantifying the accuracy level at which (in the presence of noise and of potential 


residuals) the key parameters can be recovered. I consider twelve, physically or 
observationally motivated, reference cases, from a (reference) blackbody spectrum, 
a CIB spectrum at the FIRAS best-fit amplitude, BE and C spectra with different 
Ho and u values. For each model I generate an ideal sky (the prediction) and a 
sky with white Gaussian noise realizations (simulated data). I calculated Ax? to 
quantify the significance level at which each model can be potentially detected or 
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ruled out. I consider three approaches: (a) analyzing each of the 19 frequency 
channels (assumed independent from each other); (b) using the 171 (19 -18/2) 
combinations of the maps differences from pairs of frequency bands; (c) combining 
(a) and (b). 

Approach (a) compares the dipole amplitude of a distorted spectrum with that 
of the blackbody, being sensitive to the overall difference between the two cases, 
while approach (b) compares the dipole signal at different frequencies for each type 
of spectrum, being so sensitive to its slope. The significance of the CIB ampli- 
tude recovery is increased in case b), because of the very steep frequency shape of 
its dipole spectrum. In general, this does not occur for CMB distortion parame- 
ters, and, in particular, approach (b) can make the recovery of the Comptonization 
distortion more difficult. Method c) typically results in an overall advantage. In- 
cluding potential residuals from imperfect foreground subtraction and calibration 
(characterized by effective parameters FE.) and Etor) may affect these results, but 
still the improvement for IY!" ranges from a factor of 4 (a) to a factor of about 
15 or 20 for (b) and (c), respectively. The recovery of CMB spectral distortion 
parameters is also very promising. Including the extended mask in case c), I find 
a significant improvement with respect to the full sky: the significance of the CIB 
amplitude recovery improves by about 5096 and that on the BE distortion by about 
2096, indicating the relevance of optimising the selection of the sky region. Tab. 
1 summarizes the main results expressed in terms of a factor characterizing the 
improvement with respect to FIRAS. 


Table 1. Predicted improvement in the recovery of the distortion parameters with respect 
to FIRAS for different calibration and foreground residual assumptions. “P06” stands for 
the Planck common mask, while *P06ext" is the extended P06 mask. When not stated, 
all values refer to Eca] and Efor at Nside = 64. From Ref. 10 [©SISSA Medialab Srl. 
Reproduced by permission of IOP Publishing. All rights reserved]. 


Eca (%) 


Ideal case, all sky 


All sky 10-4 

P76 10-4 
P76ext 107? 
P76ext 10-4 
P76ext 10-4 
P76ext ir agli. a5) 
P76ext -10-2 


(2340) 


ED. 
P76ext, Ns = 128 | 10 259.9 -10 S340) 


— -3 P 
P76ext, Ns = 128 | 101255 7100249) 


= —3 —2 
P76ext, Ns = 256 | 10/2, 71002, 


= —3 —2 
PT6ext, Ns = 256 | 102,5 71012,,9 
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The Planck mission has clearly demonstrated that, although not specifically designed for 
the observation of extragalactic sources, the space-borne experiments aimed at investigat- 
ing the Cosmic Microwave Background (CMB) have the potential to bring breakthrough 
science also in this field. One example is the detection of high-z galaxies with extreme 
gravitational amplifications. The combination of flux boosting and of stretching of the 
images has allowed the investigation of the structure of galaxies at z c 3 with the as- 
tounding spatial resolution of ~ 60 pc. Another example is the detection of proto-clusters 
of dusty galaxies at high z, when they may not yet possess the hot intergalactic medium 
allowing their detection in X-rays or via the Sunyaev-Zeldovich effect. 


Keywords: Galaxies: high-redshift — galaxies: evolution — submillimetre: galaxies — 
galaxies: clusters: general. 


1. Introduction 


Extragalactic sources are one of the foregrounds that contaminate the maps 
produced by experiments aimed at mapping the Cosmic Microwave Background 
(CMB). On the other hand, space borne CMB experiments, like Planck, have prop- 
erties that allow them to produce unique surveys of extragalactic sources: 


e they cover a broad spectral range hardly, if at all, accessible from the ground 
and only lightly covered by other space missions; 
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e they offer an all-sky coverage, ideal to look for rare phenomena; 

e they have a poor angular resolution that is, in general, a strong limitation 
for extragalactic surveys but, as we will see, becomes a resource to detect 
high-z proto-clusters of dusty galaxies. 


Two main populations of extragalactic sources show up in Planck’s frequency range, 
extending from 30 to 857 GHz: blazars, that dominate up to about 150-200 GHz, 
and active star-forming galaxies dominating at higher frequencies (Fig. 1). 

Planck has provided unique information on these source populations. In this 
paper we will confine ourselves to only two examples: strongly gravitationally lensed 
high-z galaxies (Sect. 2) and proto-clusters of dusty galaxies (Sect. 3). In Sect. 4 
we summarize our main conclusions. 


log f, (muy) 


10.5 11.0 inis 12.0 


Fig. l. Examples of spectral energy distributions (SEDs) of the extragalactic sources detected 
by Planck: a blazar, a nearby star-forming galaxy (M61) and a strongly lensed galaxy at z ~ 3. 
Data points are Planck measurements. 


2. Strongly lensed galaxies 


Herschel surveys have demonstrated that bright sub-mm galaxies, such as those 
detected by Planck, have a strikingly bimodal redshift distribution (Fig. 2). Un- 
lensed galaxies are local (only a few are at z > 0.06), while the gravitationally 
lensed ones are at z > 1. This implies that the two sub-populations can be easily 
distinguished?. 

Another nice property of sub-mm selected strongly lensed galaxies is that they 
show up in a waveband different from that of the foreground lens: the former 
are bright at far-IR/sub-mm wavelengths but very faint in the optical because of 
dust obscuration; on the contrary, the latter are mostly passively evolving early- 
type galaxies, essentially invisible at far-IR/sub-mm wavelengths, but bright in the 
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Fig. 2. Redshift distribution of dusty galaxies detected by the Herschel-ATLAS survey with 
S500um > 100 mJy (Ref. 1). 


optical and in the near-IR. Hence there is no mutual contamination of the two 
images. 

The 11 strongly lensed galaxies discovered on Planck maps* have redshifts in 
the range 2.2-3.6. For comparison, those discovered by optical searches have mostly 
z <1 (cf. Fig. 7 of Ref. 5). Thus optical/near-IR and (sub-)mm surveys are nicely 
complementary: the former see evolved galaxies while the latter catch them in the 
most active star-formation phase. 

This brings us to the main reason why the (sub-)mm selection of strongly lensed 
galaxies is important: high spatial and spectral resolution follow-up of these objects 
will have a crucial role in providing answers to major, still open issues on galaxy 
formation and evolution: which are the main physical mechanisms shaping the 
galaxy properties: in situ processes? interactions? mergers? cold flows from the 
intergalactic medium? How do feedback processes work? To settle these issues 
we need direct information on the structure and the dynamics of high-z galaxies. 
But these are compact, with typical sizes of 1-2kpc (e.g., Ref. 6), corresponding to 
angular sizes of 0.1-0.2 arcsec at z c 2-3. Thus they are hardly resolved even by 
ALMA and by the HST. If they are resolved, high enough S/N ratios per resolution 
element are achieved only for the brightest galaxies, probably not representative of 
the general population. 

Strong gravitational lensing provides a solution to these problems. The Planck 
dusty GEMS (Gravitationally Enhanced subMillimetre Sources)^ have estimated 
magnifications, i, in the range 10-50, making them the brightest sub-mm sources in 
the sky. The gravitational stretching of the images has allowed ALMA observations 
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of one of them, PLCK_G244.8+54.9 at z ~ 3.0 with u œ 30, to reach the astounding 
spatial resolution of ~ 60 pc, substantially smaller than the size of Galactic giant 
molecular clouds’. 

Canameras et al.” have also obtained CO spectroscopy, measuring the kinemat- 
ics of the molecular gas with an uncertainty of 40-50 km/s. This spectral resolution 
makes possible a direct investigation of massive outflows driven by AGN feedback 
at high z. In this way Spilker et al. were able to detect a fast (800 km/s) molecular 
outflow due to feedback in a strongly lensed galaxy at z — 5.3. The outflow carries 
mass at a rate close to the SFR. and can thus remove a large fraction of the gas 
available for star-formation. 
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Fig. 3. Portions of the 500 um galaxy luminosity function at various z covered by Herschel surveys 
to a flux limit of 50mJy. The corresponding fraction of resolved luminosity density ranges from 
29% to 66%. 


3. Protoclusters 


Classical techniques for detecting galaxy clusters (optical/near-IR “red sequence” , 
X-ray emission, Sunyaev-Zeldovich (SZ) effect) preferentially or exclusively select 
evolved objects, with mature galaxy populations and a hot intra-cluster medium. 
As a result, most known clusters are at z « 1.5, ie. below the peak of global 
star-formation activity. 

This reflects the anti-correlation between density and specific star-formation 
rate (sSFR), well established in the low-z universe. However the sSFR in clusters 
increases with increasing redshift faster than in the field matching field values at 
z 21.2". Correspondingly the “red sequence” disappears and the hot intergalactic 
gas, making clusters visible in X-rays or via the SZ effect, is no longer necessarily 
in place. 
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Fig. 4. Integral number ounts at 800 GHz of lensed and unlensed dusty galaxies predicted by the 
model by Ref. 9 and of proto-clusters!?. The vertical red line shows the estimated detection limit 
of planned next generation CMB experiments. 


On the other hand, member galaxies become increasingly bright at far-IR/sub- 
mm wavelengths. As mentioned above, individual high-z galaxies are not detectable 
by space-borne CMB experiments unless their flux densities are boosted by grav- 
itational lensing. However, the summed emission of galaxies within a strong over- 
density (proto-cluster) shows up as an intensity peak in the maps. 

As illustrated by Fig. 3, proto-clusters stand out more clearly in low-resolution 
sub-mm maps, such as those that have been provided by Planck or will hopefully 
be provided by planned next-generation experiments like PICO, CORE and CMB 
Bharat, than in much higher resolution point source surveys at the same wavelengths 
because the available point source surveys miss a substantial fraction of the cluster. 
This is in keeping with the findings!?? that the sub-mm flux densities of proto- 
cluster candidates measured by Planck are about 2 to 3 times larger than the 
summed luminosities of member galaxies detected with Herschel within the Planck 
beam, although part of the difference is to be attributed to the ‘flux boosting’ 
affecting the low signal-to-noise Planck measurements. 

Although Planck has demonstrated the power of low-resolution surveys for the 
study of large-scale structure, its resolution was too poor to detect individual proto- 
clusters!?. Studies of the high-z 2-point correlation function and Herschel images 
of the few sub-mm bright protoclusters detected so far, at z of up to 4, indicate sizes 
of ~ 1’ for the cluster cores, nicely matching the FWHM of the highest frequency 
channels of planned next generation experiments. 

As illustrated by Fig. 4, such experiments will detect many tens of thousands of 
these objects as peaks in sub-mm maps, in addition to the evolved ones, detected 
by the SZ effect. This will constitute a real breakthrough in the observational 
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validation of the formation history of the most massive dark matter halos, traced 
by clusters, a crucial test of models for structure formation. Follow-up observations 
will characterize the properties of member galaxies, probing the galaxy evolution in 
dense environments and shedding light on the complex physical processes driving it. 


4. Conclusions 


Planck has demonstrated the unique capability of all-sky CMB experiments to ex- 
plore astrophysical phenomena otherwise unaccessible to the present day instru- 
mentation. 

Those presented are only examples. Other examples are blazar astrophysics and 
high frequency polarization of extragalactic sources, including dusty galaxies. 

Proposed next generation CMB experiments, like PICO, CORE and CMB 
Bharat, have the capability to make a giant leap forward in these fields by de- 
tecting several thousands high-z strongly lensed galaxies at least up to z ~ 5 and 
proto-clusters at least up to z œ 4. 
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We study the effects of a uniform magnetic field on the evolution of cosmological per- 
turbations, in a full relativistic framework, considering the effects of anisotropies. We 
take advantage of the synchronous gauge to simplify the equations. We study both 
super-horizon scales in radiation dominated universe and sub-horizon scales in both a 
full relativistic framework and the Newtonian limit in case of adiabatic sound speed. 


Keywords: Cosmology; Cosmological perturbations; Magnetic fields. 


1. Introduction 


There is strong evidence of the presence and importance of magnetic fields in cos- 
mology! and it is possible that such fields, although small,?4 are related to the 
anisotropy of large scale structures (for a detailed introduction, see?). There are a 
lot of studies in literature about their effects in both Newtonian limit, considering 
the full anisotropy”, and in full relativistic treatment, but inside a FRW model and 
discarding anisotropic effects. 9" Our aim is to incorporate anisotropic effects inside 
the full relativistic treatment, while using the synchronous gauge to manage the 
increased mathematical complexity. 

In Sec. 2 we develop some corrections to a former analysis of the background 
model,? then in Sec. 3 we obtain the perturbed equations. We discuss the problem 
of gauge freedom in Sec. 4 and we analyse the solutions in physical interesting 
regimes in Sec. 5. 


2. Background model 


We study a uniform Bianchi I model with a perfect barotropic fluid and a magnetic 
field aligned in the z direction. Our metric is 


gu» = diag (-1, a? (t), a?(t), c*(t)) : (1) 
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The background fluid has velocity u^ — (1,0,0,0), energy density p and pres- 
sure p = wp, with w = const. The magnetic field is B" = (0,0,0, B?), with energy 
density B? = B,,B“ = c? B? B? in the Lorentz-Heaviside units. 

We follow exactly? to solve this system, however we find slightly different so- 
lutions due to different assumptions and we add isotropic corrections, while that 
paper only cares about anisotropic ones. 

Defining the isotropic expansion H and the anisotropy parameter $ as 


3H-25.75,  Hg-2.-^ (2) 
a c a cC 
and using the Alfvn speed 


B? [2 
p 


(3) 


v = 


to describe the magnetic field we write the evolution equations for the system. The 
Einstein equation with components 00 reads 


À 2 1 
sit +R? (345s?) -- [30 es +04] 0 (4) 


subtracting the Einstein 33 equation from the 11 equation we get 
HS + HS - 3H?S =2v2p (5) 


and contracting the Einstein equations over the spatial indices 
; 2 3 2 
3H -9H^ = gu - w)t và p. (6) 
'The fluid energy conservation and the magnetic field energy conservation read 
p+3H(1+w)p=0,  (B2-445B?-0; (T) 
a 


the last one gives 
2 2 4 
(v4) 2 v4 H ju —1— 36 ' (8) 


Considering the magnetic field small and solving the equations perturbatively, 
at O-order one simply recovers FRW 


Ho) = po) = 3H, So) = 9. (9) 


2 
3(1+ w)t' 
Substituting this solution inside the equations we solve in order Eq. (8) that gives 
the temporal law of v4, Eq. (5) that describes the evolution of S, Eq. (4) and Eq. (6) 
that describe together the isotropic corrections to H and p. We find the following 
solutions. 
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2.1. Radiation dominated universe 


The background fluid is ultra-relativistic with w — 1/3 and the solution is 


vA = Vag = const, to = const, S = 6v = 6u49 (10) 
1/2 1/2 
t t t t 
a x (+) (redo (2)) ; cx (=) (1-2201 (+)) (11) 
to to to to 
1 3 
Me p= pris VAo)- (12) 


2.2. Matter dominated universe 


'The background fluid is non-relativistic with w — 0 and the solution is 


-2/3 
=v, (=) , Bvt =const, S(t) = 12v3(t) (13) 
£N 2/8 £N 2/8 
a ox (=) — 349, cH (=) + 9u%49 (14) 
to to 
2 2 4 2 
H = z 7 valt)), p = zy (1-304). (15) 


3. Perturbed model 


We perturb the background model allowing small inhomogeneities. We take the 
starting equations from, but instead of solving them in full covariant formalism we 
focus on the synchronous gauge; this choice will make their solution a lot easier. En- 
forcing the synchronous gauge and the spatiality of the magnetic field, represented 
by B u” = 0, the perturbed variables are 


hus UA dus oe =O, Yov = Ymo =0 (16a) 

9upg^" = fp óg^" = —" (16b) 

u” = ub ok + ÔU”, upu” = —1 õu? = 0 (16c) 

p=p?*+ 5p,  p=p*+d5p, dp=vgdp (16d) 

B? = Ba + 0(B?), ô (B B”) = ô (B?) = 444B? B? +2 BP8B? (16e) 
Bum => B° = B, (16f) 


where “back” marks background variables and the indices of y,, are raised and 
lowered with the unperturbed metric. For simplicity, we define the following per- 
turbation variables: 

op 1; 1 


A = ——, G = =y, T = 573, M= 
(1-4 w)p' 9 li: 2 3» 


ô (B? 
SBI an 
B2 

We will now write the relevant equations in synchronous gauge. The full covari- 
ant equations can be found in®; they form a very complicated system, so we will 
write them and solve them in the limit of small magnetic fields: we will make a 
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Fourier expansion for the spatial components e^; z and keep only terms up to first 


order in v4. The sound speed is related to the barotropic index w through 


w = —3H (1 + w)(v$ — w) v$ — w if w — const, (18) 


but we will distinguish them if v2 is multiplied by k;k' or k3k? and we will simplify 
them in all other circumstances in which they cancel each other; we will explain 
this choice in the following. 

Through some algebraic manipulations, the perturbed equations take the fol- 
lowing forms (we refer to® for the full calculations): the fluid energy conservation 
is 

G = —À — 0,6u'; (19) 


the magnetic energy conservation is 


M 29 (aðu — gu? +Ġ — T) = (A p ou?) . (20) 
the Einstein 00 equation, through the use of Eq. (19), reads 


A+2H (1 + 35) A- ja + 3v2)(1 + w)pA + 050;0w* 


: (21) 
1 4 T 4 M 
2H (1+—S | dj6u* +——S— — ———_-v4, — =0. 
£ ( T3 ) "tru t Uru 4^9 
from the Einstein 33 and 03 equations we get 
" l io n su. 21-3wĠ 
pip — 3 ae ues as Z 
3(1 + w)(kik'T — kak G) +3(1+w)T + 105 +2 ETI a r bs 
N Ğ a. ate 4 o\l+3wA ðu? 
ba 28 eel. 
the divergence of the momentum conservation is 
2 v 1 4 1 
1 + — —vÀ | 090;5u' 2—3w)H A 25$ | ———- | difu’ 
( er) P ub + [ E «(ics Eemi D 
2 
= —v20,0'A — —A 0,0! M 
l+w (23) 
2 2 3 vA 2 03600? 
=2 | mee 
rig e (Res 30 tuw) t 
"ew 2 T 2 G 4 PS 
= GPF io Sf op c qu = 
ltw 4 TIo STE i+w) uS Agri 


the momentum conservation along the background magnetic field at 0-order 
in v4, ve, but keeping the Laplacian gives 


0g036u? + (2 — 3w) H030u? + 0307 (vZ A) = 0. (24) 
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4. Gauge modes 


The synchronous gauge does not end the freedom of choice of the reference frame: 
the residual sub-gauge freedom is itself a solution of the perturbed equations, so 
we must find and discard it. Following a standard procedure, shown for example 
in?, one can calculate the exact residual gauge freedom and show that the resulting 
gauge mode for the energy density is? 


Y NR ox pe ox Hog pP?) ox Ha. (25) 


We must find this solution solving the perturbed equations, and we must discard it 
because it is a pure mathematical effect and it is unphysical. 


5. Solutions 
5.1. Large scale, radiation dominated universe 


We study two kind of solutions. At large scales and during radiation dominated 
universe we have k; ~ 0, w = v2 = 1/3 and the density perturbations follow a power 
law solution: 
A auge —2v2 
A= ES E2 c Apnyst! 7" 40; (26) 
the decaying solution is the gauge one, while the growing one is the physical solution. 
This is slightly different from the solution of. 


5.2. Small scales, matter dominated universe 


We will now ignore Eq. (18) and use an adiabatic sound speed, with adiabatic 


index y, as in?:10; 


ve Xx 20-9), (27) 


after recombination and before baryon decoupling (for perturbations, the decou- 
pling happens effectively at z ~ 100, see?) we have y = 4/3, while after baryon 
decoupling y = 5/3.°1° This is valid in the Newtonian approximation, ^19 
we do not have Eq. (18), but assuming v2 = 0 we recover the full relativistic case 
of. We define the constants 


where 


A2 = Bk kit? 1-2/3, AA = vå kikit? (28) 


ad we solve the system at O-order in v2, v4, considering k;k’ > H? and 
so keeping kjk'v2, kjk'vA > v, v4. Defining an anisotropy parameter ji 
through k3k? = y?k;k’, with some algebra we find the same final equation of?: this 
solutions is different from? and shows that anisotropies induced by the magnetic 
field are important and must be considered with more care. Considering the correct 
relativistic treatment, with v2 — 0, this solves the open problem of the former study 
of Bianchi I model of!!. It can be shown? that for u Æ 0 it holds the usual Jeans 
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threshold kz, while for u = 0 there is an additional critical value determined by the 
magnetic field: 


24mG(^ — 4/3)2 pback 1272Gpback 
ky = eS ii a a cl ka = EU (29) 
Us Back 


where G is Newton's constant. For a more accurate analysis of the results see?. 


6. Conclusions 


We highlighted the importance of the anisotropy in studies regarding cosmological 
perturbations with magnetic fields and we showed that the equations describing 
cosmological perturbations take a simpler form when expressed in the synchronous 
gauge, once we are able to recognize and discard the unphysical gauge modes. 
We incorporated anisotropic effects in the full relativistic analysis and we found 
corrections to the usual solutions in isotropic FRW models due to the anisotropy, 
controlled by the background magnetic field. 
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In this talk I will review the current status of the constraints on the neutrino properties 
from cosmological measurements, with a particular focus on their mass and effective 
number. I will also discuss the existing tensions within the context of the ACDM model, 
including the discrepancies on the Hubble parameter and on the matter fluctuations at 
small scales, and how neutrinos could help to alleviate the aforementioned problems. 
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One of the most amazing experimental results of the recent years has been achieved 
by the Planck collaboration, which measured the Cosmic Microwave Background 
(CMB) radiation with an unprecedented precision.! ^ Such result allowed us to 
improve our knowledge of the Universe history, which can be very well described by 
the six-parameters model named ACDM, after the cosmological constant (A) and 
the Cold Dark Matter (CDM) fluids, which represent most of the current energy 
density in the Universe. 

Within the context of the ACDM model and using CMB data, we can derive 
constraints on a number of cosmological quantities, as for example the Hubble 
parameter Ho or the matter perturbations at small scales, usually quantified through 
the parameter og, which describes the mean matter fluctuations in a sphere with a 
radious of 8h-! Mpc. The values of Ho and og obtained from a fit of the CMB data 
within the context of the ACDM model are not in agreement with the values that 
are measured in the local universe, at small redshifts. For instance, while Planck 
data? point towards Hg = 67.27 + 0.66 km s ! Mpc ^ !, estimates from the local 
Universe? indicate Ho = 73.24 + 1.74 km s ! Mpc !: a ~ 3.40 tension exists. In 
the same way, cosmological and local determinations of og typically exhibit a ~ 2c 
tension with local determinations, as performed for example by the KiDS® or DES” 
experiments. These tensions may be the result of an incomplete understanding of 


systematics in the experimental determinations or of the presence of new physics 
which is not considered in the ACDM model. 

Under a different point of view, cosmology is nowadays one of the most pow- 
erful tools to study particular aspects of particle physics, such as some neutrino 
properties, and in particular their absolute masses or the way the interact and ther- 
malize in the early universe. In the standard cosmological analyses, neutrinos are 
usually treated in the minimal way, assuming minimal masses (3m, = 0.06 eV, cor- 
responding to a massless lightest neutrino and two massive neutrinos, for which the 
masses come from the mass splittings measured in neutrino oscillation experiments 
and assuming normal ordering, see e.g. Ref. 8) and a contribution to the effective 
number of relativistic species in the early Universe Neg = 3.05.? Non-standard 
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neutrino properties may alter the cosmological evolution and have an effect on the 
CMB spectrum, as well as the formation of structures at later times, so that both 
parameters (Sm, and Neg) can be well constrained. 

First of all, neutrinos decoupled in the early universe when they were still rel- 
ativistic and contribute to Neg. Variations of Neg influence the universe evolution 
before the photon decoupling, and as a consequence the CMB spectrum through a 
variation of the amplitude of the peaks and their angular scale. In order to compen- 
sate the effects of having Neg different from 3.05, as it would be in non-standard 
cases (modified neutrino properties or presence of new neutrino-like particles), one 
can alter the energy densities of CDM and of dark energy. In this case, the angular 
scale of the CMB peaks can be left unvaried, at the expense of increasing Hg and 
having a damping of the CMB spectrum at small scales. 

After the non-relativistic transition, which occurs at different times for each 
neutrino eigenstate depending on its mass, neutrinos contribute as regular massive 
particles and must be considered when computing the energy density of matter. 
Their influence on the CMB spectrum is related to the modification of the late-time 
expansion, both through the variations of the amplitude of the first peak, related 
to the early integrated Sachs- Wolf (ISW) effect, and of the angular position of the 
CMB peaks, which comes from the modifications of the angular diameter distance 
in presence of massive neutrinos. This latter effect can be partially compensated 
with a rescaling of the Hubble parameter Ho, so that an anti-correlation between 
Ho and Xm, appears. 

Massive neutrinos, however, have a proportionally more important impact on 
the evolution of large scale structures than on the CMB spectrum.  Neutrinos, 
indeed, possess a large thermal velocity which allows them to escape the gravita- 
tional attraction at very small scales. For this reason, no neutrino overdensity can 
grow at scales smaller than a characteristic scale, named the free-streaming scale, 
which depends on the neutrino mass. When one compares two universes which 
share the same total amount of matter, one with massless and the other with mas- 
sive neutrinos, the universe with massive neutrinos will therefore have a suppressed 
matter power spectrum at the smallest scales, because the free-streaming impedes 
the growth of neutrino perturbations and meanwhile reduces the possibility for the 
gravitational attraction to accrete the total matter overdensities. The fact that for 
massive neutrinos there is a reduction of the matter fluctuations at small scales 
means that an increase of the neutrino masses correlates with a decrease of og. 

Given these main effects that neutrinos produce on the cosmological quantities 
and the resulting degeneracies between the neutrino properties (Um, and Neg), 
Ho and og, one may be tempted to say that neutrinos can reduce or even solve 
the tensions that appear within the context of the ACDM model between the CMB 
preferred cosmology and local universe probes. Unfortunately, this does not happen. 
The analyses of CMB data, indeed, show that it is difficult to alleviate both the 
tensions at the same time. If one considers CMB measurements from Planck 2015,? 
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the best fit values for Neg and Xm, lie very close to the expected values: Neg = 
3.0+ 0.2 (68% CL) and Xm, « 0.17 eV (95% CL). Naively, in order to allieviate 
the Ho tension, an higher Neg would be useful. In the same way, heavier neutrinos 


would allow to reduce the matter fluctuations at small scales, cs. The problem is 
that an increase in Neg requires to be compensated by a larger matter density at 
all times, so that at the practical level also og increases. In the same way, heavier 
neutrinos require a smaller Ho: it is therefore easy to see that the two tensions 
cannot be solved at the same time solely varying neutrino properties. 

One last word on Planck measurements in connection with neutrino masses. The 
Planck 2015 estimates of CMB lensing from the distortions of the TT spectrum? 
are in slight tension with the reconstruction of the lensing profile from the 4-point 
correlation function,!? as quantified by the phenomenological lensing amplitude 
parameter, A, = 1.22 + 0.10 (68% CL), which is expected to be 1 in general 
relativity. Massive neutrinos, again thanks to their free-streaming, can allieviate the 
tension. This is the reason for which the 9596 CL limits change from Xm, < 0.17 eV 
(Planck TT,TE,EE + lowP + BAO) to Xm, < 0.22 eV (Planck TT,TE,EE + lowP 
+ BAO + lensing) when the lensing information is considered in the analyses. 


Let us now discuss non-standard neutrino degrees of freedom. In the very recent 
years, for the first time we have had model-independent indications that neutrino 
oscillations at a baseline that is not compatible with the standard three-neutrino 
oscillations may exist: the NEOS!! and DANSS” reactor experiments observed 
electron antineutrino disappearance at distances of ~ 24 m and ~ 10 — 12 m, re- 
13,14 show that the combination 
of the two experiments give a ~ 3.50 preference for the three active plus one light 
sterile (34-1) neutrino scenario over the standard three neutrino case, implying the 
existence of a fourth neutrino, with a mass around 1.1 eV. When considering the 


spectively. Combined model-independent analyses 


global picture, one must also take into account data from muon neutrino disappear- 
ance (e.g. from MINOS+?° or IceCube!97) or electron neutrino appearance in a 
muon neutrino beam (e.g. from LSND!? or MiniBooNE!®). The first problem is 
that there is a tension between appearance (lead by LSND and MiniBooNE) and 
disappearance data (lead by NEOS, DANSS and MINOS+), see e.g. Ref. 20, so 
that the situation is still unclear. The second problem is that if the 3+1 neutrino 
oscillation parameters as obtained from the global fit are considered to compute 
the neutrino decoupling in the early universe, one would have a fully thermalized 
fourth neutrino, with Neg œ 4,7!?? which is in clear tension with the constraints on 
Neg. This means that if the light sterile neutrino will be confirmed, some additional 
mechanism will be needed to suppress its thermalization in the early universe. As 
in the case of active neutrinos, the additional sterile neutrino and its properties can 
only marginally reduce the tension between the local universe probes of Ho and og 
and the corresponding values inferred by CMB observations in the context of an 
extended ACDM model. 
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As a summary, our current knowledge of the universe and its history shows 
a number of mild tensions, in particular regarding the Hubble parameter Hp and 
the matter fluctuations at small scales, encoded by og. A mild tension is also 
present among the two different determinations of the CMB lensing by Planck.? 
Neutrino properties (considering both active or sterile states) can alleviate each 
of these tensions if considered separately, but in the global picture the situation 
cannot be easily solved. If these cosmological tensions or the existence of a light 
sterile neutrino will be confirmed in the future, some new physical mechanism will 
be needed in order to obtain a consistent model that can explain the entire evolution 
of the universe. 
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We derive new constraints on the Hubble parameter Ho using the available data on 
H(z) from cosmic chronometers (CCH), and the Hubble rate data points from the su- 
pernovae of Type Ia (Snla) of the Pantheon compilation and the Hubble Space Telescope 
(HST) CANDELS and CLASH Multy-Cycle Treasury (MCT) programs. We employ two 
alternative techniques, Gaussian Processes (GPs) and the Weighted Polynomial Regres- 
sion (WPR) method, to reconstruct the Hubble function, determine the derived val- 
ues of Ho, and compare them with the local HST measurement provided by Riess ef 
al. (2018), HUST = (73.48 + 1.66) km/s/Mpc, and with the Planck+ACDM value, 
HP}8 = (66.88 +0.92) km/s/Mpc. With GPs we obtain Ho = (67.99 +1.94) km/s/Mpc, 
and with the WPR method Ho = (68.90 + 1.96) km/s/Mpc. Both are fully compatible 
at < lo c.l., and also with HE. In contrast, they are in ~ 2o tension with Hit. 


Keywords: Dark energy experiments; supernova type Ia - standard candles; cosmological 
parameters. 


1. Introduction 


The Hubble-Lemaitre constant, Ho, is a crucial parameter in Cosmology. It does 
not only tell us about the current velocity of recession of distant astronomical ob- 
jects due to the cosmological dynamics, but it is also essential to compute cosmic 
distances and spans of time. Now, ninety years after the discovery of the Universe's 
expansion and first measurement of Hy by Edwin Hubble!, and after the many 
works in the literature since then aiming to improve the estimations of this para- 
meter, we can state with high statistical confidence level that Ho lies in the range 
of 65 — 75 km/s/Mpc. Nevertheless, this parameter is still a matter of many dis- 
cussions between the members of the cosmological community, mainly focused on 
the origin of the huge tension between the local (distance ladder) determination of 
Ho obtained with the Hubble Space Telescope (HST)? and the value inferred from 
the temperature and polarization anisotropies of the cosmic microwave background 
(CMB) radiation measured by the Planck satellite?, by assuming the ACDM theo- 
retical framework. The former reads HÌST = (73.48+1.66) km/s/Mpc, whereas the 
TT+lowE CMB Planck+ACDM analysis leads to Ht 15 = (66.88+0.92) km/s/Mpc. 


*Speaker 
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These values are in ~ 3.50 tension. Finding the ultimate reason that generates this 
mismatch has become one of the most important issues in Cosmology. In principle, 
unaccounted systematics affecting the HST and/or Planck measurements could play 
a role here. Regarding this point, it is important to mention that many other works 
making use of the cosmic distance ladder find values of Hp also lying in the high 
region preferred by Ref. 2, see e.g. Refs. 4, 5, 6. There are also discrepant voices 
in the literature, though. For instance, the author of Ref. 7 argues that the use 
by Riess et al. of the 2M++ density field map (which covers redshifts z < 0.06) to 
compute peculiar velocity flows could be biasing their results, since there is evidence 
of the existence of local radial inhomogeneities extending in different directions up 
to a redshift of about 0.078, and according to Ref. 7 the 40% of the Cepheids used 
in Ref. 2 would be affected. Moreover, the authors of Ref. 9 claim that the GAIA 
parallax distances of Milky Way Cepheids employed in Ref. 2 in the first step of the 
cosmic distance ladder may be underestimated a ~ 7 — 1896. This would produce 
an important decrease of their measured value of Ho. The discussion on the validity 
of these arguments is, though, still open and intense. 1° 

In regards to the potential systematics affecting Planck's data, it is worth to 
highlight the study of Ref. 11, in which the authors showed that the use of CMB 
data independent from Planck together with data from baryon acoustic oscillations 
(BAO) and the big bang nucleosynthesis (BBN) gives rise to values of Ho fully 
compatible with the Planck preferred range and, hence, it seems quite improvable 
that systematics affect Planck's analysis in a decisive way. 

Assuming the ACDM, the authors of Refs. 12, 13 analyzed the gravitational 
time delay of the light rays coming from multiply imaged quasar systems and found 
values of Hp unable to discriminate between the two values in dispute due to their 
large error bars. It has also been possible to measure the Hubble parameter using 
the gravitational wave signal of the neutron star merger GW17081716 and its elec- 
tromagnetic counterpart 1416, but still with very big uncertainties too. This method 
is interesting because it is cosmology-independent and represents an alternative to 
the cosmic distance ladder measurement?. According to Ref. 17, a sample of ~ 50 
binary neutron star standard sirens (detectable within the next decade) will be able 
to arbitrate between the local and CMB estimates. The impact of the cosmic vari- 
ance on the local determination of Hp has been also studied in Refs. 18, 19, 20. 
The authors conclude that its effect cannot explain the whole discrepancy between 
the HST and Planck's values. 

In view of all these facts and the unsuccessful efforts of the community of finding 
a theoretical model able to relieve in an efficient way the Ho-tension (see e.g. Refs. 
21, 22), it is important to go on with the investigations on the value of the Hubble 
parameter. Particularly relevant are those studies that try to extract values from 
observations at intermediate redshifts, as model-independent as possible, and also 
utilizing approaches different from the one applied in Ref. 2, where the authors 
made use of the cosmic distance ladder and low-redshift SnIa (z « 0.15). We present 
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here the main results of our dedicated work??, in which we employed data on cosmic 
chronometers (CCH) and supernovae of Type Ia (SnIa), and two different methods — 
Gaussian Processes (GPs) and the novel Weighted Polynomial Regression (WPR) 
technique — to reconstruct the Hubble function and derive an extrapolated value 
of Ho. 


2. Data 


In this section we limit ourselves to cite the references from which we have collected 
the data on CCH and Snla, and confer the reader to Ref. 23 and references therein 
for a more detailed account and description of these data sets. On the one hand, 
we employ the first 5 (correlated) effective points on the normalized Hubble rate, 
ie. E(z) = H(z)/ Ho, from the Pantheon+MCT sample?*?°, which includes 1063 
Snla. As it is shown in Ref. 25, the compression of the information contained 
in such Snla sample is carried out in a very efficient way. It is well-known that 
Snla cannot be used alone to determine Ho, since this parameter is fully degen- 
erated with the Snla absolute magnitude. To break such degeneracy, we use the 
31 (uncorrelated) Hubble function data points from cosmic chronometers provided 
in Refs. 26, 27, 28, 29, 30, 31, 32, 33. These data cover a redshift range up to 
z ~ 2 and are obtained without assuming any particular cosmological model, by 
applying spectroscopic dating techniques of passively-evolving galaxies. They do 
not rely neither on the Cepheid distance scale nor parallaxes. There are, though, 
other sources of systematic uncertainties, as the ones associated to the modeling 
of stellar ages, which is carried out making use of the so-called stellar population 
synthesis (SPS) models, e.g. the BC03?* and MaStro?? ones. Let us detail which 
SPS models have been used in obtaining the CCH data points of Refs. 26, 27, 28, 
29, 30, 31, 32, 33. In Refs. 30, 28, 33 the authors only provide the values of H(z;) 
obtained with the BC03 model. This constitutes a ~ 25% of the whole CCH data 
set. In Ref. 31 only the combined MaStro/BC03 values are available, whereas in 
Refs. 26, 27 an alternative SPS model is used, different from the MaStro and BC03 
ones. These points constitute the ~ 32% of the CCH data set. In contrast, in Refs. 
29, 32 the authors provide both, the BC03 and MaStro values. This group includes 
the remaining ~ 43% of the data. We have opted to use the BC03 values of these 
two references in our main analyses so as to incorporate consistently the data from 
Refs. 30, 28, 33, namely to avoid the use of a mixture of MaStro and BC03 values 
while maximizing the number of data points entering the calculations. The impact 
of considering alternative data sets has been discussed in detail in Sect. 3.4 of Ref. 
23. We will also comment later on on (sic) the effect of using a more conservative 
data set which takes into account the combination of BC03 and MaStro values of 
Refs. 29, 32 instead of only the BC03 ones. This data set coincides with the one 
provided in Table 2 of Ref. 36. We refer the reader to this paper for details. 
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3. Reconstructing H(z) from observations 
3.1. With Gaussian Processes 


Gaussian distributions are defined for a finite set of quantities, and are character- 
ized by a vector of mean values and the corresponding covariance matrix, which 
is in charge of controlling the uncertainties’ size and the correlations. Gaussian 
Processes are their direct generalization to the continuum, and are analogously 
characterized by a mean function u(z) and a two-point covariance function C(z, 2"), 
see e.g. Ref. 37, 


Elz) ~ GP (u(z), C(z, 2") , (1) 


where the curve £(z) is a realization of the Gaussian process. The covariance C(z, z^) 
is defined as follows: (i) when z and/or z' do not coincide with any point contained in 
the data set that we want to use to reconstruct the function, then C(z, 2’) = K(z, 2’), 
where K(z, 2’) is the so-called kernel function, which must be of course symmetric 
and at this stage is unknown; (ii) when both, z and z', do coincide with the z-values 
of one or more points contained in our data set, then C(z, 2’) = D(z, 2’) + K(z, 2’). 
Here we incorporate the information of the known covariance matrix D(z, z’) of 
our data points. The kernel function plays a crucial role in the GPs, and must be 
selected beforehand. Three of the most famous ones with only two degrees of free- 


22 
dom are the following: (a) The Gaussian kernel, K(z, 2’) = c3 Exp E (= ) i 


2\ Ty 

(b) The Cauchy kernel, K(z, z^) = o71¢/[(z — 2')? +15]; and (c) The Matérn kernel, 
K(z, 2’) = oF [1 + IE — el Exp -£l — zl. They all depend on c; and ly, 
the so-called hyperparameters of the kernel function. The first one controls the 
uncertainties’ size and the strength of the correlations, whereas the second some- 
how limits the scope of these correlations in z. Although it is possible to construct 
more elaborated kernels, e.g. kernels which do not only depend on the distance 
|z — z'|, but also on the locations z and z’ themselves, in such a way that the sym- 
metry under the interchange z © z’ is kept intact, we will stick to the more simple 
ones mentioned above and, more concretely, only to the Gaussian one, since as we 
showed in Ref. 23 the reconstructed H(z) obtained with these three kernels are 
compatible at < lo c.l. for all the redshift range under study. Of course, the results 
also depend on the values of the hyperparameters. Once we choose the kernel, how 
can we properly select c; and l? To do so we must make use of our data. In 
the GPs philosophy, our data set is conceived as part of a subset of realizations of 
the Gaussian process. The hyperparameters are usually chosen so as to maximize 
the probability of the GP to produce our data set. If we marginalize the GP (1) 
over the points at z*, i.e. those at which we do not have data, we get the following 
multivariate normal distribution, 


ENN ({pi(Zi)},C) , (2) 
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Fig. 1. Reconstructed H(z) in [km/s/Mpc] with the corresponding lo bands obtained with GPs 
when only CCH are used (figures on the top), and when we add the Pantheon+MCT data (the 
ones at the bottom). In both cases we zoom in the redshift range z € [0,0.5] (plots on the right) 
so as to better appreciate our determination for Ho and how the uncertainty bands narrow down 
when the Snla data are included. The processed (E(z;) — H(z;)) Pantheon+MCT points are 
plotted in green, whereas the CCH data are in red. See related comments in the main text. 


where i = 1,..., N, with N being the dimension of the vector of data points jj = 
(Zi yi] at our disposal, and j;(Z;) can be set e.g. to 0 Vi, since the result is 
almost insensitive to this. Thus, the hyperparameters will be obtained upon the 
minimization of 


-21n L(of, l$) = NIn(22) In C(or.l5)| +g C^ (of Uy )V, (3) 


with £ being the marginal likelihood and |C| the determinant of C. Having done 
this, and using (1), we can compute the conditional probability of finding a given 
realization of the Gaussian process in the case in which €(Z;) = yi(2;). The resulting 
mean and variance functions extracted from such conditioned GP read, respectively, 


N 
Ez") = DICE, £y) KG 27), (4) 


N 
c?(z*) = K(z*,2*) — 25 C7 (£, Zj)K (ži, 2*)K (85, z*) . (5) 


'The results derived using this formalism are shown in Fig. 1. When only CCH 
are included in the analysis we obtain an extrapolated value of Ho = (67.42 + 4.75) 
km/s/Mpc. This result coincides with the one provided in Ref. 38. We have 
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incorporated the Snla information with the following procedure. We have firstly 
used the value of Ho extracted from the GP-reconstruction of H(z) with CCH to 
promote (via a Monte Carlo routine) the Hubble rates of Ref. 25 to values on 
H(z;). They can be used now in combination with the CCH data in a new GP- 
reconstruction to obtain the corresponding new value of Ho. The result reads, 
Ho = 67.99 + 1.94 km/s/Mpc. The error bars has decreased a factor ~ 2.5 with 
respect to when only CCH are employed. The central value is fully compatible with 
the Planck+ACDM result, and it is in 2.20 tension with HẸST. Using the more 
conservative CCH data set of Ref. 36 in combination with the Pantheon+MCT data 
one obtains Ho = 69.00 + 2.35 km/s/Mpc. In this case the tension with the HST 
value loosens, being now of 1.7c. For a discussion on the effect of the propagation 
of the hyperparameters’ uncertainties we refer the reader to Sect. 3.3 of Ref. 23. 


3.2. With the Weighted Polynomial Regression method 


Cosmographical analyses are based on truncated expansions (in z or some other 
variable) of cosmological quantities, e.g. cosmic distances or the Hubble function, 
around z — 0, see e.g. Ref. 39. People usually truncate these expansions (which do 
not rely on any particular cosmological model) at a concrete order and subsequently 
fit the resulting expression to the data in order to extract kinematic information 
of our Universe. The truncation order should not be determined in an ad hoc way, 
but applying some well-motivated criterion, e.g. looking for the order that makes 
the value of the reduced chi-squared statistic to be as close to one as possible, 
the one that maximizes the Bayesian evidence (see e.g. Ref. 40), or just the one 
that minimizes some approximate information criterion statistic, as the Akaike*! 


42 ones, But even these approaches can prove insufficient to obtain objec- 


Bayesian 
tive (non-biased) constraints on the fitting parameters, as it has been highlighted in 
Refs. 23, 36. However, it is possible to improve the usual cosmographical methodol- 
ogy by making use of the so-called Weighted Function Regression technique, which 
does not consist on choosing only one particular order of the truncated series, but on 
weighting in a consistent way the contribution of the various truncated expansions. 

Let us explain how it works. Firstly, imagine that we have the following function, 


which is linear in the parameters, 


= $ aibi(z); (6) 
i—0 


with the b;'s being the so-called basis functions and d the vector of coefficients. If 
we have the vector of mean values à and the associated covariance matrix D, then 
we can compute the mean function f; (z) and covariance matrix cov[fm (z), far(2’)] 
as follows: 


fuz = Yahi » cov[fm(2), fra (z Y Baldo 4. (7) 


1,7—0 
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a and D can be computed exactly in the case of Gaussian-distributed data with 
flat priors (cf. Ref. 23) or, in a more general case, computationally making use 
of a Monte Carlo routine. The variance of the reconstructed function is just 
o?,(z) = cov[fm (z), f(z)]. These tools can be used, e.g. to reconstruct H(z) 
in the cosmographic scenario. We just have to Taylor-expand H(z) around e.g. 
z=0, 
dH Lan. 
se ed dz |e=0" b 2 dz? |z=0 
In this case b;(z) = zf, ag = Ho, a1 = Ho(qo + 1), etc. Let us call Mo, Mi ,..., 
Myn- the cosmographic polynomials of order n = 0, 1,..., N — 1, respectively, with 
N being again the number of data points entering the analysis. That is, let us 
conceive each polynomial as a different model, and compute the probability density 
associated to the fact of having a certain shape of the function f(z) as follows, 


P[f(z)] = k- [PCF (2) Mo) PCMo) +... + P(f(z)|Mn-1)P(Mw-1)], — (9) 


aa a. (8) 


where k is just a normalization constant that must be fixed by imposing 
[[Df]P[f(z) = 1. Taking into account that [[Df] P(f(z)M;) = 1 VJ € 
[0, N — 1] and X P(M;) = 1, we find k = 1 and therefore: 
N-1 
P[f(z) = 5», P(fG)IM;)P(M;). (10) 
J=0 


We now denote M, as the most probable model and identify suy - with the Bayes 


ratio Bj,*°. The last expression can be finally written as 


S P(f(2)|Ms) Br. 
Pe = =2—$ — (11) 


N-1 
» By. 
J=0 
This is the central expression of the WPR method, where the weights are directly 


given by the Bayes factors. Notice that using (11) we can compute the (weighted) 
moments and related quantities too, e.g. the weighted mean and variance read, 


SE Ae) Bs Xie B. 

fe) = 2, —— G0? IU 
Z Bj. > B. 
J=0 J=0 


where f(z) and o2(z) can be computed by means of (7). For the obtention of the 
Bayes factors we invoke the time-honored Bayesian and Akaike information criteria, 
BIC and AIC, defined as*!4?: 


2njN 


AIC; = Xzis, + = l 


BIC; = X2, ; - n;ln N , (13) 
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Table 1. Fitting results obtained for the models with largest weight entering the 
WPR-reconstruction of H(z) with the CCH data 


Polyn. degree (d)  x2,, BIC AIC Ho Bai (BIC) Bai (AIC) 

1 16.62 23.48 21.04 62.343.1 1 1 

2 14.74 25.04 21.63 67.8 +5.1 0.47 0.74 

3 14.78 28.51 24.31 68.9+44.5 0.08 0.19 

4 14.80 31.97 27.20 68.2 + 4.2 0.014 0.05 

5 14.95 35.56 30.45 68.40 4.0 0.002 0.009 

6 15.01 39.05 33.88 68.6 + 4.4 4x 10-7 0.002 

7 15.27 42.74 37.82 68.3042 6 x 107? 2x 10-1 

8 15.72 46.63 42.29 68.8+4+4.4 9 x 10-9 2x107? 

9 16.38 50.72 47.38 68.9 3.9 1 x 10-9 2x 10-° 
Note: Some quantities obtained from the fitting analysis of the first nine (cosmo- 
graphic) polynomials involved in the WPR-reconstruction, by only using the CCH 
data. In the second column we show the minimum value of the x? function. The third 


and fourth columns contain the values of the Bayesian and Akaike information criteria, 
as defined in (13). In the fifth column we show the values of the Hubble parameter 
in [km/s/Mpc] together with its lo uncertainty. The last two columns contain the 
values of the Bayes ratio that are obtained by using the BIC and AIC, respectively, 
as defined in (14). See comments in the text. 


with xz, z being the minimum of the x? function in the model Mj, and n; = J+1 
the dimension of d;. In this way the Bayes factor between the model M; and the 
most probable model M. can be approximated by 


BIC,—BICy AICx—AICy 
Bjg-e 3 . Or Bj. e 3 , (14) 
depending on the criterion used, the BIC or AIC, respectively. The most probable 
model M, is defined as the one with lowest BIC or AIC, depending again on the 
chosen criterion. It is crystal-clear from these expressions that the competing models 
with more parameters used to analyze the same data receive a suitable penalty and, 
therefore, our weighted method implements in practice Occam's razor principle. 
We apply the WPR formalism to the family of models for H(z) that result from 
truncating the Taylor series (8) at different orders. We force the coefficients to be 
positive so as to fulfill: (i) Ho Z 0; (ii) H'(z = 0) # 0; and (ii) dH/dz(z) > 0Vz > 0, 
cf. Ref. 23 for further details. We present in Table 1 the most relevant quantities 
obtained from the individual fitting analyses of the truncated expansions entering 
the WPR-reconstruction with CCH data. Therein we show the values of Ho and 
the associated uncertainties derived from the individual fits and also the relative 
weight with respect to the most probable result, which in this case is obtained for 
the linear polynomial. Applying (12) we are led to Hp = (64.44 + 4.72) km/s/Mpc 
[Ho = (65.27 + 4.98) km/s/Mpc] when BIC [AIC] is used. When we add the 
Pantheon+MCT data we obtain Ho = (68.90 + 1.96) km/s/Mpc regardless of the 
information criteria. If we use the conservative CCH data set from Ref. 36 we 
obtain Hp = (70.50 + 2.60) km/s/Mpc. These results are completely compatible 
with the ones obtained using GPs. 
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4. Conclusions 


In this work we have presented some estimations of Ho obtained with two alterna- 
tive reconstruction techniques and data on cosmic chronometers and supernovae of 
Type Ia. The results are independent from those obtained in Ref. 2, in which the 
authors made use of low-redshift SnIa and the cosmic distance ladder. Our results 
do not rely on any particular cosmological model, and seem to favor the low esti- 
mates of Ho provided by the Planck Collaboration?. Our results are also resonant 
with the conclusions of Ref. 43, where the authors provided some indication that 
the local measurement? of the Hubble-Lemaitre constant is an outlier, by using the 
so-called index of inconsistency to test the consistency between the preferred values 
of Ho derived from alternative data sources: CMB from Planck, Snla+BAO+BBN, 
data on large scale structure formation, gravitational time delay, and local determi- 
nation of Ho. Other authors!7384445 have also obtained values of Hy lying in the 
lower range preferred by Planck, using model-independent techniques and different 
combinations of intermediate-redshift data from BAO, Snla, and CCH. Moreover, 
several analyses have shown that it is possible to loosen or even solve the og-tension 
at the expense of keeping the one concerning Ho, see e.g. Refs. 22, 46, 47. A 
low value of Ho would automatically allow to remove the existing tension in the 
Og-parameter. 

Our methodology has proved to be a viable route for estimating Ho. Revisiting 
it in the future, when new and more precise data are available, would be interesting, 
especially when the theoretical uncertainties associated to the SPS models employed 
to extract the CCH data from observations decreases in a significant way. 
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Lambda-CDM model and small-scale-cosmology “crisis”: from 
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I review briefly three problems where tensions between predictions based on numerical 
simulations of the Lambda-CDM prototype and observations at small (galactic) scales 
occur. These include (i) the core-cusp problem on the galactic profiles, (ii) the missing 
satellite problem, and the (ii) too-big-to-fail problem. I explain what these problems are 
and present potential resolutions, first through some astrophysical mechanisms, which 
however, as I argue, fail to alleviate completely the problems, at least currently. Then, I 
discuss fundamental modifications of the Lambda-CDM model, through the inclusion of 
self-interacting dark matter (SIDM). I argue that a simple model of SIDM, with (warm) 
self-interacting right-handed neutrinos (RHN), that exist in minimal extensions of the 
Standard model of particle physics, appears promising in providing a resolution of the 
aforementioned “small-scale-Cosmology crisis”, in particular the core-cusp problem, and 
an observationally consistent description of the core-halo structure in galaxies. 


Keywords: Cosmological observations; self-interacting interacting dark matter; right- 
handed-neutrinos. 


1. Introduction 


A plethora of precision cosmological observations!, based on type Ia supernovae, 
cosmic microwave background (CMB) radiation, large scale structure, baryon acous- 
tic oscillations and strong and weak lensing data, point towards the fact that only 
~ 4% of the current energy budget of the Universe consists of the known form of 
matter (mainly baryons), while the rest seems to be of uknown nature, specifically 
~ 69% dark energy (DE) and ~ 27% dark matter (DM). The current universe 
appears to enter an acceleration phase (for a second time after inflation), and the 
data point towards an equation of state for the dark energy to be close to that of 
a de Sitter space-time, w ~ —1, corresponding to a positive cosmological-constant, 
A > 0. The best fit to the large-scale data seems to be provided by the so-called 
A-Cold-Dark-Matter (ACDM) model for the Universe, according to which the DE 
is provided by a positive cosmological constant A > 0, while the DM content of 
the Universe is thermal, of “Cold” type, corresponding to a mass range for the 
(assumed) dominant DM particle species m, > 100 keV. Several particle physics 
models, in particular Supersymmetry, provide candidates for this type of DM, al- 
though currently there is no experimental evidence from collider experiments that 
such extensions of the Standard Model (SM) are realised in nature”, thus leaving 
us only with Cosmological evidence for the existence of DM. 

Despite the success of the ACDM model at large (cosmological) scales, however, 
there are tensions at galactic scales which, if not due to observational fluctuations, 
or admitting astrophysical resolution, may hint new physics beyond the ACDM 
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paradigm. In this talk we mention briefly some of these challenges, and discuss 
their potential resolution by modifying the ACDM model via the inclusion of self 
interactions in the Dark Matter sector.* 


2. Small Scale Challenges of the ACDM Model 


There are three challenges to the ACDM model at galactic scales, collectively called 
some times as *small-scale cosmology crisis, which we focus our attention upon in 
this section: 

(i) The Core-Cusp problem, that is, a discrepancy between the observed dark 
matter density profiles of low-mass galaxies and the density profiles predicted by 
cosmological N-body simulations. Characteristically, all the ACDM-based (DM 
only) simulations form dark matter halos which have “cuspy” dark matter distri- 
butions, with the density increasing steeply, ie. as p r^ !, at small radii. This is, 
e.g., evidenced in the standard Navarro-Frenk-White (NFW) DM profile.? On the 
contrary, the rotation curves of most of the observed dwarf galaxies indicate flat 
central density profiles ( cores" ).9 

(ii) The “missing satellite or dwarf galaxy problem”, which pertains to a discrep- 
ancy between observations and ACDM-based numerical cosmological simulations, 
which predict the evolution of the distribution of matter in the universe. Such simu- 
lations point towards a hierarchical clustering of DM, where smaller halos merge to 
form larger halos. Although there seem to be enough observed normal-sized galax- 
ies to account for such a numerical distribution, the number of (observed) dwarf 
galaxies is orders of magnitude lower than that expected from the simulations." 

(iii) The too big to fail problem, which is a discrepancy arising between the 
most massive subhaloes predicted in (dissipationless) ACDM simulations and the 
observed dynamics of the brightest dwarf spheroidal (dSph) galaxies in the Milky 
way. In other words, the ACDM simulations predict that the most massive sub- 
haloes of the Milky way are too dense to host any of its bright satellites, with 
luminosity higher than 10° the luminosity of the Sun.? 

The problems may admit astrophysical explanations, and some of them may 
be alleviated by improved measurements. For instance, many studies have shown 
that including baryonic feedback (particularly feedback from supernovae and active 
galactic nuclei) can “flatten out” the core of a galaxy's dark matter profile, since 
feedback-driven gas outflows produce a time-varying gravitational potential that 
transfers energy to the orbits of the collisionless dark matter particles.? The missing 
satellite problem also admits standard Astrophysical solutions.!? One is that the 
smaller halos do exist but only a few of them end up becoming visible because 
they have not been able to attract enough baryonic matter to create a visible dwarf 


?We do not discuss here other recent challenges of ACDM, e.g. those associated with the different 
value of the Hubble parameter Ho, obtained between CMB/Planck-Coll. measurements! and 
Cepheid-galaxies observations?, which could be alleviated via modified DE models, such as the 


“running vacuum" . 4 
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galaxy. In support of this, Keck observations in 2007 of eight newly discovered ultra- 
faint Milky Way dwarf satellites showed that six were almost exclusively composed 
of DM, around 99.9% (with a mass-to-light ratio of about 1000). !* Such ultra-faint 
dwarfs substantially alleviate the discrepancy between the predicted and observed 
numbers of satellites around the Milky Way, but there are still discrepancies by 
a factor of about four too few dwarf galaxies over a significant range of masses. 
See also the recent work Ref. 12 in this direction. Other solutions may be that 
dwarf galaxies tend to be merged into or tidally stripped apart by larger galaxies 
due to complex interactions. This tidal stripping has been part of the problem 
in identifying dwarf galaxies in the first place, which is an extremely difficult task 
since these objects have low surface brightness and are highly diffused, so much that 
they are virtually unnoticeable. Finally, the Too-Big-to-Fail Problem may also be 
tackled by taking into account baryonic feedback. 

From the point of view of the ACDM simulations, all three problems have their 
root in the fact that the cold DM particles, which the ACDM simulations rely upon, 
have too short free streaming length during the epochs of galaxy formation, and 
therefore they form too clumped and too many structures compared to those ob- 
served. The interesting question therefore is whether these problems, especially the 
core-casp problem, provide hint towards a paradigm shift of the underlying funda- 
mental physics, implying deviations from ACDM framework. One such deviation is 
to include self interactions among the DM particles. 


3. Resolution through Self Interacting Dark Matter Models 


Self interactions have been argued to play an important róle in galactic structure al- 
ready in Ref. 13. The original idea of Self-Interacting DM (SIDM) was implemented 
for CDM particles with rest masses above 1 MeV/c? (up to 10 GeV/c?), consistent 
with the nature of the effective interactions and the mean free paths considered in 
that work. This way of thinking regarding self-interactions was applied uniquely on 
DM halo scales with typical densities of 107? Mo /pc?, suggesting that normalized 
total cross-sections of order c /m ~ 0.1 — 100 cm?/g, would imply observational 
effects in the inner regions of the DM halos. It was also shown that a SIDM regime 
with these values of a/m would generate shallower inner DM profiles, with a nec- 
essary reduction in the amount of sub-structures, thereby alleviating the core-cusp 
and the missing satellite problems of collisionless ACDM !^. However, contempora- 
neously, some tension with upper limits in the DM cross sections as obtained from 
lensing studies on galaxy cluster scales emerged. In a subsequent work, !? motivated 
by updated analysis of the Bullet Cluster,'!© new cosmological simulations within 
CDM were performed, with the aim of further scrutinizing the effects of SIDM on 
inner halo cores of galaxies and galaxy clusters. The authors of Ref. 15 concluded 
that o/m ~ 0.2 barn GeV~! = 0.1 cm? g^! is consistent with all the observational 
constraints. In general, SIDM would make no difference from ACDM at large scales, 
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but individual galaxies would appear more cored and spherical, with higher velocity 
dispersion. 

Stringent constraints of the interaction cross section of SIDM have been inferred 
in Ref. 17 by means of new DM observables in merging galaxies, taking into account 
the DM drag. In particular, the study of 72 mergers using this new technique 
imposed a more stringent upper bound on the SIDM cross section per unit DM 
mass, thus defining a new range for the total SIDM cross section? 


osipm/m 


0.1 < 
— cm?g-!l 


< 0.47 (1) 


This might lead to a potential resolution of the three “small scale cosmology prob- 
lems” of DM, discussed previously. For instance, self interactions may tackle the 
core-cusp and too big to fail problems by reducing the central density. In this lat- 
ter respect we mention the works of Ref. 20, according to which self interactions 
can lead to both deceleration and evaporation of a DM halo when the latter moves 
through a background of DM particles. This results in a shift of the halo’s centroid 
relative to the collisionless stars and galaxies. 


4. Self-Interacting Right-Handed Neutrinos as (Warm) DM and 
Galactic Structure 


A concrete model of SIDM, which may have significant effects on the galactic struc- 
ture, and which plays an important role in particle physics, has been studied in 
Ref. 21. It is based on a class of self-interacting models of massive right-handed 
neutrinos that exist in minimal extensions of the standard model??. The model 
constitutes a microscopic (particle physics) realisation of previous ideas that pop- 
ulations of electrically neutral fermionic particles might play an important róle for 
the galactic core-halo structure??. In such a scenario, the DM fermion is played 
by the right-handed neutrino (RHN), which has a mass of a order a few tens of 
keV, and implies a universal and novel DM density profile (compact core - di- 
lute halo), with important implications for the very central and halo regions of 
galaxies. The model is in agreement with observations, provided sufficiently strong 
self-interactions among the RHNs are considered?!. The Lagrangian of the right- 
handed neutrino sector, including gravity, reads (in units A = c = 1, which we use 
throughout here): 


L = Lar + ÉNg, t £v + £r (2) 


bHowever, some tension with the upper bound of (1) still remains, since the analysis and as- 
sumptions of Ref. 18 on their study of the Abell Cluster 3827 have been questioned in Ref. 19, 
which presented corrected estimates for the SIDM cross section: ogrpm/mM c 3 cm? g^ 1, when self 


interactions result in a drag force, and ecsrpw /m ~ 1.5 cm? g | in the case of contact interactions. 
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where 
R 


p l o 
LGR = Tene? ÉNg, — 4 Nnyy" Vy Ng1— 3 N*niNni, 


1 1 _ 
Ly = =e + zv VV", Lı = -gv V, J6 = —gvVuNniY"Nngi, (3) 


with R the Ricci scalar for the static spherically symmetric metric background 
considered in Ref. 21, V,, the gravitational covariant derivative acting on a Majorana 
spinor, m the mass of the sterile RHN neutrino, and my the mass of the dark 
vector boson providing the carrier of the self-interactions among RHN. When the 
Lagrangian (3) is expressed in terms of the Majorana field N* = N, the massive- 
vector-mesons V, couple to the axial current N44? N. 

In general one may add to (2) a Yukawa term, coupling RHNs to the active 
neutrino sector (see, e.g., the case of vMSM in Ref. 22) 


Lyuk = 9 Farla Nae Rhe. Ie12,3, w= 6,7, (4) 
a, I 

where fa are the lepton doublets of the SM, a = e, u, 7, F4; are appropriate Yukawa 
couplings, and @° is the SM conjugate Higgs field, i.e. 9^ = ir29*, with T» the 2 x 2 
Pauli matrix. If one ignores self interactions among the RHN, then, upon consid- 
ering such a coupling, one obtains stringent X-ray and Big Bang Nucleosynthesis 
(BBN) constraints?^ of the mixing angle and mass of Ng, given that (4) implies 
decays of the heavy neutrinos N; — rH, where H is the Higgs excitation field, 
$ = v + H, with v the vacuum expectation value. In the context of vMSM"?, the 
decay time of the lightest of the RHN neutrinos can be longer than the age of the 
universe, hence the latter can be considered as stable for all practical purposes, 
thus playing the róle of the entirety of DM. This assumption requires sufficiently 
low mixing with the standard model sector, with the corresponding mixing angle 
given by sin?9 = p d rx On the other hand, the requirement that the 
sterile neutrino constitutes the entirety of DM, requires it to be produced in suffi- 
cient amounts in the early Universe, and hence, if no self-interactions are assumed, 
there are lower bounds for 0, depending on the RHN mass m. The best fit to date?* 
points to a narrow allowed region in the RHN mass m ~ 10 keV and mixing angle 
sin?(20) ~ 10-?? (slightly wider regions for m are allowed ?? if one uses the galactic 
density profile of Ref. 23). 

In the RHN SIDM model of Ref. 21 the mixing with the SM sector was ignored, 
Fo, = 0, in which case the lightest neutrino is absolutely stable. The important 
feature are the self-interactions of the right-handed neutrino, which ensured phe- 
nomenologically correct values for the radius and mass of the galactic core within 
certain mass density profiles??. Such interactions among RHNs also lead to produc- 
tion mechanisms of the RHN DM that no longer require lower bounds on the mixing 
angle 0 with the standard model sector, hence the stringent X-ray constraints of 
Ref. 24 can be evaded. The analysis of Ref. 21 showed that, under the assumption 
of the absence of a central black hole in the galaxy?, the allowed range for RHN 
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DM mass that fit the Milky Way observables is: 47 keV/c? < m < 350 keV /c?, the 
upper bound being set by reaching the critical core mass for gravitational collapse, 
ME x M/m? z 4.4 x 105 Mo. One also concludes that the inclusion of suffi- 
ciently strong interactions in the dark sector among the sterile neutrinos can lead 
to significantly more compact cores and higher central degeneracies than in the free 
case?96, 

The total RHN-RHN scattering cross-section in the quantum core of the Galaxy 
has been calculated in Ref. 21 in a perturbative regime g « 1 for the dimension- 
less interaction coupling, ott, ~ 29 (2v mv m2 (p?/m? « 1). This allows for 
a comparison of these results with the generic ones existing in the literature and 
mentioned in the previous section, on the required range of the total cross section 
per unit DM mass, o/m, in order to resolve the small-scale Cosmology “crisis” 
(Eq. (1)). To put things in perspective, one can normalize the interaction field 
strength in terms of the visible sector (SM) weak interaction dimensionfull coupling, 
the Fermi “constant” Gp. Thus, if, e.g. one constrains the total cross-section to 
the N-body simulation value c*^* /m = 0.1 cm?/g (or, in general, to lie in the region 
(1) discussed above), the coupling constant Cy would be constrained to the value 
Cy € (2.6 x 105, 7 x 105), for RHN-DM masses in the range m € (47,350) keV. It 
worths noticing that for Cy ~ 105 Gp, the mass of the massive-vector meson would 
be constrained to values my X 3 x 104 keV, in order to satisfy gy < 1 as requested 
by the self-consistency of the perturbation scheme applied to the computation of 
the cross-section ?!, 

As stressed in Ref. 21, the inclusion of baryonic matter is not expected to change 
the basic conclusions that the introduction of WDM fermion self interactions affects 
the core/halo structure and in particular induces higher central degeneracies and 
higher compactness of the inner quantum core of galaxies. Moreover, the model 
of self-interacting sterile neutrinos provides a natural resolution to the core-cusp 
problem of DM at small scales, because the density profiles based on fermionic 
phase-space distributions develop always an extended plateau on halo scales, in a 
way that resemble Burkert or cored Einasto profiles. Another important feature is 
the fact that the right-handed neutrino DM mass is ‘colder’ by a few keV as com- 
pared to most of the Warm Dark Matter (WDM) models available in the literature, 
which implies that the model does not suffer from such standard WDM problems. 

It goes without saying, that the presence of self-interacting right-handed neutri- 
nos with a mass range of a few tens of keV may co-exist harmonically with other 
types of DM, given that the latter may consist (like ordinary matter) of more than 
one dominant species. In this way, at large scales, the predictions of the Lambda- 
CDM model might still be valid, while at galactic scales the róle of self-interacting 


°If the assumption that the RHN DM co-exists with a central black hole is made, then one may 
accommodate the narrow window of Ref. 24 in the analysis of Ref. 21, although, as already 
mentioned, the existence of self interactions of RHN evades the constraints of Ref. 24. 
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RHN WDM may play a crucial róle in providing agreement of the predicted galactic 
structure and the pertinent DM distribution with observations. 
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The goal of this short report is to summarise some key results based on our previ- 
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connection with the properties of gravitational waves, and the implications of the recent 
measurement of the speed of tensors for the phenomenology of general families of gravity 
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1. Introduction 


The physics behind the late-time acceleration of the Universe remains elusive. Al- 
though the ACDM model provides a good and simple phenomenological paradigm 
for its description, its fundamental understanding suffers due to the current 
paradigm to explain the nature of the cosmological constant. ' ? 

A description of the accelerating Universe might be embedded within an in- 
frared modification of the standard gravitational paradigm of General Relativity 
(GR). This idea has sparked the construction of theories which modify the effective 
gravitational degrees of freedom at large scales, and are usually labelled as dark 
energy and/or modified gravity models (for detailed expositions, see e.g., Refs. 4, 
5). Typical examples are the general scalar-tensor (Horndeski and beyond as well as 
the so-called DHOST theories), vector-tensor (Einstein-Aether, generalised Proca) 
and massive/bi-metric theories of gravity. These are the kind of models that will 
concern us in the discussion to follow. 

The current major task of research in cosmology is the investigation of pos- 
sible such departures from the standard framework of GR. From an observational 
standpoint, the currently unknown detailed physics of the dark sector make this par- 
ticularly challenging, due to the unobservability of the individual dark components 
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under pure gravity probes. Here we will explain how the gravitational slip parameter 
is a powerful model independent discriminator between large classes of gravity mod- 
els in cosmology, and discuss its intimate relation to the properties of gravitational 
waves (GWs),9* that provides a phenomenological bridge between the physics of 
GWs and the large scale structure of the Universe. In light of the recent measure- 
ment of the speed of GWs, a reverse engineering allows to predict the consequences 
for large classes of gravity models at large scales. 

'This summary paper is based on our previous original works which appeared in 
Refs. 8-12, which we refer to for a full list of references. 


2. The gravitational slip and model independence 


“Large scale inhomogeneities are sourced by scalar fluctuations of the metric around 
the homogeneous and isotropic FLRW spacetime. We assume that scalar met- 
ric fluctuations are described according to ds? = —(1 + 2V(x,t))d?? + a(t)?(1 — 
26(x,t))dx?. At the linear level, the anisotropy constraint reads as 


d — V —c(t)II(t,k). (1) 


Here II is a functional of background quantities and linear perturbation variables 
(time and scale dependent), while a(t) depends on background quantities only”. 
The gravitational slip parameter 77 is a direct measure of scalar (linear) anisotropic 
stress and is defined as 


a= = (2) 


Anisotropic stress therefore sources a gravitational slip, i.e 7 Z 1. At late times, 
the free streaming of neutrinos makes a negligible contribution to the anisotropic 
pressure part of the total energy-momentum in the Universe. Instead, its only 
source in the presence of perfect fluid matter is a possible modification of gravity. 
For minimally coupled scalar field theories (quintessence, k-essence) or ACDM, 
it is 7 = 1, while n # 1 in non-minimally coupled models such as f(R)/Brans- 
Dicke. Obviously this discussion needs to be made on firm grounds - the distinction 
between different models will be made precise in section 3 when we will introduce 
our working definition of modified gravity. 

We will now show how 7 can be reconstructed in a model-independent manner, 
closely following the original work of Refs 8 and 9. Let us start by assuming that 
galaxies move on geodesics, a valid assumption as long as non-linearities associ- 
ated with e.g spacetime effects or galaxy-galaxy interactions can be neglected. In 
addition, it uniquely fixes the conformal frame, an issue implicit in theories with 


?'l'his section closely follows the original work presented in Refs. 8 and 9. 
bit is not hard to see that, for any model the anisotropy constraint can be always brought into 
this convenient form. 
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different conformal representations (the so-called Jordan/Einstein frame). The re- 
sulting geodesic equation reads as 


(a7Oga1) = HRW. (3) 


Therefore, the observable galactic velocity field 054; can be simply seen as a mea- 
surement of the gravitational potential V at different redshifts and scales. 

Weak lensing observations provide a measurement of the lensing potential de- 
fined through 


3(1 4 z)? 
2E? 
where L = QmoGY (1 + n)ôm,o. Therefore, tomographic weak lensing observations 
provide a measurement of the linear combination of ® and V. Now, combining equa- 
tions (3) and (4) we can derive a model-independent relation for the gravitational 

slip solely in terms of observable quantities as® 

3(1 + z)? L 
2P? (242+45)R 
where we introduced the velocity-field observable R = —0ga1/ H(z), and the back- 
ground evolution E(z) = H(z)/ Ho, while L was defined after (4). 


k’ iens = k?(W4+ 6) = 


n: (4) 


n= 0/V= =i; (5) 


3. Modified gravity and gravitational waves 


The distinction between dark energy and modified gravity is sometimes blurry. 
For a meaningful and unambiguous discussion on how to discriminate between 
ACDM/dark energy and modified gravity models, we need to have a consistent 
definition of what we mean by dark energy and modified gravity in a given con- 
text. Here, following Ref. 10 we will define a modification of gravity as any theory 
that changes the propagation of the dynamical degrees of freedom of GR, i.e the 
gravitational waves (GWs). Assuming that GWs are far away from their source, we 
write 


hj; + (2+ w(t)) Hh;; + ep (t)k^ hij + a?u? hi; = aT (ti (t) , (6) 


where the field h;; is the spin-two fluctuation of the metric. FLRW symmetry 
ensures that, general extensions of GR can modify the propagation of GWs only 
through one of the following parts: the friction (v(t)), the propagation speed (c3.), 
mass (u?) and source term (L4;;). Let us now introduce the models that we will be 
considering, which we conveniently divide into models introducing a new dynami- 
cal field of spin-0 (scalar-tensor), spin-1 (vector-tensor) and a spin-2 (massive/bi- 
gravity) respectively: 

Scalar-tensor theories: These start with Brans-Dicke gravity and its generalisa- 
tions, i.e Horndeski,!? Beyond Horndeski and DHOST theories. !4^ 16 The presence 
of a non-minimal coupling between curvature and the scalar field will induce a run- 
ning of the effective Planck mass which in turn modifies the friction term in (6) with 
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v = H~'dln M(t)?/dt. The existence of a non-trivial kinetic mixing between the 
scalar and the metric alters the light-cone structure of GWs with respect to that of 
photons, leading to c2. Z 1. All other modifications in (6) equal zero for this class 
of models. 


Vector-tensor theories: This class of theories includes Einstein-Aether (EA), !7 
which is related to the low-energy limit of Horava-Lifsitz gravity. 18 The extension of 
the old (massive) Proca theory is described by the generalised Proca theories, !?:20 
corresponding to the general covariant theory of a massive vector on a curved back- 
ground. All of them lead to c2. Z 1, related to the non-trivial derivative interactions 
between the dynamical vector field and the metric. 

(Massive)Bi-gravity theories: This family of theories describes the dynamics of 
two, non-minimally interacting coupled spin-two fields.?! The non-minimal char- 
acter of the interactions inevitably gives a mass to the standard (GR’s) graviton, 
u? #0. What is more, the second graviton sources the evolution of the standard one 
through the term on the right-hand side of (6), while all other terms are standard. 


4. The link between gravitational slip and gravitational waves 


4.1. Non-standard propagation of gravitational waves implies a 
gravitational slip 


Let us assume that gravity is modified, according to its definition in Section 3. This 
means that the propagation of GWs will be different to GR in one way or the other 
according to (6). In Ref. 10 it was shown that a direct link exists between the 
propagation of GWs at any scale in the Universe and the existence of gravitational 
slip in the presence of perfect fluid matter at large scales: For general extensions of 
GR introducing an extra spin-0, spin-1 and spin-2 two field respectively, the theory- 
space parameters that enter the coefficient of anisotropic stress, are exactly those 
that modify the propagation of GWs at any scale. 

In view of the anisotropy and the GW propagation equation, (1) and (6) re- 
spectively, this translates to the theory-space parameters entering c to be the same 
modifying the propagation of GWs. This link establishes a phenomenological bridge 
between two apparent disconnected regimes, connecting the physics of large-scale 
structures in the Universe with the propagation of GWs at any scale. 


5. Dark energy phenomenology after GW170817 


“Recently, the speed of GWs was measured from an observation of a merging neutron 
star and an electromagnetic counterpart, yielding the extremely strong constraint 
ler/c — 1| € 10715. The observation has essentially ruled out all gravitational 
interactions which change the light cone structure of GWs — these are typically 


*'This section closely follows the results presented in Ref. 12. 
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terms which mix kinetically the scalar with the metric, beyond the simple conformal 
coupling (Brans-Dicke/f(R)). In light of the previously discussed link between 
GWs and the large-scale structure of the Universe, this new constraint can be 
translated to phenomenological predictions at large scales. Below we discuss the 
implications for the theory space of different families of models following the results 
and notation of the original work. 1? 

Scalar-tensor theories: For Horndeski theories, the surviving theory space is 
described by 


f(¢) 
L= 


R+ K(X, 4) — G(X, 6)09. (7) 


Notably, the only non-minimal coupling between scalar and curvature allowed is of 
the conformal type. The second term in (7) encompasses the k-essence/quintessence 
theory, while the third one the so-called kinetic gravity braiding.?? At the linear 
level of scalar perturbations, the theory (7) is described by three functions of time, 
namely the so-called kineticity (o(t)), braiding (ag(t)) and Planck mass rate 
(am(t)). The first one measures the amount of fluctuations of the scalar field, the 
second the braiding between scalar and metric fluctuations, while the third the rate 
of change of the evolving Planck mass. In the quasi-static limit, it turns out that 
for the effective Newton's constant for the theory (7) reads as 


(& +am)? 
Y = 1 + —— 8 
AM 5 (8) 
with Y (t, k) = —2k?M2W/(a?p,,6,,). Here, & = ay + op is sourced only through 
the third operator in (7) and is zero otherwise, since ay = -—ap for Brans- 


Dicke/ f (R) and am = 0 = ag in minimally-coupled models. N is associated with 
the sound speed of the scalar and is required to be positive. For the gravitational 
slip and lensing parameter one finds that, 


u 2a y (5 + o) 5 Y(n+1) 
2N + (&--ay)?' 2 ` 


n-1= (9) 
From these relations it is straightforward to conclude for the updated phenomenology 
of scalar-tensor theories at large scales: The strength of clustering can be only 
made stronger than or equal to that in GR, that is, Y > 1. The lensing is the 
same as in GR (X = 1) as soon as the third operator in (7) (braiding term) is 
absent (ag = —ay or ag = 0 = am) - this is to be expected, as conformally- 
or minimally-coupled models do not affect null geodesics. However, as soon as the 
braiding term is included it is X Z 1. As regards the slip parameter 7, that can be 
on either side of its GR value, i.e 7 « 1 or 7 1. 

Vector theories: Let us start with Einstein-Aether theories. The theory intro- 
duces three constant parameters f; associated with each operator in the action. 
The requirement of c. = 1 imposes that £1 = — 3, and at the same time eliminates 
the vector's anisotropic stress contribution, fixing 7 = 1. For the effective Newton's 
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coupling, it is Y = (1 +382)/(1 — 81). Given that stability requires 62, £1 > 0, then 
Y > 1, as was the case in Horndeski models. 

On the other hand, generalised Proca theories are characterised by six free func- 
tions at the level of the action, and similar to Horndeski theory, these combine to 
form a set of time-dependent functions that control scalar linear perturbations. The 
terms in the action that affect the GW propagation are those that kinetically mix 
the vector with the metric — It turns out that, for the associated free functions of 
these operators, G4 = const and G5 = 0.??2^ For this case the gravitational slip 
parameter becomes always equal to unity 7 = 1, while for the effective Newton’s 
coupling (within the quasi-static approximation) we find that, 


2 

— 3105 
y=), bo ss T] 10 
N =” (10) 


where we used the notation of Ref. 25 for the background functions w;(t). We 
further defined the quantity N = 2435/6 + waw2, which is related to the sound 
speed of the new degree of freedom, and the functions we2,w3, u2 are defined in 
Ref. 25. Investigation of the explicit expression for ws, along with the requirement 
of absence of ghost instabilities implies that w3 < 0 and on similar grounds, the 
stability of scalar fluctuations requires that N > 0. From these, it follows for this 
case too that, Y > 1, that is, the clustering of matter can be made either equal 
or stronger compared to GR for these models (Y > 1), similar to the previous 
models. 

As we discussed in Section 3, massive/bi-gravity theories predict that GWs prop- 
agate with c4 = 1, hence the recent measurement has no implications for their 
theory space. 


Consistency conditions: Based on the above, and working within the small- 
scale limit of the quasi-static approximation (i.e k — co), we can extract two new 
consistency conditions for scalar-tensor theories at large scales?: 

l.n«land X = 1: An imprint of a conformally coupled scalar field (Branks- 
Dicke/ f (R)). 

2. n >1 and/or X # 1: An imprint of the presence of a kinetic braiding term 
in the action, in addition to the conformal coupling to curvature. 

For vector models, an important corollary is the characteristic combination 7 = 1 
and Y > 1. 

It is interesting to remark that future direct observations of GWs can probe the 
running rate of the Planck mass in the surviving scalar-tensor sector as was argued 
in Refs. 27, 28, 29. 


dFor minimally-coupled scalar-tensor models it is easy to see that 7 = 1 and Y > 1. Notice that 
here, we do not consider the possibility of special configurations such as the scenario of No-Slip 
gravity of Ref. 26. 
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Table 1. Phenomenological implications for the gravitational slip and lensing 
parameters 7 and X respectively, after the recent measurement of the speed of 
GWs (see Section 5). 1? The first two rows describe the surviving theory space 
of Horndeski models, while the second and third one the Einstein-Aether and 
generalised Proca vector theories respectively. In all models, it now turns out 
that for the effective Newton's coupling at large scales it is Y > 1, i.e, clustering 
of matter is equal to or stronger than in GR. 


Mod] 75z$/V EXz(ü/2m-)Y Y - 
MŽR + K(ó, X) 1 1 ¥Y>1 
f(G)R + K(o, X) <1 1 Y21 
f($9)R4 K($, X) - G(X,9)Ll <lor>1 Al Yoi 
Einstein-Aether =1 Al Yol 
Generalised Proca =l Al You 


6. Summary 


In this short paper we summarised key results from our previous works on the sig- 
nificance and the construction of model independent tests of gravity at cosmological 
scales, their intimate relation with the properties of GWs and the most recent phe- 
nomenological implications of GW observations for dark energy models. The recent 
measurement of the speed of GWs placed surprisingly stringent constraints on the 
theory space of gravity models, and allowed for robust cosmological predictions 
that can be accurately tested with the future Euclid satellite mission.?? The new 
predictions and consistency conditions for the gravitational slip, weak lensing and 
effective gravity strength parameter summarised in Section 5, provide a challenge 
for the surviving models that will be tested with future surveys. 
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Multipole vectors and pseudo entropies provide powerful tools for a numerically fast and 
vivid investigation of possible statistically anisotropic, resp. non-Gaussian signs in CMB 
temperature fluctuations. After reviewing and linking these two conceptions we compare 
their application to data analysis using the Planck 2015 NILC full sky map. 


Keywords: Cosmic Microwave background; data analysis; entropy. 


1. Motivation 


Over the past 50 years the cosmic microwave background (CMB) has become the 
main source of information about the early universe. It displays a nearly isotropic 
black body with an order 107? dipole modulation due to peculiar motion and order 
107? anisotropies which depict energy density fluctuations on the last scattering 
surface (LSS). Motivated by the simplest inflationary scenarios and linear pertur- 
bation theory these anisotropies are commonly assumed to be statistically isotropic 
and Gaussian, which means that if one decomposes the relative temperature fluc- 
tuations on the celestial sphere into spherical harmonics 


oo l 

oT (0, $) = 5 5 GimYim(9, $), (1) 
l=1 m-—-l 

the joint distribution of the spherical harmonic coefficients am for a given multipole 

number | should be isotropic 


p(R{aim}) = p({arm}), (2) 


where the rotation acts on the am via Wigner symbols, and Gaussian 


pai) =N exp | 75 So at Dimm'arm ]- (3) 
EE 

Since the one-point function of the aj, vanishes, Gaussianity implies that all in- 
formation about ôT is encoded in the two-point functions (@jmQim/) = D od and 
statistical isotropy further reduces the degrees of freedom to one per multipole num- 
ber by diagonalizing the covariance T ot = Ciômm. This yields the power spec- 
trum which is commonly used as the main source of information about the CMB. 
Hence, the two basic assumptions reduce the real degrees of freedom per multipole 
from 2l + 1 to one. If one or both of the assumptions are relaxed, one needs to 
find additional data compressing measures which are easier and can be interpreted 
more directly and vividly than the am. In this contribution we describe and link 


two approaches to find such measures which are furthermore complementary to 


1132 


the power spectrum in information content. The first approach concerns multipole 
vectors whose use is motivated by large scale anisotropy anomalies that have been 
found recently and the second approach introduces pseudo entropy measures on the 
space of spin states associated to temperature fluctuation fields which provide a 
non brute-force method to investigate non-Gaussianities and are motivated by the 
analogy to statistical mechanics where the large number of microscopic degrees of 
freedom is essentially captured by a few macroscopic quantities such as entropy. 


2. Multipole vectors and pseudo entropies 


Multipole vectors (MPVs) have been introduced to CMB data analysis in Ref. 1. 
and were used to identify one of the three basic “atoms” of large scale isotropy 
anomalies. It was found that the quadrupole and octupole are correlated, that the 
octupole is unusually planar and that both quadrupole and octupole are unusually 
orthogonal to the Ecliptic Plane and aligned with the Solar Dipole, see the review 
in Ref. 2. Contrary to the behavior of spherical harmonic coefficients, MPVs rotate 
rigidly with the celestial sphere and therefore put themselves forward as the correct 
basic constituents of measures of statistical anisotropy. Let € = (el,c2,e?)T = 
€(0, 9) be a unit vector, then the basic idea is to observe that the /-multipole-part 
of ôT is a homogeneous polynomial of degree | and to decompose it according to 


(T) (E0, p) = AM [ol e£] [e e] = BO TT 2-0) + FO(0, 9), (4) 


l 
=1 


V 
where A“) and B® are real constants, F is a polynomial of defree | — 2 and 
Einstein's summation convention was used.? The 5^! are the MPVs and contain all 
information content of the temperature map up to a constant amplitude. Since the 
power spectrum is contained within this amplitude, the information content of the 
MPVs lies in the complement of the space of C;-information. Hence, MPVs provide 
an interesting tool to test if this subspace is non-empty, i.e. if the temperature 
map is statistically anisotropic. In fact, as shown in Ref. 4 the statistical behavior 
of MPVs is the same for the larger class of all completely random sets of aim, i.e. 
P({aim}) = fŒ m |aim|?), which contains the standard ACDM case but also some 
isotropic non-Gaussian maps. Note, that the /-multipole part of ôT can also be 
viewed as a normalized spin-l state 


ôT) = V Gim|tm) (5) 


up to an amplitude which contains the information about Cı, where the aim have 
been normalized to àj,,. Then the contraction of Bloch coherent states with such a 
temperature state and stereographic projection yield a complex polynomial 


l 
2l ^. " i 1 
KAT) ~ Yo (yt ~e- (am): M 


i=l 


1133 


whose 21 zeros are the stereographic projections z^? of the MPVs v^? and their 
antipodes.? Bloch coherent states are given by the rotation of the highest spin state 
IQ) = R(Q)|I, I) by angles € = (0, 9). For a detailed review on MPV constructions 
see Ref. 6. Now one can define the most classical quantum entropy which is named 
Wehrl entropy 


1) 
s" = sory) = -E 


CED [ae venous Quom). 0) 
and which is used for CMB data analysis as a measure of randomness of temperature 
fluctuations." The disadvantage of the Wehrl entropy is its numerically expensive 
form and hence one seeks measures that approximate the Wehrl entropy reasonably 
well but are much easier to compute. Since the temperature map describes a pure 
state, the usual von Neumann entropy is trivial. The basic idea to overcome this 
problem is to apply a quantum channel ®, which respects isotropy, to the pure 
temperature state p; = |6T),(dT| to obtain a mixed density p? and afterwards 
apply the von Neumann entropy to get a mixed pseudo entropy 


SP (9) = —Tr (pf log(p?)) - (8) 


The term “pseudo” shall indicate that the resulting quantity loses some proper- 
ties entropies usually possess. From now on we drop this adjunct. In Ref. 8 we 
introduced two convenient choices of rotationally symmetric quantum channels: 


e The j-projection entropy uses the mixed density 


io E 2] -1 
p? iG). — oP O p) = 


LPS qu spas 9 
203 j)41 l+j (pi & j) l--js (9) 


where P;,; denotes the projection to the [l + j]-subspace of [I] & [j]. It converges 


to S" + log E) for j — oo, but not uniformly. The additional term does 
not depend on the data, but just on the numbers / and j and henceforth in data 
analysis this term does not need to be taken into account. Therefore one may say 
that in the realm of data analysis the projection entropy converges to the Wehrl 
entropy. 


e The angular entropy uses the mixed density 


py > = QUE) = 


3 


where the L; are the angular momentum operators acting on spin space. For 
| = 2 it measures the repulsion of MPVs and shows the exact same behavior as 
the Wehrl entropy once an overall shift and dilation in absolute value has been 
accounted for. Let e be the squared chordal distance between the two MPVs on 
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a sphere of radius 1/2, then the angular and Wehrl entropy can be expressed as 
SoB e= 0 (a — €)? log (1 — €)? + log (&)) — log (22) (11) 


SY (9) = «(9 - log(c(9) + Ž — log(6), (12) 


where c(e) := (1 — (1 — €))~!. Motivated by this result, the convergence of the 
projection to the Wehrl entropy and the numerically similar behavior, we propose 
that the similarity of Wehrl and angular entropy as well as the interpretation as a 
measure of repulsion between MPVs should be valid on all scales, at least approx- 
imately. Since repulsive behavior of zeros of random polynomials is connected to 
the degree of Gaussianity of the polynomial, we consider the angular entropy as 
a simple measure for deviations from Gaussianity, at least as long the deviation 
causes an exit from the space of completely random distributions. Furthermore, 
we showed that the probability distribution of the angular entropy is highly sen- 
sitive to "small" deviations from Gaussianity, in the sense that if one replaces 
i MPVs from a Gaussian map by uniformly distributed unit vectors — which 
constitutes a deviation from Gaussianity without violating isotropy — the shift 
in distribution is sizable and the largest portion of shift is obtained from the first 
replaced vector. 


Since all entropy measures use the normalized temperature state, their information 
content is complementary to the C;, which is also the case for MPVs. Using the 
latter to build vivid scalar quantities yields additional measures, which we interpret 
as measures of statistical anisotropy. In Ref. 6 we used the following statistics: 


e The internal/inner statistics 


2 : 
sil(1) = |o (59 . i9) (13) 
I(l- 1) 2. 
6 : 
(10 EDEN SERE (Li) ve zI) \ . ok) 14 
PD (103 2- le ida ) i | 05) 


measure internal alignment and non-planarity of multipoles. In structure and 
interpretation these statistics share some similarities with the entropy measures. 
e The external/outer statistics 


ska = iy DI d. Di (15) 


s% (0) = m ^ (gd x ve). 


i<j<k 


(16) 


where D denotes some given outer physically motivated direction, measure outer 
directional or planary influences on the data. 
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3. Application to data analysis 


Both methods have been applied to Planck 2015 and Planck 2018 full sky maps in 
order to compare them to statistically isotropic and Gaussian random maps and 
investigate if any signs of possible violations appear on multipole numbers up to 
50 (MPVs), resp. 1000 (entropies).55 In Fig. 1 we compare 5*?"£ (8)(10), -! (13), 
and Ss (15) with the Solar Dipole as a given physical direction D using the NILC 
2015 full sky map. We use the negative of S|! because it allows for an interpretation 
as a measure of non-alignment which is related to the interpretation of S?"$ as a 
measure of repulsion. One observes that the general behavior of both S?"€ and Sl 
as a function of l approximately agrees while unlikely multipoles are much more 
pronounced in $*"$, 8; clearly deviates from the others and the clustering of 
low-likelihood multipoles at | € [2,5] reproduces the corresponding atom of CMB 
anomalies. Note that for the sake of clarity 1/30-boundaries are not shown due to 
their different relative distances among the statistics, but note that lo 4 $(20). 
Eventually we summarize further results that were obtained in Refs. 6, 8. With 
the MPV statistics the behavior of three full sky maps shows up to be similar even 
without applying masks, and no global anisotropies could be identified on | € [2, 50]. 
After masking, the behavior of SEVEM approaches that of the other maps. The 
direction that is visible in the data most is the Solar Dipole, which appears in 
the large scale anomalies and via a clustering of lo (anti-)alignments around | = 
20. Using the entropies the findings on masking, non-masked SEVEM, similarity 
between the other maps and overall normal behavior agree with those obtained 
with MPV statistics, but the entropy shows above 2/30 unusual values at | = 5/28, 
which are curious because their values are higher than expected. It is unclear which 
kind of physical temperature map can result in too high entropies. The large-scale 
anomalies are visible when applying the range angular entropy, which takes into 
account ranges and possible correlations of multipoles. A comparison between 2015 


e s" e 
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Fig. 1. Comparison of MPV statistics and angular entropy via the deviation of NILC 2015 full sky 
data from isotropic, Gaussian expectation in units of 2o-deviation calculated with 104 (entropy) 
and 10? (MPVs) ensembles on the range I € [2, 30]. 
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and 2018 data revealed that the change in NILC and SMICA is negligible while 
unmasked SEVEM has been enhanced. The angular entropy can also be used on 
very small angular scales with moderate computational expense. 


Conclusions 


MPV statistics yield vivid measures for identifying possible statistical anisotropies, 
possibly induced by physical influences measured via effects of outer directions. On 
the other hand our entropy methods yield fast measures for non-Gaussianity which 
allow for investigation down to small angular scales | > 1000. Both methods are 
mathematically related, see Eqs. (6), (11) and (12), and yield information content 
that is complementary to that of Cı. Note that in the future effects of inhomo- 
geneous noise and masking should be taken into account more thoroughly. Our 
methods need full sky data but using e.g. spherical cap harmonics or other local 
methods one could make more sense of the statistics when applying a mask. An 
interesting future task would also be to redo the analysis using full focal plane sim- 
ulations. Finally an efficient measure for unlikeliness when picking out ranges of 
random size needs to be worked out. 
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We present a preliminary analysis of the optical system of the STRIP instrument of the 
Large Scale Polarization (LSPE) experiment, which aims at polarization measurements 
of the Cosmic Microwave Background on large angular scales. STRIP will observe ap- 
proximately 2596 of the Northern sky from the Observatorio del Teide in Tenerife, using 
an array of forty-nine coherent polarimeters at 43 GHz (Q-band), coupled to a 1.5 m fully 
rotating crossed-Dragone telescope. An additional frequency channel with six-elements 
at 95 GHz (W-band) will be exploited as an atmospheric monitor. 

Non-idealities in the optical system may introduce limitations in achieving high pre- 
cision measurements, if not well understood and controlled. For this reason, we studied 
the optical design of STRIP, its characteristics in terms of performance on angular res- 
olution, sidelobes, main beam symmetry, polarization purity and feedhorns orientation, 
by means of electromagnetic simulations. 


Keywords: CMB polarization, ground-based telescope, microwave optical simulations. 


1. Introduction 


The characterization of the polarized signal of the Cosmic Microwave Background 
(CMB) is, nowadays, one of the most important branches of observational cosmol- 
ogy. A direct measurement of the slight trace left by primordial gravitational waves 
on the CMB polarization pattern (the so called B-modes) would shed light on the 
first seconds of our universe. 

The amplitude of the B-mode component is parametrized by the tensor-to-scalar 
ratio r and, to date, only an upper bound at r < 0.07 at 95% C.L. has been set by 
the joint BICEP2/Keck Array and Planck analysis. t 

Besides a strict control of the instrumental noise and systematic effects, a deep 
knowledge of astrophysical foregrounds is a key element for polarization analysis. In 
fact, both synchrotron and thermal dust emissions are partially linearly polarized. 
Since there is no region of the sky, at any frequency, where Galactic foreground 
contamination lies below a B-mode signal, it is important for all future experiments 
to monitor the foreground emissions with several frequency channels. 

In this context, we find the STRIP instrument of the *Large Scale Polarization 
Explorer" (LSPE), which is the Italian Space Agency's upcoming experiment for 
the observation of the CMB polarization on large angular scales. 
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LSPE? combines ground-based and balloon-borne observations and aims at im- 
proving the limit on the tensor-to-scalar ratio down to r = 0.03 at 99.7% confidence 
level. A second target is to produce wide maps of foreground polarization generated 
in our Galaxy by synchrotron and interstellar dust emissions in a range of frequen- 
cies between 40 and 250 GHz, observing a 2596 fraction of the sky in the Northern 
hemisphere. 


2. The STRIP Instrument 


STRIP is the ground-based instrument of the LSPE experiment that will observe 
the sky for two years from the “Observatorio del Teide" in Tenerife, starting in early 
2020.? STRIP will scan the sky with a continuous azimuthal spin at 1 r.p.m., while 
maintaining the telescope boresight at a fixed elevation angle (approximately 20° 
from the Zenith at Tenerife latitude). 

STRIP consists of an array of forty-nine coherent polarimeters, arranged in 
seven modules, operating in a 18% frequency band centered at 43 GHz (Q-band) 
and six polarimeters operating in a frequency band centered at 95 GHz (W-band) 
for atmosphere monitoring. Receivers are cooled down to 20 K in a cryostat placed 
in the focal surface of a dual reflector telescope, with a 1.5 m primary mirror. 

The STRIP goal sensitivity on Stokes parameters is 6Q(U)deg < 1.2 uK for the 
Q-band and 6Q(U)deg < 4.5 uK for the W-band. Each Q-band receiver includes a 
circular corrugated feedhorn, a polarizer, an orthomode transducer (OMT) and a 
polarimeter module, which enables the detection of the Q and U Stokes parameters. 

'The W-band channel consist of a corrugated feedhorn and a septum polarizer, 
matched to a correlation polarimeter module. This channel will be used especially to 
track the amount of water vapor, which is the primary cause of atmospheric opacity. 
Characterizing the Tenerife observing site at W-band, i.e., near the foregrounds 
minimum, is of high interest also for potential future CMB experiments covering 
the Northern hemisphere. 


3. The STRIP Optics 
3.1. The telescope 


The STRIP dual-reflector telescope is based on a Dragonian cross-fed design, with 
a projected aperture of 1.5 m. The crossed Dragone design is characterized by 
a parabolic primary mirror and hyperbolic secondary arranged to provide a large 
field of view and to aberrations at the center of the field. Moreover, the Dragonian 
configuration is the best in terms of polarization purity and symmetry over a wide 
focal region. * 

The primary mirror of the STRIP telescope has an offset parabolic shape, with 
a 1500 mm aperture. The secondary mirror is an offset concave hyperboloid, with 
a 1719.76 mm x 1658.7 mm wide elliptical rim. The telescope provides an angular 
resolution of ~ 20’ in the Q-band and ~ 10' in the W-band. The entire dual-reflector 
system has an equivalent focal length of 2700 mm, resulting in a F#~ 1.8. 
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The whole array of feedhorns is placed in the focal region of the telescope, 
ensuring no obstruction of the field of view. All feedhorns modules have been 
placed according to the telescope focal surface (see Fig. 1) and oriented towards the 
main reflector center, so that an optimum spillover is obtained while guaranteeing 
low level of cross-polarization contamination. 


100 f 


z (mm) 


Fig. 1. Focal surface of the STRIP dual-reflector telescope. 


3.2. Mount and shielding structures 


The telescope is surrounded by a comoving baffle made of seven aluminum plates in 
order to reduce the contamination due to the sidelobes. This optical assembly is hold 
by a mount, which allows the STRIP optics and receivers to point at any direction 
in the sky. The telescope mount, already built for the CLOVER experiment”, is a 
three-axes system that can fully rotate in azimuth and reach elevations from 0? to 
89.5?. The telescope elevation angle will be fixed at approximately 20?. 


3.3. Electromagnetic model 


The STRIP optics have been modeled with the software GRASP*. The model in- 
cludes the two nominal reflectors, forty-nine Q-band feedhorns and six W-band 
feedhorns, and the shielding structures, which redistribute the power that is radi- 
ated by the feedhorns and is not reflected by the telescope (see Fig. 2). 

Main beams and sidelobes have been simulated and analyzed separately, because 
of the different sampling in the 0 and @ coordinates and the different simulation 


?'The GRASP software is developed by TICRA (Copenhagen, DK) for analysing general reflector 
antennas. 
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Fig. 2. Telescope and shielding structure model with the ray-tracing of some MrGTD contribu- 
tions in the symmetry plane. 


technique. Main beams have been simulated using the Physical Optics (PO) method, 
which computes the induced currents on the reflecting surfaces in order to obtain the 
total field. This method is the most accurate for predicting beams; however, in the 
sidelobes region, the PO integrand oscillates and a finer integration grid is required, 
leading to an increasing computation time. For this reason, the sidelobes have been 
computed using the Multi-Reflector Geometrical Theory of Diffraction (MrGTD), 
which represents a suitable method for predicting the full-sky radiation pattern of 
complex mm-wavelength optical systems, because it computes the scattered field 
from the reflectors performing a backward ray-tracing. 


4. Performance Analysis 


'The radiation pattern of the feedhorns in the STRIP optics have been simulated 
in their main beam coordinate system at 43 and 95 GHz, exciting each feedhorn 
individually with a linearly polarized signal. Fig. 3(a) shows the footprint of the 
forty-nine beams at 43 GHz in the sky, while Fig. 3(b) shows the footprint of the 
six beams at 95 GHz. 

Given the telescope configuration and the feedhorn off-axis location on the focal 
surface, the main beams are not perfectly Gaussian, so that they cannot be described 
by a single parameter. For a complete characterization of the main beams, several 
descriptive parameters have been evaluated: the angular resolution (FWHM), the 
ellipticity (e), the main beam directivity (D), the cross-polar discrimination factor 
(XPD) and the spillover. For the Q-band, the angular resolution is around 21' and 
the directivity is around 54.7 dBi for all the Q-band channels, while the XPD ranges 
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(a) (b) 
Fig. 3. Q-band channel (a) and W-band channel (b) footprints on the sky as seen by an observer 
looking towards the telescope along its optical axis. The origin of the uv-coordinate system is 
at the center of the focal plane. The z-axis is along the line-of-sight and points towards the 
observer. 


from 40.8 to 44.5 dB. For the W-band, the angular resolution is around 9.5’ and 
the directivity is around 61.4 dBi. 

We computed also the sidelobes of the STRIP telescope up to the 3"7 order of 
interaction (i.e. reflection or diffraction), for some representative channels. They 
are unevenly distributed and concentrated mainly in two areas, namely the “direct 
contribution" and the "spillover" (see Fig. 4). The direct contribution is generated 
by the rays entering the feedhorns without any interaction with the reflectors; its 
shape and power level are given by the feedhorn radiation pattern pointing at about 
60? from the line of sight of the telescope. The spillover is primarily due to rays 
reflected by one of the shields and then reflected by the sub-reflector. The radiation 
patterns of both the Q- and W-band corrugated feedhorns have been measured in 
an anechoic chamber to check the compliance with the requirements and verify the 
reliability of the GRASP model. 


5. Conclusions 


In this paper, we presented a preliminary analysis of the optical system of the STRIP 
instrument of the LSPE experiment. All the main beams have been computed 
and we retrieved the main descriptive parameters. Concerning the sidelobes, we 
analyzed only four representative channels, which revealed that particular attention 
should be paid to multiple reflections inside the shielding structure. 

'The analysis will be repeated evaluating the response in the bandwidth, because 
accurate predictions of the telescope response are essential for an in-depth knowledge 
of the whole instrument response and for the development of the data reduction 
pipeline, where also instrumental systematic effects are taken into account. 
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Fig. 4. Far sidelobes at 43 GHz for the feedhorn placed in the telescope focus. The main beam 
points to the top of the map (0 — 0?) and peaks at 54.76 dBi. The direct contribution is due to 
the feedhorn sidelobe and peaks at about -5 dBi, while the spillover is due to a double reflection 
inside the shielding structure and peaks at about -0.8 dBi. 
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One of the main goals of modern cosmology is to probe inflationary theories by looking 
on the imprint of primordial gravitational waves in the cosmic microwave background 
(CMB) polarization field. Future CMB experiments face the great challenge to search 
for this primordial B-mode signal. However, the CMB sky is also filled with secondary 
B-modes, including CMB lensing and astrophysical foregrounds. Extracting the CMB 
B-mode polarization from astrophysical contaminations is a primordial task towards 
detection of the primordial signal. We use the analytical method of blind separation 
(ABS) proposed by Zhang, P., et al. (2019) to reconstruct the CMB B-mode power 
spectrum in the presence of foregrounds and white noise considering a full sky analysis 
for r= 0. 


Keywords: CMB, foregrounds, statistics. 


1. Introduction 


The temperature anisotropies of the cosmic microwave background (CMB) radiation 
have been extensively addressed in the literature during the past three decades, 
being well characterized by various experiments such as WMAP [1, 2] and Planck 
satellites [3]). It is well known that these surveys detect not only the CMB signal 
itself, but a mixture of different emissions, including astrophysical foregrounds. One 
of the challenges in analyzing the CMB data has been the component separation, 
a fundamental step towards the efficient recovery of the CMB power spectra, thus 
the estimation of the cosmological parameters. Ongoing experiments targeting the 
polarized signal already face the difficulties of extracting the E-mode [4, 5] and 
specially the B-mode [6] polarization field from foregrounds. 

Focusing on the CMB B-mode field that can probe inflation on large angular 
scales, we use the analytical method of Blind Separation (ABS) developed recently 
by [7] to extract the CMB simulated signal from foregrounds considering a multi- 
frequency future experiment. Contrary to other “blind” methods, such as the in- 
ternal linear combination (ILC) [8-15] or the the Spectral Matching Independent 
Component Analysis (SMICA) [16-19], the ABS do not involve heavy computa- 
tion. Moreover, it consists of the measured cross band power between different 
frequency bands, which is derived analytically in order to avoid multiple param- 
eter fitting. Moreover, the ABS method was already successfully tested against 
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simulated temperature Planck maps [20]. Here, we start the study of the ABS 
performance on the CMB polarized signal. 


2. The CMB polarization field 


The linearly polarized CMB field is described by Q and U (Stokes parameters) which 
can be combined into a spin-(2) and spin-(-2) fields, such as P4 (ñ) = Q(n) x: iU (fi). 
For full sky, these spin fields can be expanded over spin-weighted harmonic functions 
basis [21]: 


Ps (fi) = be Q2, lm Yem (ù). (1) 


m 


'The polarization field can also be written as the E and B components, which are 
defined in terms of the coefficients ai2,¢m in the harmonic space as 


1 
Eom = — = [az em + à —2.£m]: Bem = — — [a2 em m 0—2.£m]- (2) 
2 2i 


The above definition allows E(f?) and B(ft) polarization sky maps to be written 
in terms of spherical harmonics, 


E(A)S M Es, Yo(8R), BA) = V, Bis Yo (fi). (3) 
Lm im 


'The power spectra being 


1 1 
EE — * BB — * 
C; = 261 3 m ER; C; — 261 Bis Boa: (4) 


m m 


The brackets indicate the average over all realizations. In this work, we will con- 
sider only the B-mode field and our ability to recover the B-mode power spectrum 
from a multi-frequency future CMB experiment. 


3. The ABS method 


The ABS method analytically and blindly recovers the CMB power spectra from 
a contaminated map, relying on the measured cross band power between different 
frequency bands. The data in the multipole bin £ can be written as 


DEP (£) — fifi D?» (0) + Di"*(£) + gp. (5) 


Here, D$Ps£) represents the cross band power spectrum of the B-mode power 
spectra at the i- and j-th frequency channels, where i, j = 1,2---Ny and Ny is the 
total number of frequency channels.The three main contributions to the signal are 
Due which expresses the cross band power matrix of the foregrounds, D*"^ being 
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the CMB signal and D7?**(/), which stands for the noise contribution to the total 
B-mode power spectrum. f; = 1 for all channels in the units of thermodynamic 
temperature. 

The CMB power spectrum can then be analytically derived such as [7] 


M44 -d 
Domb = (X ex) (6) 
u=1 


for M < Ny, where M = rank(D'*), which depends on the number of independent 
foreground components. The order of Debs (£) is Ny. In the above equation, G, = 
f. E" and f = (fi,...,fn,)’. The p-th eigenvector and the associated eigenvalue of 
Dops (£) are represented by E” and A,,, respectively. The eigenvectors are normalized 
as E^ - E" = dup. 

Taking the instrumental noise into account, we modify Eq. 6 such as 


=1 
g aie " Doe -— 
Dra | Ww GAS] -s. DPs z 


noise 


noise 
ODi OD, 


J 


Íi = M - ; G; 
noise 
VIDi 


The matrix pus has E^ and n as the u-th eigenvector and corresponding 
eigenvalue, respectively. To avoid unphysical eigenmodes a threshold corresponding 


Il 
FRI 


-E“. (7) 


to Acut in Eq. 7 is taken into account, since the instrumental noise can lead to 
noise dominated eigenmodes with eigenvalues of |A,| < 1/2 in no (see the details 
at [7, 20]). Moreover, the free shift parameter S is responsible for stabilizing the 
numerical calculations, specially in the case of the CMB B-mode power spectrum 
due to its small amplitude together with a high instrumental noise. In the next 
Section, we apply the ABS method to our polarized simulations. 


4. Our simulations and results 


We consider a future-like experiment with 10 frequency bands described in Table 1. 
The polarized maps are generated for these bands using the LensPix software [22, 23] 
with resolution of Nsiae = 1024. The predicted CMB B-mode power spectrum was 
obtained by running the public available code CAMB [24], considering the best fit 
parameters from the standard cosmological model [25] for r = 0. 

We added to the CMB Q and U maps two polarized foregrounds adopting the 
nominal PySM model [26] as the fiducial foreground model: thermal dust and syn- 
chrotron. Finally, a Gaussian instrumental noise, uncorrelated from pixel to pixel 
and from channel to channel, is also considered. In order to properly test the ABS 
method in the presence of noise, we generated 50 independent noise maps for each 
frequency band, being the CMB B-mode power spectrum recovered by averaging 
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Table 1. The considered experimental setup 


Band center Beam FWHM noise level 
(GHz) (arcmin) (uKomeB- arcmin) 
030 28.3 12.4 
043 22.2 7.9 
075 10.7 4.2 
090 9.5 2.8 
108 7.9 2.3 
129 7.4 2.1 
155 6.2 1.8 
223 3.6 4.5 
268 3.2 Sal 
321 2.6 4.2 


over these sky maps. The associated statistical errors are obtained from its dis- 
persion. It is important to point out that the CMB signal and the foreground 
components are fixed for all realizations. The results are shown in Figure 1 for 
las = 1050. 

Finally, in order to visualize the difference between the recovered and the “true” 
B-mode power spectrum, we also show in Fig. 1 the relative error, Dee / preal —1, 
in the percentage level. For full sky, the recovery of the B-mode power spectrum 
using the ABS method is in agreement with the “true” one for all multipole range 
within 2096, even though the 1-o confidence level for the reconstructed B-mode 
power spectrum is quite large at low-£ region. 


5. Conclusions 


We used the ABS methodology to estimate the CMB B-mode power spectrum 
considering a full sky approach. The ABS estimator was applied to simulated muti- 
frequency maps at 10 different frequency bands centered at 030, 043, 075, 090, 108, 
129, 155, 223, 268 and 321 GHz mimicking a possible future CMB experiment. 
As for foregrounds, we added thermal dust and synchrotron, in addition to the 
Gaussian uncorrelated noise. 

'The results for the ABS method for recovering the CMB B-mode power spectrum 
in the presence of foregrounds are promising. We found that for the full range of 
considered multipoles the ABS is able to perform robustly, being the B-mode power 
spectrum recovered within 2096 compared with the input spectrum. Moreover, 
considering ground based experiments, which are the near future surveys designed 
to measure the B-mode signal, a partial sky analysis must be taken into account. 
Such analysis is in preparation [27]. 
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Fig. 1. Upper pane: The CMB binned B-mode power spectrum (Al = 50) estimated from the 
ABS approach from a future experiment specified in Table 1 (green curve), considering r = 0 
and smoothed to a Gaussian beam with FWHM-28.3'. The red curve corresponds to the CMB 
B-mode power spectrum from the sky realization without noise or foregrounds (“true” spectrum). 
The associated 1-o statistical error are also shown in the shadow region, based on 50 independent 
realizations of the instrumental noise. Lower panels: In comparison with the true power spectrum, 
the relative error, Domb /preal — 1 in the percentage level. The symbol colors and sizes illustrate 
deviations from 096 in respect to the "true" spectrum. 
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Cosmic strings in the early universe have received revived interest in recent years. In 
this work we derive these structures as topological defects from singular distributions of 
the quintessence field of dark energy. Emphasis is placed on the topological charge of 
tangled cosmic strings, which originates from the Hopf mapping degree and is a Chern- 
Simons type action possessing strong inherent tie to knot topology. It is shown that 
the HOMFLYPT (Jones) polynomial can be constructed in terms of this charge, serving 
as a topological invariant much stronger than the traditional Gauss linking numbers in 
characterizing string topology. This method induces applications in two aspects. One is 
to search a tool to measure the cascade of decreasing topological complexity and that of 
decreasing energy/entropy. The other is arousing a promising mathematical approach 
for the study of physical breaking-reconnection processes of tangled cosmic strings. 


1. Complexity and cosmic strings 


Cosmic strings as one dimensional relics might have been produced in the early 
universe, which lead to galaxies and primordial supermassive black holes. Interest- 
ingly, tangled cosmic strings compacitificated in a region (contexture) could collapse, 
causing cold/hot spots in CMB.! Dynamical simulations show that tangled string 
structures whose components tend to move to each other and then reconnect at 
cross sites quickly become simpler ones to carry less energy/entropy. It is hard to 
analyze this topology-changing process from a pure dynamical point of view; fortu- 
nately, similar process has been investigated via topological complexity in classical 
fluids. By means of analogy with the knotted fluid structures, we intend to study 
the evolution of tangled cosmic strings via topological complexity. 

Let us start with a superconducting cosmic string (SCS) model with two massive 
complex scalars, @ and øg, 


ee 22 m 1 
s= [d [|B + |Duo| = GPM Fi, r Fw + V (6,0) E (1) 


where V (ó,o) = 1X; Gi - i) gi. Gi E i) + 8 là la|”. This model 
breaks the ¢-related U(1) symmetry in the ground state and keeps the o-related 
one yielding current-carrying SCSs with orientations. With fine-tuning of the Higgs 
sector, currents are held stable in the cores of the SCSs which can be treated as line 
defects when observed from far away. 

The equation of motion derived from (1) gives a distribution of the fundamental 
field ó on the base manifold. Introducing a covariant derivative Dind, = 0,0 — iAy, 
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which indeed corresponds to the parallel field condition in general relativity,?? we 
obtain a U (1) gauge potential induced by the ¢-distribution on the manifold. This 
A,, through the ¢-distribution, is able to reflect the topology of the tangled SCSs. 
Then, based on A, a low-energy classical Yang-Mills model can be proposed to 
present stable knotted soliton structures in three dimensions, where a topological 
charge Q is introduced to characterize the tangledness of the system, 4 


Q= | Anr, (2) 


where the field strength is defined as F = dA. This Q is recognized to be an integral 

of an abelian Chern-Simons (CS) type 3-form; traditionally, it can be delivered by 
N N 

topological numbers as Q (£) = 3; WSL(y) + X  WkWiLk(Yk, i), where 
k=1 k,l=1(k<1) 

L denotes the link, £ = QD, Yk. Wy is the topological charge (i.e., winding number) 

carried by the closed string yk. The SL(yp) is the self-linking number of a knot Yk, 

and Lk(^,^;) the Gauss linking number between two link components ^j; and yı.” 

This Q was used to study knotted cosmic strings in references.? 


0G dO e 


(a) (b) 


Fig. 1. Different topological configurations Fig.2. Different topological configurations 
have the same self-linking number 0. have the same linking number 0. 


However, the (self-)linking numbers are unfortunately weak invariants which fail 
to distinguish some typical knots/links such as in Figs. 1 and 2. In the following we 
will introduce more powerful tools of knot theory to characterize topology of SCS 
structures. Our starting point will still be the CS 3-form Q, which is able to generate 
various kinds of knot topological invariants thanks to the quantum CS topological 
field theory, such as the Kauffman bracket, Jones and HOMFLYPT polynomials, 
the Vassiliev finite type invariants via the Kontsevich integral, Khovanov homology, 
and so on. 


2. HOMFLYPT polynomial for SCSs 


SCSs have a chance to obtain released twist during evolutions, although the latter 
is not easy to be demonstrated mathematically. The Cálugáreanu-White theorem 
states that writhing and twisting both have independent contributions to string 
topology, hence we intend to construct the two-variable HOMFLYPT polynomial 
to catch the topological information of writhes and twists in SCSs. 
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Writhe contribution: Integrating off two dimensions from the triple integral (2), the 
CS charge Q becomes Q (£) = 35, Wk $5. Ajdx', where for simplicity one usually 
takes Wi = 1. According to Ref. 7, we propose to consider the exponential form 
exp (Q (£)) = exp (f, Aida’); in the following a bracket symbol is used, (£) = e@). 
Obviously, (O ye, 


(a) (b) (c) 


Fig. 3. The different states of four almost-the-same knots/links which differ only at one particular 
crossing site: (a) L4, over-crossing; (b) L.., under-crossing; (c) non-crossings: (left) Lo, left-right 
open; (right) Loo, up-down open. 


First, let us consider un-oriented strings. Preparing a path-dependent quantity 
a, defined by a = (y+) and o^! = (y) with ys = CO and y- = CO, we can 
follow the routine of knot theory to examine the basic states of Fig. 3. 


7 WPL Xe 00 
X 


ò Na viet we 


Fig. 4. Two channels for the over-crossing L+: left-right (LR) and up-down (UD) splittings. 


Second, based on an ergodic statistical hypothesis, a crossing site decomposes 
into two equivalent channels with the aid of two pairs of added imaginary strands 
which cancel each other. For instance, the over-crossing state LD, in Fig. 4 has 
the splitting (54) = (L4—- LR) + (L4- UD), where (Z,— LR) = eie. = efus 
and (L4— UD) = e *e9s- = an tefice , Performing a similar procedure for L_ one 
obtains (X ) = a()( )ta^! (= ) and OX ) zer Ox \ta (Xx j: Then, 
endowing the components of £ with orientations, and introducing a R-polynomial 
R{L] = a” (C), with w denoting the writhe of £, we achieve 


n(X)-#(X) - 00. o 


stands for the writhe contribution. This presents one of the 
skein relations (i.e., the definition formulae) of the R-polynomial. 


where z = @? — a? 
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Fig.5. Dehnsurgery. (a) A cosmic string with Fig. 6. A twisted ribbon can be decomposed 
intrinsic twist can be regarded as a twisted rib- into the sum of an untwisted ribbon, a trivial 
bon. (b) A 27-twist is added on a torus. annulus and a positive twisting operation. 


Twist contribution: In the context of physical knots, the Dehn surgery is considered 
as an idealized technique to treat insertion/deletion of intrinsic twists of knots, as 
showed in Figs. 5 and 6. The twisted string is mathematically identical to the sum 


of an untwisted ribbon, a trivial annulus and a positive twisting operation, ^? 


exp (5 ) = aexp (f | ) exp (fo | where a — exp T twisting -—Á j 
Introducing the so-called HOMFLYPT polynomial P (a, z) = a^" R (a, z), with a" 
being a compensation factor, 

4 


Comment. : w| | = +1, v[b] —-], w[O]-w[1 1-2 w[X] = Q. 


1.65, 


we arrive at the HOMFLYPT skein relations of P (£): 
(1) P(O) =1, (2) aP (5X) -a P(X) =P (XC). (4) 


Furthermore, if setting z = 7!/? — r7"? and a = r~t, (4) degenerates to the skein 
relations of the Jones polynomial:® 


Qv(O)-u @rV(K)-WCX) = 64-7 WV OO). © 


3. Example and conclusion 

Example: The recurrence relation of torus knots/links, T(2,n), is computed:? 
k^-72 (ky (2) pr 73. (y -3) 

Pron) = —— Pr(2,3) + ————- Prp(2,), where Pr(33) = 

2a-?--a-?2? — a^^ and Pro = à 12+ (a1 —a-3)z-! with z = k — k-1. Direct 

computation of the HOMFLYPT values of T(2, n) allows us to associate a sequence 

of decreasing numerical values to a cascade of states with decreasing topological 


complexity, as shown in Figs. 7 and 8. 


Conclusion: In this paper a new knot theoretical tool, the HOMFLYPT polynomial, 
has been introduced into the study of cosmic string topology. It can be used to char- 
acterize the complexity of SCSs. Typical examples of application are also provided. 
We hope this method could be useful for investigating topological non-conservative 
processes such as reconnections. 


0000€ —— 


Fig. 7. Analytical implementation 
of the polynomial skein relations to 
the cascade of a family of torus 
knots/links examined. (From Ref. 9) 
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Fig. 8. The HOMFLYPT values of torus knots/links 
T (2, n) monotonically decrease with n. (From Ref. 9) 
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I investigate the relativistic mechanics of an extended “cable” in an arbitrary static, 
spherically symmetric spacetime. Such hypothetical bodies have been proposed as tests 
of energy and thermodynamics: by lowering objects toward a black hole, scooping up 
Hawking radiation, or mining energy from the expansion of the universe. I review existing 
work on stationary cables, which demonstrates an interesting “redshift” of tension, and 
extend to a case of rigid motion. By using a partly restrained cable to turn a turbine, 
the energy harvested is up to the equivalent of the cable's rest mass, concurring with the 
quasistatic case. Still, the total Killing energy of the system is conserved. 


1. Introduction 


Hypothetical ropes/strings/cables/tethers in curved spacetime have been applied 
as test scenarios for energy, thermodynamics, and mechanics: hence are related 
to major open research questions. The cable considered here obeys ordinary en- 
ergy conditions for macroscopic matter, and is conceived as engineered rather than 
naturally occurring. These properties are distinct from other strings in theoreti- 
cal physics including Nambu-Goto relativistic strings, cosmic strings, and quantum 
strings such as in superstring theory. 

Penrose proposed lowering a mass towards a black hole to extract energy.! 
Bekenstein considered lowering a hot object towards a black hole, to convert heat 
into work and violate the second law of thermodynamics, inspired by a talk of Ge- 
roch.? However Gibbons was the first to analyse the cable itself, including its ten- 
sion.? Unruh & Wald suggested a resolution to Geroch's thermodynamic paradox, 
now in the context of Hawking radiation, and showed a “redshift” of tension along 
the cable.4 Redmount used Weyl's axisymmetric solution to analyse distortions of 
Schwarzschild spacetime by two masses suspended on ropes.? 

Others considered cables in Friedmann-Lemaitre-Robertson- Walker spacetime, 
to test the dynamics of an expanding universe. Davies showed the futility of scoop- 
ing up Hawking radiation from the de Sitter horizon. Harrison proposed latching a 


rope onto distant receding bodies, to mine mechanical energy from the expansion. 


Others also considered a “tethered galaxy” ,® or a network of strings reminiscent of 
Szekeres’ gravitational compass. There are plenty of other sources, even omitting 


the cosmic string and string theory literature. 


2. Newtonian cables 


To show the concept is perfectly reasonable, consider a spool of cable tied to a tree 
branch at height L above ground. Set up a steady state where a segment always 
stretches from winch to ground, and moves downwards at constant speed B. Then 


1155 


under Galilean gravitational acceleration g and linear mass density u, a constant 
force ug L is exerted downwards. This gives a power j45gL which can be harnessed 
at the winch, at the expense of gravitational potential energy. 

Next consider a Newtonian “de Sitter" cosmology: an empty universe with 
cosmological constant A. Suppose the winch is anchored at the coordinate origin. 
Poisson’s law V2® + A = 4xGp has solution 6 = —A(x? + y? + 22)/6 in this case, 
where p = 0 since we ignore the cable's own gravitational field. The force on a 
static cable particle of mass m at location (x,y,z) is f- -m VË = (x,y, z)mA/3. 
The total force at the winch is hence —AjL?/6 for a cable of length L. By allowing 
the cable to recede, work is gained, but the cable is gradually lost to space. 


3. Stationary cable 


This section reviews results of Gibbons and others, with some additions.??:? Con- 
sider an arbitrary spacetime containing a cable with linear mass density u(x) 
and tension T(x). With no sideways rigidity, the cable’s stress-energy tensor is 
T= pugu+ Tq ®q. Here u is the 4-velocity field of cable particles, q is a unit 
spatial vector field pointing along the cable, and ji :— /A and T := T/A are scaled 
by the cross-sectional area. 

Conservation of stress-energy implies the vector divT vanishes, which when 
contracted with u and q leads to dji/dr = —jidiv u+Tq-u and dT /dL = —T div q— 
jiq: à respectively. Here L is the proper-frame length along the cable, à :— Vu is 4- 
acceleration, d :— V qq, and a dot between vectors implies the metric inner product. 
However stress-energy need not be conserved, for instance if the cable's gravitational 
field is ignored so T is not the source term in the Einstein field equations. Still, 
u- div T = 0 is guaranteed. !? 

Now suppose the spacetime contains a timelike Killing vector field £, and that 
the cable particles are stationary. Hence u = £/V, where V :— \/—€-€ is the 
redshift factor. In this case stress-energy conservation is guaranteed. It follows 
dji/dr = 0, and if u is also constant over space then the tension varies as 


Vend 
T=W 
V 


+ u(1- (1) 


where W is a weight (mass times magnitude of proper acceleration, if a point mass) 
hanging at the end. This exhibits a curious effect: the tension is “redshifted” 
by transmission along the cable, due to gravitational time-dilation. This is most 
evident for a massless cable = 0,* a limiting case of which is familiar in surface 
gravity as the “force at infinity" to support a unit mass particle at a horizon. !! The 
cases W = p, or a cable ending at the horizon with W = 0, both yield a constant 
tension T = p.°:!? Alternatively, one can extend conservation of energy arguments 
used by Einstein and Bondi for redshift of photons, to justify redshift of force. 
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4. Moving cable 


'This section describes the kinematics and dynamics of a moving cable. For further 
explanation see 87, 89, and 811 of preliminary work. !? 


4.1. Apparatus and background spacetime 
Consider a static, spherically symmetric spacetime with general metric 

ds? = —e?e dt? + e dr? + 1? (q9? sin? 6 dd”). (2) 
Static observers form a useful reference or comparison, these have 4-velocity 


Ui oki = (e™, 0, 0, 0), (3) 


where the r-dependence is omitted for brevity. The 4-acceleration is a” = 
(0, a’e~75,0,0) with magnitude |a/|e-?5, and is directed towards increasing r if 
a’ > 0 and vice versa. A dash will always indicate derivative with respect to 
r. The gravitational redshift factor, determined as usual by static observers, is 
V/—0, - 0, = e?. 

Assume the cable is hanging *downwards" in an equilibrium state, so as a whole 
the 4-velocity field is unchanged by translation in 0;. As in Section 2, set a winch 
or spool at the “top” r = rg say, attached to a turbine which allows only a fixed 
angular velocity. At the winch location, we assume e?) = 1, which interprets 
the winch as free of gravitational redshift (otherwise one could introduce an extra 
constant, or rescale the t-coordinate via t :— ee (ro)t), Suppose the cable is cut 
repeatedly, so its end is fixed at © rena, which simplifies the calculations. (One 
could imagine a cutting robot tethered to a static “service cable".) 


4.2. Kinematics 
Parametrise radial 4-velocities using the speed 8(r) relative to a local static observer: 
u^ = yles, fe^ 5,0, 0); (4) 


where g(r) := (1 — 82)-1/? is the corresponding Lorentz factor, and we allow 8 < 0 
via sgn(8) := sgn(dr/dr). The cable’s stress-energy is not conserved in general, as 
mentioned previously, but particle number 


OV, (nu) =0 (5) 


is conserved. Here n(r) is the number density, and the “(1)” indicates divergence 
in the radial direction only, which is a sum over į = 0,1, in our coordinates. This 
evaluates to the first-order ODE (n{y)' + (n8y)a’ = 0, with solution 


nby =Ce~° (6) 


for some constant C, ignoring trivial cases. In a local static frame, the number 
flux vector nu has components ny(1, 8,0,0), hence nf» is interpreted as the local 
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number flux density in the radial direction, so C = nfiye* is the redshift-corrected 
value — that is, the number flux density determined at the winch. 

An equation of state gives an additional constraint. Instead of relativistic elas- 
ticity, for simplicity we assume Born-rigidity, meaning the expansion tensor is zero 
(constant proper-frame distance between neighbouring particles) in the radial di- 
rection. While Born-rigidity is not possible as an implicit property of a physical 
material, we treat it as a toy model, with discretion.? 

Zero divergence V;u! = 0, i = 0, 1, simplifies to (^) + (8y)a’ = 0 with solution 


By = Ke (7) 


for some constant K. Gy is the “proper speed" relative to the local static ob- 
server, hence K is interpreted as the redshift-corrected proper speed; we treat 
K € (—oo, co) as provided. From Equation 6, n = C/K, and it follows the density 
u is constant. Also, 


y = y 1 + K?e-?o B = K/V K? + e?o, (8) 
which follows from Equation 7. The cable 4-velocity is hence 
u! — e™®(y/1 + K2e-2%, Ke~S, 0,0). (9) 


Brotas gives similar results for Schwarzschild spacetime. !^ The 3-velocity ii relative 
to the local static frame is (K/V K? + e?^, 0, 0), from the decomposition u = (1, à) 
in a static frame, with 8 = ||u|| as expected. While it may seem a priori that rigid 
kinematics are trivial, various authors including Harrison do not correctly treat the 
frame dependence of length, i.e. “length-contraction”. Now given the above motion, 
a cable particle has 4-acceleration a :— Vyu with magnitude 
|o/]e * 

a= Ja-a = 
V1+ K?e-?o 
directed in the sgn(a’) direction of the r-axis. Physically, this acceleration is due 
to the support of the cable above. 


(10) 


4.3. Dynamics, energy, and power 


The surplus of energy entering and exiting the system due to the cable’s motion 
gives the power harvested. Consider firstly various energy fluxes measured locally 
in a static frame at given r: 


e mass flux: uf, = uKe ?7, locally at r 
e kinetic energy flux: UBryr(Yr — 1) = uK (yr — 1)e-?7, locally 
e mass plus kinetic flux: 8,7? = uK^,e ^", locally 


*Physical intuition is applied here. For instance we derive tension and power, but not the speed 
of travelling waves. Similarly, our usage of "tension" is not necessarily compatible with Lorentz 
transformation of the stress-energy tensor between frames, but should be self-consistent. 
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In particular at the winch, the passing cable has mass flux uK and kinetic energy 
flux LK (V/14- K? — 1), with sum pK V1 4- K?. These are the energy rates entering 
the system. Now for a given power in a static frame at some r, transmitted to 
a static frame at r1, the received power is redshifted by e?7^?* twice. (Imagine 
transmission via photons, then both the number rate and individual wavelengths 
are affected.) 

Subtract the total flux at the start and end of the cable, to determine the overall 
power as transmitted to the winch frame. This calculation invokes time symmetry. 
However the incoming kinetic energy must also be provided,” hence at the winch: 


pK (1 — V K? + e?0ena). (11) 


'The winch end, with redshift 1, is included implicitly. The term in parentheses is 
the energy profit per mass, which for a slow cable ending near a Killing horizon 
(e* ~ 0) approaches 1, or 100% conversion of E = mc?! If the technology exists to 
recover the outgoing kinetic energy, the power profit increases to uK (1 — ee»). 

We check using an alternate derivation from forces. The 4-force on a particle 
is best defined as f :— Vup, where p := mu is the 4-momentum. It follows f = 
dm/dr u + ma, but dm/dr = 0 in our case, a “pure force".!? In an arbitrary 
orthonormal frame, f has components */(£, Ë ) where f is 3-force and E is the rate 
of local energy change in this frame. In a local static frame, f has components 


mfi?al'e*-5 mo/e-* 
which satisfy E = f. ---y-2dm/dr as expected. !? The 3-force is unchanged under 
boosts in the radial direction. Now a coordinate interval dr contains a mass pyeSdr 
of cable, according to a static frame. This is because a static observer measures 
a proper length eSdr with its ruler, and so a greater interval yeSdr of cable fits, 
according to the cable's length-contracted rulers in this frame. !9 Replacing m in E 
with this mass density, the power contributed from this cable element is uwGa‘dr, 
which is redshifted twice to the winch. This integrates to wk / K? + e2^, which 
concurs with Equation 11 after evaluating it at the cable ends and subtracting the 
initial kinetic energy rate. This is the total power gained. The reason for focusing 
on static frames is that they respect time symmetry, hence measure sustainable 
rates. 
The 3-force contributed locally from an interval dr is uo/dr. After redshifting 
once to a given r1, then integrating over all cable below rı, the tension at rı is 


me. ER peer A) (13) 
PIn practice the cable tension would cause this motion. However in our accounting system, all work 


done by the cable is harvested, hence the incoming kinetic energy must be considered separately. 
Also the incoming rest mass is treated as gratis or expendable, in order to achieve any profit. 


1159 


in the static frame or cable frame, and is independent of K. At the winch the 
tension is u(1— e?*»4). For a cable ending near a Killing horizon, the winch tension 
is & u, which saturates various energy conditions, and T/y ~ 1 is the Planck force. 


5. Conclusions and future work 


A cable in curved spacetime illustrates interesting relativistic effects including “red- 
shift" of tension. In an idealised scenario, usable energy equivalent to 10096 of a 
cable's rest mass can be extracted; I have extended calculations to a moving cable. 
'The overall Killing energy is conserved. There are many ways this research could be 
extended. Instead of ignoring backaction, string-like exact solutions could be anal- 
ysed. Other possible avenues are quantum effects, elasticity, more general motions, 
application to quasilocal energies, and thermodynamics. 
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Cosmic topological defects possibly formed during phase transitions in the very early 
universe and are theoretically well-motivated. Cosmic strings (CSs) would leave distinct 
imprints on CMB fluctuations. We apply certain topological and geometrical measures 
in a multi-scale edge-detection algorithm to CMB maps with contributions from CS 
network to assess the capability of the CS footprints. On the noiseless sky maps with an 
angular resolution of 0.9’, we show that our pipeline is capable of detecting CSs with Gu 
as low as Gu > 4.3 x 10-19, We also explore two powerful tree-based machine learning 
algorithms to perform feature importance analysis. This analysis would improve future 
CS searches to focus on the most significant and informative features. Our machine- 
learning algorithm can detect CSs with Gu > 2.1 x 10-19 at 3c level, for a noise-less 
experiment and angular resolution of 0.9’. 


Keywords: Cosmic background radiation; early Universe; large-scale structure; data 
analysis. 


1. Introduction 


The line-like version of topological defects called cosmic strings (CSs) are theoret- 
ically expected to be produced in the early Universe (see [23, 22] and references 
therein). A lot of effort has been put into developing powerful statistical tools for 
cosmic string network detection and putting tight upper and lower bounds on the CS 
tension, parameterized by Gu, where G and p represent Newton's constant and the 
string's tension, respectively. Mathematical description of the string tension is inti- 
mately related to the energy of the phase transition epoch as ££ = O(cz?/ Mg). 
with the symmetry breaking energy scale, cc. The CS network can leave imprints 
on the CMB temperature and polarization anisotropies through different mecha- 
nisms such as ordinary and integrated Sachs-Wolfe effect [8] and lensing. The Gott- 
Kaiser-Stebbins effect produces line-like discontinuities on the CMB temperature 
anisotropies of the form: 2T ~ 8rGpvs [8, 21]. Here v, is the transverse veloc- 
ity of the string. CMB-based approaches to search for CS have been conducted 
to wide range of constraint on the Gu. This range covers the lower value form 
Gu = 6.3x 10-1! for noise-less maps [5] to upper limits of Gu < 8.8x 1077 [1, 23, 22]. 
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Gaussian CMB, CS-induced anisotropies, the combination of the Gaussian and string, smeared by 
the beam named by G, S, GS and GSB maps, respectively ??. 


Here, we propose a multi-scale edge-detection algorithm to search for the CS net- 
work on the CMB anisotropies. We also develop machine-learning (ML)-based 
algorithms for a systematic search of CSs. ML algorithms are ideally capable to 
exploit all available information in the data and extract the most relevant features 
for CS detection. 


2. Simulation the components 


Our pipeline for simulation of mock CMB map consists of three components: (1) 
the Gaussian inflation-induced contribution denoted by G, as well as the secondary 
lensing signal, (2) the CS contribution, Gu x S, where S represents the normalized 
simulated template for the string signal and Gy sets its amplitude, and (3) the 
experimental noise indicated by N. The full simulated map T'(z, y), with a and y 
representing pixel coordinates, would then be 


T (x, y) = B[G(z, y) + Gu x S(z,y)) + N(@,y) (1) 


where B characterizes the beam function [23]. For the CS-induced CMB 
anisotropies, we use high-resolution flat-sky CMB maps obtained from numerical 
simulations of Nambu-Goto string networks [3, 18]. They are also produced by 
stacking maps from various redshifts [3, 18, 17]. Our simulated 100 square maps 
of side O — 7.2? are well in the flat sky limit, with 1024 x 1024 pixels with the 
resolution of R = 0.42' before convolution with an experimental beam. Figure 1 
shows the power spectrum of various components together the corresponding real 
space fluctuations. 
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Fig.2. Left panel: A schematic view of the feature vector generation. For a CMB map including 
a 275-dimensional feature vector, here presented as a 25 x 11 array (right side). Right panel: 
All of the 25 outputs of the image processing layers of the algorithm applied to a map with 
Gu = 1.0 x 1077. The color scale is logarithmic. These are then passed to the 11 statistical 
measures, yielding the full set of 275 features??. 


3. Image processing based methods 


Our goal in this work is to evaluate the performance of various sequences of image- 
processing and statistical tools in the detection of the trace of possible CS networks 
on CMB maps. Our proposed pipeline comprises two major steps: (1) Processing 
CMB maps using multi-scaling method accompanying applying filters and (2) Us- 
ing various statistical analysis of CMB map to quantify the detectability of CSs 
signature on the filtered maps from the first step. 


3.1. Multi-scale image processing 


We apply several image-processors with the aim to isolate or/and enhance the CSs 
imprint on CMB maps. The two pillars of this step are a multi-scaling analy- 
sis through curvelet-decomposition of the input maps and the generation of fil- 
tered maps through extended Canny algorithm. Curvelet decomposition and ex- 
tended Canny algorithm are used to enhance the string detectability as indicated 
in Figure 2. 


3.2. Statistical measures 


In order to quantify the statistical measures, we start with probabilistic framework. 
The 2D CMB stochastic field is represented by a map T € L?(R?) (Eq. (1)). We 
also denote a vector variable, .A, at each spatial location on the CMB map as: 


{A} = Tor Nz, Ny, Ezz, Eyy, Ezy} 


where ôr = T (temperature fluctuation) for the CMB map. We define ny = 0d7/0z, 
Ny = ðr/ðy and Exy = O?óp/OxOy. The characteristic function of A, is defined 
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— oo 


where A is an array with the same dimension as A. Expansion form of Z becomes 
[11]: 


ZA) = exp | —3A7.0..4 Y ae Yu. E dina 


j=3 7 Hi H2 


(3) 


- tin = (Api Ans Au, )e are the connected cumulants. Here C = 
(A & A) represents the covariance matrix of A at each spatial point. Using the 
temperature power spectrum of CMB, the various spectral parameters read as: 


where ko m 


2, = Y; PY wg ym opw}. (4 
£ 


The es kernel associated with beam transfer function is We, = 
qu 
exp (—62.,../(£ + 1)/2) and Obeam = rwn / V/81n(2) [4, 6, 7]. Also C77 is CMB 
temperature power spectrum. 
Now, we have robust approaches in hand to deduce statistical measures applied 
on CMB map. Here we only notice to geometrical measures and for the rest part 
refer to [23, 22]. 


3.2.1. The n-point joint PDF 


The joint probability density function (JPDF) can be calculated from the inverse 
Fourier Transform of the corresponding characteristic function according to: 


-Foo 
P(A) = oy ri . déAzje- T4. (5) 


Inserting Eq. (3) in Eq. (5) gives 


P(A) - e |S! (> Y kd. o „aea © 


j-3 


where 


1 16AT azi 
Pal A) = <= e 80 A 7 
‘a (A) vU € (7) 


The probability density function for the CMB temperature induced by CS network 
deviates from Gaussian distribution depending on the value of Gu [16]. 
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3.2.2. The weighted TPCF 


The weighted two-point correlation function (TPCF) which is defined as Crr = 
(m (r1)ór(r2)) is another statistical measure used for searching the footprint of CS. 
Here rı and r2 represent the coordinates of the points. 


3.2.3. The unweighted TPCF 


The unweighted TPCF of a certain feature is referred to the its excess probability. 
Here, we compare the clustering of the local maxima and up-crossing of CMB maps 
for Gaussian-only fluctuations with those affected by the CS network as well. The 
excess probability of finding two different features represented by symbols, & and 
@ is V5. & separated by distance r = |ri — re|, at thresholds 9; = o41/oo and 
5 = 02/09 is defined as: 


(ne(r1; 91)na (r2, 02)) 


We_a(r3 V1, V2) = - - — 1. 8 
e-e(r; $1, 02) ns (i yis (05) (8) 

The mathematical description of local maxima number density, rip (0), reads: 
Tip (0) = (fa (ðr — Yao)da(m) |det(£)]) . (9) 


The second derivative tensor of the CMB field (£;;) should be negative definite at 
peak position. Its analytical expression for a 2D homogenous Gaussian field was 
calculated in [2, 4]. While the mean number of up-crossings of a 2D CMB field ôr 
at a given threshold for an arbitrary 1D slice denoted by o is given by [15, 20, 19, 
10, 12, 11, 14, 13]: 


nay (0) = (9a(ór — 9oo)O (n^) n°); (10) 


where O(7) is the unit step function and |7°| is the absolute value of the first 
derivative of temperature fluctuations in direction o [11]. One can choose any 
direction © on the statistically isotropic CMB map, without loss of generality. To 
reduce the boundary effect as much as possible in computing excess probability, 
Va. s (ri), following estimator has been proposed [9]: 


Da D (r, 0) Nn, Nng 
d ES P 


Vs a(ri$) E | Nn Npa 


Here, RR(r, 9) and DD(r, 0) are the number of feature pairs in random and data 
catalogs, respectively, separated by distance r from each other. Similarly, Np and 
Ng are the total number of feature in data and random catalogs, respectively. 

We utilize above statistical measures for the third layer to make feature vector 
(see Figure 2). Therefore, we compare the results with null hypothesis. On noiseless 
sky maps with an angular resolution of 0.9', we show that our pipeline detects CSs 
with Gy as low as Gu = 4.3 x 1079, At the same resolution, but with a noise level 
typical to a CMB-S4 phase II experiment, the detection threshold would increase 
to Gu > 1.2 x 1077 [23]. 
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Fig. 3. Feature importance report: the average number of times each pre-processing tool appeared 
among the top ten features, for each layer of the pre-processor, for the RF (top) and GB (bottom) 
learner 2?. 


4. Machine-learning approach 


The purpose is to develop a detection strategy through optimally exploiting the 
available information accessible to the multi-scale pipeline presented by Vafaei et 
al. [23]. We use two tree-based supervised classifiers: random forest (RF) and 
gradient boosting (GB) [22]. The information in the maps is compressed into fea- 
ture vectors before being passed to the learning units. The feature vectors contain 
various statistical measures of the processed CMB maps that boost cosmic string 
detectability (see Figure 2). Our proposed classifiers, after training, give results 
similar to or better than claimed detectability levels from other methods for string 
tension. Our results confirm that the minimum detectable Gy for a noise-free ex- 
periment is 2.1 x 1071°. This bound is, to the best of our knowledge, below the 
claimed detectability levels by other methods on noise-less maps. The minimum de- 
tectable tension in this work for a CMB-S4-like (II) experiment, Gu = 3.0 x 1075, is 
a major improvement over the claimed detectability level by the above multi-scale 
pipeline, Gu > 1.2 x 1077. For a Planck-like case, the minimum detectable Gy is 
5 x 1077, comparable to the current upper bounds from Planck data [1]. Figure 3 
compares the feature importance of the most significant features in each of the three 
pre-processing layers for noise-free, ACT-like and Planck-like cases, and for the two 
tree-based algorithms considered in this work, namely RF and GB. Among the 
275 features, we choose the ten most significant ones by comparing the number of 
their occurrences as the splitting feature in all trees of a MLM. The plot shows the 
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number of occurrences, averaged over all MLMs, of the pre-processing tools among 
these top ten features, separated by their parent layer, i.e., decomposers, filters and 
statistical measures. Final remark is that, the scale of curvelet components should 
be matched to the effective resolution of experiments in the presence of experimental 
noise, larger-scale curvelet components are the more important decomposers. For 
filters it is difficult to make a definite recommendation, while the second moment 
is the most important statistical measure in the classification process. 


5. Conclusion 


In this review, we introduced multiscaling approach followed by some excursion 
and critical sets in order to explore the footprint of CSs network superimposed on 
the CMB simulation maps. Particularly, we focused on this question: What is the 
minimum value of CS's tension which could be recognized in the CMB map? In 
order to answer this question, at first we proposed a pipeline and accordingly, the 
minimum detectable value in noiseless CMB map is Gu > 4.3x 107? while applying 
more advanced searching method, namely machine learning approach, enables us 
to find CS with Gu > 2.1 x 10^ !?. In this algorithm, we are also able to evaluate 
the significance of each pre-processors in detecting algorithm for different CMB 
observational strategies. 
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Topological defects formed in the early stages of our universe can play a crucial role 
in understanding anisotropic deviations of the Friedmann Lemaitre Robertson Walker 
model we observe today. These defects are the result of phase transitions associated 
with spontaneous symmetry breaking in gauge theories at the grand unification energy 
scale. The most interesting defects are cosmic strings, vortex-like structures in the fa- 
mous gauged U(1) abelian Higgs model with a “Mexican-hat” potential. Other defects, 
such as domain walls and monopoles are probably ruled out, because they should dom- 
inate otherwise the energy density of our universe. This local gauge model is the basis 
of the standard model of particle physics, where the Higgs-mechanism provides elemen- 
tary particles with mass. It cannot be a coincidence that this model also explains the 
theory of superconductivity. The decay of the high multiplicity (n) super-conducting 
vortex into a lattice of n vortices of unit magnetic flux is energetically favourable and 
is experimentally confirmed. It explains the famous Meissner effect. This process could 
play an essential role by the entanglement of cosmic strings just after the symmetry 
breaking. The stability of the lattice depends critically on the parameters of the model, 
especially when gravity comes into play. The questions is how the imprint of the cosmic 
strings could be observed at present time. Up to now, no evidence is found. The recently 
found alignment of the spinning axes of quasars in large quasar groups on Mpc scales, 
could be a first indication of the existence of these cosmic strings. The temporarily bro- 
ken axial symmetry will leave an imprint of a preferred azimuthal-angle on the lattice. 
This effect is only viable when a scaling factor is introduced. This can be realized in a 
warped five dimensional model. The warp factor plays the role of a dilaton field on an 
equal footing with the Higgs field. The resulting field equations can be obtained from 
a conformal invariant model. Conformal invariance, the missing symmetry in general 
relativity, will then spontaneously be broken, just as the Higgs field. The dilaton field, 
or equivalently, the warp factor, could also contribute to the expansion of the universe as 
it can act as a dark energy term coming from the bulk spacetime. It makes the cosmic 
string temporarily super-massive. This process could solve the cosmological constant 
and hierarchy problem. It is conjectured that the dilaton field has a dual meaning. At 
very early times, when the dilaton field approaches zero, it describes the small-distance 
limit of the model, while at later times it is a warp (or scale) factor that determines 
the dynamical evolution of the universe. When more data of quasars of high redshift 
will become available, one could prove that the alignment emerged after the symmetry 
breaking scale and must have a cosmological origin. The effect of the warp factor on 
the second-order perturbations could also be an indication of the existence of large extra 
dimensions. 


Keywords: Quasar alignment, Brane world models, U(1) scalar-gauge field, Cosmic 
strings, Dilaton field, Multiple-scale analysis. 
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1. Introduction 


The standard model (SM) of the electroweak and strong interactions is a successful 
framework in which one studies elementary particles and includes the principles 
of quantum mechanics (QM). On the other hand, general relativity (GR) is also 
a very impressive theory constructed by theoretical physicists. It describes large 
scale structures in our universe and one can construct solutions which are related 
to real physical objects, for example the Kerr solution, the end stage of a collapsing 
spinning star. A legitimate question is if there are other axially symmetric solutions 
in GR. It came as a big surprise that there exist vortex-like solutions in Einstein's 
theory. These vortex solutions occur as topological defects at the symmetry break- 
ing scale in the Einstein-abelian U(1) scalar-gauge model, where the gauge field is 
coupled to a complex charged scalar field +2. The solution shows a surprising resem- 
blance with type II superconductivity of the Ginzburg-Landau (GL) theory, where 
the electro-magnetic(EM) gauge invariance is broken and the well-known Meissner 
effect occurs? 
the EM field acquires a length scale, which introduces a penetration depth of the 
gauge field A, in the superconductor and a coherence length of ®. In the rela- 
tivistic case one says that the photon acquires mass. Because we have three space 
dimensions, these solutions of the GL theory behave like magnetic flux vortices (or 
Nielsen-Olesen (NO) strings?) extended to tubes and carry a quantized magnetic 
flux 27, with n an integer, the topological charge or winding number of the field. 
It was discovered by Abrikosov? that these vortices can form a lattice. These lo- 
calized vortices (or solitons) in the GL-theory are observed in experiments. The 
phenomenon of magnetic flux quantization in the theory of superconductivity is 
characteristic for so-called ordered media. The vortex solution possesses mass, so it 
will couple to gravity. The resulting self-gravitating cosmic strings (CS) still show 
all the features of superconductivity, but the stability conditions complicate consid- 
erably. The stability of the formed lattices depends critically on the parameters of 
the model, certainly when gravity comes into play. The force between the gauged 
vortices depends on the the strength of the self-interaction potential of the Higgs 
field, the gauge-coupling constant, the energy scale at which the phase transition 
takes place and the spacetime structure. When the mass of the Higgs field is greater 
than the mass of the gauge field, vortices will repel each other. So gravity could 
balance the vortices. The energy of the vortex grows by increasing multiplicity n, so 


. One says that the phase symmetry is spontaneously broken and 


configurations with n 1 can be seen as multi-soliton states and it is energetically 
favourable for these to decay into n well separated n — 1 solitons. Vortices with high 
multiplicity can be formed during the symmetry breaking. The total vortex number 
n is the sum of multiplicities n4, n2, .. of isolated points (zero’s of ®). Our universe, 
described by a spatially homogeneous and isotropic Friedmann Lemaitre Robertson 
Walker (FLRW) spacetime, shows significant large-scale inhomogeneous structures, 
for example, the cosmic web of voids with galaxies and clusters in sheets, filaments 
and knots, the angular distribution in the cosmic microwave background (CMB) 
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radiation and the recently found alignment of polarization axes of quasars in large 
quasar groups (LQG's) on Mpc-scales*°. The question is if these complex nonlinear 
structures of deviation from isotropy and homogeneity have a cosmological origin at 
a moment in the early stage of the universe. One possibility of this origin could be a 
CS-network formed by the self-gravitating Einstein-scalar-gauge model. A pleasant 
fact is that this model has very few parameters and hence more appealing than other 
models such as inflationary models. It is believed that the mass per unit length of 
the CS is of the order of the GUT scale, Gu z 1077. Observational bounds, how- 
ever, predict a negligible contribution of CS's to initial density perturbation from 
which galaxies and clusters grew. Besides the inconsistencies with the power spec- 
trum of the CMB, radiative effects of the CS embedded in a FLRW spacetime are 
rapidly damped in any physical regime?. Further, the lensing effect of these CS's 
are not found yet. There is, however, another possibility to detect the presence of 
CS's. On a warped spacetime, the fields can become temporarily super-massive by 
the warp factor in the framework of string theory (or M-theory). Naively one ex- 
pect that gravity will play a subordinate role compared with the other fields. In 4D 
counterpart models this is true, but not in warped spacetimes. The super-massive 
CS's can be formed at a symmetry breaking scale much higher than the GUT scale, 
i.e., Gu >> 1. So their gravitational impact increases considerably, because the CS 
builds up a huge mass in the bulk space. Here we consider the warped brane world 
model of Randall-Sundrum (RS) ^5, with one large extra dimension. The result is 
that effective 4D Kaluza-Klein (KK) modes are obtained from the perturbative 5D 
graviton. These KK modes will be massive from the brane viewpoint. The modified 
Einstein equations on the brane and scalar gauge field equations will now contain 
contributions from the 5D Weyl tensor?. In order to explore these effective field 
equations, we apply an approximation scheme, i.e., a multiple scale method(MSM). 
In this method one can handle the decay of the n-vortex in a perturbative way. The 
MSM or high-frequency method is an approved tool to handle nonlinearities and 
secular terms arising in the partial differential equations (PDE) in GR. When there 
is a high curvature situation, a linear approximation of the Einstein equations is 
not suitable!9:1!, Other issue related to our 5D warped spacetime is the behavior 
at small scales, i.e., when the warp factor or scale factor of the spacetime becomes 
very small. We conjecture that our warp factor becomes the dilaton field which 
is needed to make the Lagrangian conformal invariant. Breaking of the conformal 
symmetry (which will occur when other fields come into play; after all we experience 
today a huge discrepancy in scales), can be compared with the Brout-Englert-Higgs 
Mechanism (BEH) in the standard model of particle physics. 
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2. The superconducting string model in warped spacetime 
2.1. Outline of the model 


Our model will be based on a warped five-dimensional FLRW spacetime 

ds? = W(t,r,y)? ee en-v em cae + dr?) + e*t dz? + rede?) + dy?, 
(1) 

with W = Wi(t,r)W2(y) is the warp factor. All standard model fields reside on the 

brane, while gravity can propagate into the bulk. An extended treatment of the 


warped five-dimensional spacetime and the effective gravitational equations can be 
found in Shiromizu et al.? and Slagter!?. The 5D Einstein equations are 


Gg, = —Asg,,, + K26(y) (744095, + OP in); (2) 


with &5 = 81 9G = 8r/OMe, 


the unit normal to the brane. The effective 4D Einstein-Higgs-gauge field equations 
are 


A4 the brane tension, g, = 9) 


Quy — T», and n^ 


1G wy = Nee Oy + SETS + Kei Eis (3) 


D"D,,® = e Oy" F, = sie(@(D, 0)" z $'D,9), (4) 
with D,,® = (97,0 + ieA,®, (OY, the covariant derivative with respect to Ng uv: 
V(®) = 18(99* — 177)? the potential of the Abelian Higgs model and n the symme- 
try breaking scale. Pj, is the Maxwell tensor. The righthand side of the Einstein 
equations contains a contribution £,, from the 5D Weyl tensor and carries infor- 
mation of the gravitational field outside the brane. The quadratic term in the 
energy-momentum tensor, $,,, arising from the extrinsic curvature terms in the 
projected Einstein tensor. OT ip represents the matter content on the brane, in our 
case the scalar and gauge fields?:1?. These terms are responsible for the effective 
4D modes, i.e., KK-modes, of the perturbative 5D graviton. We parameterize the 


self-gravitating scalar gauge field as 
$ = 7X(t,r)e’”’, Ay = £ [P(t,r) — 1] Vus (5) 
e 


with n the topological charge or winding number of the scalar field. The warp factor 
can be solved from the 5D Einstein equations: 


tig iAs(y—vo) = = = Es 
W = Wa(yMA(t,;r)— = (drel 27)t — de-( ao) (dse 27)r — da4e-( aOR), 


(6) 
On the one hand, the constants (d;,7) will be fixed at late time by the features of 
the FLRW-model. They will appear in the modified second Friedmann equation. 
On the other hand, on the very small scale, the warp factor equals the dilaton field 
in conformal invariant models and these constant will be determined by constraint 
equations. 
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2.2. The approximation 


In order to study perturbations in the model, one can apply the multiple-scale 
approximation, very suited at high curvature situations!°!!. The method is called 
a “two-timing” method, because one considers the relevant fields V; in point x on 
a manifold M dependent on different scales (x, £, x, ...): 


V; = D 1l ge» (x,£, x, ...). (7) 


Here w represents a dimensionless parameter, which will be large (the “frequency”, 
w >> 1). So + is a small expansion parameter. Further, € = wO(x), x = wII(x), ... 
and O,IL ... scalar (phase) functions on M. The parameter L can be the ratio of 
the characteristic wavelength of the perturbation to the characteristic dimension 
of the background. On warped spacetimes it could also be the ratio of the extra 
dimension y to the background dimension or even both. When one substitutes the 


expansions of the field variables 


_ 1 1 
Juv = Suv (X) + Pus, 8) t NIE £) + 


z 1 1 
Ay = Ay(x) + z Bulx §) + ui Cus E) + 


BP) “u(x, €) n 2S6 £) o (8) 


into the equations, one obtains first order equations in u = t — r for the first and 
second order perturbations !?4i4, They are of the form 


d.U,=A,  0,U2,=D\U2+ DU; + Ds (9) 


where A and D, depends solely on the background fields, while D2, D3 depend 
on the first order perturbations and background fields. The dot represents dif- 
ferentiation with respect to the rapid scale €. In principle one could push the 
approximation to higher orders. In this way one obtains a wavelike approximation 
which is asymptotically finite. To highest order in w, one obtains the equations 
1* (hey — lg,,À)- = 0, l4 l^ = 0 and [^ B, = 0, where la = ye is the wave vector 
perpendicular to the hyper-surface. These equations deliver constraints on h, B and 
C. In other approximations, they are a priori used as gauge conditions. Moreover, 
the original symmetry on the gauge field will be broken by the appearance of Bj 
besides B, 

In our approximation scheme we can gain a lot of insight in the behavior of the 
clustering of vortices when gravity is present. The equations (Eq. (9)) are hard to 
solve. However, the energy-momentum tensor components can tell us a lot about 
the behavior of the model. 
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2.3. Excitation of the vortices and the quasar link 


In the expansion of Eq. (8) we parameterized the scalar field in subsequent orders 
13,14 
as ^^ 


= nX (t, r)e*"*, V — Y(t,r, jem”, E= Z(t,r, ei”, (10) 


It turns out that the solution to second order is no longer axially symmetric. There 
appear terms like sin(nz — n1)y in the field equations. The most interesting infor- 
mation can be found in the energy-momentum tensor components 

(0) 


Tiy = XPYmsin[(n2 — n1)g], (11) 


ert 


4p (0) 72 4x Y y 
‘ena OX +0, X r= 
ua = YO +HY(OX + )eos[(na — n1)g] Wr 


(eB? m B(0,P + &P)), 
(12) 


While *7',, = 0, we conclude from Eq. (12) that the axial symmetry is broken 
already to first order. The energy ap) contribution to first order contains the 
warp factor in the denominator. So the energy depends crucially on the age of the 
universe. Terms in the energy can dominate at early times and are negligible at 
late times in the evolution of the universe. In the second order contributions there 
appear terms like cos(n3 — n1)g. The azimuthal-angle dependency are expressed in 
trigonometrical functions with extrema which differ mod(£). After the excitation 
of the vortex with multiplicity n, it will decay into n vortices of unit flux in a regular 
lattice (figure 1). 

There is another characterization of the winding number. It is the total vortex 
number, i.e., the number of points in the plane with multiplicity taken into count 
where ® = 0. The zero's of ® are then a set of n isolated points z;,4 = 0..n in C 
such that $(z,2*) ~ c;(z — z;)'? with n; the multiplicity of z; and n = LN nj. 


Fig. l. Excitation and decay of a high multiplicity vortex into correlated vortices of unit flux 
n — 1. Top: the Abrikosov lattice in Euclidean space. Bottom: correlated vortices with preferred 
azimuthal angle ọ in curved spacetime after the symmetry breaking. 
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This n-vortex solution represents a finite energy configuration with n flux quanta, 
provided ® and A satisfy the boundary conditions 

lin. X 20, limP=1, lim X=1, lim P—90. (13) 

r—0 r—0 T—00 T—00 
The collection of n vortices of unit flux is energetically more appealing than a n- 
flux vortex. The energy density is peaked around the zero’s of ®. Hence they can 
be identified by the location of the vortices. In general, one must solve the time- 
dependent GL equations in order to get insight in the stability issues. In this case 
there is a gradient flow, which makes the analysis very complicated. The PDE's 
are badly nonlinear and one relies often on numerical simulation. The temporarily 
broken axial symmetry will be the onset of emission of electro-magnetic and gravi- 
tational waves. From Eq. (11) we see that the angular momentum will fade away 
when ng approaches n; and the axial symmetry is restored. The first and second 
order perturbations of the scalar and gauge fields in higher winding number decay 
into NO strings of n=1. In order to understand the azimuthal-angle (p) preference, 


one must consider the terms of 4T po, for example 


pp? 


i D " nye2?—24 : 5 D 
= PY (X — A,X )eos|(nz — ni)g] + 97575 — BO, P - P), (14) 
1€ 


Ti», plays an important role in the interaction of the strings. Positive terms in the 
expression indicate “pressure” in the direction of the Killing vector field (E) (and 
negative “tension” ). The result is that the interaction contribution can change sign 
dynamically (dependent of the warp factor). This Killing vector must be normalized 
such that, along a closed integral curve, the parameter y varies van 0 to 27 with 
y = 0 and y = 2r identified. This will provide boundary conditions for the metric 
fields close to the axis of the string, such as 0,(r?e~2”)(0) = 1. We observe in the 
expressions of prin and eno that when sin(nz—1n1)y becomes zero, cos(na —n1)g 
has its maximum. So there is an emergent imprint of a preferred azimuthal angle 
y on the lattice of vortices when the ground state is reached (n = 1). This effect 
© component which is not equal to —4T as is the case 
in static models. The second order contribution n 
n1)e and produces a complicated extremum !^. The recently observed alignment 
of the spinning axes of quasars in LQG’s on Mpc-scales can be explained by our 
model. The observations were carried out at the European Southern Observatory, 
Paranal with the Very Large Telescope equipped with the FORS2 instrument. There 
was a confirmation of the alignment for radio galaxies by the Giant Metrewave 
Radio Telescope in the ELAIS-N1 field. This curious effect cannot be the result of 
statistical fluctuations!ó. The origin must be found in the early universe just after 


can also be seen in the 4T 


contains terms like cos(n3 — 


the symmetry breaking, as described in our model. Specially, the two preferred 
orientations perpendicular to each other in quasar groups of less richness could 
be the second order effect in our model by the appearance of the trigonometrical 
terms with periodicity difference of 7. The correlated n = 1 vortices with preferred 
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azimuthal angle, emerged on a correlation length smaller than the horizon on that 
moment and took place at the Ginzburg temperature ~ By. 'These correlated regions 
will survive to later times, because at this moment the gravity contribution from 
the 5D bulk comes into play. The warp factor will have different contributions to 
the field equations for different times. The mass per unit length will contain the 
warp factor. Just after the symmetry breaking, the vortex will acquire a huge mass 
Gy > 1 and will initiate the perturbations of high-frequency and justifies our high- 
frequency approximation. This is the reason that the regions with (n = 1, Y = qo) 
will stick together and are observed in LQG's with aligned polarization axes ^?. The 
most striking observation is the alignment of the spin axes of the quasars parallel to 
the major axes of their host LQG, while the spin axes can also become perpendicular 
to the the LQG major axes when the richness decreases. This can be explained in 
our model as second order effect: the higher multiplicity terms like cos(na — n1)y 
m and is out phase with the term 
cos(na — n1)g. In figure 2 we sketched a global distribution of the polarization axes 
as found by the observations. Some specific features of this alignment which must 
be confirmed by more observations on quasars and radio sources at high redshift. 
Alignment at high redshifts would confirm that the mechanism took place indeed 
in the early universe. 


enters the energy-momentum tensor component Sn 


Noso! 


0 50 100 150 


PA (deg) 


Fig. 2. Possible fit of the theoretical predicted curve (black) on the distribution of a number of 
observed polarization angles. This curve can be the sum of the first (red) and second (green) 
contribution. 


2.4. Breaking of the axial symmetry from a different viewpoint 


Self-gravitating objects in equilibrium exhibit a striking analogue with the mathe- 
matical model of the Maclaurin-Jacobi sequences and its bifurcation points!?. Bi- 
furcation points that are of particular interest to us here are those marking the 
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onset secular instability, i.e., the dynamical breaking of axially symmetry (or better 
formulated: the spacetime possesses 2 in stead of 3 Killing vectors). This means the 
appearance of an off-diagonal metric function. In our model it is the transition from 
the Weyl metric (after the substitution t — iz, z — it) to the Papapetrou metric, 
expressed by the appearance of the Tip components in first and second order. It 
is remarkable that this symmetry breaking can be compared with the second order 
phase transition in type II superconductivity 5 ??, which is the basis of our model 
(see also Slagter!^ for more details). An initial axially symmetric configuration, as 
is the case in our perturbative model, can dynamically spontaneously be broken, 
where equatorial eccentricity plays the role of order-parameter. The equatorial ec- 
centricity € = b with b and a the two equatorial axes, can be expressed through 
the azimuthal-angle y(t). The particular orientation of the ellipsoid in the frame 
(r, p, z) expressed through yp = y(to), will be at t > tg determined by the trans- 
formation  — Yo — Jt, where J is the rotation frequency (circulation or “angular 
momentum") of the coordinate system. The angle qo is fixed arbitrarily at the onset 
of symmetry breaking. This arbitrariness of qo, i.e., the orientation of the ellipsoid 
at t = tg can be compared with the massless Goldstone-boson modes of the sponta- 
neously broken symmetry of continuous groups. The phase transition take place on 
the same time scale that the vorticity is destroyed by dissipative mechanism and J 
is lost. The end point is a lower energy state that belongs to the Jacobi or Dedekind 
sequence of equilibrium ellipsoids?!. In the original paper of Chandrasekhar and 
Lebovitz!?, in the Newtonian case, the deformations of the axisymmetric configu- 
ration by an infinitesimal non-axisymmetric deformation is described in terms of a 
Lagrangian displacement ¢“(r, z, p) = &^(r, z)e/"*?, with n an integer. However, the 
real part of the e??? must be put in by hand, in contrast to our result: it appears 
in a perturbative way as a first and second order effect. The temporarily broken 
axial symmetry will be the onset of emission of electro-magnetic and gravitational 
waves, while the string relaxes to the NO configuration. It is a consequence of 
the coupled system of PDE's that a high-frequency scalar field can create through 
an electro-magnetic field, a high frequency gravitational field and conversely. It is 
the appearance of the term sin(n2 — n1)y in the first order term ap (Eq.(11)) 
and explained in section 2c, which triggers this angular momentum and the axially 
symmetry will be restored when nz becomes equal to nı again. The second order 
contribution Ara ? shows terms like B?h4,, indicating the interaction between the 
high-frequency EM and gravitational waves. It contains the warp factor in the de- 
nominator. In the early stages of the universe Wj is still small and the term is 
significant. As time increases, it will fade away. 


3. Conclusion 


By considering an axially symmetric warped five-dimensional warped spacetime, 
were the standard model fields are confined to the brane, we find in a nonlinear 
approximation, an emergent azimuthal-angle dependency of Nielsen-Olesen vortices 
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just after the symmetry breaking at GUT scale. Using a approximation scheme, the 
azimuthal-angle dependency appears in the first and second order field equations 
as trigonometrical functions sin(n; — n;)y and sin(n; — n,;)y(t > j), with n; the 
multiplicities of subsequent perturbation terms of the scalar field. Vortices with high 
multiplicity decay into a lattice with entangled Abrikosov vortices. The stability 
of this lattice of correlated flux n — 1 vortices with preferred azimuthal-angle is 
guaranteed by the contribution from the bulk spacetime by means of the warp factor: 
the cosmic string becomes super-massive for some time during the evolution. These 
so-called super-massive cosmic strings arise in a natural way in string theory or 
M-theory., i.e., brane-world models and are produced when the universe underwent 
phase transitions at energies much higher than the GUT scale, Gu > 1. The 
imprint on the effective 4D brane spacetime can be caused by wavelike disturbances 
triggered by the huge mass of the cosmic strings in the bulk. One conjectures that 
these disturbances could act as an effective dark energy field. Another possible effect 
can be the formation of massive KK-modes as the imprint of the 5D gravitational 
field on the 4D brane. 

We used the azimuthal-angle correlation for the explanation of the recently ob- 
served alignment of polarization axes of quasars in large quasar groups. The detailed 
behavior of this alignment can be explained with our model. The two different ori- 
entations perpendicular to each other in quasars groups of less richness could be a 
second order effect in our model. 

When gravity is coupled to standard model fields and one demands the validity 
on all distance scales, one runs into problems. These are: the dark energy problem, 
the cosmological constant problem, the hierarchy problem and the problem how 
probe the small distance structure of our spacetime. Conformal invariance could be 
the solution for at least some of these problems. It could be the missing symmetry of 
nature. In our model, by identifying the warp factor as a dilaton field, one will not 
encounter singular behavior when the dilaton field becomes very small. At present 
time, the warp-like manifestation of the dilaton field describes the exponential ex- 
pansion of our universe. Moreover, the exceptional smallness of the cosmological 
constant, A ~ 107? compared to the calculated vacuum energy could be explained 
in the warped 5D spacetime by the warp factor. More data of high-redshift quasars 
will be needed in order to test the second order effect predicted in our model. 
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We examine a dark-energy equation of state. From there, we link early-universe graviton 
production by varying the DE equation from —1 to 1 with a Kaluza-Klein treatment 
of reacceleration and comment on how modification of gravitational i potentials and 
the reacceleration of the universe also bridge between the first and second parts of this 
document, in terms DE physics and gravitons, as well as changing Q(z) reacceleration 
behavior. We close with a suggestion on redoing initial contributions to DE. 


Keywords: Massive Gravitons, Entropy, Kaluza Klein, Dark Matter, Dark Energy PACS: 
98.80.-k, 98.80.Cq, 89.70 CF. 


1. DE Equation of State, as a Starting Point 


If we quantize the gravitational field as an effective field, we find that it too comes 
in set quanta, called gravitons. In short, we argue that to come up with a graviton- 
based DE model with reacceleration of the universe, and to have it coincide with 
the modification of the 1/r potential, we are really developing a program to find if 
gravity can be quantized. What we have done is also to specify a relic black hole 
genesis for early-universe gravitons, which complements the picture of turbulence in 
the electroweak era. This, in turn, is relatable to the question of if micro black holes 
could contribute to cosmology.? We are trying to reconcile —1 < w from the DE 
equation of state with the idea of graviton production from the early states of the 
universe to the present era, where we have acceleration of the universe. What mo- 
tivates this presentation as we will try reconcile relic conditions for GW / graviton 
production. %4 The models seem irreconcilable and we do have a huge problem. A 


1 p. 114 


possible reconciliation suggests an examination of the DE equation of state 


for reacceleration of the universe, Mm > 1: 


p-m -m(n 
w= = 52 f 
Q? F 2V (9) 42 + 2Vo exp (Viz) 


Again, this looks like a very hard problem, but in a nutshell, we need make the 
following identification, which may allow for us to make a concrete bridge between 
formalisms which otherwise look unlinkable. There is there a way to link $ of Eq. (1) 
with vy, of Eq. (3) below so as to come up with an acceptable form of ¢ that would 
satisfy the following equation. Here we need for acceleration of universe m > 1. 


V(9) = Vo exp = ; (2) 


(1) 
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Then, we should try to link ¢ of Eq. (1) with yx of Eq. (3). ^* 


3 KR, he uw TOs ag Pac —AC2 
& aj' qi? 3 aB ) ^ ra (Planck-length)® 
3 oA po ES LL 
| a |= poe Ext s (3) 
( Planck-length)^ 3 co C2 


To make this equivalence, we would, after considerable work, be able to link to the 
scale factor a which shows up in Eq. (1) above. That is, having results in terms of 
the scale factor, and ¢ while making full identification with Eq. (3) above, may be 
a way to reformulate the linkage with early DE. In addition, such restraints upon 
scale factor a may also begin to explain some of the scale-factor behavior. Also, the 


final equation-of-state constraint we have to keep in mind is ?^ 
2 ; j2 
—2MPlanck H = o 3 (4) 
We can use this to connect the final and initial parts of expansion of the universe. 
We will start with, initially going to a Kaluza-Klein (KK) treatment of gravitons. %5 
2. Reacceleration of the Universe and KK Gravitons with a 
Nonzero Rest Mass. The KK Treatment 
Consider if there is, then, also a small graviton mass: ê” 
n2 n E 
Mn = ue + (Megraviton rest mass — 10-65 g)? = L +10 $2 B. (5) 


Note that Rubakov works with KK gravitons, without the tiny mass term for a 
four-dimensional rest mass included in Eq. (5). To obtain the KK-graviton/DM 
candidate representation along RS dS Brane world, Rubakov obtains his values for 
graviton mass and graviton physical states in space-time after using the normal- 
ization f a hm (z) hin (2) = ó(m — m) and Jı, Jo, Ni, and N2, which are different 
forms of Bessel functions.5 His representation of a graviton state is given by Eq. (4). 
If so, then the wave function for a graviton with a tiny four-dimensional space-time 


rest mass can be written as? 


m Jy (=) Nə [z exp(kz)] —Nj (=) Jo [z exp(kz)| 
haz) = 
VE V [A Gf + im (f 


Equation (6) is for KK gravitons having 1 TeV magnitude mass Mz ~ k (i.e., for 
mass values at 0.5 TeV to above 1 TeV) on a negative tension RS Brane. It would 
be useful to relate this KK graviton, which is moving with a speed proportional to 
H^! with regards to the negative tension Brane with h = hm(z — 0) = const /% 
as an initial starting value for the KK graviton mass. If Eq. (5) is for a “massive” 
graviton with a small four-dimensional graviton rest mass and if h = h4(z > 
0) = const / represents an initial state, then one may relate the mass of the KK 
graviton moving at high speed with its initial rest mass. This rest mass of a graviton 


(6) 
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is Mgraviton(4D GR) ~ 10748 eV, opposed to Mx ~ Mxx ~ 0.5 x 10? eV. Whatever 
the range of the graviton mass, it may be a way to make sense of what was presented 
for a graviton mass using CMBR measurements of My ~ 107% eV.? Also, Eq. (6) 
will be the starting point used for a KK tower version. So!? 


p-f GESIG | E K). (7) 


Maartens? also gives a second Friedman equation. 


x2 2 2 

i-[-|me2 (1+5) 2 Xx] (8) 
Also, an observer is in the low-redshift regime for cosmology, for which p ~ — P and 
one obtains exact equality, p — — P for redshift, z, between zero and five. The net 
effect will be to obtain, based on Eq. (7), assuming A = 0 = K and using a = oo 


to get a deceleration parameter, 
aa 2 2 
—- met a | 

1= On ee ae a a Ex (9) 
These set values allow a graviton-based substitute for DE. A = 0 = K plus a 
small rest mass for a graviton in four dimensions allows for “massive gravitons” 
that behave the same as DE. Setting A = 0 = K, with a modified behavior for the 
density expression, for a Friedman equation with small four-dimensional graviton 


mass replaces dark energy by a small four-dimensional rest mass for a graviton. 


3. How a Small Graviton Mass Reaccelerates the Universe 


Revising Alves et al.,!! Beckwith®” used a higher-dimensional Brane-world model 
with KK graviton towers, per Maartens, and a Brane-world energy density p in 


the Friedman equation similar to Alves et al.!! for a nonzero graviton:9'? 


3 Mg (c= 1)? 1 2 1 

ISM Mora) E 5d Fares; "ena ne 39 
At z ~ 4, a billion years ago, acceleration of the universe increased, as shown in 
Fig. 1.97 Figure 1 is, if confirmed, a good verification of the Ng hypothesis,!? and 
would be a starting point to investigate the role of gravitons in cosmology. Buon- 
nano? assumes a much lower range of initial frequencies for relic GW. Beckwith 67 
obtained a reacceleration of the universe as given in Fig. 1. The contribution of a 
low rest mass for four-dimensional gravitons, as given in Eq. (10) leads to reaccel- 
eration of the expansion of the universe a billion years ago. That is, for a redshift 
slightly smaller than .5. We will state what is needed to explain, in part, Fig. 1. 


4. Reconciling Graviton Impact and Graviton Generation 


The key is to consider the following, namely Eq. (4), Eq. (9), and if ppg = p.” 


K? p? A m K 
3m, 4H? = PDE — p = 3MBtanck { | 3 (+ E) f 3a2 F 4 2 \ i (11) 
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Fig. l. Reacceleration of the universe. Note that q(z) < 0 if z < .423. 


Leading to 


i 2 
Qa |~ #2 4 mG ata Uk 


12 
( Planck-length)? l a 


and also satisfying V S LE for deignated r values, —1 < w < 1 for the DE equation 
of state, 


$-av(p, P - Mew (-y is) 
w= x d 
à? + 2V(¢) à? + 2Vo exp (Ven) 


2 
ee ( CE. eva (14) 
mM Ti Planck T 


We would have restricted versions of œ with this identification. The idea would be if 
say early gravitons are released by this mechanism,? 
with a polynomial reconstruction for an inflaton, œ which would be commensurate 
with both Eq. (12) and a description of say early universe black holes (micro sized) 
shedding relic gravitons.? 


(13) 


and 


we could eventually come up 


5. Conclusions 


To put it mildly, we are bridging between the initial and second physics realms as to 
graviton physics and cosmology. This in turn means keeping in mind the following.? 
The diagram! gives the relation between GW frequency and GW energy density 
for different cosmological models. And link Beckwith with Li et al.134 and see 
how they compare with LIGO.' That is, we refer you to the figure!^ showing the 
relation between GW frequency and GW energy density for different cosmological 
models. Then, we should try to reconcile if is there a way to link ¢ of Eq. (1) with 
pr of Eq. (3) and Eq. (15) 


2 
vew ( \/= ? eva (15) 
mM T Planck T 


By using —1 € w € 1 of Eq. (1) with the physics of the situation outlined in Eq. (15) 
and finding ¢ of Eq. (15) with yẹ of Eq. (3), we hope to eventually reach o final 
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theory of the evolution of DE and, in doing so, explain the state of gravitons released 
by initial micro black holes,?^ with the physics given in Fig. 1, which represents 
gravitons as a form of DE, reaccelerating the universe from one billion years ago. 


6. Now for a Very Important Final Insight from Ng, Using the 
Idea of Holographic Foam Cosmology 


We examine two formulas! P 77 for a cosmic density function, and entropy defined 
in Eq. (16), with Ry being a Hubble radius, lPlanck being a Planck radius, and 


entropy © (Ruylpianck)? o (graviton count) 


3 H Ñ“ 
PCosmic = (Rulpianck) ? x . (16) 
87 [Planck 


If pcosmic X PDE & p, can Ry be defined rigourously? 

As of today, we have the Hubble volume approximately equal to 10?! cubic 
light years, approximately the cube of the radius, of Eq. (16), but how this Hubble 
radius evolves may have much to do with the evolution of dark energy. This is an 
important detail to work out. Furthermore, in line with Eq. (16), we have another 
line of inquiry to pursue: 15 If ppp e p and 

AkPlanck ? [asa " GE] 123 
ni 162? d 1672 ~ 10 Pobserved; (17) 


reset A to Ainitial = 1072 A, so that 


4 
4 = Qr 
hká h Im c (x22) | 
x Planck x 


1672 167? 

Key to this would be, perhaps, putting Eq. (17) initially into Eq. (16), If this is 

feasible or not needs to be explored. It could though be part of a new gravitons-DE 

tapestry. A possible issue is, do we have, after formation of DE density, some sort 
of invariance of this dark-energy density value, say after the electroweak era? 


££ Dobserved- (18) 
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A naive five-dimensional model simultaneously explains dark energy and the flat rotation 
curves of galaxies and enhanced gravitational lensing usually attributed to dark matter. 
An additional (fifth) dimension is invoked which corresponds to the radius of curvature 
of four-dimensional space-time and does not represent a degree of freedom of motion. 
The universe so modeled has two modes of expansion: that of three-dimensional space 
and that of the fifth dimension itself, where the latter has the characteristics partly of 
space and partly of time. The boundary between four-dimensional space-time and the 
fifth dimension is modeled by contours along which energy is conserved. The model is 
able to reproduce: (i) the observed relationship between distance modulus and red shift 
for Type la supernovae; (ii) the Tully-Fisher relationship; and (iii) gravitational lensing 
effects beyond General Relativity for galaxies and clusters of galaxies. 


Keywords: Dark Energy; Dark Matter; 5 dimensions. 


1. Introduction 


A discrepancy exists between the observed extent of gravitating matter in the uni- 
verse and that inferred from galaxy rotation curves, galaxy cluster dynamics, grav- 
itational lensing and simulations of evolution of the universe. The existence of 
abundant unobserved (or dark) matter has been proposed by many cosmologists! 
to account for this discrepancy, although to date dark matter has not been directly 
detected.” Observations concerning the luminosity distance of Type la super- 
novae, their red shift and the rate of expected Hubble expansion of the universe 
have led to the conclusion that the expansion has been accelerating since about six 
billion years ago. This has led many to propose that dark energy permeates the 
universe, counteracting the decelerating effect of gravity.59 However, to date, the 
source of dark energy has not been identified. " 

It is the purpose of this paper to show that a universe comprised of five rather 
than four large-scale dimensions and without the assumed presence of dark matter 
and dark energy, could account for these same observations concerning galaxies, 
clusters of galaxies and the expansion rate of the universe. The possibility of ad- 
ditional dimensions of space-time has, of course, long been under discussion within 
theoretical physics.9 !! However, the distinctive features of the dimension consid- 
ered in this paper include its large scale and its hybrid character, being partly like 
space and partly like time. 
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2. A Fifth Large Scale Dimension 


We consider a naive model universe in which three-dimensional space, s(x, y, z), 
is isotropic, closed and expanding. The radius of curvature in this universe is 
given the symbol, r, and dimensions of length and is defined to be orthogonal 
to the three space dimensions, s, and time, t. If Newton's Second Law can be 
extended to five dimensions, then energy propagating (at the speed of light, c, 
through three-dimensional space that is closed and forming the “surface volume" of 
a four-dimensional hyper-sphere of radius r, will experience a virtual acceleration 
a, (1) acting in the direction of r increasing. It is assumed to be fundamental that 
energy is conserved within four-dimensional space-time, notwithstanding that it is 
embedded within five dimensions. 


c 
ar = — 
r 


(1) 


3. Angular Velocity Vectors in 5 Dimensions 


An axial vector, 2, representing angular velocity is aligned normal to the plane of 
rotation zy of the rotating body it describes. However, the direction of Q can lie 
anywhere in the zr plane, as both dimension z and the additional dimension, r, are 
orthogonal to the zy plane. Consequently, more information is required to define 
uniquely the orientation of Q within a five-dimensional framework. 


xy 
(a) (b) (c) 


Fig. 1. Axial vector (Q), its orientation in 5 dimensions and resolved magnitude in 4 dimensions. 


This additional information comes from including the influence of the additional 
acceleration a, (defined above) on the rotating body, which defines the orientation 
0 of the angular velocity vector Q in the zr plane (Fig. 1). The centrifugal accel- 
eration, a's, experienced by the rotating body within a five-dimensional framework 
is given by (2), where: tan0 = as/ar; as is the four-dimensional centrifugal accel- 
eration of the body; and vran is the tangential velocity of the body about its centre 
of rotation. The possibility of forces arising from an additional dimension and per- 
turbing dynamics observed within four dimensions has been previously identified 
by Wesson. !? 


a's = Q (sin 0 + i cos 8) Vran- (2) 
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This five-dimensional analysis of rotational motion ultimately leads to the 
derivation of (3) and so to the Tully-Fisher relationship‘? and predictions of flat 
rotation curves for certain types of galaxies!^, without the need for dark matter to 
be assumed, where M is the baryonic mass of the galaxy and G is the gravitational 
constant. However, consistent with observations, this analysis does not predict any 
departure from the expected four-dimensional Newtonian behaviour for stars at the 
fringe of galaxies, as regards their motion normal to their planes of rotation, nor 


their motion radially from the centre of the galaxy. 15-16 


[a GM | = LONE (3) 


Comparing the parameters predicted by this analysis with those reported by 
Stark!” and McGaugh!® places values for a, in the range 1.2 — 1.9 x 1071? ms? 
which is also consistent with values for the MOND constant, ao, reported by Mil- 
grom. 19:29 From (1), the implied range of values for r is 4.7 — 7.5 x 1076 m. A steady 
increase in r with cosmological time, described in section 5. implies a steadily 
reducing value for ap. 


4. Gravitational Lensing 


'The principle of energy conversation along contours that define the boundary be- 
tween four-dimensional space-time, s,t and the fifth dimension, r, can be used to 
generate the Lorentz contraction formula of Special Relativity and the dilation for- 
mula of General Relativity, as they apply to the dimension r. The latter is shown 
in (4) where r, is the value for r remote from gravitational fields. 


rary (1 HEB ) B (4) 


sc? 


In five dimensions, the acceleration, a, experienced by a beam of light propagat- 
ing through a gravitational field (generated by mass M) is given by (5), where g is 
the gravitational acceleration. 

a=g+ (S ^r). (5) 
r 

Considering only the real term in (2), the induced angular rate of perturbation 
of the beam of light, €, can be written as in (6), where the relevant gradient tan 0 = 
g/ar and the tangential velocity is the speed of light, c. 

a 
f= ‘ 6 
t7 csinó (6) 

Integration along the path of the beam of light in five dimensions yields the 
expected expression (7) of General Relativity for the angular deflection, Ae, of the 
beam of light, where s is the impact parameter; however, with an additional term 
that accounts for enhanced lensing effects at the fringes of galaxies and galaxy 
clusters. 


4GM 
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Whereas for the Sun, f(sin@) = 1 as g >> a, at the impact parameter, for 
galaxies and clusters of galaxies g < a, and, correspondingly f(sin@) < 1 leading 
to lensing effects that are beyond GR expectation (7). The distribution of matter 
within the lensing system determines the local profile of sin 0 and could, in principle, 
give rise to a centre of lensing which did not coincide with the centre of mass of the 
system. This would be relevant to consideration of lensing observed for the bullet 
cluster and similar systems. ?! 


5. The Expansion of Space 


If matter is assumed on a large scale to be evenly spread across the universe, it is 
possible to derive from (4) an expression for the background value for r, given the 
symbol rj, of the form ry = f(ru, G, p, Hx,c) where p is the baryonic mass density 
of the universe (a value of 4.2 x 10775 kgm^? has been used for the current era??) 
and Hg is the Hubble horizon. The derivatives of r, show how a universe defined 
in five dimensions (rather than four) has two modes of expansion: the first concerns 
the expansion of three-dimensional space at a constant value of the fifth-dimensional 
parameter rp; and the second concerns the expansion of space due to increases in 
the parameter r, itself. Accordingly, in five dimensions Hubble's constant can be 
decomposed into two terms, referred to respectively as H3 and H5, whose values 
can be shown to contribute to a Hubble constant of value 68.1 kms~!Mpc7!,?3:?4 
as follows: H3 = 66.5kms-"! Mpc^! and H5 = 1.6kms~!Mpc~!. The competing 
effects of these two modes of expansion can give rise to either an accelerating or 
decelerating expansion of the universe, within a five-dimensional framework. 
Moreover, the conservation of energy at the boundary between four-dimensional 
space-time and the fifth dimension must necessarily impose an important constraint 
on the second derivative of ry, shown in (8), and values for these two terms can be 
independently derived?? and shown to satisfy 
2 
Skies. (8) 
Tb 


'The balance between accelerations directed in three-dimensional space and those 
directed in the fifth dimension determines the gradient of contours r(s) which de- 
fine the boundary between four-dimensional space-time and the fifth dimension. 
This condition of balance (or equilibrium) between different accelerations can, al- 
ternatively, be thought of as defining a “surface tension” within the contour at 
the boundary between four-dimensional space-time the fifth dimension, which in 
(z,y,z,r) dimensions become branes. This approach to the determination of the 
local curvature of space-time suggests a more than coincidental basis for the rubber 
sheet analogy of General Relativity. 

Finally, we use the five-dimensional model described in this paper to cal- 
culate the relationship between distance modulus, j| and red shift, z for 
Type la SN and compare this with currently available observational data from 
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(http: //supernova.lbl.gov/Union/Union2.html).?° The results of this fit are shown 
in Fig 2. The residuals trend indicates that the model slightly over-estimates ju 
at lower red shift and, correspondingly, under-estimates it for larger z. This kind 
of residuals trend may be an artefact of the way the data are calibrated for the 
absorption of light by inter-stellar gas. The relative evolution of the terms H3 and 
H5 in the model (see above) predict a point of inflection in the rate of expansion 
of the universe circa 6 billion years ago, but from an accelerating to a decelerating 
expansion. That is, the reverse of what has been deduced from fitting the SN data 
to four-dimensional models.?:9 The five-dimensional model does not indicate the 
presence of an unaccounted accelerating expansion of the universe, which has been 
taken to indicate the presence of dark energy. 


+ Mu Observed 
Mu Predicted 


* Mu Residual 
Linear Best Fit 


n 0.2 D.4 0.6 0.8 1 1.2 14 
z 


Fig. 2. Type la SN luminosity distance modulus (2) vs red shift, z, comparison between obser- 
vation and five-dimensional model predictions. 


6. Conclusion 


If five-dimensional effects are taken into account, then predictions can be made for 
orbital dynamics within galaxies, the gravitational lensing of galaxies and galaxy 
clusters, and the relationship between distance modulus and red shift for Type 1a 
SN, which are consistent with observations, without the need to introduce dark 
matter or dark energy. The additional dimension introduced in this analysis has 
characteristics both of space dimensions (e.g. being a radius of curvature and a 
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distance parameter within vector algebra) and a time dimension (e.g. being neither 
a degree of freedom of motion nor being directly observable). 
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In this manuscript, we will discuss the construction of a theory of gravity with nonmetric- 
ity and general affine connections. We will consider a simple potential formalism with 
symmetric affine connections and symmetric Ricci tensor. Corresponding affine connec- 
tions introduce two massless scalar fields. One of these fields contributes a stress-tensor 
with opposite sign to the sources of Einstein's equation when we state the equation using 
the Levi-Civita connections. This means we have a massless scalar field with negative 
stress-tensor in the familiar Einstein equation. These scalar fields can be useful to ex- 
plain dark energy and inflation. These fields bring us beyond strict local Minkowski 
geometries. 


Keywords: Connections, nonmetricity, scalar fields, negative stress tensor. 


1. Introduction 


In this manuscript, we will try to find if quantum gravity can introduce additional 
fields besides metric. We will discuss this with reference to the construction of 
covariant derivative operator in quantum gravity. We have earlier found it is a per- 
ceptive alternative to use affine connections more general than metric compatible 
affine connections in quantum gravity.! General affine connections introduce addi- 
tional fields in the theory that can be useful to explain cosmological observations 
and can introduce new effects.? These fields are non-localized similar to dark en- 
ergy and inflation. In this article, we have considered a simple case with symmetric 
Ricci tensor. Corresponding affine connections are symmetric and introduce only 
two massless scalar fields. One of these gives a stress tensor with opposite sign to 
the sources of Einstein's equation in the classical theory when we state the equation 
using the Levi-Civita connections. This means we have a source with negative stress 
tensor in the familiar Einstein equation. These scalar fields can be possible candi- 
dates for dark energy and inflation. These two fields break strict local Minkowski 
structure of spacetime. Global splitting of spacetime into space and time no longer 
remains exact in such spaces. This is an important issue in quantum gravity.? Find- 
ing the particle interpretations and other possible interactions of the above fields 
are non-trivial problems without local Minkowski structure. However, experiments 
suggest that such effects are very small in the present universe and the correspond- 
ing scalars mentioned above are also small. Their effects can be observed in large 
scale phenomena like the present cosmic acceleration. This is also consistent with 
the smallness of the parameters like the cosmological constant required to explain 
dark energy in some models mentioned at the beginning. The effects of these fields 
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will be large in the quantum gravity domain. We note that vacuum fluctuations of 
these fields can also be useful in cosmology. 


2. General Affine Connections and Scalar Fields 


In this section, we will consider applications of the potential formalism of the Pala- 
tini theory discussed in to introduce finite on shell non-metricity.! General affine 
connections are given by: T°, + Eo oi where T°, is the Levi-Civita connections 
and dm is symmetric in the lower indices and the sources do not couple with these 
fields. We consider symmetric Ricci tensors only. This is the most relevant case 
when we consider semiclassical and classical limits of quantum gravity. This exam- 
ple will introduce two massless scalar fields. One of them will contribute a negative 
stress tensor to Einstein's equation in the semiclassical or classical theories. We will 
use the geometrized units in the following where, G — c — 1. We have discussed 
earlier that we can introduce non-metricity by defining the affine connections to be 
compatible with a symmetric covariant field: b, = guy + auvi auv Æ kgup, where 
k is a constant including zero. Such a set of affine connections give a symmetric 
Ricci tensor. We now break a,,, into a trace and a traceless part: 


Gp (x) = O(@) guy + üj, (x); P(x) = aa (1) 


Where, 9 is a scalar field, a(x) is the trace of apy and à,,, is trace-free. We can 
Q 


u, in the following way: 


express corresponding C 


Ha a 1 a T 
Co = 8 (uv v) [In (1 + ®)] — gu V" [In(1 + 9)] + E? ,,, (2) 
The first two terms in the r.h.s gives the contribution of the trace part of bv given 
by: (guv + 9(x)gu,).* A further contraction of the third term in the covaraiant 
indices leads to the following expression for a general apv: 


Ka a 1 a a a ma 
C2, TUM [ln (1 + ®)] — 59 V [In(1 + 9)] + g,, V^ V + g,,E^ - E uv (3) 


Where, E^ is a vector field which is not a gradient and E? uv 1$ traceless in the 
lower indices. ® gives the trace-scalar of apv. The scalar V is also expected. In 
the Minkowski space, we have a spin zero boson associated with a,, in addition to 
a spin one boson and a spin two boson. We will discuss this aspect further below 
Eq. (14). We now consider the simplest cases of Eq. (3). We first consider the case 
where the traceless part of apy vanish and which introduces a scalar field only: 


buv = gue + $(z)gu, = X(2) Opn (4) 
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We use affine connections that are compatible with b „y which is conformal to metric. 


In this case, ĉe 


and the modified curvature scalar are given by the following 


pv 
expressions: ^ 
Ka a 1 a 
£5, = V IQ +D) - 24," [hn 9) (5) 
3 1 
R = R! -_——_(v'6)? 
2+ oY ®) 


Here (V’®)? = (V',9)(V'"4), is the norm of the gradient of ® and the primed 
quantities are evaluated using the Levi-Civita connections. For small ® (<< 1), we 
have the following modification of the r.h.s of Einstein’s equation where covariant 
derivatives are evaluated using the Levi-Civita connections: 


K 1 K 
V'LV X+ a =0 m VVS + (V's)? (6) 


3 1 
C pa EP pa + za (V (Va) — zI (V'O 


3 1 
& 8rP' pa  5((V 49) (V'49) — 59 ua(V'S)) 


= 8n[P', + 16z 
Where, we have considered terms upto second order in ®. P',, is the stress tensor 
of ordinary matter. P’,,.(®) is the stress tensor of an ordinary masless scalar field. 
Both x and 9 are massless. We find that the scalar field ® behaves like a massless 
scalar field with its stress tensor coming as a source term in Einsrein's equation. 
This field can be useful to explain inflation. We can modify the metric-affine action 
by adding potential term for x or ®. To ensure non-metricity, we have the following 
condition: 


VugoB = —JulaV’ g) [In(1 T ®)] * 0 (7) 


This is a mild condition. In the present case, matter fields do not couple with ®. 
The only observable effect of ® is to produce a massless scalar field stress tensor in 
Einstein’s equation. We now consider the other case where only WV is finite: 


C regu © (8) 
We have the following expressions for different quantities: 


Rpa = R' pa + guo (VV)? — (V',8)(V' oF) (9) 
R=R+3(V'v) 
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We now solve the corresponding extremization problem and obtain the following 
set of equations: 


VOV EQ (10) 
1 
G' pa = 81P',s — 3((V', W)(V',W) — 39u (V^ W)'] 
3 
= 89 [Ply — zz? ua ()] 


Where, P',,, is the stress-tensor of ordinary sources and P',,, (V) is the stress-tensor 
of the massless scalar field Y. This stress tensor satisfy all the energy and pressure 
conditions that the stress-tensor of a massless scalar field satisfies but it comes with 
an opposite sign in the r.h.s of Einstein's equation, when we state the equation 
using the Levi-Civita connections. Thus, the effect of V introduced to generalize 
the Levi-Civita connections, is to contribute a negative massless scalar field stress 
tensor to the sources of the Einstein equation obtained from the Einstein-Hilbert 
action formalism. This gives us an alternate way to explain effects that dark energy 
is proposed for. Negative stress-tensor is also important in Hoyle-Narlikar theory of 
gravity and also in wormhole and warp drive. In this case, we can not generate the 
cosmological constant with ordinary massless scalar field V for which the energy 
density is positive definite. We have the following expression for non-metricity: 


V Gob = —29,(o Vp) Y (11) 


This expression is similar to the non-metricity obtained for ® apart from a factor 
of 2. We now consider the case when both (V, $) are present. C 


Q 


pv 1$ given by the 


following expression: 
z 1 a a 
C= ó*t, V' y) [lm (1 + 9)| — gu V" [In(14- 9)] + g,, V" V (12) 


We obtain the following expression for the modified curvature scalar: 


/ 3 1 !q 2 qj 2 3 / IR 
R=R -3ü43y $)" + 3(V'W) tare JS)(V' w) (3) 


We have the following generalization of Einstein's equation: 


1 1 


V'LVI + -——_ V',.V"" 6 = 14 

2043)" : (ag 
3 1 1K 1 1 2 1 1K 
T K ® + = K = 
~ V mar 6)? — (V',W)(V'^$) = 0 

G' ja = 8n[P' us + 2p (9) — 3p (V) — 3 pi (V, 4)] 

p HO" deg  " 8r "e Sp he 
1 1 
P' o(¥,®) = ; ab) = gast V k i 
uo (V, 9) aa” (, V)(V'a)9) P (V'4N)(V ®)] 
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The first two equations are the equations for V and ® respectively. We find that 
coupling of V with gives another contribution to source stress tensor which can 
be positive or negative. This is again important for dark energy research. 

We now briefly discuss the geometrical significance of (Y, ®) and corresponding 
non-metricities given by Eqs. (7,11). We define the the non-metricity tensor by: 


Quab = —VugoB = Jula V. gy (In (1 + ®)|; 29u(a V' gj V (15) 


Both V and ® can be present in the manifold when non-metricity is required. We 
can split Q,45 into a trace Q, and traceless part Q in the last two indices:? 


Quap = Qugog + Q nap (16) 


Both trace and traceless parts of Q „ag are finite for the above cases. Corresponding 
connections do not preserve the light cone under parallel transport and we no longer 
have the local Minkowski structure of spacetime.? Thus, we can not have exact 
(3 + 1) -splitting of the underlying manifold into space and time. We find that 
departure from local Minkowski geometry can give new fields like dark matter, 
dark energy and inflation not found ordinarily. A few examples of non-metric affine 
connections with vanishing Q, that are local gauge theories for the Weyl group 
(Poincare group plus dilatation), are discussed in the references given at the footnote 
24 of Ref. 3. We can have finite or vanishing torsion in such theories. These theories 
preserve the light cone under parallel transport and are locally Minkowski due to 
the reparameterization invariance of geodesics. ^ 

The scalar fields (V,®) are purely quantum gravitational in origin. They are 
kinematically required in quantum gravity. In this domain, Q,,.g can not vanish due 
to the arguments given in Sect. III. (V, $) are finite every where and hence, they are 
non-localized similar to dark energy and inflation. They break the local Minkowski 
structure of spacetime, and are not present in the matter-gravity coupling part of the 
semiclassical theory of quantum gravity which presently is locally Lorentz invariant 
quantum field theory in curved spaces. It is unexpected that any significant coupling 
between (W,d) and ordinary matter like fermions, present in the full quantum 
theory, will be lost in the semiclassical limit. Thus, we assume that (V,®) can 
be present without corresponding sources from ordinary matter. They contribute 
non-trivially to the source stress tensor of Einstein's equation and are possible 
candidates for dark energy and inflation. Dark energy is non-localized, have negative 
pressure and is primarily observed by their gravitational effects. These make V a 
possible candidate for dark energy. ® can be a possible candidate for inflation. The 
amount of dark energy is much higher than ordinary matter and (V,®) need not 
to have ordinary matter with finite hypermomentum as their sources. A complete 
theory of quantum gravity will illuminate this issue further. (WV,®) are in line 
with other scalars introduced similarly, like the dilaton.? Observed local Lorentz 
invariance in many experiments indicate that (V, ®) are presently very small. This 
can explain the smallness of parameters like the cosmological constant required to 
explain present cosmological acceleration in some models. With (V, ®) being small 
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and non-localized, their effects are usually observed in large scale phenomena and 
are not much significant in small scale astrophysics like that of the Solar system. 
This is another characteristic aspect of dark energy. Quantum fluctuations in (V, 4), 
including vaccuum fluctuations, can also be useful to explain different cosmological 
eras. (V, 9) will be coupled with each other when we include both of them. This 
is given by Eq. (14). When required, we can include E E osüie and torsion 
potentials to explain different cosmological observations. A related problem is to 
find out possible interactions and particle interpretations of fields that correspond to 
different representations of the Lorentz group when the local Minkowski structure 
of spacetime is broken strongly. This will happen in the quantum gravitational 
domain. This will be important to understand the relations between the complete 
set of fields including ordinary matter and gauge fields. We can continue to describe 
gauge theories by potentials. T'his is consistent with the Palatini formalism, since 
the potentials are analogous to connections in the geometric theory of gauge fields. 


References 


1. K. Ghosh, Attps://hal.archives-ouvertes.fr/hal-02105422 (accepted in Physics of 
the Dark Universe). 

2. L. Amendola and S. Tsujikawa, Dark Energy, (Cambridge University Press, 
Cambridge, 2010). 

3. F. W. Hehl et al, Rev. Mod. Phys, 48 (1976) 3641. 

4. R. M. Wald, General Relativity (The University of Chicago Press, Chicago and 
London, 1984). 

5. M. Gasperini and G. Veneziano, Phys. Rept. 373, 1 (2003). 


1197 


p-form quintessence: exploring dark energy of 
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We consider a model based on p-form kinetic Lagrangians in the context of dark energy. 
The Lagrangian of the model is built with kinetic terms of the field strength for each 
p-form coupled to a scalar field ¢ through a kinetic function. We assume that this scalar 
field is responsible for the present accelerated expansion of the Universe. Since we are 
interested in cosmological applications, we specialize the analysis to a 4-dimensional case, 
using an anisotropic space-time. By studying the dynamical equations, we investigate 
the evolution of the dark energy density parameter, the effective equation of state and 
the shear induced by the anisotropic configuration. 


Keywords: Dark energy; p-forms; dynamical systems. 


1. Motivation 


The predictions coming from the inflationary paradigm 1, 2 had been successfully 
confirmed with measures of the fluctuations in temperature of the Cosmic Microwave 
Background (CMB), and probes in the Large Scale Structure (LSS) of the Universe, 
with a significantly increase of precision during the last decades. In its simple form, 
based on a single scalar field (the inflaton) with a slow-roll potential, inflation pre- 
dicts a statistical Gaussian distribution function and an isotropic power spectrum. 
However, some anomalies present in current data, need models beyond the standard 
slow-roll description in order to be fully addressed. These anomalies are related with 
statistical anisotropies and signals of parity violation 3. 

One simple attempt relies in the inclusion of vector fields (or 1-forms), due to the 
intrinsic preferred directions they dictate. Models which couples a Maxwell kinetic 
term and a scalar field as f (9) F"" F,,, with Fuy the field strenght of a vector field 
Au, had been studied in the context of inflation 4, as well as modifications like 
oF, ma ^" with F the dual of F 5. With the same spirit, the anisotropic spectrum of 
models including terms as H,,; H""^ being H,,4 the corresponding field strength 
of a 2-form field B,,,, had been considered 6. 

Besides the applications to cosmic inflation, general p-forms had potential in- 
terest to explain the current acceleration of the Universe. In particular, anisotropic 
dark energy coming from a quintessence field @ coupled to a vector field were studied 
in Ref. 7. A similar analysis was carried out in Ref. 8, but this time using the field 
strength of a 2-form coupled to the scalar ¢. In both references, possible scenarios 
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where dark energy domination era is plausible after radiation and matter epochs, 
were found. We can go further the standard approach of Maxwell-like terms of the 
p-forms and allow for couplings between them, as in Ref. 9, where this construction 
was made. The aim of this short paper is to begin studying the cosmological conse- 
quences of coupled p-forms. We will focus in the case of a 4-dimensional space-time 
and will consider the effect of a combination of a 1-form and a 2-form fields coupled 
to a kinetic function of the quintessence field. 


2. p-form-scalar model 


We will consider the standard Lagrangian for a scalar field composed by its kinetic 
term and a potential V(@) as: 


Lo = ; „gato + V (9). (1) 


For the p-form sector we start with basic definitions. Given a p-form Ap py ,u2--up> 
its dynamics is introduced by the field strength F,,,,,..4,,. = Our Ápyuaus-- posi]: 
In this simple case, the Lagrangian that we are going to construct will be built out 
of the appropriate combinations of the field strengths of the p-forms, coupled to the 
scalar field ¢ through arbitrary functions f(¢). In four dimensions, only two terms 
remain 9, thus the Lagrangian simply reads? 


1 


1 142 
Ly(, Ap) = F) Grea + 15 P nans Fa í W . (2) 


Assuming standard gravity, the action of our model can be written as 


M2 
C 1 d'sy/-g | P. R- Lo — £6, Ap) | » (3) 


where M, the Planck mass and R the Ricci scalar. 


3. Background equations 


'The Einstein equations could be written as 
1 m 
Rw m 3 gw = STG (Tiy + n + Tiv): (4) 


where we split the energy momentum tensor, Tyv, in three parts: Te; Th, and 


Tiu, representing the contributions of the scalar field, the p-forms and the standard 


*In 4 dimensions there is a non-vanishing coupling term between a 1-form and a 2-form, which can 
support anisotropic inflation 10. We leave the study of these term in the context of dark energy 
for a forthcoming publication. 

>The coupling functions f;($) for each p-form are in general different. Here we assume them equal 
just for simplicity. 
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matter, respectively. 


s: = 0,00, — 2b 0,00" o — gu» V (Q), (5) 


n 1 1 
TOR = f? FF 7 +F, P Fo apu — Juv Ga T zH) , (6) 


with the shorthand notation F? = F; pp F ^1? and F? = Fo pimps e reS, For 
the matter sector we assume a perfect fluid contribution 777, = diag (pf, pf, Pr. pr) 
with py; the energy density and p; the preassure. Taking into account the La- 
grangian of the scalar field £4 given in eq. (1), variation w.r.t. ọ gives 


$— Vs --2ff o (FI + F2) —0, (7) 


with fy = — In which follows, we will use the gauge freedom Ao = 0’ A; = 0, 
to choose the vector field along the x direction A; = A;(t)dz, and the 2-form along 
the plane y — z, this is Ag = A»(t)dy ^ dz 6. Thus, due to the rotational symmetry 
of Ay, and 42,,,, we use a Bianchi I metric: 


ds? = —d#2 + g2e( e ^as? no (dy? + dz?) (8) 


a — 


being e“ = a, with a the scale factor, and ø the spatial shear. The equation of 
motion (e.o.m.) for the fields A; and A2 are 


À [afta +4] å =0, fy + [245 @ +40) 4 =0, (9) 


the solutions are E: 
eps, Aa = paf (9) ?e***6, (10) 


with pı and po integration constants. If we define the energy densities of the p-forms 
as 


J ; P ‘ 
p= ue UA, p2 = $9 74, (11) 


the Friedmann equations, coming from eq. (4), and the e.o.m for the scalar field 
could be written as 


1 1. 
Y =o? m + pede 4 + pid 12 
å“ —ó t 3M3 [ + Pr +59 V(9) + pı e. ; ) 
7 1 | pm Į 2 
E ta c ay, = = 13 
à ex +o (9) soie spe] ) 
aimo. 1 E 2 | 14) 
= —3aà6 pi-— zcP29| 3 
M2 |3 3 
MES 15) 


f 


where we take into account contributions of non-relativistic matter and radiation. 
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4. Cosmological dynamics 


Let us introduce the following dimensionless quantities 


$ ó vV Pm 
Mz—, X= ———, Y=, Qn -T————. 16 
å vVőMp H vV3Mp H 3M2 H? uy 
Pr pi p2 
C=] e E EL 17 
3MiH" "' 3MiH" "7 3MAiH? (17) 


where H = à. Thus, eq. (12) can be written as Qm = 1 — Y? — Opp — Qr, where 
Qpe = X? + Y? + Q4 + Q5, is the dark energy density parameter . The effective 


equation of state (e.0.s.) is defined as weg = —1 — #44, where the ratio E can be 
computed from eq. (13) as 
Ho E 3Y? 33? + 04 — 92 +2 18 
H2 = 2 ( T T + 2 + p) * ( ) 
In addition, we define the dark energy density and pressure as 
PDE -f + V(d) + pi + p2 + 3MÀH?3?, (19) 
d p pe 2 r[2y:2 
=> =- = +3M : 2 
PDE 2 V(9) 3 3 3 MH à ( 0) 


'The e.o.s for dark energy becomes 


_ PDE a(x? y? 2) t Qı Qə 

WDE = PDE z 3(X2 +Y? + X? + 04 +02) 

In order to get a closed system of equations, is necessary to define explicitly the 
form of the potential V (¢) and the coupling function f(¢). We choose them to be 


(21) 


— er ut 
of exponential type V(¢) xe V», f(d) cce ~», where \ and p are dimensionless 
constants 7, 8. Thus, by differentiating w.r.t the number of e-folds N = lna each 
one of the variables given in eq. (16) and eq. (17) we find 


Y= > (ax? — av? e ax? - 3 +M — Q2 + Nr) + 201 — 205, 22) 
x-2 e y*4.5 1 SEE) V6 (umi ta) - 357), 23) 
Y'2 5 (ax? -Sv? 4 ax? +340) - 03-0 — V8XX), 24) 
% =Q; (3x? 3Y? +35? +45 — 1+2V6uX + — Q + On) 25) 
Q5 = Nz (3X? — 3Y? +35? +45 + 1+ 2VGUX +N — M + Qn) 26) 
Q = Or (3x? — BY? «ax? - 140, - M +r) 27) 


Instead of the standard analysis of critical points and stability for the previous 
autonomous system, we decide the make numerical integrations of the equations to 
obtain a general behavior of the solutions. A complete analysis of this system goes 
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(a) (b) 


Fig. 1. (a) Evolution of QDE, Qr, Qm, WDE, and weg versus z + 1 for A = p = 10, with the 
initial conditions X = 10-13, Y = 10-14, X = 0, Qı = 1077, Qə = 10-19, and Qr = 0.99996 at 
the redshift z — 7.9 x 107. (b) Evolution of —3X, Qı and Q2 versus z + 1 for A = u = 10 with the 
same set of initial conditions as figure (a). 


beyond this short paper and is left for a forthcoming work. In Fig. 1 we shown the 
numerical integration of the set of eqs. (22) to (27) where the couplings constants 
were fixed to be A = u = 10. Typically, we search for a transition from radiation 
dominance, to matter dominance, and finllay reach an epoch dominated by dark 
energy today. In terms of effective equation of state weg those transitions are of 
the type Wet ~ 5 — weg ~ 0 — weg € —§, 
the sequence is observed in terms of the density parameters. For large redshifts the 
radiation dominates and start to decrease at an approximate redshift of z ~ 3000 
to a matter dominated epoch (Qm ~ 1), as expected. The evolution of the shear 
X and the density parameters Qı and Qə are shown in Fig. 1b. The contribution 
of the 2-form always dominate over the 1-form, except for the initial condition at 
high redshift (~ 107); the shear increases until a constant value in the present time. 
In contrast with the case presented in Ref. 8, where only the 2-form is considered, 
Wer and wpg we will not reach the asymptotic value ~ —1. Nevertheless, we check 


as we can see in Fig. la, where 


numerically by evolving wpg with different (larger) values of the coupling u, that 
this value is realized. 

As we anticipated, a complete analysis including the stability of fixed points of 
the autonomous system, will be presented in a future work, where we also want to 
elucidate the effect of a non-vanishing coupling between the 1- and 2-form fields. 
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In order to reconcile the quantum mechanics and general relativity, the equivalence 
principle of quantum gravity is introduced for extending the equivalence principle of 
general relativity to the observer frames of reference which are in quantum mechanical 
motions. The equivalence principle of quantum gravity is that the laws of physics must 
be of such a nature that they apply to systems of reference in any kind of motions, both 
classical and quantum mechanical. Under such principle, the quantum gravity should 
be formulated in the quantum space-time-matter space with local conformal symmetry 
and the mathematical expressions for the cosmological constant as well as the masses of 
fundamental particles can be found by the theory. 
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1. Introduction 


It is well known that the two main pillars of modern physics, the general relativ- 
ity (GR) and quantum mechanics (QM), are fundamentally inconsistent with each 
other. In order to reconcile the QM and GR, the equivalence principle of quantum 
gravity is introduced for extending the equivalence principle of GR to the observer 
frames of reference which are in quantum mechanical motions!. The equivalence 
principle of quantum gravity is that the laws of physics must be of such a nature 
that they apply to systems of reference in any kind of motions, both classical and 
quantum mechanical. That means the quantum state of a particle is relative to the 
observer frame of reference which can also be itself in a quantum mechanical state. 
Under the principle, the quantum gravity should be formulated in the quantum 
space-time-matter (QSTM) space with local conformal symmetry. It was also ex- 
pected that the ultimate theory of quantum gravity would explain the cosmological 
constant problem?’?. 


2. Quantum space-time-matter geometry 


In relativity, the space and time are defined by the coordinate system established 
by measuring-rods and synchronised clocks, which are in classical motions and their 
measuring results correspond to the points in the 4-dimensional spacetime coordi- 
nate system. However, the measuring-rods and clocks themselves are subject to the 
quantum uncertainty as well as quantum mechanical motions. Therefore, the space- 
time cannot simply be a 4-dimensional coordinate system with spacetime points but 
should be associated with the quantum states of measuring-rods and clocks specified 
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by their state parameters. The quantum state of the measuring-rod and clock, that 
is the quantum state of the spacetime by definition, can be defined? as [z, AP), 
where 7? is the classical spacetime vector and AF is the associated uncertainty. As 
the quantum uncertainties depends upon the energy scales, the modified definition 
of spacetime should therefore be observation energy scale dependent. The quantum 
state |a) of a particle can be projected to such quantum spacetime state to become 
a wavefunction à (zz, Aa’) as 6 (à, Aa) = (z , A? |o). Furthermore, the particle 
quantum state can be observed in another quantum spacetime state Ip? Ay) which 
can be expressed in general as linear combination of the eigenstate of [z, A). The 
transformation can be expressed as 


GP Ago) = f PATI? A?) (2, Aza) (1) 


The integration sign denotes the summation or integration of all the possible 
eignestates of |Z, AX). Actually, such notation can be omitted by identifying the 
operator |, Aa’) (a^, A? | as the internal index of the summation or integration 


as analogous to the Einstein's convention. 

For introducing the geometrical concept to QM and the equivalence priniple of 
quantum gravity in quantum gravity, the spacetime should be merged with matter 
together to become the QSTM space with local conformal symmetry under the 
Weyl like geometry !^. As a consequence, all the physical laws apply not just to 
the frames of reference in any kind of classical motion as in GR but also the same 
in the reference frames in quantum mechanical motions as well. It implies that the 
general physical laws of nature are required to be expressed by equations which 
hold good for all systems of quantum spacetime states which are covariant under 
the transformation in Eq (1) and the quantum mechanical motion is relative in 
nature. The QSTM state |W) is the combination of the quantum state of particle 
and spacetime as |W) = |¢) | a^, Aa’). The length of a general small line element dL 
can be defined in a small region of QSTM space as the inner product of ó |V) as 


dL? = 5|) -6|V) = 6l) | 2, A2?) -5 (16) IÈ, ^) (2) 


where the inner product can be defined as the usual inner product used for quantum 
mechanical states and thus dL? has a real value. Let us also introduce the operator 
Cc ANM which can extract the spacetime length from the quantum spacetime state, 
for small changes on spacetime state with the property as 


$XA.I2,A7) =P AIP, AP) (3) 


When there is no local mixing between the quantum matter particle state and 
the quantum spacetime state, another line element dl can be defined in the QSTM 
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space and when expressing it in generalised coordinates £^, in the QS TM space gives 


LU 


d? = 5|$) 52 Ao |È, AZ) - ôl) P aô |, AP) — Grde^ de" — (4) 


where Gi, is the combined metric of the QSTM space and the extracted spacetime 
length and the index u and v are the usual spacetime indexes in GR while m and 
n are the indexes associated with the quantum spacetime and matter states. Such 
formulation works well on discrete eigenstates as well as continuous eignestates. Let 
us define the local conformal operator 2 on the QSTM state as ô |Y) > Qô |Y). By 
using the closest admissible action in Weyl geometry analogous to the Einstein’s 
action for local conformal symmetry, 


S= J R? /—Gd"£ (5) 


where 9t is the curvature scalar defined for G757 with the QSTM and p is the total 
number of dimensions of it. It is a generalized action of quantum gravity in the 
formulation of the QSTM space. The variation of the action under a suitable local 
conformal transformation with imposing the gauge R ~ 4A for fixing the scale of 
the QSTM space, where A is a constant, gives 


S= n (s = 2A) V-Gd'e (6) 


In the special case that the QSTM space is a flat space and, for simplicity, 
assuming that the matter field is a scalar field, the Eq (4) can be written as 


dl? = ($°5 (Az),.,) da" dz" (7) 


where (#7 (Ax) » is the quantum probability weighted spacetime metric, which 
is specified with measurement uncertainty, combined with the matter field. Also, 
for a flat space, the metric Gi” does not vary with Em and the action can then be 
expressed in terms of g,,, and 9 with variation on spacetime as 


S= J (oR — 2A9* +6 (06)") / —gd'x (8) 
Aligning the term (9$)? as the kinetic term of the ¢ field gives 
S= / (SeR- Lagt + i (00) V —gd'z (9) 


If R is a constant, the spontaneous symmetry breaking (SSB) on the ó field gives 
the relation R/4A = ó$. Defining the conformal operator w, which is associated 
with the change of scale of observation, in the spacetime on the metric and scalar 
field as g,,, > wg, and ¢ + w-!$. The action in Eq (9) is invariant under 
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such conformal transformation. The quantum gravity therefore possesses a double 
conformal structures. This point is very cruical as it allows the change scale in 
one degree of freedom and then compensate by the other to make the physical laws 
invariant. 


3. Particle masses and cosmological constant 


Considering a shift field h around the minimum of the potential as ó = o with an 
energy scale o2 = 6m" in the SSB of the action in Eq (9), the equation becomes 


s= J (zw? 3Am’* — ; (Oh)? + SRR? + Jdr (10) 


Under the change the scale of observation by applying conformal transformation 
on the spacetime as g,, > (m /Mp) Tuv and ọ + (m'/M,) | @, where the mass 
scale M, is the reduced Planck mass, the equation can be expressed as 


Lou 1 y 
S= / (zug — 3AM; — 5 (Oh y) + PELA 4 a v —g d'z (11) 


The term RR’? acts as the mass term of the excitation field h’. Since R' is the 
conformal transformation of the term related to the vacuum energy of spacetime in 
empty space and since R\/—g should be transformed as g and therefore R’ should 
be equal to (m^ /M,) R which is the particle squared mass term. That imply the 


existence of a particle with mass (m'/Mj) ri We can change the observer frame 
of reference for observing such particle due to the double conformal symmetry and 
this will lead to the change on the broken scale. Recalling that the scale of the 
QSTM space is fixed by the gauge R ~ 4A and let the factor for the associated 
scale change is Q^, the scale of A is therefore changed as A — Q^A. The scale 
change of A implies that the SSB condition R/4A = $$ requires to be varied so that 


the mass value (m’/M,) T? in Eq (11) of the said particle will be changed also. As 
the mass value is determined by the ratio R\/—g/¢ and under the change of scale 
for Eq (11) following the conformal transformation w on the spacetime and matter 
field induce the transformation as 
4D = 404P, / ZF 
a n jaa E (12) 
Therefore, for keeping the mass unchanged through the change of observer frame 
of reference requires that w = 1/Q. The structure of the QSTM space under broken 
symmetry can be explored by repeatedly performing the above processes of changing 
observer frame such that in every changed frame the mass of the particle are still 
equal to m'/M,, although the Mp, varies with the transformed frame of reference. 
A set of scale factors can be found for the QSTM space scale 
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where n is the number of the said transformation to achieve the mass factor m’ /Mp 
in a frame. Suppose m//M, ~ 10715, that is m^ = 2.435T'eV, and since the particle 
1 1 


mass m; is equal to Q,,;R?, if R? = 10TeV, a set of mass values can be found 
and compared with the lepton masses data of the Particle Data Group’ as mı = 
10-1987 = 0.01eV ~ m,?; m2 = 3.16 x 10-8R? = 316.23keV ~ me; ms = 
10-58? = 100MeV ~ my; m4 = 1.778 x 10-48? = 1.778GeV ~ m,, where 
My, me, M, and m; are respectively the mass of neutrinos, electron, muon and 
tau lepton. The actual neutrino masses might not necessary be degenerate as the 
radiative corrections is not considered in the above calculation. The mg state is 
of the order of the electron mass and the difference could be due to the radiative 
correction to the QED vacuum. The mg state is equal to the muon mass up to 
about 5 percent and the m4 state is even equal to the tau lepton mass up to only 
about 0.06 percent. For the mass states with n > 4, for instance, the mass value 
of ms state is consistent with the dark matter candidate with a mass of 10 GeV as 
proposed by some researchers?. In extending the argument to half-integer value of 
n, m4.5 = 4.64GeV and mas = 171.9GeV. The values are very close to the mass 
values of bottom and top quarks. That means the half integer values of n may 
correspond to the quark masses. However, due to the QCD vacuum, the calculated 
values for the lighter quark masses would have greater discrepancy with the actual 
current quark masses. 

As the Eq. (9) and Eq. (11) is related by the conformal transformation of 
spacetime and the matter field and the SSB which is determined by the observation 
scale. In fact, the Eq (9) resembles the following action of the Higgs potential when 
R is a constant in one hand 


1 1 1 
B = I (ee - pe t3 (oy) v/-gd'z (14) 


On the other hand, it can become the action of gravitational field coupled to 
matter field after the local conformal transformation and SSB as discussed above. 
Comparing the coefficients between the Eq (9) and Eq (14) gives R/12 = u?/2 and 
A/6 = A/4. Furthermore, by comparing Equation (11) with the gravitational action 
and eliminating A in the above equations, we get 3AM? = Acc and Ac; = 4.5AM7, 
where Acc is the cosmological constant. If then applying a conformal transformation 
on the QSTM space metric to change the observer frame of reference, under the 
same factor as the one in obtaining the fundamental particle masses with n — 2, 
and since the cosmological constant transforms as the square of the metric, that is 
conformal factor Q4, with respect to the conformal factor of Q? on the metric, we 
have 


m! 2 mi f m! 4 
Q= {| — Ace = 4.5A— | — 1 
Gr) «^i (Fr) as 
By putting A = 0.258 which is based on the 125 GeV Higgs particle mass and 
246 GeV electroweak VEV value, we get Ace = 6.49 x 10796eV?. Such calculated 
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cosmological constant value is in very good agreement with the observation value of 
4.33 x 10-96eV? of Planck CMB probe when connecting to the fundamental particle 
masses. 


4. Discussions and conclusions 


The theory of quantum gravity is formulated in the QSTM space with local con- 
formal symmetry under the equivalence principle of quantum gravity. The QSTM 
space possesses a double conformal symmetry geometrical structure. Different expo- 
nent n values of the associated conformal factor Q = (m’/M,) gives the fundamental 
particle mass values and the observed cosmological constant value with very good 
agreement. It indicates that the fundamental particle masses and the cosmological 
constant are related in the theory. Furthermore, the above mass formula allows 
the existence of some mass states that are so far not experimentally observed that 
might provide new opportunities for discussing the nature of such mass states. 
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In this work, we study the F(R) gravity with f -essence for the flat and homogeneous 
Friedman-Robertson-Walker universe. For this model, we have presented the point-like 
Lagrangian and the corresponding field equations. To describe the dynamics of the 
universe, we have investigated some cosmological solutions for K, F and h functions. It 
is shown that these solutions describe the late time accelerated expansion of the Universe. 
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1. Introduction 


To theoretically investigate the accelerated expansion of the Universe, many alter- 
native gravity theories have been proposed. One of these theories is F(R) gravity, 
where R is a Ricci scalar’. In this theory, the Einstein-Hilbert action is general- 
ized to action for F(R), i.e. as arbitrary function of R. On the other hand, it is 
known that higher degrees of R in the Einstein-Hilbert action can lead to an infla- 
tion effect accelerated expansion in the early stages of the Universet. Each form 
of F(R) generates a new cosmological model. So it is important that this theory be 
tested for compliance not only with cosmological, but also with other requirements, 
such as stability of solutions. 

As one of the other modifications in modern cosmological theory, is additional 
fermions fields (Dirac or spinor fields) are considered, such candidates for inflation 
or dark energy have been studied in the works®®. Some cosmological model with 
fermion field in teleparallel gravity studied in works^?. And in the work? were 
study the cosmic expansion from boson and fermion fields. Generalized fermion 
fields were considered in!? and known as f-essence. In work!! was considered 
some cosmological model in F(T) gravity with f-essence. Starobinsky model with 
f-essence was considered in work '?. 

This paper organizing as following: In Sect. 2 we review F(R) gravity. In Sect. 
3 we consider the generalization of F(R) gravity with f-essence and derived field 
equations. In Sect. 4 we apply Noether symmetry to find the form of F(R) gravity, 
coupling function and potential. The cosmological solutions are investigated in 
Sect. 5. 

The signature of space-time metric used is (—,+,+,+) and units have been 
chosen so that 8rG = c= hi — k — 1. 


1210 


2. F(R) gravity 


For four dimensions space-time, the action in F(R) gravity with matter is written 
as 


S= J etra t Lm] (1) 


were g = det(gix) is the determinant of the metric tensor matrix, F(R) is a differ- 
entiable function of the Ricci scalar R, Lm is the matter Lagrangian and for our 
case 87G = 1. Variation of the action (1) with respect to metric tensor gj, yields 


following field equations 
1 
F'(R) Rik = 39i F(R) = V’VkF'(R) + Jik F'(R) EIE (2) 


where the prime a symbol means differentiation with respect to R and Rix is a 


Riemann curvature tensor and k is a coupling constant in gravitational units. Also, 


here O = VV; with V; is a covariant derivative. Here Ty is the energy-momentum 
tensor and write this as 


2 5 (~=gLn OL 
ge ag E (3) 


v-g ôg” 0g" 
3. F(R) gravity with f-essence 


Action for model with a generalized fermionic field that is non-minimally coupled 
to gravity in the framework of F(R) gravity written as 


S= [ tev=athwF®) +2K(Y,u)}, (4) 


where F is some function of the scalar Ricci R, K is the Lagrangian density of 
the fermionic field, u = v where w and w = v4? denote the fermion field and 
its adjoint, respectively, the dagger represents complex conjugation, h(u) is generic 
function, representing the coupling with gravity and fermionic field. 

'The canonical kinetic term has the form 


Y = ji [óT*D,v - (D,9)T^v], (5) 


where I” = e# * are the generalized Dirac-Pauli matrices satisfying the Clifford 
algebra {y",7’} = 2g"", where the braces denote the anti-commutation relation, 
the covariant derivatives e, are given by 


Dut = Oph — Qub, Dub = dub + VO. 
Above, the fermionic connection Q, is defined by 
1 o 
0, = — qoc lw — ef, eb pep. 


with I^; denoting the Christoffel symbols. 
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We will consider the flat, homogeneous and isotropic Fridmann-Robertson- 
Walker (FRW) metric in the folowing form: 


ds? — —dt? + a? (t) (dz? + dy? + dz?) > (6) 


where a(t) is the scale factor of the Universe. Then for this metric we can define 
the following expressions 


oe -2 . 
V-g- à, R=6 (242). Y — 0.5i (dd — bye). 


where the dot represents differentiation with respect to time t. For the FRW metric 
(6) the point-like Lagrangian we can write the following form 


L = a?hF — a®hRFp — 6aà?hFg — 6a?àFgh à — 6a?àRhFgg + 20K. (7) 


here the spinor field depends only on time and the prime denotes the derivative 
with respect to the bilinear function u. Then for the action (4) and of the metric 
(6) the equations of motion are defined as 


E à àh 1 1 1 
-RF — ———-— F —-F-—-—pr, 
eus RR+ e qd sn) RT 2 PLE (8) 


A " ; h\ . a h ah 1 
2 ea F 2° Le uu nm 
FrrRR IR um R RR+ + at pt 2E zE R 
1 1 
- IE 9 
t3 mor ( ) 
"ET ò 
Kyy tz Borse y-ikuyy + 
. m LA » . . 
ts |(R-6-— 65) ky- 87 (r) us? +6" (h) d | Fr- Z Fh yy? — 0, 
2 a a? a t a m 2 
(10) 
x d ae: X A" 
Ky + 3 Sy +Ky |Y +iKuyy — 


i ä AT " -—-- 

Sepe uc = E ; “Fh by = 

- (n 6 ne 62 (h^) by +62 (n) i| Pet 3 oy =0, 
(11) 


where pr = V is the energy density and pr = Y Ky — K is the pressure of the 
fermion field. In the following section we will use the Noether symmetry approach 
for find form function F(R), the coupling function h(u) and function K(Y, u). 
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4. The Noether symmetries approach 


One can express the Lagrangian for metric (6) in terms of the components of the 
spinor field V = (1, Va, 03, pa)" and its adjoint Y = (vit, pat, =at, —4'), the 
point-like Lagrangian (7), we can rewritten as follows 
L = ahF — a®ARFp — 6aà?hFg — ba åFprh dw; — 6a2aFgh yli 
— 6a? hàRFgg + 2a? K. (12) 


'The symmetry an important role in physics because it is directly associated 
with the consevation laws of a dynamical systen. First used the Noether symmetry 
approach in cosmology models and gravitational theories in the works!?^!^. This 
approach tells us that Lie derivative of the Lagrangian function L with respect to 
a given vector field X vanishes, i.e. 


A vector fied X for the Lagrangian (12) is given by 
Nas aR ám age (wage dene Ow; rug rag) 
(14) 
Here 
ða ða 2 ða . ða 
à = Sat mne | t 2) | 15) 
08. , Bris E 08 ji 
B= at ag die Sul), 16) 
Oa OR = Ow aul j 
. _ Om. | Ong x (ôn Ən 4 
LIE Batt ag * 2,15 Ov; pp, i + oui 3 , 17) 
j=0 j 
E E Ox dans. Bas 
aan 9Xi. | Xi Xi ; , Xit i 
Xj po ee 55; agi 8) 


where a, 8,7; and x; are unknown functions of the variables a, R, i»; and yt. Then 
we can written at the following system of differential equations as 


ð Ó 
a Fg + BaFRR + JaFg S- + a? Fan a 
3 Rg On; Ox; 
hu oat th 2 u 3 ht J = 
c aFg RẸ > (emy F exis) ta PRA. 3 (2 Vi + Au) 0, (19) 


à 
—6a°hF Resp = 0, he Roh 28. 5 " = 0: ~6a° Fluss =0, (20) 
i V; 
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Oa 
OR 


+ 123 um vi +F xj Feu) = 0, (21) 


Oa 
2aFrr+GbaFrrrt+aF rr 


2F 
Ja "aR 


+aFRR OF baFgg t Y (mel = eixit) F 


ða 2 | Bia 
(20r + BaF rr + TES huyi +aFpr 3 ( Ba + ae.) y] +aF RXihut 
ða 88 3 (On; 4 | Ox; 
2hF. hF Frhy iyt ah] em, (22 
+ 5j; +a Wage n > (Feel + ee (22) 


w 


Oa Ohu Oh,, 
(20r + BaFgg + aFg— =) hupi +aFR 3 oe + x) V; T aFgnihud- 


aw! 
da ðn; yt , 9X; 

+ 2hFp— + ills ri J apt 4 CU. | 09, (23) 
27 m x MEL au} 


da da : da da 
T = . = 
> (root s JR + hFÉRRI— uk 3 = 0, > (nce + 23 —0, (24) 


(25) 

3o! +axj + 23 MES a yl — — vs] = 0, (26) 
Yj J 
On; Óxi 

3o; + an; — >» («t oi «) ES (27) 
j j 


3 
ha 
3a (F — RFp) — BaRFpr +a—* (F — RFR) Y (emy + eixa) =0, (28) 
4=0 


3 
3a(K —Y Ky) - aK, (cn + exis) = 0. (29) 
i=0 
After some mathematical calculations, we find the following particular solutions 
for the generators as 


a= aga, (30) 
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B = 2oga- $ R, 31) 
Jd à 

T4 == E 3 + <i) V, 32) 
3 a 

M ee ET $- m) yl, 33) 


where ao and 79 are some constant of integration. And find the functions h, K and 
F the following form 


h = hous (34) 
K = Ko (Y — vu) (35) 
F-OR, (36) 


where ho, Ko, (v) and C1 are a integrable constant. 


5. Cosmological solutions 


In previous section we reconstructed the forms of h, K and F by using Noether 
symmetry. Now we're ready to solve equations of motion and find exact cosmological 
solutions. As a first step, we need to substitute the solutions (34), (35) and (36) in 
the field equations (10), (11). Then, we have 


ü 4- 35u — 0, (37) 
a 
so that 
uo 


where uo is an integration constant. 
If we put the equations (34)-(36) in equation (8), we find 


à = aga. (39) 
Solution of differential equation 
alt) = Cze, (40) 


where C5 is a constant of integration and ao is 


V 


ao = ———. 
2hou30 C1 


The Hubble parameter is 


H= E = ag C», (42) 
a 
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Also, we find the energy density and pressure in these form 


p = 3H? = 3(a0C2)°, (43) 


p = —3H? — 2H = —3(a002}?. (44) 
For our model the equation of state parameter can be define as 
p 
We conclude that the fermionic field behaves as dark energy. 


6. Conclusions 


In this paper we investigated F(R) gravity with f -essence for Friedman-Robertson- 
Walker space-time metric. For this model, we have derived the point-like Lagrangian 
and the corresponding field equations. By using Noether symmetry approach we 
obtained solutions for K, F and h functions. By substitude these expressions we 
have some cosmological solutions. It is shown that this solutions describe the late 
time accelerated expansion of the Universe. 
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Cosmological model of f(T gravity with 
fermion fields in (2--1) dimensions 
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In this paper, we explore f(T) gravity which non-minimally coupled to fermionic fields in 
(24-1) spatially flat Friedmann-Robertson- Walker (FRW) dimensions. Friedmann equa- 
tions, equations for fermionic fields are derived. Forms of gravitational coupling, self- 
interaction potential and f(T) gravity are reconstructed by Noether symmetry approach 
for the point-like Lagrangian. Cosmological solution of model which corresponding to 
the late-time accelerating expansion are obtained. 


Keywords: f(T) gravity; fermion fields; Friedman-Robertson-Walker metric; Noether 
symmetry. 


1. Introduction 


Cosmological observations indicate that our Universe has two acceleration phases: 
early-time inflation and late-time cosmic acceleration so called dark energy. 1? To 
describe these phenomena has been proposed several alternative models of gravity 
as f(R) gravity, f(T) gravity, Gauss-Bonnet gravity, massive gravity, scalar-tensor 
gravity and so on. All these theories assume as theoretical candidates to explain all 
evolutons of Universe. 

To modify usual curvature formulation of general relativity (GR), one starts by 
the replaces the Ricci scalar R in the Einstein Hilbert action by arbitrary functions 
of it. However, alternatively one can use torsional general relativity, namely the so 
called teleparallel equivalent of general relativity ((TEGR). In teleparallel gravity 
the gravitational field is described not by the curvature tensor but by the torsion, 
namely the torsion scalar T. Hence, similarly to the f(R) extension of GR, one can 
construct the f(T) extension of TEGR.?* 

In cosmological framework symmetry technique like Noether symmetry,? Lie 
symmetry, Hojman symmetry’ has revealed a useful tool in order to examine 
exact solutions. Also exact cosmological solutions of the Dirac (fermion) equation in 
curved space-time are useful tools in examine the physical behavior of particles in the 
particular space-time. These solutions have considerable importance in cosmology. 
In the 3D theory the exact solutions of the Dirac equations have been recently found 
for various potentials in the flat and curved space-time. 

One of the first works on gravity in (2+1) dimensions appeared in the literature.? 
Recently, the three dimensional gravity have also gained considerable importance. 
The (2+1) dimensional gravity has similar properties as the (3+1) dimensional 
theories of gravity. In 3D gravity Riemann tensor is reduced to the Ricci tensor in 
the (2+1) dimensions. It is more simple case than the (34-1) dimensional gravity. 
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Therefore, the (2+1) dimensional gravity is assume as toy model for a regular 
Einstein theory in (3+1) dimensions. Additionally, the (24-1) Dirac equations is less 
complicated than the (34-1) Dirac equation. The (34-1) Dirac equation includes the 
Dirac matrices and the Dirac spinors with the four components. However, in (24-1) 
dimensions, the Dirac matrices are reduced to Pauli matrices.? In!9:!! has been 
studied Dirac equations in framework of (2+1) dimensional Einstein-Hilbert and 
teleparallel gravity by Noether gauge symmetry approach, respectively. The aim of 
this study is to find exact solutions of the Dirac equation in a (24-1) dimensional 
f(T) contracting and expanding curved space-time via Noether symmetry. 

The structure of this paper organizing as following. In Sect. 2 we find field 
equations for f (T) gravity which non-minimally coupled to fermionic fields in (24-1) 
dimensions. In Sect. 3 we apply Noether symmetry approach to find the form of 
f(T) gravity, coupling function and the self-interaction potential. The cosmological 
solution is considered in Sect. 4. 

The signature of metric used is (+,—,—) and units have been chosen so that 
8&rG=c=h=k=1. 


2. Action and field equations 


We start by writing the action in the framework of the (2+1) dimensional f(T) 
gravity non-minimally coupled with Dirac field, 


s=] aef monger + 5 [io^ G)(D,9) - (Dud)o*(x)y] - va. (1) 


where the h(u) and V (u) are the coupling functions and the self-interaction poten- 
tial, respectively. These scalar functions depend on only function of a bilinear Dirac 
field u = v. Bilinear field u is a quantity, where v is the adjoint of the Dirac field 
v, which y—y!c? 

The (24-1) dimensional FRW spacetime background that is spatially flat, homo- 
geneous and isotropic universe, 


ds? = dt? — a? (t)|da? + dy?], (2) 


where a(t) is the scale factor of the universe. Using the metric (2), the torsion scalar 
becomes 


Based on metric (2) we rewrite action (1) as 
2 


WG" f. 4; + 
S= J dzefh (T) - > (Boru) = ġo?) = v) (4) 
By using Lagrange MC 


S= J Pze (T) +A G + 2) — d (do — o?) — v) . (8) 
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The variation of this action with respect to T gives us 
N= hfr. (6) 


By substitute (6) to above action we have 
3 à a? (oai o3 
PEN E. ze [h(u) (T) +hfr (T 25) - —- (ve b— $c v) " V(u)]. (7) 
Considering the background (2), it is possible to obtain the point-like Lagrangian 
2 E 
L =a?hfrT — a?hf 4 2à?hfp — T (do) = bo*y) + aV. (8) 
Equation of motion for fermion fields and its adjoint v and v, respectively as 


b+ Hy +V’ + UH? fph/a?w -vfp Tho? —fh'o?w =0 (9) 


ý + Hy — V'oy — 2H? fph'a?w — fp T h'o?w +ifh'o’y = 0. (10) 


On the other hand, from the point-like Lagrangian (8) and by considering the Dirac's 
equations, we find the acceleration equation for a from the Euler-Lagrange equation 
as 

ü D, 


a 2hfr V) 


and Hamiltonian constraint (energy condition) corresponding to Lagrangian £ de- 
fined by 


OL OL i, . -OL 
Er = =-a+ —T + — —. — L. 12 
L= Pad E tw oj (12) 
By substituting (8) into (12) with the energy condition, we obtain 
2 Pr 
Dh fr (13) 


In the acceleration and Friedmann equations, p, and p, are the effective energy 
density and pressure of the fermion (spinor) field, respectively, so that they have 
the following forms 


p, =hfrT — hf 4 V, (14) 


p, = 2WüH fr -Shfry H? H - (fW — fr TW +2frh' H?-V')uthf—hfrT—V. (15) 


In order to solve the field equations we have to determine a form for the coupling 
function and the potential density of the theory. To do this, in the following section 
we will use the Noether symmetry approach. 
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3. Noether symmetry 

The existence of Noether symmetries lead to a specific form of coupling function 
and the self-interaction potential, which they are important for obtaining the exact 
solutions of the fields equations. Noether symmetry approach tells us that Lie 
derivative of the Lagrangian with respect to a given vector field X vanishes, i.e. 


£xL -— O0. (16) 
Letting the spinor field y = (Y1, Y2)? and its adjoint, v = to, the point-like 
Lagrangian (14) is reduced to the following 


2 : 
L-ahfyT —a?hf +2a@hfr- E » = yl) 


i=l 


4- a? V. (17) 


Hence the Noether condition (16) and requiring the coefficients of 
à?, ar, ài, a 1, à T. j and y! to be zero, leads to the system of equations. Fur- 
ther, by solve this system of equations analytically, we can get solution for o as 


a(a) = aga” (18) 
and solution for f(T) as 
f(T) = forse. (19) 
Generators v and à defined as 
vj = —(aoa* + ejvo)u;, (20) 
6; = —(apa*-! — ejvo) Wh. (21) 


Coupling function and potential written as 


h = hou’, (22) 


V= Vou, (23) 


where ho and Vo are an integration constants. 
For Noether symmetry the first integral or conserved quantity (Noether charge) 
defined as 


OL 
= & — = 4dahfra = const. 24 
Q=6 og fr (24) 

Here €/ is some symmetry generators, q? is variables. 
In the next section we will search cosmological solutions of the field equations 


using the obtained coupling functions h(u) and potential V (u). 
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4. Cosmological solutions 


To find the time evolution of the scale factor, a(t), firstly, we need to know the form 
of bilinear function, u. Thus, we insert the coupling function h given by (22) in the 
fermionic equations (9) and in its adjoint (10) we can get 


ü 4-29 — 0. (25) 
a 


Then, the form of the bilinear function is calculated as 


uo 


u = — 
a?’ 


(26) 
where uo is a constant of integration. 

From the above solution, the acceleration and Friedmann equations become only 
a function of the cosmic scale factor. Using the potential (23) in the Friedmann 
equation together with the equation (14), the time evolution of the scale factor can 
be easily calculated as 


kl Grater) V - 

à 2sk—s—2k v3s-3qQ 9-2 ^ " 
= aoe h = — 0 a, — 27 
a aga , Where dao V2 > v hoth GS) ( ) 

The general solution of the equation is 
—2 2sk — s — 2k 
a(t) = (tv — ntu + c) tT , where n= > (28) 
g= 


2500 
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0 20 40 60 80 100 
Fig. 1. Scale factor a depends on cosmic time t at v = 1, c1 = 1, n = $. 
In Fig. 1. shows the dependence of scale factor a on cosmic time t. For our 


model in order to describe the accelerated expansion of the Universe, it is necessary 
that 0 «€ n « 1. 
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5. Conclusion 


In this paper, we have investigated a model with a fermionic field that is non- 
minimally coupled to gravity in the framework of f(T) gravity in (24-1) dimensions. 
By using the Noether symmetry approach we determined form of the potential and 
coupled function as function of bilinear u. We also find scale factor for our model. 
Our result shown that fermion field may considered as source of dark energy in 
framework f(T) gravity. 
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We perform a forecast analysis on the ability of future baryonic acoustic oscillation 
(BAO) and cosmic microwave background (CMB) experiments in constraining 3 specific 
interacting dark energy models using the well known Fisher-matrix formalism. In addi- 
tion to a future ground-based CMB experiment, we consider a Euclid-like experiment, 
which is supposed to put tight constraints on the dark sector parameters. In the interact- 
ing dark energy scenario, a coupling between dark matter and dark energy modifies the 
conservation equations such that the fluid equations for both constituents are conserved 
as the total energy density of the dark sector. In this context, we consider three phe- 
nomenological models which have been deeply investigated in literature in the past years. 
We find that the combination of both CMB and BAO can break degeneracies among the 
parameters for every studied model. We found powerful constraints on, for example, 
the coupling constant when comparing it with present limits for two of the models, and 
their future statistical 3-o bounds could potentially exclude the null interaction for the 
combination of probes that is considered. 


Keywords: Dark energy, dark matter, BAO, CMB. 


1. Introduction 


Considering the standard cosmological model, the dark energy assumes its simplest 
form as the cosmological constant A, leading to the so-called ACDM model. Despite 
of successfully explaining the observations [1], the the standard model faces some 
difficulties, especially in the dark sector. The dark matter particles are far from 
detection, and its physics is still unknown. The cosmological constant theoretical 
predictions estimate the value of a vacuum energy density orders of magnitude 
larger than its actual observed value. In addition, the present values of the dark 
matter and dark energy densities are at the same other of magnitude even though 
they do not share the same cosmological evolutionary behavior, problem known as 
cosmic coincidence [2]. To overcome some of these problems, models where dark 
matter and dark energy interact started to be considered, becoming very useful to 
alleviate this coincidence problem. An interacting dark matter and dark energy 
scenario would affect the overall evolution of the universe and its expansion history, 
thus observationally distinguishable from the ACDM model. The interaction can 
then be constrained by the data, becoming a testable theory for the universe. The 
present observations, however, are not able to confidently distinguish between these 
alternative interacting dark energy models and the ACDM. Our goal is to test 
the ability of future experiments to constraint the interacting dark energy models 
described in the next section. 
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2. The interacting dark energy models 


In the standard cosmological model the energy density of radiation, baryons, cold 
dark matter and dark energy is conserved separately, for each component. Con- 
versely, in an interacting dark energy model, the fluid equations for the dark 
energy and dark matter are not conserved individually, but together as the to- 
tal energy density of the dark sector such that ppm + 3Hppyw = +Q and 
Por + 3H(l-c-wpEg)ppg = —Q, where H is the Hubble parameter, ppm and 
PDE àre the energy densities for dark matter and dark energy, respectively, and 
wpE = Por/ppe is the dark energy EoS. Q represents the interaction kernel that 
can be written phenomenologically as Q = 3H(f:ppm +2ppe), being the coupling 
coefficients (£1 and £2) constants to be determined by observations [4, 5]. The en- 
ergy flow from dark energy to dark matter is defined by Q > 0, and the opposite for 
Q « 0. Considering the stability of the model (see, for instance, [6]), two choices 
are made: The first, £j = 0 and £9 Æ 0, satisfying a constant dark energy EoS 
within the range —1 < wpzg < 1 (described as model 1), or wpg < —1 (model 2). 
The second, £9 = 0 and & Z 0 for wpg < —1 (model 3). For all three models, the 
other components follow the standard conservation equations. For a review on the 
topic refer to [7]. 


3. The fisher formalism 


The BAO is an important observable currently used to constrain the cosmological 
parameters, more efficiently in combination with other probes, such as the CMB. 
The information stored in the BAO can precisely determine the Hubble parameter 
H(z) and the angular diameter distance Da(z) as a function of the redshift, which 
subsequently enables the calculation of the dark energy parameters constraints (for 
details on this methodology see [8]). The energy densities for dark matter and dark 
energy for the models considered here can be found in [9]. For the matter power 
spectrum obtained from galaxy surveys the Fisher matrix is given by [11]* 


l fKmax 2 
Fy =i / ea ey ene ss (1) 
—1 J kmin Opi Op; 2(27) 
being Veg the effective volume of the survey. We present the expected cosmological 
implications of the BAO measurements for an Euclid-like survey (for specifications 
on Euclid, see, for example, [12]). 

Furthermore, we use the CMB information as a second probe to forecast the 
parameters of the interacting dark energy models described here. We do not consider 


?'The matter power spectrum was generated using a modified version of CAMB software package 
[10]. 
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the primordial B—mode contribution. We then construct the Fisher matrix for the 
CMB temperature anisotropy and polarization [13]. 


ocx ocY 
Fj = 1 1 —L—(Cow! h 2 
: 1 XY Opi 2 Op; 2 


being C# the power in the l-th multipole, X stands for TT (temperature), 
EE (E-mode polarization), T'E (temperature and E-mode polarization cross- 
correlation) and (Cov; !)xy the covariance matrix. For the definition and the 
elements of the covariance matrix refer to [13]. We consider the Advanced Ata- 
cama Cosmology telescope (AC'Tadv) instrumental setup as described in [14]. The 
AC'Tadv is supposed to obtain precise measurements of the CMB small-scale polar- 
ization, which can lead on probing alternative cosmological models. 


4. Results and conclusions 


We combine the Fisher matrices for the BAO and CMB future measurements 
from Euclid and ACTadv surveys, respectively. The marginalized error for the 
dark energy EoS in model 1 improves drastically for the combined analysis, being 
c(w) = 0.026 for Euclid, o(w) = 0.028 for the ACTadv and o(w) = 0.0044 for 
their combination: an improvement by a factor of ~ 6 when compared with each 
individual probe. The constraint on the dark matter density improves by a fac- 
tor of ~ 3 for the combined analysis (o(h?Q.) = 0.00053), compared with Euclid 
alone (c(h?Q,) = 0.0017). A similar improvement occurs for the coupling constant, 
where we find o(£2) = 0.0037 for Euclid alone and c(£2) = 0.0019 for ACTadv + 
Euclid. Such stringent constraint would exclude the null interaction correspondent 
to the ACDM model with high confidence. Present constraints on h?Q,, w and £z 
for a combination of probes (Planck+BAO+SNIa+H0) show h?Q, = 0.07920 0265, 
w = —0.9191*00222 and £9 = —0.1107*0055s [3]. The constraints on model 1 from 
the present datasets are affected by the degeneracies among the parameters, more 
evident between h?Q, and £5. It is clear by our analysis that Euclid information 
can help break the degeneracies between these parameters, therefore providing tight 
constraints on h?Q,, w and £y. As an example, we show the Fisher contours on the 
dark sector parameters for model 1 in Figure 1. 

'The same occurs for model 2. The combined result leads to stringent constraints 
on o(h?Q,), o(w) and o(€), the latter being € = 0.03798 + 0.00310 at 1o. A zero 
positive interaction is excluded by [3] with £ = 0.02047* 000567 at lo. The future 
combination of ACTadv and Euclide-like surveys would be able to improve this 
constraint by a factor of — 2. 

As for model 3, degeneracies between the dark sector parameters do not play such 
an important role compared with models 1 and 2. However, the significance on the 
€ constraint is low at the current observational stage, being £1 = 0.000719 7" eoa 
at 1c, considering a combination of probes: Planck, SNIa, BAO, Ho [3]. We found 
£9 = 0.0007273 + 0.00034 (AC'Tadv + Euclid), which does not improve the actual 
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Fig. 1. Fisher forecast contours for model 1 with CMB and BAO information using AdvACT (red 
curves) and Euclid (blue curves) experimental setups, respectively. The dashed curves represent 
68% C.L. and the solid curves represent 99.9% C.L. The combined contours are shown by the 
green filled ellipses. Similarly, the darker ellipses represent 68% C. L. and the fainter ones represent 
99.9% C. L. 


best constraint. For this model, a combination of other probes is still needed in 
order to tighten the present limits. 

It is well known the advantages of combining different observational probes in 
constraining cosmological parameters, and its implication to interacting dark energy 
models has been widely addressed. In our context, for models 1 and 2, stringent 
constraints were found in the dark sector parameters for the combined probes, 
especially for the coupling constant, being the 1—o bound of £4 = —0.0929 + 0.0019 
and £9 = 0.03798 + 0.00310, respectively. Future CMB and BAO experiments 
combined, such as presented here, would be able to exclude the null interaction 
with more than 3e C.L. (for the full reference on these results refer to [16]).T he 
present dataset and the future CMB information alone are affected by degeneracies 
that can be broken by the addition of Euclid BAO measurements, thus tighten 
the constraints on the dark sector cosmological parameters, and enabling a deeper 


discussion on these interacting dark energy scenarios. Conversely, the constraint 
on the coupling constant for model 3 is not improved by the combination of future 
CMB and BAO information compared with its constraint derived by present dataset. 
Extra information is still necessary for probing this model. 
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By using a cosmographic analysis of the redshift data of type Ia supernovae, we are 
able to get the expansion of the scale factor, obtaining the current values of the Hubble, 
deceleration, jerk and snap parameters. Our data is then used to compare the fitness of 
various proposed alternative cosmological models. Since our method assumes only the 
validity of general relativity at the cosmic scale, along with the isotropy and homogeneity 
of the universe, they are very useful for comparison between different cosmological mod- 
els, including the fitness of ACDM model. Our method is based on the order expansion 
of the scale factor present in the FRW metric and using a Monte Carlo integration to 
find the best fit order parameters of the scale factor to reproduce the observed data, we 
make use of parallel paradigm to improve the computational time behind the model. We 
find the known result of an accelerated expansion of the universe. With access to better 
measurements of type Ia supernovae redshifts and more data, the cosmographic results 
will be significantly improved. 


Keywords: Cosmography; Type Ia Supernovae; ACDM; deceleration parameter; Monte 
Carlo Integration. 


1. Introduction 


Although there is almost complete agreement on the accelerated expansion of the 
universe!, ACDM being the most favored cosmological model by the current data, 
there is no consensus to the current specific value of this decelerated expansion 
and to whether or not this model is still prevalent in the future?. The decelerated 
expansion go is the parameter indicating the current rate of acceleration of the 
expansion of the universe. Therefore, it is the first indicator of the fitness of any 
cosmological model, so a precise determination of its value is necessary for the 
diagnostic of any cosmological model. There recently have been plenty of research 
but there is no consensus for its current value?. 

We obtain the expansion terms of the scale factor in the FRW line element to 
test different cosmological models. We compare the expected value of the apparent 
magnitude in terms of the measured redshift to each supernova with the measured 
value of its apparent magnitude. This comparison is made by means of a likelihood 
ratio test to find the current values of the coefficients in the expansion of the factor 
scale that best fit the measured data. 

Our interest is in comparing the results from our analysis with proposed cosmo- 
logical models (as in ref. 4 and ref. 5). Even though cosmographic analysis has been 
previously studied (as in ref. 6 and ref. 7), we are performing the analysis using 
parallel computing what permits to make the expansion to higher orders than the 
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usuals. We found that some results have significant changes when calculations are 
improved and how the cosmography works as a framework to assess cosmological 
models. 


2. Friedmann-Robertson-Walker and cosmography 
2.1. Friedmann-Robertson- Walker 


The line element for all the homogeneous and isotropic models of the universe is 
the Friedmann-Robertson-Walker metric, shown in 1. Where a(t) is the expansion 
factor of the universe, which gives us the rate at which the universe is expanding. 
'This value depends on the content and matter-energy densities for the universe 
and it is theoretically found using the Friedmann equation, which is obtained from 
Einstein’s field equations. The constant k is only determined by its sign, if k < 0 
the universe is said to be open and the spatial hypersurfaces have negative constant 
curvature, if k > 0 the universe is said to be closed and spatial hypersurfaces have 
positive constant curvature, for k — 0 the universe is said to be flat with the spatial 
hypersurfaces being Euclidean with curved spacetimes. 


dr? 


2 2d — alt)? 
ds“ = c*d a(t) (hr) 


+r? (do? + sin? bdo’) (1) 


2.2. Cosmographic analysis 


We proceed by using a cosmographic approach to determine the value of cosmo- 
logical parameters. We seek to make a comparison of the measured values of the 
apparent magnitude (m) of the supernovae with the expected values given its mea- 
sured redshift (2). The apparent magnitude is given by (2) in terms of the luminosity 
distance (dz) and the absolute magnitude (M) which is known for supernovae to 
constant. Since the luminosity distance (3) is given in terms of the physical distance 
(ro) between the source signal and the observer and the measured z we need to ex- 
press ro in terms of the measured redshift. We do this by using the null geodesic in 
FRW and the cosmographic redshift. By the null geodesic we have: 


d 
m = 5log p +M (2) 


dr = (1 + z)roao (3) 
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We expand the scale factor in FRW: 
1 1. 1 
R(t) = R(to) |1 + Ho(t — to) — 5,49 Hà (t — to)” + ajo Ho (t — to)” + Fs0Ha(t — to) ++ 
and using the cosmological redshift relation with the scale factor expansion?, 
obtain the flight time from the source to us (T = tp — t. where t, is the time at 
which the signal was emitted) as a function of the measured redshift. 


we 


(to) 
z+1= 
R(t) 
2 
R(to) — 14 HaT 4 2+ 90 para 6U + q0) + Jo sra l 24 — so + 8Jo + 36qo 4 840 paqa M 
R(t.) 2 6 24 


Numerically inverting: 


—1 2 $ 
r(z-) =1- [1+2] spes E 


Ho 2 6 
3 5 I. 5 . So 
14 ~qo(1 4 a jo = — | 23 +... 
| 5o qo) 340 — 540 — 5 40Jo x: t 


We solve the left side integral in eq. 4 with the expansion of the scale factor 
and substitute T in terms of z as found above. Therefore we are able to use the 
luminosity distance in terms of the redshift, to which we then employ a marginal 
likelihood ratio analysis in order to find the best fit values for the cosmological 
parameters. We are then able to use this data (from ref. 6) to compare with any 
cosmological model. 


600000 


500000 


400000 


300000 


(a) (b) 


Fig. 1. Here are the results of our cosmographic analysis. (a) The Hubble parameter (b) The 
deceleration parameter. 


In figure 1 (a), we are showing the results for the Hubble parameter for two 
orders of expansion. It is visible how when the order is higher the average is lower 
than the usual value, for 5 order we found (H) = 100 (ho) = 67 and for 100 order is 
(H) = 47. The figure 1 (b) shows the deceleration parameter which in agreement 
with recent results is negative? (qo) — —0.48. 
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3. Comparison of different models 


We compare our obtained factor scale with two different theoretically proposed 
cosmological models. The first one^ proposes the gravitational constant (G) and the 
cosmological constant (A) are not constants but instead functions of time. With the 
standard Friedmann equations derivation and proposing they relate to each other 
by Gp — uA with p the density of the perfect fluid and 7 a constant, there are two 
possible scale factors and deceleration parameters: 


e Case A: n Z0 
a(t) = (nlt + C1)* (5) 
q=n-1 (6) 

e Case B: n — 0 
a(t) = Cze” (7) 
gel (8) 


'The second one? proposes measuring the average expansion rate in a universe 
in which a set of spherically symmetric sub-regions expand in an accelerated way, 
Average Expansion Rate Approximation (AvERA). It has the appeal that it conclu- 
sively resolves the tension between the measured values of the Hubble constant but 
the great drawback is that it is difficult to match with the homogeneity observed in 
the CMB. 

We plot them in figure 2 with our obtained results to see how they compare 
to each other. We see that although one has several parameters to adjust to get 
greater similarity with our results can be more closely approximated by Case A of 
the given model, Case B is an exponential, so it starts at the value one and never 
approximates the rest of the curves. 


08 


06 {J —AcDM 
EI — AVERA 


| —— Cosmosgraphy 
—— Case A 


02 


O0tr 


Fig. 2. Comparison of different models with the cosmographic result. 
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Scalar fields which are favorite among the possible candidates for the dark energy usually 


have degenerate minima at tmin. In the presented work, we discuss a two Higgs doublet 
model with the non-degenerate vacuum named inert uplifted double well type two-Higgs 
doublet model (UDW-2HDM ) for the dark energy. It is shown that when the both Higgs 
doublets lie in their respective true minima then one Higgs doublet can cause the current 
accelerated expansion of the Universe. 


Keywords: Dark energy; Uplifted double well two Higgs doublet model. 


1. Introduction 


Modeling the accelerated expansion of the Universe which is also in agreement with 
at least the standard model of the Particle Physics is a very hot question. We in this 
context earlier showed that the Higgs field(s) of the inert doublet model (IDM) and 
the general two Higgs doublet model (2HDM) can provide the current accelerated 
expansion of the Universe. In this short work we show that a new kind of two Higgs 
doublet model where both the Higgs vacuums are non-degenerate can also be used 
for dark energy modeling. We call this model to be uplifted double well two Higgs 
doublet model (UDW-2HDM). We in this short review give the very brief review 
and the results with necessary model information. The complete full length paper 
will be submitted to an ISI indexed journal later. 


2. Uplifted double well two-Higgs double model 


'The Lagrangian which describes any model in Particle Physics is 
L= £2. Ey -ETg — VH , (1) 


where LM is the SUc(3)@SUzr(2)@Uy(1) SM interaction of the fermions and 
gauge bosons (force carriers), Ly is the Yukawa interaction of fermions with the 
Higgs field(s), Ty is the kinetic term of the Higgs field and Vg is the potential of the 
Higgs field. The last two terms form the Higgs Lagrangian £Lyiggs. In UDW-2HDM 


Tu = (Dı p1) (Di" 1) + (D2,02)! (D2" Q2) 


+ Di d1) Da + x* CDs) (Di^)], O 


1234 


and 
Vg = pyexp(Aimii (ó1 — ó1,)! (1 — 61.) 
+ ps exp (5Aadu( T) 
+ pa exp(Aam35 (2 — $a.) ($2 — 20)) 
+ pa exp (5 Adal ba — b20)" (02 = 03) 


Os (9L óv) (hon) 42a HL ós) loto) + [milt + 23 loa 
taclo (otg) + Arlida (142) + he. (3) 


where 


0 f | 
Tie p + 3 + 4 ' Pig = | | and $j = [65 m — bau]. 


The Higgs fields $7, ¢;, m; and x; are hermitian (¢* are charged whereas the 
others are neutral), v; is the VeV of the doublet Øi, ¢;, in the potential is the true 
minimum of the field ¢;. The shape of the UDW-2HDM Higgs potential is shown 


in fig. 1. 


V(9) 


Fig. 1. The uplifted double well potential 


The Z2 symmetry (¢ — —4) is very important in determining the stability of 
the Higgs fields. There are two types of Zo symmetry breaking: 1) soft; and 2) 
hard. The term containing mj, describes the soft Z2 symmetry breaking, whereas 
the terms containing Ag and A; describe the hard Zə symmetry breaking. In the 
absence of these terms along with no cross kinetic term i.e. x = 0, the UDW- 
2HDM's Higgs Lagrangian has a perfect Z symmetry. 
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The extrema of the potential are found by taking 
QR = — =0 and a 
0óiléi-(ó) AG! lel- (o1) 0» 


The most general solution of the conditions (4) is 


($1) = E (2) and ($3) = 5 (4) 


We must remember that now v? = v2 + |v2| - u?, where v = 1/ V/2G p^ © 246 GeV 
is the VeV of the Higgs field in the SM. For a nonzero u, the “charged” type dark 
energy is obtained, which obviously is not the case. For this reason, choose u = 0. 
Solving eq. (4) for the potential truncated to the forth power of field gives 


p=) 89i, le}= 


pi mi (v1 — 71) + ps Adm Qa. — m)? + pes As? — T2) + mea va (5) 
+(A3 + Aa + Až vin? + (As + 23) v2v2 + A$v3 = 0, 

PAM (v — T2) + py A3m3o (va — T2)? + paMaAava(v$ — TZ) + miii (6) 
+(A3 + A4 + As)V2va + Agvi + (2A7 + Avi = 0. 


Imposing the Zə symmetry (x = 0, m2, = 0, Ag =0, A; = 0), which makes 
the lightest Higgs field is stable, on eqs. (5, 6) with A3 + Ag+ As = 01? we get four 
solutions for vı and v2, which are 


V =T, V2 = 72 ; (7) 


2m3, A5 pa — A2A4p4Ta — V Ea . 


N=, Va = 
is i 2 (m32A3p2 + A2A4p4) 
(8) 
4 2 =~ M = 
v = Ami Aip T — Aspat — v Ea À V2 = 753; (9) 
2 (m$ A1 + Ai Napa) 
we 2M4 A? pini = AiAapaTi — «WM e ies 2m$_A2 pa» — A2A4paT2 07 GS =o i 
2 (mj, Mp1 + à143p3) 2 (m5 AS pa + Aa Napa) j 
(10) 
where 
£j = —4m$ M pi — 4m? M M Aspips — 8ML x AT AspipsT] + LAS pa], 


—4m$, A3 p2 — 4m25Aa A3 N4p2p4 — 8m, A3 A2 A402 p4T2 + AEN? Bete 


If we choose T2 = 0 then the fields $1: and x1 become Goldstone bosons and the 
other fields become physical. With 72 = 0, the Yukawa interactions are described by 
the interaction of $1 with fermions (as ¢2 does not couple to fermions but appears 
in loops). This scenario makes the lightest field of $2 stable. 


*With A3 + A4 + As Æ 0 the solution to the VeV contain complex part. 
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3. Higgs fields as dark energy 


For the field ¢2 to be the dark energy field, we need to solve the Euler-Lagrange 
equations in FRW flat, (x), Universe, (/—g = a(t)?), which for the fields dF, n2 
and x3 are 


i . 
ilo + 35d + Pu (r? (As + Aa + As) + 2m35 Aa pae" ns emt vai?) 
a 


+ Ao Aapae 7 Go em 25/8 (02 4 205°) ) 
+ Ly A pie eM ah 41242657)? /8 3 =0 (11) 
2 ? 
1 : 
X2 + 3X + 5X2 (7 (Aa + Aa — Ag) + 2m2, Aopre™22h2 (x27 em? vais?) 
As Aapíe S Ooh em neta (m? + 205%) ) 
+ Ly Aapue M (x2? em ees? f a =0 (12) 
2 , 
ps e 3706 + 45 (xs t 2m2, Aa poe™22h2(x2”+n2"+205)/2 
+ Ag A4 pe 27 0o em? +2057)?/8 (x2? Ea n»? fe 205%) ) =0, (13) 


where c is + or —. The energy density and pressure after expansion of UDW-2HDM 
Higgs Lagrangian for physical fields become 


t; 1. 1. 1 1 
ppg/Ppg = 273 4 jm PS a a (o + p3 + 3 MS" | iU (Aa + A4 + As) n2? 
i (Aa + À4 As) X22 + pae 2e (x2? em? +2657) /2 
4 
T ae ieee ee gate UR . (14) 


The initial conditions used are 72;,; = Mp, X2ing = Mp, ỌZini = 0, X2ing = 0, 
Xing = 0, oS ini = O0. The masses of the Higgs bosons in the analysis are taken to 
be my, = my, = 1.0247 x 109? GeV, the charged Higgs mass is arbitrary. The 
solution of the eqs. (11, 12, 13) along with Friedmann equations is shown below in 
the graphs. 

During the initial stages Z >> 1, the evolution of the Higgs fields, n», xo and $5, 
is frozen, and acts as a negligibly small vacuum energy component with w = —1. As 
time proceeds the Higgs fields begin to evolve towards the minimum of the potential, 
the energy density in the Higgs fields starts to dominate cosmologically. During the 
evolution, WHiggs Starts to increase and becomes > —1 as shown in fig. 2. In the 
very late (future) Universe (Z « 0), the fields come to rest at the minimum of the 
potential and a period with w — —1 is re-achieved to give an accelerating Universe 


similar to a pure cosmological constant. 
As discussed before, the Higgs field stability is provided by imposing Z2 sym- 
metry. The lightest Higgs fields, 72 and x2, do not decay into any other Higgs field 
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AS 8 6 4 2 0 
Redshift — Z 


Fig. 2. Effective equation of state parameter for Higgs fields wHiggs, as seen it starts with —1 
then evolves towards quintessence regime after large enough time it comes back at —1. 


(since these fields are lighter than the SM-like and charged Higgs) or into fermions 
(since they do not couple to them at tree level). 

Note that the initial conditions for the charged field took the dark energy (vac- 
uum) not to be charged. Since it does not contribute to relic density, this does not 
mean that it can not exist, it can appear in the loop process. 


4. Conclusion 


In the work presented, we assumed that dark energy is actually some scalar field 
which is present as the Higgs in a model where the potential has the non-degenerate 
vacua, we called this model uplifted double well two-Higgs doublet model (UDW- 
2HDM). 

We found that if the present Universe is described by the true vacua of UDW- 
2HDM then the component fields of the second doublet ¢2 (which acts as the inert 
doublet) can be one possible candidate for the dark energy. As the present contri- 
bution of the dark energy to the critical energy density is about 0.7, this value is 
obtained by taking the mass of the CP-even field's mass small (O(10~°9)GeV). The 
most important thing is that with the initial conditions set, the mass of the charged 
($5) field becomes arbitrary. Hence this model will fit for any value of mass of $5. 
One also needs to keep in mind that the values of masses were chosen arbitrarily so 
as to get dark energy relic density + 0.7. Changing the values of the masses, the 
relic density does not change much. 

It should also be mentioned that if we remove the Z2 symmetry, the second Higgs 
doublet does not remain inert. Thus in the case of Za violation (soft or hard), the 
CP-even Higgs fields will mix by an angle 8. In that case a new parameter (8) will 
arise in the theory. Obtaining a dark energy candidate in that model will require 
fine tuning in the Yukawa interactions in such a way that either the dark energy 


field does not couple or couple very weakly with the fermions. 
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We find that having the scale factor close to zero due to a given magnetic field value 
in an early-universe magnetic field affects how we would interpret Mukhanov's chapter 
on self-reproduction of the universe. A stronger early-universe magnetic field suggests 
a greater likelihood of production of about 20 new domains of size i with H the 
early-universe Hubble constant per Planck time interval in evolution. Fluctuations in 
the Hubble expansion parameter, H, may affect structure. Finally, o in a gravitational 
potential is proportional to r ^*. This adjustment affects the three-body problem. 


1. Introduction 


Part 1: We examine how a scale factor is affected by the NLED paradigm, also 
linked to self-reproduction,! another way to outline how this affects the evolution 
of density in the early universe. Next, after having done this, we give a description 
of an equation for setting the value of a in a gravitational potential proportional to 
r ^, This @ has real and complex values, unlike the Newtonian real value. 

Part 2: We summarize what this has to do with possible revisions of the three- 
body problem? with a particular mention as to how this affects astrophysics.? 


(p. 141) 


2. How a Scale Factor Is Affected by the NLED Paradigm 


First we look at structure formation, mainly self-reproduction of inhomogeneity in 
terms of early-universe conditions. ! In this, the starting point is the meme of chaotic 
inflation. That is, inflation generated by a potential: t3 


Vpotential ind p? $ (1) 


In this, one can look at a scalar field at the end of (chaotic) inflation,! with an 
amplitude given by ój for the initial value of the inflaton such that 


Duns Tm: $2, (2) 


where m will be determined by NLED inputs to be brought up later. In terms of 
the initial inflaton, inhomogeneities do not form if the initial inflaton is bounded:! 


(3) 
This leads to (low?) inflation-generated inhomogeneity in space-time. Inflation is 
113 if there is only the inequality 


i > m. (4) 


Nje 


m`! > di > m7 


eterna. 
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2.1. NLED Applied to Eq. (4) Plus Details of Structure Formation 


We examine the following treatment of mass with this as our starting point. If lPlanck 
is the Planck length and o > 0, then 


m ~ 10%. lBlanck ' Pdensity- (5) 


Then we can consider the following formulation of density. If we do not wish to 
consider a rotating universe, then Camara et al.^ has an expression as to density, 
with a B-field contribution to density, and we also can used the Weinberg result? of 
scaling density with one over the fourth power of a scale factor, which we will remark 
upon in the general section, as well as the Corda and Mosquera Cuesta result? for 
density is for a star, whereas the Camarade et al. result^ is for a universe). In 
addition, Corda and Mosquera Cuesta? use quintessential density to falsify the null 
energy condition of a Penrose theorem.’ With further details of what Penrose was 
trying to do as to this issue of GR,? and to answer how to violate the null-energy 
condition, one should go to for quintessential density defined, with the constant 
in Eq. (4) greater than zero. Then in both the massive star and the early universe, 
this density result is applicable. 


py Sy Bt. (6) 
3 

Keeping in mind what was said as to choices of what to do about density, and its 
relationship to Eq. (5), we then can reference structure formation as follows. Look 
at how a Hubble parameter changes with respect to cosmic evolution. It changes 
with respect to Atoday being the Hubble parameter in the recent era, and the scale 
factor o, with this scale factor being directly responsive to changes in density.? 
That is, p ~ a~*. In the next section, we examine how to vary the scale factor 
cited in Eq. (7). In this section, we note of what the scale factor does?! to the 
Hubble parameter given in Eq. (7), and then in the section afterwards review a 
possible reconciliation of how Eq. (6) and Eq. (7) define early-universe parameters. 

'To understand, we consider what happens to the Hubble parameter: 


H Hioday f (7) 


3 
Q2 


If Eq. (4) holds,! then inhomogeneous patches of space-time appear in a causal 
g 


region of space-time for which 


3 
; = a2 
Causal-domain ~ H1 ~ 


. 8 

today ( ) 

Furthermore, about 20 such domains are created in a Hubble time interval 

Aty x H-l.! As a function of say 10° times Planck time, for a domain size 

given by Eq. (8) and this requires then a clear statement as to how the scale factor 
changes? and reconciling the density expressions given in Eq. (6) and Eq. (7). 
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2.2. Nonzero Initial Universe Radius from Nonlinear Space-Time 


We assert a scaled parameter A,! and ag, paired with ag. For the sake of argu- 
ment, we will set ag ox v/Tpianck, With tplanck ~ 10744 s. Also, A is a cosmological 


"constant" parameter described later as quintessence: ^? 
4nG Ac? 
Ao = — Bo, and A = —. (9) 
3Hoc 3 


Then if, initially, Eq. (9) is large, due to a very large A the time? (Eq. 53) is such 
that, even though there is an expanding and contracting universe, the key time 
parameter may be set to tmin © to = tplanck ~ 10744 s. Whenever one sees the 
coefficient like the magnetic field, with the small 0 subscript, for large values of A, 
this should be the initial coefficient at the beginning of space-time which helps us 
make sense of the nonzero but tiny minimum scale factor. ! 


i 
ao 2 2 i 
Amin = 40° 2X ao + 32A Low Bj — ag " (10) 


The minimum time most likely means, due to large A that Eq. (10) is of the 
order of about 10~°°, 33 orders of magnitude smaller than the square root of Planck 
time. We next will be justifying the relative size of the A. 


2.3. An NLED Large, Varying A and Early- Universe Scale Factor 


Dispite the temperature variation? for the cosmological Hubble parameter, we can 


set A(t) ~ HZ a, us, ^ In short, we obtain its equivalence with Amax ~ coT'B.9 Then, 


comparing Eq. (6) and Eq. (7) leads to the following constraints. 
C RES EM 
3 go (va + 32Auow B$ — ao) 


Equation (11) suggests a large B field in Eq. (11). Note that !? 


(11) 


cM Q2 h? As ~ 107°. (12) 


Here, if there is a flat universe’! and taking H? = $ - p and using the magnetic 
field’s relation to density, 1? then the number of operations, n, 


2 
t jl 16 
n pax th (2) S Perit ~ 5 X py == c BY 
tp t 3 


2 
t 1 1 1 
ene (=) ~ ~= (13) 


tp) B® BE B^ 


Adding Lloyd’s treatment of information, !? we estimate an early-universe fluctu- 
ation at, if we have a baseline number for initial (expansion) value of the Hubble 
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parameter, Hpaseline. This is a starting point for an expanding universe with n!? as 
an initial function of entropy. So then, we may see in the CMBR 


1 _ | t 
AF thermal = Rpaseline -nt-10 Sa : (14) 
tplanck 


In Eq. (15)-(16), with H given by Eq. (16) and, as in Adamek et al.,'° (Fig. 2) we 
have, perhaps, the beginning of how NLED may impact fluctuations in H. That, 
in turn, may lead to the issue that opened our discussion. Equation (14) may give 
some insight as to the fluctuations in Adamek et al.!? (Fig. 2) 


3. The Problem of a x r * in a Gravitational Potential 


To review this, we use the following treatment of the Klein-Gordon equation: '? 


—Ht 


Ör t 3H y + Sox = 0, QR TES (1+ gee, andr — —94—. (15) 


Here, k is the wave number and H is constant in the early universe. Thus k = 2m 


with A proportional to the “width” of a would-be preuniverse “bubble” 4 in place 
of a singularity. Also, one would have for a constant H, during this time, !? 


8rG K 8rG 3 k 8rG py 
V3 ^w V3 V^ 8G a 3 V 9-5 
py 
N E L - 
of = (5 Atv) -a oe 


where p is energy density and & is curvature. Chaotic inflation uses V (p) © k 2, 


the time derivative is i. and 9 = gy: 
42 2 2 
yp 3 kK ok 2 3 a 2 16 4 
L = — tS PEs oe ts se a Bnw AE. (17 
2 BnG d? + gi Pk P= BG a a) c. (17) 


The last term of Eq. (17) states that, if we apply it to the Pre-Planckian-to- 


Planckian regime, there will be a change in the energy, We call this shift in energy 


equivalent to a change in kinetic energy, and then reference the Virial theorem: 1° 


(eere gigi + Bel vem) eS B). o» 


16 
-39k T =c B* 
where Vpg is potential energy. In Pre-Planckian-Planckian space-time, we approx- 


8:7Ga? a 3 


imate, in the instant before time is initialized, the mean-value theorem for the 
computed values of both Eq. (17) and (18) with our results: 
d. Lee 16 a a «a 16 i 
moe GPE ZUR Se ops S a GP gu ure 09 
Here, the magnetic field is determined by B, the scale factor a (Eq. (12)), and yx 
(Eq. (19)). o is no longer strictly real and is influenced by the complex yx. We next 
conclude with how the three-body problem, and in fact other experimental science 
could be impacted by Eq. (19). This merits scrutiny of the Lagrangian equilateral 
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triangle? (p. 134) and possible orbits from the three-body problem. 17 (p. 15) Here, 
we consider both in terms of KAM theory, ?:1? a highly restricted set of equations: 


When the system is slightly perturbed most of the invariant tori are not 
destroyed but only slightly shifted in the phase space. This has impor- 
tant implications on stability of orbits in the general and restricted three 
body problem. The proof of the KAM theorem by Moser [1962] and Arnold 
[1963] also demonstrated that convergent power series solutions exist for 
the three-body (as well as for the n-body) problem. The KAM theorem 
seems to be very useful for studying the global stability in the three-body 
problem [Robutel, 1993a, Montgomery, 2001, Simó, 2002]; however, some of 
its applications are limited only to small masses of the third body. !* (p. 15) 


The limitation of KAM theory is that, most of the time, we have that the KAM 
results require a third body to be low mass, a classic dynamic-system result. 


4. Conclusion 


Via careful use of Eq. (19), we must remove dependence upon third-mass size, and 
examine if this can still recover much of the stability analysis. Later, this question 
in terms of a serious application of the value of Eq. (19) will be pursued, Second, 
orbital changes in encounters with planets is a restricted three-body problem,? 
(p. 154) frequently used as to the interaction of say comets (comparatively small 
mass) with planets circulating the Sun, where we have two “massive” masses, and 
the third body. This could be used to show how the hyperbolic trajectory of a minor 
mass object (comet) is impacted in a simple solar-system model. We hope that, by 
judicious investigation of the arguments given for Eq. (19), the restrictions as to 
the smallness of the third mass may be partly ameliorated. If this is done, and it 
will require through investigations, then a template as to how to reliably simulate 
N bodies interacting may be a doable problem. To do this, one must investigate if 
the classical KAM problem may be generalized beyond its present restrictions. 
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Constraining time-dependent dark energy with the flux power 
spectrum of the Lyman a forest 
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Calculations of the flux power spectrum of the Lyman a forest are performed as a means 
to quantify the possible effects of time-dependent dark energy. We use a parameter- 
ized version of the time-dependent dark energy equation of state consistent with the 
Planck analysis. We have run high-resolution, large-scale cosmological simulation with 
a modified version of the publicly available SPH code GADGET-2. These simulations were 
used to extract synthetic Lyman a forest spectra. These were then used to simulate 
the flux power spectrum at various observed quasar redshifts. We conclude that the ef- 
fect of time-dependent dark energy on the flux power spectrum is of marginal statistical 
significance compared to the intrinsic cosmic variance. 


Keywords: Cosmology: dark energy — cosmology: theory — methods: numerical. 


1. Introduction 


The origin of the present cosmic acceleration remains a mystery. Within the dark 
energy paradigm several time-dependent models have been proposed as the physical 
mechanism for cosmic acceleration.!. The simplest model is that of a cosmological 
constant. Another possibility, however, is a self-coupled, slowly evolving scalar 
field that manifests as either a cosmic quintessence? or k-essence?. The empirical 
difference between the cosmological constant and all other dark energy models is 
that the energy density of the later can vary in time. Hence, discriminating between 
various dark energy models can be made by observing how the dark energy changes 
in time. 

Current observational constraints on time-dependent dark energy, however, are 
quite weak*. In the work described here? we consider using the Lyman-a forest as 
a means to constrain the time evolution of dark energy. The motivation for using 
the Lyman-a forest is that the effects of dark energy, should be most apparent on 
the morphology of voids in the cosmic web. !? The absorbers responsible for the 
Lyman-a forest should reside primarily in the clusters and filaments. !?1^ Along the 
line of sight to distant quasars these absorbers will be separated by the voids. As 
such, the separation of these absorbers in redshift space should act as a tracer of 
the evolution of the voids. 15 Hence, the flux power spectrum acts as a proxy for the 
matter power spectrum and should contain complementary information about how 
each dark energy model affects the expansion of the universe. Thus, studying the 
Lyman-o forest could be an independent approach to searches based on the SNIa 
redshift-distance relation, the CMB, BAO, ISW, and gravitational lensing, and one 
that has received comparatively little attention in the literature. 
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2. Simulations 


Previously Ref. [15] considered the effects on the Lyman-a forest from various values 
of cosmological constant in the context of a semi-analytic treatment of the Lyman-a 
forest. In Ref. [5] we expanded upon that work by making use of high-resolution N- 
body simulations, from which we extracted synthetic Lyman-o spectra. Moreover, 
we have explored dynamical models of dark energy. 

Our simulations were run with the publicly available smoothed-particle- 
hydrodynamics (SPH) code GADGET-216, modified? to work with dynamical dark 
energy. |" Simulating the Lyman-a forest requires a very high resolution. It has been 
suggested!? that a resolution of zz 40 h-! kpc in a box of size L z 40 h-! Mpc is 
needed to adequately resolve the structure of the Lyman-o forest and achieve con- 
vergence in the power spectrum. With these requirements in mind, we simulated 
1024? dark matter particles in a box of length 40 h^! comoving Mpc. 

Due to the high resolution requirements of our simulations, we evolve a dis- 
tribution of only dark matter particles out of consideration for the total run-time. 
This is justified because in the low-density, mildly non-linear environments typically 
responsible for the Lyman-o forest, the baryon distribution largely follows that of 
the dark matter on large scales.!? Additionally, the effects of non-linear baryonic 
physics, such as galactic winds, have been shown”? to be small at large scales where 
the effects of dark energy should be most prominent. 

Our cosmological parameters are those given in Ref. [21]. Other simulation pa- 
rameters are given in Ref. [5]. We ran five simulations both with a cosmological con- 
stant and with various dynamical dark energy where w(a) is the linear slope of the 
dark energy equation of state with redshift. The dynamical models were chosen such 
that their parameters were as close to the edges of the allowed 9596 confidence range 
for the (wo, wa) parameter space given in the Planck analysis.* We chose points at 
the fringes of the allowed parameter space since these models should produce flux 
power spectra with the largest differences between them. The only exception to this 
is model DE2-40-1024, (wo, wa) = (—1.1,1.3) which was deliberately chosen from 
the region of the (wo, wa) parameter space that is outside the bounds permitted by 
Planck’s marginalized posteriors. This was done for two reasons: first, we wanted 
to determine if very extreme values the dark energy parameters were capable of 
producing a distinct signature in the flux power spectrum of the Lyman-a forest, 
and second, we were interested in whether or not the flux power spectrum provided 
constraints on the dark energy parameter space that were in accord with the results 
determined from other observational probes. The values of wo and wa that we used 
are (wo, Wa) = (—1.0,0.0), (0.0, —3.0), (—1.1, 1.3), (—2.0, 0.0), (—2.0, 2.0). 

Each of our simulations was started from the same initial conditions and evolved 
from z — 49 to z — 2.2. Our initial conditions were generated using the pub- 
licly available second-order Lagrangian perturbation theory code 2LPTIC?7. We 
generated snapshots of each simulation for quasars located at observed redshifts 
of z = 4.2,3.8,3.0,2.7, and z = 2.2 as described in Ref. [5]. Our simulations 
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required on the order of ~ 10 days on 72 processors to run. Following this, the 
post-processing took on the order of one week per snapshot, with the majority of 
the time (about four or five days) being devoted to halo-finding. 


3. Implementation of Dynamical Dark Energy 


The publicly available version of GADGET-2 assumes that dark energy arises from 
the cosmological constant. However, we make use of the parameterization given 
in 5. Nevertheless, modifying GADGET-2 to include the effects of dynamical dark 
energy was relatively straight forward. Calculating a synthetic spectrum requires 
knowledge of the densities, temperatures, and HJ neutral fractions for each of the 
simulation particles. Since these are not properties of dark matter particles in 
GADGET-2, and we ran dark matter only simulations, we calculated these quantities 
in post-processing. Details of the GADGET calculations and the extraction of the 
Lyman-a spectra are given in Ref. [5]. 

The absorption in the Lyman-a forest serves as a way of mapping out the large- 
scale structure between the observer and the distance source quasar. Thus, the flux 
power spectrum serves as a proxy for the power spectrum of the underlying matter 
field that gives rise to the absorption in the Lyman-a forest. Since the matter power 
spectrum is a measure of the density amplitudes as a function of scale, and these 
amplitudes depend upon the expansion history of the universe, we can, in principle, 
use the flux power spectrum to discriminate between dark energy models. 

Following Ref. [23], we do not analyze the flux directly but instead consider the 
quantity: 


=i, (1) 


F, is used in place of F because F is sensitive?’ to changes in the mean flux (e77). 
We then take the Fourier transform of F, using the publicly available package FFTW3* 
to calculate the power spectrum. That is, the power spectrum is constructed from 
the Fourier transform of Fp, which we denote Fp,k, 


Pr, (k) = |Fpal?- (2) 


We normalize the spectrum by dividing out the total counts within each bin of 
frequency k. The frequencies are found via: 


ky = (3) 


where i indicates the bin index and T is the period. For discrete Fourier Transforms 
(DFTs), the signal is assumed to be periodic over the range in which there is data, 
so the period is simply the length of the spectrum in velocity space. 


“http://www.fftw.org/ 
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4. Results 


Using the procedure described in Ref. [5], we extract one-thousand synthetic spectra 
for each model at each redshift. This pool of spectra was then used to calculate 
an average power spectrum for each dark energy model at each redshift, along with 
errors. Figure 1 shows the spectrum through the center of the simulation volume 
for each of our dark energy models. These are offset from one another for visual 
clarity. All of the spectra, save for the DE2-40-1024 model, are nearly identical to 
one another. 
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Fig. 1. The synthetic spectrum through the center of the simulation volume for each of our dark 
energy models at z = 3.00. This figure highlights the fact that the spectrum for each of our dark 
energy models, save for DE2-40-1024 (magenta), are all nearly identical to one another. Each 
spectrum is offset from the others for reasons of visual clarity. 


In order to calculate an average power spectrum at each redshift, we bootstrap 
a sample of eight-hundred synthetic Lyman-a forest spectra from our pool of one- 
thousand. The process described in Ref. [5] is then applied to this bootstrapped 
sample in order to calculate one instance of the power spectrum. This process is 
then repeated one thousand times to generate one thousand instances of the power 
spectrum. These instances are then averaged on a k-by-k basis in order to obtain 
a mean value of P for each k along with a standard deviation, which we take to be 
the errors on our simulated power spectra. 

We applied? a k-sample Anderson-Darling (AD) test?^ to analyze the statistical 
significance of the differences among power spectra. This test places more emphasis 
on the tails of the distribution. Since dark energy is a large-scale phenomenon, we 
expect the differences between power spectra to be greatest on the largest scales 
(smallest k). The key feature of the AD test is the fact that it is distribution-free. 
'This is because the underlying distribution function giving rise to the power spec- 
trum is unknown. With no a priori reason to prefer one distribution function over 
any other, a reasonable place to start is to assume a Gaussian distribution, though 
we would not necessarily expect this to be the case given that cosmic structure is 
not normally distributed. 
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Fig. 2. Power spectrum from each of our dark energy models at z = 3. This figure shows that 
effect of various time-dependent dark energy models on the flux power spectrum of the Lyman-a 
forest is small. 


In summary, his work has explored whether the flux power spectrum of the 
Lyman-a forest can be used as a probe of time-dependent dark energy. We ex- 
tracted synthetic Lyman-a forest spectra from high-resolution N-body simulations 
and used these to calculate the flux power spectrum. We used five different dark 
energy models, including the cosmological constant and four dynamical, parame- 
terized dark energy models. These models were chosen from the (wo, wa) posterior 
distributions as determined by Planck. In particular, of the four dynamical dark 
energy models we employed, three of them were chosen to lie at the fringes of this 
posterior, while the fourth was deliberately chosen to lie outside of the 9596 C.L. 
bounds determined by Planck to serve as an extreme example from which we might 
discern an effect on the power spectrum. 

Based our pool of synthetic Lyman-a forest spectra, we calculated an average 
power spectrum for each dark energy model at each redshift. We used k-sample 
Anderson-Darling test, which shows that there are only marginal differences between 
the power spectra. Thus, the effects of dark energy on the Lyman-a forest are 
less significant than the probes based upon the baryonic physics in the IGM. This 
implies that it is challenging to discriminate among dark-energy models based upon 
the power spectrum of the Lyman-a forest. 
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The recent analysis of low-redshift supernovae (SN) has increased the apparent tension 
between the value of Ho estimated from low and high redshift observations such as the 
cosmic microwave background (CMB) radiation. At the same time other observations 
have provided evidence of the existence of local radial inhomogeneities extending in 
different directions up to a redshift of about 0.07. About 4096 of the Cepheids used 
for SN calibration are directly affected because are located along the directions of these 
inhomogeneities. We compute with different methods the effects of these inhomogeneities 
on the low-redshift luminosity and angular diameter distance using an exact solution of 
the Einstein's equations, linear perturbation theory and a low-redshift expansion. We 
confirm that at low redshift the dominant effect is the non relativist Doppler redshift 
correction, which is proportional to the volume averaged density contrast and to the 
comoving distance from the center. We derive a new simple formula relating directly the 
luminosity distance to the monopole of the density contrast, which does not involve any 
metric perturbation. We then use it to develop a new inversion method to reconstruct 
the monopole of the density field from the deviations of the redshift uncorrected observed 
luminosity distance respect to the ACDM prediction based on cosmological parameters 
obtained from large scale observations. 

The inversion method confirms the existence of inhomogeneities whose effects were 
not previously taken into account because the 2M +-++4 density field maps used to obtain 
the peculiar velocity-2 for redshift correction were for z < 0.06, which is not a sufficiently 
large scale to detect the presence of inhomogeneities extending up to z = 0.07. The 
inhomogeneity does not affect the high redshift luminosity distance because the volume 
averaged density contrast tends to zero asymptotically, making the value of HOM E 
obtained from CMB observations insensitive to any local structure. The inversion method 
can provide a unique tool to reconstruct the density field at high redshift where only SN 
data is available, and in particular to normalize correctly the density field respect to the 
average large scale density of the Universe. 


Keywords: Luminosity distance; inversion method; Hubble parameter. 


1. Introduction 


The recent analysis of low-redshift supernovae (SN) luminosity distance measure- 
ments* have given an estimate of the the Hubble parameter 73.24 + 1.74 km s^! 
Mpc-! which is more than 9% larger than the one obtained from CMB data4, 
66.93 + 0.62 km s^! Mpc^!. The difference is significant at about 3.40 confidence 
level, making it a discrepancy which is definitely worth investigating and cannot be 
easily attributed to a statistical fluke. On the other hand there is evidence? from 
luminosity density observations that the radial density profile is not homogeneous 


in certain directions. In one direction, corresponding to subregion 3 in2, the radial 
profile is underdense up to about 300 Mpc/h. 

In order to check the effects of local inhomogeneities on the luminosity distance 
and that redshift correction is sufficiently accurate we compute the full relativistic 
effects on the luminosity distance using an exact solution of the Einstein’s equations 
and compare to results obtained using linear perturbations theory and a low-redshift 
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expansion. In the perturbative limit we obtain a formula relating directly the density 
field to the luminosity distance, showing that the effects are proportional to the 
volume average of the density field, not to the local value of the density contrast. 
This explains naturally why large scale observations are not affected by low redshift 
inhomogeneities, since their volume average is negligible on large scales. 

We use this formula to derive a new inversion method to obtain the density 
contrast from redshift uncorrected observed luminosity distance observation.The 
method gives a value of the density contrast in subregion 3 in agreement with? 
observations.Note that no assumption about a large void extending in all directions 
is made, and only the radial inhomogeneity in subregion 3 is considered, but since 
about 4096 of the Cepheids are affected by this inhomogeneity, the entire analysis 
can be affected even if the local Universe is homogeneous in other directions. 
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Fig. 1. The peculiar velocity associated to an inhomogeneity profile as the one shown in the 
upper panel of fig. 2 is plotted in units of the speed of light c as a function of redshift. As can be 
seen the effect reaches its peak around the hedge of the inhomogeneity and is then asymptotically 
suppressed due to volume averaging. 


Due to the insensitivity of high redshift luminosity distance to local structure, 
we argue that any local deviation from the theoretical prediction of a FRW model 
based on cosmological parameters estimated using large scale observations such as 
the CMB radiation, should be considered an evidence of local structures with a 
size larger than the depth of the density maps used to apply redshift correction to 
observational data. 

'The inversion method we developed could be hence particularly useful to recon- 
struct the density field from SN luminosity distance observations on scales where 
galaxy surveys data is not available, not just to resolve the Ho tension. 


2. Effects of inhomogeneities on the luminosity distance 


Unless differently specified, we use a system of units in which 8G = c = 1. The 
effects of inhomogeneities on the angular diameter distance were calculated to first 
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Fig. 2. The fractional difference of the luminosity distance ADr,/Dr, and the local Hubble pa- 
rameter AH/Hpo are plotted as a function of the redshift for a compensated (top) inhomogeneity 
such as the one studied in$ and an uncompensated (bottom) void. For AD/D the effects of the 
inhomogeneity are computed with a non pertubative approach using a LTB metric (red line) and 
are in good agreement with the approximation (black line) given in eq. (11), confirming that ky, 
in eq. produces the dominant effect at low redshift. The relative fractional difference AH/H 
is computed with eq. (black line) and with eq. (dashed line). For the compensated case 
the difference is particularly important since eq. would predict a negative variation, while 
eq. gives the correct sign, in agreement with the results of a local fitting procedure. The vol- 
ume averaged fractional density contrast ó defined in eq. is plotted with a black line and the 
local density contrast 6 with a dashed line. 


order in perturbation theory in- and to second order in. The results in the Newton 


gauge can be written in this form212 


Da(z) = Da(z) [l — k(z)] , (1) 
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where D 4(z) is the diameter distance for a homogeneous Universe. The convergence 
k(z) = $5, ki(z) is the sum of different terms among which the most important ones 
are 


k(z) © ks(z) + k(z), (2) 
1 1 
b= [^ zu [ at » 
3 ve (Xe — X) 
ks = Hêm ane NE 4 
§= gom |. iones x(x) ; (4) 


where x is the comoving distance, we are denoting respectively with a lower-script 
e or o any quantity evaluated at the point of emission of the photons or at the 
observer, and the unit vector n is in the direction of propagation from the emitter 
to the observer. The term ks is known as the gravitational lensing magnification 
while k, is due to the peculiar velocities. The other k; terms are related to the line 
of sight integral of the gravitational potential and its time derivatives, such as the 
integrated Sachs-Wolf effect for example, and are sub-dominant at low-redshift2. 
We will show later using both an exact solution of the Einstein's equations and a 
low-redshift Taylor expansion that the most important term is ky. 


3. Peculiar velocity and density maps 
In the Newtonian limit the peculiar velocity field can be related to the density field 
by integrating the Euler's equation+2 


aH ees. a EE) 


v(x) = ia pa X. (5) 


In3i344 Rfar corresponds to z < 0.06, which is less than the size of the local in- 
homogeneity, z + 0.07. While the redshift correction method is quite precise at low 
redshift as we will show later, the velocity field they obtain is missing the peculiar 
velocity component due to the local void which can be obtained only by integrating 
eq. (5) over scales larger than the size of the void. The correct background density 
value p entering the definition of the fractional density contrast ô = óp/p should be 
the volume average of the density p on a scale larger than the void size, otherwise 
the underdensity of the void respect to the rest of the Universe will not be taken 
into account. 

Density maps for z « 0.06 cover regions inside the void and cannot be used to 
find the relative density difference respect to the outside region, located at z > 0.07. 
In other words if we only consider density maps for z « 0.06 we cannot detect 
the presence of the local void, while extending the analysis to a higher redshift 
range gives ô œ~ —0.5 inside the void. It turns out that the component of the 
peculiar velocity due to the void is crucial to explain the apparent tension in the 
Ho estimation. 
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4. Perturbative monopole correction 


The peculiar velocity associated to a spherically symmetric inhomogeneity can be 
obtained in the Newtonian limit as+2 


v(x) = -gaf HBQOx, (5) 
o(x) = La ri Arx" S(x’) dy! (7) 


where 6 is the density contrast averaged over the sphere of comoving radius y, it has 
been assumed that the density contrast can be factorized as the product of a space 
and a time dependent function as 6 = A(x) D(t), and f = 7% is the growth factor. 
The negative sign in front of eq. (6) implies that for an underdensity the velocity is 
directed outward from the center, which is what we intuitively would expect since 
the region outside the void is denser. From the above equation we can see that the 
monopole component of the peculiar velocity is zero for a central observer, implying 
that the observer velocity is not affected by the monopole component of the local 
structure. Since the effects of the inhomogeneity depends on ó(z), they extend 
slightly beyond the edge of the void, because the volume averaged density contrast 
does not go to zero immediately after it. 

Eq. (6) is used to plot in fig. [] the peculiar velocity as function of the red-shift 
inside an inhomogeneity with a density profile given in fig. 2] As expected the 
velocity is zero at the center, reaches its pick at the edge of the inhomogeneity and 
tends asymptotically to zero due to the volume average. 

Using eq. (6), and only considering the effects due to the emitter velocity ve, 
since, as shown in eq. (6), a spherical symmetric inhomogeneity does not affect the 
observer velocity, we can re-write k, in terms of the averaged density density and get 


ky = Sf (aHx - 1). (8) 


Note that we have used that ve-n = 4 fóaH x because n is directed from the emitter 
to the observer, while in eq. (6) the unit vector is in the opposite direction, i.e the 
positive radial direction, since we are assuming a coordinate system centered at the 
observer. 


5. Low redshift effects of a local inhomogeneity 


At low redshift we have aH x 7: z and consequently only the second term in eq. (8) 
is important at leading order in z, giving 


kole) = - 5/80). (9) 


In the case of k; we can also perform a low-redshift expansion and assuming ó — 
óc + 01z + .., the leading order term is 

3 

ks = rU E (10) 
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which is a second order term which can be safely neglected at low redshift. 
Now that we know that the dominant contribution at low redshift is k,, we can 
compute the leading order correction to the angular diameter distance 


Dalz) = Dr(a) = Dale) [1+ 5/812) - (11) 


In the above equation we have used that at leading order in redshift the reci- 
procity relation Di (z) = (1+ z)?Da(z) implies that Dr(z) = Da(z). 

As shown in fig.[2]eq. (IJ) is in very good agreement with the results obtained 
from the calculation of the full relativistic effects of the inhomogeneity using the 
LTB solution, confirming that the approximations used to derive eq. (11) are well 
justified. 


AH 1 
H: = Ho + AH(z), Ho= lim ZG (13) 
AH(z) | ADi(z) | l = ‘ 
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We investigate the relativistic corrections to the standard model of formation of large 
scale structures. In matter domination and in the Poisson gauge, we use the weak- 
field approximation which allows to keep compact expressions even for the one-loop 
bispectrum. Whereas in the Newtonian limit, the choice of gauge is marginally important 
as all gauge coincides, when relativistic corrections are taken into account, it matters as 
a change of gauge may induce a change of gravitational potential and introduce fictitious 
modes in the finial result for the power spectrum. It is precisely what happens in the 
example presented in this talk as the equivalence principle is not fulfilled in the Poisson 
gauge and the cancellation of the IR divergence at one-loop does not occur. We will 
discuss how other choices of gauge may solve this issue. 


Keywords: Cosmology, Large Scale Structures, Relativistic corrections, Bispectrum, Non- 
gaussianities. 


1. Introduction 


Most of the large scale structures observables can be computed within a Newtonian 
approximation (see Ref. 1 for a review). On the large scales, at early enough time, 
the universe is in the linear regime and all gauges coincide with the Newtonian 
one. On the small scales, local processes for the formation of structures happen 
and gravity is well described by Newton's theory. However, reporting on Ref. 2, 
we argue that a proper calculation of the one-loop bispectrum requires to take 
into account relativistic corrections. Unlike the power spectrum which depends 
only on one Fourier mode by translation and rotation invariances, the bispectrum 
couples the scales? and therefore could get non-linear relativistic corrections that 
requires to go beyond the Newtonian gauge. We will present some steps toward 
calculating the one-loop bispectrum. In section 2, we present a weak field scheme 
which allows to keep the leading relevant relativistic corrections for cosmological 
spacetimes. In section 3, we describe the equations of motions for the dark matter 
perturbations and we solve them using perturbation theory. We present our results 
for the bispectrum in section 4 and finally present some further subtleties of this 
calculation and conclude in section 5. 


2. Weak field approximation 


'The task of computing relativistic corrections in full GR is quite challenging even 
at second order, see eg. Refs. 3-5. However, on cosmological scales, gravity is 


aIt is possible to consider triangle configurations that have one large scale and two small scales: 
the so-called squeezed limit. 


1258 


weak and to obtain reliable results, one does not need to consider the full GR. 
Mathematically, the weak field approximation? ? relies on the fact that the root 
mean square of the velocity of dark matter perturbations is small: v ~ 107? and 
furthermore the gravitational potential is also small ¢ ~ 107. This allows to tread 
those two quantities perturbatively in the equation of motion. We note however 
that to derive the equations of motion of section 3, nothing is assumed regarding 
the density contrast of the dark matter field: 6 ~ 1 can happen in the small scales, 
at shell-crossing. A more systematic description of the weak field approximation 
can be found in table 1 of Ref. 2 and in the text around it. 


3. Equations of motion 
'The metric we consider reads: 
ds? = —(1+ 26)dt? + 2w;da'dt + a(t)? (1 — 29)6;; + hij] dx! da? , (1) 


where we considered two gravitational potentials ¢ and w, frame dragging effects 
wj and gravitational waves hij. Applying the weak field scheme of section 2 and 
calculating the first two moments of the Boltzmann equation, supplemented by the 
Einstein equations, one finds?: 


bsec -f Olki, Ra) Un e (ka) + Ox s on o) + Sslönl, (2) 


Ör +2HOn + Hr = —2 | lkr ka)Øn(ki)Orlka) Sp]. (3) 
1;€2 

We have split the dynamical quantities (0, 0 = O;v*) between a Newtonian part 

and a relativistic part, denoted by superscripts N and R. The left hand sides of 

these equations describe the linear terms, an expression for the relativistic sources 

is given in appendix C of Ref. 2. The standard kernels œ and 8 describes usual 

non-linearities terms. 

To solve Eqs. (2)-(3), we perform perturbation theory in the usual sense (see 
eg. Ref. 9) and expand the dark matter fields in powers of the linear density con- 
trast ój. This allows to define Newtonian kernels F, together with their relativistic 
counterparts FP: 


5(k,t) = So arte) [ [Falken shen) e ORO GS...) (Ki) . . Ai (Rs) . 


Ls 
(4) 
In appendix D of Ref. 2, expressions for the kernel up to n = 4 are presented in two 
gauges of interest: Poisson and synchronous-comoving. 


4. Results 


After solving the equations of motion, we are in position to present our main results: 
a plot of the bispectrum defined as 


(8(Ki,t)ó(Kka, t)5(k3, t)) = (27)°dp(ki + ka + k3) B(ki, k2, ks, t). (5) 
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Fig. 1. In the squeezed configuration: B(k1,k1,k), one-loop corrections to the linear bispectrum 
in Poisson gauge, with kı = 0.1 h Mpc-!. Doted lines denotes a negative contribution. The 
qualitative reasoning discussed in the introduction holds and indeed relativistic corrections are 
important at large scales (small k) in squeezed configurations. Observe even that the relativistic 
one-loop results become larger than the tree-level Newtonian results and the perturbation theory 
breaks down in the IR. In purple, we ploted a signal that could come from primordial non- 
gaussianities with fyz = 1. 


Those results are contrasted with a synchronous gauge in Ref. 2. 


5. Conclusions and perpectives 


Due to lack of space, several issues were eluded in this proceeding, in particular, 
in section 5 of Ref. 2, some details are given about the renormalization of the 
background which is required in order to avoid infinities, the UV and IR behavior 
of the loop-integrals is also discussed there. 

We have reported in this proceeding our new results on the one-loop bispectrum. 
We argued that taking into account GR is necessary as the bispectrum couples 
scales. We indeed found that the relativistic corrections becomes of the same order 
of magnitude than the Newtonian (linear) results. 

'These encouraging results invite to perform several steps in order to observe the 
bispectrum: 


e Take into account, not only dark matter but galaxies which is done by 


introducing a set of bias parameters !?:1!, 
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e Take into account the fact that what is observed in our telescopes is a 
redshift and a direction in the sky and not a position and a time. To do 
so, one goes to redshift space and takes into account the propagation of 
photons in our cuspy universe: those effects are sometimes dubbed redshift 
space distortions 1?:13, 

Other interesting roads includes to more precisely model th short scales, either with 

effective field theory !^, resummation 15 

inclusion of a cosmological constant!" A is also in order opening also the door to 

further generalize to modified gravity scenario for cosmology. 


or renormalization group !? techniques. The 
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The core-cusp problem remains as one of the unresolved challenges between observation 
and simulations in the standard ACDM model for the formation of galaxies. Basically, the 
problem is that ACDM simulations predict that the center of galactic dark matter halos 
contain a steep power-law mass density profile. However, observations of dwarf galaxies 
in the Local Group reveal a density profile consistent with a nearly flat distribution of 
dark matter near the center. A number of solutions to this dilemma have been proposed. 
We summarize investigations the possibility that the dark matter particles themselves 
self interact and scatter. The scattering of dark matter particles then can smooth out 
their profile in high-density regions. We also summarize theoretical theoretical models as 
to how self- interacting dark matter may arise. We summarize our own implementation 
this form in simulations of self-interacting dark matter in models for galaxy formation 
and evolution. Constraints on self-interacting dark matter are then summarized. 


Keywords: Interacting Dark Matter; Dwarf Galaxies; Galactic Structure. 


1. Introduction 


'The nature of most of the matter in the universe remains as one of the most chal- 
lenging questions in modern physics. ! Nevertheless, observational evidence from the 
Cosmic Microwave Background, galaxies cluster, weakly lensing, and the Lyman- 
o forest agree with the predictions of the ACDM model. Such models contain a 
mixture of roughly 25% collisionless cold dark matter such as WIMPs, axions, etc. 
interacting through the weak and gravitational forces only, and 7096 vacuum en- 
ergy or quintessence.?? Only a fraction of the present total matter can be made of 
ordinary baryons has an unknown, nonbaryonic origin‘. 

However, it is now appreciated (e.g. Ref. [5] and refs. therein) that conventional 
models of collisionless cold dark matter lead to problems with regard to galactic 
structure. They are only able to fit the observations on large scales (> 1M pc). In 
particular, high-resolution N-body simulations in these models result in a central 
singularity of the galactic halos® and a large number of sub-halos" than observed. 
This is called the Core-Cusp Problem. A number of other inconsistencies are dis- 
cussed in Refs. [5, 8, 9, 10]. In particular, the mass density profile for CDM halos 
increases toward the center, scaling approximately as pam ~ r71. However, many 
observed rotation curves of disk and dwarf spheroidal galaxies prefer 11713 
stant density profile pam ~ r°, as evidenced by a linearly rising circular velocity in 
the inner regions. This is most evident in dwarf and low surface brightness (LSB) 
galaxies since they are highly DM-dominated. 

A possible way to avoid these problems is to hypothesize self-interacting dark 
matter!^ (SIDM). [Although self-interacting models lead to spherical halo centers 
in clusters. This is not in agreement with the inferred ellipsoidal centers indicated 


a con- 
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by gravitational lensing!’ and by Chandra observations !6.] 


Self-interacting dark matter models are well motivated as a model for parti- 
cle dark matter. The key property of dark-matter particles is that they are non- 
relativistic and have have a weak scattering cross-section. The Spergel-Steinhard 
model!^ has motivated many follow-up studies ^!7:* to identify a dark matter par- 
ticle with self interactions. Here we constrain one particular model!? with right- 
handed (RH) neutrinos for self-interacting dark matter based upon simulations of 
galactic structure. We deduce that the mass of the SIDM in this model in about 
an MeV. We compare numerical simulations to the observations. 

The range of mass for SIDM is from ~MeV with a mean free path and total 
cross section over mass from 0.1 cm? g^ 1 to 100 cm? g^! 
and the missing satellite problems of the ACDM model. In our model the cross 
section over mass g/m is in the range of 4 to 5 cm? gt. 
there is no difference between that of normal CDM and SIDM. However, on small 
scales galactic cores are consistent with all of the observational constraints. We 
analyze the small scale structure of the dark matter based upon the hydrodynamic 
simulations described in this work. 


can solve the core-cusp 


In large scale structure 


2. Model for self-interaction dark matter 


The SM offers no options for dark matter. The first gauge model?? for SIDM was 
found in the 3-3-1 model. To keep the Higgs sector with three triplets in that model 
the existence of exotic leptons was proposed. The 3-3-1 models were proposed with 
an independent motivation?! 2°. These models have the intriguing features that 
they are anomaly free only if the number of families N is a multiple of three. If one 
adds the condition of QCD asymptotic freedom, which is valid only if the number 
of families of quarks is to be less than five, it follows that N is equal to 3. 

I this work we summarize the argument that the 3-3-1 model with right-handed 
(RH) neutrinos?* contains such self-interacting dark matter. 

The main properties that a good dark matter candidate must satisfy are stability 
and neutrality. Therefore, one should consider the scalar sector of the model, more 
specifically, the neutral scalars.!^. In addition, such dark matter particles must 
not overpopulate the Universe. On the other hand, since our dark matter particle 
is not imposed arbitrarily to solve this specific problem, one must check that the 
necessary values of the parameters do not spoil the other bounds of the model. 

Under the assumption of discrete symmetry x — —x, the most general potential 
can then be written in the following form, ?? 


V(n, p, x) = uin^n + u$p* p + u3x^ x M ny) + Aa(p* p) + Ms(x* x)? 
+(n*n)[Aa(p* p) + As(x* 0] + Ae(p* p) Gc x) + Arlon) (m p) 
Aa x n) (ntx) + Ae(e* x) xc p) + Mox n + m x. (1) 


Next one can write the expansion of the scalar fields which acquire a VEV: 


1 1 1 
gc mayan) pho gg E Egon) i diae E DE (2) 
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For the prime neutral fields which do not have a VEV, one finds analogously: 
= mg (6410); e cg Gig). (3) 

To satisfy the requirements of stability and neutrality, one can go to the scalar 
sector of the model, more specifically to the neutral scalars. One must then whether 
any of them can be stable and are self-interacting. 14 In addition, such a dark matter 
particle must freeze out at the correct cosmic abundance. One can check through 
a direct calculation by employing the relevant Lagrangians that the Higgs scalar 
ho and HÌ can, satisfy these criteriona. Remarkably, they do not interact directly 
with any SM field except for the standard Higgs H?. However, ho must be favored, 
since it is easier to obtain a large scattering cross section. 

In contrast to the singlet models of Refs. 4, 18, 28, 29, 26, 27, where an extra 
symmetry must be imposed to account the stability of the dark matter, the decay 
of the ho scalar is automatically forbidden in all orders of perturbative expansion. 
This is because this scalar comes from the triplet x, that induces the spontaneous 
symmetry breaking of the 3-3-1 model to the standard model. Therefore, the SM 
fermions and the standard gauge bosons cannot couple with h°. Also, the A? scalar 
comes from the imaginary part of the Higgs triplet x. The imaginary parts of 7 and p 
are pure massless Goldstone bosons. Thus, there are no physical scalar fields which 
can mix with h? and the only interactions of A? come from the scalar potential. 
They are H2h9h? and HPh°h®. If v ~ u ~ (100 ~ 200) GeV and —1 < as ~ ac <S 1, 
the h? can interact only weakly with ordinary matter through the Higgs boson 
of the standard model H2. The relevant quartic interaction for scattering is thus 
ho tas an RD; 


3. Structure formation in a SIDM Universe 


In the work of Lan and Long,!? it was deduced that the mass range for the dark 
matter is from 4.7MeV to 29 MeV. Our dark matter is non-relativistic with de- 
coupling temperature ~ leV. Dark matter does not interact with any particles in 
the standard model except Higgs Boson, so one need not deal with any collision 
terms. The self-interacting dark matter in the 3-3-1 model of Ref. [19] is non- 
relativistic driving the decoupling era with a decoupling temperature about leV. 
So we have g,,,P" P" = m?, where m is the mass of the dark matter particles, gy 
is the full metric tensor, and P? = y/q? + m2a?(1 — $). We can define the energy 
q = y (p? + m2), where p the is magnitude of momentum. 
If one defines 8 = np /T? in the radiation dominated era one write the evolution 
Boltzmann Equation as 
dB rB a ( (S) ) 


dT | KT? 8m Kem/T |T? 


(4) 


where K? = 4z?g(T)/45m?, and 6 = # are parameters of thermal equilibrium 


and mpz is the Planck mass. We take T = m; so that the cosmic density of the ho 
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scalar is 


3 mj 

On = 2g(Tr)Ty PE (5) 
where T, = 2.4 x 1074 eV is the present photon temperature, g(T,) = 2 is the 
photon degree of freedom and pe = 7.5 x 10-77h?, with h = 0.71, being the critical 
density of the Universe. Let us take mp = 7.75 MeV, v = 174 GeV, as = 0.65, 
-ag = 0.38 (actually in our calculations, we have used a better precision for as 
and ag) and mı = 150 GeV. Thus, from we obtain Q, = 0.3. Therefore, without 
imposing any new fields or symmetries, the 3-3-1 model possesses a scalar field that 
can satisfy all the properties required for the self-interacting dark matter and does 
not overpopulate the Universe. 


4. Constraint with CMB and galaxy simulation 


We have simulated of the formation of a dwarf galaxy of 10!9 M; halos of self 
interacting dark matter (SIDM) with cross section over mass in the range o/m = 3.7 
to 5.2 cm? g-!. We used a cosmological model with parameters Qa = 0.734, 
Om = 0.266, Qy = 0.0449, n, = 0.963, h = 0.71,0g = 0.801 (Komatsu et al. 2011). 
We start with isolated halo galaxies with a stellar mass of Mstar = 1.4 x 10! Mọ 
and temperature T = 10*K with in a box size of 50M pch-!. 

Figure 1 shows an example of our inferred SIDM radial profile for a best fit 
of g/m = 4 cm? gl. It shows a flattening toward the center as required by 
observation. 


10° 


103 


101 


Dark Matter Density [M4;,/Kpc?] 
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Fig. l. Galaxy profile calculated with (blue line) and without (red line) SIDM from a fit to the 
numerical simulations. 
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This brief review covers recent results on searches for dark matter in collider experiments, 
as well as from direct and indirect detection observatories. It focuses on generic searches 
for dark matter signatures at the LHC, e.g. mono-X, dijets, etc. Recently observed 
astrophysical signals that may provide hints of dark matter are also discussed. 


Keywords: Dark matter; Direct detection; Indirect detection; LHC. 


1. Introduction 


Dark matter (DM) still remains one of the most puzzling and fascinating mysteries 
in Fundamental Physics nowadays. The quest for unveiling its nature encompasses 
Cosmology, Astroparticle and Particle Physics. Observations over the past decades 
— obtained by combining a variety of astrophysical data, such as type-Ia super- 
novae, cosmic microwave background (CMB), baryon oscillations and weak lensing 
data — indicate that most of our Universe energy budget consists of unknown en- 
tities: ~ 27% is dark matter and ~ 68% is dark energy,! a form of ground-state 
energy. 


2. DM Candidates 


Weakly interacting massive particles (WIMPs) are the leading class of candidates 
for cold DM (CDM). They are thermal relics from Big Bang and the measured 
relic density implies that the DM annihilation cross section is of the same order as 
the one characterising the weak interaction scale, constituting the so-called “WIMP 
miracle”. Specific theoretical models may provide naturally a DM particle, such as 
supersymmetry (SUSY), extra dimensions and little Higgs models. 

Other non-WIMP possibilities to explain the DM observations are superWIMPs 
(gravitinos, axinos), axions, (sterile) neutrinos, fuzzy CDM, Q-balls, WIMPzillas 
and macroscopic objects, such as primordial black holes.? New paradigms are con- 
tinuously being proposed, partly as a result of interplay with observations. For 
instance, self-interacting DM has been proposed to ameliorate observed tensions 
between N-body simulations of collisionless CDM and astrophysical observations 
on galactic scales: cusp-vs-core problem, too-big-to-fail problem, missing-satellite 
problem, diversity problem. 35 


3. Direct Detection 


Direct detection (DD) of DM involves the observation of elastic scattering of WIMP 
off nuclei. It is sensitive to the WIMP mass m, and the cross section 9 nucleon- 
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A low-energy threshold in the WIMP-induced recoils is required for an efficient DD 
experiment, as well as reliable shielding of the detector from radioactive sources and 
cosmic backgrounds. The background suppression relies on the ability to distinguish 
nuclear recoils against other possible processes, such as electrons and a-particles. 
Lastly, stable detector operation during annual and diurnal modulation is required. 

'The use of different targets safeguards against nuclei-related systematic uncer- 
tainties. Liquid noble gases, such as Xenon and Argon, offer sensitivity over the 
widest WIMP-mass range from 5 GeV to 1 TeV (Darkside, DARWIN, DEAP3600, 
LUX, LZ, Panda-X, XENON). The (oldest) technology of cryogenic crystals presents 
new innovations and covers m, ~ 1 — 10 GeV (CRESST, EDELWEISS, Super- 
CDMS). Alternative targets with unique properties include Nal crystals and bubble 
chambers (ANAIS, COSINE, DAMA/LIBRA, SABRE, PICO). A recent review of 
DD concepts and status is given in Ref. 6. 

No signal of dark matter in direct detection has been observed so far. The only 
persisting “anomaly” over several years is the annually modulating signal observed 
by DAMA/LIBRA, a massive array of low-background Nal(T1) crystals installed in 
the Gran Sasso underground laboratory. This modulation has been seen in various 
phases of the detector and its period and phase are consistent with the expectation 
from the standard DM halo model." 

As the sensitivity in cross section lowers, it reaches the so-called “neutrino floor", 
i.e. where the (irreducible) neutrino-flux background becomes dominant. Some DM 
models, e.g. SUSY or Composite Higgs? models, are still viable in regions of the 
Jy-nucleon-VS.-My plane. Some caveats apply to the DD results. The astrophysical 
uncertainties on the local DM density and DM velocity distribution are typically 
large. On the particle physics side, the way DM interacts with the detector is only 
partially known, while other nuclear-physics uncertainties may be considerable. 


4. Indirect Detection 


In the indirect detection (ID) of DM, the focus is on the DM-particle decay or anni- 
hilation products in the galactic centre, dwarf galaxies, etc. Several probes are used 
as messengers, such as neutrinos, photons, antiprotons, and positrons. This class of 
observations may distinguish among different WIMP candidates: neutralinos, KK 
states, etc. Detection and analysis techniques used in ID and results are detailed in 
Ref. 9. Several hints of DM annihilation have been observed in data over the years 
frequently being attributed to astrophysical origin. Here, we outline two recent 
observations: excess of GeV gamma rays and the 21-cm signal line. 

A spatially extended excess of ~ 1 — 3 GeV y rays from the region surrounding 
the Galactic Center has been identified, consistent with the emission expected from 
annihilating dark matter. High resolution y-ray maps, such as the one shown in 
Fig. 1, render the excess robust and highly statistically significant, with a spectrum, 
angular distribution, and overall normalisation that is in good agreement with that 
predicted by simple annihilating 36 — 51 GeV DM particle annihilating to bb. 1° 
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Fig. 1. Gamma-ray sky map after sub- Fig. 2. Best-fitting 21-cm absorption profiles for 
tracting the point source model and the different hardware cases of the EDGES experi- 
best-fit Galactic diffuse model, Fermi Bub- ment. The thick black line is the model fit with 
bles, and isotropic templates. From Ref. 10. the highest signal-to-noise ratio. From Ref. 11. 


The Experiment to Detect the Global EoR Signature (EDGES) is a radio- 
telescope for detection of hydrogen signatures from the Epoch of Reionisation 
(EoR), soon after the formation of the first stars and galaxies. The Collaboration re- 
ported the observation of an unexpectedly deep absorption in the radio background 
at 78 MHz, shown in Fig. 2, based on their low-band instruments and interpreted 
it as a redshifted 21-cm line.!! It is unlikely that radiation from stars and stellar 
remnants to account for this discrepancy. Cooling of gas as a result of interactions 
between dark matter and baryons seems to explain the observed amplitude. 


5. Searches at the LHC 


The ATLAS and CMS experiments have embarked upon searches for signals of 
DM produced at the LHC early on during data taking.!? Theoretical models, such 
as supersymmetry!? or theories with extra-dimensions!^ provide a natural DM 
candidate, hence searches targeting these models implicitly cover dark matter, too. 
Since the candidate is only weakly interacting with matter, the common feature 
among these analyses is the requirement for large missing momentum EX, These 
models offer definite predictions, however they are characterised by a large number 
of parameters and this approach is profoundly model dependent. 

'The first generic approach towards DM searches involved the deployment of effec- 
tive field theories (EFTs), extensively used in Run 1 (2010-2012). In this method, 
the interaction between DM and Standard Model (SM) particles is described by 
effective operators. It is clearly less model independent, yet it is only valid for 
low-momentum transfers Q? « M2,,,, where Mmea is the mediator mass. 

A third approach extensively followed in Run 2 (2015-2018) assumes simplified 
topologies where the DM and SM particles interact via a mediator (Z', H).1? Its 
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advantage is that it covers features of a whole class of models and remains valid 
at high energies. In addition, it is described by a relatively small number of free 
parameters, namely the mediator and DM masses Mmea and m, and the mediator 
couplings to SM and DM particles gsm and gpm, respectively. 

Concerning the final states, DM cannot be directly observed at the LHC, however 
DM-pair production can be detected via the presence of an imbalance in measured 
transverse momenta of visible particles. The DM pair may only give rise to large 
Em'ss | if it recoils to an energetic particle X, hence the so-called mono-X searches, 
where X is a jet, a photon, !” a top, a (hadronically '® or leptonically 18 decaying) 
W/Z boson. When X = H(—> bb, yy,77T) coupled to DM through a BSM effec- 
tive vertex, it provides a direct probe of the DM-SM coupling. Additionally, the 
associated production of DM with tt??? and bb?° pairs is considered. 

In addition to the dedicated analyses for DM, constraints can be extracted from 
recasting searches for heavy resonances. For an assumed Z' mediator, the final states 
can be two quarks (“dijet”),?1?? two Higgs bosons (— bb, rr), Hy — bby. Such 
searches are only sensitive to the mediator-SM particle coupling, e.g. the mediator— 
quark coupling in the case of dijet resonances. A wide range of mediator masses 
are covered with these analyses with/without jet/^/W initial state radiation. 

'The complementarity between the results from DM direct detection and related 
LHC searches is shown in Fig. 3. CMS limits do not include relic-density constraints 
and their relative importance strongly depend on the chosen coupling and model 
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Fig. 3. CMS DM exclusion limits at 90% CL in the mpm — ogy plane for a vector mediator, 
Dirac DM and couplings gg = 0.25 and gpm = 1.0 compared with the XENONIT,?? LUX, ?4 
PandaX-II,2° CDMSLite?6, CDEX?" and CRESST-II?® limits, which constitute the strongest 
constraints in the shown mass range. From Ref. 29. 
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scenario. T'herefore, the shown CMS exclusion regions in this plot are not applicable 
to other choices of coupling values or models. 


6. Summary 


Signals of dark matter are sought after in direct and indirect detection and in pro- 
duction in colliders. Additional constraints are obtained from cosmological obser- 
vations on its nature (thermal/non-thermal, super/sub/relativistic, etc.) and on its 
relic density. Some still unexplained evidence in DD and ID are under investigation 
taking into account additional systematic uncertainties that matter-DM interac- 
tions may hinder and the strong dependence of the ID & DD results interpretation 
on astrophysical assumptions. In parallel, the LHC experiments search for DM in 
a variety of channels following different approaches and strategies characterised by 
high dependency on theoretical models and/or assumptions. Some approaches pro- 
vide access to the mediator nature than to DM itself, rendering a possible signal 
difficult to be assigned to DM. The quest for dark matter continues in all fronts. 
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We consider the impact of dynamical dark energy (DDE) in the possible solution of 
the existing tensions in the ACDM. We test both interacting and non-interacting DE 
models with dark matter (DM). Among the former, the running vacuum model (RVM) 
interacting with DM appears as a favored option. The non-interacting scalar field model 
based on the potential V ~ $~%, and the generic XCDM parametrization, also pro- 
vide consistent signs of DDE. The important novelty of our analysis with respect to 
the existing ones in the literature is that we use the matter bispectrum, together with 
the power spectrum. Using a complete and updated set of cosmological observations 
on SNIla+BAO+H(z)+LSS+CMB, we find that the crucial triad BAO+LSS+CMB (i.e. 
baryonic acoustic oscillations, large scale structure formation data and the cosmic mi- 
crowave background) provide the bulk of the signal. The bispectrum data is instrumental 
to get hold of the DDE signal, as our analysis shows. If the bispectrum is not included, 
the DDE signal could not be currently perceived at a significant confidence level. 


Keywords: Cosmological constant; dark energy theory; cosmological parameters; struc- 
ture formation; cosmic microwave background. 


1. Introduction 


The cosmological constant problem in the context of quantum field theory (QFT) 
is well known. Already in the standard model of particle physics the value of the 
vacuum energy density pa is predicted to be some 55 orders of magnitude higher 
than the measured value, pa ~ 10747 GeV* see Refs. 1-5. Rather than attempting 
to solve this problem here, we adopt a pragmatic point of view and consider the 
possibility to test whether the vacuum energy, and in general the dark energy (DE), 
is dynamical or not in the light of the current observations. This might help to shed 
some light not only on how to cure the CC-problem eventually, but also on how 
to solve some of the existing tensions between the ACDM model and observations, 
like the Ho-tension (the mismatch between the Planck measurements of Ho and the 
local measurements based on the distance ladder approach) ? and the og-tension, 
which is described in terms of the combined observable f(z)og(z), where f(z) is the 
linear growth rate and og(z) is the RMS matter fluctuation on scales of Rg = 8h~! 
Mpc at redshift z. The corresponding prediction of the ACDM is known to be 
exceedingly large and hence the description of the LSS data is poorly accounted for 
by the concordance model.?:1? In the following we briefly review how dynamical dark 
energy (DDE) can lend a helping hand on trying to solve some of these problems, 
although the evidence of DDE (or lack of it) varies significantly if taking different 
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Fig. 1. Likelihood contours for the three DVMs (3)-(5) in the (Qm, vi) plane up to 5e c.l. after 
marginalizing over the rest of the fitting parameters. Use is made of SNla+BAO+H(z)+LSS data 
and compressed CMB Planck 2015 data. The ACDM (1; = 0) appears disfavored in front of the 
DVMs. In particular, the RVM and the Qgm are favored at ~ 30 c.l. See Ref. 14 for details on 
the SNIa4-BAO--H (z)--LS8--CMB data used in our fit. We note, in particular, that bispectrum 
data is also included. 2° 


studies in the literature, see Refs. 11-17 and the more recent analyses 18, 19 and 
references therein. 


2. Cosmology beyond A — const. 


The Friedmann and acceleration equations when the vacuum evolves with the cosmic 
expansion, pa = pa(t) can be written formally similar to the standard case when 
pA —const. If we focus on flat FLRW metric, the field equations that incorporate 
vacuum dynamics read 


3H? = 82G(pm + pA(t)) , 2H + 3H? = —87G(wmpm + wapa(t)), (1) 


where wm = 1/3,0 for relativistic and nonrelativistic matter, and wa = —1 for the 
vacuum (irrespective of its time evolution). Hereafter we assume wa = —1 — see 12 
for the analysis of the general case with wa = —1 +e (|e| < 1), i.e. for quasivacuum 
models. The total matter density pm involves the contributions from baryons and 
cold dark matter (DM): pm = py + Pam. We assume that the DM component is the 
only one that interacts with vacuum, whilst radiation and baryons are taken to be 
self-conserved, hence p,(a) = p2.a~* and pp(a) = p? a?, where the superscript zero 
denotes the current values. The DM component, instead, exchanges energy with 
the vacuum, and the local conservation law reads 


Pam + 3H pam = Q, pa =—Q. (2) 


The form of the source function Q depends on the assumptions made on the dy- 
namical vacuum model (DVM). Let us consider three model possibilities, one is the 
“running vacuum model” (RVM) — see Refs. 3-5. and references therein — and 
the other two are called the Qam and Q4 models, whose names bear relation to the 
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structure of the interaction source. For convenience they can also be labeled I, II 
and III: 


Model I (RVM): Q =v H(3pm + 4p,.) (3) 
Model II (Qum) : Qam = 3Svdm H Pam (4) 
Model III (Qa) : Qa = 3va pp . (5) 


Each model is characterized by a (dimensionless) coupling parameter v; = v, Vdm, VA 
in the interaction source, to be fitted to the observational data. In the RVM case, 
the source function Q in (3) can be derived from the following vacuum energy 
density: 


which can be motivated in QFT, see Ref. 3.? The other two models do not possess 
an analogous property and therefore are more ad hoc. The additive constant co 
in (6) is fixed by the boundary condition pA(H = Ho) = pġ, where Ho is the 
current Hubble rate and f$ is the present measured value for pa. The dimensionless 
parameter v encodes the dynamics of the vacuum and can be related with the 6- 
function of the p,-running.? Therefore we naturally expect |v| << 1 in QFT. Here 
we will treat v as a free parameter of the RVM and, as indicated, it will be fitted 
to the data. 

In Fig. 1 we display the fitting results on the (Q,,,v;)-planes for the three 
models I, II and III (corresponding to v; = V, Vam, Va), where Qm is the usual 
matter parameter at present. In Fig. 2 we can better appraise the impact of the 
various data sources on these contour plots in the specific case of the RVM, see Ref. 
14 for details. The DDE option (v 4 0, actually v > 0) is clearly favored in the last 
plot when we combine the crucial triad of BAO+LSS+CMB data. 


3. Analytical solution of the dynamical vacuum models 


One can solve Models I, II and III analytically in terms of the scale factor.!^ The 

DM density in the case of the RVM (Model I) as a function of the scale factor is 

Av po 
I —3(1—v —3(1—v — pr — —3(1—v 

D = i aO + 9 (act aes) = UAE (e uen) qr 

and that of the vacuum energy density reads 
_ —4 —3(1—v) 
(1) _ 0 d 0 ( a- _ 1) o ( (1 —»)a ^ +4va 4 
DA AIL e a 2 a 
(8) 
The total matter density is just the sum of the conserved baryonic and radiation 
densities and the above DM density. As can be easily checked, for v — 0 we recover 

the corresponding results for the ACDM, as it should. 


*The structure of the vacuum energy density in the running vacuum model can also be motivated 
from the effective behavior of the power-law solutions of Brans-Dicke gravity, see Ref. 21. 
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Fig. 2. Contour lines for the RVM by considering the effect of only BAO, LSS and CMB in all 
the possible pairings. Same data as in Fig. 1. Remarkably the simultaneous combination of these 
three observables is able to capture signs of running vacuum at a confidence level of 2 30 . 


For Model II: 


Pins (4) = p a 3 tm (9) 
and 
QI) 0 Vdm Pim —3(1—vam) 
DUCEP += (a0) — 1) (10) 
— Vdm 
And for Model III: 
III = VA -3v _ 
Pam (a) = Pm ^ + pA (a 7^ — a7?) (11) 
Lx 
and 
III -3v 
p uem. (12) 


Let us also briefly consider the simplest parametrization for DDE, namely the 
XCDM,”? in which the DE density as a function of the scale factor is simply given 
by px (a) = pxoa-9(-*'"9), with pxo = pao. Here wo is the (constant) EoS parame- 
ter. Last, but not least, we also study a scalar field model, denoted as 9CDM. In 
this type of models the DE has a well-defined local Lagrangian description in terms 
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Fig. 3. Contour plots for the XCDM parametrization (left) and ¢CDM (right), using all sources 
of data (including LSS with bispectrum) as compared to using all data except LSS. Here we use 
Planck 2018 data with compressed CMB likelihood. When LSS (with bispectrum) is included, 
DDE appears once more favored at ~ 30 c.l. See Ref. 18 for details. 


of a scalar field. Taking ¢ dimensionless the energy density and pressure read 


M2 { ¢2 M2 [ ¢? 
pe = Fe (s + vo) BS (s = vo) , (13) 


where Mp is the Planck mass, which in natural units takes the value Mp = 1/ VG 
= 1.2211x10!? GeV. Note that in our conventions V(¢) has dimension 2 in natural 
units. The scalar field satisfies the Klein-Gordon equation in the context of the 
FLRW metric ¢ + 3Hó + ôV (¢)/ð¢ = 0. Here, as a particular case, we consider 
the original quintessence potential by Peebles and Ratra:?? 


V(d) = 5&MBo"*, (14) 


where « and a are dimensionless. The parameter o should be positive and suffi- 
ciently small so that V(¢) can mimic approximately a CC slowly decreasing with 
time, such that it can eventually surface (near our time) over the rapidly decaying 
matter density. In Fig. 3 we can see the corresponding contour lines for both the 
XCDM and ¢CDM, using SNIa--BAO--H (z)--LSS data (including the bispectrum 
component for the LSS+BAO data from Ref. 20) and compressed CMB Planck 2018 
likelihood. The DDE option is consistently favored in both cases since wọ > —1 
(for the XCDM) and a > 0 (for the ?CDM) at S 30 c.l. after marginalizing over 
Qm”. Failure of including the bispectrum component (which seems to be particu- 
larly sensitive to the dynamics of the DE) may explain why other recent analyses on 
interacting vacuum and ¢CDM could not trace signs of DDE, see e.g., Refs. 16, 17. 


b We should point out that a similar level of evidence is obtained using Planck 2015 data with full 
(i.e. non-compressed) CMB likelihood, see Ref. 18 for details. 
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Fig. 4. Contour lines for the ACDM (black) and RVM (blue) up to 4c in the (Ho, o8(0))-plane!2. 
On the left plot we have included the R16 point? on Ho in our fit, whereas on the right plot it 
was not included. In both cases the favored range for Ho is the Planck range. At the same time 
the optimal (lower) og(0) values are attained by the RVM, see Eq. (3), whereas the ACDM yields 
too large values. 


4. Dealing with the tensions through vacuum dynamics 


As indicated in the introduction, one of the persisting tensions with the ACDM 
is the discrepancy between the Planck value of the Hubble parameter Ho ob- 
tained from the CMB anisotropies, and the local HST measurement (based on 
distance ladder estimates from Cepheids). The latter reads Hp = 73.24 + 1.74 
km/s/Mpc (referred to as R16) and Ho = 73.48 + 1.66 km/s/Mpc (R18).? In con- 
trast, the CMB value is Hp = 67.5140.64 km/s/Mpc, as extracted from Planck 2015 
TT,TE,EE--lowP--lensing data, or Ho = 66.93 + 0.62 km/s/Mpc, based on Planck 
2015 TT, TE,EE--SIMlow data. In both cases there is a tension above 3o c.l. with 
respect to the local measurement. This controversial situation has stimulated a lot 
of discussion in the literature. For instance, in Ref. 24 the phantom DE option is 
exploited as a means to solve the tension. In contrast, in Ref. 12 it is proposed that 
vacuum and quasivacuum dynamics support the Planck measurement of Ho against 


the local measurement with no need of phantom behavior. A similar conclusion is 
reached with the XCDM and ¢CDM models studied here.!? In addition, a variety 
of model-independent approaches such as the Inverse Distance Ladder method or 
the Multi-Task Gaussian Process?? as well as other techniques (e.g., the Weighted 
Polynomial Regression?9) do also support a lower value of Ho in the ballpark of 
Planck CMB measurements and hence in full consistency with DDE. 

The Ho-tension is closely connected with another type of problem, which is the 
role played by the LSS data, namely the data on f(z)og(z). There seems to be no 
way at present to correctly account for both the CMB and the LSS data within 
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the ACDM. This new pitfall is at the root of the so-called ca-tension, one of the 
most intriguing phenomenological problems of the ACDM.?:? The problem has 
been dealt with in the literature from a variety of points of view, see e.g., Refs. 27, 
28. Here we will focus once more on the possibility of DDE. !? 14.15 

In the presence of interacting vacuum the perturbations equations of the ACDM 
must be modified appropriately. !®14 The detailed analysis of these matters per- 
formed in the mentioned references provides the basis for a possible solution to the 
og-tension within the RVM. In Fig. 4, we present the likelihood contours in the 
(Ho, 08(0))-plane. In the left plot we show the situation when the local Ho value 
R16 is included in the fit, whereas in the right plot we show the case when that 
local value is not included. The plots for the more updated R18 value would be 
almost indistinguishable from the R16 ones. From Fig. 4 we can see that in order 
to reach the R16 neighborhood the contours should be extended beyond the 5a c.l., 
which would lead to a too large value of ea(0) for the RVM. One can also show that 
it would lead to a too low value of Qm. 1? 

Notice that Ho and og(0) are positively correlated in the RVM (i.e. Hj in- 
creases/decreases when og(0) increases/decreases, respectively), whilst they are an- 
ticorrelated in the ACDM (Hp increases when og(0) decreases, and vice versa). The 
simultaneous Hp and og(0) tensions could only be resolved simultaneously if the 
contours are extended well beyond 5g at the expense of values of Qm below 0.27. 
However, this does not seem to be the most likely solution. Vacuum dynamics of- 
fers a better scenario. The opposite correlation feature with respect to the ACDM 
allows e.g., the RVM to improve the LSS fit in the region where both Ho and ag(0) 
are smaller than the respective ACDM values (cf. Fig. 4). This explains why the 
Planck range for Ho is clearly preferred by the RVM, as it allows a much better de- 
scription of the LSS data. One can also derive similar conclusions using the XCDM 
and ¢CDM, see Ref. 18, where again a positive correlation between Ho and ag(0) is 
found and the LSS tension can then be relaxed in the range of Planck values of Ho. 


5. Conclusions 


We have analyzed the ability of dynamical dark energy (DDE) models to fit the 
overall cosmological observations as compared to the ACDM. We find that there is 
non-negligible evidence that these models are more favored. Furthermore, DDE is 
capable of smoothing out the LSS tensions of the concordance model with the data, 
and they favor the (lower) Planck value of Ho over the local one. 
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Pauli Exclusion Principle violating transitions in atoms and nuclei are predicted from 
many models of non-commutative space-time, such as 6-Poincaré theory. Exclusion 
sensitivity curves from DAMA/LIBRA and BOREXINO are so powerful to exclude many 
non-commutative space-time models until the Planck energy scale. A new frontier of 
quantum gravity phenomenology is opened, inspiring future underground projects with 
a higher sensitivity then current experiments. 


Keywords: Pauli Exclusion Principle violations, quantum gravity, underground experi- 
ments. 


The Pauli Exclusion Principle (PEP) states that no any electrons, or other 
identical fermions, can be in the same quantum mechanical state [1]. On the basis of 
it, electrons organize themself in the well known tower of atomic levels, as similarly 
nucleons in nuclei. A state with two electrons with the same aligned spins on the 
same orbital level is prohibited. Therefore, PEP is directly connected to the same 
anthropic existence since related to atomic and nuclei matter stability. However, 
the anthropic argument is not the only reason of PEP in Nature: such a principle 
emerges out from the Spin Statistic Theorem (SST) of relativistic quantum field 
theory — defining the quantum statistical properties of bosons (integer spins) and 
fermions (1/2 spin). 

Many examples, in which the SST is effectively violated, can be found in many 
exotic new condensed matter materials, where, of course, pseudo-particle fields prop- 
agate in a non-Lorentz invariant background. Typical pseudo-particle excitations 
found in superconductors, dubbed anyons, have a mix fermionic/bosonic statistics 
not described by standard Bose-Einstein and Fermi-Dirac distributions. Inspired 
by such a rich phenomenology in materials, it is highly not obvious that electron 
creation/annihilation operators would obey to the same quantum mechanical anti- 
commutation rules at energies close to the Planck quantum gravity scale. Such an 
issue may be intimately connected with the Nature of Space and Time as well as 
Quantum Gravity UV completion. Indeed, the SST is formulated on the basis of 
Lorentz invariance, locality and microcausality. If one of these principles is violated 
or deformed, any particle fields may exhibit energy dependent anyonic statistics. 
Possible effects of high energy Lorentz symmetry deformations, such as in many 
cases the PEPV, can be probed with high accuracy, competitive with panckian 
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suppressions! Non-commutative space-time models, such as 0-Poincaré, provide ex- 
amples of theories which substitute or deform the Lorentz invariance. Quantum 
field theories can be reformulated in many non-commutative frameworks through 
the redefinition of product rules such as the Moyal plane model for 0-Poincaré [2, 3, 
4]. Non-commutative space-time theories like 0-Poincaré typically predict a energy 
scale dependent deformation of the co-algebra which percolates on a deformation 
of commutator and anticommutator relations for fields creation/annihilation opera- 
tors. The energy scales entering in quantum gravity corrections are depending from 
the specific models and they can be related to the particle masses, kinetic energy of 
PEP violating energy transitions of the specific process considered. The predicted 
energy dependence can be parametrized as (E/A)*, where E is typically << A in 
every realistic non-commutative quantum gravity models and in every processes in 
underground experiments. Such a factor corrects the creation/annihilation commu- 
tators as (for boson) [a;, at] g,A  — aia] — [1 -- $(E/A)*/2 - O(E/ A)F?!)]ala; = 8;, 
where 7 = +1 just determines the sign of the quantum gravity correction. It is 
worth to note that for A — oo, the (anti)commutator just reduces to the standard 
model one. In non-commutative space-time models, the scale A is related to the 
non-commutative critical energy scale. Around (lenght) ~ A~!, space-time coordi- 


nates start to fully exhibit a non-commutative nature as [x,,, £y] = iA ?0,,, where 
0,, is a fully antisymmetric tensor. Once again, one can check that for A — oo, 
standard commutative space-time coordinates are re-obtained. The deformation of 
the spin statistics can be directly related to transition rate processes. Indeed the 
decay width of a single nucleon transition to an ith already filled state, [;, can be 
expressed as T; = (E/ Ayr where p is the width of the corresponding PEP 
preserving transition in all possible final states. More generically, there can also be 
an angular dependence of the processes that here we ignore but are fully considered 
in Refs. [3, 4]. 

Considering the comparison between the best constrains from DAMA/LIBRA 
and BOREXINO, we infer very strong bounds on the (k, A) parameter space (see 
Fig. 1 and Ref. [2]). As we can see from Fig.1, both DAMA/LIBRA [8] and BOREX- 
INO [9] are able to exclude corrections up to the order (E/A)? until the Planck 
energy scale, i.e. the case of A ~ Mp; and k = 2 is excluded. Such high precision 
measures can be achieved by virtue of an extremely low backgrounds in the 10 MeV- 
range, of both the experiments, as well as a large statistical sample for increasing 
the limits on PEPV transition time scale. It is also worth to note that exotic sce- 
narios where A ~ 10 + 100 TeV are ruled out at practically every order of k-power 
series. From the theoretical side, non-commutative space-time models are highly 
motivated in both string theory and loop quantum gravity frameworks and this may 
be not a coincidence but a matter of a hidden duality between the two theories [5, 
6, 7]. On the other hand, alternatives for quantum gravity phenomenology from 
gravitational waves seem to be much less realistic, as discussed in Ref. [10]. In a 
certain class of models, the non-commutativity of space-time may also be related 
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The best (k, A) contour parameter limits from DAMA and BOREXINO are displayed. 


to non-associativity of quantum mechanics, which can be highly constrained from 
atomic and space physics [11]. It is worth to remark that, from the phenomeno- 
logical side, VIP-2 experiment, using atomic techniques and not nuclear process 
measures such as in the case of BOREXINO, provides important alternative tests 
of other PEPV processes which do not destabilize nuclei [12]. 
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The DAMA/LIBRA experiment has been collecting data deep underground in the Gran 
Sasso National Laboratory (LNGS) in its phase2 to further investigate the Dark Matter 
(DM) particles of the Galactic halo. The first data release of DAMA/LIBRA-phase2 
corresponds to 6 full annual cycles for an exposure of 1.13 ton x yr. The data confirm 
the evidence of a signal that meets all the requirements of the model independent DM 
annual modulation signature at 9.5 o C.L. in the energy region (1-6) keV. Considering 
the previous data collected by DAMA/Nal and by DAMA/LIBRA-phasel in 2-6 keV, 
the achieved C.L. for the full exposure (2.46 ton x yr) is 12.9 ø. 


Keywords: Dark matter; low background Nal(T1) scintillators; model-independent an- 
nual modulation signature. 


1. The DAMA/LIBRA-phase2 


The DAMA/LIBRA experiment has been carried out with the aim to investigate 
the DM particles in the Galaxy by exploiting the DM annual modulation signature. 
The detector consists of 25 ultra low background Nal(T1) detectors for an exposed 
mass of about 250 kg. It is the successor of the pioneer DAMA/Nal set-up! 1? 
and it has been taking data in two phases: the first one, called DAMA/LIBRA- 
phasel 114-30 and the present DAMA/LIBRA-phase2??72, This last phase is the 
result of an upgrade of the experiment in which all the photomultipliers (PMTs) 
were replaced by second generation Hamamatsu R6233MOD PMTs, having higher 
quantum efficiency and lower background with respect to those used in phasel 1°33, 
'The commissioning of the experiment was successfully performed in 2011, allowing 
the achievement of the software energy threshold at 1 keV. 

'The DM annual modulation signature is due to the Earth's revolution around 
the Sun which is moving in the Galaxy. Because of the Earth and Sun velocities 


* Also: Dip. Ingegneria Civile e Ingegneria Informatica, Università "Tor Vergata", Rome, Italy. 
t Also: University of Jinggangshan, Ji'an, Jiangxi, China. 
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composition in the Galactic frame, a larger flux of DM particles crossing the Earth 
is expected around ~ 2 June, while a smaller one is expected around ~ 2 December. 
'The DM signal must satisfy simultaneously many requirements: the rate must con- 
tain a component modulated as a cosine function (1), with period of one year (2), 
and phase peaked around ~ 2 June (3); this modulation should be present only in a 
well-defined low energy range, where DM particle induced events can be present (4); 
it applies only to those events in which just one detector of many actually “fires” 
(single-hit events), since the DM particle multi-interaction probability is negligible 
(5); in the region of maximal sensitivity the modulation amplitude must be ~ 7% for 
usually adopted halo distributions, but it can be larger (even up to ~ 30%) for some 
cases (6). Many DM candidates, interaction types and scenarios can be explored. 
Only systematic effects or side reactions accounting for the measured modulation 
amplitude and satisfying all the peculiarities of the signature could mimic it, but 


none is available ^3 9.14 17,20,24,25,30 


2. The results 


The commissioning of DAMA/LIBRA-phase2 occurred in 2011 and that year 
was dedicated to preliminary studies!?; the full annual cycles of DAMA/LIBRA- 
phase2 considered for the DM annual modulation analysis are six (exposure of 
1.13 tonxyr). The cumulative exposure, including the former DAMA/Nal and 
DAMA/LIBRA-phasel, is 2.46 tonxyr. The same procedures already adopted 
for the DAMA/LIBRA-phasel t1417 have also been exploited in the analysis of 
DAMA/LIBRA-phase220 32, 

Many analyses have been performed on the data to study the peculiarities ex- 
pected from the DM annual modulation signature. Here just some results and exam- 
ples will be reported. More details have been addressed in Ref. 30-32. As example, 
in Figure 1 the residual rates of the single-hit scintillation events measured in the 
former DAMA/LIBRA-phasel and the new DAMA/LIBRA-phase2 are reported; 
the data are from 2 keV, the software energy threshold of DAMA/LIBRA-phasel, 
up to 6 keV. The residual rates are calculated from the measured rate of the single- 
hit events after subtracting the unmodulated part (see e.g. Refs. 1,4,5,15-17). The 
null modulation hypothesis is rejected at very high C.L. by x? test: y?/d.o.f. = 
199.3/102, corresponding to a P-value = 2.9 x 1078. The residual rates versus time 
for 1 keV energy threshold are reported in Ref. 30-32. The single-hit residual rates 
shown in Figure 1 and those of DAMA/Nal have been fitted with the function: 
A cos w(t — to), considering a period T = — = 1 yr and a phase to = 152.5 day 
(June 2"4) as expected by the DM annual modulation signature. The y?/d.o.f. is 
equal to 113.8/138 and a modulation amplitude A = (0.0102 + 0.0008) cpd/kg/keV 
is obtained??. If the period and the phase of the signal are kept free in the fit, 
the achieved C.L. for the full exposure (2.46 ton x yr) is 12.9 o; the modulation 
amplitude of the single-hit scintillation events is: (0.0103 + 0.0008) cpd/kg/keV, 
the measured phase is (145 + 5) days and the measured period is (0.999 + 0.001) yr, 
all these values are well in agreement with those expected for DM particles. 


2-6 keV 


O Fe DAMA/LIBRA-pliasel (1.04 tonxyr) —3——3——3— | PO <——+— DAMA/LIBRA-phase2 (1.13 tonxyr) ——— —————5 


Residuals (cpd/kg/keV) 


Time (day) 


Fig. 1. Residual rate for single-hit scintillations measured by DAMA/LIBRA-phasel and 
DAMA/LIBRA-phase2 in the (2-6) keV energy interval. The superimposed curve is the cosi- 
nusoidal functional forms A cos w(t — to) with a period T = — = 1 yr, a phase to = 152.5 day 


(June 2nd) and modulation amplitude, A, equal to the central value obtained by best fit on the 
data points of DAMA/LIBRA-phasel and DAMA/LIBRA-phase2. The residual rates versus time 
for 1 keV energy threshold are reported in Ref. 30-32. 


The DAMA/LIBRA-phase2 data confirm the evidence of a signal satisfying all 
the requirements of the model independent DM annual modulation signature. No 
systematics or side reactions have been found able to mimic the exploited DM 
signature (i.e. to account for the whole measured modulation amplitude and to 
simultaneously satisfy all the requirements of the signature). 

Other analyses, not shown here, exclude the presence of any background modu- 
lation in the energy regions above 6 keV. For example, the measured rate integrated 
above 90 keV, Roo, as a function of the time has been analysed +1730; similar con- 
clusion are also obtained considering data in other energy regions. 

Among other performed analyses, a further investigation on DAMA/LIBRA- 
phase2 data was done ~ as in the previous DAMA /Nal and DAMA/LIBRA-phasel 


15,1517 — by applying to the multiple-hit residual rate? the same hard- 


experiments 
ware and software procedures used to acquire and to analyse the single-hit ones. 
Since the probability that a DM particle interacts in more than one detector is 
negligible, a DM signal is expected only in the single-hit residual rate. Therefore, 
by comparing single-hit and multiple-hit results is equivalent to compare the cases 
of DM particles beam-on and beam-off. In this way a further test is possible on 
the background behaviour in the same energy range in which the positive effect 
is observed. Figure 2 shows the residual rates of the single-hit scintillation events 
of DAMA/LIBRA-phase2, as collected in a single cycle, and the residual rates of 
the multiple-hit events, in the (1-6) keV energy range. A clear modulation, satis- 
fying all the peculiarities of the DM annual modulation signature, is present in the 
single-hit events, while the fitted modulation amplitude for the multiple-hit residual 
rate is well compatible with zero: (0.0004 + 0.0004) cpd/kg/keV. Thus, again evi- 
dence of annual modulation with the proper peculiarities of the exploited signature 


is present in the single-hit residuals (events class to which the DM particle induced 
events belong), while it is absent in the multiple-hit residual rate (event class to 


, 


which only background events belong). 


*Multiple-hit is an event with a deposition of energy in coincidence in more than one detector. 
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Fig. 2. Experimental residual rates of DAMA/LIBRA-phase2 single-hit events (circles), class of 
events to which DM events belong, and for multiple-hit events (filled triangles), class of events to 
which DM events do not belong. Data were considered as collected in a single annual cycle; in 
both cases the same hardware and software procedures have been applied. The time scale is the 
same as the previous DAMA papers for consistency !:>:!5-17, The experimental points present the 
errors as vertical bars and the widths of the associated time bins as horizontal bars. 


In conclusion, no background that can mimic the exploited DM signature, simul- 
taneously accounting for the measured modulation amplitude and satisfying all the 
peculiarities of the signature, has been found or suggested by anyone throughout 
some decades thus far (see e.g. in Ref. 1,14-17,20,25,30)^. 

'The annual modulation measured at low energy can also be highlighted by study- 
ing as a function of energy the modulation amplitude, Sm, obtained by analyzing the 
events with the maximum likelihood method and fixing T = 1 yr and tọ = 152.5 
day. The modulation amplitudes as a function of the energy for the whole data 
sets: DAMA/Nal, DAMA/LIBRA-phasel and DAMA/LIBRA-phase2 (total ex- 
posure 2.46 tonx yr) are plotted in Figure 3; the data below 2 keV refer only to the 
DAMA/LIBRA-phase2 exposure (1.13 tonxyr). It can be deduced that positive 
signal is present in the (1-6) keV energy range, while Sm values compatible with 
zero are present just above. All this confirms the previous analyses. The test of 
the hypothesis that the Sm values in the (6-14) keV energy range have random 
fluctuations around zero yields x? equal to 19.0 for 16 d.o.f. (upper tail probability 
of 27%). 


bConsidering some remarks recently appeared in literature, any hypothetical effect due to environ- 
mental He diffusion inside the PMTs can be excluded, e.g., by considering the following arguments: 
i) the PMTs are kept in HP nitrogen 5.5 atmosphere the gas being continuously fluxed through 
the apparatus (c 250 liters / hour); thus no helium accumulation process can take place (typical 
characteristic time for accumulation of helium in PMTs through glass, considering the permeabil- 
ity of materials is ~ 1 year). An estimation of helium concentration within the DAMA shield is 
less than 5 x 10-1! ppm; thus any hypothetical effect due to He-correlated events is negligible; 
ii) any migration of helium into PMT would cause their irreversible continuous degradation which 
would be clearly seen over time and this is not observed in the DAMA data. e.g. the Dark Noise 
of the PMTs goes from 40 to 500 Hz and tends to improve over time on the contrary of what 
it is expected by He migration inside PMTs; iii) the PMTs used in DAMA/LIBRA-phase2 and 
DAMA/LIBRA-phasel are different with different voltage values on the first dynode; this should 
have produced different modulation amplitudes in the two phases; this has not been observed. 
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Fig. 3. Modulation amplitudes, Sm, for the whole data sets: DAMA/Nal, DAMA/LIBRA-phasel 
and DAMA/LIBRA-phase2 (total exposure 2.46 tonxyr) above 2 keV; below 2 keV only the 
DAMA/LIBRA-phase2 exposure (1.13 ton x yr) is available and used. The energy bin AE is 
0.5 keV. A modulation is evident in the lowest energy interval, and only Sm’s compatible with 
zero are present just above. In particular, the Sm have random fluctuations around zero in (6-20) 
keV energy region with x? equal to 42.6 for 28 d.o.f. (upper tail probability of 4%); see text for 
comments. 


For the case of (6-20) keV energy interval x?/d.o. f. = 42.6/28 (upper tail prob- 
ability of 4%). The obtained x? value is rather large due mainly to two data points, 
whose centroids are at 16.75 and 18.25 keV, far away from the (1-6) keV energy 
interval. The P-values obtained by excluding only the first and either the two points 
are 11% and 25%. 

As already done for the other data releases 191725, the observed annual mod- 
ulation effect has been verified to be well distributed in all the 25 detectors. 

No modulation has been found in any possible source of systematics or 
side reactions; therefore, cautious upper limits on possible contributions to 
the DAMA/LIBRA measured modulation amplitude have been obtained (see 
Ref. 3-5,15-17,20,25). They do not account for the measured modulation am- 
plitudes, and also are not able to simultaneously satisfy all the many requirements 
of the signature. Similar analyses were also performed for the DAMA /Nal data ^?. 


3. Conclusions 


The long-standing annual-modulation evidence observed by the DAMA is model- 
independent and it can be compatible with a wide set of DM scenarios. 

Preliminary results recently reported by other experiments using Nal(Tl) de- 
tectors have not enough sensitivity to be comparable with the annual modulation 
evidence reported by DAMA. They require longer data taking and further develop- 
ments. Both the negative results and all the possible positive hints, achieved so-far 
in the field, can be compatible with the DAMA result in many scenarios. 

To efficiently disentangle among at least some of the many possible candidates 
and scenarios the lowering of the energy threshold below 1 keV is important. In 
this context related R&D's have been founded and are in progress. 
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The exceptional sensitivity and high resolution of high purity germanium detectors in 
gamma-ray spectrometry and their use in underground laboratories has increasing ap- 
plication because of the important science and technology that they allow to be studied. 
In fundamental physics their application is focussed on rare phenomena, e.g. double 
beta decay, rare nuclear decays and Dark Matter search. In the past years there has 
been a growing number of underground measurements also in other fields such as envi- 
ronmental monitoring, surveillance of nuclear activities, benchmarking of other physical 
techniques, Life Science and material selection for equipment which require materials 
with extremely low levels of radioactivity. This report describes the state of the art in 
underground gamma-ray spectrometry with high purity germanium detectors. Various 
applications in underground laboratories are presented. 


Keywords: Germanium detectors; ultra low background; material screening; underground 
physics. 


1. Introduction 


In the underground laboratories all over the world many experiments are prob- 
ing different aspects of the standard model of particle physics and beyond to very 
high precision.! Especially two fields of phenomena in the low energy region are 
explored, the investigation of the nature of dark matter search on the one hand, 
and of the neutrino on the other. The exceptional sensitivity and high resolution 
of high purity germanium detectors makes them a natural candidate for being used 
as detector. Over the last decade there have been at least seven collaborations in 
the field of Dark Matter search (CDEX-10?, CDMS?, COGENT^, EDELWEISS?, 
MALBEK®, SuperCDMS’, and TEXONO?) and five in the field of neutrino studies, 
especially checking whether it is a Majorana particle or not and its mass by search- 
ing for the neutrinoless double beta decay (0v88 decay) (GERDA?, LEGEND "°, 
and MAJORANA") and measuring the coherent elastic neutrino-nucleus scatter- 
ing (COHERENT ?, and CONUS ?). The dark matter experiments are searching 
directly for interactions of Dark Matter particle candidates (nuclear recoils) and 
for possible oscillations of this signal if present. The experiments searching for the 
OvGB decay in the isotope "Ge have achieved exceptionally low background levels 
and the next generation of experiments will be able to explore completely the region 
of inverted mass hierarchy for neutrinos. 

Nevertheless, there is a growing number of underground measurements also in 
other fields such as environmental monitoring, surveillance of nuclear activities, 
benchmarking of other physical techniques, Life Science and material selection 
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for equipment which require materials with extremely low levels of radioactivity. 
Various applications in underground laboratories will be presented in the following. 


2. Ultra low-level gamma-ray spectrometry 


In this paper the acronym ULGS stands for ultra low-level gamma-ray spectrom- 
etry. This means that additional measures (such as using a muon shield or an 
underground laboratory) have been taken compared to low-level gamma-ray spec- 
trometry, where a detector and shield made from selected radio pure materials are 
used.!4^ When performing ULGS with an active shield (or “veto counter" or “muon 
shield"), one gains a lot above ground and at shallow depth laboratories.!? It is, 
however, not possible to avoid the cosmogenic activation of detector and shield so 
a muon shield can not completely substitute an underground location. 16 

The Italian Institute for Nuclear Physics (INFN) performs ULGS in the labo- 
ratory STELLA (STELLA is the acronym for SubTerranean Low-Level Assay)", 
which is located in the underground laboratories of the Gran Sasso National Labo- 
ratory (LNGS) at a depth of 1400 m (3800 m of water equivalent). Since from the 
beginning in the late 1970s material selection was done for the LNGS in its construc- 
tion phase in order to select the most radio pure construction materials available at 
that time (1979), and later on for the experiments that were installed at the LNGS 
searching for very rare events under conditions of cosmic silence, i.e. in the absence 
of cosmic rays. The definite ULGS work started in 1990 in small scale with three 
high purity germanium (HPGe) detectors as an exploratory research project.!? The 
usefulness of the technique led to an increase of the capacity. For the moment there 
are 15 HPGe-detectors in STELLA. A wide range of measurements are necessary, 
which led to the decision of equipping the laboratory with general purpose detec- 
tors rather than detectors specialised for a specific type of measurements. The non 
routine character of the work makes calculation of the detection efficiency for many 
types of samples a requirement. Reference samples are used whenever possible, 
but the general rule is that the efficiency is calculated using the Monte Carlo code 
Geant4 19:20, 


3. Applications 


Several interesting developments in the use of underground gamma-ray spectrome- 
try have arisen in recent years. As described before the major achievements were in 
the field of fundamental physics and double beta decay in particular. As the benefits 
of the technique became clearer to a wider community the number of applications 
has grown. The examples that follow illustrate the versatility of the technique. 


3.1. Small samples 


For special investigations the amount of available material can be very small (only 
few grams). A lot can be gained using ULGS where the background is negligible 
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in order to extract valuable information. At the LNGS meteorite samples of few 
grams were measured to give important information about the exposure history of 
meteorite falls?! or to verify that the investigated specimen was really originat- 
ing from a fresh meteorite fall and belonged to a group of other samples already 
measured??. Furthermore also for material screening it has become ever more im- 
portant to measure extremely small samples (surface mounted electronics, Silicon 
photomultipliers etc). The use of ULGS gives the possibility to screen even either 
single components!" or larger sets of very small samples to improve the sensitivity 
on the single component reaching levels below «Bq per piece. 


3.2. Physics measurements 


The extremely ow background in ULGS combined with the use of ultra pure or 
extremely purified materials??, is a very good opportunity to look for rare decays in 
several radionuclides of interest. At the LNGS in the past years new decays to ex- 
cited levels of radioactive isotopes were discovered. It started with the discovery ?* 
of the !?In decay to the first excited level of !1^Sn, which was later again investi- 
gated with better accuracy ??. Further experiments on this decay are in progress to 
investigate possible effects due to its very low Q value of the matrix in which the 
H5]n is implemented. Later on in a similar way the a decay of !9?Pt to the first 
excited level of 1860s was detected?9. Higher precision measurements are currently 
in progress. Finally very recently the decay of °°V was remeasured, aiming at the 
detection of the 8 decay branch. Unfortunately, only the electron capture decay 
branch was confirmed and remeasured with high precision, whereas for the 8 de- 
cay only a lower limit could be determined?", now reaching almost the theoretical 


predictions??, 


3.3. Method validation 


For LNGS as well as for other physics institutes it is essential to have alternative 
analytical techniques in order to either resolve issues or disputes relating to mea- 
surements or to do more comprehensive measurements on the whole natural decay 
chains of SU and ???Th, considering parent nuclides and later on the daughter nu- 
clides, in order to look for secular equilibrium through out the decay chains. LNGS 
could confirm that ULGS and ICP-MS gave the same results in many different 


matrices down to very low concentrations. ?? 


3.4. Radiopurity studies 


In order to benefit from the reduction of the background induced by cosmic rays 
in underground laboratories, it is essential that all materials used for constructing 
a detector and its shield are radio pure. STELLA has contributed to radio purity 
studies for all large and small scale detectors for rare events located at the LNGS. 
(e.g. BOREXINO neutrino detector?, GERDA’! and CUORE"? detectors for 
double beta decay, XENONIT??:?4 detector for dark matter search). 
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3.5. Activation 


Activated samples are most suitable samples for measurement using ULGS. The 
reason for this is that very often there is no interference from other radionuclides 
that increase the detection limit for the radionuclide of interest. This fortunate 
situation is either due to the fact that the activated material was selectively chosen 
beforehand, like in the case of flux monitors in nuclear reactors ??, or like in the case 
of environmental sampling after an incident involving neutron irradiation outside a 
controlled area??. Another example of ULGS measurements of activated samples 
involves solving discrepancies between model calculations and measurements of ac- 
tivation induced by the A-bomb in 1945. Komura et al. could solve the problem 
with !°?Eu in granite by using the Ogoya underground laboratory?" and Gasparro 
et al. showed that older measurements of 9?Co in steel could be significantly too 
high?$. 


4. Conclusions 


The LNGS of the INFN host the underground ultra-low background facility 
STELLA. Its primary mission is to perform the material screening for the funda- 
mental physics experiments installed in the underground laboratories. T'he ultra-low 
background of the detector systems allow for detecting extremely low radioactiv- 
ity levels in materials down to the uBq kg"! level. The exceptional sensitivity and 
high resolution of high purity germanium detectors in gamma-ray spectrometry and 
their use in underground laboratories has increasing application in other fields of 
science. A growing number of underground measurements is done in fields such 
as environmental monitoring, surveillance of nuclear activities, benchmarking, Life 
Science and material selection for experiments, which require materials with ex- 
tremely low levels of radioactivity. In the future it is envisaged to further increase 
the performance of the ULGS systems carefully selecting the materials. Moreover, 
there might be further developments including using underground production and 
storage of Ge-crystals, transfer the technology developed for fundamental physics 
experiments to screening detector systems, and for special applications to use special 
coincidence techniques. Nevertheless for the HPGe-detectors acting as all-purpose 
work horses it is important to keep the system simple in order to minimise the 
labour cost for analyses. In the future new interesting applications making use of 
ULGS could turn up. 
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We study the dynamical stability of self-gravitating systems in presence of anisotropy. 
In particular, we introduce a stability criterion, in terms of the adiabatic local index, 
that generalizes the stability condition < y >> 4/3 of the isotropic regime. Also, we 
discuss some applications of the criterion. 


Keywords: Anisotropy; Dynamical Instability; Adiabatic Local Index; Gravity. 


1. Introduction 


'The object of this work consists in the study of the dynamical stability in self- 
gravitating systems, through the deduction of a stability criterion. In particular, 
our aim is to obtain a criterion that extends the validity of the stability condition 
« y >> 4/3 to the anisotropic systems. 

In Sec. 2 we briefly deduce the stability criterion in Newtonian gravity whereas, 
in Sec. 3, we discuss some applications of the criterion in order to quantitatively 
check how much the presence of the anisotropy can affect the onset of the instability. 
In Sec. 4 we draw some conclusions. 


2. Stability criterion in Newtonian gravity 


In Newtonian gravity the pulsation equation writes (see Ref. 1) 


0*6 ASPr E- [275 (re)! wets m Poe UT ni PJE | neh = y P.)(r?ey SÂ 
Ot? rp pi r? r?p rp r?p 

(1) 
where P, and P, are the radial and tangential components of the pressure tensor, 
respectively, p the density, r the radial coordinate, £ the Lagrangian displacement. 
The adiabatic local indexes 7, and y+, along the radial and the trasverse components, 
are given by 


E D 


where the subscript S indicates that the derivatives are performed by keeping the 

entropy constant. Developing the calculations?, we easily get the stability criterion 
R 

— [E GcP +P ydr 4 


SER. 42P) Pdr ^37 B) 


In the isotropic limit the foregoing expression reduces to Q =< y » 4/3. 
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Fig. l. Left panel: representation of the function Q = Q(n) [see Eq. (3)], for N = 2, L = 0, 
B = —10-? (black line), 0 (red line) and 107? (green line). The plot shows that an unstable 
configuration in the isotropic limit can become stable if 8 < 0. Vice versa, when 8 > 0, a stable 
configuration in the isotropic limit can become unstable. Right panel: Critical value of the 
polytropic exponent n. as a function of the anisotropy parameter 8, for L = 0, 1 and 2. 


3. Applications 
3.1. Polytropes 


Let us apply Eq. (3) to the study of the stability of the polytropic models advanced 
by Herrera & Barreto?. Leaving out the details of the calculations?, the anisotropic 
Lane-Emden equation writes 


14 (e288) -PF (4) 


where n is the polytropic exponent, 8 the (dimensionless) anisotropy parameter and 
F(B)? is given by 


8 d i 
FB) - 1— gigs ag OE] (5) 


In the foregoing expression, the exponent N and the function f depend on the 
model. In the following, we consider f(£) = (1-- £)* (with L € R). The isotropic 
Lane-Emden equation is recovered for 3 = 0 (implying F = 1). 

In Fig. 1 (left panel) we have represented the Q-factor [see Eq. (3)] as a function 
of the polytropic exponent n. The diagram shows dissimilar behaviors according to 
the sign of the anisotropy parameter. 


To keep the decreasing behavior of 0, we require that F(6) > 0. This condition allows an upper 
limit for the anisotropy parameter 8 (see Ref. 2). 
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If 8 < 0, which corresponds to the radial anisotropy (i.e. P, < P,, see Ref. 2), 
we observe a tendency towards the stability because the critical value ne of the 
polytropic exponent for the onset of the instability is larger than n = 3.^ On the 
other hand, for 8 > 0, which corresponds to the tangential anisotropy (i.e. P; > P,-), 
we observe that the rising of the dynamical instability is favored (from the plot, we 
note that ne < 3). 

In the right panel of Fig. 1 we have represented ne as a function of 8, for three 
values of the exponent L. The plot shows that ne > 3 for 8 < 0, in confirmation of 
the fact that the (presence of) radial anisotropy leads the system to the stability. 
If B > 0, by contrast, we find n, < 3, in confirmation of the fact that the tangential 
anisotropy favors the rising of the instability. 


3.2. Anisotropic stars 


In this section we consider two models, advanced by Dev & Gleiser?, conceived as 
deviations from the homogeneous model (i.e. p = po). In formulae 


P, = P,+Copr’, (6a) 
B, = P.(1+ Cor’). (6b) 


In the foregoing expressions, C estimates the strength of the anisotropy and can 
be both positive and negative, a priori. Similarly to the case of polytropes, C > 
0 corresponds to the tangential anisotropy and C « 0 to the radial anisotropy. 
Integrating the equilibrium equations by using Eqs. (6a) and (6b), we obtain? 


27G 
P, = (== - c)ue - 1°), (Ta) 
= 2mG po C po(r? — R2) 
P, =Z |e k (7b) 


In the previous equations, R and G represent the radius of the star and the grav- 
itational constant, respectively. Concerning the stability, for the ansatz (6a)-(7a), 
Eq. (3) yields Q = 2 > 4/3, showing that the system is dynamically stable. For the 
ansatz (6b)-(7b), conversely, we find a more interesting situation. Eq. (3), indeed, 
takes the form 

5 — 15 15D. (x) > i (8) 
23? 4q Ag? 3 

where x = R\/Cpo and D, (x) is the Dawson function. In the limit x — 0, Eq. (8) 
reduces to Q — 2 » 4/3 that corresponds to the case previously analyzed. On 
the other hand, for £ — +00, we obtain Q = 1 < 4/3 that corresponds to a 
loss of stability. Consequently, we expect to find a critical value of z allowing the 
separation between stable and unstable configurations. 


Q-14 


bn = 3 corresponds to the critical value in the isotropic case. 
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Unstable Configurati ons 
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Fig. 2. Representation of the function Q = Q(x), where æ is defined as x = RWCpo. The 
plot shows the existence of a critical value z = Z, corresponding to the onset of the dynamical 
instability. Numerically we find Z = 2.39 or, equivalently, C = 5.73/(po R2). 


In Fig. 2 we have represented Eq. (8) and, as we see, the existence of this 
critical value is confirmed. Numerically, we find that dynamical instability sets in 
ifr > z—239,ie. if C > C = 5.73/(poR?). It is interesting to notice that the 
stability of the star, rather than the anisotropy parameter, depends on the central 
density. 


3.3. Degenerate fermionic configurations 


In this section we focus on the degenerate fermionic configurations, a particular 
case of a more general study carried out in Ref. 6. The equation of state (EOS), in 
a parametric form, is 


4 443 2,2 
= — Ww rs =W) l (9a) 
P= Anrgm*o° ws 2r? w) (9b) 
"o 15h3 Tr? ? 
4ngm*c? ,—- Ar? 
R= 455 ws(1 T nz") . (9c) 


In the foregoing expressions, W is the cutoff energy (Fermi energy in this case), 
Ta the anisotropy radius, ø the velocity dispersion and the other symbols have their 
usual meaning. The adiabatic local indexes yr and ^; are given by 


u 5r? -2r?W 8rW? + YW'(5r2 + 27?W) 


r= LLL LBS. 1 

777 m2 F 22W BPW? + 5W'(3r2 + 2r°W) E 
—5r2 c 222 W 16rW? + TW'(br2 + 4r?W) (10b) 

V= 7" + 4 W 8rW2 + 5W (Bre F 22W) ” 
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Fig. 3. Values of a» as a function of the central density Wo [see Eq. (9a)]. The plot shows that, 
for a given value of a (horizontal lines), there exists a critical value of the central density WẸ such 
that dynamical instabilities set in. For a = 0.5 (red line) we see that WẸ >> 1 (the system is 
isotropic and thus stable) whereas, for a a = 0.1 (green line), we find Wf = 3.89 and for a = 0.01 
(blue line) we have W$ = 3.89x 1074. This shows that W¢ — 0 for a > 0 (the system is unstable). 


where W” = dW/dr. In the isotropic limit rz — -Foo the foregoing expressions 
yield 4, = yr = 5/3. Consequently, according to Eq. (3), we get Q = 5/3 > 
4/3 confirming that, in the isotropic limit, degenerate fermionic configurations are 


stable*. Things change in the fully anisotropic regime ra — 0: we have indeed 
44- Ty dlog(W) 
=> T = 5 h SS a a 11 
TA er 5y oe dlog(r) PS 


As the reader can see, if —4/5 < y < —4/7, yr and ^, are negative. In these 
conditions, the speed of the two sound waves along the radial and the tangential 
axis, given by 
Vr P, VP: 
Csr = , Cst = : 
p p 

become a complex number: the configuration, therefore, is unstable. This feature 
is a consequence of the trend of density and pressure profiles, which have become 
“hollow” 9. 


Hollow configurations are characterized by the presence of a maximum achieved 


(12) 


far from the center. Consequently, the profile is monotonic increasing until the 
maximum and monotonic decreasing from the maximum until the boundary. 

A profile is hollow (and thus unstable) if, for a given value of Wo, the value of the 
anisotropy radius rą is below a critical one. To get this critical value, we compute 


*We can also show that the EOS can be written as P; = P, = P = Kp5/3, 'This is the EOS 
of a polytrope of index n — 3/2 that, as it is known, represents a stable configuration (being 
n — 3/2 « 3). 
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d^p/dr? = 0 at the center and solve for a. Defining the anisotropy parameter as 
a = ra /ro (ro is a scaling length) and indicating by a, the critical value, we have 
r v Wi 

= zl. (13) 
To leritical 20/5 

In Fig. 3 we have represented the function a, = a.(Wo). According to the plot, 
degenerate fermionic configurations are stable if, for a given value of Wo, a > ax 
and unstable if a € a,. 


Qx = 


4. Concluding remarks 


In this work we have studied the dynamical stability of anisotropic self-gravitating 
systems. The analysis carried out has shown that, according to the type of 
anisotropy, the onset of the instability is modified. 

In prevalence of radial anisotropy (P, > P;), we have observed that the systems 
have the tendency to evolve towards stable configurations. Unstable configurations 
in the isotropic limit (P. — P;) can become stable. In prevalence of tangential 
anisotropy (P, < P;), by contrast, we have observed that the rising of the instability 
is favored. Stable configurations in the isotropic limit can become unstable. 

In Ref. 2 we have studied the stability of other systems, such as Elliptical 
Galaxies. 

We think that the stability criterion introduced and applied in this work rep- 
resents a powerful tool for the study of the dynamical stability of a large class of 
astrophysical systems. The extension of the criterion to General Relativity and 
other applications will be adressed to forthcoming publications. 
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The Thomas-Fermi model is extended at finite temperature, to describe the gravita- 
tional phase transition occurring in massive fermionic systems in a general-relativistic 
framework. It is shown that, when a nondegenerate fermionic gas (for N < Noy, where 
Nov is the Oppenheimer-Volkoff limit) is cooled down below a critical temperature, a 
condensed phase emerges and the gravitational collapse is prevented by quantum me- 
chanics. If N > Nov, by contrast, the system is destined to collapse towards a Black 
Hole because no equilibrium states exist. 


Keywords: General Relativity; Thermodynamics; Fermions; Phase Transitions. 


1. Introduction 


The object of this work, intendend as a résumé of a previous publication!, is to 
describe the occurrence of the gravitational phase transition that the Fermi gas at 
non-zero temperature experiences, in a general relativistic framework. 

As it is known, gravitational phase transitions have been investigated since early 
’70s, when Hertel & Thirring? have shown the non-equivalence of statistical ensem- 
bles. Several steps forward have been made by Padmanabhan” and Chavanis? (for 
a detailed review see Ref. 4 and references therein) who have shown the occurrence 
of the phase transition in several systems (e.g. hard spheres,...). 

In the case of fermions?, when the system is cooled down below a critical tem- 
perature, a condensed phase emerges and the initial gaseous configuration evolves 
towards this condensed configuration. 

Bilié & Viollier? firstly studied the occurrence of the gravitational phase tran- 
sition in General Relativity (hereafter GR): however, they focused their attention 
only on a particular case. For this reason, in this work, we complete their previous 
investigations by describing the most general case. 

The paper is organized as follows. In Sec. 2 we present the main equations. In 
Secs. 3 and 4 we discuss the occurrence of the phase transition in the canonical and 
microcanonical ensembles, respectively. In Sec. 5, finally, we draw some conclusions. 
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2. Theoretical framework 


We consider a (static) self-gravitating? fermionic gas, formed by N particles of mass 
m at a temperature T Z 0 and placed within a spherical box of dimension R. The 
equilibrium equations are given by 


—1 
dé _ 2G(b-1)M.c + 4rPr?) ( 7 — (18) 


dr | cd r? 

dM. Amer? 

cL NEL MN (1b) 

dr c 

with the conditions 6(0) = $9 and M,(0) = 0. In the previous equations, ® 
corresponds to the gravitational potential, M, represents the mass-energy contained 
within a sphere placed at distance r < R from the center of the system (c and P 
are the mass-energy density and the pressure, respectively). The particle number 
N is given by 


—1/2 
AE) ar (2) 


rc? 


R 
N- Ny) = f 4nnr® (1— 
0 


being n — p/m the particle number density (p is the rest mass density). The 
thermodynamic analysis is performed by means of the caloric curve T = T(E)^. To 
this purpose, we define the following variables 

ER (Nm — M)Rc? GNm? 


A= = 


i E sa AAT E 3 
GN?m? GNom C — 7 -CUKSTR (3) 


3. Canonical instabilities 


In this Section we discuss the case of the canonical ensemble. In Fig. 1 we 
have represented the occurrence of the phase transition for R = 15 Rov and 
N = 0.7277 Nov (left panel) and R = 15 Roy and N = 1.0012 Noy* (right panel). 

In both cases the system exhibits a phase transition because we observe the 
coexistence, at the same (transition) temperature (r, = 1.5722 in the first case and 
m = 1.3315 in the second one), of several states identified by the points P1, P», P3 
and P4. The plots present different colors according to the stability of the solutions 
(black and green lines corresponding to stable states, red lines corresponding to 
unstable states). Let us consider the case N < Noy first. 


?]n this work we neglect the contribution of the other interactions that, in a more realistic situation, 
fermions certainly feel. 

PFor the details concerning the numerical procedure used to get the caloric curve see Ref. 1. 

* Roy and Noy are the values of the radius and of the particle number at the Oppenheimer- Volkoff 
limit?. Numerically we have Roy = 9.162 km and Noy = 8.752 x 1056 particles. 
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Fig. 1. Equilibrium phase diagrams for fermionic systems in GR. rj corresponds to the transition 
temperature. Left Panel: At the temperature ne the system evolves from the gaseous (black line) 
to the condensed phase (green line). The gravitational collapse is prevented by Pauli's exclusion 
principle. At the temperature nx, the system evolves from the condensed phase to the gaseous one. 
'The gravitational explosion is halted by the box. Right Panel: The condensed phase collapses 
towards a Black Hole at the temperature mf. 
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Fig. 2. Free energy as a function of the normalized inverse temperature 7. Left Panel: The 
phase transition is identified by the intersection point between the gaseous (black full line) and 
the condensed branch (green fullline). Right Panel: The intersection point between the gaseous 
and the condensed phase is missing: the phase transition is thus suppressed (the crossing point 
concerns unstable states). 


Points P, represent the gaseous phase (black line): they are global minima of free 
energy (thus stable) for 7 < 7 and local minima of free energy (thus metastable?) 
for n > m. When the temperature exceeds the critical value ne, the gaseous phase 
undergoes a collapse and forms a compact object (condensed phase, green line, 
points P3) containing all the mass. The stability of the solutions P3 is inverted with 
respect to that of the solutions Pı. Consequently, the compact object represents 


‘The lifetime of metastable states can be longer than the age of the Universe. This implies that 


the phase transition does not occur in practice. However, metastable states can play a central role 


in astrophysics?. 
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a stable configuration (it is a global minimum of free energy). We refer to this 
compact object as “fermion ball". 

The condensed phase, similar to the gaseous one, evolves too. For n < nx, indeed, 
the condensed undergoes an explosion (halted by the box). Points P5, by contrast, 
correspond to unstable physical solutions (they are saddle points). Moreover, in 
this region of the diagram, the specific heat is negative (because dr/dA < 0). 

Let us now turn our attention to the case N > Noy (right panel of Fig. 1). 
The difference, with respect to the former case, is represented by the presence of a 
second collapse (of general relativistic origin) at the temperature 7/,. In this case, 
the condensed phase undergoes a second collapse towards a Black Hole. 

The temperature 7^, which is a decreasing function of N, allows un upper limit 
for the extension of the condensed phase. The theory identifies a critical value of 
N, namely that corresponding to the extinction of the condensed phase and to the 
suppression of the phase transition!. 

'The reason of this phenomenon is shown in Fig. 2. The left panel plots the free 
energy as a function of the (reverse) normalized temperature, for N — 1.0012 Noy. 
The phase transition is identified by the intersection point between the gaseous and 
the condensed phase. The right panel shows the case N = 1.0226 Noy. As we see, 
the plot does not display any intersection point between the two phases, implying 
that the phase transition is suppressed. 


4. Microcanonical instabilities 


Let us now discuss the microcanonical ensemble. In Fig. 3 we study the occurrence 
of the phase transition for R = 179 Roy and N = 3.2620 Noy (left panel) and 
R = 179 Roy and N = 4.2657 Noy (right panel). Similar to the canonical ensemble, 
the left panel of Fig. 3 shows the occurrence of the phase transition because of the 
coexistence, at the same (transition) energy A, = —0.025, of several states identified 
by the points Pj, P5, P3 and P4. 

Points P, represent the gaseous phase (black line): they are global entropy 
maxima (thus stable) for A < A; and local entropy maxima (thus metastable) for 
A > A. When the energy exceeds the critical value A<, the gaseous phase undergoes 
a collapse and forms a compact object (condensed phase, green line, points P3) 
containing a fraction (~ 1/4) of the total mass and surrounded by an atmosphere. 

'The stability of the solutions P3 is inverted with respect to that of the solutions 
P,. Consequently, the compact object represents a stable configuration (it is a 
global entropy maximum). We refer to this compact object as *fermion ball". 

The condensed phase, similar to the gaseous one, evolves too. For A < Ax, it 
undergoes an explosion (halted by the box). Analogous to the canonical ensemble, 
points P, are unstable saddle points. In this region of the diagram the specific heat 
is negative (because dn/dA < 0). 
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Fig. 3. Equilibrium phase diagrams for fermionic systems in GR. Left Panel: A phase transition 
from the gaseous to the condensed phase occurs at the energy Az. At the energy Ac the system 
evolves from the gaseous to the condensed phase. The gravitational collapse is prevented by 
quantum degeneracy. At the energy A. the system evolves from the condensed to the gaseous 
phase. The gravitational explosion is halted by the box. At the energy A/ the system collapses 
towards a Black Hole. Right Panel: The phase transition is suppressed. 
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Fig. 4. Entropy as a function of the normalized energy A. Left Panel: The phase transition is 
identified by the intersection point between the gaseous (black full line) and the condensed branch 
(green full line). Right Panel: The intersection point between the gaseous and the condensed 
phase is missing, so the phase transition is suppressed (the crossing point concerns unstable states). 


The novelty with respect to the non-relativistic regime? is the presence of a 
second collapse, occurring at the critical energy A/. The existence of this critical 
energy allows an upper limit to the extension of the condensed phase and, as a 
consequence, the suppression of the phase transition!. 

To better understand this phenomenon we have represented, in Fig. 4, the 
entropy as a function of the normalized energy A. The left panel shows the occur- 
rence of the phase transition, because of the presence of a crossing point between 
the gaseous and the condensed phase. The right panel of Fig. 4, by contrast, does 
not display any crossing point between the two phases and the phase transition is 
thus suppressed (Fig. 3 plots the caloric curve associated). 
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5. Concluding remarks 


In this work we have studied the nature of phase transitions of the Fermi gas in a 
general relativistic framework. The model takes both quantum mechanics and GR 
into account. As we have seen, the occurrence of the phase transition depends on 
the values of N and R. 

In the main paper! we have determined two critical values of the cavity radius, 
namely the canonical critical radius Rocp = 3.57 Roy and the microcanonical 
critical radius Rmcp = 21.4 Roy. If R < Rccp, the system does not experience 
any phase transition whereas, if Rccp < R < Rmop, the system experiences the 
canonical phase transition. If R > Rmcp, both types of phase transition occur. 

In Sec. 3 we have considered the case of the canonical phase transition. We have 
seen that, for N < Nov, the result is similar to that obtained in the non-relativistic 
regime?. The result of the phase transition is, indeed, the formation of a compact 
object containing all the mass of the initial configuration. Things change when we 
consider the case N > Noy, because the system exhibits a second collapse at the 
temperature m.. The result of this collapse is a Black Hole. However, if the value 
of N is above a critical one (see Ref. 1), the phase transition is suppressed. 

In Sec. 4 we have considered the case of the microcanonical phase transition. 
Similar to the canonical ensemble, the system exhibits a second collapse (at the 
energy A7) towards a Black Hole. Analogous to the canonical ensemble, we observe 
the phenomenon of the suppression of the phase transition. 

'The results obtained in this work call for further investigations. For example, the 
microcanonial phase transitions may be related to the onset of red-giant structure or 
to the Supernova phenomenon. Furthermore, to check the robustness of the model 
and have a first “experimental” proof of the occurrence of the phase transition, it 
would be interesting to perform N-body simulations in GR. This could represent a 
new challenge for Numerical Relativity. 
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The formation of large scale structures in the universe can be described in terms of a 
Schródinger-Poisson system. This fact is justified showing that the Schródinger-Poisson 
equations can be obtained as the large N limit of a Newtonian N-body system, that, 
in the cosmological context, describes the evolution of dark matter halos. 'T'his result 
is based on the Nelson stochastic quantization, and on the Calogero conjecture. The 
relevance of this finding for the study of LSS is discussed. 
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1. Introduction 


It is widely accepted tat the formation of large scale structures (LSS) in the universe, 
as superclusters, sheets and filaments!, is shaped by collisionless Dark Matter? 
(DM), see? for an historical review. In the standard A-CDM cosmological model?, 
DM is assumed to be constituted of unknown particle species that interact (almost) 
only gravitationally, and DM is described as a cold fluid at cosmological scales. 
In facts, Cold Dark Matter (CDM) is in agreement with all cosmological data, 
including LSS!, CMB?, leansing®, BAO’, and Supernovae?. Even though DM 
particles are still elusive, there are currently many DM candidates, and the search 
for DM particles is an open issue?. 

At cosmological scales above 100 M pc, CDM is successfully described as a pres- 
sureless dust fluid; but this approximation fails at smaller scales. Since, at such 
smaller scales, the typical velocities are non-relativistic, the Newtonian limit of 
the Einstein equations is sufficient to describe the time evolution of massive bodies 
within the universe. Indeed, CDM can be described as a classical N-body system, in 
which the individual particles represent huge agglomerates of mass M of elementary 
dark matter particles of mass m « M. 

The first and most natural way to treat this N-body system is to resort to 
numerical simulations!0 !4, Such simulations show that, if the mass M is much 
smaller than the mass scale of the structures that we want to characterize, the exact 
value of M does not affect the LSS formation. For instance, the MILLENNIUM 
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simulation!? was carried out tracing the evolution of N ~ 10!? identical particles 
of mass M c 10? Mo, where Mo ~ 2 x 10? K'g is the solar mass. Although the 
choice M œ~ 10? M. in the N-body simulations is fit for purpose, it is still arbitrary. 
However, an indication on the plausibility of this value for DM halos comes from 
scalar field DM models!?. 

In alternative, one can describe the N-body dynamics statistically, by means of 
the phase space distribution of the bodies f(t, x, p), where the evolution of f(t, x, p) 
is given by the Boltzmann equation. Furthermore, in the case of LSS formation, N 
is large and collisions are suppressed, so that the Boltzmann equation reduces to a 
Vlasov equation 1°. 


2. The Schródinger method 


The so called Schródinger method (ScM) has been proposed!" ?? as a numerical 
double of the N-body system describing the dynamics of CDM at large cosmological 
scales. The ScM is based on the hypothesis that, it is possible to associate to the 
N-body system a wave function v, such that the mass density of the system is given 
by p = M N W?. Such a wave function 7 obeys the coupled Schródinger-Poisson 
equations (SPEs) 


idib = -zyr AV + MV vb, 
1 
AV — 4nG p, 


where V is the Newtonian potential, p is the DM density, M is the mass of the DM 
halos, a(t) is a scale factor introduced to take into account the expansion of the uni- 
verse, and fi is a free parameter. The Newtonian potential V is determined through 
the Poisson equation in (1). The form of the DM density used to run cosmological 
simulations in!732? is p = (M |v[^ — perit)/a(t), where perit is a parameter repre- 
senting a comoving critical density of the universe, although some authors assume 
Perit = 0, so that the SPEs reduce to the Schródinger-Newton equation??. However, 
since we are not interested in discussing the explicit form of the DM density, we will 
use the generic expression p. Furthermore, here we are only focused on the validity 
of the ScM approach, and this is not related to the expansion of the universe, thus 
hereafter we set a(t) = 1. 

'The SPEs can be viewed as the non-relativistic limit of the Klein-Gordon and 
Dirac equations. In this case ñ coincides with the Planck constant ~ 10-?4J s, 
and numerical solutions of the SPEs point towards ultralight DM particles of mass 
m ~ 10-?eV. However, when the SPEs is interpreted as a numerical double of the 
N-body system of DM halos, M is huge and A is merely a free parameter chosen at 
will, that determines the phase space resolution in the ScM. To ensure the match 
with N-body simulations one must require A/M ~ 107^Mpc c, so that h is huge 
comparison with the Planck constant. 
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2.1. The Nelson stochastic quantization and the 
Calogero conjecture 


The agreement between the numerical simulations of DM dynamics based on the 
N-body Newtonian systems (when the bodies have the mass of DM halos, and h is 
a free parameter) and those based on the SPEs, is usually accepted as an empirical 
fact! ??, However, a deeper view on the relation between the ScM and the N- 
body DM system has been recently proposed in?*, where it has been argued that 
the SPEs can be obtained as the large N limit of the Newtonian N-body system. 
This result is based on the so called Nelson stochastic quantization and on the 
Calogero conjecture, as resumed below. 

To begin with, let us recall briefly the basis of the Nelson stochastic quantiza- 
tion®°. Let us consider the classical trajectory of a particle by 


Mi=-V¢+B(t) (2) 


where -Vó represents all the conservative forces, and B (t) is à random force with 
zero mean, representing a small random noise. 

Nelson has shown?6 that, under these hypothesis, the motion of the particle 
can be described by means of a stochastic process, and the probability distribution 
f(a) of the particle can be expressed as f(x) = ||”, in terms of a wave function v 
satisfying the Schroedinger equation 


ihOw = — AV + oy. (3) 


In this picture the quantum behavior of the dynamics of the particle is induced by 
the random field B(t). 

At this point, one can question about the nature of the random force B (t). One 
possibility, conjectured by Calogero?", is that, in an N-body system with Newtonian 
interactions, B (t) is the resultant of the gravitational interactions of each particle 
with all the other particles, and its random behavior comes from the fact that the 
classical dynamics of a N-body system is chaotic. Exploiting this idea, Calogero 
has shown that the order of magnitude of the induced Planck constant is?" 


ħ ~ M9/5G1?(N] < p >)", (4) 


where N and M are the number and the mass of the bodies, < p > is the average 
density of the system, and G the gravitational constant. 

Indeed, due to the mechanism conjectured by Calogero, any particle in the N- 
body system undergoes a stochastic gravitational noise due to the classical gravita- 
tional interaction with all the other particles, which plays the role of the stochastic 
random noise B(t) in (2). Thus, the dynamics of each particle of the system can 
be described in terms of a wavefunction w solution of (3), where A is given by (4). 
At that point, one can express the wavefunction of the entire system using the 
Hartree-Fock approximation, so that the number density of the N-body system will 
be n(x) = N [v[^. This is the analog of the derivation of the famous Gross-Pitaevskii 
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equation?? for a Bose-Einstein condensate by means of the Hartree-Fock approxi- 
mation, see??. Finally, the potential in (3) is ¢ = M V, where V is the gravitational 
potential solution of the Poisson equation AV = 47Gp, where p = M n(x). There- 
fore, based on these arguments, one understands why the dynamics of an N-body 
system in the large N limit is well described by the SPEs (1). 

Since the dynamics of DM at large scales is described by huge agglomerates 
of DM halos interacting via Newtonian potentials, the hypothesis at the basis of 
the Nelson quantization and of the Calogero conjecture are satisfied. This implies 
that the evolution of DM can be described statistically by means of the SPEs. The 
stochastic background responsible for the Nelson quantization is given, as in the 
Calogero conjecture, by the gravitational interaction between the DM halos, and 
its stochastic character is due to the chaotic behavior of the N-body dynamics. 
This explains the equivalence of numerical simulations of DM dynamics based on 
SPEs and N-body systems. 

What is more, the Calogero conjecture also allows to estimate the order of 
magnitude of the effective Planck constant in (1). In facts, there is perfect agreement 
between the empirical value of A used in SPEs, and that obtained by Calogero 
estimate (4). For instance, in the case of the Millennium simulation!?, the N- 
body problem is solved for N ~ 10!? particles of mass M c 10? Mc; where Mc ~ 
2 x 109? Kg is the solar mass. Using < p >~ 3H2/81G c 4 x 10 76 K g/m?, where 
Ho ~ h^! x 100 x km/sMpc, and h c 0.73 is the Hubble constant, equation (4) 
gives A ~ 2 x 1096 Kg m? /s. This value corresponds to a ratio A/M ~ 10^ Mpcc 
in the range of values used in numerical simulations, e.g. A/M ~ 10^ 4M pcc in?5:30 
or h/M ~ 10 5Mpcc in?931, 


3. Conclusions 


In conclusion, the validity of the Schródinger method as N-body double stays in 
the fact that the N-body dynamics is well described in terms of the SPEs in the 
large N limit. This is due to the the stochastic quantization induced by the random 
gravitational background produced by the N bodies, as in the Calogero conjecture. 
When applied to LSS formation, this gives a further argument in support of the 
validity of the Schródinger method for the DM dynamics at cosmological scales. 
Moreover, this derivation of the SPEs is the first known realistic application of the 
Nelson quantization and of the Calogero conjecture. 
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Self-gravitating particles, entropy, and structure formation 
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I outline a kinetic theory model of gravitational collapse due to a small perturbation. 
This model produces a pattern of entropy destruction in a spherical core around the 
perturbation, and entropy creation in a surrounding halo. Core-halo patterns are ubiq- 
uitous in the astrophysics of gravitational collapse, and are found here without any of 
the prior assumptions of such a pattern usually made in analytical models. Motivated 
by this analysis, I outline a possible scheme for identifying structure formation via data 
from observations or a simulation. This might aid exploration of hierarchical structure 
formation, supplementing the usual density-based methods for highlighting astrophysical 
and cosmological structure at various scales. 


Keywords: Kinetic theory; Gravitational collapse; Entropy; Structure formation. 


1. Introduction and Motivation 


Many astrophysical contexts see gravitational collapse leading to structure forma- 
tion. A simple model of gravitational collapse can be constructed based on the 
virial theorem, with an artificial division between a central core and surrounding 
halo.! Entropy rises within the halo, with at least a relative entropy decrease in 
the shrinking core. If we further assume that the core's density profile scales with 
its radius R, then its phase space volume varies like ?/? and it is easily seen that 
there is an absolute fall in entropy within the core. 

Note that there may, at least in principle, be two distinguishable entropy-related 
effects: entropy transport from one volume element to another; and entropy cre- 
ation/destruction. The distinction is somewhat arbitrary in the artificial virial the- 
orem model just discussed. In kinetic theory treatments however, entropy creation 
is separately identifiable, and arises only from collisional effects. 

'This note is based on a full account in Ref. 2. I outline how to construct a kinetic 
theory model of gravitational collapse allowing analytical description of entropy 
creation (Sec. 2). A core-halo pattern emerges as a result (Sec. 3). This suggests 
an approach to identifying structure in simulations and observations (Sec. 4). 


2. Outline of the Model 


'The model consists of a small central perturbation to an underlying uniform distri- 
bution of self-gravitating particles. Via the well-known “Jeans swindle,” a system 
with a finite number of particles N in a bounded volume can be used to model a 
uniform arrangement of particles which is unbounded in extent, and so stable if 
unperturbed. ! 

The perturbation evolves under truncated zeroth and first order BBGKY equa- 
tions for the evolution of the distribution function (DF) and the correlation func- 
tion. Write fo, fı for the underlying and perturbation DFs, similarly go, gi for the 
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correlation functions, and set a;,2 to be N times the acceleration of a particle at 
1 = (xi, vi) due to a particle at 2 = (xo, v2). The full first order equation for the 


DF's evolution is? 
8fi(1) -o Ofol) | 1 ð 
E xài E aı,2 fi(2) d(2) ðv Nọ aı,2 91(1,2)d(2), (1) 


where the right-hand side gives the “collisional” effects of two-body interactions. 

Both fo and fı are assumed to have initial Maxwellian velocity distributions, 
with parameter c, and a typical scale for the system is then given! by the “Jeans 
wave number," ky = V4nGmn/o, where m is the (identical) mass of each particle, 
n is the average number density, and G is Newton's gravitational constant. The 
model is valid for the beginning of gravitational collapse — the initial period during 
which the perturbation remains small. 

The entropy creation rate comes entirely from collisional effects, and its density 
at x4 is 


(FE) ag EO anad E 


where f = fo + fi and g = go + g1. It is useful to coarse grain the entropy, both 
because it enables progress to be made with analytical calculations, and because 
identification of structure typically implies focusing on only a range of scales. 

The approach of Ref. 2 coarse grains by choosing a parameter 8 < 1, and then 
in applying Eq. (2) considering only wave numbers k < Bkz. Furthermore, Ref. 2 
focuses on only the “asymptotically dominant” part of the DF, correlation, and 
entropy creation — the part that soon comes to grow fastest. 


3. Result: a Core-Halo Pattern 


I briefly describe the approach of Ref. 2 to calculating the resulting asymptotically— 
dominant coarse-grained (acg) entropy creation rate, and in particular its depen- 
dence on the distance r from the initial central perturbation. Let Seg be the acg 
entropy created within a sphere of radius r in the time ¢ since the initial pertur- 
bation was introduced. For large N, Eq. (1)'s collisional term is highly suppressed, 
and, at leading order in 1/N, we can ignore it in calculating the contribution of 
the DF to the first order correlation equation. The resulting equations can then be 


solved to give, to leading order in 1/N, perturbation size e, and f, 


Otür | 93g 


0^5».  2klo et (eN\? a 
- (55) Sace(ks Br) , (3) 


with B = 4x/(k38)? being the volume of a sphere associated with the coarse- 
graining scale, and Seg is a function shown in Fig. 1. Note that Eq. (3) shows the 
entropy creation rate's “shell density", expressing the entropy creation on a shell of 


radius r around the initial perturbation. 
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Fig. 1. 
core-halo pattern of entropy creation in gravitational collapse, A. J. Wren, MNRAS, 477 (2018). 


Entropy destruction occurs in a “core” around the central perturbation, with, 
at leading order, equal (see Ref. 2) and opposite entropy creation in a “halo” ex- 
tending for a finite radius beyond that core, as shown in Fig. 1. The physical 
scale for the core-halo pattern depends on the coarse-graining parameter 3: the 
coarser the graining, the bigger the pattern's physical scale. Entropy destruction 
(resp. creation) corresponds to collisional relaxation (resp. *de-relaxation") of the 


perturbation. 

A core-halo pattern of gravitational collapse, well known from simulations and 
observations, is generally set *by hand" in analytical models. As far as the author 
has been able to determine, this is the first time an analytical kinetic theory model 


has produced a core-halo pattern. 


4. Structure Formation in Simulations and Observations 
It is well known that the Universe has a multi-scale hierarchical structure, in which 
core-halo patterns are ubiquitous. The identification of observed or simulated as- 
trophysical structure typically involves considering features of especially high or low 


densities, in physical space, or phase space. There is no unambiguous definition of 
structure in this context, which can result in different methods giving different re- 
sults — for example, in identifying sub-haloes near the centre of dark matter haloes 
(see Ref. 4), in major halo mergers (see Ref. 5) and in classifying elements of the 
cosmic web (see Ref. 6). This suggests that complementary methods for identifying 
structure, or structure formation, may be helpful. 
Given data from observations or a simulation, the above analysis suggests we 
might construct a coarse-grained particle DF and correlation function, which then 
'The pattern of coarse-grained 


could give the entropy creation rate from Eq. (2) 
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entropy creation might then give a way to identify structure formation, presumably 
associated with volumes of relatively lower entropy creation. 

A key step is extracting a correlation function from the data. There are various 
methods for doing this.’ At least in the kinetic theory model of Sec. 2, the corre- 
lation between two particles is small compared with their joint DF. In calculating 
correlation functions from data, this would imply a need to identify the difference 
between two quantities of relatively similar size. 

This means that robust identification of entropy creation, and hence structure 
formation, may need rather precise data. The outlook for data of sufficient precision 
is perhaps encouraging with the development of ever more powerful computer simu- 
lations, and the availability of detailed phase space observations from, for example, 
Gaia.’ 


Acknowledgements 


My thanks to the anonymous referee of Ref. 2 for suggesting more physical discussion 
should be included, which prompted me to develop Sec. 4's scheme. 


References 


1. J. Binney and S. Tremaine, Galactic Dynamics: Second Edition (Princeton Uni- 
versity Press, 2008). 

2. A. J. Wren, A core-halo pattern of entropy creation in gravitational collapse, 
MNRAS 477, 3983 (2018). 

3. I. H. Gilbert, Collisional Relaxation in Stellar Systems, ApJ 152, p. 1043 (1968). 

4. J. Onions, A. Knebe, F. R. Pearce, S. I. Muldrew, H. Lux, S. R. Knollmann, 
Y. Ascasibar, P. Behroozi, P. Elahi, J. Han, M. Maciejewski, M. E. Merchán, 
M. Neyrinck, A. N. Ruiz, M. A. Sgró, V. Springel and D. Tweed, Subhaloes 
going Notts: the subhalo-finder comparison project, MNRAS 423, 1200 (2012). 

5. P. Behroozi, A. Knebe, F. R. Pearce, P. Elahi, J. Han, H. Lux, Y.-Y. Mao, S. I. 
Muldrew, D. Potter and C. Srisawat, Major mergers going Notts: challenges for 
modern halo finders, MNRAS 454, 3020 (2015). 

6. N. L Libeskind, R. van de Weygaert, M. Cautun, B. Falck, E. Tempel, 
T. Abel, M. Alpaslan, M. A. Aragón-Calvo, J. E. Forero- Romero, R. Gonzalez, 
S. Gottloóber, O. Hahn, W. A. Hellwing, Y. Hoffman, B. J. T. Jones, F. Kitaura, 
A. Knebe, S. Manti, M. Neyrinck, S. E. Nuza, N. Padilla, E. Platen, N. Ra- 
machandra, A. Robotham, E. Saar, S. Shandarin, M. Steinmetz, R. S. Stoica, 
T. Sousbie and G. Yepes, Tracing the cosmic web, MNRAS 473, 1195 (2018). 

7. M. Kerscher, I. Szapudi and A. S. Szalay, A Comparison of Estimators for the 
Two-Point Correlation Function, ApJ 535, L13 (2000). 

8. Gaia Collaboration, Brown, A. G. A., Vallenari, A., Prusti, T., de Bruijne, J. 
H. J. and et al., Gaia Data Release 2. Summary of the contents and survey 
properties, A&A (2018). 


1320 


Teach Newton's theory as the simplest model for the nonlocal 
organization of Cartesian matter-extension 


Bulyzhenkov, Igor E. 


Lebedev Physics Institute RAS, Levich Institute of Time Nature Studies, 
and Moscow Institute of Physics & Technology 
Moscow, 119991, Russia 
E-mail: ibw@sct.lebedev.ru 


Blinov, Sergey V. 


Moscow Institute of Physics € Technology 
Dolgoprudny, Moscow region, 141701, Russia 
E-mail: serj—blinov@mail.ru 


Contrary to Cartesian vortexes, Newtonian point masses do not have internal structures 
and inside thermal energies. The Hamilton kinetic energy demonstrates independent 
variables for ordered translations and Umov's inside heat-chaos. The sum of these indi- 
visible energies obeys the Lorentz transformations, while their difference drives adaptive 
self-organization of mechanical systems. The simplified Newtonian model with one con- 
solidated degree of freedom for energies of order and chaos can be replaced by the Carte- 
sian world paradigm. The latter can be learned quantitatively in high and higher schools 
due to Umov’s thermomechanics for inertial heat and de Broglie's thermodynamics of 
the isolated particle. 


Keywords: Inside Variables; Adaptive Nonlocality; Chaos-Order Self-Organization. 


1. Umov's inertial heat 


It is almost impossible to understand the nonlocal laws of quantum mechanics 
when primary education is based on Newton's point masses in empty space, and 
not on continuous distributions of Cartesian matter-extensions. High school stu- 
dents should learn the basic principles of Descartes and Newton alternatives before 
they begin formal calculations in the simplest approximation of point mechanical 
bodies. At the very beginning it is important to understand that “no theory is com- 
pletely correct”, and “experiments can only falsify theories, not confirm them" 1. 
In particular, the Newton model erroneously supports independent conservations 
of mass and energy, while Einstein's relativistic formalism requires only a single 
conservation of energy, including thermal parts. Teachers of physics should also not 
conceal Kuhn's metaphysical ideas, such as “Einstein’s theory is not merely a more 
complex version of Newton's (point masses)" and "there is no coherent direction of 
ontological development". 

Cartesian mechanics of ‘matter-extension’ was developed by Nikolay Umov? 
quantitatively for the slow transfer of continuous energy densities long before the 
Lorentz transformations and Special Relativity. In 1873, Umov assigned to each 
mass m the inside energy variable kmc? and pioneered in the inertial proper- 
ties of heat after light emission/absorption. The modern relativistic theory can 
specify the Umov kinematic coefficient k as the Fitzgerald-Lorentz contraction 
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factor y1 — 8? > k. That time Umov estimated this variable for nonrelativistic 
(8? = v? /c? «& 1) energy flows as 1/2 < k = (1— 0.58?) < 1. Today it is clear that 
the Umov's inside energy corresponds to the Lagrange function L = —mc?4/1 — 8? 
in the full Hamilton energy E = —L + v: P = mc?/4/1-— 8?. The latter does not 
vanish in the co-moving frame of references, E, = mc? Æ 0, and obeys the Lorentz 
transformation rules, 


paa pa l 0. (1) 


JACOB J-P 


Hence the Hamiltonian structure of kinetic energies, 


B? Eo Eo 
E = Eoy 1 — 8 + vP = Eoy 1 — 8 + n- = ——., 
V/1-8? /1-— 6? 
has two virtual (immeasurable) parts of different origins. The first part, E;4/1 — 8?, 
is the Lagrange (1788) - Umov (1873) energy of inside heat-chaos and the second 
part, vP, is the Hamilton (1833) energy of ordered spatial translations. Changes of 
the sum of this kinetic energy can be measured in practice. Newtonian mechanics 


(2) 


with one degree of freedom for the summary kinetic energy (2) is well formulated 
for direct tests and mathematical descriptions of ‘how’ bodies move. But mechan- 
ics without inside degrees of freedom never explains ‘why’ free bodies move (or 
gravitate) in their closed system and ‘what’ burned Hiroshima. 

In Umovian mechanics of inertial heat, the inside energy variable Eo./1— 8? 
decreases with increasing Hamilton energy of ordered translations vP = 
B?E,/V1— 82. From our Cartesian point of view, every gravitating body tends to 
a relativistic equipartition of its kinetic energies of inside chaos and external trans- 
lational order. The principle of equipartition of relativistic kinetic energies behind 
the observed mechanical motion? forms the non-Newtonian ontology of thermome- 
chanics and frees Einstein’s adaptive dynamics from the thermal death problem. 

Internal heat or latent degree of kinematic freedom cannot be reasonably in- 
troduced by the point mass model. Consequently, the inside chaos variable funda- 
mentally distinguishes the Cartesian paradigm of ‘matter-extension’ from the empty 
space concept of Newton ?. Indeed, the point particle of Newton has only kinematic 
degrees of freedom for spatial translations, while the continuous Cartesian vortex 
contains elementary internal energy even in the co-moving system. Planck-Laue rel- 
ativistic cooling Q(0?) = E,4/1 — 8? ~ (mc? mv? /2— mv^/8c? — ...) of thermal en- 
ergy Eo = Qo (or inside inertial heat) and Hamilton heating p;v! = H (6?)-- L(8?) = 
Eo/V1— B? — Eo 4/1 — f ~ (mv? -- mv*/2c? +...) due to ordered translations reit- 
erate together pro-Newtonian changes A[Q(6?) -- p;v'] = A(mv?/2--3mv^*/8c? +...) 
of the summary kinetic energy at the low speed limit of Cartesian transport. 


2. Cartesian interpretation of relativistic thermomechanics 


The slow spatial motion of a Cartesian extended body is primarily the energy 
transfer of the volume integral, Q,(1 — 67/2), over ordered densities of Umov's 
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inside chaos. The concomitant fraction of the translational kinetic energy Q,6? 
is considered a small correction of inside thermal chaos due to the ordered spa- 
tial movement of chaotic densities. The Cartesian transport of two competing 
energies from chaos and order formally corresponds to the Newtonian transport 
of constant mass Q,/2c? plus one variable energy Q,?/2. Newton had no idea 
about the inside degree of kinematic freedom and modeled measurable changes 
(Q.(1 — 87/2) + Q,8E)] — Qo = Q.67/2 of the total kinetic energy through one 
constant coefficient Q,/2c? = m/2. 

It is important to teach that the kinematic cooling of Umov-Planck-Laue 
Q/Qo = J1-— 8? ~ 1 — 8?/2 of mechanical bodies coincides with a decrease in 
the frequency-energy hw/hw, = 4/1 — 82? ~ 1— 67/2 of a quantum particle in wave 
dynamics. This cooling originates from the kinematic time dilation in the Lorentz 
transformations. Therefore, Cartesian thermomechanics of non-empty space with 
the inside heat-chaos of Umov, relativistic dynamics of the rest mass-energy of Ein- 
stein, the particle-wave dualism of quantum mechanics and the thermodynamics of 
the isolated particle of de Broglie have the common temporological nature. Such 
coherent convergence of nonlocal Cartesian mechanics with quantum mechanics of 
elementary material distributions encourages high school teachers to discuss Umov's 
thermomechanics of inertial inside energies in parallel with the Newtonian simplifi- 
cations of reality. High and higher schools should start teaching inside variables of 
the Hamilton energy in the available nonrelativistic? and relativistic’ terms. Then 
students can be prepared to understand the spatial transport of quantum energy 
and accept the f-randomness® of the nonlocal Cartesian world. 
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Science educators have to move beyond traditional content-focused instruction to teach 
concepts of Einsteinian physics. This work presents a design-based research project 
that introduced general relativity (GR) to upper secondary school students in Norway. 
The educational approach invited students to explore the historical development and 
philosophical aspects of GR within a digital learning environment. Results based on focus 
group interviews show that students were particularly motivated by such an approach 
because it emphasised the cultural and social relevance of physics and it linked GR to 
their previous knowledge of physics. Employing history and philosophy of science in 
the service of physics education can serve as a successful approach to making GR more 
accessible to young learners. 


Keywords: Physics Education; History & Philosophy of Science; General Relativity. 


1. Context and Background 


Few scientific discoveries have had a bigger impact on our understanding of the 
universe than GR. Einstein’s revolutionary theory of gravity did not only herald a 
new scientific age but fostered a new interest in the philosophy of space and time 
as well. Yet, despite its scientific, philosophical, and technological importance, GR 
and other topics of Einsteinian Physics! lack from most school curricula around 
the world. This work presents a design-based research project that introduced GR 
to upper secondary physics students in Norway.” The educational approach invited 
students to explore the historic development and philosophic aspects of GR within 
a digital learning environment. Research suggests that history and philosophy of 
science (HPS) can be fruitful in teaching and learning of physics: HPS perspectives 
can foster awareness of the nature of science and they help to promote deeper 
understanding of scientific ideas.? This work aims to study how such approaches 
might foster understanding of and motivation for GR. 


2. History and Philosophy in General Relativity Education 


Science educators promote the use of HPS as a fruitful teaching strategy in learning 
domains where students have to fundamentally revise their understanding of space 
and time.^ This strategy can be traced back to Einstein who was guided by the 
wish to understand the intrinsic value of physics when developing his theories of 
relativity:? The physicist wished for the human mind to understand the reality of 
nature. Indeed, by presenting a new view towards space, time, and gravity, GR in- 
vites students to view reality from a new philosophical viewpoint. This philosophic 
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perspective can be complemented with historic approaches to teaching physics. Ac- 
cording to Einstein, knowledge of the history of physics is important because it 
emphasises connections between a new theory and its rich environment: 


To use a comparison, we could say that creating a new theory is not like 
destroying an old barn and erecting a skyscraper in its place. It is rather like 
climbing a mountain, gaining new and wider views, discovering unexpected 
connections between our starting point and its rich environment. But the 
point from which we started out still exists and can be seen, although it 
appears smaller and forms a tiny part of our broad view gained by the 
mastery of the obstacles on our adventurous way up. 


In the next sections, this work explores how HPS can inform teaching and learning of 
GR in upper secondary schools. This exploration is guided by the following research 
question: How can a historic and philosophic approach to teaching and 
learning of Einsteinian Physics foster understanding of and motivation 
for GR? 


3. Theoretical Framework and Methodology 


To bridge the gap between educational research and the reality of physics class- 
rooms, methods of design-based research informed the design and development of 
a digital learning environment about GR." The goal was to find workable ways of 
making GR accessible at the upper secondary school level. In line with the iterative 
nature of the design-based research framework, two rounds of field studies were con- 
ducted - one in spring 2016 and one in spring 2017. In total, eleven physics classes 
in five upper secondary schools in Norway participated in the trials. To gain insight 
into students’ experiences with the digital learning resources, the author of this pa- 
per conducted seven semi-structured focus group interviews with 5 to 8 participants 
per group and 46 students (18-19 years) in total. The teachers chose the students 
to allow for a balance of gender and to include both stronger and weaker students. 
The interviews were based on an interview guide that included the design of the 
learning activities, the use of history and philosophy, and challenges and motivation 
in the learning domain of GR. The interviews were transcribed and analysed using 
thematic analysis.? The themes of the thematic analysis focused on the use of his- 
tory and philosophy; the individual codes unpacked students’ motivation, interests, 
and challenges. 


4. Results and Design Examples 


In the focus group interviews, students expressed their curiosity towards learning 
about GR at the high school level and without advanced calculations. Students 
had a general expectation that the topic would be difficult and they showed respect 
towards Einstein's achievement. At the same time, they were looking forward to 
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learning more about relativistic ideas such as gravitational waves that they had 
encountered in popular culture and in the news before. Generally, the findings 
show that students approved of an HPS approach in GR education. Four factors 
turned out be particularly motivating or insightful for the participating students: 


(1) 


Einstein is a popular figure in contemporary culture and students mentioned 
repeatedly that they enjoyed learning more about Einstein. The learning envi- 
ronment presented Einstein as a real person who struggled to find a new theory 
of gravity. Being able to follow some of these struggles helped students to 
identify with Einstein. One student in the interview expressed that relating to 
Einstein’s reasoning helped him to understand GR more qualitatively: 


Student: You got into the same reasoning that made Einstein and his friend, 
it’s the same that got into the thoughts of them that resonate within me a bit 
as well. That you could use this knowledge in a somehow different way than to 
calculate. 


Physics was presented as an important part of our cultural heritage with social 
relevance for our daily lives. Students liked to get a broader and more com- 
prehensive perspective on physics and to make connections to the society as 
a whole. In particular, they appreciated to learn that physics is an ongoing 
endeavour and that physicists do not have answers to everything. 


Students learned that physics was a modern field that has more to offer than 
just textbook knowledge. Many students appreciated these insights into per- 
spectives of modern researchers as the following excerpt shows: 


Interviewer: So do you feel you have learned something? 

Student: Yes, I think it was really nice that you got, like, the perspective of 
recent scientists who made their new discoveries so that you get a bit more re- 
cent perspectives. Because it is a bit easy to think that physics is just somehow 
in the book at school. 


Finally, the historic contextualisation helped students to link new ideas in GR to 
their knowledge of classical physics and to their previous experiences. Students 
appreciated to be able to follow the reasoning that led to GR; this presentation 
helped them to understand why a theory actually works as the following excerpt 
from an interview illustrates: 


Interviewer: So you mentioned this historic approach. [...] What do the others 
think about it? 

Student 1: I think it was good. 

Student 2: But that it became clear why it is like that. And it is good that they 
explained how they ended up there, why it is actually like that. 
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Student 3: Yes, it gets maybe easier to make connections. Or the theories up to 
now, if you get, somehow, you know a bit about the history and what happened 
before. And you get something you think - because you think the history is 
fascinating - you make better connections this way than just getting the theory 
or the formula straight into your face without any evidence for understanding 
why it came out like that. 

Student 4: And if you also learn about how they reached this, then it can be 
easier to understand why it actually works. 


'The findings from the focus group interviews informed revisions of the learning 
environment that took place over the course of two consecutive years in 2016 
and 2017. These revisions led to a series of activities that draw on historic 
events and philosophic questions (Figures 1-3). The learning environment Gen- 
eral Relativity is accessible at the Norwegian open-access learning platform Viten: 
www.viten.no/relativity 


Gravitational bending of light observed 


1919: Gravitational bending of light observed during 
total solar eclipse 
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Fig. 1. The learning environment contrasts the first experimental confirmation of GR to the 
recent breakthrough in gravitational wave astronomy. Students get to explore the gravitational 
bending of light observerd during the solar eclipse in 1919 and they can move between newspaper 
headlines from 1919 and 2016. 


5. Discussion and Conclusion 


Science educators have to move beyond traditional content-focused instruction to 
teach concepts of Einsteinian physics. This work explored how perspectives of his- 
tory and philosophy of science can inform teaching and learning of GR at the upper 
secondary school level. Specifically, this work presented a design-based research 
project that invited students to explore the historic development and philosophic 
aspects of GR. within a digital learning environment?. Previous research suggests 
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Do you want to know more? 


Fig. 2. Newton felt uncomfortable with the mysterious force of gravity that exhibits the principle 
of action at a distance. In a letter to a colleague, Newton called the gravitational force a 'great 
absurdity’. 


Gravity as seen from two points of view 


If the rocket A mysterious, 
standing on Earth is invisible force that 
accelerating up, does acts momentarily over 
this mean that the great distances? Who 
ground is accelerating is weird now? 
up as well? That's 


Whiting task 2 
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Fig. 3. In a discussion task, students are asked to discuss the epistemological implications of 
Einstein's and Newton's interpretation of gravity. 


that HPS approaches can be an effective way to help students revise their under- 
standing of space and time in line with relativistic ideas ?^?. Findings of this study 
shift the focus away from novel conceptualisations of space and time towards more 
personal and societal aspects of GR: Guided by the question of how an HPS ap- 
proach to teaching and learning of GR might foster understanding of and motivation 
for GR, the findings show that students were motivated by the presentation of Ein- 
stein as a real and struggling person instead of an all-knowing genius. Moreover, 
students appreciated perspectives that emphasised the cultural and social relevance 
of physics. Being able to gain insights into modern researchers’ perspectives and 
seeing that there are still many unresolved questions in physics was another mo- 
tivating factor. HPS perspectives did not only foster motivation among students; 
the historic contextualisation of GR helped students to link relativistic concepts to 
their previous knowledge of physics. The findings thus support an observation by 
Einstein that awareness of the history of physics can facilitate deeper understanding 
of physics?. In conclusion, the findings of this work suggests that employing history 
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and philosophy of science in the service of physics education can serve as a successful 
approach to making GR more accessible to learners at the upper secondary school 
level. 
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As a matter of fact, modern physics is not taught in the majority of secondary schools; 
however, recent researches suggest that there are several advantages in introducing mod- 
ern physics early in school. This is, for instance, the approach of the Einstein-First 
project. In the context of this approach, we report here some preliminary results of an 
intervention in the first year of Italian secondary school. 


Keywords: Einsteinian physics; relativity; teaching modern physics. 


1. Introduction 


Einstein's theory of General Relativity (GR) has had a renewed popularity due to 
recent discoveries, such as the observations of gravitational waves signals by inter- 
ferometers!, which also proved the existence of black holes, and the reconstruction 
of a black hole shadow?. These discoveries have had a widespread impact on the 
non-specialist public: indeed, they have been presented as “events” by the scientific 
community, and the results have been shared with great success in the media. These 
scientific events testify a renewed interest in science which could perhaps stimulate 
new enrollments in Science, Technology, Engineering and Mathematics (STEM) 
subjects: as a matter of fact (see e.g. Refs. 3, 4, 5) recent analyses show a de- 
cline of interest among students in these disciplines. The detection of gravitational 
waves required an enormous scientific endeavour in order to build and operate the 
interferometers such LIGO and VIRGO; the detection process exploits the quan- 
tum behavior of light and, consequently, we may say that these discoveries are a 
beautiful example where the two great theories of XX century are used together to 
discover the ultimate secrets of Nature. Notwithstanding the great interest in the 
new discoveries also among teenagers, who have a privileged and frequent access to 
the internet and social media, we notice that modern physics, ie. Quantum Me- 
chanics (QM) and GR are usually out of school curricula, except for some outline 
in the last year of secondary schools. The Italian education system makes no excep- 
tion: in fact, in the syllabi for secondary school? the word “Einstein” appears just 
one time, in the syllabus of schools leaving qualification in scientific studies, while 
the word *quantum mechanics" is totally absent: the syllabus ends with the ^wave 
nature of light, as postulated by De Broglie" and the *uncertainty principle". As 
a consequence, the great majority of students are completely unaware of the phys- 
ical principles on which are based not only the recent discoveries but also their 


?Indicazioni Nazionali, MIUR (2010): https : //tinyurl.com/indicazioni — nazionali 
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mobile phones and tablets. Teaching modern physics in view of its application in 
technology could help to motivate students: on one hand, this is important to face 
the decline in STEM enrollment and, on the other hand, this can help to shorten 
the distance between citizens and science, in order to have more awareness in po- 
litical choices connected with scientific issues. Recent research has suggested that 
it is possible and also effective to introduce modern physics early in schools: the 
Einsten-First project? ? aims at introducing the basic ideas of modern physics from 
an early age, i.e. starting from primary school. The introduction of the language 
and the concepts of modern understanding of space, time, matter and radiation at 
early age could prevent conceptual conflicts between Newtonian physics and Eu- 
clidean geometry, that are commonly taught at school, and the completely different 
world view of modern physics. According to the latter, Euclidean geometry is just 
a good approximation in regions where the space-time curvature is small; similarly, 
space and time are quite different from the absolute entities of Newtonian physics, 
but they are woven into the fabric of space-time, which is a "living" thing according 
to the famous J.A. Wheeler quotation: spacetime tells matter how to move, matter 
tells spacetime how to curve. So, if the concepts of modern physics can be learnt 
from an early age, there will be no conflict associated to the transition from the 
classical to the modern paradigm of physics. Moreover, an early introduction of 
the fundamental ideas of modern physics can help also those students that will not 
study modern physics at secondary or tertiary level to have an understanding of 
the physics principles which current technology is based on. Of course, this new 
approach does not suggest to completely abandon the paradigm of classical physics, 
because it is important to understand many phenomena; it is rather suggested that 
classical physics can be introduced after learning the modern physics paradigm or, 
at least, its language and basic concepts. This paper reports the results of a short 
intervention, according to the approach of the Einstein-first project, in the first year 
of Italian secondary school, aimed at introducing some basic ideas of GR. 


2. The context and the intervention 


The intervention involved students in the first year of “ITES Russell-Moro" in 
Torino, a secondary school leaving qualification in economics. Students in this 
school are taught science (physics, Earth science, biology and chemistry) during 
the first two years only. In particular, physics is taught during the first year and 
its curriculum includes Newtonian mechanics, thermology and electricity. Modern 
physics is completely out of the syllabus, so that students leave this school without 
any knowledge of the XX century physics and its applications. In particular, 46 
students, aged 14-16, from three classes took part in the intervention. It is impor- 
tant to emphasize that during the year, students were not taught Newton law of 
gravitational interaction: they only studied weight as a force. The development of 
the intervention, which consisted in four 1-hour lessons during four days for each 
class, is described in details below. 
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Fig. 1. Triangles on a flat (left) and curved surface (right). 


Fig. 2. The space-time simulator. Frames on the left show the path of two steel balls on the flat 
surface of the simulator, which corresponds to propagation in vacuum: the two balls move along 
straight lines. Frames on the right show the path of the two steel balls on the curved surface of 


the simulator, around masses: the two balls undergo a deflection with respect to the vacuum case. 
This is a simple model of gravitational deflection. 


DAY 1. Students were asked to answer a pre intervention questionnaire, which 
is an Italian translation of the one already used by the Einstein-First collaboration 
in the interventions described in®*; we just removed questions about the quantum 
nature of matter and light, since these subjects were not discussed during the inter- 
vention. The key ideas we focused on are the non Euclidean features of geometry, 
that are important to describe the current model of space-time, and the way distant 
bodies interact. The relevant questions are: 

Q1: Can parallel lines ever meet? Circle Yes or No. Please give reasons for your answer. 
Q2: Can the sum of the angles in a triangle be different from 180 degrees? Circle Yes 
or No. Please give reasons for your answer. 

After compiling the questionnaire, students were asked to measure the perimeter 
and the sum of the internal angles of triangles on a sheet of paper (see Figure 1, 
left). 

DAY 2. Students were asked to draw triangles on the surface of balloons (using 
sticky tape to draw "straight" lines) and, then, to measure their perimeter and the 
sum of internal angles (see Figure 1, right). Moreover, they had to draw a plot of 
the sum of internal angles as a function of the perimeter. 

DAY 3. Students were involved in activities at the “space-time simulator". Actu- 
ally, models and analogies prove useful to introduce the concepts of modern physics 
and they are developed and successfully tested by the Einstein-First project. In 
particular, the space-time simulator is a table with a stretch lycra sheet, which 
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creates a visual representation of the curvature of space-time in presence of masses 
(see Figure 2). Using steel or billiard balls, the simulator allows to visualize the 
connection between mass and curvature. A ball moves along a straight line if no 
other masses are present on the sheet, while its path is curved in presence of other 
masses: in analogy, a mass move along a geodesic in space-time, that is a straight 
line if space-time is flat; in presence of other masses the ball moves along a curved 
geodesic. Moreover, it is manifest that the lycra sheet deformation is proportional 
to the masses on it. The simulator allows to visualize the action at distance between 
masses, which is explained in terms of curvature (see Figure 3). In summary, the 
space-time simulator enables to perform numerous experiments that simulate what 
is observed in the Universe, such as, for instance, planetary motion, tidal effects, 
gravitational deflection of light. Indeed, what is really visualised is the interplay 
between masses and the lycra sheet deformation, which can be described in terms 
of spatial curvature. Accordingly, the space-time simulator might be misleading, 
since in the Universe curvature is refereed both to the space and time dimensions. 
For instance, free fall in curved space-time can be explained as a consequence of 
the warping of time (see Ref. 9 and references therein). That being said, in our 
intervention the space-time simulator was used as an analogy, and it proved useful 
to emphasize the non Euclidean features of surfaces. 


Fig. 3. The space-time simulator and action ad distance: the simulator can be used to simulate 
action at distance, since moving one ball over the lycra sheet provokes a deformation and, hence, 
the motion of the other ball. 


DAY 4. After a brief summary of the activities performed, with emphasis on 
the common idea linking them (curvature of surfaces) and a short description of 
the analogy with what really happens in the Universe (planetary motion, tidal 
effects, gravitational deflection of light), students were asked to answer the post 
intervention questionnaire. In the latter we added a question, motivated by the 
experiments performed at the space-time simulator (see Figure 3): 

QX: The gravitational attraction force is effective only when the two bodies are close 
to each other. Circle Yes or No. Please give reasons for your answer. 


3. Analysis of the results 


In Figure 4 we report the analysis of the answers to the questions Q1 and Q2. As for 
Q1 “Can parallel lines ever meet?", before the intervention all students answered 
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Can parallel lines ever meet? 


Can the sum of the angles in a triangle be different from 180 degrees? 


M no 100 


B yes = 
40 ^ no answer no 
50 B yes 
20 = no answer 
0 0 


Before After Before After 


Fig. 4. Distributions of the answers Q1 (left) and Q2 (right) before and after the intervention 


NO, which is an expected results: Euclidean geometry is based on the parallel 
postulate and students are taught that two lines are parallel if they never meet. 
However, during the intervention students experimented that things are quite dif- 
ferent if the surface is curved, such as on a balloon; furthermore, the analogy with 
what happens on the surface of the Earth was discussed during the intervention. 
After the intervention, the number of students who answered YES is about 9590; it 
is relevant that in the reasons they mentioned the role of the surface: “on curved 
surfaces, such as the Earth, they can meet". Things are quite similar for Q2 “Can 
the sum of the angles in a triangle be different from 180 degrees?" Before the 
intervention about the 7996 of students answered that the sum cannot be different 
from 180 degrees; 9% said that the sum can be different and the rest (12 96) did 
not answer. In this case, the percentage of students who said that the sum needs 
to be 180 is lower than 10096 reported in Q1: we have to consider that perhaps 
some of them did not remember this rule of Euclidean geometry. After the inter- 
vention, those who say that the sum can be different from 180 degrees are about 
94%, which is similar to the result of Q1. In the motivations they say “it depends 
on the surface", “it depends on the triangle", “it depends on the perimeter"; the 
latter motivations rely on to fact that they analyzed the mathematical relationship 
between the perimeter and the sum of internal angles on the balloons. As for the 
extra question QX "The gravitational attraction force is effective only when the 
two bodies are close to each other", 5496 of the students correctly answered that 
bodies interact at distance; in the motivations they correctly point out that “masses 
influence each other even though they are not close", thus revealing that they cor- 
rectly understood the mutual character of interaction, which has been emphasized 
during the experiment with the space-time simulator. The other students (4696) did 
not believe that interaction between distant bodies is possible, notwithstanding the 
experiments at the space-time simulator. Actually, the ideas of secondary schools 
students about action at distance were investigated in the past (see e.g. Ref. 10), 
and evidence was found that in order to realize the abstract notion of action at 
distance students need a connection: for instance, between a falling object and the 
Earth, they consider air as a medium that creates a connection. Also, their ideas 
about forces acting at distance are guided by the notion of a support: for instance, 
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objects at rest or moving horizontally are supported by other objects, and these sup- 
ports prevent them by falling. Moreover, students are not concerned with mutual 
interactions, rather they think of the Earth that attracts the apple, or the Sun that 
attracts the Earth, thus emphasizing a dominant role in the interaction: a much 
higher level of abstraction is needed to understand gravitation as an interaction 
between any two bodies at any distance in space. Indeed, there is the possibility 
that even though students correctly understood the experiments with two masses 
on the space-time simulator, they thought that, in any case, masses are not “far 
away" on the simulator and they were not able to generalize their observations to a 
more abstract situation of truly distant objects. In conclusion, in this intervention 
we focused on the non Euclidean features of curved surfaces and, using the space 
time simulator, we described by analogy what happens in curved space-time. As 
a result of the intervention, the great majority of students was able to understand 
that the properties of Euclidean geometry are not true on curved surface. The ana- 
logue model at the space-time simulator enabled us also to introduce the concept 
of action at distance, which was correctly understood by more than one half of the 
sample. The results of the intervention are positive, if we consider the context and 
the students’ attitude: of course further interventions on different contexts, with a 
larger number of students and with more educational content are needed to evaluate 
the effectiveness of this approach. 
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Motivating the students to study General Relativity from many points of view is a key 
for success in teaching GR. The risk of flattening GR to its mathematical contents is 
continuously present in the secondary school as well as in the undergraduate studies of 
Physics. 
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1. Motivations: from wave optics to quantum behavior 


Most of Italian students do not choose STEM curricula after school. Among the 
reasons there is a lack of experimental activities especially for the last year of physics 
in the High Schools. An approach to Quantum Physics is recommended through 
spectroscopy, thanks to the wave-particle behavior of the photon, the availability 
of a LASER and the simplicity of many diffraction experiments. This not help to 
understand how interference and diffraction phenomena have been studied before 
the advent of LASER. The Michelson Interferometer was used to study the vec- 
torial composition of the light with the orbital Earth velocity, or the cosmic ether 
existence. The result was that the modulus of velocity c was conserved, while the 
direction followed the vectorial composition traditional rule (Andrei, et al. 2014; 
Sigismondi, 2008). 

Nevertheless the historical process through selection rules and suspected ex- 
traterrestrial elements like Helium and Coronium is also important. Quantum Me- 
chanics verifies the Heisemberg principle for the matter, the diffraction of light is 
already the Heisemberg principle for photons (Vavilov, 1959). 

At the Italian Ministry for Education a course in Spectroscopy is already orga- 
nized for the high school teachers http:/ /1s-osa.uniroma3.it/documents/98 (2018) 
but the general vision given by the historical perspective is still lacking. The se- 
lection rules found in spectroscopy AL, Am = 0, +1, +2...were interpreted later as 
permitted quantum gaps, and their violations as ‘prohibited rules’ upon which many 
fundamental discoveries have been done (e.g. 21 cm line of neutral Hydrogen and 
all galactic structure). The ‘rarity’ of some transition were obtained directly from 
quantum mechanics density function, as tunnel effect. 


2. Gravitational waves and interferometry 


In General Relativity the interferometers of Michelson e Morley (1881-1887) 
have been adapted to gravitational waves in LIGO/VIRGO experiments using 
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the same principles and the same geometry. The interference of Michel- 
son experiment http://adsabs.harvard.edu/abs/1882USNAO...1..109M (1882) and 
http: //adsabs.harvard.edu/abs/1887SidM....6..306M (1887) was realized with white 
light, a situation which is different from monochromatic LASER light, and 
much closer with the first experiences on diffraction made by the Jesuit fa- 
ther Francesco Maria Grimaldi in 1648, with very tiny Fresnel shadows oc- 
curring for the interplay between Planck's black body photons distribution 
and Fresnel integrals for each wavelength. Similarly at Mount Wilson Ob- 
servatory the interference between the stellar light received at opposite parts 
of the diameter of the 100 inches reflecting Hooker telescope (the techno- 
logical marvel of its time) permitted the evaluation of the stellar diameter 
of Betelgeuse and the first stellar surface images. (S. Metchev (2013) in 
http:/ /www.astro.sunysb.edu/metchev/PHY517. AST443/solar.diameter.pdf and 
M. Richmond http://spiff.rit.edu/richmond/occult/bessel/bessel.html (2018)) 

Also this interferometer can be realized and studied at school, as in 2018 at 
Pescara Galilei Lyceum. The utilization of Magneto Optical Filter in Gravita- 
tional Waves detection was proposed by the late Alessandro Cacciani (1937-2007) 
(P. Rapex, 2008). 


3. Relativistic light bending 


Other effects like light gravitational bending are very difficult to be observed, even 
if the GAIA astrometry satellite is now able to measure it at 180 degrees from 
the Sun and the major planets (Crosta and Mignard, 2005). The gravitational light 
bending can be simulated only by the analogy photon-glass ball on the elastic carpet 
made by lycra, with a big mass at the center. This similarity (used e.g. at Rome 
3 University, Physics dept.) is not completely satisfying because of the photon is 
massless. The apparatus is good for showing N-body simulations with friction, to 
show e.g. the onset of King profiles in galactic clusters... in a few seconds, instead 
of billions of years. 

This effect shows clearly the difference from Newtonian and Einstein gravity 
upon light (sir James Jeans, The Growth of Physical Sciences, 1948). Unless it is 
not evident form Mitchell 1780 approach of escape velocity, which gives correctly 
the value of Schwarszschild Radius, but considers light gravitating as matter, even 
if we know the photon is massless. 

The great project Gravity Probe B on the Lense-Thirring effect of Earth's frame 
dragging is also far from experimental level without using analogies (Ruffini and 
Sigismondi, 2002). The Solar figure, spherical within few parts in a million, was 
measured by Dicke (Damiani et al., 2007) to assess the possibility of a scalar- 
tensorial theory beyond Einstein and now is measured to understand the physics of 
solar secular variability, so important for our climate (Sigismondi, 2011 and 2005). 
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4. General Relativity and the view of the World 


General Relativity was important to the view of the World as much as Quantum 
Physics. Bertrand Russell (1974) was one of the most relevant divulgators of Ein- 
stein's theory, he contributed to spread the basis of Special and General Relativity, 
but the relevance of the new cosmological view of the World is left too often to 
the University specialistic studies, to avoid also to fall into ‘unpleasant metaphys- 
ical questions. While right these questions can drive more students to STEM. 
'The continuum model of the Universe has been the same at all times, in order to 
agree with cosmological expansion a continuum creation is required, which is not 
against the physical laws. This last part, being not comprised, is not present in 
textbooks like M. Parotto, E. L. Palmieri, il Globo Terrestre e la sua Evoluzione, 
Zanichelli Bologna 2017. The ‘unpleasant metaphysical questions’ are indeed more 
stimulating than increasing precision for saying anything about the truth [Martin 
Heidegger]. Russell in this respect says that ‘the consequences of Relativity are 
neither grandiose nor surprising as believed’ (p. 218-219). The differences between 
classical and relativistic physics are usually very small, and the mass of 4 weights 
of 1 Kg is smaller than 4 Kg, but the evidence of this effect of the equivalence of 
mass - binding energy in percentage four nuclei of H are lighter (0.7% less) than one 
nucleus of He. Russell explains that events instead of coordinates are the essence of 
Relativity, and the action [Energy*time] is its natural unit of measure (p. 156-7). 
The action which fulfilled some aesthetic, almost theological principle of symmetry 
with Maupertuis, Lagrange and Laplace, and become crucial in Quantum Mechan- 
ics with Planck constant in 1900 (J. Jeans, Il Cammino della Scienza, Bompiani, 
1953, p. 318-328). 


5. Cosmology, a new science with proper identity after Einstein 


With Einstein the Physical Cosmology was born, because the Universe's behavior 
was comprised as a consequence of the matter's distribution Peebles, Principles of 
Physical Cosmology, 1990). The Galileian idea of same physics on the Earth and 
across all Universe reached in this way its maximum extent. Einstein by intro- 
ducing the Cosmological Constant and later Hoyle, Bondi and Gold (Dubois and 
Fuezfa, 2019), and finally Hawking and Hartle tried to obtain a static or stationary 
Universe, conceptually not different from Aristotle's one, while Lemaitre proposed 
an evolutionary Universe, finding the observational proofs. The hot big bang the- 
ory was confirmed by the Cosmic Background Radiation discovery (1965) even if 
Zeldovich (1965) theorized a cold one, based upon Fermi energy (Aguirre, 1999). 


6. Ether and eternity of the Universe from Aristotle to Hawking 


The role of Cosmic Ether, object of the studies of Michelson and Morley, is now 
played by the Dark Energy, which behaves exactly as the Cosmological Con- 
stant, and produces an accelerating Universe. Framing philosophically the Physical 
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Fig. l. Y. B. Zeldovich and Pope John Paul II. 


Cosmology helps the students, also the ones far from STEM, to understand the 
present debate on the view of our World. Comparing the theories of expanding 
Universe, eternal Universe, oscillating Universe with the ancient ones, made by 
Aristotle and object of a condemnation by Etienne Tempier bishop of Paris in 1277, 
is also important. Instead of blocking science this act stimulated it, because always 
Christianity has considered God as Creator. He is not a lier and the man can know 
Him from Revelation, but also from the Creation itself (as S. Thomas of Aquinus 
few years before Etienne Tempier taught in Paris University). ‘God does not play 
with dices' used to say Einstein and this debate is nowadays extremely far from 
the current main stream. [Alessandro Giostra http://www.upra.org/evento/pierre- 
duhem-la-nascita-della-scienza-nel-mondo-occidentale-cristiano/] 

The beginning of science and the possibility of confutation for a theory Accord- 
ing to Pierre Duhem (Système du Monde, 1913-58), the act of Etienne Tempier was 
the starting point of the modern science. The construction of the theory, more- 
over, is based upon some principles, and the speed of light in vacuum-the veritable 
“celeritas”- cannot be surpassed. The recent (2011) debate of OPERA results in 
Gran Sasso National Laboratories and CERN of Geneva can be studied in this op- 
tics. Provided this frame, there are plenty of motivations to know the essence of 
General Relativity and its contribution to the view of our World. 
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Einstein did know well that only one contradictory fact on the speed of light 
in vacuum would destroy all General Relativity theory. This characteristic of a 
scientific theory is the Fàlschungsmoglichkeit, possibility of confutation, theorized 
by Karl Popper. 

Nowadays we are facing more and more with dogmatic theories like the anthro- 
pogenic global warming or the OGM vs organic food with respect to human health 
or the gender theory on the sexual differentiation induced by the environment and 
the cultural background... whatever fact has an explanation pro that theory, and 
no disproofs are possible, and we are in a scientific, post-galileian era. This note 
may appear unappropriated either in a scientific congress either in the school, but 
the paralysis of autonomous thinking starts from the school and spread to all parts 
of the society. If the most influential theory of Physics is subjected naturally to 
the possibility of confutation, why there should be theories that cannot be falsified? 
A theory since Ptolemy and before is a representation of the reality, which can be 
changed with a better one, when it is available. 


Fig. 2. The cover of “Sozein ta Phainomena” of Pierre Duhem. 
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Lie point symmetries of the geodesic equations of the Gódel's metric are found. These 
form a ten dimensional Lie algebra. The Lie algebra contains a maximal seven- 
dimensional solvable sub-algebra. It also contains five dimensional subalgebra of isome- 
tries of the metric. The isometries are used to reduce the order of the geodesic system by 
one. The time-like trajectories of the Gódel's metric are then derived and their graphs 
in the (r, ?) plane are displayed showing some interesting features of the dynamics in 
this universe. 
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1. Introduction 


Systems of ordinary differential equations frequently appear in applied sciences and 
engineering, and most of the time finding their solution appears a big challenge. 
Theory of continuous groups via Lie point symmetries provides an alternate ap- 
proach for finding solutions of such systems. ! ? Finding Lie point symmetries (using 
Einstein summation convention) 


8 l "n 
X= L + Git em 1 
(awa, toy); (1) 
of a system of k second order ordinary differential equations 


H*(z, y*, g^, d) — 0, ai= 1,.., k, (2) 


means finding the general solution £(z, y^) and nf (x, y*) of the determining equations 
obtained from the symmetry condition? 


and (5*)' and (n°) are obtained from the extension formula given by 


A(t YD 


(n-1) & 
dx 


(y) = UE 
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Determining equations obtained from eq. (3) appear as identities in the derivatives 
of dependent variables, thus they split into k systems of linear partial differential 
equations in the functions £ and nê which are to be solved simultaneously. 

Gédel’s metric in a cylindrical coordinate system (t, r, 9, z), where t «oo, 0 € r € 
oo, 0 € à € 2r, —oo < z < oo, given by 


ds? — a? (lat + V2sinh’ rde]? — dr? — dz? — sinh? r cosh? rd?) : (6) 


ascertain the geodesic equations 


Asinhr , 2 sinh? r . . 
ia sin ris + 24/2 sin up — Q, (Ta) 
cosh r coshr 


# + 2V2sinhr cosh rà — sinh r cosh r(1 — 2sinh? r)¢? = 0, (7b) 
2V2 ; 
2 rp = 0, (7c) 


— sinhrcoshr pe sinhrcoshr 
z=0, (7d) 


where dot over head the variables t, r, @ and z denote the derivatives with respect 
to the arc length parameter s. The solution of these equations have been a topic of 
interest to many researchers following different approaches.*® The Killing vectors 
from these symmetries are singled out to reduce the order of the system. In the 
following section, the Lie point symmetries of the system are found along with the 
analysis of the resulting Lie algebra. In section 3 we use the Killing vectors to 
reduce the order of the system. The solution of the system is then achieved and a 
graphic representation of the geodesics is given. 


2. Lie point symmetries of the geodesic system 


Applying the second prolongation of the symmetry generator of the system (7) 
produces four determining equations, which give a system of seventy PDEs. The 
solution of this system then gives the components of the infinitesimal generator X 
which appears to be 


E = c15 t C22 t C3, (8) 

rj! = —V2tanhr (ca sin ¢ — cs cos à) + c7, (9) 

n? = c4 cos ó + cs sin $, (10) 
2cosh? r — 1 

p= econ 7 — leasing — cs cos ó) + cs, (11) 


sinh r cosh r 


"^ = cgs + coz + Cio. (12) 
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This provides a basis of the Lie algebra given by 


— ES 
X,= —V2tanhrsin gS + cosg 2 = o mot, 

X; = V2 tanhr cos of + sino + coh TTT esos. 
Xo Xy - D. Xs s. Xo are, Xi - 2. (13) 


forming a ten-dimensional Lie algebra Lio which is neither solvable nor nilpo- 
tent. It is trivial to identify the Nóether gauge symmetries which appear to be 
Xs, X4, Xs, Xe + Y2x. X7, Xs, Xo in eqs. (13). The maximal solvable sub- 
algebra is given by 


Ly = (X Xo, Xi — Xo, Xa, Xa Xe + Xs, Xr, Xu) C lao. — (4) 


3. Reduction of the order of the system 


One can use Cartan’s theory,” according to which there exists a first integral, X,4^ 
for each symmetry generator X = £40, obtained in eqs. (13) which satisfies the 
equations of Killing? 


Xap + Xp; = 0. (15) 


It is straight forward to check that the symmetry generators X; where i = 4, ..., 7, 10 
satisfy eqs. (15). The corresponding first integrals are given by 


a = — sinh r cosh r sin o [2v2: + o(2 sinh? r — 1 — f coso, 16) 
b = sinh r cosh r cos ó [2 vai + ó(2sinh? r — )] —rsing, 17) 
cı = V2isinh? r + sinh? r(sinh? r — 1), 18) 
c2 = t+ V2sinh’ rd, 19) 
ope’, 20) 


where a,b,¢o,c; and cg are arbitrary constants. The tangent vector i^ and the 
associated underlying curve x^(s) are said to be timelike if and only if g,4 3^3 > 0. 
Fixing gap i^i^ = 1 yields 
A 2 F 
(i + V2 sinh? rd) — sinh? r cosh? rj? — 7? = 1 + 2 = c3 (21) 
or 
cot + cid = 7? = C3. (22) 


The sign of the term £ + V2 sinh? ro and hence of c2 may be defined to identify 
the future or past directions of the tangent vector z^. One may be interested 
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in exploring z^(s) which are timelike and whose tangent vector fields are future 
directed. Thus necessarily we require cz > 0, whereas c3 > 0 from eq. (21). 
Eqs. (16)-(22) give explicit expression of z^ reducing the system as 


=e fi 2 sinh? : V2e 
cosh? r cosh? r 


b= v2 a o (23b) 
cosh?r sinh? r cosh? r’ 


2 
2c» sinh 
de (ee) | (23) 


coshr sinh r cosh r 


r = — (acos 9 + bsing). (23d) 


Using the transformation u = sinh? r, and letting 


ci + 24/2c1c2 — ca) cz 
A(cà +e = eg, Ma EN Ae), oe ae $e 24 
fen 2( + cs) CETT NN m 
eq. (23c) can be written as 
à? = —e° (u? — au + B?), (25) 


where c2 + c3 > 0 as c3 > 0. The latter equation gives 
u(s) = a+ Va? — B? cos(es + so) = sinh? r. (26) 


Now using eq. (26) in eqs. (23a)-(23b) after simplification one gets the time-like 
trajectories in the Gódel universe as 


u E a+ 1-— ya — 8? (ate So 
(t,r,@,2) = (view | “wee c3 + Ose or — c28 + to, 
sinh ! \/a + Va? — B2 cos(es + so), 
a+1—/a?—B? o— Vo — B? [3 A 
E ( ADEM LOT =) tan ( e -r eas +$ +) 


o-F1—4/a?-— 8? a? — 8? 2 So 
SS args ian (des +) 


+ bo, —coz + 3l 


(27) 


For specific values of the constants a and 8 given in eqs. (24) one can find the 
extrema of u(s). Putting u(s) = 0 of eq. (25) gives 


u? — 2au+ 8? = 0, (28) 


which yields 


u(s) = a + yo? — 82. (29) 
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So u(s) attains its maximum at u(s) = a+ ya? — 6? and its minimum at u(s) = 


a — yo? — B?. 
—V2co + 4/ 2 
v20 GTE yo 6B? = 0, which means that u(s) = 


For Cimin = ————————— ——-, @ = ais 


constant and the graph i (u,Q) plane is a circle with radius equal to a. In this 

case 

-1-4 2 

—3— 
For cı > Cimin the trajectories appear to be ellipses stretching and tending to 

be a line as c4 — oo. If c3 — c2 the ellipses shrinks and tends to be a point. Figures 

below illustrates the above analysis. 


0 < u(s) < (30) 


b» 


(b) 


Fig. 1. Trajectories in (y, $) plane with increasing c1, and cz, c3 are fixed. 


2 $ 
(a) (b) 
Fig. 2. (a) Trajectories with cı and c2 are fixed, 0 < c3 < c2. (b) Trajectories with c1 is increasing 


as c3 > ce. 
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4. Conclusion 


It is known that a system of n kth-order ODEs admitting a kn-dimensional transi- 
tive solvable Lie sub algebra, is solvable by quadratures.? In our case the system of 
four coupled ODEs admits a seven dimensional solvable sub-algebra, thus this result 
can not be applied for the reduction of the system. Other well known procedure 
is given by the Cartan theory according to which, if a system of ODEs admits a 
set of Killing vectors, then one obtains first integrals of the system corresponding 
to these Killing vectors.? In the present situation, the Gódel's metric serves as the 
Lagrangian of the system, which admits five Killing vectors and correspondingly 
gives five first integrals of the system given by eqs. (16)-(20). This led to a solution 
of the system in parametric form z^(s), a — 1..4 given by eq. (27). The graphs of 
the trajectories in (r, ¢)-plane for all possible values of the parameters appearing in 
the solution are also given at the end. 


References 


1. Ibragimov, N. H., Elementary Lie group analysis and ordinary differential equations, 
John Wiley and Sons, Inc. Chichester, England, 1999. 
2. Stephani, H., Differential equations: their solution using symmetries, Cambridge Uni- 
versity Press, USA, 1989. 
3. Hydon, P. E., Symmetry Methods For Differential Equations, Cambridge University 
Press, New York, USA, 2000. 
4. Chandrasekhar, S. and Wright, J. P., The Geodesics in Gódel Universe, Proc. Natl. 
Acad. Sci. USA, 47(1961)341. 
5. Novello, M., Damiao, I. and Tiomno, J. (1983). Geodesic motion and confinement in 
Gödel universe. Phys. Rev. D, 27(1983)779. 
6. Camci, U., Symmetries of geodesic motion in Gédel-type spacetimes, 
JCAPO07(2014)002. 
7. Stephani, H., General Relativity: An introduction to the theory of the gravitational 
field, Cambridge University Press, Cambridge, New York, second edition 1990. 
8. Misner C., Thorne, K. and Wheeler, J., Gravitation, W. H. Freeman and company, 
New York, 1973. 
9. Cook, S., Killing Spinors and Affine Symmetry Tensors in Gódel's Universe, Oregon 
State University, 2010. 
10. Grave, F., Müller, T., Wunner, G., Ertl, T., Buser, M. and Schleich, W., Visualization 
of the Gódel Spacetime, Germany. 
11. Soh, C. Wafo and Mahomed, F. M., Reduction of order for systems of Ordinary 
Differential Equations, Journal of Nonlinear Mathematical Physics, 11(2004)13-20. 
12. Senthilvelan, M., Chandrasekar, V. K., and Mohanasubha, R. (2015). Symmetries 
of nonlinear ordinary differential equations: The modified Emden equation as a case 
study. Pramana, 85(5), 755-787. 
13. Feroze, T., Some aspects of symmetries of differential equations and their connection 
with the underlying geometry, Ph.D thesis, Department of Mathematics, Quaid-i- 
Azam university, Pakistan, 2004. 


1347 


Simultaneous baldness and cosmic baldness and the Kottler spacetime 


Valerio Faraoni 


Dept. of Physics & Astronomy and STAR Research Cluster, Bishop’s University 
Sherbrooke, Québec, Canada JIM 1Z7 
E-mail: vfaraoni@ubishops.ca 


Adriana M. Cardini 


Dept. of Physics & Astronomy, Bishop’s University 
Sherbrooke, Québec, Canada JIM 1Z7 
E-mail: acardini15Qubishops.ca 


Wen-Jan Chung 


Dept. of Physics & Astronomy, Bishop’s University 
Sherbrooke, Québec, Canada JIM 1Z7 
E-mail: wchung13@ubishops.ca 


The Schwarzschild-de Sitter/Kottler geometry is the unique spherical solution of the 
vacuum Einstein equations with positive cosmological constant. Putative alternatives in 
the literature are shown to either solve different equations or to be the SdSK solution in 
disguise. No-hair and cosmic no-hair come together in a new simultaneous theorem for 
SdSK in the presence of an imperfect fluid. 
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1. Introduction 


The Jebsen-Birkhoff theorem of general relativity (GR) states that the 
Schwarzschild geometry is the unique vacuum, spherical, asymptotically flat so- 
lution of the Einstein equations 


1 
Gab = Rap E 3 gab R = 0. (1) 
The theorem is no longer true if matter is present, but what if a cosmological 
constant A is included? The Einstein equations change to Gab = —Agapy. It is 


straightforward to extend the proof of the Jebsen-Birkhoff theorem to this case. In 
particular, for A > 0, the Schwarzschild-de Sitter/Kottler (SdSK) geometry is the 
unique solution, 
2 
ds? = — (1 - m - wR?) dT? + Soe + R?d02,) (2) 
(where H = \/A/3). 

This fact is not mentioned in modern GR textbooks, even though de Sitter 
space is extremely important for inflationary and dark energy cosmology! and, for 
A < 0, anti-de Sitter space is fundamental for string theories and the AdS/CFT 
correspondence. A proof of the generalized Jebsen-Birkhoff theorem for A 4 0 
can be found in Synge’s 1960 textbook.? A recent proof in null coordinates has 


1348 


appeared in?. Complicated proofs appear in^. The proof in spherical coordinates 
is a very simple extension of the standard textbook proof of the Jebsen-Birkhoff 
theorem. 1! However, there is confusion in the literature: purported alternatives to 
SdSK have been reported, which would violate the theorem. More general solutions 
with FLRW “background” in the presence of matter do not seem to reduce to 
SdSK when the “background” becomes de Sitter. Enter modified gravity: there are 
claims that polytropic stars in f(R) and scalar-tensor gravity cannot be matched to 
SdSK. If they are interesting for cosmology, these theories contain a time-dependent 
A. Perhaps SdSK is not the correct solution to match internal solutions to—the 
situation is unclear. It does not help if the situation is unclear even in GR, which 
is what we clarify here. 


2. Putative Alternatives to SdSK 


Here we compare putative alternative geometries to SdSK, using the areal radius 
as the radial coordinate. 


2.1. Abbassi- Meissner proposal 


It is claimed that an alternative to SdSK is the Abbassi-Meissner solution? !? 
2Ht 
2a 2 e 2 2Ht,2 102 
ds? = — f (t,r)dt? + Fan dr? + etr dQ) , (3) 


where H = 4/A^/3, m = const., and 


ftr) = h(t,r) +4/h2(t,r) + H?r2e2Ht , (4) 


1 2 
h(t,r) = = (: — H?r2g?HE _ mem) . (5) 
2 r 
Let us change to the areal radius R = e”'r instead of r, and to the new time T 
defined by 
2H Rd 
T RERO (6) 
Ao (Ao + VAZ + AH2R?) 
where 
2 
Ao(R) 21— = — H? R? = 2h(0, R). (7) 


The line element becomes diagonal and locally static 
2 


ds? = — Ag(R)dT? + —— —__________ 
Ao(R) + / AS(R) + AH? R? 


2H? R? 
14 — MM. dr? + Rd, (8) 


Ao (4o + fart THR?) 
and it is clearly not SdSK. It solves the field equations Gab = —Agay + Tay with a 
radial flow. !! 
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2.2. Non-rotating Thakurta solution 


The Thakurta solution of GR? is conformal to Kerr and describes a rotating black 
hole embedded in a FLRW universe. The non-rotating, spherical subcase is the late 
time limit of generalized McVittie solutions? and it is also the w — oo limit of 
a class of Brans-Dicke perfect fluid solutions describing inhomogeneous universes 
found by Ref. 14. The non-rotating Thakurta line element is 


2m dr? 
ds? = a? (n) |- (1 = E dn? ti ope =m 1—2m/r + rd) 


2m Bu. m 2,2102 
--( = a at? + dt — 1—2m/r dar dX $ (9) 
where a(1) is the scale factor of the FLRW “background”. Changing coordinates 
to (t, r) > (T,a(t)r) with 


1 HRdR 
dT = — | dt + —————— 1 
=( vem) mn 
2 2M 
A(t,R)=1-—2=1-——, M=nma(lt), (11) 
T R 
the line element becomes 
2M oe dR? 
F 2AT? + 2102 
m R 1-2M7R 


(where F is an integrating factor) and it solves the field equations Gab = — Agar + 
daly + QUa, where q* (with g°u,. = 0) describes a purely spatial radial flow. 


2.3. Castelo Ferreira metric 


The Castelo Ferreira line element!” is 


oa—1 
2m 2m \~ dR? 2mN 3. 
d? = — |1 - — — P’ R | 1 - — dt? — 2HR |1- — dtdR 
° R R en R 
+R? dQ) (13) 
with a,m constants and H = H(t). The coordinate change 
a—l 
1 HRdR(1—2mjy 7 
C a T 7, a F) — (14) 
1-22 — Hg? p? (1 — =) 
turns the line element into 
2m 2mN* 
ie = — |1 —- — —- P R (1-1 ) | FdT? 
T R R 
dR? 
+ + R?d) . (15) 


I IIS IE 
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One can choose the background to be de Sitter space, then one obtains the non- 
rotating Thakurta solution if a = —1 and the SdSK solution if a = 0. However, 
the general Castelo Ferreira metric is not SdSK. 


3. A Simultaneous No-Hair/Cosmic No Hair Theorem 


The Jebsen-Birkhoff no-hair theorem states that the Schwarzschild solution is 
generic; the cosmic no-hair theorem states that de Sitter space is generic. Then, 
does a simultaneous no-hair/cosmic no-hair theorem exist, stating that SdSK is 
generic in some sense? 
One can write any spherical metric as 
2 2 2 2 2 2.1092 

ds“ = —A*(t, R)dt^ + Br(t,r)dR°+R AN) (16) 
without loss of generality. Now one needs some assumptions about the matter 
content. In the previous examples of putative SdSK solutions, a common ingredient 
was the imperfect fluid stress-energy tensor 


Tap = (P F p) Uaub + Pgab + qa + Wua, ucu? =-1 , qeu! = 0, (17) 


so we assume 1) this Tap with barotropic and constant equation of state P = wp, 
with w = const.; 2) spherical symmetry; 3) the solution of Gay = —Agab + 81 Tas 
is asymptotically de Sitter: there is a de Sitter-like cosmological horizon of radius 
Ry and the solution reduces to SdSK as R — Ry. 

'The Einstein equations become 


B 
— = 4r, 1 
BR AI a8) 
2B' 1 1 
2 2 
A (zm re r) + 8rToo, (19) 
24. B? 1 2 
AB y RB?B " RABB? RA'B' " RA"B 
A A? A3 A A 
B3 
= (—AR? + 81153) R > (21) 
The fluid 4-velocity and energy flux density are 
Up = (-1A], 0, 0, 0) , du — (0, B?q, 0, 0) , (22) 
while the stress-energy tensor is 
Too = A?p, Ty = —|A|B’q, (23) 
T: 
TucH*P.o Jue = RP, (24) 
sin* 0 


where 751 > 0 and q « 0 correspond to radial inflow. 
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In the case of inflow q < 0 we have 
(B?y = —8n|A|B* Rq > 0, (25) 


therefore B? — gj, increases with time. Assuming the metric coefficients to be 
continuous and differentiable, there are then two possibilities: 


e either B?(t, R) +00 for any fixed R as t — +00, or 
e B?(t, R) has an horizontal asymptote as t > +00. 


Consider the first case. The apparent horizons are located by 
V°RV.R=0 e 1/B? =0. (26) 


If B? — +00 as t > +00 or as t — timaz, then at late times all points of space (at 
any R < Ry) lie arbitrarily close to an apparent horizon. This situation is familiar 
in cosmology: it corresponds to a phantom universe ending in a Big Rip singularity 
at tmaz and the apparent horizon shrinks around a comoving observer as the cosmic 
expansion super-accelerates. This phantom asymptotics contradict the assumption 
of de Sitter asymptotics and we discard this case. 

In the other case in which B?(t,R) > B?(R) as t — +00, we have B > 0 as 
t — +00. Then the radial flow q — 0 as t — +00. Differentiate the (0,0) Einstein 
equation to obtain 


i 2/BN 1 Ly 


Then the equation of state P = wp yields P + 0 as t > +00. The (2,2) (or (3,3)) 


equation gives 
co Wd ACN. 1 IX" 2 A'N* 
i (xm) tm (=) am (x) s x 


as t — +00, then A? also becomes time-independent, and the metric becomes 
static. To make progress, use the covariant conservation equation V?T,, = 0 for 
the imperfect fluid, obtaining 


uau? Vy (P 4- p) 4- [(P +p) ua + qa] VP us 

c [CP + p) us + qi] V*u, + V4P + U’Voqa + UaV’ — 0. (29) 
Projecting onto the time direction u^ and using u^Vyu, = 0 leads to 

—p — (P + p) V*us +U Vyu, + u*uPViq, — V’ = 0. (30) 


At late times q^ and p disappear from this equation, leaving (P + p) V°up, c 0. In 
general Vu, Æ 0 (this quantity reduces to 3H > 0 for large r) and we are left with 
P +p —> 0 as t — -oo. Either the fluid reduces to a pure A (then the vacuum 
uniqueness theorem for SdSK holds trivially), or else both p and P = wp become 
subdominant and A dominates. In this case the solution also reduces to SdSK. 
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In the case of outflow q > 0, one has instead (B?) = —82|A|B*^Rq < 0; since 
B? is bounded from below by zero and it decreases as t + --oo, it must have an 
horizontal asymptote with B?(t, R) + B2(R)* ast — +00. Then B > 0 and q > 0 
and we repeat the reasoning done for q « 0 from here. 

A special case is that of a perfect fluid g^ = 0; then Toy = 0 and the (0,1) 
equation gives B = B(R). It is then straightforward to prove that it must be 
P = —p and that SdSK is the unique solution. 16 


4. Conclusions 


A generalized Jebsen-Birkhoff theorem holds for A Z 0 but, although its proof is 
straightforward, it does not appear in modern GR textbooks. In particular, for 
A > 0, SdSK is the unique spherical vacuum solution. Putative alternatives to 
SdSK in this situation are either non-vacuum solutions or SdSK in disguise. Going 
beyond the vacuum case, we have proved a simultaneous no-hair and cosmic no- 
hair theorem in the presence of A and a radial purely spatial heat flow. Further 
generalization to other forms of matter will be pursued in the future. 
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Motivated by quantum nature of gravitating black holes, higher dimensional exact solu- 
tions of conformal gravity with an abelian gauge field is obtained. It is shown that the 
obtained solutions can be interpreted as singular black holes. 


1. Introduction 


Considering the quantum effects in gravitational interaction, one may find that 
the higher-curvature modification of general relativity is inevitable. However, in 
order to have a physically ghost free theory of higher-curvature modifications, some 
special constraints should be applied. Fortunately, there are known higher-curvature 
interesting renormalizable actions with no ghosts under certain criterion. As an 
interesting example, we can regard the so-called Conformal Gravity (CG), which is 
defined by the square of the Weyl tensor [1, 2]. 

'The CG is an interesting theory of modified general relativity with a remarkable 
property which is sensitive to angles, but not distances. In other words, it is invari- 
ant under local stretching of the metric which is called the Weyl transformation, 
guv(x) > €? (x)gu, (x). It has been shown that CG is useful for constructing super- 
gravity theories [3, 4] and can be considered as a possible UV completion of gravity 
[5-7]. It may be also arisen from twister-string theory with both closed strings and 
gauge-singlet open strings [8]. Moreover, CG can be appeared as a counterterm in 
adSs/C FT4 calculations [9, 10]. In addition to the motivations mentioned above, 
solving the dark matter and dark energy problems are two of the most important 
and interesting motivations of studying CG theory [7]. 

Since CG is renormalizable [5, 11] and the requirement of conformal invariance 
at the classical level leads to a renormalizable gauge theory of gravity, it seems 
interesting to consider black holes in CG which permits a consistent picture of black 
hole evaporation [12]. The first attempt to obtain the spherically symmetric black 
hole solutions in four dimensions has been done by Bach [13], and then, Buchdahl 
has considered a particular case of the conformal solutions in [14]. It is worthwhile 
to mention that the 4-dimensional solution of Einstein gravity is a solution of CG 
as well. In addition, it has been shown that the Einstein solutions can be obtained 
by considering suitable boundary condition on the metric in CG [15, 16]. 

CG can also be introduced in higher dimensions (D > 4), straightforwardly [17]. 
Nevertheless, unlike the 4-dimensional case, CG does not admit Einstein trivial 
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solutions in higher dimensions. This nontrivial behavior is due to the fact that 
in contrast to the 4-dimensional action, the Kretschmann scalar RP p org con- 
tributes dynamically in the higher dimensions [18]. Such a nontrivial behavior 
motivates one to investigate higher dimensional CG black hole solutions. 

The outline of this paper is as follows. In the next section, we give a brief 
review on neutral and charged black holes of CG in 4-dimensional spacetime. We 
also construct D-dimensional topological static black hole solutions of CG gravity 
in the presence of generalized Maxwell theory. We finish our paper with some 
concluding remarks. 


2. Four-dimensional exact solutions 


At the first step, we consider a four-dimensional conformal action as 
Ig =-a i, drygau" 
- -2a [ o8 | nus E ; (R^, (1) 
where the Weyl conformal tensor is 


1 
Cxuvk = Rawr + gra [Prv Gur = Irn Jp] 
1 


= 5 [grav Ryuk on gk Rav — Juv Rx + gus Rv] . (2) 


Variation of action (1) with respect to the metric tensor leads to the following 
equation of motion 
A 
wey = 2c" un E CHYFER) |. = 
1 


59" (Ra) sp PRA g= d ae g= ARER 
1 v a 2 v a M 2 Q MV 2 Q v 1 v a 
39" ReRe (R*,)^., + EA + a — ag e —0. 


(3) 


It was shown that the static spherically symmetric solution of conformal gravity 
in four dimensions can be written as 


ds? = — f(r)d? + 
f(r) 


where dQ? is the line element of a 2—sphere, 5?, and the metric function is [14] 


+r7d0?, (4) 


r— T p (5) 
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It is clear that for nonvanishing A, Eq. (5) is not a solution of Einstein gravity, 
while as long as A = 0, the metric becomes identical to the Schwarzschild solution 
of Einstein gravity. It is worth mentioning that although A plays the role of the 
cosmological constant, it is arisen purely as an integration constant and is not put 
in the action by hand. Such a constant cannot be added to the action of CG because 
it would introduce a length scale and hence break the conformal invariance. 

In order to add an action of matter, we should take care of its conformal trans- 
formation to keep the theory be conformally invariant. Fortunately, the Lagrangian 
of Maxwell theory is conformal invariant in four dimensions and we can add it to 
the gravitational sector of conformal theory as an appropriate matter field. 

So, we can consider the static charged adS solutions of conformal—U (1) gravity 
in four dimensions [13]. The appropriate action is 


1 1 
T=a / dry Zg (FO Cue + SE Fw) (6) 


where the unusual sign in front of the Maxwell term comes from the so-called critical 
gravity, which is necessary to recover the Einstein gravity from conformal gravity 
in IR limit. The static topological solution is found in [19] the same as Eq. (5) with 
the following gauge potential one form 


Q 


which leads to the following metric function [19] 
d 1 
f(r) - cot zar - gAr*. (8) 


In order to have consistent solutions, three integration constants co, ci, and d 
should obey an algebraic constraint 


3d - €? +R = d (9) 


where £ = 1, —1,0 denotes spherical, hyperbolic, and planar horizons, respectively. 
Therefore, the metric function takes the following compact form 


r— iar. (10) 


3. Higher dimensional solutions 


Here, we are going to generalize the conformal action of U (1)-gauge/gravity coupling 
in higher dimensions. As we know, the Maxwell action does not enjoy the conformal 
invariance properties in higher dimensions, and therefore, the higher dimensional 
solutions in CG cannot be produced in the presence of Maxwell field (and also the 
other electrodynamic fields that are not conformal invariant in higher dimensions). 
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So, we should consider a generalization of linear Maxwell action to the case that it 
respects the invariance of conformal transformation. To do so, we take into account 
the power Maxwell nonlinear theory, which its Lagrangian is a power of Maxwell 
invariant, (—F,,,F"”)*. It is a matter of calculation to show that the power Maxwell 
action enjoys the conformal invariance, for s = D/4 (D = dimension of spacetime) 
[20]. In other words, it is easy to show that as long as s = D/4, the energy- 
momentum tensor of power Maxwell invariant theory is traceless [20]. 

Regarding the mentioned issues, we find that the suitable action of higher di- 
mensional conformal U(1)-gauge/gravity action can be written as 


1 


I = — 
167 


dPa/-g (CH? Cups + P(E Fv) *) . (11) 

Hereafter, we can regard a higher dimensional static spacetime and look for 
exact solutions with black hole interpretation. Variation of this action with respect 
to the metric tensor g,, and the Faraday tensor F,, leads to the following field 
equations 


1 
Epo = (vv + ze) Cors F : oos (P Fy) + D(-F' Fpp)? ES, 


=0, (12) 


8, |v-s- FE, F] = o. (13) 


Since we are looking for topological black hole solutions of mentioned field equa- 
tions, we express the metric of a D-dimensional spacetime as follows 


ds? = — f(r)d£? + f !(r)dr? + r^dY p-o (14) 


where k denotes spherical (k = 1), hyperbolic (k = —1), and planar (k = 0) horizons 
of the (D — 2)-dimensional manifold with the following line element 


D-—2i—1 
d02,_, = d0? + Y [| sin? 0;d82 k=1 


i=2 j=l 
2 2 D-2i-1 2 
dY$ p_2 = 4 dE2, , = d02 + sinh” 0, | dó2 + Y; [[sin?0;d02 | k=-1, (15) 


i=3 j=2 


D-2 
di ,— x do? k=0 


in which dQ}, , is the standard metric of a unit (D — 2)-sphere, d=}_, is the metric 
of a (D — 2)-dimensional hyperbolic plane with unit curvature, and dl7,. is the flat 
metric of RP-?, 
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Using this metric and a radial gauge potential ansatz A, = 
gr Eee gn. one can find the nonzero components of the theory as follows 


Eu = 2Dsr^ f(r) £ (r) + Ds [rf (r) + 4Dsjof (7) i?" (0) 
+ [2er (r) + (2D? Də3/2 + 85D102/85 ) f (r) + D3 Da — i 3] 24" (n) 


m [3D:9/5 Dar f' (r) + (4D? Das F 187D228/187 ) fir) + 5kD3D16/5| rf’ (r) 


+2 (2D? Des j2 + 84D99 jsa) f? (r) — 4k (D° Diz +45Dsq jas) f (r) - 2D3K? 


2s 


vV2q (2s — D1) ) 


aie Ba —2 ) (=e: — 1) (D2) (25-1) (16) 


D V2q(2s— Di) V7 
sani [tei rine] + Pets (a) 
(17) 
Ego = Dsr^f (r) f? (r) + Ds [rf (r) + 2Dsf (7)] r’ f" (r) 
t [2er lt (D°Dis + 52D¢6/52) f(r) + D3 D4 [Sn e) F 3] r^f" (r) 


= [3D:0/5 Dar f' (r) + (2D? Doo/2 + 121D4 56/121) f(r) + 5k D3 D16/5] rf' (r) 
+2 (D° Dis + 51De3/51) P (r) - 2k (D° Du + 57Dz2/57) f(r) - 2D3k? 


IE V2q (2s — D1) Ys 


4 s 1) r(D-2)/ 8-1) d) 


in which we used D; — D — i for convenience and prime refers to d/dr. However, we 
will use common D — i in indices and powers for clarity of equations. Solving Eqs. 
(16)-(18), and keeping in mind that s — D/4, we can obtain the metric function for 
D > 5 as follows 
D/2 

f(r)-k- — E — r+Cor?, (19) 
where C, and C2 are two integration constants, and u = 2-4/4 (D4D34) ! isa 
dimensionful constant. Interestingly, we see that although the field equations are 
too complicated, the solutions are quite simple. It is noticeable to mention that the 
solution to D = 4 is given by (10) when we set 8 = —2/3 in (11), but it cannot 
be obtained by using the field equations (16)-(18). Therefore, the four-dimensional 
spacetime has one more integration constant compared to the other dimensions. In 
order to obtain a compact form of the metric function to be valid for all dimensions, 
one can consider a special case co = £ of the four-dimensional metric function (10). 
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f(r) 
N 


Fig. 1. The metric function versus radial coordinate. Positive C2 corresponds to asymptotic 
adS solutions whereas the negative sign belongs to dS ones. In addition, for zero value of this 
parameter, the asymptotic behavior of these solutions are neither flat nor (a)dS. This is correct 
until the factor of r in the metric function (19) is a nonzero value. 


In this situation, the metric function of D > 4 is given by (19) and the field equations 
(16)-(18) can be used for D — 4 as well. We should note that since we considered 
a special case, co = £, the 4-dimensional solution given in (19) is also a solution of 
the field equations of (6). 

Having solutions at hand, we are in a position to check that these solutions can 
be considered as a black hole or not. To do so, we first look for the singularities of 
the solutions. By calculating the Kretschmann scalar 


4DiDsCoBug?? | 2D38*,4?q^ | DiD3D3CT 


AT po = 2 ee p t 
RP? Ryo, = 2DD1Cz — Cir C2 20-1) 


one can easily find that the metric (14) with the metric function (19) has an essential 
singularity at the origin (lim (RAPE Ryge) = oc). In addition, Fig. 1 shows that 
this singularity can be covered with an event horizon, and therefore, we can interpret 
the solution as a singular black hole. 


4. Conclusions 


Motivated by the importance of higher dimensional spacetime in high energy 
physics, we have constructed the conformal-U(1) gauge/gravity black hole solu- 
tions in D > 4. Since higher-dimensional solutions in CG cannot be produced in 
the presence of Maxwell field (and also the other electrodynamic fields that are not 
conformal invariant in higher dimensions), we have used a class of nonlinear electro- 
dynamics (—F,,, F"")* (which enjoys the conformal invariance properties in higher 
dimensions as s — D/4) to obtain black hole solutions. In addition, we have seen 
that the obtained solutions enjoy an essential singularity at the origin and they can 
be considered as black holes. 
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Quadratic Gravity is one of the modified theories of gravity; its action contains additional 
terms quadratic in Riemann tensor and its contractions. We study Kundt metrics, 
defined geometrically by admitting non-expanding, non-twisting and non-shearing null 
geodesic congruence, in the framework of Quadratic Gravity We examine the special 
cases, namely the pp-waves and VSI spacetimes. Equations of geodesic deviation are 
calculated to provide means of physical interpretation. 


Keywords: Quadratic Gravity; Kundt spacetimes; Geodesic deviation. 


1. Introduction 


Despite many successes of general relativity, including the prediction of gravitational 
waves that were directly detected nearly four years ago, even such brilliant theory 
has its limits. Attempts to solve problems of general relativity (e.g., quantization, 
inflation, dark matter and energy) involve modifying the action.! Our focus is on 
the so-called Quadratic Gravity (QG), where the action contains additional terms 
that are quadratic combinations of Riemann tensor and its contractions 


S= | Ga - 28) +a R? + 6 R3, vua — 4R, + R?) W—gd s. (1) 


'The vacuum field equations derived from this action are then 


= (Rap = z H gab + A gab) +2a R (Rav ani +R gab) F (2a * B)(Gab nn VaVo)R 


K 


+27 (R Rav — 2Rabca ne + Racde a m 2 Rs Fu I 19a (H4, x AR2, F R?)) 
+80 (Rab — $R gab) + 28 (Rabea — 3gao Rea) R? = 0. (2) 


We can easily see that fora = 8 = y = 0, we get famous Einstein’s general relativity. 
In general, Eq. (2) contains second order derivatives of the Ricci scalar and tensor, 
which implies the fourth order derivatives of the metric. A special case of QG is 
Gauss-Bonnet theory (a = 0 = 8), that belongs to so called Lovelock’s gravity. ? 
Our aim is to study spacetimes known in general relativity, which are defined by 
purely geometrical properties independent of the specific field equations. Metric 
describing such spacetimes can then be considered as an ansatz and inserted into 
the QG field equations to observe restrictions on the metric functions and differences 
between QG and classic general relativity. 


Specific representative of such spacetimes is the Kundt family whose line element 
3-5 


can be written as 


ds? = gy, (u, x) dz" dz* + 2gup(r, u, x) du dz? — 2dudr + gu, (r,u, z)du?. (3) 
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Its geometric definition is that it admits non-expanding, non-twisting, and non- 
shearing null geodesic congruence. The optically privileged vector field generating 
the congruence is k = Ó,, where r is an affine parameter along the congruence. The 
spacetime is foliated by the null surfaces u = const., to which k is orthogonal (and 
tangential). The transverse (D — 2)-space: u = const. and r = const. is described 
by the metric gpq(u, £), where xz = z^, k = 2,... D — 1 are coordinates covering the 
transverse space. For simplicity, we will study Kundt metrics with gup = 0, i.e., 
without so-called gyratons, that describe spinning null fluid. ĉ7 

To algebraically classify these spacetimes, the Weyl tensor projected on a null 
tetrad k,l,m; can be employed. These (invariant) projections are called Weyl 
scalars. Spacetime can be classified based on the number of Weyl scalars, sorted by 
their boost weights, that can be set to zero. Details on the algebraic classification 
can be found, e.g., in Refs. 8, 9. In Table 1, we list conditions for algebraic types 
of the Kundt metric. !? 


Table 1. Conditions for algebraic types of the Kundt metric (with gup = 0) 


'Type Necessary and sufficient conditions? 
SR( 
II(ad) = Daa" r? +c(u,x)r+d(u, x) 
II(bd) SRpq = p gea PR 
II(cd) °Cmpnq = 0 
Il II(abcd) 
I1(a) SRp=0 and ep = pt 9" Im{n,ullo) 
III(b) Sp[m,u||g] = he g^* (9pm9o[s,ulla] = IpaJo[s,u||m]) 
N III(ab) 
O 9°" Jols,ul|p] lla EE wD SR gpq,u = = D gn (g** Jo[s,u||m]||n F wD SR gmn, u) 


A\\pq + Ipa uu — ig^ “Sop, u9sq.u— & 3 CIpq,u 
- DU gm (din + dmn,uu — ig? Jom, "o u= $ CImn,u) 


Note: * The symbol “||” denotes spatial covariant derivative (d|)pq = d,pa — 54 dym). 


2. Field Equations 


We insert the (non-gyratonic) Kundt metric into the QG field equations and observe 
the conditions they impose upon the metric functions. Firstly, we look at general 
Kundt metric, but our main focus will be on more special cases. Results for the 
simpler case of the Gauss-Bonnet gravity can be found in Refs. 10, 11. 


2.1. General case 


The rr-component (2a + 8) guu,rrrr = 0 implies that either (2a + 8) = 0 or guu is at 
most cubic in r, so it can be written as guu = ar? + br? + cr + d, where a, b, c, d are 
functions of u and the transverse coordinates x”. These functions will be constrained 
by the following components of the field equations. 
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The rp-component is (2a + B) guurrrp = 0. For (2a + B) £0, it implies that 
ap = 0, so that a = a(u). 

The remaining components (ru, pq, up, uu) get more complicated, and longer, 
therefor we will not show them here. They can be found for example in Ref. 10. 
The equations give relations between the functions a, b, c, d and the metric gy. 


2.2. pp-waves with constant spatial curvature 


One of the most common examples of the Kundt spacetimes are plane-fronted waves 
with parallel rays, or pp-waves, see e.g., Ref. 12. They are defined as spacetimes 
admitting a covariantly constant vector field k = 0,, which implies that the metric 
is r-independent. In the non-gyratonic case, we have 


ds? = gy, (u, x) dz? dz* — 2du dr + guu(u, x) du? . (4) 


For further simplification, we assume that the transverse space is of a constant 
curvature, which means that its Riemann and Ricci tensors (denoted oem and 
SRpq) are related to the Ricci scalar SR by 


S ?R S SR 
Rpqmn = (DD (9pm an = Jpn Jam) , Rp4 = D? Üpq - (5) 


The rr, rp and up-components of the field equations are satisfied identically. The 
ru and pq-components give a quadratic equation for the scalar curvature SR with 
two solutions 


(a) Trivial solution 
*h= = gpa = A0. (6) 
(b) Non-trivial solution 


1 (D-2)(D-3) 


Pm D-DD- D-DD O 
Since ÍR is constant, necessarily gpq,u = 9. 
For both cases (6), (7), the wu-component can be written as 
kKAguu + BAAguu = 0, (8) 


where the constant k differs for the two solutions mentioned above 


(a) kan, (jp. 049 AU M, ee 


w = (D—2)(D—3)a+(D-—4)(D—5)y+(D—3)6. (9) 


This means that we need to solve Helmholtz-like equation for guu !° 


k 
Aguu + g dw =f, where Af =0. (10) 
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The interesting fact is that it is possible to find solution of (10) that does not solve 
Aguu = 0, so such a solution does not exist in Einstein’s general relativity. 
From Table 1, we see that the non-trivial solution (b) is of type II(bcd), and the 
non-zero Weyl scalars are 
SH 


orm om 


Uys = Aguu| mm}. (11) 


(2 


1 Ipaq 
gelea * 301 — By 


2.3. VSI spacetimes 


The definition of VSI spacetimes" is that all scalar curvature invariants of all orders 
vanish. Their (non-gyratonic) line element has the form 


ds? = bpq dz? dx! — 2dudr + (c(u, x) r+ d(u, x))du? , (12) 


SO guu is at most linear in r. The rr, rp, ru, pq-components are satisfied identi- 
cally, the only non-trivial components are up and uu. The up-component implies 
(1/K)c,» + BAC p = 0, which in general relativity (8 = 0) restricts c = c(u). 

The wu-component gives two constraints with respect to r, namely 


A (4¢+ BAc) — (0 and AI ld | B (S5. ic Ad)] =0. (13) 


Looking at Table 1, we observe that VSI spacetimes are of type III(b) with non-zero 
scalar components of the Weyl tensor 


D-3 
Vari = —™ aD Wao” 
t= eae r | Clipa — Ipa Ag] as — Ipa Ad] . (14) 
2 mj m- p.29 Pa” D-3? 


3. Geodesic Deviation 


Possible way of physical and geometrical interpretation of spacetimes is to inves- 
tigate local effects of curvature on freely falling test particles. 1516 Such particles 
move along geodesics and due to the gravitational field, they can move closer or fur- 
ther away from each other. Let us have a geodesic congruence with central geodesic 
q(T). Its tangent vector u is a four-velocity of the particle moving along geodesic. 
'The vector separating geodesics in the congruence is Z. The equation of geodesic 
deviation then takes the form 
D?z« 
P 
We choose an orthonormal frame e(a) with e(o) = u. The round brackets denote 
tetrad indices. The projection of Eq. (15) on spatial tetrad vectors becomes 


me" ARAM 
ZO=R toe ^. ij-21,...D-1. (16) 


In the Kundt case u — 70,4 àüO,--i"O, and the vector eq) is defined as 
ea) = V2k — u, where k = 1/(V2u)0,. We call it longitudinal direction. The 
remaining vectors e(;), ? = 2,... D — 1, are called transverse directions. 


= Ro uu Zt. (15) 
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3.1. Geodesic deviation for pp-waves 


The equations of geodesic deviations for pp-waves (with gup = 0) are 
ZY =0, 
ZO = (3d? (Suuipa + Spain — 39 Gopu aq) m] m] (17) 
2g, ups] CS ml, d^ — Raga mpm a2) ZO) 
'These were calculated without any use of field equations. Due to the absence of 
the terms H oy (i)? the effect of the waves on particles is only transverse, i.e., in 
the e(;j directions. Unlike general relativity, the deformations caused by the waves 


are not always traceless. Since it is possible to choose a frame where i^ = 0, the 
conditions for the waves to be traceless become 


ght (Suullpa + Üpq,uu — SU Wonudsqui) =0. (18) 


If we now restrict ourselves to the QG and transverse space with constant curvature, 
the equations simplify into 


ZY = 0, (19) 
SR 


Zzu- E Saa loot més + DDD 3a" 


gri i? d^ m? mj — iP d* 2) Zi, 
and the waves are traceless when Ag,, = 0, which corresponds to the solution of 
general relativity. If we solve Eq. (10) for guu, we can insert the resulting metric 
component into Eq. (19). 


3.2. Geodesic deviation for VSI-spacetimes 


For the VSI spacetimes (12), the equations of geodesic deviation are 

Za) = lü Cp m? ZG, 

ZO = St Cp m? Z4 (40 Juullpa™y Mh + mem ta n m) Z (920) 
We can see that in general, there is a longitudinal effect due to the term 1/2 uc). 
This would be impossible in general relativity, because of cp = 0. 


4. Conclusion 


We studied Kundt spacetime in QG by an explicit analyses of the constraints im- 
posed by the field equations. We investigated the special cases, the pp-waves and 
VSI spacetimes, and obtained solutions that are not allowed in general relativity. 
The equations of geodesic deviation shown that the effect of pp-waves is always 
transverse, but generally not traceless and the VSI spacetimes cause longitudinal 
effect. Both effects are not possible in general relativity. 


1365 


Acknowledgments 


OH was supported by the Charles University Grant GAUK 196516 and Mobility 
Fund FM/c/2018-2-002, and Austrian-Czech projects AOCZ ICM-2018-12448 
awarded by OeAD and financed by BMBWF, and Mobility Grant 8J18AT02. RS 
and JP were supported by the Czech Science Foundation Grant GAČR 17-016258. 


References 

1. T. Clifton, P. G. Ferreira, A. Padilla and C. Skordis, Modified Gravity and 
Cosmology Phys. Rep. 513, pp. 1-189 (2012). 

2. D. Lovelock, The Einstein tensor and its generalizations, J. Math. Phys. 12, 
pp. 498-502 (1971). 

3. W. Kundt, The plane-fronted gravitational waves, Z. Physik 163, pp. 77-86 
(1961). 

4. J. Podolsky and M. Zofka, General Kundt spacetimes in higher dimensions, 
Class. Quantum Grav. 26, 105008 (2009). 

5. A. Coley, S. Hervik, G. Papadopoulos and N. Pelavas, Kundt spacetimes, Class. 
Quantum Grav. 26, 105016 (2009). 

6. W. B. Bonnor, Spinning null fluid in general relativity, Int. J. Theor. Phys. 3, 
pp. 257-66 (1970). 

7. P. Krtous, J. Podolsky, A. Zelnikov and H. Kadlecová, Higher-dimensional 
Kundt waves and gyratons, Phys. Rev. D 86, 044039 (2012). 

8. M. Ortaggio, V. Pravda and A. Pravdova, Algebraic classification of higher 
dimensional spacetimes based on null alignment, Class. Quantum Grav. 30, 
013001 (2013). 

9. J. Podolsky and R. Svarc, Explicit algebraic classification of Kundt geometries 
in any dimension, Class. Quantum Grav. 30, 125007 (2013). 

10. M. Karamazov, Exact spacetimes in modified theories of gravity, Master Thesis, 
Charles University, Faculty of Mathematics and Physics, Prague (2017). 

11. O. Hruska and J. Podolsky, Kundt Spacetimes in the Gauss-Bonnet Grav- 
ity, WDS’16 Proceedings of Contributed Papers (Prague: Matfyzpress), 108-15 
(2016). 

12. J. B. Griffiths and and J. Podolsky, Exact Space-Times in Einstein’s General 
Relativity (Cambridge University Press, Cambridge, 2009). 

13. M. S. Madsen, The plane gravitational wave in quadratic gravity, Class. Quan- 
tum Grav. 7, pp. 81-96 (1990). 

14. V. Pravda, A. Pravdová, A. Coley and R. Milson, All spacetimes with vanishing 
curvature invariants, Class. Quantum Grav. 19, pp. 6213-36 (2002). 

15. J. Podolsky and R. Svarc, Interpreting spacetimes of any dimension using 
geodesic deviation, Phys. Rev. D 85, 044057 (2012). 

16. J. Podolsky and R. Svarc, Physical interpretation of Kundt spacetimes using 


geodesic deviation, Class. Quantum Grav. 30, 205016 (2013). 


1366 


The double field theory algebroid 
as a projection of a large Courant algebroid 


Athanasios Chatzistavrakidis, Larisa Jonke and Fech Scen Khoo 


Division of Theoretical Physics, Rudjer Bošković Institute, 
Bijenička 54, 10000 Zagreb, Croatia 
E-mails: athanasios.chatzistavrakidis@irb.hr, larisa@irb.hr, Fech.Scen. Khoo @irb.hr 


Richard J. Szabo 


Department of Mathematics, Heriot-Watt University, 

Colin Maclaurin Building, Riccarton, Edinburgh EH14 4AS, U.K. 
Maxwell Institute for Mathematical Sciences, Edinburgh, U.K. 
The Higgs Centre for Theoretical Physics, Edinburgh, U.K. 
E-mail: R.J.Szabo@hw.ac.uk 


Double field theory promotes the T-duality of closed string theory to a manifest symme- 
try, thus leading to a new perspective on the geometry experienced by stringy probes. 
In this contribution, we discuss the mathematical structure underlying the symmetries 
of double field theory, thus defining a DFT algebroid. We trace its origins in a large 
Courant algebroid defined over a doubled geometry, and show that after imposing a sec- 
tion condition the DF'T algebroid reduces to a canonical Courant algebroid, as expected 
in generalized geometry. 


Keywords: Differential Geometry; String Duality; Courant Algebroid; Supergravity. 


1. Motivation and goal 


Finding the ultimate theory that would describe quantum gravitational phenomena 
remains an open problem today. Nevertheless, theoretical arguments suggest that 
the geometry of quantum gravity should depart from Riemannian geometry. 

One possible direction which goes beyond Riemannian geometry is the gener- 
alized geometry proposed by Ref. 1, see also Ref. 2 and Ref. 3. In generalized 
geometry one considers extensions of the tangent bundle over a smooth spacetime 
manifold; in the simplest case, the tangent bundle is extended by the cotangent 
bundle. From a physical perspective, we are familiar with the physics on the tan- 
gent bundle TM of a manifold M, whose sections are vector fields which are closed 
under the Lie bracket and generate diffeomorphisms. In generalized geometry, there 
is a symmetry group O(d,d), where each d represents separately the rank of the 
tangent and cotangent bundles, and it contains not only diffeomorphisms but also 
2-form gauge transformations. This highlights the relation to closed string theory, 
whose massless sector indeed includes the graviton and the 2-form Kalb-Ramond 
B-field. 

On the other hand, double field theory (DFT) incorporates T-duality (or rather 
O(d,d;R)) as a manifest symmetry of a field theory which is based on a doubled 
space (Refs. 4, 5, 6, 7, 8). T-duality is a symmetry in string theory that relates 
the momentum modes of strings propagating in a compact space to their winding 
modes in a dual compact space. Promoting T-duality to a symmetry in field theory 
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comes with the cost of imposing a section condition, or strong constraint, that 
effectively reduces the doubled geometry to a half-slice. For instance, the standard 
supergravity frame in DFT is obtained by dropping all dependence on the dual 
winding coordinates of the doubled geometry, thus resulting in the standard low- 
energy action of the NS-NS (Neveu-Schwarz) sector of string theory in d dimensions. 

Understanding better the structure and the geometry of string duality is moti- 
vated at a conceptual level through the connections to the geometry of quantum 
gravity that we already mentioned, and also with regard to the implications of string 
theory for cosmology, where the winding modes included in DFT could play a cru- 
cial role. This is the case in the cosmological scenario of Ref. 9, which is recently 
explored from the point of view of DFT too, see e.g. Ref. 10. 

In this contribution, our goal is to explain the mathematical structure which 
underlies the symmetries of double field theory. We shall show that this is an 
algebroid that lies in a certain precise way in between two Courant algebroids over 
different base manifolds. This contribution is based on Ref. 11. 


2. Courant algebroid 


A Courant algebroid is a quadruple (E, [-,-] g, (-,-), p) comprising the following, see 
Ref. 12. E — M is a vector bundle over a smooth manifold M, equipped with 
a binary operation [:]g : (E) & T(E) —> T(E) on its sections, and a symmetric 
C^* (M)-bilinear, non-degenerate form (-,-) : F(E) & (E) ^ C** (M) which takes 
smooth sections of the bundle and returns a function. Finally, a bundle map p : 
E — TM, called the anchor, maps from E to the tangent bundle TM. 

What turns this quadruple to a Courant algebroid is a set of five properties. 
'The first one is a Jacobi identity 


[[A, B] g, C] g + cyclic = + D([A. B]g, C) + cyclic , (1) 


which tells us that for any smooth sections A, B, C € T(E), the Jacobiator of the 
binary operation is exact with respect to the differential operator D : C^? (M) > 
T(E) which is defined by (Df, A) = 4 p(A)/, for functions f € C** (M). The second 
property is a Leibniz rule 


[A, [Ble = f[A. B]e + (0(A)f)B — (A, B)Df . (2) 


Moreover, the anchor is a homomorphism of bundles, p[A, B]e = [p( A), p(B)], and 
the image of the derivation D is in the kernel of the anchor, po = 0, or equivalently 
(Df,Dg) — 0. Lastly, a compatibility condition for the bracket and bilinear form, 
the analog of ad-invariance of the Killing form of a Lie algebra, reads as 


p(C)(A, B) = (IC. Ala + D(C, A), B) + (A, IC, B]e + D(C, B)) . (3) 


When we consider the generalized tangent bundle E = TM & T* M, its sections 
are generalized vectors V + A, formal sums of a vector V € l'(T'M) and 1-form 
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A€FT(T*M). The standard Courant bracket, 


1 
[V +A, V' +N Je = [V, V] + LyX — £A dv X —áy X), (4) 


is an antisymmetric operation, an extension of the Lie bracket of vector fields which 
is not a Lie bracket itself, that satisfies the properties of a Courant algebroid when 
p = (id, 0). The inner product, which is the fiber-wise metric on E, is 


(V - A,V 4 X) 2 3O/(V)  A(V?)) — 1 (V 2) ( M p u ) e (5) 


The bilinear form explicitly exhibits an indefinite (d, d) signature. The O(d, d) trans- 
formations are respectively the diffeomorphisms, B-transforms and f-transforms, 


N 0 p (190 a. [1-8 
UN M E i (6) 
where N € GL(d), B is a 2-form and £ is a 2-vector. The inner product is indeed 
invariant under the B-transform, 
(eP? (V +d), e” (V c 3)) = (V A, VAN). (7) 


More details can be found in Ref. 3. 


3. Double field theory 


In this section we give a short introduction to double field theory. It is a theory 
that doubles the space of coordinates: (xt, 2;) where i is d-dimensional, and it con- 
tains both coordinates conjugate to the momentum modes and the dual coordinates 
conjugate to the winding modes of closed strings. Interested readers may refer to 
Ref. 13 and references therein. 

The double field theory action is formulated in doubled geometry (Ref. 14), 


Sprr(Hmn;®) = J d'r dË eR. (8) 
where its Ricci scalar is given by 
1 
R= gU OM HE (One — 4Ok NL) + 4(On® MHN — HY ðm? ONG) 


HYN Ay On ® — Ou ON HVN ; (9) 


expressed in terms of the generalized metric Hazy, 
g” x Bis ) 
H = f z 10 
ini Ce Jij — Big" Bij eo) 


and a scalar field ®. The generalized metric combines the 2-form B and the Rie- 
mannian metric g. We can raise or lower its indices as HYN = n/@PnN@H po, 


d 
using the O(d,d) metric n = 77! = (i : | The scalar field ® in the action is 
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related to the dilaton 9 by e~?? = \/|gle~?%. Note that the capital indices are 
2d-dimensional, M, N, K, L = 1,...,2d, while i, j, k,l = 1,...,d. 

The DFT action Sprr reduces to the Neveu-Schwarz sector of supergravity 
action in d dimensions, 


Sys = J toe (r + 40,6 ð$ — zur) (11) 


where H;j; is the field strength of the 2-form B, after imposing the strong constraint, 
that is ði = — — 0 (supergravity frame). The strong constraint is inherent in 
DFT. It is related to the closure of the gauge transformations. DF'T is therefore an 
O(d, d)-covariant formulation of the low-energy sector of string theory on a compact 
space. See Ref. 6 for further details. 


4. An algebroid for double field theory 


Now we present our proposal of an algebroid structure which is underlying DFT. 
'The strategy we follow is to double the canonical Courant algebroid, decompose the 
bundle and subsequently make a suitable projection. 

Consider a 2d-dimensional target space T*M with local coordinates 


X = (X!) = (X, Xj) =: (X, Xj) , (12) 


where J = 1,...,2d andi = 1,...,d. The generalized tangent bundle is promoted 
from TM $ T*M with O(d, d) symmetry to 


j| = T(T* M) := T(T* M) & T* (T*M) (13) 


with O(2d, 2d) symmetry. The sections of the bundle are Al, Î =1,...,4d, where 
(A!) = (A!, Aj) = (AŻ, A;, Aj, AŻ). Here the generalized vector over the doubled 
target space is similarly a sum of vector and 1-form, A = Ay +A p := A! ðr dhs dX, 
where (ôr) = (8/8X',0/0X;) =: (8;,0*) and (dX!) :— (dX',dX;). As for the 
anchor p”; of the bundle E, its components are (p! 7, 9/7). With that, we can 
define a ‘large’ Courant algebroid: (E, [-, -]g. (^, -). p). 

Before we proceed, note that the sections of the bundle in the large Courant 
algebroid carry a 4d-dimensional index. In order to relate to the DFT data which 
are 2d-dimensional, we need to resolve this excess of 2d. First we introduce a 
decomposition in the sections of the bundle and their corresponding basis, 

Al 1 (A! a ie Aj) 5 er = Or ENIF dX7 . (14) 
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For the anchor components p! ;, we define (p+)! 7 = p! ; + qj p! . Consequently, 
the large generalized tangent bundle is decomposed as E = Li @ L_, where L+ is 
the bundle with the space of sections spanned by ej locally. 

The DFT data are obtained from the large Courant algebroid upon a suitable 
projection to L,. This projection, 


P+: =? Ly , (Av, Ar) EIL Ay =A E (15) 
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reduces a generalized vector of the large Courant algebroid E to a DFT vector, 
which may be written as A = A; (dx? + a’) + A’ (aX; + ði). 

For elements of L, to be treated as elements of E, we define an inclusion map 
L: L4 — E and the composition map a := £0 p} : E —> E. By applying the map 
a and a projection to the standard Courant bracket of the large Courant algebroid, 
we obtain precisely the C-bracket of DFT vectors, which is the operation related to 
generalized diffeomorphisms of DFT, 


p+ ([a(A),a(B)]g) = (AF ðk BY — AF ð” Bx — (A & B))e] := [A, Blz,. (16) 


Similarly, projecting the generalized Lie derivative? of the large Courant algebroid 
yields the generalized Lie derivative in DFT, 


p+ (La45a(B)) = (AL 0; BY — B' 8,4? + Bj 0! Ae] := LAB. (17) 


Note that [Lo, La] = Lic, AD, , only if we impose the condition 7/7 0; f 07g = 0, for 
all fields f, g of DFT. This condition is the strong constraint or section condition. 

The next step in our strategy is to examine which of the properties of a Courant 
algebroid survive the projection and which get obstructed. The result allows us to 
give the following definition. 

Definition. Let Lj, — T*M be a vector bundle of rank 2d over T*M. Let 
Locle, : F(L4) 8 T(L4) > T(L4) be a skew-symmetric bracket (C-bracket). 
Let (*,-)r, : (L4) 8 T(L4) > C**(T* M) be a non-degenerate symmetric form. 
Lastly, a smooth bundle map p+ : L4 — T(T*M). We define a DFT algebroid: 
Qs sus 6s rus p+), such that it satisfies three properties, one related to 
the strong constraint, one being the compatibility condition between the C-bracket 
and the bilinear form, and a Leibniz rule for the C-bracket respectively, 


1 
(D4 f, D.g)r, = 4 (df, dg) 1, , (18) 
p (C)(A, Bot, = ([C, Alz, + D(C, Ajr, BY, 
+ (A [C, B]z, + D4(C, Br )n, > (19) 
[A, f B]e, = f [4 Ble, + (e+ (AVF) B - (A, B, Dif , (20) 
for sections of the bundle A,B,C € I'(£+) and functions f,g € C?*(T* M). The 


derivative D4 : C^*(T* M) — T(L4) is defined through (D4 f, A)r, = 5 o4 (Af. 

More generally, a DFT algebroid is a special case of a structure called pre-DFT 
algebroid, which is related to the Vaisman algebroid of Ref. 15. An interesting 
formulation of such structures in the language of graded geometry is found in Refs. 
16 and 17. 


a Antisymmetrization of the generalized Lie derivatives gives the Courant bracket: [A, B]e = LaB— 
LgA. 
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5. Conclusions 


Using a method of doubling-splitting-projecting, the geometric origin of DFT can 
be traced to a large Courant algebroid. To summarize our finding schematically, 


D. f,Dég)L,— 
— 


( 0 
Large Courant algebroid 2+, DFT algebroid Courant algebroid. 


Additionally in Ref. 11, we propose a DFT membrane sigma-model which describes 
both geometric and non-geometric fluxes of string theory, thus completing earlier 
proposals in Refs. 18 and 19. 
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We examine length measurement in curved spacetime, based on the 1+3-splitting of a 
local observer frame. This situates extended objects within spacetime, in terms of a given 
coordinate which serves as an external reference. The radar metric is shown to coincide 
with the spatial projector, but these only give meaningful results on the observer's 
3-space, where they reduce to the metric. Examples from Schwarzschild spacetime are 
given. 


1. Introduction and motivation 


Recall the textbook “radial proper distance” in Schwarzschild spacetime: 

ds = (1 — m i (1) 

r 
which follows from setting dt = d0 = dọ = 0 in the line element in Schwarzschild 
coordinates. But what is the physical motivation for choosing a slice Schwarzschild 
t = const, rather than some other time coordinate? Special relativity stresses length 
is relative to the observer, so which observers measure Equation 1, and what do 
others measure? The claim the dt = 0 slice is “measurement by an observer at 
infinity” is problematic, because there are many ways to extend a local frame, or 
to choose a simultaneity convention between distant frames. 
Consider the same procedure repeated for Gullstrand-Painlevé coordinates: 


ds — dr. (2) 


Painlevé hence concluded relativity is self-contradictory.! Instead, as we shall see, 
these correspond to measurements by different observers. (Mathematically, note 
the differing expressions called *ds" are really restrictions to different subspaces.) 
We apply four complementary theoretical tools: suitably chosen coordinates, the 
spatial projector, the radar metric, and adapted frames. 


2. Well-suited coordinates 


An intuitive and pedagogical approach to length measurement is to provide co- 
ordinates suited to a given congruence of observers, if possible. Consider for ex- 
ample radial geodesic motion in Schwarzschild spacetime, with 4-velocity field u 
parametrised by the Killing energy per mass e := —g(u,0;). A generalisation of 
Gullstrand-Painlevé coordinates has metric:? 9 


1 2M 2 f 2M 1 
ds? = -s(1 - — Jar? T —4/e2 —1-- —dT dr + — dr? + v? (d0? + sin? 0 dé), 
e? r e? r e? 


(3) 
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where T = T, is the Einstein-synchronised proper time of the observers, which all 
share the same e € R\{0}. For details see Ref. 6. Setting dT = d0 = dọ = 0 gives: 


dL = ig. (4) 
€ 


where we write dL in place of ds for the length element, and the sign choice is 
mere convention. The physical justification behind dT = 0 is that the T' = const 
hypersurface is orthogonal to the 4-velocities, so coincides with their local 3-spaces. 

Note a static observer at r = ro is identical to an observer falling from rest at ro, 
in the sense their velocities and hence local 3-spaces coincide instantaneously. Both 
have e = 4/1 — 2M/ro, so Equation 4 reduces to the usual quantity (Equation 1). 
Some textbooks set up a false dichotomy that dr is not the distance but (1 — 
2M/r)-V/?dr is. Instead, for radial observers with e = +1 the r-coordinate is 
precisely proper distance. 


Equation 4 is remarkably little known. Gautreau & Hoffmann derived it, using a 
different parameter corresponding to the 0 < e < 1 case.? Taylor & Wheeler present 
the e — 1 case clearly, which is the only textbook coverage apparently." Finch 
showed the 3-volume inside the horizon is 1/e times its Euclidean value $7 (2M )?, for 
the e > 0 case. (Precedents include Lemaitre, who pointed out 3-space is Euclidean 
for e — 1, and mentioned measurement.? Painlevé made the same observations, but 
mistakenly saw contradiction.!) 

In general, consider a 4-velocity field u. Define a new coordinate T' by: 


dT := —N-1w, (5) 


where u? is the 1-form dual to the 4-velocity, and N is a lapse. T exists locally iff 
the velocity gradient is vorticity-free, a consequence of Frobenius’ theorem. Then 
the T = const hypersurfaces are orthogonal to the congruence, since dT (£) = 0 for 
any vector € orthogonal to u.* Now express the metric in coordinates including T, 
and set dT = 0. 


3. Spatial projector 


Given a 4-velocity u, the metric splits into parts parallel and orthogonal to u as 
Juv = —Upty + (Juv + UpUy), assuming metric signature -+++. The latter term 
is the spatial projection tensor P, which extracts the spatial part of tensors via 
contraction. In particular, P/u" = 0, and PHE” = £" for any vector € in the 3- 
space orthogonal to u. Furthermore Puu” é” = g,,6"£" for such a €, so P is also 
called the spatial metric. 


One may wonder if dL’? := P,,€"£" is meaningful as a length measurement 
for any €, not necessarily orthogonal to u. For radial motion in Schwarzschild 


^]f in addition the congruence is geodesic, we can set N = 1, then dT/dr = —u’(u) = 1, so T 
measures proper time. This trick to derive T' was applied to relativity by Synge, and Lagrange's 
3-velocity potential in Newtonian mechanics is an antecedent. 
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spacetime, the projector in Schwarzschild coordinates is 


Be e(1— 
Py = 


in the t-r block, plus the usual 2-sphere metric components diag(r?, r? sin? 0) in the 
6-¢ block. One might expect the radial direction to be the coordinate basis vector 
O,, at least for r > 2M. Contracting with € = ô, picks out the P.,, component 
(boxed), for a candidate spatial measurement: 


dL = e(1 = EA) ar (T) 


But consider the “same” contraction of tensors expressed in the generalised 
Gullstrand-Painlevé coordinates. The projector is: 


(e -14+*4)4 1 | e2 — 1+ 2M 
Puw = TEn [4] , (8) 


in the T-r block, so the contraction with ô, yields dL = idr as in Equation 4. 
But why the discrepancy with Equation 7? While Equations 6 and 8 represent the 
same tensor, it turns out the coordinate vectors 0, are distinct. By definition of 
coordinate basis, (9*^")9, is orthogonal to dt, whereas (6779, is orthogonal to dT. 
(In contrast, the vector (dr)* depends only on r.) This potential confusion about 
coordinate vectors is rarely discussed explicitly.^9 In the present context, it shows a 
potential pitfall for measurement, and the superficial contradiction motivates deeper 
study. 

In fact Equation 7 does have physical meaning: it is the measurement of a falling 
ruler as determined in the local static frame. By this, we mean the comparison of 
the ruler's length-contracted tick marks with the r-coordinate. The two results 
are related by the Lorentz factor y = |e|(1 — 2M/r)~1/?, since the frames are in 
standard configuration. This will be examined in future work. For now we conclude 


\/Pu(€,€) is not a measurement in u's frame, if g(£, u) 4 0. 


4. Radar metric 


The sonar / radar method of distance measurement involves bouncing a signal 
off a distant object, and timing the return journey. In relativity a null signal is 
used, along with the proper time Ar of the emitter, hence the one-way distance 
is AL := Ar/2 (assuming an isotropic speed of light c = 1). While radar was 
promoted by Poincaré, Einstein, Milne, Bondi, and others, the following formula 
was derived by Landau & Lifshitz:? 


90i90j (9) 


sie Gere 
BEL" 
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for i, j = 1,2,3, with infinitesimal length element dL? = «;;dada?. This assumes a 
particular coordinate system is provided, and that the radar instrument is comoving 
in those coordinates. 

To apply this to radial motion in Schwarzschild, we need comoving coordinates. 
One choice is a case of Lemaitre- Tolman-Bondi coordinates, using pe given in Refs. 2 
and 6, together with Te from above. The radar metric is: 


L(ü-1422)0 o 
Vg = 0 r 0 : (10) 
0 0 r?sin?8 


with radial distance dL — le —1+2M/rdp. The interval “dp” is unfamiliar, 
hence reinterpret the radar metric as 4-dimensional (which simply adds terms of 0), 
and transform into other coordinates. It turns out Equation 10 is identical to the 
spatial projector (Equations 6 and 8), and the coordinate vector 0, is parallel to 
both (€P)9, and the radial ruler seen later (Equation 11).^ 

In fact the spatial projector is the covariant generalisation of the radar metric. 
In any comoving coordinates, the observer has 4-velocity u^ = ((—9oo)- !/?, 0, 0,0), 
assuming Op is future-pointing. Then Puy reduces to y,,, taking the latter as 4- 
dimensional. Landau & Lifshitz interpret 3-space as spanned by the coordinate 
vectors O;. However these are not necessarily orthogonal to ðo and the 4-velocity. 
Equation 9 gives incorrect results for directions not orthogonal to u, as discussed for 
the spatial projector. When restricted appropriately, both radar and the projector 
are simply gy. 


5. Adapted frames 


Our final technical tool is local reference frames. The observer 4-velocity splits the 
local tangent space into “time” u, and 3-dimensional “space” orthogonal to u. For 
our purposes a single spatial vector £ is often sufficient. While it is well known that 
measurements relate to expressing tensors in an observer's frame, strangely this is 
not applied to spatial distance — with rare exceptions.!? Likewise Rindler writes, 
“rigid scales [rulers] are of ill repute in relativity”, but there is nothing wrong with 
* ‘resilient’ scales", within limits on acceleration and tidal forces. !! 

For radial motion in Schwarzschild, the obvious choice of radial vector is that 
orthogonal to u, d0 and d: 


e -(-(a- 25y a 14 29 o0). (11) 


Since the r-component is e and the vector has unit length, this means a coordinate 
interval Ar — e corresponds to a proper length AL — 1. Hence dL — idr as before.* 


bTaking instead Schwarzschild t with p, the radar metric gives Equation 7 upon contraction with 
the alternative 0,. As before, coordinate vector directions can be misinterpreted. 
*Our "rulers? are vectors in a single tangent space, which approximate short rulers over spacetime. 
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In general, suppose a unit spatial vector £, and a scalar ® (for instance a coordinate) 
are provided. The change in ® over the extent of the ruler is A® = d®(€), hence: 
1 1 
dL = ——~d® = —d®, 12 
agg y 


where the latter expression applies if ® is taken as a coordinate. We require db(£) # 
0, meaning 6 is not constant along the ruler direction, so can demarcate length. In 
any spacetime, given a coordinate expression of a tetrad, one can simply read off a 
coordinate length interval by inverting the relevant component. 

The “best” ruler direction to choose is typically not obvious. Given 9 and u, 
one candidate is a certain maximal direction as follows. Recall the gradient vector 
(d$)* is the direction of steepest increase of ® per unit length. However this is 
generally not purely spatial, according to u. Hence, restrict d® to u's 3-space, then 
take the vector dual. This vector shows the fastest increase of ® along any possible 
ruler of u. The measurement turns out to be (g^! (d$, d) + (d$(u))?)- ?d9, or: 


1 
dl max-6 = TS d®, (13) 
if ® is a coordinate. Alternatively, given ®, we can ask which observers u make 
extremal measurements. If a 9 = const slice is spatial (g?® > 0), then observers 
with u® = d®/dr = 0 are possible, these measure (g®®)~!/?d® in the direction 
(d®)*. No ruler orientation for observers with u? Æ 0 can achieve this. 
Consider a Schwarzschild observer parametrised by both e and the Killing an- 
gular momentum per mass 6. Its maximum possible r and ó measurements are: 


2 p? ) L2 rdo 


dLr-max = (e = (1 ~~ =. SST? 


7 
where motion is in the plane 0 = 7/2. Incidentally, the corresponding ruler vectors 


x dL. max = (14) 


r2 


are not orthogonal to one-another. Note that while r is known as the reduced cir- 
cumference, !? the Euclidean 2-sphere measurement r d$ only holds for zero angular 
momentum £ = 0, under this natural ruler orientation. 

Our orthonormal frame approach is trivially the zero-distance limit of Fermi 
coordinates, however very few exact Fermi coordinate expressions are known. 13 


6. Discussion 


There are many potential questions and objections. It is non-trivial to start from 
textbook material such as fds or first-principles radar. Despite some excellent 
books, 1415 our results fill an independent niche. 

Given two events, why not extremise the length of spatial geodesics between 
them? This is a 4-dimensional approach, whereas ours uses a 1+3-dimensional 
splitting, measuring within the rest space of a given observer. 

Is the result coordinate-dependent? The coordinate ® serves as an extrinsic 
standard, but the length element is simply the ruler E which is also the metric 
interval restricted to a 1-dimensional subspace. 
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In Schwarzschild, r is timelike inside the horizon, so how can it describe spatial 


measurement? Indeed the normal vector (dr)* is timelike, but the measurement 
direction € is spatial. 
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Why is the Universe so homogeneous and isotropic? We summarize a general study 
of a ^-law perfect fluid alongside an inhomogeneous, massless scalar gauge field (with 
homogeneous gradient) in anisotropic spaces with General Relativity. The anisotropic 
matter sector is implemented as a j-form (field-strength level), where j € {1,3}, and 
the spaces studied are Bianchi space-times of solvable type. Wald’s no-hair theorem is 
extended to include the j-form case. We highlight three new self-similar space-times: 
the Edge, the Rope and Wonderland. The latter solution is so far found to exist in the 
physical state space of types LII, IV, VIo, VIa, VIIo and VII}, and is a global attractor 
in I and V. The stability analysis of the other types has not yet been performed. This 
paper is a summary of [1], with some remarks towards new results which will be further 
laid out in upcoming work. 


Keywords: p-form gauge fields, anisotropic space-times, Bianchi models, inflation, dy- 
namical system, orthonormal frame. 


1. Introduction 


Why does the Universe seem so isotropic on large scales [2, 3, 4|? Standard 
cosmology invokes this observation as a principle, as it is hard to solve the Einstein 
equations without symmetry requirements [5]. In order to understand this high 
degree of isotropy within the paradigm of GR, it is necessary to relive the theory 
of such assumption, seeking to replace it instead by an explanation. To this end we 
have softened the isotropy requirement of the cosmological principle by studying 
the Bianchi models of solvable type (types I-VII} ). 

A natural generalization of massless scalar fields to the anisotropic case, is the p- 
form field? with p — 1 or 3. Collectively, we shall refer to this form field as a j-form 
field, since the equations will be the same in either case (as explained in Section 3). 
The connection to massless scalar fields may be drawn from Eq. (4). In this study 
we summarize some results we have obtained in our study so far, and mention a 
few results to be further reported on in upcoming work(s)(Normann’s Ph.D. thesis). 
We would like to refer the reader to [1] for further references to previous works on 
related topics. Also, note the recent works [6, 7| and many interesting references 
therein. 


?We here and throughout reference the form field on the field strength level. 
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2. The general p-form action 


A natural candidate for anisotropic matter sourcing is the one stemming from the 
general p-form action [8] 


1 
&--3 | Paw, (1) 


where P is a p -form constructed by the exterior derivative of a (p — 1)-form K. 
'The equations of motion and the Bianchi identity, both obtained from the action, 
Eq. (1), may now be given as 


dP =0 > V las ipia] =O Bianchi Identity. (2) 
dxP —0 > Va Pe =0 Equations of motion. (3) 


Here P,,,...u, are the components of P in a general basis. As evident from the above 


equations”, our study assume that there is no source to the j-form field. 


General properties of the p-form action: Note that the theories derived 
from the general p-form action Eq. (1) respect the following properties: (i) gauge 
invariance L — £ under K — K + dl, where U is a (p — 2) -form; (ii) only up 
to second order derivatives in equations of motion; (iii) Lagrangian is up to second 
order in field strength P; (iv) constructed by exterior derivative of a p-form and (v) 
minimally coupled to gravity. 


3. The j-form fluid 


In our study, P is required homogeneous: P(t,x) = P(t). However, generally, the 
underlying gauge field K(t, x) is allowed to vary both with space and time. Hence 
we study a j-form fieldstrength with an underlying inhomogenous gauge field. This 
is different from [9], where the gauge potential is a function of time only. In order 
to classify the possible cases of p-form matter fields that can be constructed from 
the exterior derivative of a (p — 1)-form, the following notation is introduced: {a, b} 
where a denotes the rank of the p-form P and b the rank of its Hodge dual xP. In 
four dimensional space-time (a 4- b — 4) there are three distinct cases to consider: 
(i){2, 2}, (ii) (3, 1) or {1,3} and (iii) (4,0). The degeneracy in (ii) is due to the 
symmetry of the equations Eq. (2) and Eq. (3)*. This symmetry can also be seen 
in the action Eq. (1), up to a prefactor. Since these two cases yield the same set of 
equations, we effectively study both cases, by studying one of them. 

In the following analysis the cases (1, 3) and (3, 1} will be taken into account. In 
order to include both scenarios, notation shall here, and throughout the rest of the 
paper, be such that J denotes either (i) the Hodge dual of a 3-form field strength 


bThe Hodge dual xP is closed. 
©The reason why this degeneracy is not found in the case (iii is because P # dK in the case 
{0,4}. Hence one is left only with {4, 0}. 


1380 


C(t) = dB (where B(t,x) is a 2-form) or (ii) the 1-form field strength A(t) = dó 
(where ó(t, x) is a scalar field). That both cases give rise to the same equations is 
evident. 


Energy-momentum tensor: The energy-momentum tensor of the j-form fluid 
can be shown to be 


1 ; 1 
Lit = -34u4" > T = Judy m 39i A47. (4) 
Equations Eq. (2) and Eq. (3) now take the component forms 
dkJ =0 > Vy,Jj"c-0. (6) 


These are the equations for a massless scalar field. Hence, our study can be viewed 
as a study of an inhomogeneous, massless scalar field with a homogeneous gradient. 


State parameter The field strength Ja may be decomposed according to 
Ja = —W Ua + Va (7) 


where the 4-velocity ua is time-like (ugu® < 0), whereas va is defined to be or- 
thogonal to ua and therefore space-like (v4v^ > 0). The range of the equation of 
state parameter £ defined through pr = (£ — 1)pr* comes as no surprise. Performing 
the calculations, one finds 
| vw? —v*/3 
ae 
The range of € follows directly from requiring that Ja € IR. Note that Eq. (8) is a 
dynamical equation of state, since the components of J in general change with time. 
The lower bound (€ = 2/3) is found for w = 0 and the upper bound (€ = 2) is found 
for v = 0. Note also that w = v gives € = 4/3, as in the case of electromagnetic 
radiation. 


2 
+1 = qe (8) 


4. Sourcing anisotropy with a j-form in General Relativity 


We take the evolution to be governed by the Einstein Field Equations. In particular 


1 
Rw m git Juo = T + Tis + dikes ? (9) 


where R, is the Ricci tensor components, R = R^? is the Ricci scalar and i 
and T the perfect fluid and form fluid energy-momentum tensor components, 
respectively. The constants 87G and c are fixed to 1. Note that a 4-form is also 
added, playing the role of a cosmological constant. 

It is, for simplicity, assumed that the three fluids do not interact. 


4TIn a standard irreducible notation where p denotes pressure and p is the energy density. 
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4.1. Bianchi models and choice of frame 


In dimension three there are nine different (classes of) Lie algebras — these are the 
nine different Bianchi types I-IX. The line element of the Bianchi models can be 
written as 

ds? = —dt? + dapw%w? where dw* = - Vra ^u^ —y'y,dt Awe. — (10) 
{w°} is here a triad of 1-forms, and 7%, are the spatial structure coefficients of the 
Lie algebra characterizing the corresponding Bianchi type. The tetrad [w?) is dual 
to the vector basis {ea}, which must satisfy the relation [e,,,e,] = ^/^,,e,. Refer to 
({10], Chapter 15) for details. The time direction is chosen orthogonal to the orbits 
of the isometry subgroup (i.e.: orthogonal to the three-dimensional hypersurfaces 
of homogeneity), and the fundamental observer’s 4-velocity is aligned with this 
direction. It is given by u = 2 where t is the cosmological time. We also define 
a dimensionless time quantity 7 such that dt/dr = 1/H, where H is the Hubble 
parameter. The deceleration parameter q is now such that dH/dt = —(1 + q) H?. 

A convenient frame in which to conduct the analysis is the orthonormal frame. 
Such a frame will give first order evolution equations alongside a set of constraints 
which are useful to simplify the analysis. The Bianchi space-times analyzed in the 
present paper (I-VII;,) admit an Abelian G2 subgroup. This allows for a 1+1+4 2 
split of the four dimensional space-time. As will become clear later, this translates 
into a 14- 1 4-2 decomposition of the Einstein Field Equations, as well as the Jacobi 
and the Bianchi identities. When the orthonormal frame approach is applied to G2 
cosmologies, it is common to choose a group-invariant orbit-aligned frame, i.e. an 
orthonormal frame which is invariant under the action of G2 [11]. 


5. No-hair theorems for the j-form 


No-hair theorems that in previous literature has been established for the Bianchi 
space-times in the presence of a cosmological constant and a perfect fluid are in this 
section extended to the presence of the j-form in the equations. In particular, it is 
found that the cosmic no-hair theorem [12] is valid also in this case®. Refer to [1] 
for proofs. 


Theorem 5.1 (First no-hair theorem). All Bianchi space-times I-VI}, with a 
j-form, a non-phantom perfect fluid’ and a positive cosmological constant will be 
asymptotically de Sitter with Qa = 1 in the case where y > 0 (and similarly 
Qa + Ope = 1 in the case where y = 0). 


A similar but less general theorem holds also in the case of a perfect fluid with 
0< y< 2/3: 


eNote that an anisotropic fluid may sustain an inflationary phase of expansion if it violates the 
strong or dominant energy condition [13]. A j-form respects these energy conditions. 
fA perfect fluid is said to be phantom if y < 0. 
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Theorem 5.2 (Second no-hair theorem). All Bianchi space-times I- VIT, with 
a j-form, a non-phantom perfect fluid Qp with equation of state parameter 0 < 
y < 2/3 will be asymptotically quasi de Sitter with q = ay -1< 0. 


6. New stable, anisotropic, self-similar space-times 


We have also performed a dynamical systems analysis of certain Bianchi types with 
a y-law perfect fluid and a j-form fluid. Due to the no-hair theorems, we necessarily 
remove the cosmological constant in the further study. Among extensions of known 
self-similar space-times, we interestingly find three new anisotropic space-times; 
Wonderland, The Edge and The Rope in Bianchi type I. Their global stability has 
been determined by monotone functions. Extensions to these into other Bianchi 
types are found, as summarized in the following. 


Type I: Type I splits into two further invariant subspaces; a temporal and a 
spatial part (as referred to the components of the j-form fluid). All of the three 
new solutions presented below are in the subspace where the j-form fluid is purely 
spatial. 

Wonderland is an LRS solution containing both a non-rotating vector and the 
perfect fluid. The field strength is aligned with the LRS axis and the expansion 
asymmetry is of prolate type. Its range of existence is the open interval y € (2/3, 2). 
It approaches the flat FLRW solution Q,¢ when y — 2/3 and the Kasner solution 
(X, = —1) when y > 2. Interestingly, it has a deceleration parameter q = —1--3y/2 
identical to the flat FLRW solution. The line element of Wonderland is 


ds? = —dt? + Pda? + t (dy? + dz’). (11) 


Global attractor for the Bianchi type I state space for y € (2/3,6/5]. 

The Rope contains a rotating vector and the perfect fluid. Its range of existence is 
the open interval y € (6/5, 4/3). It approaches Wonderland in the limit  — 6/5 and 
the Edge in the limit y > 4/3. Like Wonderland, it has a deceleration parameter 
q = —1 + 33/2 identical to the flat FLRW solution. The Rope is not an LRS 
solution, although it is “almost LRS” close to Wonderland. The line element of the 
Rope is 

2 


2 — —3y y= 
ds? = a? +? (æ e Alta) tt dytt a2. (12) 
Y 


Global attractor for the Bianchi type I state space for y € (6/5, 4/3). 

The Edge contains only a rotating vector and has deceleration parameter q — 1, 
similar to a radiation dominated universe. Since (Jy; = 0, it exists in the entire 
range of models, y € [0, 2]. The line element of the Edge is 

2 
ds? = -d? +2? (de + Vidz) + dy? + tdz?. (13) 


Global attractor for the Bianchi type I state space for y € [4/3, 2). 
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Type V: In the type V subspace, we find a one-parameter extension of the Wonder- 
land equilibrium set. Generally, in this one-parameter family, the ;—form may have 
both temporal and spatial components. We also find Plane Waves. For y € (2/3,2) 
these two are the only attractors. 


Types II, IV, VIo, VIa, VIIo and VII,: In an upcoming paper (part of 
Normann's Ph.D. thesis, due in October), we intend to study at least the types I, 
II, IV, VII; and VII; in depth. Here we only report a few preliminary results. 

Wonderland. 'This solution (alongside one parameter extensions) are found in 
the physical state space of the types II, IV, VIo, VIa, VII; and VIIa. This is promis- 
ing in the sense that this solution might not be sensitive to choices of background 
geometry. There remains, however, some work in order to pin down its stability. 

Edge and Rope. 'These two solutions show up also in the physical state space of 
type II. 

Plane Waves. In type IV we find a two parameter extension of the plane wave 
solution. In type VII;, the plane waves is a three parameter family of solutions. 
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A new class of non-aligned E instein-M axwell solutions 
with a geodesic, shearfree and non-expanding multiple Debever-Penrose vector 
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In a recent study of algebraically special Einstein-M axwell fields! it was shown that, for non-zero 
cosmological constant, non-aligned solutions cannot have a geodesic and shearfree multiple D ebever- 
Penrose vector k. When A = 0 such solutions do exist and can be classified, after fixing the null-tetrad 
such that Yo = Yı = ®; = 0 and 4 = 1, according to whether the N ewman-Penrose coefficient z is 
0 or not. The family z — 0 contains the Griffiths solutions?, with as sub-families the Cahen-Spelkens, 
Cahen-L eroy and Szekeres metrics. It was claimed in Ref. 2 (and repeated in Ref. 1) that for 7 = 0 
both null-rays k and £ are necessarily non-twisting (p — p = jt — u = 0): while it is certainly true 
that (p — p) = 0, the case u = 0 appears to have been overlooked. | reduce the sub-family in which 
k is non-expanding (p +p = 0) to an integrable system of pde's and | present an explicit family of 
solutions. 


Keywords: Non-aligned Einstein-M axwell fields. 


1. Introduction 


In the quest for exact solutions of the Einstein-M axwell equations 


1 1 
Rab — 5 Rgab + Aat = FacFo° — 79abFcaF 7, (1) 


a large amount of research has been devoted to the study of so called aligned Einstein- 
M axwell fields, in which at least one of the principal null directions (PN D’s) of the electro- 
magnetic field tensor F is parallel to a PND of the Weyl tensor, a so called D ebever-Penrose 
(DP) direction. One of the main properties in this respect is the Goldberg-Sachs theorem?, 
stating that, if a space-time admits a complex null tetrad (k, £, m, m) such that k is shear-free 
and geodesic and Ras k?k? = Rapk@m® = Raum? m? = 0 (as is the case when k is also a PND 
of F ), then the Weyl tensor is algebraically special, with k being a multiple Weyl-PND. 
One of the topics considered in Ref. 1, dealing with the reverse problem, enquired after the 
existence of algebraically special (non-conformally flat and non-null) Einstein-M axwell 
fields with a possible non-zero cosmological constant for which the multiple Weyl-PND 
k is geodesic and shear-free (Wo = V1 = x = o = 0) and for which k is not parallel to a 
PND of F ($o Z 0). Choosing a null-rotation about k such that  — 0, it follows that 
© # 0: with ®© = 0 £ would be geodesic and shear-free and the Goldberg-Sachs theo- 
rem would imply ¥3 = V4 = 0. The Petrov type would then be D, in which case^? the 
only null Einstein-M axwell solutions are given by the (doubly aligned) Robinson-Trautman 
metrics. 
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Using the GHP formalism? the M axwell equations and Bianchi equations become then 


boy = 0, (3) 
b’Do = — Ld, (4) 
OO, = —v®)+ 14», (5) 
Pd) = —AD) +p, (6) 
OV, = -noD + 37F2, (7) 
P; = u|oo? + 3p v», (8) 
after which the commutators [O", 9], [O', P], [O, P"], [0", P’] and [P, b] applied to «bo give 
s R 
On = (3p - p)u — 29? + x5. (9) 
bz = 3pm, (10) 
Ou = Ant+3ut, (11) 
b’n— Ou = 2vp — 2At- rii — ut — 23, (12) 
R 
Pu = n (x + 31) - 22 — 15. (13) 
Herewith one of the GHP equations becomes a simple algebraic equation for P», 
Y= + E (14) 
2— pH — UU qs. 


the P derivative of which results in oR = 0. 

As p = 0 would imply ®ọ = 0, this leads to the remarkable consequence that an alge- 
braically special Einstein-M axwell solution possessing a shear-free and geodesic multiple 
Weyl-PND which is not a PND of F necessarily has a vanishing cosmological constant. 
The corresponding class of solutions is non-empty, as it contains the Griffiths? metrics, 
encompassing as special cases the metrics of Refs. 7, 8, 9, 10. 

In Ref. 2 it was claimed that for z = 0 both null-rays k and £ are necessarily non- 
twisting (p — p = u — u = 0). As a consequence it was also claimed in Ref. 1 that the 
Griffiths metrics are uniquely characterised by the condition z = 0. However, when z = 0 
the only conclusion to be drawn from (10, 14) is that u(p — p) — 0. When p is real this 
indeed leads to the metrics of Ref. 2, while the case u = 0 appears to have been overlooked 
and leads, as shown in the section below, to new classes of solutions. 


?Throughout | use the sign conventions and notations of Ref. 6 $7.4, with the tetrad basis vectors taken as k, £, m, m 
with —k?/; = 1 = mêma. In order to ease comparison with the (more familiar) Newman-Penrose formalism, | 
will write primed variables, such as x", o, p' and t’, as their NP equivalents —v, —4,—4 and —. 
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2. The missing class 


When z = 0 and u = 0 the equations from the previous paragraph immmediately lead to 
Yo = Y1 = Y2 = 0 and Y3 = pv — Av. We try to make some progress by looking for 
solutions for which k is non-expanding (p +p = 0). Acting on this condition with the ð 
and P operators, the GHP equations lead to 7 — 0 and 


p? +|®o|2 — 0, (15) 


the ð derivative of which implies A = ©2@op~!. We translate these results into N ewman- 
Penrose (NP) language and fix a boost and spatial rotation in the k,£ and m,m planes 
such that $ = 1 and p =i. It follows that the only non-0 spin coefficients are p, v and 
A = —i® , with the only non-vanishing components of the Wey! spinor being 3 — iv and 
V4. As [D, A] = 0 coordinates u,v and C, C exist such that D = a, A = 9, and 


ô =e "(Ede +nde+PA+Qa), 


E,n,P,Q being arbitrary functions. The e^" factor is included for convenience: applying 
the [5, D] commutator to u,v and ¢ shows that €,7,P,Q are functions of v, ¢,¢ only. In- 
troducing new variables n = e" v and @ =e “ay it follows that also n and @ depend 
on v, C, C only, with the full set of Jacobi equations and field equations reducing to the 
following system of pde's: 


P,--iPó -rn = 0, (16) 

Qy +i0G =0, (17) 

ó +i7¢ = 0, (18) 

n, +186 = 0, i) 

e “SP — el SP — 2i|P |? = 0, e 
e-" 80 — e" àQ — 2i(RQF — 1) = 0, (21) 
e MSE — dar (£P + TP) = 0, ve 
etn = —iPn4-2|9J?, (23) 

e$ = —2iP$ —n, (24) 


with the ¥4 component of the Wey! spinor given by Y4 = ie?" (nP + Ad) -- e" ón. This 
system is integrable and a simple solution is obtained by assuming @ = H? to be a positive 
constant: in terms of new coordinates u, v, a,b the null tetrad is given by 


iu 


1. e i-ga _ a-i +y 

o = sab) ame da—e '7*"db|, (25) 
je l 1 7 
4 _ 1 =V Ja qax 

w” = du — NG mls da — e^"db]. (27) 
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The corresponding space-ti me metric is 


1 1 1 cosh2v 
2 = —2V Ha _ a2V 
ds* = Hz —2dv + Spo b) dU eb) da—e DN Gah 
(28) 
and the M axwell field and energy-momentum tensor are obtained as 
F —iH?(@'— o9?) ^ e? +i(e 7 gl — e?! qo?) 04, (29) 
T —2H (e? P 4 gdiug?? 293^) +200". (30) 


The Petrov type is III and the space-time admits three Killing vectors, ðu, ða — a and 
ada + bob. At first sight it seems odd that the Wey! spinor components ¥3 and 4 depend 
on u, while the frame has been "invariantl y" fixed. The explanation however is that the the 
frame was fixed by means of a null rotation putting «bp = 1, while the M axwell field itself 
does not share the space-time symmetries: F is notLie-propagated along the integral curves 
of the null Killing vector oy (this also shows that the family of solutions presented here is 
distinct from the Einstein-M axwell solutions admitting null-K illing vectors of Ref. 11. 
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Equal-field cylindrical electrovacuum universes 
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We explore a family of solutions to Einstein-Maxwell equations with cylindrical symme- 
try, in which both metric and electromagnetic field are expressed in terms of elementary 
functions. This is achieved by choosing the integration constants in (00) and (22) com- 
ponents of Einstein equations equal to each other, which is equivalent to putting electric 
field (transversal) and magnetic field (longitudinal), under suitable rescaling of coordi- 
nates, equal to each other. We discuss the connection between our family of solutions 
and previously known solutions summarized in the 1983 paper by MacCallum, analyze 
properties of spacetime described by our solutions and show how the equal-field condition 
can be relaxed perturbatively. 


Keywords: Einstein-Maxwell equations; cylindrical symmetry; perturbation theory. 


1. Einstein-Maxwell equations 
Consider cylindrical version of Weyl-Lewis-Papapetrou metric, 
ds? = xt + Ado)? — F[B(dr? + dz?) + wde’), (1) 
with the electromagnetic vector potential of the form 
A = Apdt + Aosdo, (2) 


where the functions F, A, B and w, as well as Ag and A5, depend only on the 
coordinate r !. 

Due to high symmetry of the problem, we can perform one integration of all 
Maxwell equations and all Einstein equations but one, reducing them to differential 
equations of first order. For Maxwell equations it is seen immediately and for 
Einstein equations we can use identity 


QV TABLES, (3) 
where é is a bivector associated with Killing vector é”, uv = €, — u,v = —2€yu, 
and A, is Ricci tensor. Integrated equations were obtained first with the help of 
Hamiltonian formalism?, and then with the help of complex potentials? introduced 
46. Neither procedure used the identity (3) explicitly, al- 
though in the paper? the authors mentioned it with a reference to Synge's book". 

First integral of Maxwell equations is 


y —29A', = gApCP, (4) 


in the series of papers 
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and first integral of Einstein equations (five of six) is 

V —1g9^*g/, = 2840F C^ Ag — ó&C? Ac + Ky", (5) 
where the indices A, B,... assume the values 0 and 2, the indices a, b,... assume 
the values 0, 2, 3 (the coordinates are identified in a usual way as (x?,x!,z?,2?) = 
(t, r, 6, z)), ?g is determinant of the (t, ¢) part of the metric, ?g = det(gAg) = —w?, 
and C^, K! are constants. After the (1) component of Einstein equations is added 
to the system, we have eight equations for six functions F, A, B, w, Ao, As; thus, 
two equations are just constraints on integration constants. 

The trace of the (S) part of (5) yields w = (1/2) K A^r, so that by rescaling r 
(as well as z, in order to preserve the quadratic form dr? + dz?) we obtain w = r. If 
we also gauge away the constants Ko” and K5, in the (A) part of (5) there remains 
a single constant C = (1/2)(Ko° — K2°). The constraint on C can be turned into 
an independent equation by inserting expressions for A, in terms of A, A’, F, F' 
into it, and equations (4) can be then reinterpreted as constraints. However, one of 
these equations is satisfied identically, so that we are left with one constraint only. 


2. Equal-field solution 


We are interested in solutions to equations (4), (5) with C = 0. Their subclass 
was found long ago by using transformation to rotating frame in which the metric 
was static. Later it was noted? that the subclass belongs to a broader family 
with constant ratio R = A5/A$. It has R = —1/k, where k = C?/C?, while 
a class of solutions proposed in!? has another distinguished value R = —k. We 
construct solutions with arbitrary R by solving the equations directly; however, 
our solutions can be obtained also from solutions with R = —1/k by means of the 
scaling discussed below. 

Introduce a new function f = (Fr/A,)!/?, where A, = A + k. Einstein equa- 
tions yield a pair of coupled equations for the functions f and A, 

n , 

F 7 TW ( a 7 os =0 Ag =p = (6) 
where p = 2kC and q = K3— C. For C = 0 we have p = 0, so that the first equation 
(6) decouples from the second equation and can be solved analytically. The solution 
is 


(kı lnr + kə), ifa = 0 ; (7) 


(kir? + kgr—*), ifa>0 
J= pil? y 
[kı cos(àln r) + ko sin(àlnr)], if a = iâ 


where a = 4/(1 + q)/2. The function A, is obtained immediately from the second 
equation (6), the function F appears in the definition of f, for the function B = BF 
we have separate equation and the functions A4 are given algebraically in terms of 
A, A', F, F'. In this way we find 


k kaf? 
A, = 2 Fr af 


= = q f2 
f^-1 — fi-l’ B kpgr?f*, (8a) 


1390 


2 rf 


Ao = Cka FX 


Aa = —(ka +k) Ao. (8b) 


Finally, upon inserting expressions for Ao, F and A into the first equation (4), we 


find 
4a? k4 ka 1 a0 
E = 3(C?Y^ka, if fi -0. 9) 


—á?(k? + k2) a — ià 

The solution preserves its form under the scaling t > yt and (r, z) + y~1(r, z), if 
f stays unchanged, which can be always achieved by suitably scaling (kı, k2), and if 
the remaining constants scale as (k, kA) > y(k, ka) and kg — ^?*?kp. In case the 
constant & = ka +k is nonzero, we can use this procedure to normalize it to +1 by 
fixing the unit of length and choosing y = |&|!. As a result, we make the potentials 
Ao and Ag, as well as the field strengths Fo, and P5, equal in absolute value. In 
that sense we call the solution (8) “equal-field solution”. Note, however, that the 
field strengths are the same only when computed with respect to coordinate basis. 
The physical field strengths which refer to the orthonormal basis ea" carried by the 
observer at rest, E! = Fy; = \/F/BFo: and B? = Fy; = (1/VFB)(Fa — AFyi)/r, 
differ from each other. 


3. Properties of spacetime 


The (t, 9) part of the metric can be expressed in two different ways, 
1 1 
dus = pt + Add)? — Fr’d¢? = qt? — Fr? (db — wdt)?, (10) 


where the functions F, w are defined in terms of the function A = A? — F?r? 
as F = —A/(Fr?), w = —A/A. The cylinders with 1/F = 0 are static limits 
(surfaces separating regions in which observers can stay at rest from regions in 
which they must rotate) and the cylinders with F = 0 are chronological limits 
(surfaces separating regions in which time travel is forbidden from regions in which 
it is allowed). Suppose a > 0, so that f = (r/r1)°+ £(r/r2)~*-, where ag = a+1/2 
and the sign in front of the second term is given by the sign of kA. For kA > 0, 
a > 1/2, as well as for ka < 0, a < 1/2, the function f has one minimum, defining a 
cylinder composed of photon orbits; in the latter case it has also one zero, defining 
a singular “cylinder” (in fact, a line parallel to the z axis). 

The behavior of light cones in equal-field solution is depicted in fig. 1. In the left 
panel, regions in the plane (a, r2/r1) with static (S) and rotating (R) neighborhood 
of photon orbits are shown; in the right panel, light cones in metric with kA > 0, 
a > 1/2 (upper diagram) and ka < 0, a < 1/2 (lower diagram) are displayed at 
various values of r in the planes tangential to respective cylinders. The sign of kA 
is denoted by + and — in the left panel and singular “cylinder”, photon cylinder, 
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T tay 


0 i 2 3 ag Oph c sing c E r 


Fig. l. Regions in parametric space with and without rotating domain in the neighborhood of 
photon orbits (left) and light cones in two typical spacetimes (right). 


static limits and chronology limits are denoted by sing, ph, s and c in the right 
panel. 

Circular orbits are given by the conditions 7? = (7?) = 0, where f is radial 
component of 4-velocity. For a photon with impact parameter b we have 


P œx (b—b_)(by —b), be =—A+ Fr, (11) 


so that on photon orbits it holds b = by and b, = 0. From the explicit expression 
for the functions b+, b+ = k + ka/(f? + 1), we find that the latter equation is 
equivalent to f’ = 0. (Solution f = 0, which corresponds to the singular line 
parallel to the z axis, does not count.) In the case a > 0 this implies that photon 
orbit exists only for a > 1/2 if ką > 0 anda < 1/2 if kA < 0, and that its 
radius is rpp = (arj^r5- )// C9), where a = |a_|/a,. Condition of stability reads 
(72)" < 0, which yields, after including the prefactor into equation (11), +b% < 0, 
or equivalently, ka f f" = kaaa- f?r? > 0. This is clearly satisfied for all orbits. 

For massive particles, similar analysis leads to following conditions under which 
the orbits exist and are stable: 


existence: k4(a — x)(x — â) > 0, stability: (a — z)X > 0, (12) 


where x = sgnkAr?^ /(ri* r5. ), & = (a—1)/(a+1) and X = a4} (1 + a)z? -a4(1— 
3a)x? + a. (1 + 3a)z + a. (1 — a). Location and character of orbits depending on 
the parameter a is depicted in fig. 2. Blank regions contain stable (S) and unstable 
(N) orbits, in shaded regions there are no orbits at all. The line denoted by ‘ph’ 
represents photon orbits, the light line represents potential marginally stable orbits 
(circles on which X = 0), and the rugged line is the singularity at f = 0. 
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Fig. 2. Existence and stability of particle orbits. 


4. Perturbing the metric 


Equations for the functions f and u = A. rewritten into the variable 7 — Inr, 
read 
4 

NN = 2( - 31) (4 -ty-- " 13 

f-f-Qf= Zle- hf. "XP he (13) 
where Q = (1/2)(q + 1/2) and the dot denotes differentiation with respect to T. 
Suppose the parameter p is small. In the zeroth order in p we have the previous 
expressions fo = kie^*7 +k2e~*-7 and po = k3 (fà — 1), and if we write down the 
equations for the first corrections to f and A, 


S u . o = p u : 4 4 Af? S - 4 
h-h-Qh- Zo) [Ui-DA 9| --»f w 
A Ho 


(we have skipped the term proportional to fo from the first equation, since it can 
be always removed by redefining Q), we find 
fü41 


T M NEP BURN 
f= Dh oo: A PTj =P Po, (15) 


where o = I fodr. To complete the calculation of the perturbed metric, we can 


determine PF; from the definition of f and Bı from the equation for B. Finally, 
we can impose the first equation (4) as a constraint on the perturbed solution. 
With the notations kı = kio(1 + pÀi), k2 = k20(1 + pA), ka = kao(1 + pAA) and 
C? = C2(1+pAc), the resulting equation reads 


1 
No = -5(8 tA- Aa- (16) 


m 
2a7k Ao ` 
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Standard model has to be generalized to a *New Physics" beyond the Standard Model. 
Main problem is the lack of consistency SM with gravity We analyse Kerr-Newman 
spinning particle which is consistent with gravity by nature and, contrary to opinion that 
gravity conflicts with quantum theory, we obtain that spinning Kerr's gravity collaborates 
with quantum theory in the process of formation of spinning particle. The most dramatic 
is the shift of the fundamental scale from Planck to Compton distances. 


Keywords: Kerr-Newman solution, spin, Compton scale, electron, supersymmetry, Higgs, 
Landau-Ginzburg, phase transition, bag model, strings. 


1. Introduction 


The Standard model (SM) gives at present the best understanding of the particle 
physics and explained successfully the most off experimental results. Meanwhile, it 
is not ultimate and has several unsolved problems that are supposed to be resolved 
in the *New Physics" beyond the SM. In particular, 

(i) origin of the mechanism symmetry breaking is not defined up to correspond- 
ing nonperturbative solutions, 

(ii) the extra dimensions and superpartners were not confirmed in the recent 


experiments: *.. the LHC experiments have found not even a hint of supersymme- 


try, despite many searches making different assumptions about the supersymmetric 
spectrum...",!, 
and finally, the main problem, 

(iii) Quantum theory and Gravity cannot be combined in a unified theory. 

Reason of this trouble is that GRAVITY REJECTS POINTLIKE particles fol- 
lowing from stochastic interpretation of quantum theory, because the right side of 
Einstein equations, Guy = 87T,, requires an extended nonperturbative solution in 
configuration space. 

One sees that roots of this conflict lie in stochastic interpretation of quantum 
theory, which had intensive objections from Einstein, de Broglie, Schrodinger and 
other famous founders of the modern theoretical physics. As is known, the stochastic 
Copenhagen interpretation won and becomes dominate, but as result of this victory, 
we have got incompatibility of the gravity with particle physics. People can accept 
this interpretation, but gravity definitely opposed to this! 

Perfect old model of the consistent with gravity particle was the Kaluza-Klein 
(KK) theory with FIFTH CIRCLING DIMENSION. The corresponding 5d tensor 
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splits in 4d 4- 1, 
°Gun =0 > kom = BaT uv (1) 


and potential A", having extra fifth component — scalar field ®. 

Main problem of this theory was invisibility of this extra dimension, and to 
avoid this problem, authors assumed that compactification occurs at the Planck 
scale, about Mp © 10??me. 

The Planck scale and the additional fifth dimension of the KK model were 
precursors of the modern superstring theory. The Planck scale was brilliantly 
matched with well-known “Weakness of gravity" — the opinion based on the known 
Schwarzschild solution which distorts space near gravitational radius 


r~ rg — 2Gm, (2) 


which is small with respect to other interactions even at the Planck scale. 
Superstring theory inherited Planck scale and higher dimensions together with 
other remarkable features of the KK model. Theoreticians of the string theory 


& 


argued: *.. at such energies (Planck scale), strings can be accurately approximated 
by point particles. This explains why quantum field theory has been so successful in 
describing our world.” ?. 

However, just the Planck scale was the main defect, because it is extremely 
far from the real scale of the particle physics. Considering electron as one of the 
principal particles of quantum theory, we should accept that unification must be 
defined by the Compton scale — electroweak scale of the Standard Model. 

“New physics” beyond the SM was created in 1963 by Kerr solu- 
tion?:*, The spinning Kerr gravity changed the existing conception of gravitational 
interaction, resolving the principal problem — removal of the giant gap between the 
Planck scale and the Compton scale required for consistency gravity with physics 
of the Standard model**. 

Kerr solution exhibited new effect of distortion, showing that space dis- 
torts topologically at the distance 

To Te — L (3) 

m 

which is proportional to angular momentum J and inverse proportional to mass m. 
For spinning particles, which have the huge spin/mass ratio (about 20-22 orders 
in dimensionless units G = c = h = 1) topological influence of gravity becomes 
very strong. The Kerr singular ring forms the branch line of the space, and space 
differs drastically from the expected flat background in the area of order radius of 
the Kerr ring. The black hole horizons disappear, opening the hole of another type 
— two-sheeted space forming the Einstein-Rosen bridge — the door to another sheet 
of the Kerr geometry. For parameters of an electron, size of this hole is 


a — h/2mc, (4) 
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which corresponds to the reduced Compton wave length. It gives miraculous mag- 
nification of the effective gravitational interaction, scale of which is increased on 22 
orders concerning the accepted Planck scale. Conflict between Gravity and Quan- 
tum theory increases dramatically, because the both theories become on the equal 
footing. The nonperturbative bag-like solution based on the supersymmetric 
Higgs model of symmetry breaking specifies the above problem (ii). Supersymmetric 
bag removes conflict without modification of the Einstein-Maxwell field equations. 
Bag model regularizes the original Kerr solution near the Kerr singular ring, closing 
the door to the second sheet. Bag is formed as a supersymmetric Domain Wall 
solution (boundary of the bag) which separates external gravitational field from the 
supersymmetric and flat internal vacuum state — the flat area which is necessary 
for work of quantum theory, see Fig. 1. As is known, the bags are soft and flexible, 
and shape of the bag, as well as its size are defined in the process of interaction 
between gravitational, electromagnetic and quantum fields (see Fig. 2). Problem 
(ii) is solved by use of the supersymmetric Landau-Ginzburg field model of phase 
transition instead of the “superpartner” models. 


Domain wall boundary Spinning Kerr-Newman gravity, | 
ofthe bag, V>0 outside the bag: V=0, H =0 


Sypersymmetric vacuum statà 


or inside the bag: V=0, |H| >0 


>f | 10 
15 | à 
1 1 1 1 1 1 1 ag N - - - AX - — - A 
E » 15 


E -15 -1 05 0 0.5 1 15 2 -15 -10 4 0 


Fig. l. Separation of the flat Quantum interior Fig. 2 


RE : Bag takes form of a thin disk. 
from zone of the spinning Gravity. 


2. The Kerr-Newman Spinning Particle 


In 1968 Carter noticed’, that Kerr-Newman (KN) solution has gyromagnetic ratio 
g = 2, as that of the Dirac electron*. The KN solution was considered as a classical 
model of electron? !?, Since for electron a >> m, the horizons disappear and 
topology becomes broken by naked singular ring. Metric of the KN solution in the 
Kerr-Schild form is* 


Juv = Nav F 2Hk,k,, (5) 
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where nuv is metric of auxiliary Minkowski space M^, (signature (— + ++)), and 
scalar function 


H- Uy © 
r? + a? cos? 0 

is given in Kerr's oblate spheroidal coordinates r and 6. The null vector field k, (x), 
(k uk” = 0) determines Kerr congruence which has the form of a vortex, dragged 
by the naked Kerr singular ring r = 0,cos@ = 0, see Fig. 1, Fig. 2, which is branch 
line of Kerr space into two sheets. The congruence k,, goes to disk r = 0 as ‘in- 
going’, and intersecting disk, it is extended analytically, turning into ‘out-going’ 
congruence ki, which forms a second sheet of the metric on the same background. 
'The space becomes two-sheeted, with two different metrics on the same background, 
Qu, = Nu + 2Hk;k;. The Kerr singular ring r = 0, cos0 = 0, of the Compton 
radius a = h/2m, breaks space topologically, forming the famous Einstein-Rosen 
bridge!!. Studying of the KN solution was mainly in two directions: 

A) Israel? suggested to truncate negative sheet of Kerr space along disk r — 
0 and put at this disk a distribution of matter in accord with right hand side 
of the Einstein equations. He obtained a strange matter distribution and argued 
that this disk-like source of Compton radius can be considered as a classical model 
of electron. Hamity showed that source of Kerr solution can be considered as a 
relativistically rotating disk. Later on López generalized this model to model of a 
rotating bubble !?, 

B) Another stringy version of the Kerr source was developed in our works with 
Prof. D. Ivanenko?:2, The Kerr singular ring was compared there with Nielsen- 
Olesen (NO) string model as a vortex in superconductorP?. It was shown that 
Kerr's singular ring can be considered as a lightlike string which can bear the 


electromagnetic and spinor traveling waves. Much later, such pp-wave strings were 
14,15 


considered as solitonic string solutions to low energy string theory 

Bag model merges directions A) and B). In the both these directions of investi- 
gation source of the Kerr geometry created a gravitational vortex of the Compton 
size, and there appeared the question: Why this vortex and singular ring were 
not observed experimentally, and electron looks like a point? Answer follows from 


16 For external observer Kerr’s vortex shrinks 


mechanism of Lorentz contraction 
to point by Lorentz contraction. 
The suggested in?17 


with gravity by separation of their zones of influence. Quantum theory requires 


supersymmetric bag model solves problem of unification 


flat space, at least in the Compton zone, while spinning Kerr’s gravity spoils space 
topologically. Supersymmetric bag model realizes expulsion of gravity and electro- 
magnetic field from interior of the bag, forming tree zones: flat quantum interior 
(I), external zone with exact KN solution (E), and a thin zone of transition (R), 
see Fig. 2. Surface (R) is defined by the continuous transition of KN solution to 
Minkowski interior of the bag, (C. López!?). According (5) and (6), zone (R) cor- 
responds to Hy n(r) = 0, which gives r = R = e?/2m, and shows that domain wall 
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Fig. 3. The lightlike Kerr Null congruence k” Fig. 4. Rotational dragging of vector- 
determines space-dragging caused by mass and potential A^ along border of bag creates a 
spin. quantum Wilson loop. 


boundary has an ellipsoidal form, the disk with radius re = VR? + a? and thickness 
R, see Fig. 2. 


3. Landau-Ginzburg Field Model of Phase Transition 


To satisfy (D), (E),(R), it is natural to use Higgs mechanism of symmetry break- 
ing which is used in many nonperturbative electroweak models and in the MIT 
and SLAC bag models!?4?, The corresponding Lagrangian is also known as LG 
field model for superconducting phase transitions and used in famous Nielsen- 
Olesen (NO) model of vortex string in superconductor 3, Lyo = —iF,,F"" — 
z(D,9)(D"$)* —V(|®|), where D, = V, +ieA, are U(1) covariant derivatives and 
Fu, = Ay, — Ap. Conditions (I), (E), (R) require to use generalized LG model 
with three Higgs-like fields,?° (H, Z, £) = (9, 65, 63). Lagrangian differs from Lyo 
only by summation over fields ®;,2 = 1,2,3, while potential V is to be built in ana- 
logue with supersymmetric machinery from superpotential W (9;), as follows V(r) = 
> AY, F; = 0W/0%; = 8W, where W(6;, 0;) = Z(=D—n?)+(Z+y) HA, The 
conditions F; = 0;W = 0 determine two vacuum states with V = 0 : internal-(I), 
r < R — 6, condensation of Higgs field, |H| = 7, and external- (E), where r > R+6 
and H = 0, separated by domain wall with V > 0, — zone (R), in correspondence 
with (I), (E),(R). 

Higgs field H is concentrated in zone (I), creating superconducting vacuum state 
inside bag, leading to equations 


0,0" Aj, =J, = e| Hl" Xu +eA,), (7) 


where x is oscillating phase of Higgs field H = |H |e/X(^9). Vector potential of KN 
solution is dragged in t, direction by the Kerr congruence near the ring, (see 
Fig. 2) and concentrated in equatorial plane near the Kerr singular ring, forming a 
Wilson loop on the boundary of superconducting disk. At r = R = e?/2m it takes 
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maximal value Až dz” = —Re 2? (dt — ad). Inside the disk it is compensated by 
phase of Higgs field, y,,,+eA, = 0 so that J, = 0 inside the disk. Thus, current 
J, is expelled to surface layer. Formation of the Wilson line on the rim of the disk 
leads to quantization of angular momentum", J = n/2, n —1,2,3,... 


4. The Supersymmetric Bag Model 


By nature bag models are assumed to be soft and flexible?- ??, Under excitations 
bags are deformed and take the shape of a stringy flux-tube joining the quark- 
antiquark pair!9?!, or toroidal string !?:2225, In the KN gravitational field, bag 
takes ellipsoidal shape, see Fig. 2, and acquires circular string at the sharp bound- 
ary, closely to Kerr singular ring!". This string bears lightlike traveling wave 
and creates circulating singular pole, reproducing zitterbewegung of the naked 
electron "”. Considering fields ®; and $; as independent chiral field, we double 
the charged chiral fields © and o, and obtain five chiral fields with identification 
$; = (0,,0 ,X,,X. ,Z). It gives supersymmetric LG model with superpotential 
W(9;,9,) = Z(X, X. —5)) 2 (Z4 u)9., 9. , which satisfies conditions (I), (E), (R). 
Kinetic part of this model coincides with that of the Wess-Zumino SuperQED 
model, while potential part corresponds to the most general renormalizable su- 
persymmetric generalization of the Wess-Zumino model. In the component form 
$.(y) = Ha (yt) + V204 (y^) + 00 FL (y^), we obtain doublet of the Higgs fields 


H4, corresponding to supersymmetric Higgs model in which two Weyl spinors v- 
are combined into one massive Dirac spinor of the electron — superpartner of the 
Higgs doublet ?^. 


5. Conclusion 


Analysis of the compatible with gravity Kerr-Newman model of the spinning parti- 
cle (electron) shows that spinning gravity cardinally increases scale of gravitational 
interaction, extending its influence up to Compton scale, where it starts interplay 
with quantum theory, forming nonperturbative model of the dressed electron based 
on the supersymmetric field model of symmetry breaking. Contrary to the as- 
sumed confrontation, gravity collaborates with quantum theory, fixing the size and 
shape of the dressed electron corresponding to the fine structure constant. Also, 
Kerr-Newman gravity fixes the Wilson loop of the vector potential, leading to quan- 


tization of angular momentum and defining the related stringy structure. ?? 
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We study the stability of anisotropic fluid configuration using a relation between density 
and pressure. For this purpose, we formulate the corresponding field equations, gener- 
alized Tolman-Oppenheimer- Volkoff equation and mass equation which are necessary to 
discuss the structure of compact stars and solve them through numerical technique. The 
stability of the compact object is analyzed through cracking and formulate the force dis- 
tribution function after perturbing the matter quantities. Further, we plot the resulting 
force function and examine the occurrence of cracking/overturning. 


Keywords: Electromagnetic field; Equation of state; Cracking. 


1. Introduction 


A stellar object is worthless if it is not stable towards perturbations in its phys- 
ical variables. Herrera! introduced the notion of cracking as well as overturning 
to describe the behavior of fluid after its deviation from equilibrium state. The 
cracking appears when the radial force is positive in the inner regions but nega- 
tive at outer ones while overturning occurs for the reverse situation. Di Prisco et 
al.? found that departure from equilibrium state leads to the cracking in sphere 
for local anisotropic perturbation. Gonzalez et al.? observed cracking in isotropic 
and anisotropic spheres with barotropic equation of state (EoS) using local density 
perturbations. Herrera et al.^ observed the cracking and overturning for anisotropic 
polytropes by perturbing energy density as well as local anisotropy of the system. 

The inclusion of charge in stellar configurations yields interesting results. Takisa 
and Maharaj? formulated exact solutions of the field equations with polytropic EoS 
to model charged anisotropic compact object. We have studied charged conformally 
flat polytropic sphere and checked its viability®. Azam et al." observed cracking in 
charged sphere and found that stability regions increase by the increase of charge. 

This paper investigates the cracking of charged spherical anisotropic polytropes. 
The next section is devoted to construct the generalized Tolman Oppenheimer 
Volkoff (TOV) equation as well as mass equation for charged anisotropic fluid dis- 
tribution using two cases of polytropic EoS. In the section 3, we formulate force 
function by perturbing density and anisotropy and plot the results numerically. 
Finally, we conclude our results in the last section. 


2. Charged Anisotropic Matter Distribution 
We consider static spherically symmetric spacetime as follows 


ds? = —e" qt? + dr? + r? (d0? + sin? 6d?) . (1) 


1402 


'The energy-momentum tensor for charged anisotropic fluid is given by 
1 1 

Tw = (p + P.)VLY + Pi guy + (P, — P1)S,S, + 4n (5. SUB ey — iP ons) , 

(2) 
where P., Pi, V^ = e-"/28b, S# = e-M?6!, Fuy = buy — buy and $, are the 
radial pressure, tangential pressure, four-velocity, four-vector, the Maxwell field 
tensor and four potential, respectively. The Maxwell field equation F"*, = uoJ” 
(uo is the magnetic permeability and J^ is the four current) for our spacetime yields 
q(r) = 4x f Ce r?dr indicating total charge inside the sphere. The corresponding 
Einstein-Maxwell field equations turn out to be 


2 -Ay -—A 2 =A) -—A 
q e^A e *-1 q e^y e^-—i] 
8r + -z= ROC S SER a= " + " 
2 n 12 SU / / 
q [Vv V V/A V À 
8r P == = F= 
G Page ( 2'14 14 95 <) 
The corresponding Misner-Sharp mass leads to? 


A 
2r 
The conservation law, 7'5.,, = 0, yields the generalized TOV equation as 


r =A i, 2,4 4 
m(r) - 5 (1-e )+ => m = 4nr'p + —-. (3) 


P + y eri) == =0, (4) 


where A = P, — P,. 


The polytropic EoS is a power-law relationship between energy density and 


pressure. It has two possible cases given as® 


LL 
P= k= ko o p-po-nB, (5) 
14 
P,=kp'=kp't*, p (1 = 73 — po, (6) 


where y, k, n and po denote polytropic exponent, polytropic constant, polytropic 


index and baryonic density, respectively. For case 1, we construct generalized TOV 
equation by taking 


AT pe po Ar pon(§) 
= — 2 eae D. NR n = ————— 
P. -—op, €=TA, A= a(n4 D' $0 m m(r) AB OC (7) 


where subscript c indicates the value at the center, a, €, $9, 7 are dimensionless 
variables and A is constant. Using the variables along with Eq. (5) in (4) and (3), 
we obtain 


a(n T Ped 
1 — 290 : Ta abi e d®o jna at(n - 1P£9A + 2ra” peat 
a(n 4- 1)9o 4-1— na d£ 9 0? pc(n + 1)8€2 
An peg? 
3gn-l e = 
ð -— rA =O 8 
+a” +7 ENE , (8) 


Ampeq dq — dn 
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For case 2, we construct the structure equations by taking ®” = p/p.. Conse- 
quently, the TOV equation as well as mass equation turns out to be 


i RE + inr gd? T" o^ (n -- 1£3A + 21a? p20*8 
1 too dé o? pc (n + 1)3£? 
An peq? 
3qyn4-1 c 

® —————- 10 

+a + lamt (10) 
AT pe d d 

gana Linea do dn ai 


£o?(n--1))d& dé 


We see that Eqs. (8)-(11) form two systems of differential equations in three un- 


knowns for case 1 and 2, respectively. In order to reduce one unknown, we take 
B(Anr^ P. —q? 3 
= BU E (p + P.) (B is a constant). 


3. Cracking of Anisotropic Polytrope 


In order to observe cracking, the force function is given as 


CEE | OME ey 
dr r? — 2r?m + rg? P E 


R= (12) 


here 8 = 1 — 2B and R represents the force distribution function. We x 
matter variables for both cases through a set of parameters (k, 8) and (n, 8). We 


perturb Psi density and anisotropy via k — k = k--ók, 8 — B — 84-68, is 
— k 


P, = = kp, ti ues D = po + nwP, with w = £. Introducing the dimensionless 
variable R = ix i22 and using the perturbed parameters alongwith Eq. (7) in (12), 
we have 
" ~ n--1 4T peq? 
R — DIO. -na + aw(n + 1)80) Jf QE 90 — grum D, gn dbo qu 
B aED | Ampeg? — (^ 0 dE Amt’ 
]1-77R + Bat) 


(13) 
In equilibrium state, &(£, 1 + dw, B + 68,1 + ôn) = 0. After expansion, we obtain 


. OR aR aR 


OR = Su w= ien + Be lobie + p locia-ea- 1) 


Making use of perturbed parameters in Eq. (9), we obtain 


a a Ean EM "I POLL Jj £95 Ngo 
0 E25” o?£(n + 1)? (na) ~! (na) t — 
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Evaluating aR, m Bx from Eq. (13) and using the variable x = = in (14), we have 
s aß (n+1)o+1-n An peq? 
RI = da — 1) — — 
i À A G: [i (aA y CU D CDS 
(n + 1) Anp.q?x ? $0 G2G3 
=> ——— dw + ==) 
P I 1 ~ Ba(n + T) nfi(x) w+ z242G, B, 
(15) 
where 
2a(n + 1)n 4npcq? 
Gi = 1- —— + =, Gil ® 1), 
! Ax A’x?a(n +1)’ i LA ai 
7 At peq? 
G3 = n+ ox? Appt! = = is d 


rAa?(n + 1)? 


In cracking, 5R > 0 inside the sphere while 8R « 0 for outer regions, so SR = 0 for 
aR 4 OR p. (€) | ga 
oe w-LB-B4w 
op < 
Now, we perturb fluid variables via n > n =n + ôn, B > B = B + ô. In this 
scheme, Taylor’s expansion yields 


some value of £ implying ôw = -i$ with [ = 


In o d® 
SR = t| i o PTER E a neis Ix bg Gs + G2 c 
8m peq? G3G3 (2a Ar peq? 
nH lipota ES bur DM. Ln 
d QN cC WIE ;) Gi T Zs3o(n + 1)? 
Go 2a(n + 1) or a 
T ———— 5 16 
+ Gi (e + pr Jj ZON ón + Jg B, (16) 
where 
x l-n _ u E 
fo(x) = | se | = 58 
0 (432200) p= PHARO) 


oR ñ=n, =b, =n 
Er 
(17 
For case 2, the perturbed parameters (k, 8) lead to p = p+ dp = p+ $e B = 


p+nP,(1—w) yielding 


a d® aß An peg? 3 43 +2 
= 6" | — + ———_ 4 ®(1- — — —á A"a(1— n)&” 
ae = i A?2? 6G, l Te) ( x Ao? (n + 1)? A =) 


— n(1+a®) (1 + 20? A?z? (n + 1)o"*") Ho) dior TAE OT 
A 1 


(18) 
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where fa(z) = fj A°é?"+1d%. Similarly, perturbation of n and £ leads to 


M noe BGs 8m peq? 2G4 
R, = &” dr Jin OG A3; sqrt ee Ae i: NENNEN eee, 
" A A?x?6G { i el d Aro?(n--1) | AxGi 
2np.q^a- 2a(n + 1)G4 Q"G4Gs 
umido LN 1+ — ô —— —- 
a (n i Aa(n + 1)? id ges AxG, fala) ue A?z?G, Bs 
(19) 
where 
2 An peg? rà = . 
= 3843pntl re =1 o = A32 D” In Ode. 
G4 nN T oc z Áo? (n 4-1)? Gs Too, falz) 6 T n T 


We examine the stability of polytropic models by evaluating $9 , 9 and 7 with 
boundary conditions (0) = 0, ®o(0) = 1, o(s) = 0, (0) = 1, (£x) = 0, and 
use these results to plot force distribution functions. The graphical behavior of force 
distribution functions are shown in Fig. 1. The left graph of upper panel shows that 
9*5, is positive in the inner regions and becomes negative for the outer ones for all 
considered values of q thus ensuring the occurrence of cracking in the corresponding 
model. The right graph of upper panel shows that there is neither cracking nor 
overturning in OR» for all values of q. The left graph of lower panel indicates that 
95 exhibits stable behavior for q = 0.2Mpo while the strongest overturning appears 
for other two values of q. The plot of 9.4 for different values of charge shows stable 
configuration (right plot of lower panel). 
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Fig. 1. Plots for force functions versus z with q = 0.2Mo (cyan), q = 0.4Mo (black), q = 0.64Mo 
(magenta) and n = 1, a = 0.85, 8 = 1.5, T = 1.6 for left plot (upper panel), n = 1.5, — 0.90, 8 
0.5, = 1.4, q = 0.2Mo for right plot (upper panel), n = 0.5, & = 0.98, 8 = 1.5,T' = 0.6 for left 
plot (lower panel) and n = 1.5,a = 0.7, 8 = 1.5, 0.5 for right plot (lower panel). 
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4. Concluding Remarks 


This paper investigates the occurrence of cracking as well as overturning in charged 
anisotropic polytropic models. We have constructed the field equations for charged 
spherical anisotropic fluid obeying polytropic EoS. The TOV as well as mass equa- 
tions in terms of dimensionless variables are formulated for two cases of polytropic 
EoS. We have perturbed energy density and pressure anisotropy of a system in 
two ways. Firstly, we have introduced perturbations through parameters (k, 3) and 
constructed the force distribution function (8584) in terms of perturbed parameters 
describing total radial forces present in a system. The graphical analysis of 9&4 
indicates the appearance of cracking for all choices of parameters thus leading to 
unstable configurations for this case. Secondly, we have used (m, 8) as perturba- 
tion parameters and constructed dR». It is found that the resulting models are 
stable towards perturbations. For case 2, we have followed the similar procedure 
and constructed SR as well as 0&4. It is found that polytropic models are un- 
stable for perturbation in (k,8), while the perturbation of (n, 8) leads to stable 
matter configuration representing relativistic polytrope. We have observed that 
charged matter distribution leads to stable configurations for (n, 8) perturbation 
while polytropic models remain unstable by perturbing (k, 8). The uncharged mat- 
ter distribution exhibits cracking as well as overturning*. However, the inclusion of 
charge in anisotropic fluid distribution has a dominant effect on polytropes which 
leads to stable models. 
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We investigate the conformal invariant Lagrangian of the self-gravitating U(1) scalar- 
gauge field on the time-dependent Bondi-Marder axially symmetric spacetime. By con- 
sidering the conformal symmetry as exact at the level of the Lagrangian and broken in 
the vacuum, a consistent model is found with an exact solution of the vacuum Bondi- 
Marder spacetime, written as gu» = w?Juv, where w is the conformal factor and Juv 
the ‘un-physical‘ spacetime. Curvature could then be generated from Ricci-flat Juv by 
suitable dilaton fields and additional gauge freedom. If we try to match this vacuum 
solution onto the interior vortex solution of the coupled Einstein-scalar-gauge field, we 
need, besides the matching conditions, constraint equations in order to obtain a topolog- 
ical regular description of the small-scale behaviour of the model. Probably, one needs 
the five-dimensional warped counterpart model, where the warp factor determines the 
large-scale behavior of the model. This warp factor is determined by the Einstein field 
equations for the five-dimensional warped space, where only gravity can propagate into 
the bulk. The warped five-dimensional model can be reformulated by considering the 
warp factor as a dilaton field conformally coupled to gravity and embedded in a smooth 
Ma & R manifold. It is conjectured that the four-dimensional conformal factor is related 
to the dilaton field of the five-dimensional counterpart model. The dilaton field (alias 
warp factor), has a dual meaning. At very early times, when w — 0, it describes the 
small-distance limit, while at later times it is a warp (or scale) factor that determines 
the dynamical evolution of the universe. However, as expected, the conformal invariance 
is broken (trace-anomaly) by the appearance of a mass term and a quadratic term in the 
energy-momentum tensor of the scalar-gauge field, arising from the extrinsic curvature 
terms of the projected Einstein tensor. These terms can be interpreted as a constraint in 
order to maintain conformal invariance and the tracelessness of the energy-momentum 
tensor could then be maintained by a contribution from the bulk. By considering the 
dilaton field and Higgs field on equal footing on small scales, there will be no singular be- 
havior, when w — 0 and one can deduce constraints to maintain regularity of the action. 
We also present a numerical solution of the model and calculate the (time-dependent) 
trace-anomaly. The solution depends on the mass ratio of the scalar and gauge fields, 
the parameters of the model and the vortex charge n. 


Keywords: Warped Spacetimes; Conformal Invariance; Gauged Scalar Field; Gravita- 
tional Waves; Axial Symmetry. 


1. Introduction 


1-3 
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There is a urgent necessity for a description of gravity on small scales. Modifica- 
tions of standard general relativity (GR) seems to be necessary in order to overcome 
the serious problems which one encounters when one decreases the scale closer to 
the Planck scale, where quantum effects come into play. This quantum approach 
has not yet been reconciled with the curved spacetime of GR. An elegant 
to modify GR was given by Randall and Sundrum (RS), i.e., the warped five- 
'The model can be regarded as the low-energy limit of 


way 
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general higher-dimensional theories which more fully address the particle interac- 
tions. Gravity can propagate freely into the 5D bulk, whereas the standard model 
fields are constrained to the 4D hypersurface. The hierarchy problem in these 
models would be solved and the cosmological constant and dark matter can be 
emergent *°. The characteristic warp factor in the RS-model can also be considered 
as a dilaton field in conformal invariant (CI) models9 5. 

CI in GR can be a promising formalism for disclosing the small-distance struc- 
ture of GR. It can be considered as an exact local CI, spontaneously broken as in 
the case of the BEH mechanism. It is a controversial alternative method to describe 
canonical quantum gravity, because one is saddled with serious anomalies? !!. The 
key problem is perhaps the handling of asymptotic flatness of isolated systems in 
GR, specially when they radiate and the generation of the metric g,, from at least 
Ricci-flat spacetimes. Close to the Planck scale one should like to have Minkowski 
spacetime and somehow curvature must emerge. Curved spacetime will inevitable 
enter the field equations on small scales. The first task is then to construct a La- 
grangian, where spacetime and the fields defined on it, are topological regular. This 
can be done by considering the scale factor (or warp factor in higher-dimensional 
models) as a dilaton field besides the conformally coupled scalar field. The same 
procedure can be applied to the 4D spacetime and one can try to generate from 
(Ricci)-flat spacetimes physical acceptable spacetimes in the non-vacuum case. It is 
known since the 70s!?, that quantum field theory combined with Einstein’s gravity 
runs into serious problems. The Einstein-Hilbert(EH) action is non-renormalizable 
and it gives rise to intractable divergences at loop levels. On very small scales, due 
to quantum corrections to GR, one must modify Einstein's gravity by adding higher 
order terms in the Lagrangian like R?, Ry, R"" or Ry, RM’? (or combinations of 
them). However, serious difficulties arise in these higher-derivative models, for ex- 
ample, the occurrence of massive ghosts which cause unitary problems. A next step 
is then to disentangle the functional integral over the dilaton field from the ones over 
the metric fields and matter fields. Moreover, it is desirable that all beta-functions 
of the matter lagrangian, in combination with the dilaton field, disappear in order 
to fix all the coupling constants of the model. Further, conformal invariance of the 
action with matter fields implies that the trace of the energy-momentum tensor is 
zero. À theory based on a classical *bare" action which is conformally invariant, will 
lose it in quantum theory as a result of renormalization and the energy-momentum 
tensor acquires a non-vanishing trace (trace anomaly). We consider here the break- 
ing of conformal invariance in conventional Einstein theory and will not enter into 
details of these quantum-gravity problems. It is conjectures that conformal symme- 
try is exact at the level of the Lagrangian and only broken in the vacuum, just as the 
BEH mechanism in standard model of particle physics. This approach can even be 
an alternative to supersymmetry and the dark energy problem. Because our axially 
symmetric model can easily transformed to spherical symmetry, it is clear that our 
conformal invariant study of the self-gravitating coupled scalar-gauge field on an 
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axially symmetric spacetime make sense in studying the small scale properties. We 
describe here an example of CI on an axially symmetric Bondi-Marder spacetime 
with a U(1) gauged scalar field in the interior. 


2. The field equations of the model 


We consider here the time-dependent axially symmetric spacetime suitable for the 
description of matter-filled regions of space? 1? 


ds? = e7?” [e (ap? — dt?) + Pde? | + ett dz", (1) 


where v, y and p are functions of t and p. The spacetime Eq. (1) is not suitable, 
because we would have Tu +Tpp=0. This is not the case for cosmic strings. Further, 
we don't make yet a gauge choice, such as the usual one e" — p. For the matter 
distribution we choose the scalar-gauge field 


; p-— 
=X", A, = [0,0,0, n 


I (2) 


with potential V = $A(99* — 7°)”. X and P are functions of t and p. The vacuum 
expectation value of the Higgs field is 7, n is the winding number, A the Higgs cou- 
pling constant and e the electric charge of a Cooper pair. For a detailed treatment 
of this ®* gauge model, which is heuristically equivalent with the Ginsburg-Landau 
theory of superconductivity, we refer to the text book of Vilenkin et al.!5. The 
starting point is the action 


1 1 1 1 
I 4, mi eem E NV a eo 7: = 2 4242 
s- fa ry E (n 2A) - zD,9(D^9)* — Fag F? — ZA? — gy]. 
(3) 


with Fab = ab — Oy A, the electro-magnetic field tensor. The gauge-covariant 
derivative is Da = 0, + ieA,. The field equations become (for the moment with 
A — 0) 


G up = al vine (4) 
aV 
H — = 
D,D$ — 27 =0, (5) 
and 
1 
V" Fun — zie KZJ » $*(D,8) =0, (6) 


with Tv the energy momentum tensor. Written out in components, the equations 
become 


1 1 0,P? — ð, P? 
Ou) = Oooh + ont tO UO, — vp — PL +k? Gik 


-Atene ~ 1)? — ne? 
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0 —0 25 ð 2. 8 2 2 len — 1)2 4 RO PP 
ttl = MHT n pH + Opp tH FK A n € ye (p, 


2 
Oty = Oppy + Op — On + 2(0, Opp — pdu) — D pH 
K? [es a, P? = gP? 


ip T +n? (3, X? — aX?) 
— Fate? — 1)? — ne ii , (9) 
Ou X = lpp X + i + 0,XO0,u — OVX diu — - — Dyan? ONE = 1), 
(10) 
OnP = OppP — on + 0,P(20, + Op) — AP (28 + Ou) + en? e? 2% x? p. 
(11) 


These equation can be solved numerically?" and the well-know solutions of the 
scalar field and gauge field are expected !?. There is still a constraint equation from 
the (t,r)-component. In order to match this solution with the exterior vacuum 
solution, we need the exact solution of the exterior. Marder!* already pointed out, 
from a physical point of view, that the concept of a smooth pulse wave of finite 
duration (apart from a residual “tail”) is more acceptable than a wave motion that 
has to take an infinite time to its present state. 


2.1. The exact vacuum solution 


In the vacuum situation one can solve the equations for the metric components. We 
find 


[Ar sinh( Verp) + 82 cosh(/cip) fae? Vt + B, 
V = G1(p — t) + e^ V?! Go(p + t) + In(p), (13) 
y = Gs(p — t) + Galp +t) + In(p) qom sin?(p + t) 
Ade Vert [sin(p +t) + : (cos(2t) — cos(2p) + Vasin(2p))| i (14) 
cq +4 


with G; arbitrary functions in the arguments and ĝ;,cı some constants. We took, 
for the time being, 6; = 82 = 83 = 1,64 = 0 and €, = sin(p—t) and G2 = cos(p+t). 


3. The conformal invariant model 


Conformal invariance(CI) is an approved property in string theory by the AdS/CFT 
correspondence, where a conformal field theory sits on the boundary of the AdS. 
In CI GR with (quantum) matter fields, the dilaton field plays a fundamental role. 
In the low-energy limit the dilaton field can act as a dynamical warp factor in 5D 


1411 


warped spacetimes, while in the small-distance limit the dilaton fields can be used 
to generate from (Ricci-) flat spacetimes non-flat spacetimes. The Einstein-Hilbert 
(EH) action can be reformulated by focusing on local conformal symmetry as an 
exact but spontaneously broken symmetry. Performing a conformal transformation 
on a spacetime manifold, means that we change our standard measuring rods and 
clocks. This change is not the same in different points in spacetime. In other words, 
we multiply the spacetime metric by a kind of scalar field (or dilaton field). 


3.1. The interior 


Let us rewrite the metric of Eq. (1) as 
ds? = w? E + dp? +e?" dz? + plea ; (15) 


2T 


where we wrote e19*24—2» = e?" and w? = e?Y-?9, So we define a metric g,, by 


gu» — Gur. Further, we define ® = 46. The action 
S= J edv + a?)R = L FaF 
-5(D. Soy  8,0*9) — V (8,8) - gg Ao], (16) 
is then local conformal invariant under the transformation guy > (?g,,, 9 > go 


and w 9 qu. We redefined à? = se Varying the Lagrangian, we obtain the 


field equations for the metric components, the scalar field, the gauge field and the 
“dilaton” field ™8. 


^ 1 [y] b.c T I- = = D ^» 
Gw = ape +T TO + go hes rio F gy, V (9.3). (17) 
1. ow 1 
V*0,0— -Ro — — — -ARD = 0 18 
"C8 Oo 8 aa 
a D Lx oV gv a P (5 (5* P 
D*Dað -R3 -=h VF = ;«(8(0,9) -$ D,®), (19) 
with 
E 1 
TP = Rue {one Fap F^? , (20) 
To) — (v 8,99* — 5, V araa) 
m uev py Va 
= [D, (D, + (D,9)* D, — Ju» D, 9(D^9)*| (21) 
and 
"m - 1 
TO) = (¥ 0.0" — GuvVad%@") — 6(3 03,0 — 59 uv Oaiv0"%)) (22) 


Newton’s constant reappears in the quadratic interaction term for the scalar field. 
The trace of Eq. (17) is~ K?n?A@?X?. It is not possible to isolate the equation for 
à, as expected. 
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3.2. The vacuum exterior 


Without matter fields one can solve the field equations exact. Varying the Einstein- 
Hilbert action 
/—g = " 
pv" EUN (^R + 69!” ywO,w) ; (23) 
with respect to g,,, and w, one obtains 


u^ Gav = Vu Viu? — gu, Va V? uw — 60,0,u + 39,,040w = TU? (24) 


pv? 
Z l 
VEO Ww — g^ P =0. (25) 


One can easily verify that 'TR(G,,, — d = 0. So the trace of any matter 
field contribution must be zero. From the Einstein equations, Eq. (24) and the w 
equation, Eq. (25), we can separate the equation for w 


Out) = Oppw + L (Bx? — 040?) + vw. (26) 


The solution is (we use the subscript E for exterior) 


Fig. 1. Some example plots of wg of Eq. (27) for different values of the constants c; and v. 


wes Ac G^ e) bop? eter (27) 


with Ç; and A integration constants. The constant v enters the equation by the 
separation of variables in the Einstein equations. In Fig. 1 we plotted some typical 
solutions. Finally one finds the exterior metric 


de! AP [eto moth anao gra 4 dp?) 
[E i ó1e- VIt) (evap ge Se Ya " 
AE Ue LEN Le E dg 


010» 
(eV 91* + á3e V it)? (ev 920 4 jeTV’)? — , 
o I (28) 
0105 


where 91 = (3 +a +0) 02 = (@+vuta+G), 0} = (G@-a+G),% = 
(C3 +u—co+2). c; are integration constants. One can generate exact (Q-)conformal 
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equivalent spacetimes from g,,. One can easily verify that the Bianchi identities are 
fulfilled. Constraint equations can found for ðw. Ricci-flat solutions will restrict 
the values for the several parameters. At the boundary, we have now exact values 
of the metric components, which can be used for the interior solution. The two 
line elements will be isometric at the boundary surface for the well-known junction 


conditions?, 


4. Connection with the 5D warped spacetime 


In the 5D warped counterpart model? on the spacetime 


r2 


ds? = W(t, r, y)? ernir aue gia + dr?) + etr) dz? + Ate] + dy’, 
(29) 
we found a typical solution for the warp factor 
Ww? = cue (due z dae (27) (ase E dae- (777). (30) 
If we define 
© guv = Ws (t, r)’ Waly) õu + nun/I (y)?, (31) 


then W, could be identified as dilaton field or “warp factor" coming from the bulk, 
while W3 is equals the well-know warp factor in the RS brane world model!^. 
The metric j,, is equals our Gv = w?g,, of Eq. (15). In the former study’, a 
numerical solution was found in the coupled Einstein-scalar-gauge field model, and 
the trace anomaly could possibly be solve due to contributions from the bulk. The 
solution for Wi follows solely from the 5D Einstein equations with empty bulk 
(eventually with a cosmological constant A5). The question is, can we in some way 
relate W, to the dilaton field © of section 3-1? After all, information about an 
extra dimension is visible as a curvature in a spacetime with one fewer dimension. 
The Wj-field need to be shifted to a complex contour to ensure that Wj, has the 
same unitary and positivity properties as the scalar field. One can easily check 
that Wı has complex solutions. Further, the effective 4D Einstein equations of the 
warped model contain extra terms arising from the extrinsic curvature terms in the 
the projected Einstein tensor and the projected Weyl tensor?. When approaching 
smaller scales in the model and W; — 0, no singular behavior occurs due to the 
fact that the scalar field is present in the Lagrangian, which could be handled 
on the same footing as the dilaton field. For later times, on cosmological scale, 
Wi behaves as a “standard” warp factor. The Q transformation is necessary as a 
conformal “gauge” in order to make a renormalizable model. As 't Hooft stated?, 
“We get a renormalizable gauge if we decide to choose our conformal factor Q in 
such a way that the amount of activity in a given spacetime volume is fixed or at 
least bounded”. It is then conjectured? that close to the Planck scale the conformal 
invariance is spontaneously broken due to the contributions of additional terms like 
(Ruy R!” — $R?) and k?n? AG? X? in the action. 
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5. Conclusions 


We investigated the coupled Einstein-scalar-gauge fields using a conformally invari- 
ant Lagrangian. We compare the exterior exact vacuum solution with the spacetime 
of an infinite line-mass and semi-infinite line-mass. We find a simple example of 
conformally equivalent (Ricci-) flat spacetimes w?g,,,. This solution must then be 
matched on the non-vacuum solution of the cosmic string at the core. In order 
to obtain tracelessness of the energy momentum tensor, additional constraints are 
necessary. It is conjectured that a contribution from the bulk in the 5D counterpart 
model is needed to make the energy momentum tensor traceless. The conformal 
symmetry, if exact, can be broken spontaneously. This means that we need addi- 
tional field transformations on the vacuum spacetime. 
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We present a static axisymmetric solution of Einstein’s field equations. Assuming that 
the deviation from spherically symmetry is small, we linearize the corresponding field 
equations with the perfect fluid source and up to the first order in quadrupole. 


Keywords: Quadrupole moment; linearized field equations; q-metric; perfect fluid. 


1. Introduction 


Einstein’s theory of General relativity (GR) is one of the best candidate to describe 
the gravitational field of astrophysical compact objects. According to the GR all the 
information about the gravitational field should be contained in the metric tensor 
which must be a solution of Einstein’s equations. It is well known that the exterior 
field of an arbitrarily rotating mass can be described by the Kerr spacetime!. The 
kerr solution has not an internal counterpart, this is a major problem in classical 
general relativity”. In view of this situation, We consider alternative approaches 
that contains the quadrupole moment. The quadrupole moment is responsible for 
the deformation of any realistic mass distribution. 

In a recent work?, it was proposed to use the Zipoy-Voorhees transformation ^? 
to generate the quadrupolar metric (g-metric), which can be interpreted as the 
simplest generalization of the Schwarzschild metric. Consequently, this metric can 
be used to describe the exterior gravitational field of deformed distributions of mass. 
The question arises whether it is possible to find an interior metric that can be 
matched to the exterior one in such a way that the entire spacetime is described as 
a whole. One usually assumes that the matter inside the object can be described by 
a perfect fluid with two physical parameters, namely, energy density and pressure. 
In this work, we will concentrate on the problem of perfect-fluid solutions, without 
considering the rotation parameter. 

This work is organized as follows. In Sec. 2, we consider the q-metric as describ- 
ing the exterior gravitational field of a deformed source with mass and quadrupole 
moment. In Sec. 3, we present the exact equations for a perfect fluid source. In 
Sec. 4, we construct the approximate line element with a quadrupole moment and 
we present some particular vacuum solutions. Finally, Sec. 5 contains discussions 
of our results. 
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2. Exterior q-metric 


If we start from the Schwarzschild solution and apply a Zipoy-Voorhees transfor- 
mation*® the new line element can be written as 


25n?0N 0*9 / Grd 
MA) — pene) +r? sin? ode? 
: 


(1) 


ds? = h'*%dt? — 2 (: + 


where h = 1 — 2m/r. 

In? it was shown that this is the simplest generalization of the Schwarzschild so- 
lution that contains the additional parameter q, which describes the deformation of 
the mass distribution. In the literature, this metric is known as the Zipoy-Voorhees 
metric, delta-metric, gamma-metric and q-metric’. A stationary generalization of 
the q-metric has been obtained in?. The physical interpretation of the parameters 
m and q can be clarified by calculating the invariant Geroch multipoles?. 

A study of the curvature of the q-metric shows that the outermost singularity is 
located at r — 2m, a hypersurface which in all known compact objects is situated 
inside the surface of the body. This implies that in order to describe the entire 
gravitational field, it is necessary to cover this type of singularity with an interior 
solution. 


3. Interior metric 


In this work, we will concentrate on the case of static perfect fluid spacetimes. Our 
experience with numerical perfect fluid solutions! indicates that for the case under 
consideration the line element 


2 2 egt f dr? 2 p? 2 
ds = ae -Z (as) -Eao ; (2) 
is particularly convenient. Here f = f(r,0), y = y(r,0), u = u(r,0), and h = h(r). 
A redefinition of the coordinate r leads to an equivalent line element which has been 
used to investigate anisotropic static fluids '?. 

The Einstein equations for a perfect fluid with 4-velocity Ua, density p, and 
pressure p (we use geometric units with G = c = 1) 


I 
Rag — 5 Rgag = 8n (o + p)UaU a — Pgap] - S 


'The field equations can be represented as two second-order differential equations for 
u and. f. Moreover, the function y is determined by a set of two partial differential 
equations which can be integrated by quadratures once f, u, p, and h are known. 

In!? we discussed properties of the field equations and presented a new method 
for generating perfect fluid solutions of the Einstein equations, starting from a given 
seed solution. 
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4. Approximate metric with quadrupole 


For understanding influences of quadrupole moment to the structure of spacetimes 
we consider the case of a slightly deformed mass. Our approach consists in postu- 
lating the interior line element and evaluating the energy-momentum tensor from 
the Einstein equations, a method which was first proposed by Synge and has been 
applied to find several approximate interior solutions P^, 

'To find the corresponding interior line element, we proceed as follows. Consider 
the case of a slightly deformed mass. This means that the parameter q for the 
exterior q-metric can be considered as small and we can linearize the line element 


as 


ds? = h (1 + qln h) d? — r° (1 — qln h) sin? 0d? 
2 d 2 
— |1 +qlnh— 2q1ln (r+ mme) (Soa) (4) 
T 


We will assume that the exterior gravitational field of the compact object is de- 
scribed to the first order in q by the line element (4), which represents a particular 
approximate solution to Einstein's equations in vacuum. 

To construct the approximate interior line element, we start from the exact 
line element (2) and use the approximate solution (4) as a guide. Following this 
procedure, an appropriate interior line element can be expressed as 


d 2 
ds? = e*”(1 + qa)dt” — [1+ q(c +d) cm — [1 g(a + b)] r? ae? 


T 


— (1 — qa)r? sin? 0d? , (5) 


where the functions v = v(r), a = a(r), c = c(r), m = m(r), and b = b(r,0). 


Although there exists quite a large number of approximate solutions such as!61* 15 
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and in it was shown that the different approaches under diverse circumstances 


turn out to be equivalent from a mathematical point of view. 


4.1. Vacuum solution 


To test the consistency of the linearized approach, we will derive explicitly the 
approximate vacuum q-metric (4). The details of this derivation will be presented 
elsewhere. The final expression for the metric fucntions 
1 2m agm? 
»-gn(1- 2) ta, a—c-2 — s, (6) 
r 


(r= m? 
where a; and o» are dimensionless integration constants. The remaining system of 
partial differential equations can be integrated in general and yields 


Qam 1 


TN e o3 (1 29) toa, (7) 


ee (1-22) eas (8) 
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2 2 ? sin? 0 
p SEIN — (a3 — a2) fin2 +n EE] +5 , (9) 
r r 


r=m 
where we have replaced m = m = const. in the remaining equations. a3, a4 and 
as are dimensionless integration constants. 

Thus, we see that the general approximate exterior solution with quadrupole 
moment is represented by a 5-parameter family of solutions. The particular case 


a,=0, Q2 —0, Q3 —2, & -—0, a5 = 21n2, (10) 


corresponds to the linearized q-metric as represented in Eq. (4). Another interesting 
particular case corresponds to the choice 


0170, o3—05, 04-20, o5-0, (11) 


which leads to the following line element 


2 
ds? — (: 2 =) (: — — dt? — (: + — r? sin? 0d 
r r—m r—m 


_ 2 
" h " ——— dr’ (: F — Pe (12) 
T 


q — 2m 
F 


This is an asymptotically flat approximate solution with parameters m, q and a». 
The singularity structure can be found by analyzing the Kretschmann invariant 
k= Ia RSS which in this case reduces to 
48m? r m 
K= =. (1 + qaa +o) f (13) 


r—m 


where the term proportional to q? has been neglected due to the approximate char- 
acter of the solution. We see that there is a central singularity at r = 0 anda 
second one at r = m. We conclude that the solution (12) describes the exterior 
field of two naked singularities of mass m and quadrupole q. The parameter a2 can 
be absorbed by redefining the constant q and so it has no special physical meaning. 
In the general solution (7)-(9), the additive constants a4 and os can be chosen 
such that at infinity the solution describes the Minkowski spacetime in spherical 
coordinates. This means that non asymptotically flat solutions are also contained 
in the 5-parameter family (7)-(9). This is the most general vacuum solution which 
is linear in the quadrupole moment. To our knowledge, this general solution is new. 


4.2. Perfect fluid case 


We now apply the approximate line element (5) to the study of perfect fluid solu- 
tions. First, we note that in this case the conservation law reduces to 


Pr —-(p-^ p), , po=0. (14) 
Calculating the second derivative p rọ = 0, the above conservation laws lead to 


p,0 = 0 , (15) 
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implying that the perfect fluid variables can depend on the coordinate r only. Notice 
that this does not imply that the source is spherically symmetric. In fact, due to 
the presence of the quadrupole parameter q in the line element (5), the coordinate r 
is no longer a radial coordinate and the equation r —constant represents, in general, 
a non-spherically symmetric deformed surface??, 


'The corresponding linearized Einstein equations can be represented as 
(0) (a) (0) (a) 
Gi + qG,, — 81 | Tj, +T |, (16) 


where the (0)-terms correspond to the limiting case of spherical symmetry. As for 
the energy-momentum tensor, we assume that density and pressure can also be 
linearized as 


P(r) = po(r) +q pilr), p(r) = po(r) + apx(r), (17) 


in accordance with the conservation law conditions (14) and (15). Here, po(r) and 
po(r) are the pressure and density of the background spherically symmetric solution. 
If we now compute the linearized field equations (16) for the line element (5), we 
arrive at a set of nine differential equations for the functions v, M, a, b, c, and py. 
After lengthy computations, it is then possible to isolate an equation that relates 
pi(r) and b(r, 0) from which it follows that 


be =0. (18) 


This means that for the particular approximate line element (5), the field equations 
for a perfect fluid do not allow the metric functions to explicitly depend on the 
angular coordinate 0. To search for concrete solutions which can be matched with 
an exterior metric with quadrupole, it is necessary to modify the exterior metric 
accordingly. We will see that this approximate exterior solution can be used together 
with the interior line element (5) to search for approximate solutions with a perfect 
fluid source. Taking into account that the conservation laws and the approximate 
field equations for a perfect fluid imply that the physical quantities p and p and the 
metric function b depend only on the spatial coordinate r. 


5. Conclusions 


In this work, we have investigated approximate interior and exterior solutions of 
Einstein’s equations in the case of static and axially symmetric perfect fluid space- 
times, which characterized by an arbitrary mass and a small quadrupole moment. 

We analyze the corresponding linearized field equations and derive several classes 
of new vacuum and perfect fluid solutions. 

We limit ourselves to the study of interior solutions that can be matched with 
the exterior g-metric. We only considered the simple and idealized case of a static 
mass distribution with a small quadrupole. 
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'The resulting system of differential equations for the functions of the interior 
metric indicates that one can try to find analytical solutions, at least in the case of 
a slightly deformed mass distribution. To study more realistic configurations, it is 
necessary to take into account the rotation the exact quadrupole of the mass. We 
expect to investigate these problems in future works. 
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PLANCK SCIENTIFIC COLLABORATION (ESA) 
presented to Jean-Loup Puget, the Principal Investigator of the High Frequency Instrument (HFI). 


"for obtaining important constraints on the models of inflationary stage of the Universe and level of 
primordial non-Gaussianity; measuring with unprecedented sensitivity gravitational lensing of Cosmic 
Microwave Background fluctuations by large-scale structure of the Universe and corresponding B- 
polarization of CMB, the imprint on the CMB of hot gas in galaxy clusters; getting unique information about 
the time of reionization of our Universe and distribution and properties of the dust and magnetic fields in 
our Galaxy" 


Planck ESA's mission, 
was designed to image 
the temperature and 
polarization 
anisotropies of the 
CMB over the whole 
sky, with unrivalled 
angular resolution and 
sensitivity, pushing the 
technology to 
unprecedent limits. In 
the framework of the 
highly precision 
experimental 
cosmology the legacy 
Planck results on 
: testing theories of the 
Photo of the Planck satellite early universe and the Planck focal plane (Courtesy of ESA) 
(Courtesy of ESA). origin of cosmic 

structure, has provided a major source of information crucial to many 
cosmological and astrophysical issues. Planck carried out two instruments: 
- the High Frequency Instrument (HFI), Principal Investigator: Jean Loup Puget; 
- theLow Frequency Instrument (LFI), Principal Investigator: Nazzareno Mandolesi. 
The instruments were complementary and using different technology to cross check independently final 
results and systematic errors. They worked together to produce the overall mission results. The Planck space 
mission (ESA) has been a wonderful example of Team effort in a large international collaboration, involving 
scientific, technical and managerial aspects. The unprecedented accuracy of the Planck measurements have 
established new standards in the determination of fundamental cosmological parameters, as well as new 
insight in Galactic and extragalactic astrophysics. The Planck full-sky maps in temperature and polarization 
will remain a lasting legacy for at least dozen years to come. More than 100 papers signed by Planck 

E collaboration have already 30 000 KE 

citations in scientific literature. The 
success of Planck HFI and LFI would 
not have been possible without the 
contribution of a large number of 
talented and dedicated scientists and 
engineers from many countries of 
Europe, USA and Canada. HFI was 
designed to produce high-sensitivity, 
multi-frequency measurements of the 
diffuse radiation permeating the sky in 
all directions in the frequency range of 
84 GHz to 1 THz cooled at 100 mK. 
The instrument consisted of an array 
of 52 bolometric detectors placed in the focal plane of the telescope. LFI, a microwave instrument, was 
designed to produce high-sensitivity, multi-frequency measurements of the microwave sky in the frequency 
range of 27 to 77 GHz. The instrument consisted of an array of 22 tuned radio receivers located in the focal 
plane of the telescope, cooled at 20 K. 


Jean Loup Puget - PI of the HFI. Nazzareno Mandolesi - PI of the LFI. 
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HANSEN EXPERIMENTAL PHYSICS LABORATORY AT STANFORD UNIVERSITY 


presented to Leo Hollberg, HEPL Assistant Director 


"to HEPL for having developed interdepartmental activities at Stanford University at the frontier of 


fundamental physics, astrophysics and technology" 


Brief History of Stanford's HEPL and Ginzton 
Laboratories 


In 1947, working in the Stanford Physics 
Department's Microwave Lab, Physics 
Professor, William W. Hansen and his 
research team, along with Assistant 
Professor of Physics and microwave 
expert, Edward L. Ginzton, completed 
development on the world's first traveling 
wave electron linear accelerator. Dubbed the Mark I (see 
photo) it generated a 1.5 million electron volt (MeV) beam. 
Hansen's entire report to the U.S. Office of Naval Research 
(ONR) that funded the project was just one sentence: "We 
have accelerated electrons." 

This successful first step in linear electron acceleration 
spawned the birth of Stanford's High Energy Physics Lab 
(HEPL) and Ginzton labs. In 1990, HEPL was renamed the 
WW Hansen Experimental Physics Lab (also HEPL). 
HEPL and Ginzton were setup as Stanford’s first 
independent labs. They were organized to facilitate cross- 
disciplinary research, enabling scientists, engineers, staff 
and students to work towards common research goals using 
cutting edge lab equipment and technologies on medium- 
scale projects. For the past 70 years, the HEPL and Ginzton 
Labs have spearheaded Stanford's leadership in cross- 
disciplinary physics and become nurturing homes to a 
variety of physics-based, research projects: including the 
following examples: 


Robert H ofstadter’s Nobel Prize & Later Work 

In 1961, Stanford Professor Robert Hofstadter was awarded 
the Nobel Prize for his HEPL Mark III Linear Accelerator 
work on nuclear form factors (nucleons). In the 1980s, 
Hofstadter became interested in astrophysics and helped 
design the EGRET telescope in the NASA Compton 
Gamma Ray Observatory (CGRO). 


Probe B (GP-B 

In 1959, Physics Department Chair, 
Leonard Schiff, became interested in 
using gyroscopes in a satellite to measure 
the Earth's geodetic effect and the 
miniscule frame-dragging effect 
predicted by Albert Einstein's general 
theory of relativity. Schiff discussed this 
project with Stanford cryogenic 
physicist, William Fairbank, and gyroscope expert, Robert 
Cannon (Aero-Astro department). 

In 1962, Fairbank invited post-doc, Francis Everitt, to join 
the research effort. The team sent a proposal to NASA’s 
Office of Space Sciences requesting funding to develop 
gyroscopes and a satellite to carry out this unprecedented 
test. It took 40 years of R&D at Stanford and other places to 
create and ready the cryogenic satellite and all of its 
cutting-edge technologies for launch. In 1975, Leonard 
Schiff moved the GP-B program to HEPL, breathing new 
life into the lab. In 1981, Francis Everitt became Principal 
Investigator, a position he still holds. In 1984, Brad 
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Parkinson became Project Manager and a Co-PI, along with 
Co-PI’s John Turneaure and Daniel DeBra. 

On 20 April 2004, GP-B launched from Vandenberg AFB 
into a polar orbit. Data collection began on 28 August 2004 
and lasted 50 weeks. Data analysis took five years in order 
to remove confounding factors in the data. The final results, 
published in PRL on 31 May 2011, yielded highly accurate 
geodetic and frame dragging measurements, with 0.2896 
and 19% margins of error, respectively. 


GPS Spinoffs from GP-B 

In the 1990s, Brad Parkinson's research on GPS solutions 
for positioning the GP-B satellite led to two revolutionary 
spin-off projects: 1) Wide Area Augmentation System 
(WAAS) provides highly precise positioning accuracy and 
itegrity for navigation and the automatic landing of 
airplanes and 2) Precision Farming adding GPS technology 
to tractors has enabled the automation of many aspects of 
farming and has spawned a $1 billion/year industry. 


Fermi Gamma Ray SpaceT elescope (GL AST) 

Stanford Physics Professor, Peter 
Michelson, is a former HEPL Director and 
the Principal Investigator for the Large 
Area Telescope (LAT) on board NASA's 
Fermi Gamma Ray Space Telescope, the 
successor to CGRO/EGRET. Launched on 
11 June 2008, Fermi has been highly 
successful mapping the gamma-ray sky. Under Michelson's 
guidance, HEPL’s collaborations with Italy are 
noteworthy. The development of cryogenic bar detectors of 
gravitational waves, in collaboration with Edoardo Amaldi 
and his colleagues, established new stringent upper limits to 
the gravitational waves incident on the Earth. Likewise, the 
Fermi LAT was developed by a collaboration between 
Italian INFN and ASI, NASA, and international partners in 
France, Japan, and Sweden, and used tracking detectors 
developed, integrated, tested, and qualified for the mission 
by Italy. GP-B provided the first evidence of frame- 
dragging on a spinning, superconducting gyroscope. The 
Fermi detector offers the potential of seeing, through the 
GeV emission in the Binary Driven Hypernova subclass of 
long GRBs, the emission from a newly born Black Hole, 
originating in the induced gravitational collapse of a 
supernova hypercritically accreting on a binary neutron star 
companion. 


Robert Byer'sLIGO and ACHIP Projects 

—-— Robert Byer, former Stanford Dean of 
Research and former HEPL Director, nurtured 
the GP-B, GPS and Fermi programs to 
success during his tenure. He is currently an 
Applied Physics Professor specializing in 
lasers and optics. His LIGO Group provided 
seismic isolation, coatings and materials for the LIGO 
observatories. His ACHIP project is developing a particle 
accelerator on a microchip—bringing the HEPL/Ginzton 
Labs full circle to — Hansen's 1947 research. 


Peter Michelson, Fermi 
LAT Principal investigator 


Professor Robert Byer 
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Professor LYMAN PAGE 


"for his collaboration with David Wilkinson in realizing the NASA Explorer WM AP mission and as founding 
director of the Atacama Cosmology Telescope" 


k Y. 

Lyman Page David Wilkinson 
This award is given in recognition of Lyman Page's pivotal role in transforming cosmic microwave 
background observations into a high-precision experimental science over the past two decades. In particular 
Page provided major contributions to the success of the Wilkinson Microwave Anisotropy Probe (WMAP) 
space mission, which delivered outstanding measurements of the CM B anisotropy and polarization pattern. 
Heis now continuing his effort by promoting a new generation of experiments like the A tacama Cosmology 
Telescope to study CM B polarization to greater precision. 


The CMB, the faint afterglow of the Big 
Bang, is the most powerful probe of the 
early universe. From its study, we have 
learned the age of the universe, its major 
constituents, and have characterized the 
fundamental fluctuations in gravity that 
gave rise to cosmic structure. The desire 
&» to measure the CMB ever more precisely 

, has driven the development of 
extraordinary detectors and techniques 
which will be reviewed in the Lectio 
Magistralis by Lyman Page. He will 
describe what we might hope to learn 
from the CMB in the next decade, 
including detecting gravitational waves 
from the birth of the universe if they exist 


Photo of the Atacama Cosmology Telescope at sufficient amplitude. 
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Professor RASHID ALIEVICH SUNYAEV 
"for the development of theoretical tools in the scrutinising, through the CMB, of the first observable 
electromagnetic appearance of our Universe" 


"m mm 


Rashid Sunyaev and 
Yakov Borisovich Zeldovich 


Rashid Sunyaev 


Rashid Sunyaev gave extraordinary contributions to the understanding of physical processes in the universe 
which identified new and uniquely informative targets for observational cosmology. In particular, the 
Sunyaev-Zeldovich effect, now observed in thousands of clusters of galaxies over the entire sky, has become 
a cornerstone of cosmology and extragalactic astrophysics, so much so that it is now considered a research 
field in its own right. Furthermore, Sunyaev's studies of processes in the early universe responsible for 
angular anisotropy and frequency distortions of the cosmic microwave background have left a profound and 
lasting legacy for cosmology. In particular, Sunyaev and Zeldovich predicted the presence of acoustic peaks 
in the CM B angular fluctuation power spectrum and the existence of baryonic acoustic oscillations. 

He is currently the project scientist leading the scientific team of the international high-energy astrophysics 
observatory Spektr-RG being built under the direction of the Russian Space Research Institute. 


Yakov Zeldovich and Remo Ruffini at the audience with Pope J ohn Paul II 
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Professor SHING-TUNG YAU 

"for the proof of the positivity of total mass in the theory of general relativity and perfecting as well the 
concept of quasi-local mass, for his proof of the Calabi conjecture, for his continuous inspiring role in the 
study of black holes physics" 


Shing-Tung Yau 


Shing-Tung Y au has made fundamental contributions to differential geometry which have influenced a wide 
range of scientific disciplines, including astronomy and theoretical physics. With Richard Schoen, Y au 
Solved a longstanding question in general relativity by proving that the combined total energy of matter and 
gravitational field in an asymptotically flat universe is positive. In 1982 Y au was awarded the Fields M edal, 
the highest award in mathematics, and in 1994 he shared with Simon Donaldson the Crafoord Prize of the 
Royal Swedish Society in recognition of his development of nonlinear techniques in differential geometry 
leading to the solution of several outstanding problems. 


Another outstanding achievement of Y au is his proof of the Calabi conjecture which allowed physicists to 
show that string theory is a viable candidate for a unified theory of nature. Furthermore in 2008 Y au (with 
M.T. Wang) introduced the concept of "quasi-local mass" in general relativity which can be of help to get 
around the old conundrum — the non-locality of the energy density in relativistic gravity. 


During his scientific carrier Y au had more than 50 successful PhD students. At present he is a professor of 
mathematics at Harvard University where along with research he continues many pedagogical activities. For 
example, he has created the "Black Hole Initiative", an interdisciplinary center at Harvard University 
involving a collaboration between principal investigators from the fields of astronomy (Sheperd Doeleman, 
Avi Loeb and Ramesh Narayan), physics (Andrew Strominger), mathematics (Shing-Tung Yau) and 
philosophy (Peter Galison). This "Black Hole Initiative" is the first center worldwide to focus on the study of 
the many facets of black holes. 


M G16 in 2021 will mark the 50" anniversary of the mass-energy formula for black holes based on the K err 
metric. This timing is an omen that Y au and his school will soon further enlarge our knowledge of this 
formula with their powerful mathematical analysis. 
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PREFACE 


'The Marcel Grossmann Meetings on Recent Developments in Theoretical and Ex- 
perimental General Relativity, Astrophysics and Relativistic Field Theories have 
always had the goal of bringing together scientists from all over the world enabling 
them to share recent developments in general relativity and cosmology, paying at- 
tention to the interplay between physical predictions and mathematical foundations. 

More than 800 scientists met at the University of Rome “la Sapienza” for the 
Fifteenth Marcel Grossmann Meeting (MG15) during the week of July 1-7, 2018 
to discuss theoretical topics and the status of the experimental testing and ob- 
servations of Einstein's theory of gravitation together with the broad spectrum of 
gravitational physics related phenomena. The topics discussed ranged from clas- 
sical and quantum aspects of gravity, relativistic astrophysics, branes and strings, 
inflation theory, the thermal history of the Universe, to more concrete astrophysics 
experiments, observations, and modeling, reviewing the current state of the art in 
theory, observations, and experiments related to relativistic gravitation. 

'The meeting featured 39 plenary talks during the six mornings of the meeting, 
plus 6 public lectures given by experts in gravitation and cosmology. 73 parallel 
sessions, some of which were split over multiple days, kept participants busy with 
the crucial support of 33 students from Sapienza who managed the coordination of 
each parallel session and offered technical help. 

'Three scientists and two collaborations were presented with Marcel Grossmann 
awards. These were: Lyman Page, Rashid Alievich Sunyaev, Shing-Tung Yau, the 
Planck Scientific Collaboration (ESA) represented by Jean-Loup Puget, and the 
Hansen Experimental Physics Laboratory (HEPL) at Stanford University, repre- 
sented by Leo Hollberg, 

'The detailed program of plenary and public talks is as follows: 


Shing-Tung Yau (Harvard University): Quasi-local mass at null infinity 
Malcolm J. Perry (University of Cambridge): Black hole entropy and soft hair 
Thomas Hertog (KU Leuven): A smooth exit form eternal inflation 

Jean-Luc Lehners (Max Planck Institute for Gravitational Physics): No smooth 
beginning for spacetime 

Ivan Agullo (Louisiana State University): Loop quantum cosmology and the cos- 
mic microwave background 

Elena Pian (IASF Bologna):Kilonovae: the cosmic foundries of heavy elements 
Nial Tanvir (University of Leicester): A new era of gravitational-wave / electro- 
magnetic multi-messenger astronomy 

Tsvi Piran (Hebrew University of Jerusalem): Mergers and GRBs: past present 
and future 

Stephan Rosswog (Stockholm University): Neutron star mergers as heavy ele- 
ment production site 


David Shoemaker (MIT LIGO Laboratory): LIGO's past and future observations 
of black hole and neutron star binaries 

Yu Wang (ICRANet) On the role of binary systems in GW170817/ 
GRBI170817A / AT2017gfo 

Hao Liu (University of Copenhagen): An independent investigation of gravita- 
tional wave data 

Stefano Vitale (University of Trento): Gravitation wave astronomy in ESA science 
programme 

Takaaki Kajita (University of Tokyo): Status of KAGRA and its scientific goals 
Masaki Ando (University of Tokyo): DECIGO : Gravitational-Wave observations 
from space 

Jun Luo (Sun Yat-Sen University): TianQin: a space-borne gravitational wave 
detector 

Jo Van Den Brand (Dutch National Institute for Subatomic Physics Nikhef, and 
VU University Amsterdam): Gravitational wave science and Virgo 

Ernst Maria Rasel (Leibniz Universitat Hannover): Science fiction turns into 
reality: Interferometry with Bose-Einstein condensates on ground and in space 
Manuel Rodrigues (Université Paris Saclay): The first results of the MICRO- 
SCOPE test of the equivalence principle in space 

Victoria Kaspi (McGill University): Fast radio bursts 

Bing Zhang (University of Nevada): From gamma-ray bursts to fast radio bursts: 
unveiling the mystery of cosmic bursting sources 

Jean-Loup Puget (CNRS): The Planck mission 

Jorge Armando Rueda Hernandez (ICRANet): Binary-driven hypernovae and 
the understanding of gamma-ray bursts 

Remo Ruffini (ICRANet): The essential role of the nature of the binary progeni- 
tors for understanding gamma ray bursts 

Heino Falcke (Radboud University Nijmegen): Imaging black holes now and in 
the future 

Luc Blanchet (Institut d'Astrophysique de Paris): Post-Newtonian theory and 
gravitational waves 

Jean-Loup Puget (Université Paris): Frome Planck to Atacama Cosmology Tele- 
scope 

Razmik Mirzoyan (Max Planck Institute for Physics) Gamma-ray and multi- 
messenger highlights with MAGIC 

Elisa Resconi (Technical University Munich): Neutrino astronomy in the multi- 
messenger era 

Francis Halzen (University of Wisconsin-Madison): IceCube: opening a new win- 
dow on the universe from the South Pole 

James Lattimer (Stony Brook University): The history of R-process 

Ralph Engel (Karlsruhe Institute of Technology): What have we learned about 
ultra-high-energy cosmic rays from the Pierre Auger Observatory? 
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Paolo De Bernardis (Sapienza - University of Rome): 

Fabio Gargano (INFN Bari): DAMPE and its latest results 

Markus Arndt (University of Vienna): Experiments to probe quantum linearity 
at the interface to gravity & complexity 

Tobias Westphal (University of Vienna): Micro-mechanical measurements of 
weak gravitational forces 

Shu Zhang (Institute of High Energy Physics, Chinese Academy of Sciences): 
Lorenzo Amati (INAF - OAS Bologna): Cosmology and multi-messenger astro- 
physics with Gamma-Ray Bursts 

Elisabetta Cavazzuti (ASI): Gev LAT observations from GRBs and active galac- 
tic nuclei 

Remo Ruffini (ICRANet): Concluding Remarks 

Roy Kerr (University of Canterbury): Towards MG16 


Public Lectures 


Jeremiah Ostriker (Columbia University): Ultra-light scalars as cosmological 
dark matter 

Malcolm Longair (University of Cambridge): Ryle and Hewish: 50 and 100 year 
anniversaries |Radio astrophysics and the rise of high energy astrophysics] 

Lyman Page (Princeton University): Measuring the Cosmic Microwave Back- 
ground 

Marc Henneaux (Université Libre de Bruxelles): The cosmological singularity 
Anne Archibald (Newcastle University): Does extreme gravity affect how objects 
fall? 
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Concluding remarks by Prof. Remo Ruffini 


For over more than four decades the Marcel Grossmann Meetings have been 
fostering the interaction between mathematics, relativistic field theories and 
observations in physics and astrophysics and has witnessed the birth and 
exponential growth of various new subfields within astrophysics. This has 
also occurred in 2018 during the MG15 (see Fig. 1), which has seen the 
participation of approximately one thousand participants from 71 different 
countries (see Fig. 2). In MG15, as is clear from the above program, we 
have seen considerable progress in theory on topics ranging from models of 
quantum gravity to the mathematical structure of Einstein's equations. 
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Fig. 2. umm TH of MG15 participants in the Aula Magna, Sapienza University of Rome. 
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In particular, an MG15 individual award was given to Prof. Rashid 
Sunyaev, as a member of the relativistic astrophysics school of Zel’dovich- 
Sunyaev (see Fig. 3) and to Prof. Shing-Tung Yau, as a representative of 
the Chinese-American school of differential geometry and general relativity 
(see Fig. 4). 


Fig. 3. Rashid Sunyaev receiving the MG15 individual award from Roy Kerr. 


Fig. 4. Shing-Tung Yau receiving the MG15 individual award from Roy Kerr. 


This has been accompanied by extensive developments in the 
exploration of the cosmic microwave background with announcements of 
the final results of the Planck satellite that followed earlier predecessors, 
like WMAP. In this sense, particularly meaningful have been the MG15 
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Awards presented to Prof. Jean-Loup Puget, who has successfully 
accomplished the ESA Plank mission (see Fig. 5) and to Prof. Lyman Page, 
one of the main participants of the glorious NASA WMAP mission, 
successfully lead by David Wilkinson (see Fig. 6). I was very fortunate to 
be in Princeton as an assistant professor at the time WMAP was initially 
conceived. 


e 


Fig. 5. Jean-Loup Puget accepting the MG15 institutional award on behalf of the Planck Scientific 
Collaboration (ESA) from Roy Kerr. 


Fig. 6. Lyman Page accepting the MG15 individual award from Roy Kerr. 


X-ray astrophysics gradually successfully evolved from the first rockets 
of Riccardo Giacconi discovering Scorpius X-1 using well tested Geiger 
counters, moving on to larger missions using X-ray mirrors in the Einstein 
Observatory, in XMM and on to the NASA Chandra mission, each new 
mission introducing new technologies based on previous successes. The 
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Chandra data on GRB 170817A were amply discussed in the MG15 
meeting. Analogously, starting from the earlier gamma ray detectors on the 
Vela satellite, gamma ray astrophysics reached maturity with the Compton 
Observatory with the BATSE instruments on board. These two fields joined 
their separate expertise together in the hybrid Beppo SAX satellite. Equally 
impressive was the transition from Beppo SAX to the Neil Gehrels Swift 
Observatory and the Fermi Gamma-Ray Space Telescope that followed 
EGRET and opened up the field of high energy gamma-ray astrophysics, 
adding further successes to this ongoing story. One of the most significant 
contributions to the success of the Fermi mission has been the LAT detector, 
jointly led by the Hansen Experimental Physics Laboratory (HEPL) at 
Stanford University, which received the MG15 institutional award, 
presented to Prof. Leo Hollberg (see Fig. 7). 


Experimental Physics Laboratory at Stanford University. 


More recently we are witnessing the birth of TeV astrophysics springing 
from the ground-based MAGIC, HESS and Whipple telescopes, as well as 
neutrino astrophysics associated with underground (ICE Cube) and 
underwater laboratories. New tantalizing results concerning the spectrum 
and composition of cosmic rays have been reported by the Alpha Magnetic 
Spectrometer experiment on the international space station. All of these 
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together mark the gradual development of the largest observational effort in 
history, well recorded in these MG meetings (see Fig. 8). Today relativistic 
astrophysics is offering us the possibility of utilizing all of these multi- 
wavelength observations simultaneously in the study of GRBs and active 
galactic nuclei. Indeed the description of the distinct temporally discrete 
episodes for the GRB 1304274, one of the most complex astrophysical 
objects ever observed, requires the simultaneous knowledge of observations 
from all of these various wavelengths. This exponential growth in all these 
areas of astrophysics has been accompanied by attempts at data acquisition 
of gravitational wave signals arriving on the Earth. After the failure of the 
initial attempt by Misner and Weber in 1972, the new attempt by LIGO- 
VIRGO was discussed extensively in this MG15 meeting. 
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Fig. 8. From the if to right: Leo Hollberg, Rashid Sunyaev, Shing-Tung Yau and Remo Ruffini during the 
MG15 official awards ceremony. 

Indeed in addition to the many topics discussed in the plenary lectures, 
there was a special session dedicated to kilonova and gravitational waves 
chaired by Enrico Costa on July 3 and a session on gravitational waves 
chaired by Claus Lámmerzahl on July 4. Many intense discussions took 
place at the meeting, both in the plenary and parallel sessions, bringing 
together different points of view, at times controversial, which stimulated a 
large number of articles published in leading scientific journals in the 
months following the meetings. The impossibility of finding these 
discussions in these proceedings is simply explained: it is due to the 
incomprehensible decision by Sapienza University not to renew the 
collaboration agreement with ICRANet. What is incomprehensible is that 
both the research and teaching activities of ICRA and ICRANet are 
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recognized internationally at a worldwide level, in more than 70 nations. 
Locks were put on the ICRA Offices (see Fig. 9). 


Fig. 9. Remo Ruffini shows to Barry Barish the locked offices of ICRA at Sapienza University. 


The preparation of the proceedings was halted. It was not possible to 
follow up with post-conference interactions and the impossibility of access 
to our offices and interact with our students. The invited lecturers, clearly 
indicated in the conference program and some of the world leaders in their 
fields who had just presented their extremely interesting lectures 
stimulating widespread interest, mostly chose to publish their results in 
international journals giving rise to some of the most highly cited articles in 
recent times. Only a minority were published here. This was also the case 
for some of the ICRA-ICRA Net lectures, which appeared in: 


e J.F. Rodriguez, J.A. Rueda, R. Ruffini, On the final gravitational 
wave burst from binary black hole mergers, Astron. Rep. 62, 940 
(2018). 


e J.A. Rueda, R. Ruffini, Y. Wang, Y. Aimuratov, U. Barres de 
Almeida, C.L. Bianco, Y.C. Chen, R.V. Lobato, C. Maia, D. 
Primorac, R. Moradia, and J.F. Rodriguez, GRB 170817A- 
GW170817-AT 2017gfo and the observations of NS-NS, NS-WD and 
WD-WD mergers, JCAP 10, 006 (2018); and J.A. Rueda, R. Ruffini, 
Y. Wang, C.L. Bianco, J.M. Blanco-Iglesias, M. Karlica, P. Lorén- 
Aguilar, R. Moradi and N. Sahakyan, Electromagnetic emission of 
white dwarf binary mergers, JCAP 03, 044 (2019). 
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e R. Ruffini, R. Moradi, J. A. Rueda, L. Becerra, C. L. Bianco, C. 
Cherubini, S. Filippi, Y. C. Chen, M. Karlica, N. Sahakyan, Y. 
Wang, and S. S. Xue, On the GeV Emission of the Type I BAHN GRB 
130427A, The Astrophysical Journal, 886, 82 (2019). 


The dialogue we had started at MG15 undoubtedly had a very 
stimulating effect on the community which have been followed up and 
expanded upon in the subsequent MG16 meeting in 2021. Paradoxically, 
the moments of greatest difficulty for ICRA members have coincided with 
the flow of new ideas which promoted the steps forward towards the final 
identification of some fundamental laws of black hole electrodynamics. The 
very night ICRA offices were locked up and its electronic communications 
cut, we had submitted a paper to The Astrophysical Journal for publication 
containing the first fundamental steps for identifying the “inner engine" of 
GRBs as discussed in talks in this conference. After one year and four 
months a judge ordered Sapienza to return the ICRA offices. 


I am looking forward to a renewed successful collaboration with 
Sapienza University, enjoyed for more than three decades, to pursue a new 
common "path" for the rapidly expanding knowledge of the largest distant 
objects in our Universe. There is still room for improvement: now that the 
differences have been identified in published articles, a joint effort on an 
attentive scientific analysis on both sides can lead to the understanding of 
the nature of these differences and to jointly converge to common solutions. 
For this to occur, dialogue and not obstruction of office space is needed. As 
soon as these clarifications will be achieved, we will be able to proceed in 
a broad scientific effort of common topics of interest in Einstein's theory, 
in relativistic astrophysics, ranging from the astrophysics of black holes, 
neutron stars, dark matter and primordial cosmology, observing the rules of 
basic academic relations. 


I am grateful to all members of the IOC and to Carlo Luciano Bianco, 
Nathalie Deruelle, Rahim Moradi, Tsvi Piran, Jorge Rueda and Narek 
Sahakyan for advice and discussion. 


Remo Ruffini 

Chair of the MG International Organizing Committee 
Director of ICRANet 

President of ICRA 


January 10, 2022 
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Chiral symmetry breaking and the Unruh effect 


Adrián Casado-Turrión and Antonio Dobado 


Departamento de Física Teórica and Instituto IPARCOS. Universidad Complutense, 
Madrid, 28040, Spain 


The possibility of chiral symmetry restoration by acceleration is considered. The Ther- 
malization Theorem formalism and the large N limit (with N being the number of pions) 
are employed to solve the lowest-order approximation to QCD at low energies in Rindler 
spacetime. It is shown that chiral symmetry is restored for accelerations higher than 
the critical value ac = 4r fr, with fr being the pion decay constant. The results are 
completely analogous to those obtained in the inertial, finite-temperature case, evincing 
the ontic character of the Unruh effect. 


Keywords: Unruh effect; chiral symmetry restoration. 


1. Introduction 


'The decade of the 1970s saw the generalization of quantum field theory to curved 
spacetimes and arbitrary observers in Minkowski spacetime. This led to the estab- 
lishment of several seminal results, such as the discovery by Hawking that black 
holes have an intrinsic temperature!, and thus radiate until they evaporate. 

Attempting to better understand Hawking radiation, Unruh found? that a sim- 
ilar result may be obtained even when gravity is not present: he proved that a 
uniformly accelerated observer in Minkowski spacetime perceives the vacuum state 
of a free quantum field theory as a thermal ensemble of particles at temperature 
T — a/2 (in natural units), with a being the observer's acceleration. Despite the 
fact that this phenomenon requires experimentally unattainable accelerations to be 
observed directly (for instance, accelerations of the order of 10?? times the Earth's 
mean surface gravity are required to produce an Unruh temperature similar to am- 
bient temperature), it is nevertheless considered to be highly fundamental, since it 
has been derived in several ways, such as the study of the response of particle de- 
tectors along non-inertial trajectories, canonical quantization? and even axiomatic 
quantum field theory? (for a thorough review of the Unruh effect, see Ref. 5). 

However, none of these methods allows to discern whether the temperature- 
acceleration analogy introduced by the Unruh effect is just a formal result or if, 
on the contrary, it is capable of triggering non-trivial dynamical effects, such as 
phase transitions. The answer to this question requires the use of a formalism 
which is based on a path-integral approach to field theory, which will therefore be 
ideally suited to address arbitrary interacting theories and the connection between 
quantum field theory and thermodynamics. This formalism was developed by Lee 
in 1986, and is known as the Thermalization Theorem. 

In this work, we shall make use of Lee's formalism in order to study whether 
accelerated observers are able to experience the spontaneous symmetry breaking or 
restoration of chiral symmetry, which is one of the main features of the fundamental 
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theory of strong interactions, QCD, at finite temperature in Minkowski spacetime. 
Indeed, it has already been shown that accelerating observers detect the restoration 
of continuous global symmetries in some systems featuring Spontaneous Symmetry 
Breaking (SSB), such as the Nambu-Jona-Lasinio model,’ the \®* theory at the 
one-loop level? and the Linear Sigma Model (LoM) in the large N limit.’ 


2. Rindler spacetime and the Thermalization Theorem 


Consider a uniformly accelerated observer with proper acceleration a along the X 
direction of Minkowski spacetime ds? = dT?—dX?—dY?—dZ? = dT?-dX?-dX7, 
where X^ = (T, X, Y, Z) are the usual Cartesian-like coordinates. The trajectory of 
such an observer is the hyperbola T? — X? = —1/a?, whose asymptotes —the null 
lines T = +X— divide Minkowski spacetime into four quadrants: the regions +X > 
|T|, respectively known as the right (R) and left (L) Rindler wedges, each of which 
contains one of the branches of the hyperbola; and the regions +T > |X|, which are 
respectively the future (F) and past (P) of the origin. Notice that, while R and L are 
causally disconnected, both share a common past, and so correlations between them 
may exist. Hyperbolic motion is conveniently described using comoving coordinates 


z^ = (t, x,y,z), which range in (—oo, oo) and are defined by 


T -—a- le" snh(at) X = ca 'e""cosh(at) Y=y, Z=z, (1) 


with the plus-sign choice covering only R and the minus-sign choice covering only 
L. It is important to notice that this implies that the Euclidean Minkowski time 
Tg = iT and X are periodic functions of the Euclidean comoving time tg = it, with 
period 2z/a. In terms of comoving coordinates, the Minkowski metric is 


ds? = e?** (qt? — dz?) — dz? (2) 


in both R and L. The worldline with z — 0 corresponds to the trajectory of constant 
proper acceleration a; in fact, each of the worldlines with constant x is a trajectory 
with proper acceleration a(x) = ae~**. Hence, it is also useful to define the so-called 
Rindler coordinates p = 1/a(x) = e**/a € [0, co) and n = at € (—00, ov). 

Let us suppose now that there exists a certain quantum field theory defined over 
Minkowski spacetime, which describes fields of arbitrary spin and their possible in- 
teractions. Consider, without loss of generality, a Rindler observer in R (the results 
generalize straightforwardly to L). Because this observer is causally disconnected 
from all the events in L, she will be insensitive to any vacuum fluctuations outside 
R. As a result, the Minkowski vacuum state of the theory, which is a pure state 
Qm) for any inertial observer, becomes a mixed state in the eyes of the accelerated 
observer, who needs to perform a partial trace over the degrees of freedom in L. 
Most importantly, the corresponding density matrix was shown by Lee to be 


e 2*Hn/a 
pr = trL|2m)(Qm| = e Hna’ (3) 
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where Hg is the Rindler Hamiltonian (i.e. the generarator of t-translations). This 
density matrix describes a thermal ensemble at temperature T = a/27, which 
is precisely the Unruh temperature originally found for free scalar field theories. 
However, the applicability of this result is virtually universal: it guarantees that 
the Minkowski vacuum state will be perceived by a Rindler observer as a thermal 
state, independently of the field theory considered. This is the reason why it is also 
known as the Thermalization Theorem. 


3. Chiral symmetry and its restoration by acceleration 


Two-flavor massless QCD in ordinary Minkowski spacetime is known to possess two 
distinct phases, one in which chiral SU(2); x SU(2)a symmetry is spontaneously 
broken into isospin symmetry SU(2)z+r, and one in which it is restored. Both 
phases are separated by a typical Landau-Ginzburg (i.e. second order) phase tran- 
sition at a certain critical temperature Te, with the order parameter being the quark 
condensate (¢q)r, where q is the quark field and (-)7 denotes the expectation value 
at temperature T on the Minkowski QCD vacuum state. Thus, because of the 
temperature-acceleration analogy, it is natural to wonder whether a Rindler ob- 
server perceives a restoration of chiral symmetry if her acceleration a is higher than 
a certain critical value ae. This issue may be elucidated by functionally quantiz- 
ing the low-energy effective theory for QCD? in the right Rindler wedge, and then 
computing the expectation (gq), on the Minkowski QCD vacuum (which, as per 
the Thermalization Theorem, will be felt by the accelerated observer as a thermal 
ensemble at temperature a/27). The lowest-order effective field theory for QCD is 
a non-linear sigma model (NLoM) whose Euclidean partition function in R is 


Z= faan exp (- ] vs (300a + Aare E S 12220] (4) 


where 4/g is the determinant of the Euclidean Rindler metric, M; is the pion mass, 
fx is the pion decay constant, and ®T = (7%,c) is a real quadruplet belonging to 
the fundamental representation of SO(4) ~ SU(2); x SU(2)n, consisting of the three 
pion fields 7“ (with a = 1,2,3) plus an additional field o related to them through 
the non-linear constraint of the model, PTP = «^z^-- o? = f2, which is in turn 
enforced through the introduction of the non-dynamical Lagrange-multiplier field A. 
The fields are also required to satisfy the thermal-like Rindler boundary conditions 
z^(r = 0,x) = z^(r = 2n/a, x), o(r = 0,x) = o(7 = 2n/a, x), o(7, |x| = oo) = fa 
and A(T = 0,x) = A(T = 27/a,x). In addition, by comparing (4) with the standard 
QCD partition function (restricted to R) it is clear that (gq)a « (o). 


^? As it is well known, QCD is asymptotically free, and thus becomes non-perturbative at low 
energies. In this regime, quarks and gluons cease to be the relevant degrees of freedom and an 
effective description in terms of the next lightest particles in the hadronic spectrum, the pions, 
is needed. Coincidentally, the pions are also the (pseudo-)Nambu-Goldstone bosons associated to 
chiral symmetry breaking. 
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The NLoM model described above may be solved non-perturbatively in the large 
N limit, where N is the number of pions. This limit is properly defined if f2 is of 
order N, ie. f? = NF?, with F? being N-independent. Bearing this in mind, the 
Euclidean partition function may be rewritten in the chiral limit M; — 0 as 


Z = [avide] exp (- [ «vs (75 noo cesi eet- 12). (5) 


The functional integral over the N pion fields is Gaussian, and thus may be readily 
performed. Defining l'[, A] as the effective action in the exponent of the remaining 
integral, the fields can be expanded around some point (Z, À) in the functional space 
where the first functional derivative of l'[o, A] vanishes. Using the steepest descent 
method, we have Z = e-T l^ + O(N-1/?) and G?(x) = (o(x))2 = (o?(x)), in the 
large N limit. Thus a(x) and A(x) are chosen to be the solutions of 


or 

jae a+rA0 = 0, (6) 
ôr 1 N 

TO 5 o? — fr) + y Gn 23d) — 0, (7) 


with boundary conditions ¢ = f, and \ = 0 at x — oo, and where 


(iq Lot abe Xe igi (8) 


Unfortunately, an exact solution of these equations cannot be easily found. How- 
ever, they may be solved approximately for az << 1 (i.e. close to the origin of the 
accelerating frame) by exploiting the peculiar properties of Rindler spacetime. In 
this region, it can be shown? that A ^ 0, and that the relevant Green function is 


S On 
d f 1 2p? tanh(Qz) d 
Introducing w = aQ and expanding ap = 1 + ax + ..., equation (7) becomes 


N Eod 2 
2. 42 u 2,2 
gef. rexit 2s) | du w (: + a a ;) + O(a xí). (10) 


While the second integral on this equation may be easily calculated, the first one 
clearly requires regularization (for example, by introducing an z-dependent ultra- 
violet cutoff Ae~**, which leads to a renormalization of f+). Thus, if we now define 
the N-independent critical acceleration as a2 = 487? f2/N we have 
2 3 
a a 
jo = Bi menm es), (11) 
ac ac 
which is also a solution of equation (6) at this order. Assuming a(0) to be real, the 
evaluation of this expression at the origin x = 0 of the accelerating frame yields 


e(0|, —(e(0). _ (4(0)4(0))a i5 dB ME i 


0 if a> ac. 
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Thus, we clearly see that acceleration triggers the second-order chiral phase transi- 
tion at the origin of the Rindler frame. For N — 3 pions (i.e. the physical case for 
two-flavour QCD), the critical acceleration a. = 47 fr corresponds to an Unruh-like 
temperature Te = 2f,, which is precisely the temperature at which the QCD phase 
transition is found to take place if the NLoM is solved in Minkowski spacetime !! 
in the same large N limit that we have consider in R. Also, the same behavior 
for (qq) / (dq)o is found in this case, but substituting a/ae — T/T.. However, the 
expression for (gq)r/(qq)o is valid in all Minkowski space, due to its homogeneity 
and isotropy. 

We can extend our discussion to other points close to the origin by considering 
two different accelerated observers at Rindler coordinates p = 1/a and ø = 1/a’. 
From the point of view of the first observer, the second one is located at some point 
with x coordinate given by p' = 1/a’ = e?" /a, i.e. her acceleration is a’ = ae ^". 
Thus, the position-dependent condensate is given by 


(q(z)q(a)) "E E ^ ias 
0a) "V^ w^ A esi 


Therefore, for a Rindler observer with acceleration a € (0, ac), the condensate ranges 
from (g(0)q(0)) at infinity to zero at the critical value ze = In(a/a-)/a < 0. 

This means that the chiral phase transition takes place on the (xe, x, ) surface. 
The symmetry is also restored on the region close to the horizon x < ze, where 
(g(r)qg(r)) = 0. Thus, the boundary between the broken and restored phases is 
completely determined by ae, which only depends on QCD parameters. 

Finally, it is interesting to notice that (13) implies that, for points different to 
the origin, what the condensate feels is equivalent to a thermal bath with a space- 
dependent temperature!? T(x) = ae~** /27, which diverges at the horizon and goes 
to zero at infinity. This temperature is consistent with the Tolman and Ehrenfest 
rule!? for thermal equilibrium in static spacetimes, since T(x),/goo = a/27 is an 
z-independent constant, as required by the rule. 


4. Conclusions 


The powerful Thermalization Theorem formalism has allowed us to demonstrate 
the ability of the Unruh effect to produce non-trivial dynamical effects. In partic- 
ular, we have been able to study the restoration of the highly fundamental QCD 
chiral symmetry by acceleration. We have shown that analogous results are found 
in both the thermal and Rindler cases, with a typical second-order phase transition 
occurring for those accelerated observers whose accelerations are higher than the 
critical value a. = 4r fr ~ 1.6 GeV for N = 3 pions. The behavior obtained for the 
spacetime-dependent temperature felt by the condensate is also compatible with 
the standard requirements for thermodynamic equilibrium in static spacetimes, of 
which Rindler space is a particular example. Our results may have applications 
in ultra-relativistic heavy collisions, in which the Unruh effect has been proposed 
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as a possible thermalization mechanism,!^ and also in black holes or cosmologi- 
cal scenarios, since local Rindler coordinates can always be defined close to any 


horizon. 15 
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We write solutions of relativistic quantum equations explicitly in the helicity basis for 
S = 1/2 and S = 1. We present the analyses of relations between Dirac-like and 
Majorana-like field operators. Several interesting features of bradyonic and tachyonic 
solutions are presented. 


Keywords: Helicity Basis; QFT; Majorana. 


1. Introduction 


In Refs. 1, 2 we considered the procedure of construction of the field operators ab 
initio (including for neutral particles). The Bogoliubov-Shirkov method has been 
used. In the present article we investigate the helicity ^ = 1/2 and h = 1 cases in 
the helicity basis. We look for relations between the Dirac-like field operator and 
the Majorana-like field operator. 

In the first part we refer to the previously found contradiction in the construction 
of the Majorana-like field operator for spin-1/2. In the 2nd part we analize the 
Majorana-like field operator in the (1,0) & (0, 1) representation. It seems that the 
calculations in the helicity basis only give mathematically and physically reasonable 
results. 


2. Helicity Basis in the (1/2,0) + (0, 1/2) Representation 


The Dirac equation is: 
[iy"O,, — mc/R|&(r) 20, 4 —0,12,3. (1) 
The 7" are the Clifford algebra matrices 
gea dea yr eat. (2) 


g"” is the metric tensor. Usually, everybody uses the definition of the field operator 
(in Ref. 3) in the pseudo-Euclidean metrics as given ab initio. After actions of the 
Dirac operator on exp(Fip z^) the 4-spinors ( u— and v— ) satisfy the momentum- 
space equations: (p — m)up;(p) = 0 and (p + m)up(p) = 0, respectively; the h 
is the polarization index. It is easy to prove from the characteristic equations 
Det(p F m) = (p? — p? — m?)? = 0 that the solutions should satisfy the energy- 
momentum relations py = +E, = +y p? + m? for both u— and v— solutions. 
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However, the general scheme of construction of the field operator has been pre- 
sented in Ref. 4. In the case of the (1/2,0) & (0, 1/2) representation we have: 


- oop trio — m^)e "P* (p) 


I —ip:m 
- 3 d'pó(p, — Ez)e "*uj (po, p)an(po. p) 
(2n)? < 


4 
= Gum J 3g o — Ep) + 6(po + Ep)|[9(po) + €(—po)]e ^? * 


x 3 un(p)an(p) = m 5 SP alpo — Ep) + 5(po + E;)] 
h h p 
x [0(Po)un (p)an(p)e“* + 8(po)u C7 p)a C-p)e"*?] 
3 
= ms PELO [un (p)an(b)lp, — i, e t7 


+ un(-p)an(—p)lpo=g, e et] e 


During the calculations we had to represent 1 = @(po) + 0(—po) above in order 
to get positive- and negative-frequency parts. Moreover, we did not yet assume, 
which equation this field operator (namely, the u-spinor) satisfies, with negative- 
or positive-mass and/or p? = +E,. In general we should transform uj (—p) to the 
vn (p). The procedure is given below '?. 

'The explicit forms of the 4-spinors are very well known in the spinorial basis: 


= NT s ^ m-oe:pjós(0) 
2 /m(Ey +m) \[Ep +m — e : p]x» (0) 


uc(p) 


) , S 


where ¢+(0) = x4(0) = (5) and $,(0) = x, (0) = or The transformation to the 


standard basis is produced with the (5? +7°)/V2 matrix. The normalizations, pro- 
jection operators, propagators, dynamical invariants etc have been given in Ref. 5, 
for example. 

We should assume the following relation in the field operator (3): 


Y= va(p)bi (p) = X. ua(—p)an(—p). (5) 


h=t h=tl 


We need A,,,(p) = v,(p)ux(—p). In the spinorial basis by direct calculations, we 
find Apa = —im(o-n),,, n = p/|p|, provided that the normalization was chosen 
to the mass m. The indices h and c, u, À are the corresponding polarization indices. 
However, in the helicity basis with the helicity operator 


a Wwe cosÜ sinfe~*? 
pe gh te —cos6 ) (6) 
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the 2-eigenspinors can be defined as follows": 


—iy/2 +, b —ip/2 
_ (cosge '? BENE! a 
$y 5 E 8 etip/2 ps Pay = — cos Ë getier2 , (7) 


for +1/2 eigenvalues, respectively. 
We can start from the Klein-Gordon equation, generalized for describing the 
spin-1/2 particles (i.e., two degrees of freedom); c = h = 1: 


(po +0: p)(po — e: p)ó = m?9. (8) 


If the $4, spinors are defined by the equation (7) then we can construct the corre- 
sponding u— and v— 4-spinors: 


Eptp 
oy 1 m uU 
us(p) zm NÝ Ep— = ae m E 
t m Pos 2 PFP pr 
gy 1 BE, tpl 
= Nt = — 9 
Hy es) (ad dy} | V2. /Epte (9) 
m m dy 
Ep +p 
2 $4 1 m 9 
vi(p) = N; | Ey—p = FF rm , 
Ete) 7 VEA [by 
= OAN 1 E, tp? 
v = WN = — : 10 
Kp) Fas VEL fes (10) 
m 4 
where the normalization to the unit (+1) was now used: 
ün(p)un (P) = dan’, vn (p)vw (p) = —Ónw ; (11) 
Un(P)vn (P) = 0 = Ur (p)uw (p). (12) 
The commutation relations may be assumed to be the standard ones?:^59 (compare 


with 10) 


[an(p), aj, 09] = 2,20 (p — k)buw [n (p), i09], = 0 = [a] p). a], 09] 
(13) 
[a (p),5,,09| | = 0 = [b p), a09] (14) 
[ba (P), b} 00] = 25,99 (p — ku» [bx (p), bi«(9)],, = 0 = [0j (p). 5,09). 
(15) 


Other details of the helicity basis are given in Refs. 13, 11, 12. However, in this 
helicity case we construct 


Aux (p) = v, (p)ux(—p) = ton) . (16) 
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It is well known that *particle—antiparticle" in the Majorana theory!4. So, in 
the language of the quantum field theory we should have 


b (Ep, p) = 2a ES p. (17) 


Usually, different authors use y = 0, +7/2 depending on the metrics and on the 
forms of the 4-spinors and commutation relations, etc. The application of the 
Majorana anzatz leads to the contradiction in the spinorial basis. Namely, it leads 
to existence of the preferred axis in every inertial system (only py survives), thus 


breaking the rotational symmetry of the special relativity. 
Next, we can use another Majorana anzatz V = -e/^ W^ with usual definitions 


así O i0 Eum 
C=e [ ae (E, Sed us (18) 


Thus, on using Cuz(p) = —ivj(p), Cuj(p) = +iv}(p) we come to other relations 
between creation/annihilation operators 


al(p) = Xie *^b'(p), al(p) = vie "^ bi(p), (19) 
which may be used instead of (17). In the case of a = 7/2 we have similar relations 
as in (16), but for positive-energy operators. Due to the possible signs + the num- 
ber of the corresponding states is the same as in the Dirac case that permits us to 
have the complete system of the Fock states over the (1/2,0) & (0, 1/2) representa- 
tion space in the mathematical sense. Please note that the phase factors may have 
physical significance in quantum field theories as opposed to the textbook nonrela- 
tivistic quantum mechanics, as was discussed recently by several authors. However, 
in this case we deal with the self/anti-self charge conjugate quantum field operator 
instead of the self/anti-self charge conjugate quantum states. Please remember that 
it is the latter that answer for the neutral particles. The quantum field operator 
contains operators for more than one state, which may be either electrically neutral 
or charged. 


3. Helicity Basis in the (1,0) + (0, 1) Representation 


'The solutions of the Weinberg-like equation 


[rapa - wore d U(x) =0. (20) 
are found in Refs. 15, 16, 17, 18. Here they are: 
" 2 ey E 2100 ) _ Iu 
oi) = (sino) P= (Costco) 7 1e 
(21) 
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in the “spinorial” representation. The D? is the matrix of the (S,0) representation 
of the spinor group SL(2, c). 

In the (1,0) & (0,1) representation the procedure of derivation of the creation 
operators (in the similar way as in the previous Section) leads to somewhat different 
situation: 


$5 vpi) = $ uo(-p)ao(-p). (23) 


o=0,+1 o=0,+1 


We obtain 


However, if we return to the original Weinberg equations [y”0,,0, 3: m?]W; »(x) = 0 
with the field operators: 


3 
Wie) = Gaede | Fe lun(Plaulp)e m nus (pe m), — Qs) 
Wala) = oe | FE ls) en" + (wah mye"), Q9 
we obtain 
hp) = (1 -2(8-n)"]yraa(-p), (27) 
al, (p) = [1 2(8 -m)?Jyaca(-). (28) 


The application of U,(—p)ua(—p) = dy, and u,(—p)ux(p) = [1 — 2(S - n], 
prove that the equations are self-consistent (similarly to the consideration of the 
(1/2, 0) @ (0, 1/2) representation). This situation signifies that in order to construct 
the Sankaranarayanan-Good field operator (which was used by Ahluwalia, Johnson 
and Goldman”) we need additional postulates. One can try to construct the left- 
and the right-hand side of the field operator separately each other. In this case the 
commutation relations may also be more complicated. 

Is it possible to apply the Majorana-like anzatz to the (1,0) + (0,1) fields? It 
appears that in this basis we also come to the same contradictions as before. We 
have two equations 


a (p) = +e™ [1 — 2(S - n)*],,a4(—p), (29) 
and 
at (p) = +e**” [1 — 2(S* - n)?J,,,0,(—p). (30) 


In the basis where S; is diagonal the matrix S, is imaginary. So, (S* - n) = 
S,n,; — Syny + $;n;, and (S* - n)? Æ (S - n)? in the case of S = 1. So, we conclude 
that there is the same problem in this point, in the aplication of the Majorana-like 
anzatz, as in the case of spin-1/2. Similarly, one can proceed with (28). What 
would we have in the basis where all S. = —iejj, are pure imaginary? Finally, 
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I just want to mention that the attempts of constructing the self/anti-self charge 
conjugate states failed in Ref. 19. Instead, the Shy — self/anti-self conjugate states 
have been constructed therein. 

Now we turn to the helicity basis. The helicity operator in the (1/2, 1/2) repre- 
sentation is frequently presented: 


0 0 0 0 
(S! - p) j 


1 n (S. p) 
p p|0 iP 0 -ip p 


du Boo 
= 6445 " €0,0, ^ 0- 


(31) 
However, we are aware about some problems with the chosen basis. The helicity 
operator is (in the case of S? diagonal): 


0 0 0 0 
(Sp) 1(0 p 25 0 
-—— P (32) 
p p v2 v2 
Pr 
0 0 VZ —Pz 
'The unitary transformation, Ref. 6, p. 55 
0 0 0 0 
0 —L + 0 (S! ) (SH. ) 
= VB V2 wr ipu deo Iu 
U 0 0 o 1l U " U " (33) 
1 i 


can be perfomed to transfer operators and polarization vectors from one basis to 
another. The first-basis eigenvectors are: 


0 0 
is —pip? ip? p iB pip? tipp 
TIENES. vo yx (y? e LE | Vereer 
"u Ap —p?p)-ip'p per A p^ p? —ip'p 
(pii kp)? (pi)? (p3)? 
(pl)? + (p?)? (pl)? +4 (p2)? 
(34) 
p E, 
1 | Æp! 1[p! 
eh = m bp ? €b, = Jm p : (35) 
Xp? p? 


The eigenvectors €^, are not the eigenvectors of the parity operator (^oo.R) of this 


representation. However, the efo, €o, are. Surprisingly, the latter have no well- 


defined massless limit. In order to get the well-known massless limit one should use 
the basis of the light-front form reprersentation, cf. Ref. 20. We also note that the 
polarization vectors have relations to the solutions of the (1,0)@(0, 1) representation 
through the Proca equations or the Duffin-Kemmer-Petiau equations. 
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The corresponding helicity operator of the (1,0) & (0, 1) representation is 


; (Saxa: p) 0 
me ( 0 (Saxa al) d 


The eigen 3-vectors are?" 
(1 + cos0)e ** —i(1- cos0)e e 
dr=Ne™* | isna |g = Ne V asino 
(1 — cos det’? —4(1+cosd)et? 
(37) 
— Sain be? 
d+ = N ei? cos 6 : (38) 


V sin 9 etie 


Finally, some notes concerning with the tachyonic solutions of the Weinberg 
equations in the (1, 0)@(0, 1) representation space. While some authors, e.g. Ref. 21, 
argued recently that the tachyonic energy-momentum relation E = +,/p2c? — mg 
may lead to some interpretational problems, we still consider it in this paper. The 
Weinberg equations [y“”0,,0,£m?|W, »(x) = 0 give us both bradyonic and tachyonic 
solutions, E — p?c? + môct. We present them now in the helicity basis which 
may help us to overcome the difficulties in constructions of the Majorana(-like) field 
operators, as shown above. If $5(0) = z (0), the 6-objects can be normalized to 
the unit. The solutions of [y p py — m?]W(x) = 0 are 


2d (et) up| FPX], V, --L(x^ 
(p) = s (E) ip) = a (E) -=E e» 


In the case of tachyonic solutions (Ep < p) we shall be no able to normalize to 1. 


cA 


However, it is possible to normalize to —1. In this case we have in the helicity basis: 


1 POR ya 1 m XL 1 X 
tpl |S, Jupes c oss wed u -=( m 
+(P) V2 , Ext (p) V2 NM 5 (p) Wo -Xx4 


(40) 
Nevertheless, self/anti-self charge-conjugated 6-objects have not been constructed 
till now. 


4. Conclusions 


We conclude that the calculations in the helicity basis may be useful to give math- 
ematically and physically reasonable results when dealing with the Majorana(-like) 
particles. 
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Scalar fields during inflation naturally define a curved field space through their kinetic 
interactions. When the curvature of this space is negative, the geodesic deviation of 
the inflationary trajectory may overcome the stabilizing force of the potential, and drive 
the system away from its original path in field space into a new attractor solution — 
a scenario known as sidetracked inflation. This note presents a brief introduction to 
the proposal along with a review of its main features and predictions. In particular, we 
highlight the strongly non-geodesic nature of the sidetracked inflationary phase and how 
this relates to some of the hallmarks of the model, such as the possibility of realizing 
inflation with steep potentials and a transient instability of perturbations that leads to 
unique observational signatures. 


1. Introduction and set-up 


Inflationary models with multiple scalar fields are attractive for a number of rea- 
sons. String theory for instance generically predicts a large number of fields in 
the form of moduli that arise upon compactifying to four spacetime dimensions. 
While single-field models of inflation are in strong tension with quantum gravity 
constraints, namely the eta problem and the swampland conjectures, multi-field 
theories can in principle be made consistent with such requirements. The pres- 
ence of multiple scalars naturally leads one to consider non-linear sigma models of 
inflation characterized by a curved target space, a class of theories that can give 
rise to very interesting dynamical behaviors, such as strongly non-geodesic motion, 
non-standard inflationary attractors, and the phenomenon of geometrical destabi- 
lization. 

Motivated by these considerations, we scrutinize a class of inflationary models 
defined by the action 


Ee / dta/—g E Rig] 5 Gi (6) V! vo? - V($)|. (1) 


The gravitational part is the Einstein-Hilbert term for the metric tensor g,,,, and Ql 
denotes the multiplet of scalar fields. The matrix Gz yz has the natural interpretation 
of a metric in the internal field space in which the scalars ¢! perform as coordinates. 
Lastly V(@) is the potential term and is a priori an arbitrary function of all the 
fields. An inflationary state is defined by a flat FLRW spacetime metric with scale 
factor a(t) and Hubble parameter H(t) = à/a (with t the cosmic time), and by 
spatially homogeneous fields ó/ (t). The latter define the background trajectory in 
the field space, which is in general not a geodesic due to the effects of gravity and 
the force from the potential. 
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As advertised, we are interested in the case where the field space has a non- 
trivial curvature. This means that there exists no choice of fields" parametrization 
for which Grz = 6,7, and for this reason we refer to this class of models as non- 
canonical. Note that non-canonical models are necessarily multi-field as there is no 
intrinsic curvature in one dimension. The metric Gryz, being a function of the fields, 
induces interactions among the scalars given by higher (mass) dimension operators, 


1 1 1 2 
Grs(ġ) = Org a M aped ES M2 ab ero dr Tere. (2) 


where the coefficients a) are dimensionless, and M is the typical energy scale that 
characterizes the interactions. This implies that the curvature of the field space is of 
order 1/M?. We assume that H « M « Mp so that the “new physics” associated 
to the scale M may in principle have sizable effects on the physics of inflation. 
Particularly interesting is the situation where the field space curvature is neg- 
ative. Theories with a negatively curved target space are of prime importance in 
top-down constructions of inflation within supergravity, to wit the a-attractor class 
of models. The geometrical destabilization of inflation alluded to before also relies 
on having a negative curvature, and which serves as a physical motivation for the 
scenario of sidetracked inflation that we introduce and review below. To this end, 
we consider linear perturbations about an inflationary solution of the action (1), 
parametrized by variables Q? corresponding to gauge invariant combinations of the 
scalar and metric perturbations (and they coincide with the scalar field fluctuations 
6¢! = à! — o in the spatially flat gauge). At this stage we restrict our attention to 
theories with two fields, as this is already enough to capture most of the interesting 
multi-field effects. We can then perform a projection of the linearized equation of 
motion along the adiabatic direction, i.e. the direction tangential to the background 
trajectory, and the entropic direction, which by definition is orthogonal to the adi- 
abatic one, with the metric Gr; defining the inner product. The two projections 
of Q! are denoted by Qo and Q, for the adiabatic and entropic perturbations, re- 
spectively. At linear level, the adiabatic mode is in fact related to the comoving 


curvature perturbation ¢ via Qs = $ C, where ó = y Grol gs is the speed of the 
background trajectory. The entropic mode on the other hand satisfies the equation 
of motion 


7 f k2 bos 
Q; + 3HQ, 4 (5 | ni) Qs = 260916, (3) 
with the definitions 
Vs 
n =-pz> Ma = Vss — Hn +eMpH?’ Rg. (4) 


Here 7, is known as the bending parameter,? which quantifies the deviation of the 
background trajectory from a geodesic path. We say that an inflationary solution 


?'To be more precise, the bending parameter is defined as the turning rate (in units of H) of the 


background trajectory. The relation 9, = -pe then follows from the background equation of 
motion rather than as a definition. 
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2 


4 corresponds to the 


effective entropic mass of the fluctuations, and crucially depends on the field space 
Ricci scalar Rg. 

The interpretation of m? as an effective mass requires some care, as Q, is actually 
coupled to ¢. In fact, on super-Hubble scales k/a < H it can be shown that (4) 
reduces to Q, + 3HQ; + Mot) Qs = 0, with mg) = m? +4H?n7. On the other 
hand, on sub-Hubble scales the perturbations’ equations remain coupled and there 
is no clean notion of an effective mass for either field. Nevertheless, the quantity m? 
can still serve as a powerful probe of the dynamics of the fluctuations, in particular 
of their stability, and will play a crucial role in the scenario of inflation that we will 
describe below. 

Returning to the super-Hubble evolution, we observe that the quantity Moff) is 
a measure of the stability of large scale perturbations and hence of the background 
itself. As remarked above, in a negatively curved field space the curvature gives 
a contribution proportional to —e| Rss| to the effective mass, which may eventually 
overcome the stabilizing effect of the potential provided that the slow-roll parame- 
ter e grows fast enough. In a standard picture of inflation where the potential has 
a flat direction corresponding to the inflaton field, the effective mass Moff) may 
thus transition from positive to negative at some critical time when the inflationary 


features strongly non-geodesic motion if |y, | > 1. Lastly, m 


state becomes unstable. This is known as the geometrical destabilization of infla- 
tion!. The onset of the instability implies that perturbation theory breaks down 
and that the homogeneous inflationary vacuum can no longer be trusted. On phys- 
ical grounds, however, it is plausible that the mayhem will eventually subside and 
that the system will settle down into a new homogeneous state,” i.e., into a second 
inflationary phase known as sidetracked inflation,? owing to the way in which the 
background trajectory deviates from its original path in field space (Fig. 1). 


Fig. l. Schematic plot of the field-space trajectory in sidetracked inflation. 


b A recent analysis based on the stochastic formalism supports this assumption ?. 
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2. Sidetracked inflation 


'The story we have described relies on the existence of an attractor solution to the 
equations of motion that proceeds away from the minimum of the potential. Such 
an attractor may be heuristically understood as arising from the balance between 
the stabilizing force of the potential and the destabilizing geodesic deviation caused 
by the negative curvature of the field space. 

For concreteness we focus on two-field models and write ¢' = y and ¢? = x. It 
will be useful to think of y as the inflaton and of x as an additional heavy field. 
The potentials we consider will be of the form V = A*V(y) + má X^, where Y(q) 
is the dimensionless inflaton potential (the scale A being determined a posteriori 
by the normalization of the curvature power spectrum) and m, >> H is the mass 
of x. Motivated by our goal of understanding the effects of the field space curvature 
in inflation, we restrict our attention to two simple field space metrics. A first one 
that we dub *minimal", 


i 2x? i 4 
Gin”) ddl dd? = (1+ <4. | dg? + dy? Ronin) = 5 
IJ o $ RE M? e + X , fs M?(1 + 2x2 /M2) , ( ) 
and a second corresponding to a hyperbolic plane metric, 
2x? a 4 
GO?) qol qo! = (1+ ao dy? 4 dpdy+dy?,  R®P = sp: (9 


The unusual parametrization of the hyperbolic plane given in (6) will be useful in 
order to compare the effects of the two geometries. 

We begin by outlining the salient properties of the background dynamics. First, 
the sidetracked inflationary phase lasts in general much longer than it would in 
the absence of a geometrical destabilization. This is in fact common to other non- 
canonical theories and is due to the effective stretching of the inflaton potential as a 
result of the effect of the heavy field x in the normalization of the inflaton’s kinetic 
term. Second, sidetracked inflation is crucially different from standard slow-roll in 
that the covariant acceleration of x is non-negligible. More explicitly, the equation 
of motion Dix + 3Hx + V = 0 allows for two types of attractors (depending 
on the parameters of the model): a standard slow-roll attractor characterized by 
a negligible acceleration Dx, yielding the usual relation X ~ —V°*/3H; and a 
ze attractor" where both x and Y are negligible, hence giving the relation 
Dee iQ? --V^X e 0 which shows the balance between geometrical and potential effects 
md we alluded to above. Third, the expressions for the slow-roll parameters in 
sidetracked inflation are approximately given by 


" 1 mg M|V o| une 1 m, MV pọ 
WAH V O "7 7 BH Wel” 
which differ from the usual single-field results. Given that m;,/H is large (albeit 


not too much, for otherwise there will be no destabilization of the standard attrac- 
tor), we conclude that the quasi-de Sitter approximation is valid provided that the 


(7) 
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inflaton potential is flat in units of M, which should be contrasted to the single- 
field case where the potential is required to be flat in Planck units. This is a very 
welcome feature of the model in view of the swampland conjectures that constrain 
the derivatives of the potential in the context of inflation and that could rule out 
large classes of single-field theories. 

Next we turn to the behavior of perturbations. A first remark is that the super- 
Hubble entropic mass m?) is always large and positive, thanks to the contribution 
from the bending parameter 7, , which is large in our set-up. Sidetracked inflation is 
thus characterized by a strongly non-geodesic motion, and this is indeed at the heart 
of many of the peculiar properties of the proposal. The large value of mia) also 
implies that entropic (or isocurvature) perturbations quickly decay after horizon 
crossing as well as the standard conservation law a — 0 for the adiabatic mode. On 
the other hand, the sub-Hubble evolution is quite model-dependent, although we 
can identify three qualitatively distinct behaviors based on the value of the effective 
mass m2, as we now explain (see Ref. 3 for details). 

|m?| << H?. For the inflaton potentials that we have scrutinized, this case 
arises for the choice of the minimal metric, Eq. (5). Naively, a light entropic mass 
would suggest strong multi-field effects around the time of horizon crossing. How- 
ever, the strongly non-geodesic motion gives rise to a new scale H?n? >> H? in the 
problem, allowing for an effective single-field description featuring a non-linear dis- 
persion relation w(k) œ k? for the relevant degree of freedom. The large value of the 
bending typically also implies a reduced tensor-to-scalar ratio of order r ~ €/\/7L 
(however with a time of evaluation that occurs later than Hubble crossing). 

|m?2| >> H? and m? > 0. This case occurs for the hyperbolic metric, eq. (6), 
whenever V > 0. The large entropic mass signifies that an effective theory for the 
adiabatic mode may be obtained upon integrating out the entropic perturbation. 
The resulting dispersion relation is given by w? = c?k?, where c, is the effective 
sound speed, and we find 0 < c? < 1 for the models we have looked at. This is the 
usual scenario of single-field inflation with a reduced speed of sound. The tensor- 
to-scalar ratio is correspondingly suppressed as r ^ ec,, while non-Gaussianities are 
enhanced by a factor of 1/c?. 


|m2| > H? and m? < 0. This situation also arises when the field space is 


2 
E 


hyperbolic, but now with Vy < 0. The negative value of m$ signals a tachyonic 
instability of the entropic mode (again with the caveat that the perturbations are 
coupled at linear order). Although counterintuitive, this situation allows one to 
integrate out the tachyonic field in a standard way, with the consequence that the 
resulting effective theory is characterized by an imaginary speed of sound — the 
low-energy "issue" given by the tachyonic instability has now become a high-energy 
phenomenon in the form of a gradient instability. This is not a priori catastrophic, 
as the instability is only transient, lasting a few e-folds around the time of horizon 
crossing. The predictions in this set-up are quite interesting, notably an exponen- 
tially reduced tensor-to-scalar ratio and non-Gaussianities of the flattened shape. 4 
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3. Final remarks 


We conclude this note with a brief discussion of some recent developments con- 
cerning the proposal of sidetracked inflation and other closely related topics. The 
non-standard attractor that defines the sidetracked inflationary phase has been un- 
derstood to belong to a general class of attractor solutions characterized by a large 
degree of bending.?" These analyses provide a unifying picture for several novel 
multi-field theories of inflation in which the curvature of the internal field space 
plays a crucial role. On the other hand, the possibility of having a transient tachy- 
onic instability — which has been observed in the model of hyperinflation? and, 
as we have seen, in a class of models of sidetracked inflation — has been critically 
studied in Ref. 9. An important conclusion is that the exponential growth of the 
perturbations that results from the instability can easily lead to a breakdown of 
perturbation theory. Avoiding this can only be achieved by a strong restriction of 
the parameter space of these models, thus serving as a powerful criterion by which 
various recent proposals can be constrained and eventually ruled out. 
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This paper is a brief summary of work already published in Ref. 1. It is inspired by solid 
inflation which is a cosmological model with inflation driven by fields which enter the 
Lagrangian in the same way as body coordinates of a solid matter enter the equation of 
state. We construct a simple generalization of this model by adding a scalar field with 
standard kinetic term to the action, and focus on calculation of quantities which can be 
compared with observations of CMB anisotropies. 


Keywords: Inflation; Solid Matter; Quantum Field Theory in Curved Spacetime. 


1. Model Under Consideration 


One of less standard example of multi-field inflationary models is solid inflation?”, 


driven by three-component scalar field à! which enter the Lagrangian in the same 
way as body coordinates of solid matter enter the equation of state, so that the 
matter action has to be invariant under internal translations and rotations, 


9 = M',¢7+C!, M'eso(3, C eR, I,J=1,2,3, (1) 


where the capital indices are raised and lowered by the Euclidean metric. The 
simplest possible background configuration, ó/ = ólz!, with z^ denoting spatial 
coordinates, breaks the spatial translational and rotational symmetry, but in a flat 
universe it is invariant under the combined spatial-internal transformations. As 
shown by Endlich et al.?, in this model there appears anisotropic dependence of the 
scalar bispectrum on how the squeezed limit is approached. Further development 
of the theory includes 4”. 

In this paper we study a combined inflationary model including scalar field 
with standard kinetic term and three-component scalar field 9! with symmetries 
defined above. Similar approach can be found in Ref. 8 where the authors study a 
model with special form of equation of state of the solid but non-trivial coupling of 
scalar fields to gravity. In our Lagrangian 


Tr B? u Tr B? (2) 
X2" BEDCE 
there is no non-trivial coupling of scalar fields to gravity, but we keep the form of the 
equation of state as general as possible, omitting derivative couplings only. Variables 
X, Y and Z are three independent quantities invariant under transformations (1), 
for which we have adopted definitions from Ref. 3, where BY = —9""9,901 0,97 
is the body metric. (We have changed its sign in order to reconcile it with the 
signature of the metric tensor (+ — ——), which we use throughout the paper.) Our 
model represents a straightforward combination of the solid inflation and the basic 


1 
£ = 39 Pupp + Fy, X,Y, Z), X= TrB, Y = 
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single-field models. It can be considered as, for instance, a simple toy model of 
interactions of fields driving the solid inflation with fields of an effective field theory 
of the standard model. 

For different functions F there are different solutions of the background equa- 
tions and a useful quantity measuring the deviation from the de Sitter solution is 


the slow-roll parameter e = —H / H?, with H — à/a, which can be written as 
n a xix (3) 
€ — — = = — = — 
pta- 3P% P= zza d p 


where p and q are the slow-roll parameters of the single-field inflation and the 
solid inflation respectively. In our combined model we have an additional degree of 
freedom, so that the slow-roll parameter can be small also for finite values of the 
parameters p and q; however, in this work we restrict ourselves to the special case 
in which both p and q are small. 


2. Cosmological Perturbations 


For the perturbation theory we adopt the technical approach from Ref. 9. In the 
ADM parametrisation the metric is ds? = N?dt? — h;; (dx* + N*dt)(da? + N?dt). The 
flat Friedmann-Robertson- Walker-Lematre metric corresponds to N = 1, N? = 0, 
and hij = a?ó;;, where a(t) is the scale factor. For analysing perturbations we will 
use spatially flat slicing gauge in which the scalar and vector perturbations of the 
three-dimensional metric are set to zero. The metric and matter perturbations are 
given by 


N=1+6N, N'LZ£&- NR hj-a'e", (4) 
y=potop, ó'—z +r, m-p-Mmp 


where N* and 7} are decomposed into scalar and vector parts (longitudinal and 
transversal parts in Helmholtz decomposition), Nj and 77 satisfying N4, = 0 and 
TI = 0, and ^j; is traceless and transversal, i.e. yi = 0 and yj;,; = 0. By varying 
the action consisting of the Einstein-Hilbert part and the matter Lagrangian with 
respect to N* and ôN we obtain the momentum and Hamiltonian constraints. By 
inserting solutions of constraints into the action and expanding it up to the second 
order of the perturbation theory we obtain the scalar quadratic action 


d?kdt 
Ss? = J à : a? [gama — 3a° H’ Q)QH? + 2Mgja? H? k’ Q? pp 
T 
1 


l5 k? 
= MÈH? c? k Qp? + 39 T 2 (Fee bape a2 F uy) dy? 


; k? a k? 
— Hpdpip + V2Mpia? H? /pQ (Ser = 2) = 2Pxp rðr] > (5) 
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where only terms up to the first order of the slow-roll approximation have been 
kept, and Q = e — p must be positive in order to have the proper sign of action. 
'The tensor quadratic action obtained in the same way is 


1 l.. p 7 
sP = RENE (zs = ao 7 is, kYij,k + ahokoa) ; (6) 


where h = H + $6/ (2M) = H?(p — e). The longitudinal sound speed appearing in 
the scalar quadratic action and the transverse sound speed in the tensor action are 
2 2XFyx 8 Fy + Fz d 2 Fy + Fz 


=l14+- : T 
3 Fx 9 XFx ' t3 Xx X Fx (7) 


Unfortunately, equations of motion for scalar perturbations derived by variation of 
the action are coupled. Due to the effect of gravity, this occurs even if Fx, is zero. 
'They are decoupled only in the special case such that 


VPFx à 
xus L-1). (8) 


Furthermore, the scalar perturbation p must be replaced by U = p^ air — a? H(p— 
£), where the óu(? is the scalar part of the solid matter velocity, u;^^ = = Ou; (ty or 
uo? = 0, and the term —€ in the brackets originates from MS the index with 
use of the perturbed metric. 

In order to solve equations of motion for perturbations it is useful to introduce 
the conformal time 7 defined in the standard way as r = f a ‘dt, r € (—co,0). By 
replacing the cosmological time by it and considering assumptions imposed above 


Fxo—c 


including special form of Fx, given by (8), we find 


2+ 2e, c— Mihe 1c c.)Q. - 29r. 
gir. ESSE Qu iue i s (raos iig Lo 2s jua (9) 


T 7? 


1+ ée EE Pype 
ép! —2 +e gi +(e- eiM Teee) ae = t (10) 


where the prime denotes the differentiation with respect to the conformal time, 
H = a'/a, both no = Q/(cH) and nz = ér/(cr,H) have been considered to be of 
the first order in the slow-roll parameters, and the subscript c stands for quantities 
evaluated at the reference time Te when the longest mode of observational relevance 
today with the wavenumber kmin ^ Htoday (@today = 1) exits the horizon. The 
creation and annihilation operators defined when the perturbations are quantized 
obey the canonical commutation relations, and the correctly normalized classical 
modes obeying equations of motion (9) and (10) are 


(d) |. LV. H cCL,c 3 600 q,(1) 
U = 2 ce H _ d " k 
à "2/8 Me Jone? 7) apo cL(T)( NL, ) T) 


sp = —X p n) HO) e (kT), (1) 
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where H“) denotes Hankel functions of the first kind, €? = e + ing — ng, pt) = 
p— ZQ + ing ni, and e0?) = e + 2p + LF ep | 
From Ref. 10 we adopt definition of the scalar quantity ¢ that parametrizes the 


curvature perturbations. In our model in the leading order in slow-roll parameters 


it is 
Ak Ópx. +/p [õp QO, u 
ta EL We. A og dec p EAT. 12 

6k — 73 P —VÉMpe (3 PJT @e\ 3H it) 


The corresponding power spectrum P¢(k) is defined by the two-point function in 
the late time limit, (0| Ck, Cs, |0) = [Pe(k1)/(2k})] (27)°5 (kı + kə). It is usually 
approximated by power-law function, Pc(k) ox k”S~', where ns is the scalar spectral 
index, being close to one for a nearly flat spectrum. The spectral tilt up to the 
leading order of the slow-roll approximation is 


u 
p% 


ô 
copes 9) F (Ee — pe) 
, o=e 


ce wes oro) ^ (ug 
€e + (aa — ) pe 


ng —1= -2 


where the subscript e stands for quantities evaluated in the time when the in- 

flation ends, Te ~ 07, Nmin is the minimal number of e-foldings (Nmin ~ 60) 
2(pt) —e(5)) 

and (kita Rin) id * 


responding to the highest observed multipole moment of the cosmic microwave 


2 


, kmax ~ 3000kmin being the maximal wavenumber cor- 


background, and o $^ were replaced by one. (For example 3000991—1.08 and 
0.19-°1 0.98.) l 

The tensor perturbations can be treated in a more straightforward way than 
scalar perturbations, since in contrast to them the tensor perturbations with two 
independent polarization are decoupled. The tensor spectral tilt in our model 
is np — 1 = 2c; e. — 2(1 + c; e)pe and tensor-to-scalar ratio is r = Py/Pc = 
4c} ?/ [e+ (cz — 1) p]. 


3. Primordial Non-Gaussianity 


In the linear order of the perturbation theory Gaussianity is preserved. Therefore, 
in order to compute bispectrum which encodes the non-Gaussianity, cubic terms in 
the action are needed. Since in our model we have 0 € Fy + Fz € —(3/8)X Fx = 
(9/8)Mg,H? (e — p), Fy + Fz can be neglected as well as Fxx, Fxxx,...F xy, 
Fx x,- However, it must be small, its time derivative may not be, because this re- 
striction is just an inequality, and therefore there are no restrictions on Fxy + Fxz 
and Fy, + Fz,. On the other hand, small functions with not small derivative usu- 
ally do not occur in physical problems, so that it is reasonable to restrict ourselves 
to the special case in which Fy + Fz = (9/8)AM2,H? (e — p), where A is a constant, 
or a slowly varying function, of order unity, A ~ 1. By differentiating this equation 
we obtain the restriction X (Fxy + Fxz) F Mpi/p/2 (Fy, + Fay) ~ €, which is 
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satisfied if we put 


E M 
P = X (xy + Fxz) = +- VP vo + Fao), (14) 


and allow F to be of arbitrary order in the slow-roll parameters, so that we have to 
keep this parameter when deriving the cubic action. 

The scalar bispectrum is given by the three-point function of the scalar Ç, which 
can be computed with the use of the in-in formalism !! as 


T 


(Cher (7) (7) Cues (7)) = —i 1 ar" )dr" (0| [Gic (T) Ck (7) Gs (T), Hi (7) |0), (15) 
where only the first order term with a single integration and a simple commu- 
tator is considered. Using the relations above we find that the scalar bispectrum 
Bc(k1, k2, k3), defined by relation (Cx, Ges Ces) = (27)300? (ky +k2+k3) Bc (ki , ko, ks), 
consists of two parts, 


Be(ki, ko, k3) = Fy BY (ki, k2, k3) + Nge? -F Belki, ka, ka), (16) 


parametrized by three independent parameters of the theory, Fy, F and ER 
where V; is a number of of the order of number of e-foldings. Due to the delta- 
function in the tree-point correlation function, three wavenumbers k1, ko and k3 can 
be identified with the sides of a triangle, and all information about bispectrum is 
encoded in a function of two variables which characterize the shape of the triangle. 
Following conventions of Ref. 12, we define x = k2/kı and y = k3/kı and describe 
the bispectrum by the function z?y? Bc(1, x,y) defined in region 1 — z € y < a, 
1/2 X z € 1,0 € y € 1. Shapes of the functions z?y? B? (1, x, y) and a?^y? Bc(1, v, y) 
are depicted in Fig. 1. All functions in the figure are normalized to have value 1 in 
the equilateral limit, y = y = 1. 


i^y B; (1, ry) 


Fig. 1. Shapes of the scalar bispectrum. Flat triangles represent the zero plane. 


Our model with the additional degree of freedom allows for a wider range of 
different shapes of the bispectrum than the solid inflation. The overall bispectrum 
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peaks in the squeezed limit, unless F/Fy — (5/6)N 7 cT» when it peaks in the 
equilateral limit instead. 
The size of the bispectrum is given by the non-linearity parameter fynu. Follow- 
ing the definition (4) in Ref. 13, we find 
F E 
5 kêBelk,k,k) € (His & - BNF) T 
720 Pe(k) [e " c» M 1) Pe 


We can see that if e — p ~ € ~ p, the non-linearity parameter is of the order 
fyi ~ (Fy / F)cz?e-!, the same as for the solid inflation without the scalar field, 
or fur, ~ Ac(F/F)e-!. Supposing that c$ ~ e we have fur, ~ (Fy /F)cg e’ or 
fru ~ Ne(F/F)e-3 if e — p is of the order €?. The condition e — p € €? leading to 
an amplification of the non-linearity parameter can be rewritten as q < p, which 
means that the contribution of the solid matter to the overall stress-energy tensor 
is negligible in comparison to the contribution of the scalar field. 


fur 
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By applying the covariant Taylor expansion method of the heat kernel, Einstein anomaly 
associated with the Weyl fermion of spin-5 interacting with nonabelian vector and axial- 
vector fields in six-dimensional curved space are manifestly given. From the relation 
between Einstein and Lorentz anomalies, which are the gravitational anomalies, all terms 
of the Einstein anomaly should form total derivatives. It is shown before the trace 
operation of the gamma-matrices that the anomaly is expressed by the form expected. 


Motivated by the quantum effects in supergravity, we study gravitational anomalies 
in higher dimensional curved space. In supergravity coupled with super Yang-Mills 
theory, ? the Lagrangian contains four-fermion interactions, which are regarded 
as some two-fermion interactions with bosonic background fields expressed by odd- 
order tensors. The completely antisymmetric part of the highest order tensor should 
be rewritten as an axial-vector by contracting its tensor with the Levi-Civita symbol. 
The (polar-)vector and the axial-vector parts in the two-fermion interactions can 
be absorbed in the vector and the axial-vector gauge fields. The concrete form of 
the gravitational anomalies in the model may directly be calculated by using the 
heat kernel.? 
The heat kernel K^ (z, x") for a fermion of spin-3 in d dimensions defined by 


SK (n,2^1t) = -HK (sa), (1) 
KO (a, 2:0) = 1h(a)|72|h(2’)|-26 (a, a’), (2) 


where 64) (x, 2x’) is the d-dimensional invariant ó-function, 1 = {64g} the unit 
matrix for the spinor, and h = det h*,, in which A", is a vielbein. Here H is the 
second order differential operator, corresponding to the square of the Dirac operator 
Ip in the case of the fermion v, 


1 
H = P’ = D,D" +X, p —4"V, +Y, D, =Vut Qu; Qu = 50 Y) 
1 
X=Z-V Q" -QLQ*, Vu = Opt t uas. Varas = fas Yay) 


1 
Zs Vu V] o Y" V,Y +Y?, [Du Dil = Avv), (3) 
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where wè 


u is the Ricci’s coefficient of rotation. When in d = 2n dimensions the 
fermion interacts with vector and axial-vector fields which do not commute each 


other, the Dirac operator contains the coupling of these bosons in Y, 
Y = "V, + rent Aj; V, = V?T^, Ap m ALT", yen — iy y) oy? (4) 


Here the representation matrix T" of a gauge group, and V7 (A) is pure imaginary 
(real), because of the hermiticity of the Dirac operator. The quantities Q,,, X and 
Ay, in (3) are expressed in the following tensorial form, 


Qu = V, — Yant1 "Yup A", Fi, = âp Vo — OV + [Vu Wo], 
2n — 3 


1 1 
X=- EF 2(n — 1) A,A" — Yangi A"; p HI G Fus —.34— [As Al) ; 


1 c 
Au, = 4 Y Roopy + Fuv — [An Av] - 2 Yur Ap A? + 2 Yiu (Ap; Ap} 
+2 Y2n+1 Yulo A’ ti —2 "Yuvpo AP A , (5) 


where Rpouv denotes the curvature tensor, and the semi-colon ’; w means the Rie- 
mannian covariant differentiation V, + V,, with respect to the vector gauge field. 
The completely antisymmetric product yy, 0 of y-matrices in the last term of A, 
is rewritten by — €uvpo y5 and —teuupon yyy in 4 and 6 dimensions, respectively. 

The differential equation (1) of the heat kernel for the fermion interacting with 
the general boson fields is not solvable strictly. Therefore the heat kernel is usually 
calculated by using De Witt’s ansatz*, automatically satisfying (2), 


" AV (a, a! o(a,2')\ = 
KOM 0,24 v STE exp (AED) Y agla O 
q=0 


where c (z,z') is a half of square of the geodesic distance between x and 2’, 
A (a, z^) = |h(z)| 1 |h(z')| ! det (V, Vio (x, z')), and ag(z, x’) are bispinors. Note 
that the metric tensor in curved space is guy = h^ ah unai with Nab = — dap in flat 
tangent space, and that the coincidence limit of ao is limg:_,2 ao(z, x’) = [ao] (x) = 1. 
The products of o,,, (= V,a) construct orthonormal bases |n) being the eigenfunc- 
tions for à?" D,, and the bispinor aq can be expanded by the bases,? 


oo = n 23 "a 
aq = > |n) (n|ag) = > CI oni 85 lim [Dou +++ D, ad], 
n=0 n ` 


ag (2,2^) = (Olag) (2) — (ulan) (2) & (a, 2") +. (7) 


The gravitational anomalies are obtained in the case of a massless Weyl fermion 
wr in 2n dimensions. The formal expressions of two gravitational anomalies, i.e. 
the general coordinate anomaly AQ and the Lorentz anomaly AC». are given 
from the path integral measure. They are expressed by using the heat kernel 
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KO») (x. a: t) after the Gaussian cut-off regularization, 


T 1 T, 
D^(I,) = AP”, (Lim a) - (wy) = AW 
1 
AQ" (x) = —=lim lim Tr Da (D, — Dy) KO? (a, a’; 0) ; 
a t—0z'—z 
AG?) (a) -—- im lm Tr oni KO ni nu ; (8) 


where Tr runs over both indices of y-matrices and representation matrices of the 
gauge group. Since these anomalies simultaneously appear and are related to each 
other, A?”) = 2D» AQ 7 it seems that both general covariance and local Lorentz 
symmetry break down. 

We consider the “pure” general coordinate anomaly G,, is given by redefining the 
energy-momentum tensor density so that the local Lorentz symmetry is preserved, 


1 
D^(,)-D^(T,)s- GU" = D^AQm - AQ", — (m) =0 (9) 


with (Ths) = (Tu) — AS ) where (Tiv)s is the symmetric part of the expectation 
value of the energy-momentum tensor. The “pure” general coordinate anomaly in 
(9) is called as the Einstein anomaly. The “pure” Lorentz anomaly is also obtained 
by redefining the energy-momentum tensor density so that the general covariance 
is preserved, 

mu — (Ty v) _ 2400 DT o = 0, ud = — AQ, (10) 


Av o^ m 


In order to perform the concrete calculation in 2n dimensions, the Einstein 
anomaly is rewritten by the expansion coefficients of a, in (7) and its derivatives, 


GP”) (x) = TEN Una (2 (vlan) — (Ofan) )(2)} - (11) 
4(4r) 


where the exclamation mark ‘!v’ means the modified covariant differentiation D,. 
The anomaly in 4-dimensional curved space had m been derived, 5? 


1 
Gf? = -zga rs (2vla2) — (01a2))] = = asap ros (Ap X)" 
1 1 1 
EM = ppc KÀ L po = pp0;^ 
= gate (GR wa SREP? + Loro, 
4 8 
+ 5{ Aa, APP + = A^ A^ AMA) 
4 z x T 
— E (Eu A” o + Fija Ap) + BA AA ol] (12) 


where “tr” means 2: D over the representation matrices of the gauge group. A 
derivative term in ey ) before the trace operation of y-matrices becomes some terms 
in tensorial form after the ART and the Lorentz anomaly AC may easily n 
given from the resultant form of G7 (9 by the relation (9). Such properties of Gi 
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is succeeded in the case of GO. Indeed, the straightforward calculation gives the 
concrete form of Co as expected, 


Ge) 2A 


-5 Tr{yr(2(v]as) — (Olas) )} 


1 1 2 
2 Aw REX Xurs Y 
an 25653 Tro [s (sn- ) +754 ui gi Toa 


2 1 
ip^ + gA” X"+ ån X + Aue; A,P|X 


S 


1 17 Sey d " 
+ xag PP MapX as 50 sgg reo M X + Ny Age MP 


1 
dz NPN i Nis, aa, pet E i + — Y " 
45 Up Ts 90 ear ll 45 pln ul j 


i 1 
- tr one { gg Fue Fas Fi + 


= Ruvof Roos R^? KX 


327? m 


1 
iz 4" ipo" Fur 


1 
E — A"? . Fy = 
aaa J F Pole — 15 


15 
"EN 
= FM oak ve "Eg a; A "d "yu r ie [n ^£] - qe Ae’ P Fup 


4 eG Red o 29 O 
+ g^ du Poep ES p» Favio? + =A ; c d = gg rlu Ero; | 


c 1 c 
- ggf lE, Fu] + 55 Ae’ "phun s alt =), 71/29 ERO | 
2 a 
25 Ae Fats, F Pul 


i aso 1 a 
zz Aol Filo’ Fu diia Fay Ruvap A = + go aso a” 


1 "PES F 
^ 90 Fou] AP S — d LK P 4. SUR 


pio A 


4 
15 Ae Punic F^] 7 Fe AlE” o, Fur] — 


Pur A dece - Hop AT i] 


aille — go 90 


dd 1 Q apo 
= 90 Pelro A^ * gg epelen] aues jag Posi. á v] A" io 


1 1 1 
. goBes A opp LAB n ip AS 
+ x60 te pk Aig E Raßbuv;pA 560 Roop 


as gt RapuvAp ETTA 180 L (Rago RA? ) PAo + so Poor j year 


1 [07 o o 
T m v Af — og RP A y T 3g Fives F FAT ces ER Fup i 


1 4 
oo a aß P: (ee aß 3p Eus 
aR uv Foo AP: + TR uv Foo Ag? + 15 


1 Q; 2 Hed 1 Q: 

+ zg Fats Fed B asa Fg AP — 1g Pos A id 
1 

E Jg Pobpln 


Hago Py Ar? 


1 a 
Fy RAM + ae op PF pa? wt 1g Peso, F PAP 
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1 a 2 Q 4 a " 

Ls 15 Peta. B Ag ar gE P pbi sadi = gE B wFap Ag 
1 " 1 a 

Rd 90 RaBbyv;pF PAP n 1g Polt P Ag 


4 3: 4 " 
-g i vjaAg + 3e Rip Fp Aa 
l ja liga: 
TET AP p. p — 394 AP pos. 


1 1 1 
4 ( — [A9 ASB] — — JAP. A8] LL JAL Abie yo 
(sg[A^; 4^9] — SA", ASP] + As, APP) PP, 


1 a; lg ap ME 
W^ (s; 4^. A 8] - 304 APY] + IA APP T 


1 1 
I a; pB a pp 5 
ag Mo ANT + gl Ae )F 
1 1 1 
4 (Ae AP ]— JAS. AB, 0) — JAS. AP] y poe 
(a5|4*: AT] — 5145, 4,7] lAo AP) 


1 1 1 
+(— —IAP?... AvP) 4 Ae. APB AS. Abie \ po’ 
( 7 gg ^io 4*1 + gola. AMA] + c A7, A0) 


1 1 19 
Lit AS A Fee p ——[A*. A Fee. py = — A9 AP pr? p 
x A A UPPP PP) + At A J[RPP, FP] — , 
1 13 19 
+(2RA%A + =RWIAP A — Reo A Ag FY 
(55 ur al m“ 3 ) 


1 1 
+ SRP APAYES, — GR JA”, AP] Fe? + oO AA? Foo 
1 1 1 
— — RAB AVIS _— — pop AByY Ao. — Roe ABIA 58 
7 tA A i. A A ot gh A^" A, 
1 1 1 
— LLL APT AB Q, = AOP ABT 4 — Apia A0;B 
+( sp A7 APP + APAS + AA 


1 Dd 
= gj tamm, + O(A®) (13) 


where J? = APs. Some total derivative terms in Gl before the trace operation 
yield many terms in tensorial form, by using (5), and the derivation is still in 
progress. The third order terms of A in (13) are 157 terms, of which some terms 
contain the vector field strength and the curvature tensor, though these terms may 
be rewritten by the Bianchi and Jacobi identities and by symmetries of the curvature 
tensor and the vector field strength. 

If all A, are abelian in (12), then ele corresponds to the anomaly in space 
with torsion, which is originally expressed by the third order antisymmetric tensor. 
The dual vector of the tensor in four dimensions behaves as the axial-vector.5 Note 
that the dual tensor of torsion in six or higher dimensions is the third or higher 
order antisymmetric tensor. In supergravity, there appear the contributions of the 
vector, the axial-vector and the third order antisymmetric tensor fields, together, 
which do not commute. The anomaly with the vector and the axial-vector fields in 
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six-dimensional space with nonabelian torsion may have the new terms containing 
the third order torsion tensor. 
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Rigidly-rotating quantum thermal states in bounded systems 
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We consider rigidly-rotating thermal states of a massless Klein-Gordon field enclosed 
within a cylindrical boundary, where Robin boundary conditions (RBCs) are imposed. 
The connection between the parameter of the RBCs and the energy density and four- 
velocity expressed in the Landau frame is revealed. 


Keywords: Klein-Gordon field; Finite temperature field theory; Robin boundary condi- 
tions; Landau decomposition. 


1. Introduction 


In quantum field theory, the boundary conditions (b.c.s) are imposed at the level of 
the field operator ®, or equivalently, of the quantum modes. The interplay between 
the b.c. formulation and the ensuing operator expectation values in various states 
is far from obvious. In this paper, we consider the connection between the choice of 
b.c.s and the thermal expectation value (t.e.v.) of the stress-energy tensor (SET) 
operator in rigidly-rotating finite temperature states of the massless Klein-Gordon 
(KG) field. We show that the free parameter V in the Robin b.c.s (RBCs) can 
be related to the values of the Landau frame macroscopic four-velocity and energy 
density on the boundary. 

The outline of this paper is as follows. In Sec. 2, the mode solutions of the KG 
equation inside a cylinder are reviewed. The procedure for constructing t.e.v.s in 
rigidly-rotating systems is summarised in Sec. 3. The analysis of the SET using 
the Landau frame decomposition and the connection between the Landau velocity 
v and V is presented in Sec. 4. Section 5 concludes this paper. 


2. Rigidly-rotating thermal expectation values 


Let $(x) be the field operator for a massless, neutral (real) scalar field which is 
confined within a cylinder of radius R, obeying the KG equation: 


$(z) = 0. (1) 


The mode solutions of Eq. (1) can be obtained as follows: ! 


N; tw yt+ik; z+im,; 
fi = ee ies’ (qyp), (2) 


y 8170; : 


where (p, , z) are the usual cylindrical coordinates, while w; > 0, kj and m; are 


the eigenvalues of the Hamiltonian H, longitudinal momentum P; and z component 
of the angular momentum, L,. In order to fix the normalisation constant Nj, we 
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evaluate the KG inner product for f; and fj: 


oo oo 2T 
fmi af paf aof- feo) 
Nž N; lw; + wy). 
-— 2I 1 (oj Y Ug PO — kyo 7 2 
Saga : dj — dj 
x |J; (qj R)qj Tin, (q; R) E Jm; (qj; R)qj Jm; (qj R) , (3) 


where a standard identity involving integrals of Bessel functions was employed.? 
Orthogonality is ensured when the transverse momenta qj — qm, are discretised 


according to the Robin boundary conditions:? 
qme FU (dm eR) F VJ, (qu, R) = 0, (4) 
where £ = 1,2,... indexes the non-negative solutions of Eq. (4) for fixed m in 


ascending order, while V is considered to be a constant, real number. It is easy to 
see that V = 0 corresponds to the von Neumann b.c.s [Jh (qm eR) = 0], while the 
Dirichlet b.c.s [Jm(@m,eR) = 0] can be recovered in the limit V — oo. Imposing 
(femte, fmi) = Elk — k') bm de,0 yields:? 


dm ev 2 


M (dm eO) f 92, FP + V? — m? 


The canonical expansion of the field operator with respect to the modes fj is: 


$(7) =D [hea f; à] (6) 


(9) 


Ngm t = 


—- o 


where the one-particle creation (â!) and annihilation (@;) operators obey the stan- 
a 


pn 


dard commutation relation [à;, 5j edi q 


3. Rigidly-rotating thermal states 


We now consider rigidly-rotating thermal states, corresponding to an inverse tem- 
perature B and an angular velocity Q. The thermal expectation value (t.e.v.) of an 
operator A is computed using the density operator p as follows: 


(a Z^ w(9À, ^ p-exp|-&(&  L.)], (7) 
where Z = tr(() is the partition function. It can be shown that:* 
ata 90.3") E 
(aay) 5 = Es Dp Wj = wj — m;. (8) 


Equation (8) is not valid when the co-rotating energy w; < 0, since in this case, the 
vacuum limit (corresponding to 8 — oc) yields a non-vanishing value.” Moreover, 
modes with © < 0 make infinite contributions to rigidly-rotating t.e.v.s. It is 
noteworthy that finite quantum corrections can still be computed perturbatively. 
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It is reasonable to expect that t.e.v.s should stay finite for all values of Q provided 
that QR < 1, which requires that qm, R > m. This property can be ensured only 
when V > 0, thus we do not consider negative values of V in this paper. 

Starting from the following expressions for the SET operator: ^? 


^ 9. xc ox da > J n " 
Ts 3 V9 V9 "28V D gd 79)? + p??], (9) 


the t.e.v. of the components of the SET can be obtained using the mode expansion 
(6) of the field operator. It is convenient to express the results with respect to the 
tetrad comprised of the vectors e; = ô+, ep = Op, eg = p !O, and e; = O,. Using 
the notation Tas = (: Txy :)g, the following results can be obtained:? 


SNA s N2 „dk 
Tas = ———— n — — Fs 
o X XE ume 


jp = (6? + p ?m? — q?) J2, + PI”, 


np = (7-39 ?m? + 3q7) J2, + 2ap 1 Ja Ji, 34^ Im”, 
Fog = (Bp ^m? + q^) J2, — 200" JmJ5, — d^ Jin”, 
Foa = (6k? — p ?m? + P) JZ, — 4^ Fin”, (10) 
where it is understood that w = w;,,; and q = qm,¢, while the Bessel functions and 


their derivatives take the argument gmp. It can be shown that the components of 
the SET not displayed above vanish for all values of p, 6 and Q. 


4. Landau decomposition 


The matrix structure of the SET given in Eq. (10) can be summarised as follows: 


T; 0 T 0 

0 Tsp 0 0 
E bp 11 
TOMBE. 0 Tog 0 e 


0 0 0 Tez 


The energy density E and macroscopic four-velocity u^ can be obtained in the Lan- 
dau frame by solving the eigenvalue equation 7T?5u? = —Eu*.1°" The physically 
relevant solution for E reads: 


iL 
B= P] |The — Teg + 4j (Ti + Tao)? — 4I, ; (12) 


while the Landau velocity uê = T'(1,0, v, 0)7 can be characterised via: 
n. 1 
T&E Tn D = —. 13 

E -- Tig V1- v? p 

Further manipulation of the above relations gives: 
Tis 
EK. NE. NM (14) 
140v? Ty + Tag 
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Fig. 1. The dependence of (a) vp and (b) Ey/Ey;nkr on V for various values of the inverse 
temperature 8 when Q = 0.5 and R — 1. 


When Dirichlet b.c.s are employed, it is easy to see that v vanishes on the 
boundary. For finite values of V, v is in general non-vanishing on the boundary. 
Let vp denote the value of v on the boundary. We now ask what is the value of Y 
which ensures v(R) — vy. Inverting Eq. (14) in order to obtain V as a function of 
vy does not seem feasible. Instead, an iterative procedure can be established which 
allows the value of V to be computed numerically. Starting from: 


aa 
jM 
by 
Il 
l 
QT SN 
= 
e 
h2 
bo 
E 
N 
bw 
i MN 
| 
s 
8 
aQ 
> 
y 
bo 
5 
w 
tSt 
Bs 


Sly 


P2 — m2 —1 poo 2(m? + o^ R? + €) 
(Tj; + Tao)R = 5 (: RE Uu f dh Roe ' (15) 


where the sums over m and £ run between —oo and oo and 1 and oo, respectively, it 
can be seen that V can be isolated from the last term of the second equality above: 


P- mN poo dk vy (uw? R? + m?) 
| ee Zon T a CET 
(um) d aeo e 75 


Equation (16) is solved iteratively. The value V? corresponding to iteration n 
is obtained by evaluating the right hand side of Eq. (16) after replacing V with the 
value U("—) obtained at iteration n — 1, while vp is kept fixed at the desired value. 
Starting from V?) = 0 yields the convergence value within a relatively small number 
of iterations and the process seems to be stable as long as vp can be obtained using 
V > 0. To illustrate the procedure, we consider a system with R = 1 and Q = 0.5. 
Figure 1(a) shows the variation of vy with V for 8 € {0.25,0.5, 1}. 
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Fig. 2. Profiles of (a) E and (b) v for various values of V at 8 = Q = 0.5 and R = 1. The QFT 
results are shown using lines and points, while the solid purple line represents the RKT results. 


It is natural to consider the relation between the Landau energy density E 
measured on the boundary and the energy density Ey;nkr expected for a rigidly- 
rotating Bose-Einstein gas, for which !? 

TITAr 
3084 ` 
An iterative scheme for finding V for a prescribed value of Ep involves working 
with quadratic functions with respect to the SET components. The stability and 
efficiency of such a scheme is questionable. Instead, we employ a bisection algo- 
rithm to find the value of V corresponding to Ey. Typically, the ratio Ey /Ep:rKr 
characterising the departure of the quantum state from the expected rigid-rotation 
profile ranges from ~ 0.1 for Dirichlet b.c.s to ~ 2 for von Neumann b.c.s. The 
dependence of Ey/ Eygkr on V for 6 € (0.25,0.5, 1} is illustrated in Fig. 1(b). 

Finally, we examine the profiles of the energy density and velocity when 8 = 0.5, 
Q = 0.5 and R = 1. Fig. 2(a) shows that the RBCs interpolate between the Dirichlet 
and von Neumann b.c.s. In the former case, the energy density exhibits a strong 
decreasing trend in the vicinity of the boundary, as also remarked in Ref. 1. For 
the von Neumann b.c.s, the energy density is amplified next to the boundary, as 
compared to the RKT prediction for a rigidly-rotating Bose-Einstein gas. The 
velocity v, shown in Fig. 2(b), shows small variations with respect to V. 


URKT = PQ, Erxt = (17) 


5. Conclusion 


In this paper, a procedure to correlate the parameter V of the RBCs for the massless 
KG field enclosed within a cylinder and the boundary values of the rigidly-rotating 
t.e.v. of the SET operator was introduced. The restriction V > 0 was imposed in 
order to eliminate modes with negative co-rotating energy w which would otherwise 
cause t.e.v.s to diverge. Employing the Landau frame decomposition to obtain the 
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macroscopic four-velocity of the state, the velocity on the boundary was shown to 
take values between 0 (Dirichlet limit) and a maximum value (von Neumann limit), 
which increases towards the value corresponding to rigid rotation as the temperature 
is increased. The energy density is strongly quenched compared to the relativistic 
kinetic theory prediction for a rigidly-rotating Bose-Einstein gas in the vicinity of 
the boundary when the Dirichlet b.c.s are employed. By contrast, it is amplified in 
the case of the von Neumann b.c.s. 
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It is known that an electric-magnetic duality transformation is a symmetry of the classical 
source-free Maxwell theory in generic spacetimes. 'This provides à conserved Noether 
charge, physically related to the polarization state of the electromagnetic field. We shall 
argue that this conservation law fails to hold at the quantum level in presence of a 
background classical gravitational field with non-trivial dynamics, as determined by the 
Chern-Pontryagin invariant. This is the spin-1 analog of the chiral anomaly for massless 
Dirac fermions. 


Keywords: Quantum anomalies; quantum field theory in curved spacetimes; electromag- 
netic duality. 


1. The classical electric- magnetic Noether symmetry 


It is known from elementary courses in electrodynamics that Maxwell equations 
without electric charges and currents, as well as the electromagnetic stress-energy 
tensor, are manifestly invariant under and an “exchange” of the electric E and 
magnetic B fields, given by E B, B 5 —É. Ina manifestly covariant language, 
this amounts to say that 


V,F'" — 0, V,* F"" =0, (1) 


together with Tj, = 4 [FupF?, - * F,,* F^,], where F denotes the electromagnetic 
2-form field and * F its Hodge-dual, remain invariant under the discrete transforma- 
tion Fy > *F uv, “Fav > —Fy,. Because this discrete transformation is nothing 
but the Hodge-duality mapping between 2-forms in a 4-dimensional spacetime, this 
invariance is usually regarded as the duality of Maxwell theory of electromagnetism. 

Perhaps more interesting than this is that the invariance actually extends to con- 
tinuous SO(2) rotations between the fields, F — F cos0 + * F sin 0, called electric- 
magnetic transformations. This continuous transformation not only leaves the above 
equations invariant, but it is also a symmetry of the source-free Maxwell action 
functional 


si] = [ d'ay =F Fr, (2) 


as first found by Calkin!. Here we introduced the electromagnetic potential A, 
defined by F = dA. Some years later, this was reanalyzed in greater detail by 
Deser and Teitelboim? using the canonical approach, showing in particular that the 
symmetry holds even if the electromagnetic field propagates in a curved spacetime 
background. Noether's theorem enters the scene providing a conserved charge and 
current, with valuable physical information. 
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The Noether current takes the form (valid on-shell)? 


: 1 * v v 
jp. [AZ FP =F" Za]; (3) 


(where Z, is defined by E" = —e"^? V a Zg) and it is conserved on-shell: 
Vist, = -Z, V,F"" = 0. (4) 


The electric-magnetic symmetry of the theory is generated by a conserved charge 
Qp, which is the integral on a Cauchy surface of the “zero” component of the 
previous current: 


1 
Qp--; L d,(A,, BY — E"Z,), (5) 


and satisfies ÂH = {H,Qp} ~ 0. This charge is gauge-invariant, it is a constant of 
motion Q z 0, and it is not difficult to check that generates the correct transfor- 
mation rule for the electric and magnetic fields in phase space: 


ôE ={E,Qp}=B, | éB-(B,Qp)- E. (6) 


In Minkowski spacetime, this charge shows interesting physics. Expanding the 
fields in Fourier modes with positive h4 (k) and negative h_(k) helicity amplitudes, 
the equation above reduces to 


3 : » 
Q» - [sig [^P - n- GP] - (7) 


As we can see, the Noether charge accounts for the net difference between right- 
and left-handed circularly polarized radiation (or photons, in the quantum theory). 
This is recognized as the usual V-stokes parameter, describing the polarization 
state of electromagnetic radiation. In some contexts this is also known as optical 
helicity^. One concludes that, as a direct consequence of the classical electric- 
magnetic duality symmetry, this physical magnitude is a constant of motion of 
source-free electrodynamics. 


2. The anomaly in the quantum theory 


An important question now is whether the symmetry still holds in the quantum the- 
ory, Le. if (V jh) = 0 for any given quantum vacuum state. Failing to satisfy this 
will imply that the electric-magnetic transformation is not a quantum symmetry. 
Given the well-known and diverse examples of anomalous symmetries in quantum 
field theory, this is not a trivial issue. 


2.1. Why is an anomaly expected? 


Anomalies in quantum field theory were first discovered by Adler, Bell, and Jackiw® 
for the Dirac chiral symmetry in the context spinor quantum electrodynamics, and 
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immediately after by Kimura? in the gravitational framework. The underlying rea- 
son for their appearance is renormalization. In short, the calculation of expectation 
values of quadratic field operators runs into problems due to UV divergences. They 
are ill-defined and as such we need renormalization to extract a well-defined phys- 
ical quantity from them. The Noether currents are a prototype example of that. 
'The key point is that renormalization subtractions do not necessarily respect the 
classical equations of motion. Then, quantum fluctuations lead to non-trivial off- 
shell contributions to the divergence of the current (4), causing the rupture of the 
classical invariance. 

Of course, not every symmetry of a field theory is ruined by quantum fluctua- 
tions. One of the key points that makes the appearance of an anomaly very likely 
in this situation is the fact that the electric- magnetic transformation resembles an 
ordinary chiral transformation when working with self- and antiself-dual field vari- 


ables. Indeed, if we define the self-dual fields Hi = 5 [E + iB] then 


H, xs e??? Hy , (8) 


is an electric-magnetic rotation of the fields. Furthermore, under a Lorentz trans- 
formation both fields decouple, and their transformation rules are related to the 
two irreducible representations of the Lorentz group for fields of spin-1, written 
in standard terminology as (0, 1) and (1,0). Compared with massless fermions of 
spin-1/2, Ay is the analog of a right-handed Weyl spinor — that transform under 
the (0, 1/2) Lorentz representation — and H_ is the analog of a left-handed Weyl 
spinor. So there is, indeed, full analogy with the fermion chiral transformation. 
Since this classical symmetry is known to be anomalous in the quantum theory if 
the Dirac field propagates in a curved spacetime, it becomes plausible that a similar 
feature will happen in the electromagnetic case too. 


2.2. Derivation of the quantum anomaly 


The strategy that we follow to compute (V,,j/5) is to mimic as close as possible the 
chiral anomaly for Dirac fields. 

The previous arguments strongly suggest to use self- and antiself-dual variables. 
'The use of them actually makes the dynamics of the theory significantly more 
transparent. Source-free Maxwell equations (1) can be rewritten as 


of" VHT =0, (9) 


with af” some matrices satisfying the su(2) Lie algebra (again, this resembles the 
spin-1/2 theory of Weyl spinors). As in the standard formulation, this equation 
can be solved by introducing potentials. Defining complex potentials by H. » = 
ic! "" V, A, , the equations of motion read now? 


ae’ VAS — 0. (10) 
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The analogy with the Dirac theory goes even further. The standard Maxwell 
action functional (2) can be rewritten in terms of complex variables in the following 


form? 
1 E 
S[A*, A] = -1 f ev= Vip"NV,UV, (11) 
where 
At 0 0 0 a 
EET PDT E T NEP 0 0 —o" 0 
v= A= ’ V —(A Has A jH-), B —u 0 al! 0 0 
H. —a^ 0 0 0 
(12) 


These new Ø” matrices satisfy the familiar Clifford algebra (5^, 8") = 2g"", and 
allow us to define a chiral matrix 5 = ar&nvop D B" B BP. 'Then the chiral-type 
transformation of the fields 


y — eiPs9y , (13) 


defines the electric-magnetic rotation, and it is a symmetry of the above action. 
By applying Noether's theorem we immediately get the current j^ = —iW8"B.V. 
which agrees with the one presented above. 

Now we are equipped with sufficient tools to calculate the vacuum expectation 
value of (4). We took two different routes to obtain the result, each one illustrating 
different aspects of the anomaly. 

The first method is a direct computation: we identify and regularize UV diver- 
gences, and subtract them in a covariant way. This is achieved by writing the diver- 
gence of j^) in terms of the Wightman two point function S(x, z^) = (W(z)W(z^)), 
subtract the corresponding UV asymptotic expansion up to 4 order in derivatives 
of metric (which contain UV divergences), and then taking the limit in which the 
two points merge: 

(Vu3D) ren = (Vujp) ui (Vaiba) = lim 0 ;ATrs (oou, A) on S(x, 2, Aja) s 


Bk! > 
The asymptotic expansion is evaluated using the Heat Kernel method’. After taking 
limits a non-vanishing term survives, yielding an anomalous non-conservation of the 
duality current ?: 


. h 
Vata, = -gga wes" R7 . (14) 
'The result comes entirely from the subtraction terms, which are independent of the 
vacuum state. 
The second approach relies on Fujikawa’s path integral viewpoint??. The par- 
tition function of the theory, 


Z= fue. Hes, (15) 
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remains invariant under a change of variables in phase space. An electric-magnetic 
duality rotation is a canonical transformation in phase space and as such it must 
leave Z invariant. Noether's theorem states that the action changes as 


s^ V] = sp, 8]- | dn V=90(0) (3b), (16) 


If everything else under the integral remained invariant, one would conclude that 
the current is conserved. However, as first pointed out by Fujikawa, the measure of 
the integral is not necessarily invariant and could change by a non trivial Jacobian, 
du[V', V] = Jdu[V, V], J #1. This is what yields the anomalous non conservation 
of the current in this framework. A detailed analysis following this approach gives 
back equation (14) again. 


3. Conclusions and final comments 


We argued that quantum fluctuations of the electromagnetic field spoil the classical 
conservation law of the Noether current associated to electric-magnetic rotations due 
to spacetime curvature, as calculated in (14). The result points out that Qp is no 
longer a constant of motion in the quantum theory: gravitational dynamics should 
distinguish between right and left photons. Physical implications of this quantum 
effect are still under investigation, but the analogy with the chiral anomaly !? sug- 
gests that this is related to spontaneous electromagnetic circular polarization, as a 
result of asymmetric creation of right/left photons from the quantum vacuum due 
to background dynamics. If confirmed, our next goal will be to study the stimu- 
lated contribution to this asymmetric particle creation. This could be of interest 
in different astrophysical scenarios!!, ranging from stellar gravitational collapse to 
mergers of compact objects. 
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We extend the adiabatic regularization method for an expanding universe to include the 
Yukawa interaction between a quantized Dirac field and a homogeneous time-dependent 
scalar field. We present the renormalized semiclassical equations that are needed in 
order to take into account the backreaction of the produced Dirac fermions in both 
gravitational and scalar background fields. 


Keywords: Quantum field theory in curved spacetime, adiabatic regularization, preheat- 
ing, Yukawa interaction, semiclassical gravity. 


1. Introduction 


Any inflationary model predicts an exponentially fast dilution of the number density 
of any particle species. To repopulate the Universe with matter and radiation, the 
energy density of the inflaton needs to be converted to the standard model fields. 
This epoch is called reheating. A preheating stage, where particles are created 
due to the classical behavior of the inflaton field before the thermal equilibrium 
has been proposed for both scalar! and fermion fields?. In some models, including 
new inflation and chaotic inflation, inflation is produced due to a classical scalar 
field, which at the end of inflation it starts to oscillate around the minimum of its 
potential. 

Gravitational particle creation was first discovered in the expanding universe? ? 
and later extended to black holes^7. Time-dependent gauge fields can also cre- 
ate particles?. Due to the Yukawa coupling between a time-varying classical scalar 
field ® and a quantum fermionic field v, spontaneous particle production also oc- 
curs. In order to take into account the backreaction of the produced particles on 
the classical background fields, via the semiclassical equations, one need to com- 
pute the expectation values (T,,) and (vw). This requires a regularization and 
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renormalization method to deal with the ultraviolet divergences appearing in ex- 
pectation values quadratic in fields. A very powerful method to tame the ultraviolet 
divergences for isotropically expanding universes was originally proposed by Parker 
and Fulling 4^??? for scalar fields. This renormalization method is based on an adia- 
batic expansion of the field modes living in the expanding universe, and it is known 
as adiabatic regularization. The adiabatic method has been extended to Dirac 
fermions in Refs. 10, 11. 

In this contribution we further extend the adiabatic regularization method to 
incorporate the Yukawa interaction, which is expected to be of major importance 
in the preheating epoch. First, we present the semiclassical equations for fermions 
in an expanding universe and Yukawa-coupled to a scalar field and then use the 
adiabatic regularization scheme to cure the divergences of the vacuum expectation 
values of (T,,,) and (vw). (For a extended analysis, see Ref. 12). 


2. Semiclassical equations for a quantized Dirac matter field with 
Yukawa coupling 


We consider the theory defined by the action functional S = S[g,,, ®, Y, Vy], where 
w represents a Dirac field, Ẹ is a scalar field, and g,,, stands for the spacetime metric. 
We decompose the action as S = Sg + Sm, where Sm is the matter sector 


s, = f tvv73 SEV- ph ms aeo. 0 


and S, is the gravity-scalar sector. In (1), both the metric g,,(x) and the scalar 
field ®(x) are regarded as classical external fields. The curved-space Dirac matrices 
^" obey the relations (4^, y") = 2g”. The Dirac spinor (x) will be our quantized 
field, living in a curved spacetime and possessing a Yukawa coupling to the classical 
field ®. The Dirac equation is 


(iy^ V, =m- gy®)p =0, (2) 
and the stress-energy tensor is given by 
2 2 óS5 if- - 
pv c Vg 8g” = D] NZD, m (V3), v] d (3) 


'The complete theory, including the gravity-scalar sector in the action, can be 
described by 


1 1 
Bes E. uc | Pine J d'z/—g [go vov - vay} S. ae 
(4) 


where Sm is the action for the matter sector given in (1). 
'The semiclassical Einstein and scalar equations are 


1 
GH” + 81G (vrava - 39 VP OV B+ sve) = —81G(T#”) ren , (5) 


OV 


P + 0$ =— gy (bd) ren . (6) 
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In order to obtain the renormalized quantities (7,,,),.«4, and (aw) ren we extend the 
adiabatic regularization in the next section. 


3. Fermion quantization and adiabatic regularization 


In a spatially flat FLRW spacetime, we expand the field v» as 


= [PED [Bov a) + Di NO] ; (7) 


with 


20 e ( MOS G) 
ug Ar) = ESSE a 2x A 7 


and vz ,(r) = Cuz ,(x). The modes vz , (z) can be obtained by applying a charge 
conjugate transformation Cy = —iy?^*. Here € with A = +1 are two con- 
stant orthonormal two-spinors (EEx = ô) x), eigenvectors of the helicity opera- 


tor ake, = Ag). The time-dependent functions h} and hi! satisfy the first-order 
coupled equations 
ia 2 (St 


RIO [OUR B cee ee DELL TOES 
k ET 9Y k] > k E Ət 9Y k . 


'The normalization condition for the above four-spinors reduces to 
I^? + Ih 1. (10) 


For adiabatic regularization one can expand AL and hl! as 
p k k 


w(t ) +m e w(t "OC t 1 
Al(t) = Roy Pott) G+... a (+F s...) 
hl! (t) E eoe O eA e + GO (t) +.. .) (11) 


Here, F9, GV) and wl”) are complex and real functions of nth adiabatic order. By 
substituting (11) into the equations of motion (9) and the normalization condition 
(10), one can obtain expressions for this functions by solving order by order in the 
adiabatic expansion. As usual, we consider à of adiabatic order 1, à of adiabatic 
order 2, and so on. On the other hand, we consider the interaction term s(t) 
of adiabatic order 1. For a recent discussion on a related issue see Ref. 13. We 
work out the first adiabatic order but the full computation until fourth adiabatic 
order can be found in Refs. 11, 12. In order to compute the three functions of the 
first adiabatic order contributions F(U, G™ and w“) we treat independently the 
real and imaginary parts by writing FO) = fP + if and GM = gf) + igh. 
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From (11) and (10) we obtain for the real part 


(w -m (gP — SP) =w — gy, 
(w +m (gP — FO) = -w — gy, 
(w+ m)f + (w= mg — 0, (12) 


which has as solutions 


a _ 9y?  mgy? a) _ 9x? _ mgr? serge. (13) 
i 2w 2u? ^" 7 2w 2u? ^" w 


On the other hand, the imaginary part of the system gives 


1 dw 1 1 
= (Dy. vb]. MM 2S 
ud m)(gy fy ) 2 dt (5 =) , 


Coe ae qs LN (= - :) | (14) 


2dtNw—m w 


'These two equations are not independent. The obtained solution for gP and D 
is 


1 
IP =A- Iy =A, (15) 


where A is an arbitrary first-order adiabatic function. We will choose the simplest 
solution 


ma ma 
le, gos, (16) 


4w?a 
obeying the condition F® (m, gy) = GU) (—m, —gy4). Therefore, the adiabatic 
expansion will also preserve the symmetries of the equations (9) with respect to the 
change (m, gy ®) + (—m, —gy $). We have checked that physical expectation val- 
ues are independent to any potential ambiguity in this kind of choice. We want to 
remark that this ambiguity is originated by the possibility of adding a time deriva- 
tive in the integral of the exponent in (11) and compensating it by redefining the 
corresponding functions F and G. Therefore, the local subtraction terms for renor- 
malization can be unambiguously fixed. Nevertheless, an unambiguous adiabatic 
expansion of the modes can be constructed following the procedure described in 
Ref. 11. The next adiabatic orders are obtained by iteration. 


4. Renormalized backreaction equations 


The classical stress-energy tensor in a FLRW spacetime has two independent com- 
ponents. For a Dirac field, they are (no sum on i), 


if- ðb av i i (zih əbi 
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In the quantum theory, using (7) the vacuum expectation values of the stress- 
energy tensor take the form 


p. [p ah Ont! 
Too) = —— kk? px(t) , (t) = 2i | At hi! 
(Too) xus] dkk"pk(t) , — px(t) ( e- kr- )> 08) 
and 
1 dá 2 2k Iyll* Peg FT 
(Tit) = 2a dkk*pe(t) , — px(t) = — z- (hy * + hy" hy). (19) 
Ta Jo 3a 


On the other hand we have: 
(uo mue] duh e. Cnm IMP- IMP. —— Q0) 


In general, adiabatic renormalization proceeds by subtracting the adiabatic 
terms of the integrand that contains the ultraviolet divergences. For (iw) we need 
to subtract until third adiabatic order and for (7,,) until fourth adiabatic order. 
It is important to remark that all contributions of a given adiabatic term of fixed 
(adiabatic) order must be taken into account in the subtraction, otherwise general 
covariance is not maintained. Also, one subtracts only the minimum number of 
terms required to get a finite result. For example, for the first adiabatic order for 
(bw), introducing (11) in (20) and selecting the corresponding first adiabatic order 
term of this expansion for the the expectation values we obtain 


(buy? == (ep)? - = (ap)? 


w+ gy ® m?gy 
==" (an) - vm p) =F E 

2w A f 2w Iz w w3 (a 
The complete renormalized expressions for the energy momentum tensor and 


(bb) ren are 


1 is = 
(Too) ren = (Too) — (Too) Ad = zrl dkk? (pk — p €) ; (22) 
(Gus. = (Ta) ~ (Pi) aa = uu] A-o), — Q3) 


(Bren = (99) - Gas zu | de (oe GUL). (24) 


where (07?) denotes the substraction terms of adiabatic order 0, 1, ..., n 

These finite renormalized quantities are the ones that are introduced in the 
semiclassical equations of (5) and (6) in order to take into account the backreaction 
of the produced fields in both the gravitational and the scalar background fields. 

We want also to briefly recall that the adiabatic method serves not only as a 
regulator but also as a renormalization mechanism. Each adiabatic subtraction 
of (whp\ren and ( Tyv)ren can be understood as the contribution of a generic La- 
grangian containing all possible counterterms having couplings with non-negative 


mass dimension, up to Newtons’s coupling constant!?. The associated running of 
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the couplings due to this adiabatic renormalization scheme has also been recently 
studied in Ref. 14 for a Maxwell-Einstein theory. This is still an open problem for 
a Yukawa interaction. Another issue is the correct fixing of the initial conditions in 
order to perform a numerical analysis of the full renormalized semiclassical equa- 
tions. This has already been done for a scalar field in expanding universe!? but a 
generalization for Dirac fields and also for Yukawa couplings is still missing tê. 


5. Conclusions 


In order to take into account the backreaction of the produced Dirac particles during 
the preheating stage one needs to compute (Ty) and (iv), which are plagued with 
UV divergences. To renormalize these observables we have extended the adiabatic 
regularization to include a Yukawa interaction between the quantized Dirac fields 
and the classical scalar field background. 


References 


1. L. A. Kofman, A. D. Lindle, and A. A. Starobinsky, Phys. Rev. Lett. 73, 3195 
(1994); L. A. Kofman, A. D. Lindle, and A. A. Starobinsky, Phys. Rev. Lett. 
76, 1011 (1996). 

2. J. Baacka, K. Heitmann and C. Ptzold, Phys Rev. D 58, 125013 (1998); P. 
Greene and L. A. Kofman, Phys. Lett.B448, 6 (1999). 

3. L. Parker, Phys. Rev. Lett. 21, 562 (1968); Phys. Rev. D 183, 1057 (1969). 

4. L. Parker and D. J. Toms, Quantum Field Theory in Curved Spacetime: Quan- 
tized Fields and Gravity, CUP, Cambridge, UK (2009). 

5. N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space, CUP, 
Cambridge, UK (1982). 

6. S. W. Hawking, Commun. Math. Phys. 43, 199 (1975). 

7. A. Fabbri and J. Navarro-Salas, Modeling black hole evaporation, ICP-World 
Scientific, London, UK (2005). 

8. E. Brezin and C. Itzykson, Phys. Rev. D 2, 1191 (1970). 

9. L. Parker and S. A. Fulling, Phys. Rev. D 9, 341 (1974). 

10. A. Landete, J. Navarro-Salas and F. Torrenti, Phys Rev. D 88, 061501 (2013); 
Phys. Rev. D 89, 044030 (2014). A. del Rio, J. Navarro-Salas and F. Torrenti, 
Phys. Rev. D 90, 084017 (2014). 

11. J. F. Barbero G., A. Ferreiro, J. Navarro-Salas, E. J. S. Villasenor, Phys. Rev. 
D 98 025016 (2018). 

12. A. del Rio, A. Ferreiro, J. Navarro-Salas and F. Torrenti, Phys. Rev. D 95, 
105003 (2017). 

13. A. Ferreiro, J. Navarro-Salas and S. Pla, Phys. Rev. D98, 045015 (2018). 

14. A. Ferreiro and J. Navarro-Salas, Phys. Lett. B 792, 81 (2019). 

15. I. Agullo, N. William and A. Ashtekar, Phys. Rev. D 91, 06405 (2015). 

16. A. Ferreiro, J. Navarro-Salas, S. Pla and F. Torrenti, work in progress. 


1473 


Interacting quantum field theories and topological defects 


Antonino Flachi and Vincenzo Vitagliano 


Department of Physics & Research and Education Center for Natural Sciences, 
Keio University, 4-1-1 Hiyoshi, Kanagawa 223-8521, Japan 


We present here the results of a recent analysis of interacting quantum field theories 
on a curved manifold with a topological defect constructed by geometrically deforming 
a lattice. We discuss an explicit example where curvature and boundary conditions 
compete in altering the way the quantum vacuum is destabilized. We show that the 
competing action of the locally induced curvature and of boundary conditions generated 
by the non-trivial topology allows configurations where symmetries can be spontaneously 
broken close to the defect core. Inspired by this effect, we propose a novel mechanism to 
induce a superconducting phase by triggering particle condensation along cosmic strings. 


As the energy scales of a physical system become higher, non-perturbative effects 
get into the game and the system is said to have entered an strongly coupled regime. 
Remarkable examples of strongly coupled systems include QCD, high temperature 
superconductors and the very primordial plasma filling the universe a few instants 
after the big bang. Interactions are also important in describing the propagation of 
conducting electrons in graphene. 

Precise study of strong coupled dynamics is only possible at the cost of demand- 
ing numerical simulations. On the other hand, general phenomenological guidelines 
for the study of strongly coupled systems can be precisely draft exploiting math- 
ematical considerations on the underlying symmetries. The physics of symmetry 
breaking, in fact, notably relies on exact mathematical statements which are inti- 
mately non-perturbative, as in the case of the Goldstone theorem. 

A seminal paper by Coleman and Weinberg! showed how symmetries can be 
spontaneously broken due to quantum fluctuations. This mechanism of dynam- 
ical symmetry breaking, originally developed in the context of scalar field self- 
interactions, can be naturally extended to fermions. In a field theory with massless 
fermions, the interactions between particles preserve helicity: the polarised left- 
and right-handed sectors evolve separately. However, in the celebrated Nambu- 
Jona-Lasinio model (A is the coupling constant and N the total number of fermion 
dof, 


_ A cn 
SNIL = [ eva [onm + an] ; 


and in its progeny of models for strong interactions, such symmetry is spontaneously 
broken by a non-vanishing order parameter: when the composite operator $ ~ ww 
acquires a non-zero vacuum expectation value, then a dynamical effective mass for 
the fermions, Meg ~ (yw), is generated. This mechanism is responsible for most of 
the observed mass of hadrons. 
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Transitions between symmetry broken and symmetry restored phases are gen- 
erally triggered by changes in the external conditions. In particular a nonzero 
temperature leads to temperature-dependent mass generation and to restoration 
of broken symmetries once a certain critical value of the temperature is reached. 
Other factors modifying the phase diagram of self-interacting theories span from 
finite density effects to the action of a non-vanishing chemical potential or of an ex- 
ternal gauge field. Here we will instead concentrate on geometrical effects, and how 
these challenge the vacuum stability of a theory with four fermions interactions. 

Many are the configurations in which geometry affects the symmetry breaking of 
strongly interacting systems: in flat spacetime with R? x S! topology and periodic 
boundary conditions, for example, the consequences of the non-trivial topology 
are very similar to those of nonzero temperature?; on the other hand, in curved 
spacetime the effects of external gravitational fields resemble those of an effective 
extra mass?. The combination of these external factors, and in particular topology, 
nonzero temperature, and curvature, acting on self-interacting theories is likely 
to have been of considerable importance in the early stages of the evolution of 
the universe. During those eras a spontaneous breaking of an internal symmetry 
group results in the production of topological defects — the well-known Kibble-Zurek 
mechanism 45. 

Suppose the dynamical symmetry breaking for some particle model to be at 
the origin of the formation of a static straight cosmic string? lying along the z- 
axis, namely an infinitely long thin tube of false vacuum generated in the sudden 
temperature-driven transition from a phase to another (here, the transverse size of 
the cosmic string is neglected while ‘sudden transition’ means a transition with a 
rate that is fast if compared with the size of the system). Away from the defect, 
the spacetime associated with the gravitating string is accurately described by the 
vacuum Einstein equations. It turns out that at large distance from the string, the 
geometry is locally flat, ds2,, = dt? — dz? — dr? — r?d6?, but with an important 
caveat: it is not globally Euclidean, since the angular coordinate does not run on 
the entire 27 circle; instead, 0 < 0 < 2x — A, with A > 0 (A < 0) being the deficit 
(excess) angle: surfaces at constant t and z are cones, not planes. 

This is a remembrance of defects insertion in crystal lattices: starting from a 
(locally) flat lattice, the subtraction (or addition) of atoms is equivalent to the 
extraction (or insertion) of sections of the lattice with a given angle. The procedure 
results in an ice-cream-shaped lattice (or a saddle) which is locally flat everywhere 
apart for the apex. Note yet that the spacetime surgery does not come for free: 
the price to pay is the implementation of some non-trivial new boundary conditions 
along the cut, which will be a reminder of the deficit (excess) angle at the apex. 

To investigate the role of the background geometry in modifying the vacuum 
structure, we will consider a (2 + 1)-dimensional honeycomb lattice, whose hexag- 
onal structure is obtained by the superposition of two triangular sublattices: the 
breakdown of this discrete symmetry is behind the phenomenon of condensation 
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we will describe here?. The dynamics of the delocalized electrons on such a lat- 


tice is often described in terms of a generalisation of the Hubbard model, that in 
the continuum limit is mapped onto a field theory with nine different couplings?; 
however, considering the limit for a large number of fermion flavours N and after 
bosonization, the Hubbard model for the honeycomb lattice has the following form 


7 E 2 
Len = Vode + opopo + a , (1) 
where ø = + is a spin index on which one sums. The final goal is to study the 


behaviour of the order parameter @ when moving toward the apex of the cone. 

Using a regularization of the space generated by the topological ‘stringy’ defect 
with a family of smoothed versions of the conical solution (in Euclidean time), 
ds? = dr?-4- f. (r)dr?--r?d0?, where f.(r) is a regularising function: in the limit e — 0 
one might recover the singular cone. The Schródinger-Lichnerowicz-Weitzenbóck 
formula allows us to write the effective action as 


2 
rij - - f eyo +5 Y ede ( ZI 93. = 9) xg (2) 
p= 


As 
previously mentioned, the change in the topology has a prominent role in altering 
the boundary conditions on the glued side of the lattice; the response to this change 
is captured by the employment of a modified covariant derivative, Dy, = Vp 4- Ay, 
acting on spinors and encompassing an effective non-dynamical gauge field, .A,,, 
that depends on the deficit angle!?. 


where the metric here employed is the smoothed one, ds?, rather than ds2 


con* 


Fig. 1. Profile of the condensate $ as a function of the distance from the apex, r. Different 
colours refer to different values of the e parameter regularising the cone. 


Expressing the functional determinant of the (squared) Dirac operator in curved 


11. and using zeta function regulariza- 


space in terms of its heat kernel expansion 
tion, it is possible to calculate the effective action (2) and find out the effective 
equations of motion of the order parameter ¢, whose solutions can be reconstructed 
numerically (See figure and see Ref. 12 for some examples). An alternative way to 
proceed could make use of the world-line formalism adapted to the present case (see 


Ref. 13 for a relevant calculation). Although the presence of curvature (which acts, 
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as for the chiral gap effect 4 


a phase of symmetry restoration, the presence of the extra effective gauge field, 
another reminder of the geometry of the system, catalyse the formation of a bubble 
of condensed particles close the apex. 

For relativistic cosmic strings, the possibility of particle condensation in the 


, as an effective mass term) is supposed to enhance 


region surrounding the string core due only to configurational elements is a in- 
teresting way to induce a superconducting phase around the defect. However, it 
is worth mentioning that in a more realistic setup, phase transitions in the early 
universe did not seed the formation of a single straight string, but of a network 
of cosmic strings, which renders eventually even more striking and intriguing the 
connection with a crystal lattice, where a distribution of defects is more natural to 
occur. There is finally another interesting aspect: in order to simplify the discussion 
we have here considered the spontaneous symmetry breaking for the Gross-Neveu 
model catalysed by an external string defect, namely originated by the breakdown 
of some symmetry of a different field. Different would be the situation in which the 
responsible for the defect formation is the very same field, in which case one might 
take into account possible back-reaction effects. 
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We discuss quantisation and time evolution of cosmological tensor perturbations in the 
Kasner-de Sitter space-time as a model of (pre-)inflation. We propose a prescription for 
reading off the quantum energy levels in the presence of the initial Kasner-like singularity. 


Keywords: Cosmological perturbation theory, inflation, primordial gravitational waves. 


1. Introduction 


Unveiling the origin and mechanism of cosmic inflation t? by means of observations 
is one of the ultimate challenges in modern cosmology. If there were preceding, 
‘pre-inflationary’ stages before the onset of inflation, it is well anticipated that the 
space-time then was fairly anisotropic and/or inhomogeneous with a magnitude 
of the order of the scale of fundamental physics. For this purpose, primordial 
gravitational waves (PGWs) are expected to play an essential role as a probe for 
such an extremely high-energy universe. 

Unfortunately, however, quantisation in cosmological backgrounds with a pre- 
inflationary, Kasner-like singularity has been a theoretical challenge, as the diverg- 
ing spatial anisotropy renders the standard quantisation procedure inexecutable. 34 
'This is the central issue we have addressed in the present work. 

One of the essential aspects of the problem of quantisation in an anisotropic early 
universe is that the ability in reading off the quantum spectra is restricted due to 
lack of a set of appropriate mode functions near the singularity. We argue that this 
difficulty may be simply circumvented if only there is a period, even if temporal, 
apart from the singularity where certain adiabatic conditions for an appropriately 
transformed variable are met.? Then the standard procedure of second quantisation 
can be carried out within the framework of the WKB approximation during such a 
period. It should be, however, stressed here that we are not addressing the issue of 
determining the quantum state of the pre-inflationary universe, which would need 
the knowledge of the more fundamental physics. 

We demonstrate that our prescription for determining the quantum energy spec- 
trum is useful in making physically meaningful predictions for PGWs in triaxially 
anisotropic Kasner-de Sitter (KdS) backgrounds. With a conservative assumption 
about the quantum state, we confirm that, on short wave-length scales, the result- 
ing spectrum and directional distribution of the PGWs share the same feature with 
de Sitter inflation, namely, scale invariance and isotropy. 
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2. Setup 


We begin with describing the basic setup for the calculation of PGWs in a KdS 
background. 


2.1. Background 


The line element of the KdS space-time is 


3 A3 
Juv dz” da" = an)? RNC ud | | " 


{=l 


where 
. Hat 
a(n) = aiso sinh!/3 (3H qt) , ei) — tanh” (==) (i= 1,2,3) (2) 


with ais, being a normalisation constant, t the cosmic time defined by dt = a(n) dn, 
and H4 = \/A/3. The three exponents q; (i = 1,2,3) are usefully parametrised by 
an angular parameter O as 


2 2 2 4 2 
n -isw(o- T). w= Fsin(o- 2), =, sind. (3) 


In this work, we will take a particular combination (q1, q2, q3) = (1/V3, 0, —1/4/3) 
(© = 87/6) as a typical background with a triaxial anisotropy. A KdS space-time 
with a triaxial anisotropy has an initial singularity at t = 0, where a Weyl-curvature 
invariant C,,54 C""^? diverges. 
The spatial metric is defined as 
Vij = diag(e?1 , e??? e), 39 = diag(e ?^: e 282 ,e 283), (4) 


and is used to raise and lower the indices of spatial tensors. The average Hubble 
rate H and the shear tensor c;; are defined respectively by 

a’ cosh(3 Hat 

H = — = aiso HA o E 

a sinh“? (3HAt) 
tanh? (Hat) 
sinh?’ (3HAt) 
where the prime denotes differentiation with respect to 7. 


The KdS universe has two regimes distinguished by the magnitude of the shear. 
In the earlier, ‘Kasner-like’ period for t < H^ , the average scale factor a and the 


(5) 


1 
Tij = 5 Vig = 3% iso Ha QE o 


2 


spatial metric ?;; are approximated as 


AHyry s 
a(n) ~ aro HD, sue (S297) v. (7 


In the later, ‘de Sitter-like’ period for t > Ht , a and ^j; are approximated as 


a(n) N 271/3 Giso eHat , Vij (n) ia óij . (8) 
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The time t = tiso = appoints a moment around which the transition from the 
anisotropic to the isotropic regime occurs. 


2.2. Tensor perturbations 


We employ a gauge-invariant formalism for general Bianchi type-I cosmology devel- 
oped by Pereira et al. Here we only show the final form of the equations of motion 
for the ‘+’- and ‘x’-mode components of the gauge-invariant tensor perturbations: 


p rw uo t Eux — 0, (9) 
ps +wx ux +E my — 0, (10) 
with 
$ 
» 7 2 (S) a? (ct?) 2 
w za ge ON, Care (11) 
a a? a? | 2H — o (9 
/ 
$: 7 2 (S) a? (oy) = 
w, =" kk — m s fao -9 (ct?) CMS i , (12) 
a a? a? 2H — a(S) 
2 (T) (T) A ' 
29,0) 2 [9 0} ox 
c= 20} Ox a2 | IH — a(S) , (13) 
where k; is the wave-vector and o9) and o (A = +, xX) are the polarisation 


components of the shear tensor. Since the full expressions for the equations of 
motion are fairly involved, we refer the readers to Ref. 6, 7 for the details. 

Due to the presence of the initial Kasner-like singularity at a = 0, the frequency 
squared w? tends to blow up and the adiabatic conditions for the variables 1, are 
generally violated in the anisotropic era. ^" Now, let us focus on the wave-number 
term 7! ki kj in w? and, in order to make its divergent behaviour more transparent, 
introduce the following three functions of time: 


l "T ete 
© f = tanh? (==) (i = 1,2,3), (14) 


with which the wave-number term can be written as 
YU ey hey = © fA het + O54 k3 + © fg. (15) 


In a triaxially anisotropic background, the factors “ f4 depend on time to the 
distinctive powers, so only one of the above three terms should dominate at any 
moment. Since qı > 0, the term proportional to k? necessarily diverges as t — 0. 


3. Quantisation and Time Evolution 


The implications of the previous analysis urge us to seek for alternative quantities 
suitable for quantisation.*° In what follows, we assume that the interaction terms in 
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the equations of motion, £ ui , can be ignored, which can be justified on sub-horizon 
scales. 
For the purpose, let us consider a transformation using OF: 


Ox, = fux, d®r=® fdn. (16) 
After this transformation, the equation of motion for the new variable ? y reads 
(0 4 (ops My, — 0, (17) 


where the dot denotes derivative with respect to the new time coordinate “7 and 
the frequency squared for the new variable “ y) is 


. 2 (i) g—1y/ 3Hjt 
(os ee Ux + ( ^u - k? +) ok tanh ?(€-40) ( > ) Tea (18) 
j+i 


where only the terms relevant to the norm of wave vector were shown in the last 
expression. Now, suppose there is some moment t = t, when a condition 


k? > 2, k? tanh 2) (=) (19) 
jzi 

is satisfied, under which a variable (? y has an approximately constant frequency 
squared (002 ~ k2. In this case, we regard such a variable as ‘suitable for quanti- 
sation' and perform its quantisation in a standard, canonical way. Hereafter, when 
unnecessary, we drop the superscript ‘(i)’ for brevity. 

In the canonical quantisation procedure, the positive-frequency modes are ap- 
proximated by the (zeroth-order) WKB solutions 


iL o eae ed nou 
uWKB (k, T) = a J dr’ Q)(ki,7’) (20) 
20 (ki, T) 


as long as the so-called WKB parameter 


1 | 1 dO, 3/1 dQ\* 

ART) caos Rae} (2) | (21) 
is tiny.^ It is now clear from the previous analyses that modes with sufficiently 
large wave number (ki, ko, k3) have approximately constant 2}, hence |Q,| < 1. 
Also, for a wide range of wave number (k1, ko, k3) , the ®© f-transformed variable 
(Üx4 behaves much like a harmonic oscillator with (DOS c k? as long as it does 
not approach too close to t = 0 or t = tiso . 

Figure 1 shows the evolution of the WKB parameter |! Qj| for (x and its 
waveform for ki = k2 = ks = k/ V3 (100/ V3) diso HA . The initial condition for 
the numerical calculation at t = t, = 1075 BH. is so taken as to match the analytic 


: : duy 
@The function uWKB satisfies —á—— +0- Qa] 02 uWKB 20. 
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Fig. 1. Time evolution of the WKB parameter (D) Q, (left) and comparison of the WKB solution 
with the numerical solution (right) for a mode with kı = ko = k3 = k/V3 = (100/V3) ais; Ha . 
The lines for (2 Q are dashed when the values are negative. 


WKB mode function. As t approaches to the time of isotropisation tiso, the WKB 
mode function is isotropised as 


1 1 
hid a (22) 
à 20,  24/k? + kick 

Then, after the transition to ordinary, isotropic de Sitter inflation at t = tiso, 
the tensor perturbations decay as |F,| e a^! until they exit the horizon when 
a= k/ Hy à 

So far, we have not mentioned in which quantum state the universe is. Indeed, 
this is beyond the scope of this study, and we here simply assume that the quantum 
state is the ground state at t = tą. Then the power spectrum of PGWs after 
inflation is estimated as? 
|u|? _ 8a GHx 
a2 r a=k/Ha k3 , 
where the last expression depends only on the norm of wave number, k — 


yk? + k$ + k$, and agrees with the one in de Sitter inflation, that is, isotropic 
and scale-invariant. 


Pr= M 4|E (a = k/HA)? = 640 G (23) 


A=+, 


4. Sky Map of PGWs 


A result of PGWs in a triaxially anisotropic KdS is shown in Fig. 2. One can see that 
the prediction in the triaxial KdS coincides with that of isotropic de Sitter inflation 
for the wave length considered and wide range of direction. This is consistent with 
our analytic evaluation of the power spectrum (23). 

There are some features, though: In the polar regions where |k3| >> |k1|,|ke|, 
there is an apparent enhancement of the PGWs. At this stage, we do not claim this 
should be a real signature of the initial anisotropy because there vast violations of 
the WKB approximation occur. The regions without value (in black) correspond 
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G9z3£, k=100 ai, Ha 


ó k 10 i0 


Fig. 2. An all-sky map of PGW intensity for a wave number k = 10? aiso Ha in the presence of 
a background anisotropy characterised by the indices (q1, q2, q3) = (1/V3,0, -1/V3) (© = 87/6). 
The values are normalised by those of de Sitter inflation and they are approximately unity in the 
vast region. In regions without a value (black), all (002. (i = 1,2,3) are negative and we do not 
try to compute values. 


to where all of (0Q2 (i = 1,2,3) have negative values. We do not try to compute 
anything in such regions since our approximation method lacks a power of predic- 
tion. Note, however, that as we have shown in Ref. 7, the intensity of classical 
PGWs is enhanced in regions corresponding to the ‘uncomputable’ regions. This 
may imply that there is a possibility that such regions could play an important role 
in detecting the imprint of the anisotropic universe in future observations. 
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Wave-function collapse following a measurement process is a longstanding controver- 
sial issue of quantum physics. It introduces an element of strong non-linearity and 
irreversibility in an otherwise unitary and reversible dynamics. Several proposals of 
modification of Quantum Mechanics have been put forward in the past few decades in 
order to solve such a dichotomy. Among them, some approaches and explicit models 
considered the possible role of gravity in the wave-function collapse as a result of the 
incompatibility of general relativity and unitary time evolution of Quantum Mechanics. 
In this contribution we present some results based on one of such models, De Filippo's 
Nonunitary Newtonian Gravity, which shows several appealing features: while repro- 
ducing at a macroscopic level the ordinary Newtonian interaction, it presents a mass 
threshold for gravitational localization. In particular, it provides a mechanism for the 
evolution of macroscopic coherent superpositions of states into ensembles of pure states. 
On one hand, we show the results of a numerical simulation of a simple system, i.e. 
two particles in a harmonic trap interacting via an ‘electrical’ delta-like potential and 
gravitational interaction. Starting from an energy eigenstate within the ordinary set- 
ting, we find that, while energy expectation remains constant, a slow net variation of the 
von Neumann entropy for the system as a whole takes place, with a small modulation 
induced on the relative entanglement entropy of the two particles. On the other hand, 
we explicitly show how a one-parameter generalization of the model, reproducing the 
nonlinear Newton-Schródinger equation as the parameter goes to infinity, is free from 
any causality-violation problem for any finite value of it. 


Keywords: Gravity; Entanglement entropy; Newton-Schródinger; Causality violation. 


1. Introduction 


'The possible role of gravity in producing a fundamental nonunitary time evolution 
of the state vector in quantum mechanics (QM) has been invoked in the past few 
decades by a number of authors, on different grounds! ?. The long-standing diffi- 
culties posed by the two basic processes of QM, i.e. the Schródinger deterministic 
evolution and the nonunitary process associated with the act of measurement, lead 
to the quest of how to reconcile these radically different processes and explain the 
transition to classicality. These foundational issues appear to be strictly connected 
with quantum gravity and, in particular, with the way in which gravitational fields 
are generated by quantum matter. It is still not even clear if gravity has to be 
quantized at all or it is intrinsically classic and should be properly treated. In the 
latter case a proposed route is the semi-classical gravity, based on the requirement 


1485 


that the energy-momentum tensor appearing in Einstein equations is taken as an 
expectation on the quantum state. This prescription, together with the Newtonian 
limit, leads to the Newton-Schródinger equation*. While its solutions for a lump of 
matter show interesting properties, this equation cannot be a valid candidate to give 
self-gravity at low energies because the nonlinearity allows for superluminal commu- 
nications. Within this context, in the past years De Filippo introduced a nonunitary 
non-Markovian model of Newtonian gravity, NNG from now on (see e.g. Ref. 5, ref- 
erences therein). On the one hand this model can be seen as the non-relativistic 
limit of a classically stable version of higher derivative gravity, whose heuristic 
application to black hole singularity is in agreement with Bekenstein-Hawking en- 
tropy 9", given the smoothed singularity of the black hole. On the other hand, it 
presents several appealing features to become a natural candidate as an effective 
low-energy model of gravity. For example, while reproducing at a macroscopic level 
the ordinary Newtonian interaction, it presents a mass threshold for localization, 
which for ordinary matter densities is about 10! proton masses??. As a key result, 
it provides a mechanism for the evolution of macroscopic coherent superpositions 
of states into ensembles of pure states. Furthermore the evolution of the density 
matrix is compatible with the expectations leading to the phenomenological spon- 
taneous localization models?, as it was argued that they should be both nonlinear 
and nonunitary. However, at variance with them, it does not present obstructions 
consistent with its special-relativistic extension?. As to the non-Markovian charac- 
ter of the model, it is interesting to mention the works of Unruh, who studied some 
nonunitary toy models mimicking black hole evaporation, pointing out the quest for 
non-Markovianity in order to avoid net dissipation while keeping decoherence!?. In 
the NNG model such a feature is built-in. 

On the black hole entropy side, in the last decades it has been shown how the 
decoherence associated to black hole formation and evaporation!! appears to be a 
fundamental one, requiring a modification of the unitary time evolution of quantum 
mechanics in a nonunitary sense: that would allow a non vanishing probability for 
the evolution from pure states to mixed states. In this sense black hole entropy has 
been hypothesized!? as due to the entanglement between matter-fields inside and 
outside the event horizon. Indeed, starting from suitable initial conditions, only 
a nonunitary quantum dynamics could allow for a microscopic derivation of the 
Second Law of thermodynamics for a closed system by resorting to the concept of 
von Neumann entropy, as pointed out in Ref. 13. In this way it should be possible in 
principle to shed new light on the long standing and still open problem of quantum 
foundations of the Second Law of thermodynamics!^16 without resorting to the 
ambiguous and subjective procedure of coarse graining 1”. 


2. A two-particle simulation 


In this Section we make a first step in demonstrating the ability of NNG to repro- 
duce a gravity-induced relaxation towards thermodynamic equilibrium even for a 
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perfectly isolated system !?. To do so, a simple system of two interacting particles 
is considered. While of course localization mechanism is not acting in this case, due 
to the far from threshold mass of the particles, some of the peculiar characteristic of 
the model can be verified in a more general context with respect to the single-lump 
problem. 

More specifically we consider the two particles in an harmonic trap, interacting 
with each other through ‘electrostatic’ and gravitational interaction, whose ‘physi- 
cal' Hamiltonian, in the ordinary (first-quantization) setting, is 


2 2 2 2 2 
Hp (x1,x2) = >> (Ea m) tM (Ses -x;)— v ; 
El. : i<j=l H [x — xy] 
(1) 
here p is the mass of the particles, w is the frequency of the trap and ls is the s- 
wave scattering length. We are considering a ‘dilute’ system, such that the electrical 
interaction can be assumed to have a contact form with a dominant s-wave scattering 
channel. We take numerical parameters that make the electrical interaction at most 
comparable with the oscillator's energy, while gravity enters the problem as an 
higher order correction. Our model, in the (first-quantization) ordinary setting, is 
defined by the following general meta-Hamiltonian: 


Hror = Hp (x1, x2) + Hp (X1, X2) + Hy wa (X1, X2; X1, X2), 


with Hyne = Gy? 2s (= 2s DERES] p mix). 

Then the time dependent physical density matrix is computed by tracing out the 
hidden degrees of freedom and the corresponding von Neumann entropy is derived as 
the entanglement entropy with such (fictitious) hidden degrees of freedom. This is 
obtained via a numerical simulation, by choosing as initial condition an eigenstate 
of the physical Hamiltonian. As a result, we find that entropy fluctuations take 
place, owing to the (nonunitary part of) gravitational interactions, with the initial 


18. The behavior of one- and two-particle von 


pure state evolving into a mixture 
Neumann entropy as a function of time is depicted in Fig. 1 for an initial state 
|2), equal to the eigenstate of the physical energy associated with the 2nd highest 
energy eigenvalue E» of the two-particle system under study. The following values 
of the physical parameters have been chosen: ls, jj and w: 1, = 5.5-107 5m, u = 1.2- 
10-74 K g and w = 47 -10%s~! (which are compatible with current experiments with 
trapped ultracold atoms!? and complex molecules??) together with an artificially 
augmented ‘gravitational constant’ G = 6.67408 x 10-9m?kg-!s-? (10° times the 
real constant). 

Due to gravity-induced fluctuations the system entropy shows a net variation 
over very long times, at variance with the case G = 0, in which it would have 
been a constant of motion. At the same time, single particle entropy, which in the 
ordinary setting is itself constant, shows now a modulation by the system entropy 
itself. Incidentally, it has been verified that the expectation of physical energy is 
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Fig. 1. Time evolution of one-particle and two-particle entropies (respectively, curve above and 
below) for the initial state chosen. 


a constant, meaning that the non-unitary term has no net energy associated with 
itself, but is purely fluctuational. This constitutes a first necessary step: an exten- 
sion of this work can be envisaged, which could show explicitly within a realistic 
setting the way in which thermodynamics could emerge in the framework of NNG, 
shedding new light on the possible role of gravity in the quantum foundations of 


thermodynamics in ordinary low-energy physics 5?1:22, 


3. NNG as a natural cure for causality violations in 
Newton-Schródinger equation 


In this Section we look at the single particle Newton-Schródinger equation as the 
mean-field approximation of an equation of N identical copies of the particle, inter- 
acting via usual gravitational interaction, when N goes to infinity (see Ref. 23 for 
details). The general N-copy model is a fully consistent quantum theory, in which 
superluminal communications are automatically avoided. This feature can be shown 
to be a consequence of the intrinsic mechanism of spontaneous state reduction, built 
in in our NNG model and completely suppressed in the Newton-Schródinger limit. 

Here we briefly discuss a specific (ideal) EPR-like experiment involving the su- 
perposition of two distinct Center of Mass position states of a massive body. This 
amounts to consider a sphere of matter of ordinary density of radius R, where the 
state |Z) denotes the sphere with center on the z-axis at z — Z, and to take the state 
of the sphere equal to (|2- Z) - | Z))/ V2 (within the ordinary QM setting). A probe 
mass moving along the z— axis will, according to the non-relativistic quantum the- 
ory of gravity, become entangled with the state of the sphere, resulting in the state 
vector (| + Z)|up) + | — Z)|down))/ V2, where |up) (|down)) means that the probe 
is deflected in the positive (negative) z—direction. Now, according to semi-classical 
gravity, the probe mass should be undeflected. A serious theoretical objection to 
semiclassical gravity is that it allows superluminal communication and then causal- 
ity violation. To see this, consider the entangled state (| + Z)|0) + | — Z)|1))/ V2, 
where the state |0) and |1) denote orthogonal states of a two state system (qbit) 
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which is at a large distance from the sphere, but close to a *sender". A probe mass 
is then used as before. If the sender chooses not to measure the system, the “ 
ceiver”, who is close to the sphere and uses the probe mass as described above, finds 
it undeflected. If, on the other hand, the sender chooses to measure the system, 
thereby finding it to be in the state |0} or |1), the sphere will immediately be in the 
state |+ Z} or | — Z} respectively. Then the receiver will be able to see this because 
the probe mass will now be deflected up or down. 

Let's translate now this conceptual experiment into our model of replicas. The 
entangled state of the sphere -J-q-bit is: 


re- 


|y y) -@4 a (VPI + Z')|0") + val — Z")|1')) 
N/2 
-x (1) (5) [eee 2:3) 80058) 2) 
k=0 


Consider now the probe particle (supposed to have a mass much more smaller 
than the lump) shut just over the superposition. Including the probe in the system’s 
description, we have that an initially unentangled (global) state of the probe and 
of the composite sphere+q-bit system evolves towards an entangled one, 


N N/2 
Ie» BIW) 5 $7 (i) (5) lcg?) + Z;0)9*| — z; 10-9, 
k=0 
(3) 


= Gu |p") is the product of identical copies of the probe's state (it 
is assumed that probe's mass is so small that gravity-induced internal entanglement 


where ||?) = 


among copies is irrelevant). 

For simplicity let's consider the simplest case with N — 2, for which we have only 
three branches in the superposition (downward, central and upward trajectories). 
Generalization to a generic N is straightforward. In order to detect a whatever 
deflection in the probe particle's trajectory, the size of the wave packets describing 
the particle's states in the superposition should be smaller than the deflection itself. 
Moreover, their spreading along the path have to be taken into account before the 
position measurement of the particle's position along the z-axis. Denoting with 
v, the velocity of the particle, m its mass, and M the mass of the sphere, the 
time during which the sphere's gravitational attraction is effective is of the order of 


h 
T ~ R[v,. Then it should be €T > — 


MEE 

On the other hand, a peculiar Fm signature of the NNG model? is that, 
for a lump of mass M above a threshold of 10!! m, a superposition of the CM wave 
packets separated by a distance much smaller than the body's size undergoes a rapid 
state reduction after a characteristic time Tg ~ AiG- M 9/3 g-1/?74. leading from 
the initial superposition to an ensemble of localized states. The additional condition 
for the detection of a significant deflection of the probe is that the measurement 
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time should be smaller than this reduction time, which together with the constraint 
above gives the set of conditions that must be satisfied simultaneously: 


ayra UNS 4a) 3 
T2 |— i =7p) GMs 

m 3 (4) 
Te eG Mp, 


These conditions cannot be satisfied together, as shown in Ref. 24. Thus we can 
conclude that gravity-induced state reduction is so rapid to forbid a sufficiently 
long measurement, which would otherwise permit a deflection discrimination with 
respect to the spreading of the wave packet. In other words the ‘peaceful coex- 
istence’ between (deterministic) QM and special relativity indeed imply linearity, 
unless a certain amount of predictability loss is present. 
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It is well known that a receding mirror in Minkowski spacetime can model the formation 
of a black hole, producing Hawking-like radiation at late times. We ask what an observer 
would need to do to discern whether the radiation is fermionic or bosonic. Specialising to 
massless fields in 1+1 dimensions, we find that an Unruh-DeWitt detector accomplishes 
this: the late time transition rate of a detector coupled linearly to the scalar density of a 
spinor field is proportional to the Helmholtz free energy density of a fermionic thermal 
bath, hence showing a clear sign of Fermi-Dirac statistics, with no counterpart in the 
response of a detector coupled linearly to a scalar field or its derivative. By contrast, 
an observer examining just the stress-energy tensor sees no difference between a fermion 
and a boson, neither at late times nor early. 


Keywords: Fermions; Hawking radiation; Moving mirror; Particle detector. 


1. Introduction 


In 1975, Hawking showed that an observer far away from a star undergoing gravi- 
tational collapse to form a black hole will see, at late times, thermal radiation with 
temperature! 


K 


T = —, 1 
BHL (1) 


where & is the surface gravity of the black hole. Two years later, Davies and Fulling 
showed that a receding mirror in Minkowski spacetime can produce similar radiation 
at late times.? This is provided the mirror follows a trajectory z(t) satisfying 


z(t) = —t— Ae ?* +B as t>o, (2) 


where (t, z) are the standard Minkowski coordinates and a, A, B are positive con- 
stants. The parameter a plays the role of s. An example of such a trajectory, 
illustrated in Fig. 1, is given by? 

et e2at 


1 


aeq 1s (3) 


2. Bosonic Radiation 


A static observer at the finite distance z = d to the right of the mirror may analyse 
the radiation by examining the stress-energy tensor of the quantum field. After 
subtracting the divergent Minkowski vacuum contribution, the renormalised expec- 
tation value of T),,, evaluated at (t, d) in the early times vacuum of a massless scalar 
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Static detector 


Receding mirror 


Fig. 1. An illustration of a mirror following the trajectory given in Eq. (3) and an Unruh-DeWitt 
detector resting at z = d. The mirror approaches an asymptote given by t+ z = 0 at late times. 


field, is given by? 


032) " 

Qu) = (Tez) = — = — (Ta) = eos (<r) . (4) 
The dot indicates a derivative with respect to the time coordinate tą of the mirror 
when it intersects the null line t — d. 

Alternatively, the observer may probe the radiation using an Unruh-DeWitt 
detector.” The simplest version of such a detector is a two-level quantum system 
coupled to some scalar function f of the field. For a single scalar field 9, for instance, 
f could be ó itself or its derivative 0,¢ with respect to the detector’s proper time 
T. Up to some detector-specific proportionality constant, the detector's transition 
probability from energy 0 to w, after the interaction is switched on and off at proper 
times 79 and 7 respectively, is given by the response function F(w, 7). The quantity 
that we are interested in is the detector's transition rate" F(w,rT) := 0,F(w,7). 
Intuitively, F(w,7) measures how the transition probability would change if the 
detector interacts with the field at a constant coupling strength c for an additional 
infinitesimal period of detector proper time. 

When the interaction is switched on in the asymptotic past (i.e. Tọ — —oo), the 
late time (i.e. 7 — oo) transition rate of a static detector at z — d, coupled linearly 
to a scalar field ¢ and to its time derivative 0,¢, is respectively given by? 


a 1 1 
rw? 2w e2mw/a — 1 


+ o(1). (6) 


+o(1), (5) 


2(e27w/a = 1) 
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The parameter R actually diverges in this limit but we shall not concern with the 
issue here — see Ref. 3 for details. In each expression, we can see a term that is 
proportional to the Bose-Einstein statistics, indicating that the radiation is bosonic 
in nature. 


3. Fermionic Radiation 


Our new results? concern the radiation from a receding mirror when the field is a 
massless spinor field v. How do the local observations made by a static observer 
differ from those for the scalar field? 

We model our totally reflecting mirror by a moving boundary that imposes the 
MIT bag boundary condition? 


iny" (t, z(t) = v(t, z(t)), (7) 


where n, is the inward-directed unit normal to the mirror's worldline and 4^ are 
the Dirac gamma matrices. After solving the equation of motion and quantising the 
field, we evaluate the renormalised expectation value of T,» via the point-splitting 
method. !? We find that the result is exactly identical to Eq. (4). Hence, an observer 
analysing the radiation just by examining the stress-energy tensor will not be able 
to deduce that the radiation is made up of fermions, neither at late times nor early. 

We then consider an Unruh-DeWitt detector coupled linearly to the scalar den- 
sity ww of the field where v is the usual Dirac conjugate. This type of coupling 
introduces a divergent contribution to the response function ttt? and hence the tran- 
sition rate is undefined a priori. However, for a massless field in 1 + 1 Minkowski 
spacetime, the divergent term can be dropped by a certain choice of operation or- 
dering. The remaining terms then give a finite transition rate except when the 
interaction period coincides with the time taken for the field to be reflected back, 
backwards in time, to the observer. This, however, is not an issue in calculating the 
late time limit, T — oo. 

When the interaction is switched on at a finite proper time To, we find that the 
late time transition rate is given by 


s Tu 


F(w,r)- 57 ln + e7") + ofl). (8) 


At first glance, it is not obvious that Eq. (8) is associated to fermions since there 
is no term proportional to the Fermi-Dirac statistics. However, recall that the 
Helmholtz free energy of fermions in a thermal bath at temperature T = a/27 is 
given by! 


Qrw 


E (9) 


“di 
p= -at | = [w+ Sn + e7 
o 27 T 
where L is the length of the system of fermions. Ignoring the first term in Eq. (9), 
which corresponds to the vacuum energy, we see that Eq. (8), when w > 0, is 
proportional to the Helmholtz free energy density of mode w of the fermionic thermal 
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bath. Hence, an observer analysing the late times radiation with our detector will 
be able to deduce that the radiation consists of fermions. 


4. Conclusion 


We have analysed a receding mirror producing Hawking-like radiation at late times 
by calculating the renormalised stress-energy tensor and the transition rate of an 
Unruh-DeWitt detector. We find that the former is identical for massless scalar and 
spinor fields. Hence, an observer examining only the stress-energy tensor will see no 
difference between bosons and fermions, neither at late times nor early. In contrast, 
an observer equipped with an Unruh-DeWitt detector observes that the late time 
transition rate contains a term proportional to the Bose-Einstein statistics when 
the radiation is bosonic but is proportional to the Helmholtz free energy density 
of thermal fermions when the radiation is fermionic. The observer with a detector 
will hence be able to discern whether the late times radiation consists of bosons or 
fermions. Further technical details can be found in Ref. 8. 
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What is the black hole in quantum mechanics? We try this problem in a self-consistent 
manner. First, we analyze time evolution of a 4D spherically symmetric collapsing 
matter including the back reaction of particle creation that occurs in the time-dependent 
Spacetime. As a result, a compact high-density star with no horizon or singularity is 
formed and eventually evaporates. This is a quantum black hole. We can construct a 
self-consistent solution of the semi-classical Einstein equation showing this structure. In 
fact, we construct the metric, evaluate the expectation values of the energy momentum 
tensor, and prove the self-consistency. Large pressure appears in the angular direction 
to support this black hole, which is consistent with 4D Weyl anomaly. When the black 
hole is formed adiabatically in the heat bath, integrating the entropy density over the 
interior volume reproduces the area law. 
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1. The basic idea 


In quantum mechanics, black holes evaporate by nature. We consider this property 
seriously and try to understand what the quantum black hole is. A physically 
reasonable way to do it is to investigate the time evolution of a collapsing matter 
and see what will be formed. In the spacetime of the formation process, which 
is time dependent, particle creation occurs, and its back reaction also needs to be 
considered. Here, it has been believed for a long time that the back-reaction effect 
should be negligible because the time scale of the evaporation (~ a?/I2) is much 
longer than that of the collapse (~ a), where a = 2GM is the Schwarzschild radius 
and lp = VhG the Planck length. However, it should be noted that At ~ a? /12 is 
measured by a standing observer far from the matter while Ar ~ a by a comoving 
observer along with the matter, and that it is not meaningful to compare two time 
scales measured by such two different clocks. Rather, we need to analyze time 
evolution of both the matter and spacetime in a single time coordinate. 

Motivated by this, we provide our basic idea! ?. Suppose that a spherical “black 
hole” with mass M = gc is evaporating, and the spacetime changes slowly in time. 
We consider what happens if we add a thin shell to it. The answer is remarkable: 
if we consider the time evolution of both the shell and spacetime together, the shell 
will never cross the Schwarzschild radius. 

To see this, we assume, for simplicity, that Hawking radiation goes to infinity 
without reflection by such as the gravitational potential, and then describe the 
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spacetime outside the black hole by the outgoing Vaidya metric 


r — a(u) 


ds? = — du? — 2dudr + r?dQ?, (1) 


where M (u) = 20) is the Bondi mass and a(u) satisfies 
da o 
L =, 2 
du a? (2) 
(See the right of Fig. 1.) o = kNNI? is the intensity of the Hawking radiation, where 


Hawking radiation 
r(u) 


Au-2a(u) 


Aurre ~a? ja 


Fig. 1. Motion of a shell or a particle near the evaporating black hole. 


N is the degrees of freedom of fields in the theory and k is an O(1) constant. Note 
that at this stage we don’t specify anything about the interior. 
If the shell comes close to a(u), the motion is governed by the equation for 
ingoing radial null geodesics: 
dr(u) r(u) — a(u) 


du ^7 A») ^ 8) 


no matter what mass and angular momentum the particles constituting the shell 
have?. Here, r(u) is the radial coordinate of the shell. This reflects the fact that any 
particle becomes ultra-relativistic near r ~ a and behaves like a massless particle. 
We can obtain the solution of (3) ^^ as 


r(u) © a(u) — 2a(u) A (u) + Ce 35 


— a(u) + E. + Ce OT — a(u) + iur =: R(a(u)). (4) 
a(u) a(u) 
This means the following (see the left of Fig. 1): The shell approaches the radius a(u) 
in the time scale of O(2a), but during this time, the radius a(u) itself is shrinking 
as (2). Therefore, r(u) is always apart from a(u) by —2a$4 = 22. Thus, the shell 
never crosses the radius a(u) as long as the black hole evaporates in a finite time. 
We then assume that, after the shell comes close to r = a+ 2c. the total system 
composed of the black hole and shell behaves like an ordinary black hole with mass 
M - AM, where AM is the mass of the shell. This means that the radiation emitted 
from the total system agrees with that from a black hole with mass M + AM. 
Now, we consider a spherical collapsing matter with a continuous distribution 
and regard it as many concentric shells. We can apply the above argument to each 
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shell recursively because its evolution is not affected by the outside shells due to 
the spherical symmetry. Then, we can see that the matter will shrink as a whole 
and become a dense object. (See Left of Fig. 2.) In the formation, no horizon will 


surface at r = R(a(u)) 
> P 
-@: 
d N 


Fig. 2. A spherical matter becomes a dense object (left). The evolution of the object (right). 


| | |vaitv metric 


Au~a*/a 


appear, but a surface will be formed at r = a+ 2 which is a boundary inside which 
the matter is distributed. From the outside, the object looks like an evaporating 
black hole in the ordinary picture. Thus, this should be a quantum black hole. 


2. A self-consistent solution 


In order to prove this idea, we have to analyze the dynamics of the coupled quantum 
system of matter and gravity. Here, we consider the semi-classical Einstein equation 


Gy, = 8TG (Tuv), (5) 
where (Tuv) = (v|T,, | v) contains the contribution from the collapsing matter and 
Hawking radiation, and |v) is any state that represents the matter at u = —oo. 


We solve this equation in a self-consistent manner*. First, we consider a physical 
model which assumes no reflection of Hawking radiation, and construct a candidate 
metric guv. Second, we evaluate (T,,) on the obtained g,,,. More precisely, we 
show that all the components of (Tv) can be expressed in terms of (7,,^), assume 
conformal matter for simplicity, and use 4D Weyl anomaly formula 


TH) = hewC i450" 9? — hay (Ryvap RI — AR URP" + R?). (6) 
n nva nva H 


Finally, by imposing the equality in (5), we can determine the self-consistent solu- 
tion. Furthermore, to remove the artificial assumption, we introduce a phenomeno- 
logical function f that characterises how amount radiation is reflected by the grav- 
itational potential or interaction with the other matters. It is defined by 


(Tov) = f (Tuu), (7) 
where (U,V) is a Kruskal-like coordinate, and (Tyy) is a purely radial outgoing 
energy flow. We expect that in the case of conformal matters the dimensionless 
function f is constant. Thus, we can obtain the self-consistent solution of (5) as 14 
— Pea) dqu? — 2drdu+r?7dQ?, for r > R(a(u)) 


R(a(u))? -7? R(a(u))? =r? 


—22e 0 du? — 2e POTN dudr + r7dQ?, for r< R(a(u)) . 


(8) 


ds? = 
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See Right of Fig. 2. Here, the radius a(u) decreases as (2) with the intensity 


o= 8nl?cw (9) 
31 + fy 
where cw plays a role of N in the basic idea. 

This metric has interesting properties. First, the interior metric is static, which 
can be seen by choosing a time coordinate properly. The time-dependence of the 
system comes from the decreasing radius R(a(u)). Second, the exponential redshift 
factor freezes the interior in time, and the evolution occurs only in the surface 
region, which indicates that this object evaporates from the outside as if one peels 
off an onion. From a local point of view, however, the matter itself keeps shrinking 
by emitting the energy. In this sense, the interior will not be in equilibrium even if 
it is put into the heat bath. Finally, a classical limit A — 0 cannot be taken in the 
interior metric, and therefore, it is a non-perturbative solution of (5) w.r.t. A. 


3. Consistency check 


We examine the consistency of the solution (8). First, the curvature R in the 
macroscopic region (lp < r € R(a)) is R ~ mE Therefore, if the theory satisfies 
cw > 1l, the curvature is less than the Planck scale, and there is no singularity. 
'This means that no quantum gravity effect is needed to describe the evaporating 
black hole as long as a > lp. The Penrose diagram is given as in Fig. 3. 


Hawking radiation 


collapsing matter 


Fig. 3. The Penrose diagram for the metric (8). 


'The resolution of the singularity is a non-perturbative effect. T'he key equation 
in our self-consistent analysis is the trace part of (5), G",, = 87G(T",,), where the 
r.h.s. is given by (6). This equation can be expressed schematically as R ~ NIZR?. 
The interior metric of (8) has R ~ py, which satisfies this equation. Therefore, 
the metric is a result of solving (5) in a non-perturbative way w.r.t. h. 

Next, we can reproduce Hawking radiation in this picture. We can consider the 
collapsing process approaching to the metric (8), determine evolution of massless 
scalar fields in the eikonal approximation, and show that particle creation occurs in 


a Planck-like distribution of the time-dependent temperature T = az. 
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We check energy condition of the energy-momentum tensors in the interior: 
mE (T) = 1 1-f (T5) = 1 3 
—« 8zGr?' "5 8nGr2 1+ f? 9 BnG l6ncwl? 


The energy density is positive everywhere, and the radial pressure is so for 0 € f < 
1. The angular pressure is much larger than the radial one, which means that the 
interior is anisotropic and not a fluid, and than the energy density, which breaks 
the dominant energy condition. This large pressure works as a outward radial 
pressure because of the spherical symmetry, which stabilizes the object against the 
gravitational attractive force. 

We can see the reason why such a large pressure is produced. In (10), (T°) z 
+(T",,) holds, where the r.h.s. is given by (6). When derives the formula (6) in a 
spherically symmetric background spacetime, one expands fields into partial waves 


=) (10) 


and sums up the modes with large angular momenta. Therefore, the large pressure 
(T°) is a result of 4D dynamics. 

We study the entropy of the object?. Imagine that in the heat bath we grow up 
the stationary black hole adiabatically. We can evaluate the entropy density inside 
the black hole as s — Qi VEG. which means that O(V/N) bits information are 
contained per the proper length. By summing it up over the interior volume, we 
can reproduce the area law: 


A 
S sl dVs = —. (11) 


This implies that the information is stored inside the black hole, not on the surface. 

Finally, we make a comment on the information problem. In this picture, 
Hawking radiation occurs inside the collapsing matter. We can expect that there is 
a small interaction between them, which reflects the initial information of the matter 
on the emitted radiation. This is reminiscent of the fact that in thermodynamics 
interactions bring a system into equilibrium states. Indeed, we can consider a simple 
model of collision of the radiation and matter, and evaluate the scattering time scale 


as At ~ alog ṣpr >» where À is a dimensionless coupling constant. 
P 
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Implementing a path integral quantization of real massive scalar fields in a wide class 
of curved spaces we derive a general expression for the vacua in the Schródinger repre- 
sentation. Using the general boundary formulation of quantum theory, we show how a 
symmetry of the space of classical solutions leads to a one-parameter family of quantum 
vacua. In this way we offer a new derivation of the alpha-vacua in de Sitter space. 


Keywords: Vacuum, Curved spaces. 


1. Introduction 


Some aspects of the observed cosmic microwave background radiation! can found 
a description in terms of quantum fluctuations in the early universe. The study 
of properties of the quantum vacua for fields in curved spacetime may account for 
the large scale structure of our universe and has indeed received a great amount 
of attention.? In this contribution we consider a real massive scalar field in a wide 
class of curved spaces and construct a one parameter family of vacua. By expressing 
the solutions of the Klein-Gordon equation in a spacetime region M in terms of the 
boundary configuration y satisfied by the field, i.e. |a = p, we point out the 
existence of two global symmetries. At the quantum level, both symmetries are 
broken since the resulting vacua, parametrised by a constant a, lead to inequiva- 
lent quantum theories. In certain cases, the value of the parameter a is uniquely 
fixed according to general criteria such as demanding invariance under the group of 
isometry of the spacetime or other requirement the theory must satisfies. 

After presenting the classical theory in Section 2, we quantize the field in 
Section 3 according to the general boundary formulation (GBF)? prescriptions. 
Section 4 is devoted to examples: In Minkowski and in Rindler space the parameter 
a is fixed to zero thanks to the symmetry of space. In contrast all the a-vacua in de 
Sitter result to be invariant under the de Sitter group. Among these vacua the one 
defined by o — 0 corresponds to the so called Bunch-Davies or Euclidean vacuum. 
Finally, Section 5 summarises our results and indicates future line of research. 


2. Classical theory 


The dynamics of a real scalar field with mass m in a 4d Lorentzian spacetime 
with line element ds? = g,,dz^dz", in a spacetime region M is described by the 
action Sy[?] = 3 fy dtr yg [g"9,00,0 — (m? + ER)??], where g = det(gu) 
and ð, denotes the partial derivative w.r.t. to z", R is the scalar curvature of the 
spacetime, £ a dimensionless constant. We assume the following: 4 
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(i) The region M is foliated by hypersurfaces which are not required to be Cauchy 
surfaces. The foliation is described by the coordinates (x°, x) where x = (x1, x”, x3). 
The leaves are parametrised by z^ which in general is not a timelike coordinate. 
(ii) The metric takes a block-diagonal form, i.e. g?! = 0 = g?? for all i € {1,2,3}. 
(iii) Solutions of e.o.m. are obtainable by the method of separation of variables as 
$(z^,2) = (Xa(z?)Y.) (x) + (Xe(2?)Y) (a). (1) 
where X; (x?) (k = a,b) is a linear operator acting on the “initial” data Yp such that 
(X;(x°)Y;.) (£) is a solution evaluated on the hypersurface of fixed x°. We assume 
moreover that these operators commute among each other and are invertible. 


Although restrictive, these conditions are encompassed by the most studied 
QFTs. If M is the region [t, t2] x R?, solution (1) can be expressed in the form 


W(x, ty W (t, , 29 
66. = (TE on) (a) + (Te os) 0. (2) 


where o; = ¢|,0-4, and W(t, t') = X4(t) Xy(t') - Xa(t') Xo (t). The quotients have 
to be understood as operator acting on a mode decomposition of the boundary field 
configurations y;, i = 1,2. The action of the field can be written in terms of p; as 


Su (¥1, 2) =3 f es £ (p1 p2) w (2) (3) 


10 
where the matrix W has elements W! = — Tem yoo, wl = 


a) Yeas, m Ww» = + Weta vro tria and W?? = +4/7|,0=t, Wta, 
where y = |g()g°°| with g®) being the determinant of the induced metric on the 
hypersurface of constant z?, and W!9?(t,t") = (85X4) (t) Xy(t) — Xa(t’) (30X0) (t) 
and W9!(t,t') = Xq(t) (Oo Xv) (t) — (89.X4) (t) Xy(t). The space of solutions of 
e.o.m. is equipped with the symplectic structure Q(¢1,¢2) = 4 f d?z4/ |g? g| 
($1002 — $200¢1), which is independent of the leaf of the foliation. 

'The key observation of this contribution consists in noticing that the classical 
solution (2) and the action (3) are left invariant by the global transformations 
II(X,, Xo) = (Xa, 8-1 Xy) and II(X,, Xy) = (8Xy, 8-1 X4) with 8 € R\ {0}. Since 
the parameter f is real, both transformations project solutions of the Klein-Gordon 
equation into solutions. II preserves the symplectic structure Q, which in contrast 
changes sign under IL In what follows we will consider only the transformation 
II. Notice that the invariance of solutions, action and symplectic structure are a 
direct consequence of the representation of the field and the action in terms of the 
boundary configurations y;, i = 1,2. This invariance will be broken at the quantum 
level, and the QFTs associated to different value of 8 will result to be inequivalent. 


3. Vacum state in the Schrödinger representation 


The quantization of the theory is implemented in terms of the Feynman path integral 
combined with the Schródinger representation in accordance with the axioms of 
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the GBF. In this formulation, as in TQFT, a Hilbert space is associated to each 
hypersurface. It must be emphasised that the novelty of the GBF is the possibility 
to implement this association for arbitrary hypersurfaces, not only Cauchy ones. 
Thus, for a hypersurface XS we denote the corresponding Hilbert space with Hs. 
Quantum states are given by functional of field configurations, ie. wx(w) € Hs 
where y = ó|x. The inner product between two states Wy and ny in Hy is given by 
the integral f Dy v (q)rs (o), where the overline indicates complex conjugation. 
'The quantum dynamics that unfolds in the spacetime region M of interest is 
encoded in the so called field propagator: Zw(v) = f, ólou o PO e'Su[¢l where 
the integration is extended over all spacetime configurations @ that reduce to q 
on the boundary 0M. For the interval region presented in Section 2, the Hilbert 
space associated to the boundary decomposes as Hay = Hi, & H;,, where the 
star denotes the dualization of the Hilbert space due to the change in the orien- 
tation of the hypersurface at x° = tə. The field propagator in this region reads 
Zu (1,92) = Nyel9u(ei 92, where Ny = f Do é5wlsl with ləm = 0, the action 
Su (1,92) is (3). Then, a state Y+ € Ha is evolved to a state in Hy, by the 
field propagator as f Dy: vi (v1)Zw (Y1, P2) € Ht,. In the GBF the vacuum state 
is obtained by requiring the functional invariance under such evolution; its general 


structure? is v; o(p) = Cr exp (: [ dz o(z)4/ |g) goo are 


is a normalisation factor and the operator Y is a linear combination of X, and X; 
with complex coefficients: T (x?) = c, X«(x9) + e; Xy (x"), where the coefficients ca 
and c must satisfy the condition: S(c;cy) z 0. In general the vacuum state is not 
invariant under the action of II since it transforms the vacuum in the new state 
: 0 
Ufo») = Cr exp (5 [Peo ore ee NO (4) 
with Yg (x?) = caBXa(x°) + cu8 ^! Xy (x9). The transformation II applied to T can 
be interpreted as a rescaling of the coefficients c; and cy. This allows us to conclude 
that the state (4) is an acceptable vacuum state for the field. Moreover, the sign 
of the parameter 8 does not play any role for this state and consequently its value 
can be restricted to be positive, i.e. 6 = e“ with a € R. From now on we write Ta. 
Notice that the theories defined by the vacuum (4) are inequivalent for different 
values of the parameter o. Indeed, the Feynman propagator determined by (4) 
reduces to the standard Feynman propagator only if a = 0. We conclude that for 
non vanishing values of the parameter a we obtain inequivalent quantum theories. 


«a , where C, 
t 


4. Fixing « 


For certain QFTs, the value of a can be fixed uniquely in terms of some general 
criteria. We present some examples, giving in particular the explicit expression of 
the vacuum states for the field in Minkowski, Rindler and de Sitter spaces. In the 
case of Minkowski and Rindler, the vacuum is unique thanks to the symmetry of 
the space. In de Sitter we specify the criteria that distinct the different vacua. 
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4.1. Minkowski space 


Minkowski space is invariant under the Poincaré group. Requiring the same invari- 
ance for the vacuum state fixes the value of a to be zero. In the case of an interval 
region where x° is the Minkowski time t, we have that X(t) = cos(wt) and X;(t) = 
sin(wt), with w = ,/—02 + m?. Thus, the state (4) is left unchanged under the 
transformation t > t' = t + to only if a = 0 and cg = 1, cy =i. With this choice (4) 
reduces to the standard Minkowski vacuum? *, vo = C exp (—3 f dz y(x)wy(z)). 


4.2. Rindler space 


The line element of 2d Rindler space is ds? = p?dn? — dp? where z? = psinh y 
and x! = pcoshn, a? and x! being Minkowski coordinates. The same result as in 
Minkowski is recovered in Rindler space since, for the region M = [7,2] x Rt, 
X,(n) = cos(wn) and X(n) = sin(wr) with w = \/—(p0,)? + m?.® Invariance of 
the vacuum under a temporal translation is achieved only for a = 0, and the vacuum 
on the hypersurface of constant 7 results to be wo = C exp (-i fap Le(p)we(o)). 


4.3. de Sitter space 


The de Sitter group does not fix the value of the parameter a. To see this we consider 
the de Sitter metric in the following coordinate system ds? — I ((dz9)? — (dz)?), 
where z? €]0,oo[, z € R?, and R denotes the inverse of the Hubble constant. This 
coordinate system covers half of de Sitter space and the other half is covered by 
extending x° from —oo to 0. Solutions of e.o.m are parametrized by X,(z?) = 
(29)3/2 J (kx?) and Xy(z9) = (z9)9/2Y, (kx9), where k = |k|,^ and J,(z) and Y,(z) 
are the Bessel functions of the first and second kind respectively, with index v — 


V/ 2 — (mR)?.? Vacuum states on a surface of constant a? read 


i : mou 
exte) - Cexp (5 [ aet Sean). 


with T (z9) = (29)9/2 (e J, (kx?) + ie ^Y, (kx9)), a € R. 


(5) 


4.3.1. Isometry of space 


The de Sitter metric is invariant under 10 transformations: 3 spatial rotations, 3 


spatial translations and the following transformation (H = R~', x8} is a constant) 


a9 — (2°) = eB g0, gg! =e jog (6) 


aIn order for the solution to be well defined in the whole spacetime, as well as in the interval type 
region, the components of the 3-vector k have to be real, so k > 0. 
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A vacuum state on the surface defined by (x°)! = e-/ 7059 depends on the config- 
3; n 

uration y’ (x) = f gory (keke and is left invariant by (6) if the coefficients y’ 

satisfy the equality v (ke~ #20) = (k). Therefore the invariance under the trans- 

formation (6) does not fix the value of a. The one parameter family of vacua (5) 

are the so called a-vacua in de Sitter. 1° 


4.3.2. Minkowski limit 


de Sitter space reduces to Minkowski space in the limit where the curvature is 


0 — oo such that = is kept 


constant. Using the asymptotic expression of the Bessel functions!! we see that the 


infinite, corresponding to the limits R — oo and x 


Minkowski vacuum is recovered only if a = 0. This is the Bunch-Davies vacuum for 
de Sitter.!? Moreover, only for a = 0 the singularities of the Feynman propagator 
in the limit z — z' are of the Hadamard form. 


4.3.3. Energy expectation value 


Another criterium to select a vacuum state is requiring that expectation value of 
the energy is the minimum when evaluated on the vacuum state. Denoting with 
p T? (qo) the expectation value of the 00-component of the energy momentum tensor 
on a vacuum state defined at a constant 1? hypersurface in the region M, we have, 
in the case of a minimally coupled field, p™™ (Wf) = 3 lim; 4: (300b + 0:0: + 
m?)G^*, (x, z'), where 0) = 8/0(xo)! and G$, is the Feynman propagator. This 
criterium select the Bunch-Davies vacuum in the asymptotic region x° > 1. 


4.3.4. Wick rotation 


'The Bunch-Davies vacuum is also recovered through a Wick rotation, i.e., by per- 
forming an analytic continuation of the variable in terms of which the dynamics is 
described, namely z? — iz?, in the field propagator, then taking the limit z? — oo 
and setting the boundary configuration at infinity (say p2) to zero, in order to obtain 


the vacuum state!?, lim,o_,., Zu(¥1, v2)| = cyo(Y1), where c is a constant. 


ix? 


5. Summary and outlook 


For a wide class of field theories in curved spaces, we recognise the existence of two 
transformations under which classical solutions of the equation of motion are left 
invariant when expressed in terms of boundary field configurations. Also the action 
evaluated on these solutions are invariant under these transformations. Finally, 
one of the two transformations results to be a symmetry also for the symplectic 
structure associated with the space of solutions. Using the Schródinger-Feynman 
quantization scheme of the GBF, we show that these classical symmetries are broken 
at the quantum level. Indeed, they generate a one parameter family of infinite vacua. 
For de Sitter space, these states are the well known a-vacua. 
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It is important to underline the novelty of this approach for the derivation of 
the de Sitter a-vacua. In literature theses states are usually obtained in terms of 
Bogoliubov transformation of the basis where the field is expanded. Moreover they 
are interpreted as squeezed states over the Bunch-Davies vacuum. An alternative, 
but equivalent derivation is based on the antipodal map of de Sitter that send a 
field evaluated at a point x into a field evaluated at the antipodal point to x. Al- 
though our approach is similar from a mathematical point of view to the functional 
formalism !4, we underline the classical symmetries of the space of solutions, when 
expressed in terms of the boundary field configurations, from which the a-vacua 
arise. This representation is the more adequate for the quantization of the theory 
according to the Schródinger-Feynman prescription within the GBF. Moreover, the 
result presented here constitutes a successful test for the GBF itself. 

In the GBF another quantization scheme has been implemented and the rep- 
resentation used there is the holomorphic one.!? Moreover a one-to-one correspon- 
dence exists between vacuum states in the Schródinger representation and complex 
structures used in the holomorphic representation. !© A natural generalization of the 
result presented here is to investigate the representation of the transformation II in 
terms of the complex structure. 
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Primordial gravitational waves in bouncing universe 


Asuka Ito and Jiro Soda 
Department of Physics, Kobe University, Kobe 657-8501, Japan 


Both inflationary and ekpyrotic scenarios can account for the origin of the large scale 
structure of the universe. It is often said that detecting primordial gravitational waves is 
the key to distinguish both scenarios. We show that this is not true if the gauge kinetic 
function is present in the ekpyrotic scenario. In fact, primordial gravitational waves 
sourced by the gauge field can be produced in an ekpyrotic universe. We also study 
scalar fluctuations sourced by the gauge field and show that it is negligible compared 
to primordial gravitational waves. This comes from the fact that the fast roll condition 
holds in ekpyrotic models. 


1. Introduction 


Inflation has succeeded in solving several issues in big bang cosmology and ex- 
plaining the temperature anisotropy of the cosmic microwave background radiation 
(CMB) and the large scale structure of the universe. However, it is known that 
bouncing universe models! such as the ekpyrotic scenario? based on superstring 
theory? can do the same job*.* Therefore, it is important to clarify which scenario 
is actually realized in the early stage of the universe. 

In the ekpyrotic scenario, the primordial fluctuations are produced in a slowly 
contracting (ekpyrotic) phase. The spectrum of the scalar and tensor vacuum fluc- 
tuations becomes blue-tilted in the phase. We therefore need an additional scalar 
field to explain the temperature anisotropy of the CMB. Moreover, in the ekpy- 
rotic scenario, the amplitude of primordial gravitational waves" is quite small and 
practically unobservable?. Hence, it is often said that, if we could detect the pri- 
mordial gravitational waves, we would be able to disprove the ekpyrotic scenario. 
However, if there could exist another mechanism for producing gravitational waves 
in the ekpyrotic scenario, the story would be completely different. Indeed, we show 
that there exists a mechanism for producing abundant gravitational waves in the 
ekpyrotic phase. 

The key is the presence of magnetic fields in the early universe. Observation- 
ally, there are several evidences for magnetic fields to exist on various cosmological 
scales?. Although the origin of primordial magnetic fields is unknown, the presence 
of magnetic fields on extra galactic scales!? implies that the seed of magnetic fields 
must be produced in the early universe. Notably, there are attempts to make pri- 
mordial magnetic fields with the gauge kinetic function in an inflationary universe 1! 
or in a bouncing universe ??. 

This report is a review of our previous paper !?. We first show that scale invariant 
magnetic fields can be produced in the ekpyrotic phase in the presence of the gauge 
kinetic function. Next, we show that the magnetic fields can be a source of abundant 


“The pre-big bang scenario is also a kind of the models?. Our conclusion could apply to it too. 
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gravitational waves (such mechanism works also in inflation!^). It turns out that 
the gravitational wave spectrum is nearly scale invariant (slightly blue) at the end 
of the ekpyrotic phase. Hence, it is difficult to discriminate between inflation and 
the ekpyrotic scenario by merely detecting primordial gravitational waves. We also 
study scalar fluctuations induced by the magnetic fields and show that the tensor 
to scalar ratio should be more than unity, which implies that scalar fluctuations in 
the CMB should be dominated by quantum fluctuations produced by an additional 
scalar field as is often assumed in the ekpyrotic scenario. 


2. Ekpyrotic phase 


'The ekpyrotic scenario can be described by a four-dimensional effective theory with 

a scalar field ó moving in an effective potential V (¢) specified below. The action 

reads 

M 
2 


S= | d'ey=9| ER - 50,9079) - V(9)| . (1) 


where Mp represents the reduced Planck mass, g is the determinant of the metric 
Juv , and R is the Ricci scalar. The scalar field represents the separation | between 
two branes | ~ e?. The contracting universe (¢ < 0) is connected to the expanding 
universe (¢ > 0) through a bounce (a collision of two branes). The scalar and tensor 
vacuum fluctuations are produced in the contracting phase where the scalar field 
rolls down a negative steep potential 


V(Q) c Voe Mot f (2) 


where Vo is a negative constant. Note that A is also negative and satisfies the 
fast roll condition |A| >> 1 to keep isotropy of the universe. Thus, we can take an 
isotropic metric ansatz in this phase as 


ds? = a(r) [-dr? + dz? + dy? + dz?] , (3) 


where we used a conformal time 7. It is straightforward to derive scaling solutions 
from Eqs. (1)-(3): 


Moi = 33—3 In(—Myr) , (4) 
where Tena (< 0) and dena represent the moment and the scale factor at the end 
of the ekpyrotic phase, respectively. The obtained vacuum scalar and tensor power 
spectrums are blue-tilted, so that we need an additional scalar field to explain the 
CMB observation®. Then, the ekpyrotic scenario predicts the nearly scale invariant 
scalar power spectrum and the blue-tilted tensor power spectrum. The situation is 
different from inflation where both spectra are nearly scale invariant. 
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3. Scale Invariant Magnetic Fields 


Let us consider a gauge field coupled with ¢ in the contracting phase as 


-IPO Ep E” 4 (5) 


where F;,, = ô Ay —0,A, is the field strength of the gauge field and f (9) represents 
the gauge kinetic function. Now, we take the gauge kinetic function as exponen- 
tial type functional form which is ubiquitous in models obtained from dimensional 
reduction 


g 

FO) = foe? ™ , (6) 
where it has been set to be unity at the end of the ekpyrotic phase, and then there is 
no strong coupling problem. As is discussed in Ref. 13, one can obtain a expression 
of Fourier coefficient of magnetic fields defined by B(r, x) = 4 (v x A(r, z)) on 
the background (4) as 


Buln) = ME or cau (L) "7 ae, U 
8 —Tend 

Here, we have eliminated p by requiring the scale invariance of magnetic fields at 
the end of the ekpyrotic phase. Tena and Heng are the conformal time and the 
Hubble parameter at the end of the ekpyrotic phase, respectively. For example, if 
we set Heng = 10? My and A = —17, where back reaction from electromagnetic 
fields is negligible, the amplitude of the magnetic field at the end of the ekpyrotic 
phase is about 104° G. Thus, the cosmological magnetic fields observed at present 
can be produced in the ekpyrotic scenario?. Remarkably, such magnetic fields can 
also induce abundant primordial gravitational waves. 


4. Gravitational waves from Magnetic Fields 


As is shown in Refs. 13, 14, one can get the tensor sector of the action (1) in the 
presence of the gauge field (5) as 


M? » » 1 3 
Sow = nc | xd (hj; h = Oy hi; eh”) + 5” (E;Ej + B;B;) h” | , (8) 


where hij is the transverse traceless tensor, namely, gravitational waves. We see 
that electric and magnetic fields work as a source of gravitational waves. From 
above action with scale invariant magnetic fields (7), one can estimate the power 
spectrum of gravitational waves: 


27 a fHena\*, [k 
p) s roe (Per) a [E] . " 


4 
-—: in the spectrum (9) because of the nonlinear contribution 
P 


There is a factor ( 


of the magnetic fields (7). One can see that sourced gravitational waves have a 
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nearly scale invariant spectrum. This conclusion is different from the well-known 
blue-tilted spectrum in the ekpyrotic scenario?. Most importantly, there appears 
a factor A® in P,(k). For example, if we set Hena = 10 ?M,; and \ = —17 to 
produce the observed magnetic field, the amplitude of the power spectrum is about 


10-1. This is comparable with the gravitational waves in the inflationary universe 


2 
~ ( — . Therefore, we can not discriminate between inflation and the ekpyrotic 
P 


scenario just by detecting primordial gravitational waves. 


5. Scalar Fluctuations from Magnetic Fields 


The power spectrum of scalar fluctuations induced by magnetic fields can be calcu- 
lated as same as tensor fluctuations. The result is 


P.(k) ~ ae an (Ay mf =| . (10) 


102474 kin 
From Eqs. (9) and (10), the tensor to scalar ratio source is given by 
Tsource X 7. (11) 


Since the tensor to scalar ratio becomes larger than unity, we can say that the 
scalar fluctuations sourced by the scale invariant magnetic field are negligible in the 
ekpyrotic scenario. Therefore, the ekpyrotic model with a gauge field is compatible 
with the CMB data. 


6. Conclusion 


We studied the role of the gauge kinetic function in the ekpyrotic scenario and 
showed that abundant gravitational waves sourced by the gauge field can be pro- 
duced. As a demonstration, we first showed that scale invariant magnetic fields 
can be produced in the ekpyrotic phase. It turned out that the magnetic fields 
induce nearly scale invariant gravitational waves (slightly blue) and the amplitude 
could be comparable with that of the inflationary universe. It turned out that it 
is difficult to disprove the ekpyrotic scenario by detecting primordial gravitational 
waves. In order to distinguish both scenarios, it is necessary to look at the details of 
the spectrum such as the tilt of the spectrum or the non-gaussianity ^. Observing 
the distinction of higher order scalar perturbations is also important 16. We should 
mention that the idea of finding an ekpyrotic model with observable gravitational 
waves on CMB scales using sourced fluctuations was put forward for the first time 
in Ref. 17 by investigating a different model with explicit parity violation. Our 
model has no explicit parity violation. Moreover, we also showed that the scalar 
fluctuations induced by the magnetic field are smaller than the sourced gravita- 
tional waves. Generally, as far as the fast roll condition is satisfied, the tensor to 
scalar ratio becomes more than unity in any ekpyrotic models with the gauge ki- 
netic function. Therefore, our scenario would be compatible with the CMB data 
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provided that nearly scale invariant scalar fluctuations are produced in a standard 
way with an additional scalar field. 

It should be noted that we must check the non-gaussianity of the primordial 
scalar fluctuations in the present model 18 
process from contracting to expanding to connect the spectrum at the end of the 
ekpyrotic phase with observables. We have not looked into this issue in this paper 
since the mechanism is model dependent and the detailed analysis is beyond the 
scope of this paper!. However, actually, although we fixed the parameters such as 
p, A, Hena for simplicity in this paper, we can tune these parameters in our scenario 
so that our conclusion becomes valid for any ekpyrotic bouncing models. Therefore, 
our conclusion is robust. 


. Moreover, we should consider a bounce 
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Scalar field vacuum energy and particle creation in a 3D Casimir apparatus, freely falling 
in the Schwarzschild spacetime, are considered in the reference frame of a comoving 
observer. Following Schwinger’s proper time approach, Casimir energy is evaluated from 
the effective action, resulting in a small correction to the flat spacetime case. Besides, a 
tiny amount of quanta excited out from the vacuum is found. Both effects are discussed, 
drawing attention to the role of the underlying spacetime dimensionality. 


Keywords: Casimir effect; quantum fields in curved space-times; particle creation. 


1. Introduction 


Casimir effect’? is one of the most intriguing as well as fascinating effects in the 
microscopical quantum world. Roughly speaking, it originates from a distortion 
in the modes of a quantum field constrained in a finite region of space by some 
boundaries. The latter can be material as well as due to the geometrical properties 
of the background spacetime. In the latter case, Casimir effect becomes an exciting 
arena in which General Relativity (GR) and Quantum Field Theory (QFT) face 
each other. 

As we will see, an observer comoving with a Casimir cavity, freely falling in a 
Schwarzschild black hole, measures a small reduction in the (absolute) value of the 
(negative) Casimir energy ^ !? as the black hole horizon is approached. At a first 
glance, this may seem rather puzzling, as one would expect no change with respect 
to the usual flat spacetime result (€Cas) stat = ae due to the Equivalence 
Principle. Actually, the local measurements performed by the comoving observer, 
are related to a non-local renormalized field stress-energy tensor Tiy- The latter 
is determined (by means of some regularization technique) by the low-energy con- 
tribution of T „v, thus probing the global structure of the surrounding spacetime 
geometry. This, in turn, allows for a local measurement to be sensitive to the cavity 
fall. 

The plan of the paper is as follows. In section 2 Lemaitre coordinates are 
introduced. Section 3 is devoted to Schwinger’s proper-time approach and to the 
evaluation of the effective action W. Section 4 deals with the static Casimir effect, 
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while particle creation is discussed in section 5. The last section is devoted to 
some concluding remarks. Throughout the paper use has been made of natural 
geometrized units. Greek indices take values from 0 to 3; latin ones take values 
from 1 to 3. The metric signature is —2, with determinant g. 


2. Lemaitre Coordinates 


The Schwarzschild metric for a black hole of mass M in the standard Schwarzschild 
coordinates (t, r,0, 9) reads 


EET 
ds? = (: = z) di? — (: - z) dr? — r2dQ?, (1) 
T T 


where rg = 2M is the gravitational (Schwarzschild) radius of the black hole and 
dQ? = d0? + sin? 6d$?. In such coordinates, we meet a coordinate singularity at the 
horizon. Being interested in the behaviour of a Casimir cavity falling into a black 
hole, we need a chart which is regular at the horizon, so the form (1) of the metric 
is not suitable. Among the various coordinate systems well behaved at the horizon, 
we will adopt the Lemaitre chart. In the Lemaitre coordinates, a freely falling test 
body has a constant value of the radial p coordinate. 

Consider a Casimir cavity, freely falling from spatial infinity. Adjust the cavity 
clock so that the proper time 7 — 0 when the cavity is at the radial horizon coor- 


dinate ro = rg. Then the constant value is po = 2rg and the Schwarzschild metric 


3 
in the Lemaitre coordinates (7, p, 0, 9) reads 13-14 
T 3T e 
ds? = dr? — —9-dp? — r?(r)dt?, r(r) 2r;|1— — : (2) 
r(T) 2rg 


Notice that the travel from the infinity to the horizon is described by negative values 
of the proper time: —oo < T <0. 


3. The Casimir Cavity and the Comoving Frame 


The measurement of Casimir energy inside the falling cavity is performed by a 
comoving observer. The cavity plates (of area A and separated by a distance L, such 
that L < VA) are taken orthogonal to the radial falling direction. Furthermore 


e the cavity is taken to fall from spatial infinity with zero initial velocity and 
zero angular momentum; 

e the typical cavity size is much smaller than the gravitational radius of the 
black hole, so that, in particular, L < rj, with L being the plate separation 

e the cavity is rigid; its dimensions and shape do not suffer any distortion, in 
spite of external tidal forces. Such assumption holds true provided L < rg. 
Differently stated, we neglect tidal effects!? inside the falling cavity. Tidal 
effects will be extensively studied in a lower-dimensional model in Ref. 15. 


?Such a choice has been made only for the sake of definiteness. 
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e the cavity follows a true geodesic motion; hence we neglect other non- 
gravitational external effects. 


4. Proper-time Schwinger's approach 


For the sake of simplicity we will consider a massless scalar field. We also assume 
the field to obey the Dirichlet boundary conditions at the plates. In the tetrad 
frame adapted to the Lemaitre chart the Klein-Gordon equation reads 16 


Primele 60x e 


From (3), the proper-time Hamiltonian H reads H = Ĥo +V, where Ño = 02—V? = 
—p2 +p”. As usual, we write the effective action W = limpo W (v), where +718 


W(v) = -if ds g^ Tre "Â, (4) 
2 Jo 
and the limit v — 0 has to be taken at the end of calculations. The trace has to be 


evaluated all over the continuous as well the discrete degrees of freedom, including 
those of spacetime. After a quite long algebra we get 


g^— 3/2— 
L e is(nn/ 
W(v) = san | ef dr aR Tar 
0 1/2 
coe © 


where 8 = ves is a small adimensional parameter which will be used for further 


x [r8/%e- 0H aee) «ct ( - 5 


power expansion. HY and G33 are a zero-order Hankel and a Meijer G-function, 
respectively. The H{)-dependent (real) part of W(v) is responsible for the vacuum 
polarization (namely, the static Casimir effect), while the G-dependent (imaginary) 
part of W(v) is responsible of the vacuum persistence amplitude (i.e., particle cre- 
ation). 


5. The Static Casimir Effect 


From the real part of (5) we obtain (€cas) = — limpo Ar Efe W (v), hence 


43/2 Q9 ok e2ka L 2k 3 
(€Cas) --mul dim) '( 5 H ca 34 2k). (6) 


Taking the leading (k = 0) and the next to leading order (k = 1) term, we get 


T? 1 £? 


Wn + Beanz ene 06» (7) 


(€Cas) = 
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The first term is the (expected) usual flat Casimir energy density. At the horizon 
crossing (T — 07), we have (recall that € = 3/(2r,)) 


(cashnor = eos li- o£.) ]. (8) 


Eq. (7) tells us how the corrections to the Casimir energy density change with the 
proper time as the cavity approaches the black hole horizon. 


6. Bunch-Davies Vacuum and Particle Creation 


Particle creation is related to the vacuum persistence amplitude, i.e., the imaginary 
part of the effective action W. In the in-out formalism we have 


|(0out|0in)|? = em, (9) 


so that the (usually small) number density of created particles inside the falling 
cavity is (n) ~ 233". Expanding the imaginary pert of W (v) we obtain a divergent 
result; namely 

A ep? DEALA 

saya LIB qp ee : (10) 
2473 (1— £r) 15(1— £7) 

Inspection of (10) reveals that the first term in the square brackets is divergent. The 
origin of such divergence is likely to be related to the implicitly assumed infinite 
extension of the plates, as we will see below. We will avoid the difficulties stem- 
ming from the appearance of infinities in the imaginary part of the effective action 


SmW = 


exploiting the relationship between the Schwinger theory and the in-out formalism, 
based upon the Bogolubov approach. 
The field modes related to (3) are proportional to 


val) = yf ent) (Bn), i-e m 


which have the required minkowskian (plane wave) behaviour at 7 — oo (i.e. T > 
—oo), when the cavity is at the spatial infinity with respect to the black hole. The 
above modes satisfy the Bunch-Davies vacuum requirements !? ?!, Also, in the far 
past the field modes admit a plane wave solution 


= a —iwkT B dUkT 12 

Xk (7) No + JE t ( ) 

Matching the above solutions at the black hole horizon (7 > 1), we easily compute 
the Bogolubov coefficients a and fj^ 

+ HM | Bel? = MM GUN 

16w2(1— £T)?’ 16w2(1— ET)?’ 


lox? — 1 (13) 


b(An interesting approach, requiring no detailed knowledge of state normalization, based upon 
the paper by Hamilton et al. (A. Hamilton, D. Kabat and M. Parikh, JHEP 0407, 024 (2004)), 
may be used as well to obtain the same result.) 
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satisfying |a|? — |B&|? = 1. The £ coefficient is related to particle creation. Note 
that, as T > —oo, |ox|? ~ 1 and |6;|? ~ 0, i.e., we have no particle creation 
in the ae past, as expected, meanwhile at the onion crossing (T = 0) we have 
IB. |? = iu Although the number of created quanta is a divergent quantity, we 
can get a finite result for the energy density (cay) of the created quanta, writing 


Wage ares fe | mse 


Comparing the above result with (7), describing the vacuum energy density per- 
taining to the Casimir effect, we see, quite interestingly, that the small reduction 
observed in the static Casimir energy value just corresponds to the amount of energy 
of created field particles. This could suggest a close relationship between the two 
considered effects. Nevertheless, some care is required when speculating about such 
coincidence, as both the results have been obtained as first-order approximations. 


7. Concluding remarks 


We have considered the Casimir energy density corrections in a small cavity freely 
falling from the spatial infinity into a Schwarzschild black hole. 

At a first glance, one could wonder that corrections to the static Casimir effect 
as well as particle creation are detected by an observer in a freely falling inertial 
frame. However, as anticipated at the end of section V, this is not so surprising. 
The Equivalence Principle (EP), deeply rooted in the theory of General Relativity 
(GR), applies well in the context of a local theory, just as GR is. On the other 
hand, when quantum fields are taken into account, the non-local character of the 
underlying quantum theory conflicts with the EP, causing the latter to be not 
straightforwardly applicable. 

In the present scenario, the quantum field stress-energy tensor T y behaves as 
a non-local object, thus probing the global spacetime structure, through the long 
wavelength field modes. The adopted renormalization procedure (whatever it may 
be) does transfer the spacetime details into the renormalized T7, which is basically 
the locally measured object. In such a way, information contained in the spacetime 
geometry surrounding the cavity bypasses - so to say - the EP, appearing both in 
the form of a small correction to the expected static Casimir energy and a tiny flux 
of created field quanta. 

In deriving the above results several assumptions have been made. In particular, 
we have neglected other possible contributions related to from the cavity extension. 
Tidal effects, e.g., are expected to give rise to anisotropies in the energy density 
distribution inside the cavity; such aspect will be considered in detail (in the case 
of a 1+1D model) in a forthcoming paper !? 

It maybe that some of the divergencies met throughout the paper are due to 
the (in)finiteness of the Casimir plates. In that respect, it seems likely that a more 
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physically consistent analysis, based upon a finite 3D cavity, could help to remove 
the residual infinities encountered in the present approach. 

Finally, an obvious improvement of the present research would be to extend the 
analysis of Ref. 15 to the 34-1D case, also including both tidal and 3D-finite-size 
effects in evaluating the corrections to the Casimir effect. This we hope will be our 
next goal. 
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The supersymmetry arises in certain theories of fermions coupled to gauge fields and grav- 
ity in a spacetime of 11 dimensions. The dynamical brane background has mainly been 
studied for the class of purely bosonic solutions only, but recent developments involving 
a time-dependent brane solution have made it clear that one can get more information 
by asking what happens on supersymmetric systems. In this work, we present an ex- 
act supersymmetric solution of a dynamical M-brane background in the 11-dimensional 
supergravity and investigate supersymmetry breaking, the geometric features near the 
singularity. 


Keywords: Dynamical brane background; Supersymmetry; 11-dimensional supergravity; 
Singularity. 


1. Introduction 


The dynamical p-brane solutions in a higher-dimensional gravity theory were studied 
by Refs. 1-9 and have been widely discussed ever since. However, some aspects of 
the physical properties, such as supersymmetry and its breaking in the context 
of string theory, have remained slightly unclear. The motivation for this work 
is to improve this situation. For this purpose, it is first necessary to construct 
supersymmetric brane solutions depending on the time as well as space coordinates. 

In this work, we will find the supersymmetric dynamical M-brane as an exact 
solution of the supergravity field equations. What we will construct is a time- 
dependent M2-brane solution preserving supersymmetry in the 11-dimensional 
supergravity theory. The dynamical M2-brane background preserving supersym- 
metry is a kind of natural extension of the static M2-brane system, which can 
be described by an analogous Reissner-Nordstróm solution in the four-dimensional 
Einstein-Maxwell theory. We present an exact solution having a quarter of a full 
supersymmetry for a dynamical M-brane in an 11-dimensional supergravity and 
discuss how to break supersymmetries in Sec. 2. We describe some applications of 
the result, which are the behavior of the geodesic, the analysis of the geometrical 
structure in dynamical M2-brane background. In Sec. 3, we start our discussion 
of supersymmetric M2-brane solution by examining the basic features of the back- 
ground geometry. By solving the radial null geodesic equations, we show that the 
naked strong curvature singularity appears. Section 4 contains some discussions 
and concluding remarks. 
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2. Supersymmetry in a dynamical M2-brane 


In this section, we present the exact solution to the field equations of an 
11-dimensional supergravity corresponding to a dynamical M2-brane configuration. 
The 11-dimensional gravitino (Killing spinor field) equation gives the time- 
dependent solution with the particular ansatz of fields. We find that the supersym- 
metric solution depends on the null coordinate along the M2-brane world volume, as 
well as the coordinates of the transverse space to the M2-brane. The 11-dimensional 
supersymmetric solution is given by 


ds? = h? (x, r)n,, da^ da" +h? (xr) (dr? + r^usydz" dz) ] (1) 
where the function h(rz,r) is given by 


M 
h(x,r) = cua" +E+ rx (2) 


u, v = 0,1, 2, and 2,7 = 3,4,...,10, x = £1, cy, c, and M are constant param- 
eters, Uap denotes the metric of the seven-sphere. It follows that if cp = O,ho is 
not null, there exists only a trivial solution to the Killing spinor equation, and the 
supersymmetry is completely broken. On the other hand, when c, is a null vector, 
the Killing spinor equation leads to 


cuy e — 0, (3) 
where 5^ gives the SO(2, 1) y-matrices satisfying 
i, SEn. (4) 


Then, one quarter of the possible rigid supersymmetries in the maximal case sur- 
vives. Here, we check the degree of supersymmetry for the case of M = 0. The 
dynamical M2-brane to the plane wave background if we consider the following spe- 
cial case of vanishing M2-brane charge!?:!!. The integrability condition reduces to 
Ch ye — 0. Then, the dynamical M2-brane solution with c, 4 0, preserves a half 
of the maximal supersymmetries. Since the number of unbroken spacetime super- 
symmetries in the present background must be a half of the full supersymmetries, 

Next we comment on the degree of the supersymmetry breaking for the dynam- 
ical M2-brane background. The measure of the supersymmetry breaking for the 
dynamical background is obtained from the consistency condition. The mass scale 
corresponds to ^ ?c,,c", which could be identified with a kind of induced effective 
mass scale for the spinor field. The divergence at ^ — 0 means that the degree of 
the supersymmetry breaking increases as the background approaches the curvature 
singularity. On the other hand, the supersymmetry breaking becomes negligible 
near the M2-brane region r — 0, as h diverges there. 

Let us consider the relation between the dynamics of the background and super- 
symmetry breaking in more detail. Introducing a new time coordinate 7 , which is 
defined by T/T) = (co t)?/? , with constant To = (3/2co) , we find the 11-dimensional 
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metric (1) as 


ds? — | + (3) "m c + A) Pm |-ar? + (3) Biya! de’ | 


3/2 . M7! 1/2 
b+" Qm) G) e m 


where x’ (i = 1,2) denotes the space coordinates of the world volume spacetime, 
the metric ó;; is the spatial part of the three-dimensional Minkowski metric m, , 
and dO, is the line element of the seven-sphere. When we set c1 = co = 0, the 
spacetime is an isotropic and homogeneous universe with respect to the world vol- 
ume coordinates, whose supersymmetry is completely broken. On the other hand, 
the 11-dimensional spacetime becomes inhomogeneous and preserves supersymme- 
try if parameters c, satisfy c,c’ = 0, and c,y“e = 0. Thus, in the limit when 
the terms c;z^ are negligible, which is realized in the limit (7/7) — oo, for small 
r, we find an 11-dimensional universe without supersymmetry. For concreteness, 
we discuss the dynamics in the region where the term c;z* in the function A(T, z,r) 
is smaller compared to the contribution of the M2-brane charge M/r®. In the 
case of (r/ro) > 0, we have found that the domains near the M2-brane has the 
supersymmetry. As the time increases, the background satisfies (7/79)?/? > cix! . 
Then, the contribution of the term c;z' in the function A(r, z, r) eventually becomes 
negligible in the 11-dimensional metric such that supersymmetries are completely 
broken, which is guaranteed by the region c;z « M/r®. Then, the dynamical 
M2-brane solution also behaves as a nonsupersymmetric cosmological solution in 
the asymptotic future. 


3. Geometry of the supersymmetric dynamical M2-brane solution 


As one may expect from the dynamical M2-brane solution, the spacetime with 
(1) has curvature singularity. For a fixed x, the spacetime asymptotically ap- 
proaches the anisotropic solution at a large r, while the metric becomes approx- 
imately AdS4 xS" near the M2-brane region!!! (at r — 0). Now we investigate 
the geometric feature near the curvature singularity. We consider the following time 
dependent M2-brane solution with the 11-dimensional metric 
—2/3 M 1/3 
ds? — (o + x) (—2du dv + dy?) + c 4 A) |a? + dz) . (6) 
1 1 
u = —= (t —- x), v= — (t+ x), (7) 


V2 


where c, M are constants. Since the function h;(r) dominates near r > 0, the 
background geometry describes the extremal Reissner-Nordstróm solution with an 
infinite throat. The geometry of the dynamical M2-brane is not asymptotically flat 
while the extremal Reissner-Nordstróm solution gives the asymptotically Minkowski 
spacetime. Near the M2-brane, the metric becomes AdS4x S". Since the square of 
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the four-form field strength diverges at the zeros of the function h(u,r) — 0, the 
curvature of the metric (7) can be singular at h(u,r) — 0. 

Now we discuss the cosmological evolution of the spatial geometry in the region 
h > 0 and assume c « 0, in the function h(u,r). For u « 0, the function h is 
positive everywhere and the spatial surfaces are nonsingular unless we treat the 
negative charge of the M2-brane M « 0. They are asymptotically anisotropic 
spacetime for a fixed x coordinate. The spatial metric is still regular for u = 0 
besides the region r — oo. As time increases slightly, a singularity appears at 
r — oo and moves in from spatial infinity. As u evolves further, the singularity 
eventually wraps the horizon completely. We start by solving radial null geodesic 
equations for the affine parameter s on the background (7). We now discuss the 
radial null geodesic near the timelike singularity. For the supersymmetric M2- 
brane background (7), h — 0 hypersurface corresponds to a timelike curvature 
singularity 1? because g” N? rly > 0 for fm = Vash near the singularity. Let us 
then consider the past directed null geodesics which can hit the curvature singularity 
within a finite affine parameter length. The geodesic equation gives 


r(s) & ro +ri (so-s),  h(s)—— (=) (so — 5)?” — (so —s)9/5 , — (g) 


where c, f are constants, ro and sg denote the value of r and s at singularity. 
We now turn our attention to calculate a geometrical quantity in a parallelly 
propagated frame along the null geodesic, 

T= Cu puo EZ" Ej" k? kÈ ; (9) 
where Cmn pq is the Weyl tensor, k™ denotes the tangent vector of null geodesic, 
and E; is a parallelly propagated spacelike unit vector orthogonal to &V. These 
are defined by 


k = (du/ds)0, + (dv/ds)0, + (dr/ds)O., Ez = h1?0,. (10) 
In terms of the metric (7) and 11-dimensional null vectors, we find 
T~ (so — 8s)? . (11) 


The shear o and the expansion rate d0/ds of the congruence along the null vector 


k™ diverge near the singularity as 


o~ nc m (89 —5) 5, (2) ~ =o? ~ — (so — s)? . (12) 


Then, we obtain 
i °/dinA 
n ( A ) ins - 9). (13) 


where A is the volume element of the null geodesic congruence. This implies that 
the timelike singularity is a strong type of curvature singularity, as the volume 


element of any congruence along the radial null geodesic vanishes there. 
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4. Discussions 


In the present work, we have constructed the dynamical supersymmetric M2-brane 
solution for the warped compactification of an 11-dimensional supergravity. The 
solution is given by an extension of a static supersymmetric M2-branes solution. 
In the case of a dynamical M2-brane background, a quarter of maximal supersym- 
metries exists. If the M2-brane charge vanishes, our solution gives a plane wave 
background which preserves a half of the full supersymmetry. Therefore, in the far 
region from the M2-brane, the background changes from the dynamical M2-brane 
to time-dependent plane wave background. This means that one quarter of the 
maximal supersymmetry is enhanced to a half of the possible rigid supersymme- 
tries in the maximal case when one moves in the transverse space to the M2-brane. 
Although we have mainly discussed the single M2-brane solution in this work, it 
is possible to generalize it to the solution which describes an arbitrary number of 
extremal M2-branes in an expanding universe. We have found that the degree of 
the supersymmetry breaking is strongly related to the dynamics of the background. 
'Then, the time evolution of the geometry is deeply connected with the hierarchy and 
supersymmetry breaking while the inhomogeneity of the M2-brane world volume 
coordinates makes preserving the supersymmetry. In the region where the effect of 
the inhomogeneity of the M2-brane world volume coordinates is smaller compared 
to the contribution of the M2-brane charge, our supersymmetric solution describes 
the breaking of the supersymmetry, which is the transition from the supersymmetric 
universe to a nonsupersymmetric one as time evolves. 

The dynamical M2-brane solutions can always take a form in the function 
h(z,r) = ho(x) + hi(r), where the function h(x,r) depends on the linear func- 
tion of the M2-brane world volume coordinates r^" as well as coordinates of the 
transverse space to the M2-brane. Since the existence of the function ho(x) implies 
the dynamical instability in the moduli of internal space!?, it would be useful to 
study the stability of a solution. 

Motivated by the construction of a new supersymmetric solution, we have stud- 
ied the global structure of the dynamical M2-brane background. We have found 
that the time dependence changes the causal structure of a static M2-brane solu- 
tion. Since the volume element of any congruence along the radial null geodesic 
vanishes at the curvature singularity, it turns out that this is a strong version of a 
timelike singularity. We have studied null geodesics which terminate a coordinate 
singularity in terms of an analytic extension across there and showed that there is 
a regular null hypersurface (or horizon) generated by a null Killing vector field. In 
particular, this null Killing vector field describes the generator of the horizon even if 
the bulk metric is asymptotically anisotropic geometry at a constant x coordinate. 
Hence, the near horizon geometry in this solution gives the regular spacetime, and 
thus becomes AdS4 xS”. 

It is important to explore another analytic solution describing a supersymmet- 
ric M-brane or D-brane in the expanding Universe. One may present whether 
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supersymmetric dynamical brane solutions affect the formation of the naked singu- 
larity. Upon setting an appropriate initial condition, these solutions may allow us 
to violate the cosmic censorship !?:14, 

We can also discuss a dynamical black hole solution whose spacetime gives a 
time dependent universe. The near M2-brane region of this black hole in the ex- 
panding Universe is the same as the static solutions while the asymptotic structures 
are completely different, giving the anisotropic spacetime at a fixed x coordinate 
with scale factors for a dynamical universe. The effective M2-brane charge for the 
supersymmetric background depends on the world volume coordinates of the M2- 
brane. The supersymmetric solutions can contain the function depending on null 
coordinates of the M2-brane world volume direction. The results we have obtained 
are not unnatural because studies of the supersymmetric plane wave background 
showed that it is possible to obtain time-dependent supersymmetric solutions with 
a nontrivial dependence on spacetime coordinates!?. Although this may be a limi- 
tation on the applications of our solution, it is interesting to explore if similar more 
general dynamical and supersymmetric solutions can be obtained by relaxing or ex- 
tending some of our assumptions for the 10-, 11-, or lower-dimensional backgrounds. 
We will study this subject in the near future. 
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Gamma-Ray Bursts (GRBs) are probably one of the most enigmatic sources in current 
astrophysics, especially when their high-energy (HE, 100 MeV < E < 100 GeV) emission 
is considered. Fermi-LAT observations unveiled many properties of GRBs emission in 
the GeV band, but its physical origin is not clearly understood yet. In this context, 
observations of GRBs at very-high-energies (VHE, E = 100 GeV) could provide a crucial 
contribution in the understanding of the physical processes driving GRB emission at the 
highest energies. For this purpose, ground facilities performing fast-follow up of GRBs 
above ~ 100 GeV with high sensitivity are needed. In particular the MAGIC telescopes 
were designed to have a low energy threshold (~ 50 GeV) and to perform fast follow-up of 
GRBs thanks to their fast slewing movement. Up to date, 101 GRBs were followed-up by 
MAGIC in different observational conditions, providing a large data sample to search for 
VHE emission. This contribution will focus on the MAGIC GRBs follow-up campaign 
and highlight the observation of the short and nearby (z = 0.16) GRB 160821B, an 
interesting event showing a hint of VHE gamma-ray emission. 


Keywords: Gamma-Ray Bursts; MAGIC; VHE emission. 


1. Introduction 


Gamma-Ray Bursts (GRBs) are transient events occurring at cosmological dis- 
tances, releasing a huge amount of energy in electromagnetic radiation in a small 
time period.! After more than 50 years from their discovery, many aspects of GRBs 
are still puzzling. Among them, the origin of their high-energy (HE) emission and 
the possible presence of a very-high-energy (VHE) component are still debated top- 
ics in GRB physics. In the HE range, Fermi-LAT provides most of the information, 
from which it is seen that the GeV emission is delayed with respect to the lower 
energy emission and with a long lasting duration. Generally the HE spectra are 
well fitted using a power-law model, even if in some cases an additional spectral 
component is needed.? The latter could be linked with a process producing pho- 
tons at VHE, pointing out to the importance of performing GRB observations in 
the energy range above ~ 100 GeV. In this context, ground-based instruments like 
Imaging Atmospheric Cherenkov Telescopes (IACTs) can provide a good photon 
statistics in the VHE range. Among IACTs, MAGIC has some important figures of 
merit which are crucial for the follow-up of GRBs, namely a low energy threshold, 
a high sensitivity and a lightweight structure to allow fast repositioning. 

In the following contribution we describe the MAGIC GRB follow-up program, 
focusing on the observational challenges of such a project and on the results obtained 
in the last years. 
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2. The MAGIC experiment 


MAGIC is an IACT experiment with two identical telescopes of 17 m diameter.? It 
is located in one of the Canary Islands, La Palma (28.8? N, 17.8? W), at an altitude 
of 2200 m a.s.l. The MAGIC telescopes were designed to observe astrophysical 
sources of gamma-rays in stereoscopic mode above an energy threshold of ~ 50 GeV 
at trigger level and at zenith. The sensitivity which can be achieved by MAGIC is as 
low as 0.796 of the Crab Nebula flux above 220 GeV in 50 h.* For short timescales, 
which are important in the case of the follow-up of transient sources like GRBs, 
the flux sensitivity is at the level of 1096 of the Crab Nebula flux above 100 GeV in 
1 hour. 


2.1. GRBs follow-up with MAGIC 


The detection of Gamma-Ray Bursts in the VHE band is one of the primary sci- 
entific goals of MAGIC and each year a considerable amount of hours are devoted 
to their follow-up. The transient nature of GRBs makes their follow-up challenging 
for facilities like MAGIC, characterized by a limited field of view. For this reason, 
MAGIC was designed to be able to repoint in short time? in response to GRB 
alerts coming from the GCN (Gamma-ray Coordinates Network”). These alerts are 
processed by the MAGIC Automatic Alert System, which checks the visibility of 
the targets from the MAGIC site. If a GRB is observable, an automatic procedure 
repoints the telescopes in fast mode towards its sky position, while the different 
subsystems are prepared for data taking. This procedure was revisited in 2013 in 
order to be more robust against possible hardware failures. Beside the automatic 
follow-up, MAGIC performs so called late-time observations of GRBs detected by 
Fermi-LAT: the source is observed even after 24 h or more with respect to the trig- 
ger time of the event. The goal of such strategy is to detect a possible long-lasting 
VHE emission from GRBs. 

In 15 years of operation, up to June 2018, MAGIC followed-up 101 GRBs 
in good observational conditions and not affected by any major hardware prob- 
lem. See Fig. 1 for a skymap of such events. Despite the huge effort, MAGIC 
could not detect any VHE gamma-ray signal from GRBs (status up to June 2018). 
In one case though, described below, MAGIC data shows a hint of signal in the 
VHE band. 


2.2. GRB 160821B 


Swift-BAT detected the short GRB 160821B (Zoo = 0.48 s in the 15-350 keV en- 
ergy range) at 22:29:13 UT® and MAGIC received the alert at 22:29:26 UT. Using 


a25 s for a 180° rotation. 
Phttps://gcn.gsfc.nasa.gov/. 
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x without redshift 
with redshift 


Fig. l. Sky locations of the 101 GRBs followed-up by MAGIC up to June 2018. Filled blue dots 
are GRBs with redshift estimation, while red crosses are GRBs without redshift. 


the automatic GRB procedure, MAGIC was on target just 24 s after the onset of 
the GRB. Thanks to optical observations by the William Herschel Telescope, the 
redshift of the GRB was estimated to be z = 0.16.7 

MAGIC observation started under moderate moonlight conditions at a zenith of 
~34 degrees, with a night sky background (NSB) level between three and five times 
the one under dark moonless conditions. The first 1.5 hours of data were affected 
by a non optimal atmospheric transmission, due to the presence of clouds. For the 
rest of the observation the weather conditions were good and the NSB increased at 
a level between five and nine times with respect to dark conditions. The observation 
stopped after 4 hours from the trigger time, with the GRB reaching a zenith of ~55 
degrees. 

A dedicated analysis was performed on GRB 160821B, for two reasons in par- 
ticular: the presence of the Moon during observations and the low atmospheric 
transmission in the first part of data taking. The former issue is handled as as de- 
scribed in Ref. 5. In the latter case, the data are corrected for the low atmospheric 
transmission using the data collected by the LIDAR instrument installed on top of 
the MAGIC counting house building.? The dedicated analysis resulted in a hint of 
gamma-ray signal detection with a significance of 3.10, as shown in Fig. 2. 

If we make the assumption that this signal is real, this GRB would be the first to 
be detected at VHE energies and it would open a new window in the understanding 
of (short) GRBs emission. A detailed modeling and interpretation of such event 
will be the main topic of an upcoming paper, currently in preparation. 
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Preliminary Noo = 23;N, = 10.6 1.0 
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Significance (Li&Ma) = 3.09c 
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Fig. 2. 60? distribution for data taken on GRB 160821B (points) and for the background events 
(grey shaded area). 0? is defined as the squared angular distance between the nominal position of 
the source and the reconstructed arrival direction of the events. 


3. Future prospects for GRB follow-up with MAGIC 


MAGIC is currently one of the main actors in the follow-up of GRBs in the VHE 
band. The automatic procedure ensures to observe GRBs as fast as possible, with- 
out causing hardware failures. The efforts in pushing the capabilities of the tele- 
scopes under moonlight or non optimal weather conditions provide MAGIC with a 
higher chance to detect a GRB at very high energies, as indicated by the case of 
GRB 160821B. Even in this case, there is room for improvement. A change in the 
automatic procedure is foreseen in the nearby future, namely the inclusion of the 
Sum Trigger.’ This novel trigger system, used successfully when MAGIC operated 
as a single telescope, is now in an advanced and stable state, providing an energy 
threshold as low as 30 GeV for low zenith angles. This feature is crucial for the 
observation of distant sources like GRBs. 
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Lorentz symmetries represent one of the cornerstones of modern physics, and yet inde- 
pendent approaches aiming at combining general relativistic with quantum effects often 
imply some form of departures from them. According to the simplest models, particles 
having different energies emitted at the same time from a given source should be detected 
at different times from a far-away detector, thereby producing a phenomenon of in-vacuo 
dispersion with a linear correlation between the time of observation and particles’ energy. 
Given that, the search for energy-dependent time lags in gamma-ray bursts (GRB) has 
gradually become a standard way to make tests of fundamental physics and also look for 
the first signatures of the sought-after quantum theory of gravity. Most of the current 
studies, considering a single GRB or just the most energetic photon for each GRB anal- 
ysed, allowed to set very tight constraints on the relevant scale, usually believed to be 
close to the Planck mass. However, due to the rather poor understanding of the spectral 
evolution of GRBs, statistical analyses over collections of GRBs would provide more 
reliable outcomes. Here we test in-vacuo dispersion by analysing all the photons with 
energy at the emission greater than 5 GeV emitted from 7 GRBs observed by Fermi-LAT. 
Remarkably, we find preliminary evidence of in-vacuo-dispersion-like spectral lags con- 
sistently with what has been noticed by some recent studies which, though, had focused 
only on the energy range above 40 GeV. 


Keywords: Gamma-ray bursts. 


1. Introduction 


Over the last 15 years there has been considerable interest (see e.g. Refs. 1-9 
and references therein) in quantum-gravity (QG) induced in-vacuo dispersion, the 
possibility that spacetime itself might behave essentially like a dispersive medium 
for particle propagation: there might be an energy dependence of the travel times 
of ultrarelativistic particles from a given source to a given detector. 

The most studied" ? modelization of quantum-gravity-induced in-vacuo disper- 
sion is 


At = ear DG) + ôx —— D(z), (1) 
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where z is the redshift of the relevant GRB and 


y= fac - ç SI EN (2) 

CH Q4 + (14+ C)? 

Qa, Ho and Qm denote, as usual, respectively the cosmological constant, 
the Hubble parameter and the matter fraction!®. Mp denotes the Planck scale 
(~ 1.2-10?8eV) and the values of the parameters 7x and 6x in (1) are to be deter- 
mined experimentally. Here “td,” accounts for quantum-uncertainty (fuzziness) 
effects, while 7x characterizes systematic effects. Finally, the label X intends 
to allow for a possible dependence!? on the type of particles and/or on their 
spin/helicity. We shall not consider either fuzziness or particle/spin dependent 
effects. 

Eq. (1) tells us that, if we wish to test the in-vacuo-dispersion hypothesis, 
then we need far away transient sources emitting very-high energy particles. Given 
that, gamma-ray bursts (GRBs) perhaps represent the most suitable sources +4. 
Many studies have been able to set very tight constraints on the QG scale (i.e. 
Egoa = Mp/nx if x = 0) close to or, in some analyses, even beyond the Planck 
scale (see, e.g., Ref. 17 and references therein). However, the main challenge for 
this type of analyses consists in the difficulty to disentangle the QG effect from the 
intrinsic spectral lags. In absence of a satisfactory astrophysical mechanism to take 


into account source effects, there are two natural ways to face this problem: use 
multiple kind of sources and/or messengers, and increase the size of the data. 

Some of us were involved in the first studies using IceCube data for searching for 
GRB-neutrino in-vacuo-dispersion candidates*191?, Analogous investigations were 
performed in a series of studies!? !? focusing on the highest-energy GRB photons 
observed by the Fermi telescope. As summarized in Fig. 1 these studies provided 
rather strong statistical evidence of in-vacuo-dispersion-like spectral lags. For each 
point in Fig. 1 (black points are *GRB-neutrino candidates" !9, while the blue points 
are GRB photons with energy at emission greater than 40 GeV) we denote by At 
the difference between the time of observation of the relevant particle and the time 
of observation of the first low-energy peak in the GRB, while E* is the redshift- 
rescaled energy of the relevant particle defined as E* = (E x D(z))/D(1). The 
linear correlation between At and E* visible in Fig. 1 is just of the type expected 
for quantum-gravity-induced in-vacuo dispersion, and it has been estimated? that 
such a high level of correlation would occur accidentally (in absence of in-vacuo 
dispersion) only in less than 196 of cases, while GRB photons could produce such 
high correlation only in less than 0.1% of cases!” 

This “statistical evidence” motivated us to explore whether or not the in-vacuo- 
dispersion-like spectral lags persist at lower energies. Thus, we here contribute to 
the attempt to reduce the impact of intrinsic delays by extending the window of the 
statistical analysis down to 5 GeV. This increases the number of photons analyzed 
by more than an order of magnitude (only 11 photons are considered in Fig. 1, 
whereas the analysis we here report involves 148 photons). Indeed, given the poor 
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Fig. 1. Values of |At| versus E* for the IceCube GRB-neutrino candidates discussed in Refs. 
10, 12 (black points) and for the GRB photons discussed in Refs. 12, 15 (blue points). The photon 
points in figure also factor in the result of a one-parameter fit estimating the average magnitude 
of intrinsic time lags (details in Refs. 12, 15). 


understanding of the GRB time spectra, analyses based on the time of observation 
of a single photon!? may not uncover a feature, which though could be revealed by 
statistical analyses. 


2. Data analysis: Widening the energy window 


Our analysis focuses on the same GRBs whose photons took part in the analyses 
which led to the picture here summarized in Fig. 1, i.e. GRB080916C, GRB090510, 
GRB090902B, GRB090926A, GRB100414A, GRB130427A, GRB160509A, but includes 
all the photons with energy at the source greater than 5 GeV. Since we cannot 
assume all the GRB photons were emitted in coincidence with the first GRB peak 
as in Fig. 1, we consider a Atpair, which gives for each pair of photons in our sample 
their difference of time of observation. Thus, each pair of photons (from the same 
GRB) gives us an an estimated value of ny 


pair] = MpAtpair (3) 
B DUE ae 
where E5,;. is the difference in values of E* for the two photons in the pair. Of 


course the Atpair for many pairs of photons in our sample could not possibly have 
anything to do with in-vacuo dispersion: if the two photons were produced from 
different phases of the GRB (different peaks) their Atpair will be dominated by the 
intrinsic time-of-emission difference. Those values of nP air) will be spurious, they 
will be “noise” for our analysis. However we also of course expect that some pairs 
of photons in our sample were emitted nearly simultaneously, and for those pairs 
the Atpair could truly estimate ny. Form Fig. 1 one gets ny = 306, then we would 


expect that values of jl? air] of about 30 are more frequent than expected without 


a relationship between arrival times and energy of the type produced by in-vacuo 
dispersion. 
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Fig. 2. Normalized distribution of parr) for all pairs of photons (from the same GRB) within 


our data set. For bins where the observed population is higher than expected we color the bar 
in purple up to the level expected, showing then the excess in red. For bins where the observed 
population is lower than expected the bar height gives the expected population, while the blue 
portion of the bar quantifies the amount by which the observed population is lower than expected. 


This is just what we find, as shown perhaps most vividly by the content of Fig. 2. 
The main point to be noticed in Fig. 2 is that we find in our sample a frequency of 
occurrence of values of 7/?*""! between 25 and 35 which is tangibly higher than one 
would have expected in absence of a correlation between Atpair and E5,;.. Following 
a standard strategy of analysis (see, e.g., Ref. 17) we estimate how frequently 25 < 
nP air] < 35 should occur in absence of correlation between Atpair and EZ; by 
producing 10? sets of simulated data, each obtained by reshuffling randomly the 
times of observation of the photons in our sample. We also performed some variants 
of our analysis, first by dividing our data sample in three different energy ranges 
and considering only those pairs made of photons belonging to different groups (or 
excluding the photons with energy at the emission greater then 40 GeV, i.e. the 
only ones contributing to Fig. 1). Following a different procedure, we also estimated 
ny with a best-fit technique performed for every triplet of photons from the same 
GRB. Remarkably, the excess of results for n°”?! between 25 and 35 shows up in 
all these analyses with an overall significance of about 0.596. 


3. Discussion and Outlook 


In summary we found rather striking indications in favor of values of ny of about 30 
in GRB data for all photons with energy at emission greater than 5 GeV. On the 
basis of our exploration, on future similar-size GRB data samples one should find 
again at least some partial manifestation of the same feature. We are of course much 
further from establishing whether this feature truly is connected with QG-induced 
in-vacuo dispersion, rather than being some intrinsic property of GRB signals. The 
imprint of in-vacuo dispersion is coded in the D(z) for the distance dependence and, 
while that does give a good match to the data, one should keep in mind that only 
a few redshifts (a few GRBs) were relevant for our analysis. Moreover, given the 
very tight constraints on systematic QG delays!?, in-vacuo dispersion should most 
likely be of statistical (“fuzzy”) nature. 
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The first detection of gravitational waves a binary neutron star merger GW170817 by the 
LIGO-Virgo Collaboration has provided fundamental new insights into the astrophysical 
site for r-process nucleosynthesis and on the nature of dense neutron-star matter. The 
detected gravitational wave signal depends upon the tidal distortion of the neutron stars 
as they approach merger. We examine how the detected chirp depends the adopted 
equation of state. This places new constrains on the properties of nuclear matter. The 
detected evidence of heavy-element nucleosynthesis also provides insight into the nature 
of the r-process and the fission properties of the heaviest nuclei. Parametrically, one 
can divide models for the r-process into three scenarios roughly characterized by the 
number of neutron captures per seed nucleus (n/s). In addition to neutron-star mergers, 
these include magneto-hydrodynamic jets from supernovae and the neutrino heated wind 
above the proto neutron star in core-collapse supernovae. Insight from GW170817 allows 
one to better quantify the relative contributions of each astrophysical site and the fission 
termination of the r-process recycling. 


Keywords: Binary neutron stars - Gamma-ray bursts: Kilonova - Gravitational Waves - 
Nucleosynthesis - Stars: neutron. 


1. Introduction 


On August 17, 2017, Nature revealed herself in a most spectacular way, both from 
the gravitational waves detected by the LIGO and VIRGO collaborations!, and by 
the multitude of follow up observations? of the GRB170817A kilonova, along with 
IR and optical ground-based observations. In this work we consider two aspects of 
what may have been learned from this event. On the one hand, the GW chirp implies 
a possible dilemma regarding the Nuclear EOS deduced from the Post-Newtonian 
tidal-polarizability vs. observed neutron star properties. Here we discuss our anal- 
ysis of the chirp in numerical general relativity? as a means to better constrain the 
EoS and clarify the current dilemma. The second aspect considered here is that 
the kilonova EM spectrum indicates evidence of r-process nucleosynthesis that has 
implications for the fission barriers and termination of fission recycling during the 
r-process. 

In the LIGO analysis! and in follow up analysis^? the tidal polarizability was 
deduced from post-Newtonian expansion. The tidal polarizability (or deformability) 
Ais an intrinsic neutron-star property highly sensitive to the compactness parameter 
[A ~ (M/R)°] that describes the tendency of a neutron star to develop a mass 
quadrupole as a response to the tidal field induced by its companion.9" Based 
upon the most recent analysis by LIGO? it has been deduced that the reduced tidal 
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polarizability is A= 1901559 implying that the radius of the stars of 1.4 Mo is in 
the range 10.5 km < R < 13.3 km. 

However, in this work we consider the possibility that as the stars approach 
merger during the chirp they are neither well described by post-Newtonian physics, 
not as a simple quadrupole deformation. Indeed, one desires to trace the evolution 
of the binary from when they first enter the LIGO window until some 30 sec later 
when the stars merge. For an orbit period of ~ 100 ms, this would require evolving 
the system for ~ 3000 orbits. This is indeed an daunting task from the standpoint 
of numerical relativity for which it is difficult to follow more than a few orbits due 
to limitations of computational resource. 

In this work, however, we report on the first analysis of a general relativistic 
hydrodynamic simulation? that is capable of stably numerically integrating thou- 
sands of orbits. The solution of the field equations and hydrodynamic equations of 
motion is summarized in Refs. 9, 10. One starts with the slicing of spacetime into 
the usual one-parameter family of hypersurfaces separated by differential displace- 
ments in a time-like coordinate as defined in the (3+1) ADM formalism ! ^?2, 

In Cartesian x,y,z isotropic coordinates, proper distance is expressed as 


ds? = —(o? — pib dt? + 2bidz dt + $30;da! da? , 1 
J 


where the lapse function a describes the differential lapse of proper time between 
two hypersurfaces. The quantity (; is the shift vector denoting the shift in space-like 
coordinates between hypersurfaces. The curvature of the metric of the 3-geometry 
is described by a position dependent conformal factor $^ times a flat-space Kro- 
necker delta (yi; = ¢*6;;). This conformally flat condition on the metric provides 
a numerically valid initial solution to the Einstein equations. The vanishing of the 
Weyl tensor for a stationary system in three spatial dimensions guarantees that a 
conformally flat solution to the Einstein equations exists. 

To solve for the fluid motion of the system in curved spacetime it is convenient 
to use an Eulerian fluid description®. By introducing the usual set of Lorentz con- 
tracted state variables it is possible to write the relativistic hydrodynamic equations 
in a form which is reminiscent of their Newtonian counterparts?. The hydrodynamic 
state variables are: the coordinate baryon mass density, D, the internal energy den- 
sity E and the covariant spatial momentum density, Si; 


D=Wp, E=Wope, S;=(D+E+4+ PW)U. (2) 

Key to maintaining is to evolve the the spatial three velocity in the rotating frame, 
f Ui i 

V= oW mE (3) 


In terms of these state variables, the hydrodynamic equations in the CFA are 
as follows: The equation for the conservation of baryon number takes the form, 


OD _ gp? 222 1 8 


at Bb BB DV) 4) 
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Fig. l. Reconstructed LIGO gravitational wave chirp compared with the chirp calculated here 
based upon two equations of state for neutron stars. 


The equation for internal energy evolution becomes, 


OE — Ologóo 1 ð 


Eu ee ur ——— (gf J 
E 6(E + PW) Ót ET (bp? EV?) 
OW 1 8. e j 
P| ot * 6 Bp (PWV Ji (5) 
Momentum conservation takes the form, 
OS; — Ologó 1 9 ay; 7 OP 
a 799 3 ae as 
1 \ 8logó ops 
+2a(D+ E+ PW) (w 7) Dai +5; Dai 
_w(p +8 + Pw) 2 —aw(p+rB) 2X. (6) 
Ox? ar 


where the last term in Eq. (6) is the contribution from the radiation reaction 
potential x as defined in Refs. 3, 9, 8. Including this term allows for a calculation 
of the orbital evolution via gravitational wave emission in the CFA. 

As a first test and calibration we have constructed quasi-stable orbits for which 
this term is set to zero. We then reconstruct the time sequence of orbits by fitting 
a modified form of the chirp, 


96 3 2 
MPM 9 E Thee) 1 (0 20 (7) 


where a, b and c are deduced from fits to the numerical simulation and correspond to 
corrections due to the inclusion of higher moments in mass-energy and momentum 
in the chirp. This correction is motivated by the deviation of a logrithmic f vs. t 
plot from a straight line in numerical simulations. 

An example of a reconstructed chirp is shown in figure 1 based upon orbits 
described in Refs. 3, 8. These show a stronger sensitivity to the nuclear EoS than 
that deduced from the PN analysis of tidal polarizability. !+ 
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2. Constraints on r-process nucleosynthesis and the termination of 
fission recycling 


Observation of the multi-messenger followup? of the GRB170817A make a strong 
case for the existence newly synthesized r-process material in the ejecta from the 
binary neutron star merger. The light curve! and spectrum 
heating and opacity from ~ 0.02 — 0.04 Mọ of heavy-elements produced during 


are consistent with 


r-process nucleosynthesis. 

Ejecta from such neutron-star mergers can be characterized by extremely neu- 
tron neutron rich nucleosynthesis for which the r-process proceeds until beta- or 
neutron-induced fission occurs along the r-process path. Figure 2 from Ref. 13 
highlights a key dilemma in nuclear physics. If the r-process path ends among 
light isotopes with A ~ 285 asymmetric fission occurs leading to a prominent peak 
around A = 130. On the other hand if the r-process proceeds until A ~ 300 as 
indicated by the fission barriers and yields from Refs. 14, 15, then a more unimodal 
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Fig. 2. Illustration from Ref. 13 of the impact of fission yields and fission recycling on the final 
r-process abundances. Upper panel shows the relative contributions for 3 representative nuclei 
compared with the final abundance distribution. The lower panel shows the same final r-process 
yields compared with the distribution that would result if fission recycling were only to occur from 
parent nuclei at the termination of the r-process path at A = 285. 
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fission distribution leads to the formation of the rare-earth peak, but little yield 
around the A—130 peak. Hence, identification of elements near the A—130 peak in 
the ejecta from the GRB170817A kilonova would answer a very important question 
regarding the fission barriers and yields of the heaviest elements formed in nature. 
Indeed, the tentative identification! of prominent absorption features due to neu- 
tral Te-I and Xe-I in the spectrum of the kilonova appears to have answered this 
question. However, this is controversial since it requires cool material and mini- 
mal line broadening, neither of which are expected in this environment. Obviously, 
confirmation of this detection is necessary in future observations. 
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We discuss some aspects of de Araujo, Coelho and Costat? concerning the role of a 
time dependent magnetic ellipticity on the pulsars’ braking indices and on the putative 
gravitational waves (GWs) these objects can emit. Since only nine of more than 2000 
known pulsars have accurately measured braking indices, it is of interest to extend this 
study to all known pulsars, in particular as regards GW generation. In summary, our 
results show a pessimistic prospect for the detection of GWs generated by these pulsars, 
even for advanced detectors such as aLIGO and AdVirgo, and the planned Einstein 
'elescope, would not be able to detect these pulsar, if the ellipticity has magnetic origin. 


Keywords: Pulsars; Gravitational Waves; braking index. 


1. Ellipticity of Magnetic Origin and Gravitational Waves from 
Pulsars 


If the magnetic field and (or) the angle between the axes of rotation and the mag- 
netic dipole of the pulsars are independent of time, the combination of magnetic 
dipole and gravitational wave (GW) brakes could only explain braking index (n) in 
the interval 3 < n < 5. The observations, however, show that only PSR J1640-4631 
has braking index in this interval, as can be seen in Table 1. In particular, we con- 
sider this issue in the context of magnetic ellipticity!. It is worth stressing that the 
magnetic field and the angle between the axes of rotation and the magnetic dipole 
of the pulsars are dependent on time. 
Recall that the equatorial ellipticity is given by 
_ Lew — lw 
Ec 


z 


(1) 


where Irve, lyy, [zz are the moment of inertia with respect to the rotation axis, z, 
and along directions perpendicular to it. 

The pulsar is deformed by its own dipole magnetic field. Such deformation 
associated with the fact that the axes of rotation and of the magnetic dipole are 
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misaligned generates an ellipticity given by (see, e.g., Bonazzola and Gourgoulhon?; 
Konno et al.*; de Freitas Pacheco and Regimbau?): 


sin’ ¢, (2) 


where Bo is the dipole magnetic field, R and M are the radius and the mass of 
the star respectively, ó is the angle between the rotation and magnetic dipole axes, 
whereas & is the distortion parameter, which depends on both the star equation of 
state (EoS) and the magnetic field configuration?. We consider that « = 10 — 1000, 


as suggested by numerical simulations??. 


Table 1. The periods (P) and their first derivatives (P) for pulsars with 
known braking indices (n) (see also ATNF catalog 97). 


Pulsar P (s) P (10-13 s/s) n? 
PSR J1734-3333 1.17 22.8 0.9+0.28 
PSR. B0833-45 (Vela) 0.089 1.25 1.4 t 0.29 
PSR J1833-1034 0.062 2.02 1.8569 + 0.0006 1° 
PSR J0540-6919 0.050 4.79 2.140 + 0.009 
PSR J1846-0258 0.324 71 2.19 + 0.03 12 
PSR B0531--21 (Crab) 0.033 4.21 2.51 + 0.01 13 
PSR J1119-6127 0.408 40.2 2.684 + 0.002 14 
PSR J1513-5908 0.151 15.3 2.839 + 0.001 11 
PSR J1640-4631 0.207 9.72 3.15 + 0.0315 


Note: ? n = frot feat er where frot = 1/P is the rotating frequency, fot 
and frot are their time derivatives. 


Recall that the power emitted by a rotating magnetic dipole is given by !9 
161^ Bg R6 sin? à „4 


Ea = 3 — a toe (3) 
and the power loss via GW emission reads!” 
. 20487° G 
Eaw = cse e (4) 


Also, the total energy of the pulsar is provided by its rotational energy, Erot = 
25?1 f2,, and any change on it is given by Eq and Eqw, namely 


Bus = Eow + Ea. (5) 


Now, from the definition of the braking index (see, e.g., the note in Table 1), 
one can easily obtain that? 


P Bo: 
n=3+2n-2—(14+n) |—+ ¢cot¢| , 6 
1-27 (00) | ge + deot (6) 


?'The detailed derivation of Eq. (6) can be found in de Araujo, Coelho and Costa?. 
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where 7 is defined in such a way that Eaw = nExot; which is interpreted as the 
efficiency of GW generation. In de Araujo, Coelho and Costa! it is also shown 
that with Eq. (6) one can explain, in principle, the braking indices of the pulsars of 
Table 1. 

Recall that the GW amplitude generated by a pulsar reads 


5G I|f 
2. 9G I frot | (7) 
2x p^ feat 
'This equation considers that the spindown is due to gravitational waves only, i.e., 
n — 5 (spindown limit - SD). 


From the definition of 7 one obtains that Fot = CE i.e., the part of the 
spindown related to the GW emission brake. Thus, one can obtain an equation for 
the GW amplitude that holds for n « 5, namely 

g.95€7 | free | BGT | fol 


> 2 e Te frot 7 2c p frot i (8) 
Recall that the GW amplitude also reads 


162?G Icf2, 
h= A E (9) 


C 


(see, e.g, Shapiro and Teukolsky!"). Combining both equations for the GW ampli- 


tude one obtains 
5 c PP3 
"Y 52:49G I ^ (10) 


Now, for a purely magnetic brake we have 


al 

11 
where Bo would be the magnetic field whether the break were purely magnetic. 
If there is also a GW brake contribution we have that By < Bo. Combining the 
definition of 7 and Eq. (10) one obtains after some algebraic manipulation the 
following equation for the efficiency 7 


which is obviously lower than one, as it should be. Substituting this last equation 
into Eq. (2) we obtain 


Bo sin? [o = 


3I . 
eap" e) 


Finally, substituting this last equation into Eq. (10), we obtain 


288 PBe P "e 
"= 5 Gum pu m". (4) 
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Notice that with Eqs. (13) and (14) we obtain e and 7 in terms of M, R, I, P 
and P for a given value of x. Since in practice n < 1, the following useful equations 
are obtained 


3Ic? ! 
cS eMe" (t 


and 


288 Dc P 
77 v GMR P" A 
We now calculate eg and 7 for the pulsars of Table 1. We then adopt fiducial 
values for M, R and I. We adopt & = 10 and 1000, which have the same orders of 
magnitude of the values considered by, e.g., Regimbau and de Freitas Pacheco?. 
In Table 2 we present the result of these calculations. Even for the extremely 
optimistic case, the value of the ellipticity is at best ep ~ 107? (for PSR. J1846-0258) 
and the corresponding efficiency 7 ~ 1078. Therefore, the amplitude of the GW 
in this case would be four orders of magnitude lower than the spindown limit (7 = 
1). Thus, even advanced detectors such as aLIGO and AdVirgo, and the planned 
Einstein Telescope, would not be able to detect these pulsars. 


Table 2. «€ and 7 for k = 10 (1000) for the Pulsars of Table 1. 


Pulsar € n 
PSR J1734-3333 1.2 x 1077(79) 1.1 x 107 13(-9) 
PSR B0833-45 (Vela) 4.9 x 10710(-8) 8.3 x 10714(-10) 
PSR J1833-1034 5.5 x 10710-8) 1.9 x 10-139) 
PSR J0540-6919 11x10-9(0)  577x10-13(79) 
PSR J1846-0258 1.0 x 107 (79) 1.3 x 10-12(-8) 
PSR B0531+21 (Crab) 6.1 x 10-19-89 7.5 x 10-13 (79) 
PSR J1119-6127 7.2 x 1078-6) — 5,8 x 10-13(-9) 
PSR J1513-5908 1.0x10-8(79 6.0 x 10-13(79) 
PSR J1640-4631 89x10-9(-D  2.8x10-13(-9 


Notice that Eqs. (15) and (16) do not depend on the braking index n. Con- 
sequently, we can calculate such quantities for the pulsars of the ATNF Pulsar 
Catalog. We refer the reader to the paper by de Araujo, Coelho and Costa? for 
details. In Fig. 1 we show an interesting histogram with the data of the ATNF 
Catalog, namely, the number of pulsars for logeg bin. Note the high number of 
pulsars concentrated around ~ 10719 (1075) for k = 10 (1000). The values of 7 are 
also extremely small, a histogram can be found in de Araujo, Coelho and Costa?, 
where can be seen a peak at 10716 — 10-15. 

These extremely small values of ep and 7 imply that the GW amplitudes are 
at best seven orders of magnitude smaller than those obtained by assuming the 
spindown limit (SD), being therefore hardly detected (see Fig. 2). 
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Fig. l. Ellipticity histogram for the pulsars of ATNF Catalog for «k = 10. 
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2. Final Remarks 


We present an expression for the braking index considering that the ellipticity is of 
magnetic dipole origin and time dependent. In this context, we model the braking 
indices of the 9 pulsars that have such measured quantities accurately. Then we 
calculate the amplitudes of the GWs generated by these 9 pulsars. Summing up, 
we conclude that these amplitudes are too small to be detected. For example, the 
pulsar PSR J1846-0258 would need to be observed for over 1000 years to be detected 
by the Einstein Telescope. 

Since the equations for 7, eg and h are independent of n, we extend our study 
for most of the pulsars of the “ATNF Pulsar Catalog". Regarding detectability, the 
prospects remain pessimistic, since the ellipticity generated by the magnetic dipole 
is extremely small, the corresponding amplitude of GWs is much smaller than the 
amplitude obtained via the spindown limit. 
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A strategy for detecting non-gaussianity of stochastic gravitational 
waves 
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We study how to probe non-gaussianity of stochastic gravitational waves with pulsar 
timing arrays. The non-gaussianity is a key to probe the origin of stochastic gravitational 
waves. In particular, the shape of the bispectrum which characterize the non-gaussianity 
carries valuable information of inflation models. We show that an appropriate filter 
function for three point correlations enables us to extract a specific configuration of 
momentum triangles in bispectra. 


1. Introduction 


Stochastic gravitational waves (GWs), the GW analog for the cosmic microwave 
background, are going through us from all directions. They contain primor- 
dial GWs!? produced during inflation? © in addition to GWs of cosmologi- 
cal/astrophysical origin". As the name suggests, stochastic GWs are characterized 
by statistics such as the power spectrum, bispectrum and higher order correlation 
functions. 

'The detection of the power spectrum of stochastic GWs is a clue to probe the 
early universe. Moreover, the bispectrum of stochastic GWs, which represents the 
non-gaussianity, is a powerful tool to discriminate astrophysical and primordial 
origin since the former has a gaussian distribution as long as event rates are high 
enough to create continuous GWs"*.* Therefore, the bispectrum of stochastic GWs 
enables us to probe the early universe. Indeed, the bispectrum of primordial GWs 
contains the detail of inflation models like nonlinear interactions of the graviton. 
The shape of bispectra, which depends on inflation models!? !5, allows us to dis- 
criminate inflation models." Furthermore, the imprint of new particles with the 
mass comparable to the Hubble scale during inflation can potentially appear in the 
squeezed limit of momentum triangles?? 7°. Therefore, the bispectrum is a powerful 
probe of the early universe and beyond the standard model. 

Now, GW detectors are in operation to probe stochastic GWs, although no 
signal of stochastic GWs has been detected yet. The sensitive frequency band of 
interferometers like LIGO?” and Virgo?? is around 10? Hz, while pulsar timing 


“Alternatively, if the event rate is too low to produce continuous GWs, the distribution is not 
gaussian. Detectability of such feature is explored in Refs. 9-14. 

PRecently, it was shown that the detection of power spectrum of primordial GWs is not enough to 
exclude bouncing universe models!?. Therefore, the bispectrum is also important to distinguish 
inflation and bouncing universe models. 
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arrays such as EPTA?? and NANOGrav?? are searching for stochastic GWs with a 
frequency range 1079-1077 Hz. The constraints on the energy density of stochastic 
GWs are Ncw < 1.2 x 10? (EPTA), Qew < 3.4 x 1071? (NANOGrav), and 
Qew < 1.1 x 1071 (PPTA), respectively. In future, the space interferometers, 
LISA?! and DECIGO??, will be launched in a few decades. The pulsar timing array 
project SKA?? will start in 2020 and significantly improve the current sensitivity. 
Its possible upper limit is Qgw < 1.0 x 10713.34 Therefore, it is worth exploring a 
new theoretical research area for forthcoming observations. 

In this paper, we investigate a method for detecting the bispectrum of stochastic 
GWs with pulsar timing arrays??. In particular, we explain how to utilize a filter 
function not only to maximize the signal to noise ratio (SNR), but also to extract 
a specific configuration of momentum triangles in the bispectrum. 


2. GW signal in pulsar timing arrays 


In the Minkowski spacetime, GWs as tensor perturbations of the metric can be 
expanded with plane waves: 


hi;(t,#) = i df | aeri) fact, ÂA Â), (1) 
xj] : 


where € is the direction of propagation of GWs. Polarization tensors, which satisfy 
ed (ef (Ô) = 2644", can be defined by 


Here, 7; and f; are unit vectors perpendicular to Q and one another. 

GW detectors have their specific response to GWs. For instance, pulsars can 
be utilized as a detector. A pulsar is a neutron star which emits periodic electro- 
magnetic fields very accurately. If gravitational waves h4(f,€?) exist continuously 


between the Earth and a pulsar (the direction p), we observe the redshift of an 


emitted pulse as? 
Z(,$) = (ea) — 1) y & G0) AQ, )) , (3) 
A 
where 
" 1 pp) 
F4(0,p) S ed - — (4) 
2140-9 


is the pattern function. It represents a geometrical factor, namely, dependence of 
the sensitivity on the configuration of the detector and GWs. Furthermore, we 
integrate Eq. (3) 


a= f ZÀ), (5) 
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because stochastic GWs propagate toward all directions. The quantity that is ac- 
tually measured is the residual defined by 


[we df e"f z(p) (6) 
zt wf af f aher” ( en 2miL(F+1FIO-B) _ D» Q)F^(Q, p). 
(7) 


Since, for pulsar timing measurement, the minimum frequency is about 0.1 yr ^^ and 
the shortest distance between the Earth and a pulsar is ~ 1001y, we have fL => 10. 
In this range, the exponential term in the parenthesis of Eq. (7) can be approximated 
to zero because it oscillates rapidly. Hence, Eq. (5) can be approximated as 


POETS J ao Cf, Â)FAÔ, 9) . (8) 
A 


—1 


We find that the correlation of residuals is directly related with that of stochastic 
GWs. Therefore, observing appropriate correlation function of the signals, we can 
probe the statistic of stochastic GWs. 


3. Probing bispectrum with pulsar timing arrays 


Let us define the bispectrum as 


(alfi Q3) hae (fos Q2) has (fa, 93)) = Baa an (fil Iel IENE + fa + fa) 
xà (1f I5 + | folQ2 + |fs|Q3) . (9) 


The first delta function denotes that correlations of stochastic GWs are time- 
independent. The second delta function shows that the momenta form a closed 
triangle due to homogeneity of the Minkowski spacetime. The bispectral shape 
varies depending on the inflation model, so that its measurement is a key to probe 
the early universe. 

We define a correlation function of signals in three detectors with a filter function 
as follows: 


T/2 
$193 = n dt4dtodts s1(t1)s2(t2)53(t3)Q t1, ta, t3) , (10) 


T/2 
where the signal s;(t;) in each detector contains the GW signal z;(t;) and noises 
ni(t;). We introduce a filter function in a form Q(t, t2,t3) = Q(at, + bt + cta), 
where a,b and c are positive constants. It will turn out that the filter function 
enables us to extract a specific configuration of the momentum triangle determined 
by these constants. Moving on to Fourier space, we have 


TE | / | NI l l | J i dfidfadfadf 51(f1)52(fo)5a(fs) QU) 


e2rifit e2Tifete e2Tifsts e 27 f (ati +bt2+cts) (11) 
2 
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where we have assumed Q(—f) = Q(f). As in the case of the power spectrum, 
taking T — oo, one can carry out the integration: 


Bases i / | T i d fid fod fadf 31 (fi)s (f2)8s (5) — afa — bf(fs — ef) 


zi ^ dnte). (2) 


The ensemble average of $153 becomes 


(Su = f^ af ENRONIN . (13) 


It should be noted that Eq. (13) is valid even for a single pulsar case as long as the 
noise is gaussian, namely, (n;(t)n;(t)n;(t)) = 0. From Eqs. (8), (9) and (13), one 
can deduce 


Guyer S n afi Basar laf, Mf ef) 


A,A', A" 


sin (z(a +b + c) fT) 
z(a--b--c)fT 


(41)? AA' A" 
r 
abc ( 


a, b, c; P1. P2, P3) , (14) 


where the ORF for the three point correlation is defined by * 
ral b ^ ^ ^ ^ ^ ^ 
T^^" (a,b, c Pn Parbo) = cs J| [ xata (as + 092 + et) 
T 


x F^(Q, pi) F^ (Q5, bo) F^" (Qa, px) . (15) 


In Eq. (14), we see that the frequency and the angular integrals are sepa- 
rated due to the filter function, although there appears a suppression factor, 


Ls gib TOO ftdt = mais in the first line.4 Eq. (15) shows that a 
specific configuration of the momentum triangle determined by a,b and c is ex- 
tracted.* Therefore, we can probe the shape of the bispectrum with changing those 
parameters. For this purpose, we need to carry out the angular integration to eval- 
uate the ORF. Although we do not study it in this paper, a full discussion is found 


in the paper??. 


4. Conclusion 


In this paper, we investigate a method for detecting the bispectrum of stochastic 
GWs with pulsar timing arrays??. We showed that an appropriate filter function in 


Note that we have defined the ORF to be scale invariant with respect to a,b and c. 

4 Allowing a,b and c to be negative, one can remove the suppression factor when a + b + c = 0, 
i.e., in the collinear limit. It implies that pulsar timing arrays is more sensitive to collinear limits 
of the bispectrum. However, we only focus on positive constants case to probe general momentum 
triangles in this paper. 

*[n an equal-time three point correlation function, all momentum triangles are integrated. Such 
case is well studied in the context of LISA ?7 39, 
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three point correlations enables us to extract a specific configuration of momentum 
triangles in the bispectrum of stochastic GWs. Therefore, one can probe the bispec- 
tral shape, which carries important information of the early universe, by adjusting 
the filter function. Although we did not evaluate the ORF in this paper, a full 
discussion is found in the paper??. 
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Correlation between GWs and neutrinos from core-collapse 
supernovae 
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We present results from general-relativistic (GR) three-dimensional (3D) core-collapse 
simulations with approximate neutrino transport for three non-rotating progenitors 
(11.2, 15, and 40 Mo) using different nuclear equations of state (EOSs). We find that 
the combination of progenitor's higher compactness at bounce, that is a consequence of 
the use of softer EOS, leads to stronger activity of the standing accretion shock instabil- 
ity (SASI). We confirm previous predication that the SASI produces characteristic time 
modulations both in neutrino and gravitational-wave (GW) signals. Our results indicate 
that the correlation of the neutrino and GW signals, if detected, would provide a new 
signature of the vigorous SASI activity in the supernova core. 


Keywords: Supernovae; hydrodynamics; gravitational waves; neutrinos. 


1. Introduction 


Core-collapse supernovae (CCSNe) have been attracting attentions of theoretical 
and observational astrophysicists for many decades. From multi-wavelength elec- 
tromagnetic (EM) wave signals, a wide variety of observational evidence have been 
reported so far, which have all pointed toward CCSNe being generally aspherical. 
However the EM signals could only provide an indirect probe of the explosion mech- 
anism of CCSNe, because they snapshot images of optically thin regions far away 
from the central engine. On the contrary, neutrinos and gravitational waves (GWs) 
are expected to provide direct probes of the inner-workings of CCSNe! as they 
propagate from the inner-core almost without interacting stellar mantle. 

From a theoretical point of view, neutrino radiation-hydrodynamics simu- 
lations of CCSNe are converging to a point that multi-dimensional (multi-D) 
hydrodynamics instabilities including neutrino-driven convection and the Standing- 
Accretion-Shock-Instability (SASI?) play a crucial key role in facilitating the neu- 
trino mechanism of CCSNe. Conventionally the GW and neutrino signatures 
reflecting such CCSNe mechanisms have been studied rather separately. For the 
neutrino signals, Ref. 3 was the first to find the SASI-induced modulations in the 
neutrino signals. They found that the SASI-induced modulation is clearly visible for 
two high-mass progenitors where high SASI activity was observed. Regarding the 
GW emissions from CCSNe, there are several emission processes in the postbounce 
phase. Among them, the most distinct GW emission process generically seen in 
recent self-consistent CCSN models is the one from the PNS surface oscillation ^?. 


1553 


'The characteristic GW frequency increases monotonically with time due to an ac- 
cumulating accretion to the PNS, which ranges from ~ 100 Hz to ~ 1000 Hz. As 
for another recent finding from self-consistent 3D models, it becomes clear that the 
SASI also produces a characteristic signature in the GW emission? ’. In this emis- 
sion process, the GW frequency appears in relatively low frequency range of — 100 
to 250 Hz, that is consistent with the SASI frequency, and persists when the SASI 
dominates over neutrino-driven convection ”®. 

'These findings may raise a simple question whether there is some correlation 
between the SASI-induced neutrino and GW signals. Spotted by the neutrino and 
GW astronomy in the advanced era, the time is ripe to study in detail what we 
can learn about the explosion mechanism from the future simulatenous detection 
of neutrinos and GWs using outcomes of multi-D CCSN models. We will estimate 
neutrino event rates in both Hyper-K and IceCube from our 3D-GR models. We 
perform a correlation analysis between the GW and neutrino signals. 


2. Numerical Methods 


'The numerical schemes for our 3D-GR models are essentially the same as those 
in Ref. 5. For the metric evolution, we employ the standard BSSN variables (5i. 
$, Aij, K, and 17)5?. Solving the evolution equations of metric, hydrodynamics, 
and neutrino radiation in an operator-splitting manner, the system evolves self- 
consistently as a whole satisfying the Hamiltonian and momentum constraints. The 
total stress-energy tensor is T tal) = p dj T , where T ia) and To i are 
the stress-energy tensor of fluid and the neutrino radiation field, respectively. We 
consider three flavors of neutrinos (v € Ve, De, Vz) with no energy dependence. Here 
Vx represents heavy-lepton neutrinos (i.e. v,,v;, and their anti-particles). 

We use three EOSs based on the relativistic-mean-field theory with different 
nuclear interaction treatments, which are DD2 and TM1 of Ref. 10 and SFHx of 
Ref. 11. SFHx is the softest EOS followed in order by DD2, and TM1. We study 
frequently used solar-metallicity models of a 15 Mọ star ?, 11.2, and 40 Mo star P". 
The 3D computational domain is a cubic box with 15000 km width and nested 
boxes with 8 refinement levels are embedded. Each box contains 128? cells and the 
minimum grid size near the origin is Ax — 458m. Our 3D-GR models are named by 
the progenitor mass with the EOS in parenthesis like $15.0(SFHx) which represents 
the progenitor mass of 15.0 Mọ and the EOS SFHx are used. GWs are extracted 
from our simulations using the conventional quadrupole formula. 


3. Results 


We first present a short overview of hydrodynamics features in Fig. 1 (see Ref. 14 
for more details). In $15.0(SFHx), the SASI activity was observed in the non-linear 
phase with global scale hot entropy structures. While in a lighter progenitor model 
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$11.2(SFHx), convection is observed by formation of small-scale convective bubbles 
behind the roundish stalled shock and dominates over the SASI motion. 


$15.0(SFHx) 6.0 9.5 13. 16. 20. S11.2(SFHx) 
Tpb(ms)=199.428 Tpb(ms)s197.22 


100km " 3 100km 


Fig. 1. Snapshots showing hydrodynamics features of represented models. Shown are the isen- 
tropic surfaces for s = 7 kg baryon-! (transparent shell) and for s = 17 kg baryon-! (red 
bubbles). The left and right panels are for $15.0(SFHx) and S11.2(SFHx), respectively. Ty de- 
notes the postbounce time. The contours on the cross sections in the x = 0, y = 0, and z = 0 
planes are projected on the sidewalls. The left panel shows a typical (sloshing-)SASI structure, 
while the right one does many small scale convection bubbles. 


To see how the SASI, that is more pronounced in S15.0(SFHx) than in 
$11.2(SFHx), makes a correlation between GW and neutrino signals, we show in 
Fig. 2 the GW amplitude A, [cm] and the neutrino event rate N, [ms ^!] in the 
top panel and their spectrum in the bottom. Here N, [ms !] is for Hyper-K (fidu- 
cial mass 440 kton ?) and we show two extreme cases where the detector measures 
the original De (red line) or v, (green line) flux. The latter case corresponds to 
the complete flavor conversion through the Mikheyev-Smirnov-Wolfenstein (MSW) 
effect. In the bottom panel, the contours (red curves) correspond to the Fourier- 
decomposed anti-electron type neutrino event rates (two arbitrary chosen values of 
dN,/dF = 0.4 (thin red line) and 0.8 (thick red line)). The left and right columns 
are for 515.0(SFHx) and $11.2(SFHx), respectively. 

The bottom left panel (S15.0(SFHx)) shows a clear overlap between the neutrino 
modulation (see red contours in the spectrogram) and the GW modulation at Tpb Z 
150 ms in the frequency range of F ~ 100-150 Hz. Since the GW emission in the 
frequency range of F ~ 100-150 Hz seen at Tp, 2 150 ms is considered to be 
originated from strong SASI motion? , the overlap naturally indicates that the 
SASI motion disturbs both the neutrino spheres and PNS core surface. The latter 
is the main emission region of the low frequency GWs?. On the other hand, 
in the smaller mass progenitor of S11.2(SFHx), we do not find any remarkable 
simultaneous oscillation of the neutrino and GW signals. 
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When the complete flavor conversion between De and Vy is assumed (green line at 
Tp» > 150 ms of model $15.0(SFHx) in Fig. 2), the time modulation is significantly 
suppressed as already reported in Ref. 3. This is because that the neutrino spheres 
of heavy-lepton neutrinos are located much deeper inside compared to those of anti- 
electron neutrinos. Consequently they are less affected by the SASI activity and the 
correlation between the GW and the neutrino event rate are expected to become 
weaker in the case of the complete flavor swap. 


i 2 F, lit f bb 


150 i 0 50 100 


0 50 100 
Tob (ms) Tob (ms) 


150 


Fig. 2. For models $15.0(SFHx) (left) and S11.2(SFHx) (right), the top panel shows the neutrino 
event rate N, [ms-!] (red and green lines are for v, and vg, respectively) for Hyper-K and the 
GW amplitude A, = Dh. [cm] (black line), whereas in the bottom panel we plot contours (red 
curves, only for Tpp > 100 ms) of the anti-electron type neutrino spectra that are superimposed 
on the color-coded GW spectrum. Here D and hy are the source distance of D = 10 kpc and the 
GW strain with plus mode, respectively. T'he observer's direction is fixed along the z-axis. 


4. Summary and Discussion 


We have presented results from our 3D-GR core-collapse simulations with approxi- 
mate neutrino transport for two representative non-rotating progenitors (11.2 and 
15 Mo). The SASI activity was seen for 15Mo star, while the entropy driven con- 
vection dominates over the SASI in 11.2Mo star. The combination of progenitor's 
higher compactness at bounce leads to the stronger SASI activity, that is consistent 
with previous studies, e.g., Ref. 16. Our 3D-GR models have confirmed previous 
predications that the SASI produces characteristic time modulations both in the 
neutrino and GW signals. Among the computed models, a 15.0 Mo model exhibited 
more violent SASI motion, where the SASI-induced modulation in both GWs and 
neutrinos were clearly observed. The typical modulation frequency is in the range 
of ~100-200 Hz, which is consistent with the oscillation period of the SASI motion. 


1556 


Our results suggest that the correlation of the neutrino and GW signals, if detected, 
could provide a new signature of the vigorous SASI activity in the supernova core, 
which can be barely seen (like for the 11.2 Mo model) if neutrino-convection dom- 
inates over the SASI. 

In order to clarify whether we can or cannot detect the SASI-induced modula- 
tion in the GW and neutrino signals, we primarily need to perform a GW signal 
reconstruction study (e.g., Ref. 17). This is the most urgent task that we have to 
investigate as a sequel of this work. For a Galactic event, we apparently need third- 
generation detectors for observing the SASI-modulated GW signals? ", whereas the 
neutrino signals could be surely detected by IceCube and Super-K?. The neutrino 
burst can be used to determine the core bounce time, which raises significantly 
the detection efficiency of the GWs!?. Our current study extends the horizon of 
previous prediction such as, when we would succeed the simultaneous detection of 
neutrino and GW signals from future nearby CCSN event, we could infer the super- 
nova triggering dynamics (e.g., the SASI) from the following specific features (1) the 
low frequency (F ~ 100 Hz) modulation in both GW and neutrino signal and (2) 4 
a few 10 ms time delay of the SASI-modulated GW signal from the SASI-modulated 
neutrino event rate. 
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The first-order electroweak phase transition in the early universe could occur in multiple 
steps leading to specific multi-peaked signatures in the primordial gravitational wave 
(GW) spectrum. We argue that these signatures are generic phenomena in multi-scalar 
extensions of the Standard Model. In a simple example of such an extension, we have 
studied the emergence of reoccurring and nested vacuum bubble configurations and their 
role in the formation of multiple peaks in the GW spectrum. 


Despite of the great success of measurements at the Large Hadron Collider (LHC), 
the persistent absence of new physics evidence is driving an increasing discomfort 
among the particle physics community. The current void of new phenomena ei- 
ther indicates that new physics can only be manifest at a larger energy scale than 
previously thought, or results from a lack of sensitivity of the current experiments 
measuring rare events. In fact, the weaker the interaction strength between the 5M 
and new physics, the greater the challenge to probe it. 

On the other hand, the recent discovery of a binary neutron star merger, firstly 
observed by the gravitational waves (GW) interferometers of the LIGO-Virgo col- 
laboration!, a new era of multi-messenger astronomy has begun. Furthermore, the 
reach of GW observatories is by no means exhausted and larger sensitivities are de- 
signed for future space-based interferometers such as those of the LISA?, DECIGO? 
and BBO* collaborations. This opens up the door for a plethora of new studies 
including connections with both cosmology and particle physics (see e.g. Refs. 5, 6 
and references therein). In particular, the potential observation of a stochastic GW 
background produced by violent processes in the early universe, e.g. by expanding 
vacuum bubbles associated with strong cosmological phase transitions, may well 
become a gravitational probe for beyond-the-SM (BSM) physics and a complement 
for collider measurements. In this contribution, we discuss the key implications of 
such successive transitions for GW signals. 
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In cosmology, thermal evolution of the EW-breaking vacuum as the universe 
cools down is determined by the temperature-dependent part of the one-loop effec- 
tive potential. Given the field content and its quantum numbers of an underlying 
multi-scalar fundamental theory, the shape of the potential can be determined at 
any temperature T. In a configuration of two minima of the effective potential 
coexisting at the critical temperature Te, by using CosmoTransitions" one com- 
putes numerically the Euclidean action EA describing transitions between the corre- 
sponding phases. The temperature Th, at which the nucleation of vacuum bubbles 
effectively occurs, is estimated by setting the probability to nucleate one bubble 
per horizon volume to unity, which translates into $5 /T, ~ 140. The sphaleron 
suppression criterion ve/Te 2 1, with ve = v(T.) the Higgs vacuum expectation 
value (VEV), defines a strong first-order phase transition. This typically implies 
that the transition produces strong GW signals detectable by the next generation 
of interferometers and may be used for constraining BSM scenarios. Here we study 
successive strong first-order EWP'Ts which we refer to as multi-step transitions. 
As a result one has more than a single transition pattern for a particular point in 
the parameter space, which results in sequential nucleation of bubbles of different 
vacua. 

A generic BSM scenario typically contains a large number of scalar degrees of 
freedom which can be advantageous e.g. for EW baryogenesis. Even reducing the 
scalar sector to a few fields, new unexplored possibilities of transition patterns arise, 
in particular, transitions in several successive first-order steps. Therefore, a non- 
trivial EWPT is expected and multi-step transitions may have occurred in the early 
universe?. The basic characteristics of such multi-peak spectra may also be affected 
by dynamics of other sectors, in particular, by the neutrino sector suggesting the 
use of primordial GW data for probing the neutrino mass generation mechanisms. 

In order to illustrate the generic features of multi-step first-order EW transitions, 
consider for instance a minimal extension of the SM scalar sector inspired by the 
high-scale Grand-unified trinification theory?. Besides the SM Higgs field Hy, it 
contains an additional EW doublet H2 and singlet ọ fields which are charged under 
a U(1) family symmetry. The resulting potential possesses an approximate descrete 
Zə symmetry acting as H; > — 1; (j = 1,2) and y — —« which significantly 
simplifies the vacuum structure of the model. An expansion of the scalar fields in 
terms of real components 


1 Xj + ix, ) 1 
Hj = -5 1 pmdes p= -a (bs +SrtiSr), 1 
i ma V2 () 
defines the quantum fluctuations hi, ha and Sg about the classical configurations 
Pa = (61, $2, ds}, respectively. With this expansion, the classical potential reads 


Vala) —$mi|é«l" + gAraldal* + $9aslós"lósP . (2) 


A comprehensive analysis of the tree-level vacuum structure was performed recently 
in Ref. 8. It was shown that the basic characteristics of EWPTs in this model, in 
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particular, sequential first-order transitions, are generic for multi-Higgs extensions 
of the SM. Thus, this model, due to the simplicity of its potential (2), could serve 
as a good benchmark scenario for further in-depth explorations of cosmological 
implications of multi-scalar BSM theories. 


® Universe Ọ Universe 


T. (®— Hi) ~ Ta (6 H2) Ta (D> Hi) < Ta (H2 — H1) < Tn (6 — Hz) Hy 36 — Un) < Hy U2 > Un) < H D> Uz) 


Fig. 1. An illustration of a universe in the -phase filled with coexisting bubbles of new H; and 
Hə phases emerging simultaneously (left panel), and also with nested bubbles when H1-bubbles 
are born inside of Hz ones (middle panel). In the right panel, the nucleation of the H;-bubbles in 
the ® phase causes the previously produced H2-bubbles to contract simultaneously with nucleation 
of smaller H4-bubbles inside them (reoccuring bubbles). 


For simplicity, let us now consider a representative configuration of the param- 
eter space? where the only existing phases given in terms of the VEVs of the scalar 
fields va = (@a)vac = (v1, V2, Us} are (0,0,0), (vı, 0,0), (0, v5, 0) and (0,0, vs), which 
we recast as [0], H1, H2 and ®, respectively. The possible first-order transitions were 
found to be Hı © Hə, Hı 9, Hə o 9, which take place readily in the leading 
(m/T)? order of the thermal expansion and are expected to be strong. Here, with- 
out loss of generality we identify the stable phase at T = 0 with Hı which is simple 
but represents the basic features of a generic EW-breaking vacuum (v1, v2, 0}. 

In a particular sequence of transitions to the true vacuum H; with the following 
two patterns 


$> Hı, > H: > H4, (3) 


one could expect several nucleation processes occurring in the same range of tem- 
peratures, e.g. 6 — Hı and 9 — Hə. In this case, different sequences could be 
realized during the same cosmological evolution time leading to a universe where 
coexisting bubbles of different broken phases expand simultaneously (left panel in 
Fig. 1). In addition to the coexisting bubbles, more exotic cosmological objects may 
emerge from multi-step phase transitions. In particular, consider the second and 
third steps in the pattern [0] > ® — Hz — Hi, occurring at typical nucleation tem- 
peratures T4, (6 > Hə) = T,(H» — Hi). Between T,,(® — H5) and T,(Ho > H1), 
the H5-bubbles nucleate and expand in a universe filled with the ®-phase. Then 
at Ta(Hə — Hı), while they are still expanding, the Hi-bubbles emerge and nu- 
cleate inside the H5-bubbles. As such, the -phase becomes populated with the 
H-bubbles containing the H,-bubbles inside. We denote such objects as nested 
bubbles shown in Fig. 1 (middle panel). 
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Fig. 2. Left column: evolution of S3/T for all possible transitions. Right column: diagrams 
representing all types of bubbles (co)existing at a given temperature. 


Since the scalar potential keeps evolving as the universe cools down below 
Tn(H2 — Hı), the initial phase ® becomes unstable also along the H, direction, 
so both transitions towards Hı and Hə can occur (coexisting bubbles scenario). In 
particular, if the potential barrier between the phases ® and Hı disappears, the 
new H,-bubbles would nucleate in the parts of the universe that still remain in the 
-phase i.e. the direct ? — H transition quickly eliminates the -phase outside of 
the H5-bubbles formed at an earlier time. Such a mixed situation with the coexis- 
tence of the ordinary Hı and nested Hə — Hı bubbles is depicted in Fig. 1 (middle 
panel). In the end of this process, one ends up with the H,-bubbles inside the Hə- 
bubbles which exist in a universe filled with the H;-phase. We denote these exotic 
cosmological objects as reoccurring bubbles. Since the H2-bubbles cannot expand 
in a universe filled with the stable H,-phase, they are pushed inwards and collapse 
while the H,-bubbles nucleate inside them as illustrated in Fig. 1 (right panel). 

In Fig. 2 we show three realistic cosmological scenarios where the objects dis- 
cussed above are expected to occur. In the left column, we plot the evolution of the 
action $4/ T as a function of temperature for all possible transitions. Whenever a 
curve corresponding to a transition i — j crosses the horizontal line $3 /T =140,a 
bubble of phase j is nucleated inside the phase i, which is denoted as i(j) in what 
follows. In the right column, we show a diagrammatic representation displaying 
all types of bubbles (co)existing at a given temperature and corresponding to the 
plots in the left column. For example, the top panel describes a first-order phase 
transition ® — Hı when H,-bubbles nucleate in a universe filled with the ®-phase 
(i.e. &(H4)). In particular, a universe in the symmetric phase [0] first collapses to 
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the -phase through a second-order phase transition without generating any bub- 
bles. Then, the H,-bubbles are nucleated at T ~ 105 GeV and expand until the 
-phase becomes unstable at around T ~ 60 GeV leaving a universe entirely filled 
by the true vacuum Hı. 
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Fig. 3. Left panel: The results of the inclusive parameter scan in the considering 2HDSM where 
each point corresponds to a FOPT with the corresponding GW peak amplitude and frequency. 
Double-peak signatures are shown by red dots. Right panel: Benchmark double-peak GW 
spectra with the largest peaks entering the sensitivity domain of the LISA experiment with main 
characteristics specified in Table 1. 


While the graphs on the second line of Fig. 2 represent a scenario where three 
successive steps lead to the nucleation of a nested bubbles #(Hə(H1)), those on the 
last line describe reoccurring bubbles that emerges from a nested ones. For instance, 
after nucleation of nested bubbles $(H5(Hi)), the potential barrier between the 
phases ® and Hı disappears (around T ~ 60 GeV), such that the parts of the 
universe in the -phase collapse to the H;-phase transforming the nested bubbles 
®(H2(H})) into the reoccurring ones H1(H3(H4)). This type of cosmological objects 
is only possible if the nucleation temperatures of the corresponding steps are not too 
different (percolation typically occurs in the range of AT < 10 GeV), and further 
likely to occur when symmetries in the potential enforces them to be identical. 

We analyse the multi-peaked signatures in the power spectrum of GWs using the 
well known formalism of Ref. 9 which describes the energy density per logarithmic 
frequency of the GW radiation, h?Qqw. The net GW signal is typically considered 
to be produced by three different sources due to bubble wall collisions, sound waves 
(SW) generated by the phase transitions, as well as magnetohydrodynamics (MHD) 
turbulences in the plasma. The bubble wall collisions typically do not contribute to 
the GWs production processes in the considering class of multi-scalar extensions of 
the SM (see also Ref. 5) so we account for the dominant SW and MHD contributions 
only. 

The results of the inclusive parameter scan searching for FOPTs in the con- 
sidering 2HDSM scenario are illustrated in Fig. 3 (left panel). Here, each point 
corresponds to a particular FOPT found in the scan, with calculated values of the 
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Table 1. Characteristics of selected benchmark double phase transitions whose GW sig- 
nals emerge in the sensitivity domains of planned measurements and whose GW spec- 
tra are illustrated in Fig. 3 by green, red and blue lines, respectively. Here, the nu- 
cleation temperature, Tn, the scalar VEVs before vi and after vi the respective phase 
transition are given in units of GeV, while the peak-frequency, fpeak, is given in Hz. 
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induced GW peak amplitude and frequency. Scenarios corresponding to double- 
peak GW spectra are highlighted by red color. Here, dashed grey lines indicate 
sensitivities of the LISA and LIGO interferometers, as well as proposed DECIGO, 
BBO and SKA missions. We have selected three example scenarios whose largest 
peaks fall into the LISA sensitivity domain and whose GW spectra are shown in 
Fig. 3 (right panel). The basic characteristics of the corresponding transitions and 
GW signals for each green, red and blue line are summarised in Table 1. Such 
scenarios can be further considered as benchmarks for further explorations at GW 
interferometers. For a more detailed description of these and other benchmark 
scenarios, see Ref. 5. 
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Gravitational wave luminosity and net momentum flux in head-on 
mergers of black holes: Radiative patterns and mode-mixing 
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We show that gravitational wave radiative patterns from a point test particle falling 
radially into a Schwarzschild black hole, as derived by Davis, Ruffini, Press and Price!, 
are present in the nonlinear regime of head-on mergers of black holes. We use the Bondi- 
Sachs characteristic formulation and express the gravitational wave luminosity and the 
radiated energy in terms of the news functions. Our treatment is made in the realm 
of Robinson-Trautman dynamics, with characteristic initial data corresponding to the 
head-on merger of two black holes. We consider mass ratios in the range 0.01 € o < 1. 
We obtain the exponential decay with £ of the total energy contributed by each multipole 
£. The total rescaled radiated energy Etotel /moo? decreases linearly with decreasing a, 
yielding for the point particle limit a — 0 the value ~ 0.0484, about five times larger 
than the result of Davis et al.! We also analyze the mode decomposition of the net mo- 
mentum flux and the associated impulse of the gravitational waves emitted, resulting in 
an adjacent-even-odd mode-mixing pattern with the dominant contribution coming from 
the mixed mode (2,3). We obtain the exponential decay with £ of the total gravitational 
wave impulse contributed by each (£, + 1) mixed mode. 


Keywords: Black hole head-on mergers; Gravitational wave luminosity; Net momentum 
flux; Radiative patterns. 


1. Introduction 


The collision and merger of two black holes are among the astrophysical sources 
which produce gravitational waves in the strong field regime and are therefore of 
crucial interest for the present direct observations made by the LIGO/VIRGO con- 
sortium?. 

In the realm of general relativity the production and extraction of gravitational 
waves in processes involving black holes have been investigated basically within three 
complementary approaches, most of them connected to binary black hole inspirals: 


3, numerical relativity+ and the close-limit- 


Post-Newtonian (PN) approximations 
approximation (CLA) supplemented with PN calculations?, as well as combinations 
of these approaches. 

Our treatment? is based on the Bondi-Sachs (BS) energy-momentum conserva- 
tion laws in the characteristic formulation", that regulate the gravitational wave 
radiative transfer processes of the system, in the realm of Robinson-Trautman (RT) 


8. The characteristic initial data constructed for the RT dynamics al- 


spacetimes 
ready present a global apparent horizon so that the dynamics covers the post-merger 
phase of the system, which represents one of the most dynamic parts of the evolu- 


tion, up to the final configuration of the remnant black hole?. 
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'The cornerstone of our approach is the dependence of the Bondi-Sachs net four- 
10 on the news functions — which are the basic quantities 
characterizing the gravitational wave degrees of freedom of the system and are, by 
definition, quantities of spin-weight!! s — —2. This decomposition is exact in the 
nonlinear regime, leading to an accurate evaluation of the even parity signals and 
of their relative contribution to the physical quantities involved in the radiative 
processes of the system. All these features are discussed in the following sections. 
Throughout the paper we use geometrical units G — c — 1. 


momentum wave flux 


2. Robinson-Trautman Spacetimes 


Robinson-Trautman (RT) spacetimes? are asymptotically flat solutions of Einstein's 


vacuum equations that describe the exterior gravitational field of a bounded system 
radiating gravitational waves. The RT metric can expressed as 


r2 


P?(u, 8, >) 


ds? = (t 0,0) — amo = ar) du? + 2dudr — 


dQ?, (1) 


where r is an affine parameter defined along the shearfree null geodesics determined 
by the vector field 0/Or. Here dN? = d0? --sin? 6d$? , where A(u, 0, $) is the Gaussian 
curvature of the surfaces (u —const, r =const) defined by 
p? Po P? (Pù 
0,9) = P? + — (sing SÉ cae . 2 

Muto) = Peas (sme) e EUR). (2) 
mo is the only dimensional parameter of the spacetime and fixes the energy and 
length scales of the system. For the stationary case mo corresponds to the rest mass 
of the black hole with respect to an asymptotic Lorentz frame at the future null 
infinity. Einstein’s equations yield 
(3) 


Agsin)g | A 
12mo Pu + P? —— gmna y Ae ) =0. 


sin 0 sin? 0 


In the above, the subscripts u, 0 and o preceded by a comma denote derivatives with 
respect to u, 0, o, respectively. Eq. (3), denoted RT equation, governs the dynamics 
of the gravitational field (which is totally contained in the metric function P(u, 0, $)) 
and propagates the initial data P(uo, 0, 9) from a given initial characteristic surface 
u = ug. 

An important feature of RT spacetimes that establishes its radiative character 
arises from the expression of its curvature tensor that, in a suitable semi-null tetrad 
basis, assumes the form 


N III II 
Ragop = 4202 4 AOD 4 apon , (4) 
T T: T 
where the scalar quantities NApcp, IIIApcp and IIApgop are of the algebraic type 


N, III and IT, respectively, in the Petrov classification of the curvature tensor !?. 
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Considering axial symmetry, the curvature tensor components in the above basis 
that contribute to NAgc p are Ro303 = —Ro202 = —D(u,0)/r + O(1/r?) where 


D(u,0,$) = — P?8, (=) , with cu(u,0) = ; (%o — cot 009) P(u,0). (B) 


The news function c,, is one of the fundamental objects in our analysis. Generally 
speaking, it informs the presence of gravitational waves being emitted from a given 
bounded source and observed at the wave zone (Petrov type N). 


3. The Bondi-Sachs Conservation Laws: The Gravitational Wave 
Luminosity and the Net Gravitational Wave Impulse 


From the supplementary vacuum Einstein equations in the BS integration scheme 
together with the outgoing radiation condition, the BS four-momentum conservation 
laws for axisymmetric RT spacetimes are given by !? 


m 2n T 
E - ->f a f 4 I” (cu) sin 6 dO, (6) 
where P"(u) is the BS four-momentum. In the above the four vector |^ = 
(1,0,0, cos 0) defines the generators of the translations of the BMS group in the 
temporal and Cartesian z axes of an asymptotic Lorentz frame at future null infin- 
ity!?. The luminosity of the gravitational waves emitted is given by the right-hand 
side of (6). 

The integration in u of Eq. (6) results for u = 0 and u = z, respectively, in the 
total energy Ew (u) and the net impulse I5, (u) of the gravitational wave emission, 
given as 


u T 2 u T 2 
Ew(u) = J au f (eo) sin@ dó, Ijy(u)— J au [ (eo) cos6sin@ dð, (7) 
uo Ui 


0 0 


where ug is the initial time. Due to the axisymmetry, the components Tẹ (u) = 0 = 
In (u) for all u. 


4. Initial data and numerical evolution 


The initial data to be used was derived in Aranha et al.? and that can be interpreted 
as representing two instantaneously Schwarzschild black holes in head-on merger 
along the z axis, at u = uo, 


P(uo,9) = ( T eee ae (8) 


ay 
(ony cates | JGSPWCONUSÜRS 
In the derivation of (8) it turns out that à = @2/aı is the mass ratio of the 
Schwarzschild masses of the initial data, as seen by an asymptotic observer. In 
the remaining of the paper we will take a; = 1 and denote a» = a, the mass ratio. 
'This data already has a single apparent horizon so that the evolution covers the post- 
merger regime up to the final configuration, when the gravitational wave emission 
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ceases. For a sufficiently small the data may be considered as a perturbation of a 
Schwarzschild black hole in the RT dynamics. 

The initial data (8) is evolved numerically via the RT equation (3), which is inte- 
grated using a Galerkin method with a Legendre polynomial projection basis space 
adapted to the axisymmetric RT dynamics. The implementation of the Galerkin 
method, as well as its accuracy and stability for long time runs, is described in 
details in Section V of Aranha et al. 14 
after a sufficiently long time u ~ up all the modal coefficients of the Galerkin expan- 
sion become constant up to 12 significant digits, corresponding to the final time of 
computation uy. At uy the gravitational wave emission is considered to effectively 
cease and we obtain P(uy,@) that, in all cases, can be approximated as 


Exhaustive numerical experiments show that 


P(uy,0) = Pr (cosh y; + cos @sinh yp). (9) 


This final configuration corresponds to a Schwarzschild black hole boosted along 
the z axis, with a final boost parameter yf and a final Bondi rest mass mo /Pj. In 
all cases yp < y and Py < 1. 


5. The mode decomposition of the radiative content of the 
gravitational wave emission: Energy patterns 


We are now led to examine the total energy E19"! carried out of the system by the 
gravitational waves emitted, expressed as 


EW" => Ewe=>_ if” Nio (u)du. (10) 
£22 £22 uo 
where 
Nplu) = 2r ral (uh) Em td. (11) 
0 VP 
Here, Y;o(0) is the spin-weight spherical harmonics!! with s = —2 for the axial 
case. 


Differentiating Eq. (10) with respect to u gives the mode decomposition of the 
luminosity, corresponding to the exact RT equivalent of the Moncrief-Zerilli for- 
mula? for the radiated luminosity of a particle falling radially into a Schwarzschild 
black hole. For the mass ratios examined in our numerical simulations, we obtain 
that the radiated energy per multipole @ decays exponentially with £, as illustrated 
in Fig. 1 (left) for three values of a where we display the log-linear plot the points 
Ewe/mo versus £ for £ = 2...6. The best fit curve to these points corresponds to 
the simple exponential law 


Ewe/mo =A a. (12) 


The normalized rms error between the best fit straight lines of the log-linear plots 
and the points is of the order of, or smaller than 0.25%. This behavior is maintained 
up to a = 0.7; a complete survey is given in Aranha et al. 


1569 


Its is remarkable that the exponential pattern of the plots — first observed in 
the computation by Davis et al.! of the gravitational radiation from a point test 
particle falling radially into a Schwarzschild black hole — extends to the nonlinear 
regime of head-on mergers for mass ratios at least up to a = 0.7. In this sense, for 
the mass ratios considered in Fig. 1 (left), the initial data (8) may be considered to 
actually correspond to a perturbed Schwarzschild black hole. A complete survey is 
given in Aranha et al. 

The total radiated energy Etotal/mo, for several mass ratios up to a = 0.3, 
exhibits a simple linear relation with a, 


Ef! /moo? = 0.143275 a + 0.048462. (13) 


The values for œ = 0.01, not shown in Fig. 1 (left), correspond to Ete*@! /(mga?) = 
0.0500813. The straight line is the best fit of the points with a normalized rms 
deviation ~ 0.3596. In the point particle limit (a — 0) we obtain Et?! /mga?— 
0.048462, about five times larger than the value ~ 0.0104 of Davis et al.! 


6. The total impulse imparted to the system via emission of 
gravitational waves: The adjacent-even-odd mode mixing 


In the same vein we now examine the net impulse applied to the system due to the 
emission of gravitational waves. Following the last section, it can be expressed by 


1 | @+3)@-1) 
= Ij = — | —— N, N, d 14 
)= J Iran) pm rmm. co(u)Ne+1,0(u)du (14) 
12 12 
103 
410^ 
o a 
& N J106 
> x 
W 3 1107 
Z | sa-0015 ucc 
! | npae-01 c 118 
| | | 20 jet 
2 3 4 5 6 
f 1 


Fig. 1. Left: Plot of the points Ew ?/mo versus £, for the several mass ratios a considered. This 
pattern — first observed by Davis et al.! in the gravitational radiation of a point test particle 
falling radially into a Schwarzschild black hole — is seen to be still maintained in the nonlinear 
regime of head-on merger of two black holes. Right: Log-linear plots of the mixed-mode impulses 
— oye ei) / mo versus £, for the mass ratios a = 0.0125, 0.1. The points are accurately fitted by 
straight lines, showing the exponential decay of the impulses with £. 
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that corresponds to the mode decomposition of the total net impulse into adjacent- 
even-odd mixed modes Tye , ,,), which can be evaluated from the Nio(u) given as 
n (11). We remark that the right-hand-side of (14) can be evaluated independently, 
so that we may obtain the impulse per mode Ty (0,041) and the percentage of the 
contribution of each (4, + 1) mixed-mode to the total net impulse imparted to the 
system. This can be seen in Fig. 1 (right). 

This mode-mixing effect for the total momentum fluxes and the associated recoil 
velocities was first reported by Moncrief!? for small odd-parity axisymmetric per- 
turbations in the Oppenheimer-Snyder collapse models, and by Lousto and Price! 
for even-parity axisymmetric perturbations on a Schwarzschild black hole by a par- 
ticle falling radially. 


Final Comments 


The extension of this behavior for the whole mass ratio range 0 < a € 1 received a 
detailed examination in Ref. 6, both for the radiated energy per mode as well as for 
the mixed mode decomposition of the net momentum flux and impulse. In this ref- 
erence we also examined the luminosity and the energy carried out by gravitational 
waves for increasing boost parameters ^ = [0.5,0.6,0.7,0.8, 1.3]. We obtain that 
the head-on mergers become more energetic as y increases, while the time duration 
of the GW bursts Au/mo œ 2 remains approximately constant with increasing y. 
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We focus on spacetime oscillations, the so-called w-modes, of gravitational waves emit- 
ted from a protoneutron star in the postbounce phase of core-collapse supernovae. By 
adopting numerical results from recent relativistic three-dimensional supernova models, 
we find that the w1-mode frequency multiplied by the radius of the protoneutron star 
is expressed as a linear function with respect to the stellar compactness insensitively to 
the nuclear equation of state. Combining with another universal relation of the f-mode 
oscillations, it is shown that the time dependent mass-radius relation of the protoneutron 
star can be obtained by observing both the f- and wi-mode gravitational waves simul- 
taneously. That is, the simultaneous detection of the two modes could provide a new 
probe into finite-temperature nuclear equation of state that predominantly determines 
the protoneutron star evolution. 


Keywords: Equation of state, protoneutron stars, gravitational waves. 


1. Introduction 


'The gravitational waves from the mergers of binary black holes and a binary neu- 
tron star have been successfully detected +?, which leads to the beginning of a new 
age of the gravitational wave astronomy. In addition to the second-generation de- 
tecters, such as Advanced LIGO, Advanced VIRGO, and KAGRA, third-generation 
detecters like Einstein Telescope and Cosmic Explorer are already being proposed. 
Via observations with such detectors, one would obtain an imprint of open problems 
in compact objects. The most promising source for gravitational waves must be a 
merger of binary system of compact objects, while the core-collapse supernovae, 
which produce compact objects, could be a secondary candidate. 

Up to now, in order to study the gravitational wave signals from core-collapse 
supernovae, extensive numerical simulations have been done. Through the results 
obtained by such simulations, it is considered that the g-mode oscillations excited 
around the protoneutron star surface are one of the most important gravitational 


5 [n practice, the typical frequency of 


wave emission in the postbounce phase 
g-mode oscillations is expressed as ~ Mpng/ Tenge with the mass Mpws and radius 
Rpws of a protoneutron star. Thus, one may extract the information of protoneu- 
tron star properties by observing the g-mode gravitational waves from protoneutron 
stars. 

On the other hand, as another approach, the gravitational-wave asteroseismol- 
ogy is a powerful technique for extracting interior information of compact objects. 
With such a technique one can constrain the equation of state (EOS), mass, and 
compactness of cold neutron stars (e.g., Refs. 6, 7, 8). With respect to the case of 


protoneutron stars, a few studies have been done? ?. In this study, by adopting 
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the results of numerical simulation of relativistic three-dimensional supernova mod- 
els, we systematically examine the spacetime oscillations, the so-called w-modes, of 
gravitational waves from protoneutron stars. More details about this study can be 
seen in Ref. 10. 


2. Protoneutron star models 


'To make a linear analysis, one has to prepare background protoneutron star models. 
In the present study, we adopt the numerical results of relativistic three-dimensional 
simulation? with the 15M; progenitor models, adopting two different EOSs, i.e., 
SFHx and TM1. 
after core-bounce. In order to provide a static, spherically symmetric background 
model, the numerical data on each time step is averaged in the angular direction. 
Then, the protoneutron star’s surface is determined at a fiducial rest-mass density 
of 101? g/cm. In the left panel of Fig. 1, the evolution of protoneutron star models 
with two EOSs is shown in Mpus-HRpws plane. With time after core-bounce, the 
mass increases due to the mass accretion, while the radius decreases due to the 
cooling. So, the mass and radius of protoneutron stars change with time from lower 
right to upper left in the left panel of Fig. 1. We remark that the sequence of mass 
and radius of protoneutron stars depends strongly on the adopted EOS. 


In particular, we consider very early phase up to ~ 250 ms 


p 
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Fig. 1. Evolution of mass and radius of protoneutron stars in the left panel, and the w1-mode 


multiplied by stellar radius as a function of stellar compactness in the right panel!9. The circles 
and diamonds correspond to the results with SFHx and TM1 EOSs. 


3. Asteroseismology in protoneutron stars 


'The perturbation equation derived from the linearized Einstein equations should be 
solved together with appropriate boundary conditions. First, we focus on the space- 
time oscillations, the so-called w-modes, of gravitational waves from protoneutron 
star models. Since this mode is an oscillations of spacetime itself, the compact- 
ness, which is the ratio of Mpng to Rpng, is an important parameter for describing 
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the frequencies? 


toneutron star models at each time step and find that the evolution of frequencies 
depends on the adopted EOS. However, we also find that the frequencies multiplied 
with the radius can be expressed well as a linear function of the stellar compactness 
independently of the adopted EOS, as shown in the right panel of Fig. 1. In fact, 
we can derive the fitting formula of the w4-mode frequencies as 


M R eal R zx 
(PNS) = B PNS PNS PNS 
JENS (kHz) Br 12.02 ( ) ( ) — x) po (1) 


1.4Mo 10 km 
which is also plotted in the right panel of Fig. 1 with the dotted line. 

On the other hand, we calculate the f-mode gravitational waves as in Ref. 9. 
Since the f-mode oscillations are a kind of acoustic oscillations, the frequencies can 
be characterized by the sound velocity or the stellar average density Mpws/ Rig. 
In fact, we find that the time evolution of f-mode frequencies from protoneutron 
star depends on the adopted EOS, but the frequencies can be expressed as a lin- 
ear function of the square root of the stellar average density independently of the 
adopted EOS as 


M 1/27 R —3/2 
PNS PNS PNS 

~ 14.48 + 4859 | NS DE l 2 
FFNS (Hz) ~ 14.48 + 4859 (mm) (= — (2) 


. In practice, we calculate the w-mode frequencies with the pro- 


Now, we have two formulae for describing the f- and w;-mode gravitational 
waves from protoneutron stars, which are independent of the adopted EOS for 
dense matter. So, by simultaneously observing the time evolution of two modes 
in the gravitational waves, one can obtain the time evolution of the stellar average 
density and compactness separately. That is, one can determine the mass and radius 
of protoneutron star at each time step after core-bounce as shown in the left panel 
of Fig. 1, which provides a new probe into the finite-temperature nuclear EOS. 


4. Conclusion 


The gravitational waves from supernovae are one of the most promising source. In 
the present analysis, we systematically examine the w1- and f-mode gravitational 
waves after core-bounce, using the data of numerical simulations of relativistic three- 
dimensional supernova as a background model, and successfully derive universal 
formulae of w1- and f-mode oscillations as a function of stellar compactness and 
average density independently of the adopted EOS. Thus, with the direct observa- 
tions of gravitational waves from core-collapse supernovae, if one can identify the 
time evolution of f- and w;-mode oscillations, one can in turn see the evolution 
of stellar average density and compactness, which tells us the evolution of mass 
and radius of a protoneutron star. As a result, one can in principle determine the 
finite-temperature nuclear EOS even through one event of gravitational waves from 
the core-collapse supernova. 
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The relation between the physics and the difference geometry had been discussed many 
years, we think gravitoelectromagnetism is a way of Linking gravitational potential to 
the curvature in the theory and the experiments. We discuss the relation between Lense- 
Thirring Precession and Gravitomagnetic clock. And we report the new result of grav- 
itational mass defect though still can not find gravitomagnetic mass. In the last, we 
discuss gravitomagnetic experiments in binary pulsars and near earth spacetime. 


Keywords: General relativity experiments; gravitational potential; curvature; Gravito- 
electromagnetism; difference geometry. 


1. The Introduction 


As we known that gravitoelectromagnetism’s (GEM) tool that include Fermi-Walker 
transported and Lorenz group in the proper reference frame! had successful applied 
in the Thomas precession of quantum physics”. Considered the complex of differ- 
ence geometry between an observer and the reference frame? the relation between 
Post-Newtonian approximation and gravitoelectromagnetism ^, and gravitoelectro- 
magnetic analogy based on tidal tensors? just been discussed recently. 

In the experiments, there are only three which inlcude Lense-Thirring Preces- 
sion from X-ray astrophysics, Gravity probe B from gyroscope, and LARES from 
laser ranging that provide the blurry evidence. Here we think gravitoelectromag- 
netism can linking gravitational potential to the curvature in the theory and the 
experiments. After introducing and reviewing gravitoelectromagnetism in Sec. 2, 
we discuss gravitomagnetic experiments in binary pulsars and near earth spacetime 
in Sec. 3, in especial, we give the experiment plan to check Kerr character of Ter- 
rae spacetime in Sec. 3.1 and the reason that gravitoelectromagnetism can linking 
gravitational potential to the curvature from the field theory in Sec. 3.2. 


2. Gravitoelectromagnetism 


After Einstein had general relativity?, the relation between the physics and the 
difference geometry had been discussed many years. Even if Einstein had field 
equation from difference geometry, he also doubt wherher it can describe the more 
physics for he believed in the experiments and equivalence principles. Whatever, 
gereral relativity had strong impact on compact physics", and many researcher want 
to merge it into other forces of interaction?. 
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Gravitoelectromagnetism, refers to a set of formal analogies between the 
equations for electromagnetism and relativistic gravitation; specifically: between 
Maxwell’s field equations and an approximation, valid under certain conditions, 
to the Einstein field equations for general relativity. The analogy and equations 
differing only by some small factors were first published in 1893, before general 
relativity, by Oliver Heaviside as a separate theory expanding Newton’s law. Grav- 
itomagnetism is a widely used term referring specifically to the kinetic effects of 
gravity, in analogy to the magnetic effects of moving electric charge. The most 
common version of GEM is valid only far from isolated sources, and for slowly mov- 
ing test particles®. And from the classical theory of fields!?, we known the field of 
gravity and electromagnetism in the model of the particle in the central body field 
both could be divide to the field with source plus the vortex field. Therefor, we 
think GEM could describe the weak field of spacetime. 


2.1. Lense-Thirring Precession, and Gravitomagnetic clock 


In 1687, Newton publish his book!!, which include the famous discusson of inertial 
forces on a fiuid contained in a rotating vessel. T'his discussion was critically re- 
examined by Mach !? in an attempt to understand better how inertial forces arise. 
He suggested that the shape of the water-surface may depend on the rotation of 
the vessel "if the sides of the vessel increased in thickness and mass till they were 
ultimately several leagues thick”. A calculation of such effects became possible 
afetr Einstein formulated his general theory of relativity?. Lense and Thirring 
proposes the precession on the vertical direction of the motion !?.Lense-Thirring 
(LT) Precession (i.e. Frame dragging) aways was find in the astrophysical context 
and in Physics as gravitomagnetism effect. 

Mashoon give the gravitomagnetic clock effect for the circular orbits!^. Re- 
cently, generalized gravitomagnetic clock effect was calculated for the GPS near the 
earth). 

As the above mentioned, if gravitational potential can be divided into gravito- 
electric potential and gravitomagnetic potential by GEM field, When the potential 
difference of gravitoelectric potential is proportional to the gravitational frequency 
shift, gravitomagnetic potential also can naturally be reflected in time measure- 
ment by some form. If the precision of clock is enough to measure gravitomagnetic 
potential, that means we had the chance to explore gravitomagnetic clock effect. 


2.2. Gravitomagnetic mass and Gravitational mass defect 


In math-physics, after the work from Minkowski, Levi-Civita, Synge, Bondi, Pirani, 
Hawking, and Wald et al., general differential geometry becomes the mathematical 
foundations of relativity. Komar mass! and ADM mass!" become the basis concept 
of general relativity, the early study show gravitomagnetic mass could be exist in 
the theory 18. 
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Here we report we think gravitational mass defect can be find in PSR 
B19134-16!? though still can not find gravitomagnetic mass now. 


3. Gravitomagnetic experiments in binary pulsars and near earth 
spacetime 


In classical mechanics, the LaplaceRungeLenz vector (i.e. LRL vector) is a vector 
used chiefly to describe the shape and orientation of the orbit of one astronom- 
ical body around another, such as a planet revolving around a stellar. For two 
bodies interacting by Newtonian gravity, the LRL vector is a constant of motion, 
meaning that it is the same no matter where it is calculated on the orbit; equiv- 
alently, the LRL vector is said to be conserved. More generally, the LRL vector 
is conserved in all problems in which two bodies interact by a central force that 
varies as the inverse square of the distance between them; such problems are called 
Kepler problems.Therefor, the light bending and perihelion precession can have a 
unified approach which described by the LRL vector?? as the evolution under the 
perturbed potentials for the conservation of the LRL vector origin from the inverse- 
square central force. For it, the model of two spin particle and the LRL vector?! is 
well in most of binary pulsar for almost of it is the classical Kepler problems in the 
frame of classical Newtonian gravity. 

For two neutron star system that is two compact sources system. In a Gedanken- 
experiment, to the extreme elliptic binary MSP system, we can have a hypothesis 
that the space-time of the orbit is flat in the apoapsis, BUT there is a new Curved 
space-time when two compact stars is in the periapsis for the masses of binary 
and the distance is very close. The Birth and death of this Curved space-time 
have related with Gravitational radiation. In this state, we can think it is the new 
Schwarzschild spacetime or Kerr spacetime in the periapsis. Therefore, LRL vector 
is not conservation and symmetry for it is not the inverse-square central force now. 
And the angular momentum vector of two stars is not conservation and symme- 
try for gravitional wave will bring the part of it. Therefor, we have the chance to 
mersure orbital symmetry violations in LT Precession of binary pulsar although it 
predicted by the particle in one body system ????, and have the Angular Momen- 
tum of the Curved space-time in the periapsis by gravitomagnetic measurement ?*, 
Compared with Dr Wex, we think the frame of the particle in one body system is 
well in the periapsis. Whatever, P, and P, are the directly measurement param- 
eters to LT Precession of binary pulsar. But we still less the reasonable frame to 
estimate LT Precession and gravitomagnetic clock in the same time to pulsar - a 
natural clock and gyroscope. 

Recently, the influence of the Coriolis Force in atom interferometry was find?? in 
the earth spacetime, in fact, it was detect by torsion balance in 1919?6 
been study by geophysical and inertial navigation. In the frame of GEM, Semerk 
provide the way of spacetime dividing by five term?” which include Coriolis term 
(one early reference that mentioned the apparent Coriolis force (Lense-Thirring 


, and aways 
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effect) and “induced Coriolis force", or *Lense-Thirring effect” by Pugh??). Here 
we think the Coriolis force can be seen the Coriolis term of spacetime in the order of 
gravitational potential for GEM field should extend to the Schwarzschild spacetime 
naturally. Then many relativistic phenomena are predicted and many Newtonian 
physics phenomenon are refresh in the viewpoint of spacetime geometry !?. 


3.1. Near earth spacetime as Kerr Spacetime 


Another interesting probelem is whether we can make a distinction between 
Schwarzschild and Kerr spacetime in the Terrae spacetime. To Kerr spacetime?0, 
it is the statinary spacetime which different with Schwarzschild spacetime that had 
the Static Observer?!. In the procession of study the analogy between general rela- 
tivity and electromagnetism for slowly moving particles in weak gravitational fields, 
some researcher think time variable term take place is the boundary of gravitoelec- 
tromagnetism application?, here we think time variable term means that non-Static 
Observer take place which from Kerr spacetime. As the lunar tidal have impact on 
the free fall objects?, and from Coriolis effect?? and tidal effect was measured by 
the clock and the different type gyroscope (Optical, mechanical, vibration etc.), we 
think use two (or more) Full (or partly) Tensor Gradiometry (FTG) to interference 
in the large distance of the earth, if we can measure the time variable of the clock 
rate, that is enough to show that Kerr spacetime is existence for NO static observer 
in that scale spacetime. And the FTG Interferometer (Array) will help us in under- 
stand the large scale structure of spacetime, the partly tensor gradiometry only can 
find the time variable term. About the interferometric method of full tensor gravi- 
tational gradiometer array in measurement of gravitational theory and cosmology, 
we are applying the patent in China and in PCT*?. 


3.2. From the curvature to potential in the 
Gravitoelectromagnetism 


For the complex of definition about momentum (potential) of gravitational field, 
the local spread about the momentum of gravitational field, the momentum of 
gravitational wave, and the boundary between the local and non-local, all is the 
frontier of math-physics and theoretical physics. About gravitational wave, the 
objects just is in the state of fast than C^? which can provide Non-Local spread 
in the field theory t°. Consider gravitational wave was find, we can think the C^? 
is the boundary between the local momentum interacting of gravitational field and 
non-local gravitational wave momentum spread. Consiered gravitomagnetic concept 
(potential and mass) cross the weak field and the drastic changes of the curvature, 
we think gravitoelectromagnetism as a way of linking gravitational potential to the 
curvature in the theory and the experiments is reasonable. 
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4. The Summary 


We discuss gravitomagnetic experiments in binary pulsars and near earth spacetime, 


in particular, we give the experiment plan to check Kerr character of the earth 


spacetime and the reason that gravitoelectromagnetism can linking gravitational 


potential to the curvature after reviewed the theory of gravitoelectromagnetism. 
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Developing tools for multimessenger gravitational wave astronomy 


Maria C. Babiuc Hamilton* 


Department of Physics, Marshall University, 
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The Marcel Grossmann triennial meetings are focused on reviewing developments in 
gravitation and general relativity, aimed at understanding and testing Einstein's theory 
of gravitation. The 15*^ meeting (Rome, 2018) celebrated the 50*^ anniversary of the 
first neutron star discovery (1967), and the birth of relativistic astrophysics. Another dis- 
covery of the same caliber is the detection of the binary neutron star GW170817 in 2017 
— almost as if to celebrate the same jubilee — marking the beginning of multi-messenger 
gravitational wave astronomy. We present work in progress to craft open-sourced nu- 
merical tools that will enable the calculation of electromagnetic counterparts to gravita- 
tional waveforms: the GiRaFFE (General Relativistic Force-Free Electrodynamics) code. 
GiRaFFE numerically solves the general relativistic magnetohydrodynamics system of 
equations in the force-free limit, to model the magnetospheres surrounding compact bi- 
naries, in order (1) to characterize the nonlinear interaction between the source and 
its surrounding magnetosphere, and (2) to evaluate the electromagnetic counterparts of 
gravitational waves, including the production of collimated jets. We apply this code to 
various configurations of spinning black holes immersed in an external magnetic field, 
in order both to test our implementation and to explore the effects of (1) strong grav- 
itational field, (2) high spins, and (3) tilt between the magnetic field lines and black 
hole spin, all on the amplification and collimation of Poynting jets. We will extend our 
work to collisions of black holes immersed in external magnetic field, which are prime 
candidates for coincident detection in both gravitational and electromagnetic spectra. 


Keywords: Numerical relativity; black holes; gravitational waves, magnetosphere, jets. 


1. Introduction 


The 2017 detection of both gravitational waves (Ref. 1) and electromagnetic radi- 
ation (Ref. 2) from two colliding neutron stars is a very important event, akin to 
the discovery of neutron stars in 1967 by J. Bell and A. Hewish. This event — the 
rightfully-named Golden Binary - started the gold rush of multi-messenger grav- 
itational wave astronomy. Observations from neutron star mergers provide deep 
insights into the highly-nonlinear interaction between strong gravity and the sur- 
rounding magnetosphere, which could explain the mechanism behind the emission 
of short gamma ray bursts and relativistic jets. Sources of strongly collimated astro- 
physical jets come at all scales, from pulsars to quasars, but they have in common 
one fact: they are compact objects rotating within their magnetospheres. Spinning 
neutron stars have a dipolar magnetic field and emit electromagnetic radiation due 
to the tilt between the spin axis and the magnetic field lines. Black holes don't 
have magnetic poles, and therefore their magnetic fields are external, being gen- 
erated by the accretion disc. Although black holes tend to align their spin with 
the angular momentum of the accretion disc, the spin and orientation of the ac- 
cretion disks usually change as the holes grow through mergers and gas accretion.? 
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Initially, merging supermassive black holes don't rotate in the same direction, and 
misalignment between the accretion disc and the black hole spin is expected. 
Recent magnetohydrodynamic simulations show that for short timescales, jets 
are only partially aligned with the black hole spin. The influence of the tilt between 
the black hole spin and the rotation axis of the accretion disc, and therefore the role 
the orientation of the magnetic field plays in the formation and quenching of jets, 
is not yet fully understood.? Another process that is not completely understood is 
what is under the hood of the main engine that powers the jet. Are high black hole 
spins essential in triggering jet production, or is the most important role played 
by the dynamics of the accretion disc? Theoretical models show that relativistic 
jets can be generated from the rotational energy of a rapidly spinning black hole 
in strong magnetic fields through the Blandford-Znajek (BZ) mechanism." The 
vacuum around a rotating black hole is electromagnetically active, and gives rise to 
strong electric fields when the black hole is surrounded by a magnetic field. Those 
gravito-rotationally induced electric fields cause a toroidal magnetic field, which 
plays an important role in collimating astrophysical jets. Astronomical observations 
report that the transition from radio-quiet to radio-loud quasars occurs for black 
hole spins around 0.7 to 0.9 times the speed of light. 8 If black hole spin is at the root 
of this transition, one should see a sharp delimitation in the value of the black hole 
spins necessary for the onset and quenching of the jet.? Another problem arises when 
two merging black holes, embedded in an external magnetic field, spiral towards 
each other. The gravitational waves produced in this astrophysical scenario are 
expected to exert a direct effect on the magnetic fields. This coupling between the 
magnetic field and the surrounding dynamical spacetime induces electromagnetic 


waves, coincidental with the production of gravitational waves, which provides a 
detection avenue for multimessenger gravitational wave astronomy. !? 

We engage in numerical explorations to study the interplay between black holes 
and the surrounding magnetosphere, in order to understand how spinning black 
holes drag the space-time around them, causing the collimation and amplification 
of jets. This is a problem not yet completely elucidated, although great strides have 
been made towards it’s resolution. 1112 We use the recently-released open-source 
GiRaFFE code (Ref. 13) to perform numerical simulation of single Kerr black holes 
evolving in external magnetosphere and to look at the effect of black hole spin on 
the output of electromagnetic luminosity in order to discern if there is a threshold 
spin for the production or extinction of collimated jets. Next we study the effect of 
tilted magnetospheres around a black hole with a fixed spin of 0.8 times the speed 
of light, in order to discern if the tilt angle plays any role in the amplification or 
reduction of the jet power. 


2. Methods 


Theoretical Approach: In order to explore the coupling between highly energetic 
gravitational and electromagnetic fields we use the General Relativistic Force-Free 
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Electrodynamics (GRFFE ) ansatz. GRFFE is a limiting case of General Relativistic 
MagnetoHydroDynamics (GRMHD), consisting on ideal plasma coupled to strong 
electromagnetic and gravitational fields, when the magnetic field energy dominates 
and the fluid pressure can be ignored. This theoretical model combines the assump- 
tion of perfect electric conductivity of the plasma with the fact that the Lorentz 
force in the comoving frame is immediately neutralized by induced electric cur- 
rents, and it is commonly implemented in numerical codes to analyze the magne- 
tized environment around pulsars or accreting black holes.!^ This GRFFE approach 
is implemented in our open-source GiRaFFE code (Ref. 15) designed to model the 
magnetosphere of highly-relativistic objects, such as neutron stars and black holes. 
'The spacetime is evolved with the Einstein field equations, while the dynamics of 
the magnetized fluid are modeled using the conservation law A,T7^, = 0 for the 
energy-momentum tensor Tpi, and the Maxwell's equations AZ F"^ = 0 for the 
electromagnetic tensor F"^ in the force-free limit, F"^J,, = 0. The updated vari- 
ables are the magnetic field B’ and the Poynting vector Si = —yi,n,Tz,.? Here, 
J, is the 4-current, yi, is spatial three-metric, and n, the timeline unit vector. 

Numerical Techniques: The code evolves the vector potential A, = (4, A;) 
and Poynting vector S; one-forms, supplemented with an electromagnetic gauge 
evolution equation on a staggered grid, in order to keep the magnetic field diver- 
genceless. !? The evolution variables are linearly extrapolated to the outer boundary 
domain, which is causally disconnected from the interior by Adaptive Mesh Re- 
finement (AMR). In order to prevent the force-free condition from breaking down 
during the evolution due to accumulation of numerical error, two supplementary 
conditions are imposed on S; during evolution to limit the direction and magnitude 
of the electric field so that it stays perpendicular to and smaller than the mag- 
netic field: E;B! = 0 and B? > E?. However, this condition does not account 
for the current sheet (CS), which inherently forms in magnetized plasmas and it’s 
a critical component of the magnetospheres of rapidly spinning black holes.!! We 
introduce a thin CS spatially localized at the equator by setting to zero the velocity 
perpendicular to the z — 0 plane. 

Initial Specifications: We start with the magnetospheric Wald ansatz 
A, =0,A; = Zo (gig + 2agit) in terms of the Kerr metric in spherical coordinates. 16 
This vector potential creates a purely azimuthal magnetic field in Boyer-Lindquists 
coordinates, but in the horizon-penetrating Kerr-Schild coordinates there is an extra 
toroidal component Bg, due to the rotation of the geometry. The CS develops in the 
equatorial plane, forcing the anchored magnetic field lines to rotate with the black 
hole. There is no known exact solution for this magnetosphere, which is known as 
the “ultimate Rosetta Stone" for its close connection to the BZ process. 11:12 

'The second initial configuration is a uniform azimuthal magnetic field created by 
a toroidal vector potential Aj = Bop? sin? 0, which in cartesian coordinates becomes 
A; = Po (y, —zx,0) and produces a vertical magnetic field of magnitude Bg. With 
the CS in the equatorial plane, we tilt the magnetic field off the z-axis with an angle 
x by a rotation A; > o (yj, —1 cos X, x sin x) around the z-axis. 
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3. Results 


'The metric is described by the Kerr geometry in cartesian Kerr-Schild coordinates, 
radially shifted with rg = V1 — a? such that r — 1 + ro, and the black hole inner 
horizon is at r_ = 1. We vary the spin from a = 0.5c to a = 0.95c and run 
a suite of 15 tests, with the constant Bọ = 0.1M for the magnetic field. The 
numerical grid consists of n — 5 levels of refinement, with resolution scaling as 
Azo/2"-1 where Azo = 2M, and extends to [-50M, -50M]? in the (x,y) plane 
and to [-100M, 100M] in the z direction. We visualize the EM luminosity: Lem = 
J r?SdQ, given by the Poynting flux across a sphere: S = n'e;ij YE) Bh, n! = = 
In all the figures dark colors are low luminosity, bright colors are high luminosity. 
Magnetospheric Wald: In Fig. 1 we show the time evolution of this testcase 
for a = 0.95c, at r = 20M. We distinguish two transient domains, between t = 
{0,50}M and t = (150,200! M, when the electromagnetic field changes, and two 
stable phases: for t = (50,150) M with a collimated ring-like jet structure at the 
poles, and the second starting at t = 200M when the jet broadens and precesses. 


Fig. l. Poynting luminosity of Wald magnetosphere with equatorial CS for Kerr black hole of 
spin a = 0.95c and radius r = 20M. From left to right the time is t = (20, 60, 100, 140, 180, 200} M. 


In Fig. 2 we plot the Poynting flux at r = 20M and t = 100M corresponding 
to the maximum amplitude and collimation of the jet. The intensity of the EM 
luminosity depends on the spin, as expected for the BZ process, however we discern 
the poloidal jet even at low spins, with no sign of spin threshold for jet production. 


Fig. 2. Poynting luminosity of Wald magnetosphere with equatorial CS for Kerr black hole at 
t — 100M and r = 20M. From left to right the spins are: a = {0.5, 0.6, 0.7, 0.8, 0.85, 0.9}c. 


In Fig. 3 we plot the Poynting luminosity for a Kerr hole with spin a — 0.95c for 
increasing radii r = (10,20,30, 401 M at the time corresponding to the maximum 
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amplitude and collimation of the jet. We see that the power of the jet scale is 
inversely proportional to the radius, while the collimation is directly proportional. 


Fig. 3. Poynting luminosity of Wald magnetosphere with equatorial CS for Kerr black hole for 
a = 0.95c. From left to right {r,t} = (10M, 90M}, (20M, 100M}, (30M, 110M}, (40M, 120M}. 


Uniform Magnetosphere: Fig. 4 shows that the time evolution of the luminosity 
for an initially vertical magnetosphere around a Kerr black hole is similar to the 
Wald magnetosphere. We compare the luminosity for four tilt angles at t = 100M 
in Fig. 5 and at t = 300M in Fig. 6, and we see that it increases with the tilt angle. 


Fig. 4. Poynting luminosity of vertical magnetosphere with equatorial CS for Kerr black hole 
with a = 0.8c and r = 20M. From left to right the time is t = (60, 120, 180, 240, 3001 M. 


Fig. 5. Poynting luminosity of tilted magnetosphere with equatorial CS for Kerr black hole with 
a = 0.8c, r = 20M and t = 100M. From left to right the angle is x = {0°, 15°, 30°, 45°}. 


4. Discussion 


We find that the geometry brings the black hole magnetosphere to a stability domain 
with a poloidal, precessing jet. We see two stable phases: early on, the jet forms a 
collimated, ring-like structure at the poles, while at late times, the jet broadens and 
precesses. Both the spin and the tilt angle affect the amplitude but not the shape of 
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Fig. 6. Poynting luminosity of tilted magnetosphere with equatorial CS for Kerr black hole with 
a = 0.8c, r = 20M and t = 300M. From left to right the angle is x = {0°, 15°, 30°, 45°}. 


the jet, with no indication of high spin threshold for jet formation. Visualizations 
are available at https: //github.com/mbabiuc/KerrMagnetosphere. 
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Development of position control system using thruster and thrust stand 
to measure 4 N-level force noise for drag-free control of DECIGO 
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DECIGO (DECi-hertz Interferometer Gravitational wave Observatory) is a planned 
space mission targeting the detection of gravitational waves from very beginning of 
the universe, which no one has ever seen. As DECIGO utilizes freely flying Fabry- 
Perot cavities in orbit, a feasibility study of complex of its control systems including 
laser interferometer, which is tightly connected to drag-free control system together with 
formation-flying system, is a critical issue to realize DECIGO. As a first step to realize 
drag-free control required for DECIGO, we started from two experiments: the first one 
is a demonstration of position control using a thrust system, and the other is the devel- 
opment of a thrust stand to characterize the thrusters with jzN-level force noise. In this 
paper, our progress and prospects for the next of these experiments are summarized. 


Keywords: Gravitational wave; DECIGO; Drag-free control; Formation flying. 


1. Introduction 


The idea of DECIGO! is to build a laser interferometer having Fabry-Perot (FP) 
cavities in its arms with baseline of 1000 km, forming a triangular shape like LISA? 
in orbit. As test masses (TM), which work as mirrors for FP cavities also, probe for 
gravitational waves in spacetime, they are housed in spacecraft (S/C) and should be 
kept freely floating inside S/C using drag-free control. In addition to the control of 
three FP cavities, a drag-free control system tightly connected to formation-flying 
control to keep the three S/Cs in a triangular shape is essential to establish the 
control complex required for DECIGO. Using the FP cavity, instead of an optical 
transponder, for a laser link between S/Cs is a significant and also essential dif- 
ference between DECIGO and LISA. To make these techniques feasible, sequential 
development of basic technologies are indispensable. 


2. Demonstration of position control using thrust system 


Drag-free control is a control system that S/C follow freely floating TMs inside 
S/C. The separation and the relative attitude between TMs and S/C are measured 
by local sensors, then by feeding these error signals back to the thrusters the S/C 
will ideally follow the TMs. Actually, as each S/C holds a couple of TM, common 
displacements and angle deviation of TMs relative to S/C are involved in drag-free 
control. On the other hand, error signals for differential degrees of freedom are 
fed back to the local actuators to provide forces on the T'Ms to maintain relative 
position and attitude between the TMs and the S/C. Therefore, the bandwidth of 
drag-free control should be below 10 Hz, in order not to degrade the signals in the 
observation band of the laser interferometer. 
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Fig. 1. The schematic diagram of position control experiment using thrust system. 


The first step to demonstrate these complex systems is an experiment of position 
control using thruster-like propulsion as actuators, because one of most significant 
difference between terrestrial detectors and space missions is that S/C is to use 
thrusters as actuators instead of traditional electro-magnetic actuators. The object 
to be position-controlled, which is supposed to be a S/C thruster on board, is sus- 
pended with a single pendulum with one degrees of freedom for translation (Fig. 1). 
The position of the object is sensed using a photo sensor fixed on the optical table to 
give a differential displacement between the optical table and the object. We used 
a FPGA-based computer, cRIO (National Instruments), to provide digital filtering 
as a controller. A simple lag-lead filter was implemented on FPGA using LabVIEW 
software to stabilize the feedback control loop. We have composed a thruster-like 
propulsion system using a small CO» gas cartridge together with regulators and flow 
controller using piezo valves. Therefore, the error signals from the photo sensors 
were fed back to the input of piezo-controlled flow controller through the FPGA 
controller. The photo sensor and cRIO was located on the table top, so the signals 
from FPGA to the piezo valves were sent via a pair of very thin wires. 

'The behavior of error and feedback signals in the time domain is plotted in Fig. 2, 
which shows that the eigen mode of the pendulum at about 0.7Hz was certainly 
suppressed by engaging the control loop. The corresponding transfer function of 
the control loop is plotted in Fig. 2. The signals around this peak structure had been 
effectively fed back and suppressed as it was expected form time domain signals in 
Fig. 2. One of the next steps is to characterize and improve the current system to 
performance as well as DECIGO requires. The second is to extend the system to a 
demonstration of drag-free control for all degrees of freedom. 


3. Development of thrust stand to measure pN-level force noise 


The TMs are to be housed and freely floating inside S/C in an ideal situation. But 
in reality, T Ms could be affected by external accelerations caused by many sources, 
including gravity, electro-magnetic interaction, cosmic rays, and so on. Especially, 
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Fig. 2. The behavior of the error and the feedback signals in time domain (left) and the open-loop 
transfer function of control loop (right). 


the displacement of S/C itself, which can act as a source of external acceleration on 
the TM through some coupling between TM and S/C, is thought to be one of most 
significant force noise sources. The force noise of the thrusters is an inevitable source 
for the displacement on S/C. Thus, in this sense, low force noise is an indispensable 
characteristic required for DECIGO. So far, the requirement for the force noise of 
the thruster is set to be 107"N/ VHz at 0.1 Hz, assuming some coupling between 
S/C displacements and external acceleration on the TM. 


Torsion pendulum 
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Fig. 3. The schematic diagram of the setup for the thrust stand system experiment. 


We have started to develop a so-called thruster stand to measure the force noise 
spectrum of the thruster system. In order to extend measurement band width below 
0.1 Hz, it is well-known, and also a beneficial idea to use a torsion pendulum for 
lowering resonant frequency, instead of single pendulum (Fig. 3). The measurement 
method of tiny force is based on a mechanism of a servo-type accelerometer, in 
which the error signals of position-controlled TM gives information on the external 
acceleration. Current thruster stands have no thrust systems on board, so the main 
objective of this setup is to evaluate the system noise of the measurement systems 
(Phase-1). The rotation of the torsion pendulum was sensed with a couple of photo 


1591 


sensors located at opposite sides of the each end of the torsion bar. Adding these 
signals from photosensors can eliminate the common displacement signals from the 
translation mode of the pendulum, and thus gives an error signal for rotation degrees 
of freedom. This error signal was fed back to the coil-magnet actuator to maintain 
the rotation angle of the torsion bar. 

'The measured system noise of the thruster stand is plotted in Fig. 4 together 
with identified noise sources. The floor noise level below several Hz is already below 
our requirement except at around pendulum resonant frequency. We have also tried 
to modify our current system to have a thruster-like propulsion system on board 
(Phase-2). The concept of the measurement system is the same but the weight of 
the stand was increased to 2.4 kg due to the thrusters and a Michelson type laser 
interferometer was used as a displacement sensor instead of photo sensor. The floor 
noise level and the noise structure in the frequency range of our interest was changed 
according mainly to the change in the mechanical structure, as is shown in Fig. 4. 
'The force measurement system using a torsion pendulum seems to work below our 
requirement noise level in terms of system noise. Thus, the next step is to actually 
measure the propulsion noise of the thrusters. 
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Fig. 4. The noise-equivalent sensitivity curve for the thruster stand system with identified noise 
sources (left) and the sensitivity curve for the thruster stand of phase-2 compared with phase-1 
(right). 


4. Conclusions 


We have developed control and measurement systems closely related to a drag- 
free control of space gravitational wave antenna mission, DECIGO. The position 
control using a thrust system succeeded in showing the feasibility of the system for 
one degree of freedom of translation, and the thrust stand showed acceptable noise 
levels against requirement in terms of system noise. 
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Constructing test bench for integration tests of components developed 
for DECIGO and B-DECIGO 
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DECIGO and B-DECIGO is space gravitational wave detecter project which aims 
decihertz band. In (B-)DECIGO, dual-pass differential Fabry-Pérot interferometer 
(DPDFPI) is planed to be used. Also, to reduce the noise from the space craft dis- 
placement, drag-free control is implemented. It is needed to demonstrate DPDFPI with 
drag-free control with a test bench. In the test bench, DPDFPI is constructed with softly 
suspended benches and cavities to mimic the motion in the space. In this article, the 
design of the optical and mechanical part in the test bench is reviewed. First, the opti- 
cal design is shown. Second, mechanical suspension design is explained. All resonance 
modes of the important degree of freedom is designed to be less than ~ 1 Hz. 


Keywords: Gravitational wave; laser interferometer; DECIGO; B-DECIGO. 


1. Introduction 


DECIGO and B-DECIGO is a proposed space-borne gravitational wave detector 
in decihertz frequency range.! (B-)DECIGO have many objectives, such as, ob- 
servation of compact binary coalescences such as black holes and neutron stars, 
measurement of Hubble constant from long duration signal of neutron star inspi- 
rals, and, especially in DECIGO, characterization of inflation. The sensitivity of 
DECIGO will reach ~ 10-74 1/4/Hz since DECIGO has a Fabry-Pérot cavity in its 
arms which interact gravitational waves. 

In DECIGO and B-DECIGO, the dual-pass differential Fabry-Pérot interferom- 
eter (DPDFPI) as shown in Fig. 1 is planed to be used. In DPDFPI, the laser lights 
from two satellites co-stand in one arm cavity and its length can be measured by 
two ways. This leads to the redundancy which is important in space mission. In 
addition, the number of test mass for one interferometer is reduced in DPDFPI. 

Laser interferometers are operated in ground-based gravitational wave detec- 
tors, such as Advanced LIGO, Advanced Virgo, KAGRA.?? However, specific 
control scheme of DPDFPI in (B-)DECIGO is still under consideration. In order 
to decide the control scheme of DPDFPI, some special techniques to space-borne 
detecters should be demonstrated, such as drag-free control with interferometer 
control. Drag-free control is a scheme where the distance and angle between the 
spacecraft and the test mass which is contained in the spacecraft are measured and 
controlled. This is necessary to reduce a noise coupled with spacecraft motion. 
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Before launch of (B-) DECIGO, DPDFPI with drag-free control has to be demon- 
strated on the ground. For the demonstration, construction of the test bench 
started. In this article, we reviewed the design of the test bench. 


2. Design of the interferometer test bench 
2.1. Overview of the test bench 


The overview schematic of the test bench is shown in Fig. 1. The test bench is 
designed to have essential parts of (B-)DECIGO; DPDFPI and drag-free controlled 
spacecrafts. All main cavities and almost all input and output optics except laser 
sources and electro-optic modulators are placed in à vacuum chamber. The laser 
sources and its modulation systems for taking a length and angular signal of the 
cavity are placed outside of the chamber. The light is introduced though optical 
fibers into the chamber. The interferometer scale is about 1 m. This is limited by 
the size of the vacuum chamber. The detailed optical design is explained later. The 
mechanical system is divided into two components; test masses, i.e. cavity mirrors, 
and optical benches where the input and output optics are placed. The optical bench 
emulates the spacecraft in the space. To mimic low-gravity environment in space, 
the test masses and optical benches are softly suspended as explained later. As the 
demonstration of the drag free control, the relative motion and angle between the 
suspended optical bench and mirrors is measured and controlled with local sensors 
and actuators. 


Test on 
ground 


1000 km 


Suspended 


Drag-free spacecraft optical bench 


Fig. 1. Overview schematic of DECIGO and its the test bench on ground. BS, beam splitter; FI, 
Faraday isolator; PD, photodetector; QPD, quadrant photodetector. 
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2.2. Optical design of the test bench 


The schematic of the optical design is shown in Fig. 2. The optical design of the 
test bench is made miniaturized and simplified compared with (B-)DECIGO design. 
The length of the cavity is 0.63 m and the radius of curvature of each mirror is 2 m. 
The cavity is critically coupled with finesse of 3100. The laser with wavelength 
of 1550 nm is introduced with fiber from the outside of the chamber. During the 
transfer, the laser is phase-modulated by electro-optic modulator for Pound-Drever- 
Hall technique and so-called wave front sensing technique for cavity length and 
alignment measurement.9 5 The fiber output collimator is place on the suspended 
optical bench. The output light is splitted to two ways for two cavities. The light is 
isolated by Faraday isolators. The Faraday isolators can separate the reflected and 
transmitted light since the lights input from each side of the cavity have orthogonal 
linear polarization. The reflected light is received by radio-frequency photodetectors 
and quadrant photodetectors which are used to sensing cavity length and alignment 
measurement. The transmitted light is monitored with the photodetectors. In the 
test bench, the frequency and intensity stabilizing system is not implemented. 


PD(TRANS) 


Suspended 
mirror 


Light from the 
other bench 


PD(REFL) 


FI 


Suspended 
optical bench 


Fig. 2. Optical design of the test bench. EOM, electro-static modulator; HWP, half wave plate. 


2.3. Mechanical design of the test bench 


'The schematic of the suspension system is shown in Fig. 3. In the test bench, there 
two types of suspension system: optical bench and cavity mirror suspension system. 
They are designed to have resonant frequency less than ~ 1 Hz for all considered 
mode. 

The cavity mirrors are suspended with a double pendulum system. The first 
stainless beam is 10 x 2 x 2 cm? and mass of 360 g. It is suspended by single 
tungsten wire with 10-cm long and 120-,um diameter. The mirror holder which 
contains the cavity mirror is suspended from one edge of the beam by two tungsten 
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wires with 40-um diameter. The mirror holder is made of aluminum and its mass 
is about 220 g. The mirror holder has plus shape to increase moment of inertia for 
yaw and pitch motion. To compensate the mass of the mirror holder, a the counter 
weight is attached on the other edge of the beam. 

The optical bench is suspended with a single piano wire whose diameter is 
150 um and length is 25 cm via a coil spring with spring constant of ~ 10? N/m. 
The optical bench is an aluminum plate with thick of 1.5 cm and diameter of 30 cm. 
'The total mass of the optical bench including optic on it is estimated to be about 
15 kg. 

'The estimated resonant frequencies of the mirror and the optical bench suspen- 
sion for each impotant mode calculated with a toolkit of 3D rigid-body modeling 
coded in Mathematica in Refs. 9, 10 are shown in Table 1. For the mirror and 
the optical bench suspension, the mode in terms of the center of the mirror and 
aluminum plate are considered, respectively. Table 1 shows that the requirement is 
almost achieved. 


(a) (b) 


~ Coil spring 
Piano wire 


(Stainless steel) Tungsten 


Counter weight WIE 
(Stainless steel) 15 cm 

Mirror holder 1.5 cm 
(Aluminum) 


Cavity mirror 


9 cm 
Aluminum plate 


(c) 


Fig.3. Schematic (upper panel) and CAD image (lower panel) of the suspension system of the test 
bench. Left and right panels show the mirror and optical bench suspension system, respectively. 
In the CAD image of the optical bench (d), the coil spring is not shown. For the mirror and the 
optical bench suspension, the mode in terms of the center of the mirror and aluminum plate are 
considered, respectively. 


1597 


Table 1. Resonant frequencies for each mode of two suspension types. Mode 
name: L, longitudinal; T, translation; V, vertical; Y, Yaw; P, pitch; R, 
roll Since the roll mode of the mirror does not matter due to the sym- 
metry of the mirror, its resonant frequency is shown just for reference. 


Suspension type L T V Y E R 
Mirror 0:02 Hz 0.05 Hz | (30 Hz) 
Optical Bench 1Hz 1Hz | 1.4 Hz | 0.01 Hz | 0.09 Hz | 0.09 Hz 


2.4. Local sensors and actuators 


To measure the relative motion and angle between the cavity mirrors and optical 
bench, reflective photosensors and optical levers are used. The motion and angle 
of the optical bench in the inertial system of a ground is also measured with pho- 
tosensor and optical levers. As actuators, conventional coil-magnet actuators are 
used. They are used to apply force between mirror suspension and optical bench 
and apply force to the optical bench from the ground. The latter simulates thrusters 
of space craft, such as cold gas or field-emission electric propulsion thrusters. Note 
that these sensors and actuators are not ones which will be used in (B-)DECIGO. 
However, they can be replaced by the real ones for the integration test of the whole 
(B-)DECIGO system in future. 


3. Summary and outlook 


In this article, we reviewed the experimental design of the test bench for DECIGO 
and B-DECIGO. Optical and mechanical systems which is essential part of the test 
bench has been designed. Construction of the test bench is on going and will be 
followed by demonstration of the DPDFPI with drag-free control. 


Acknowledgments 


This work is supported by JSPS Grant-in-Aid for Scientific Research (A) No. 
15H02087. In addition, KN and YM are supported by the JSPS KAKENHI Grant 
No. JP17J01176, and JSPS Grant-in-Aid for Scientific Research (B) No. 18H01224. 
TS acknowledges financial support received from the Advanced Leading Graduate 
Course for Photon Science (ALPS) program at the University of Tokyo. 


References 


S. Kawamura et al., J. Phys.: Conf. Ser. 120, 032004 (2008). 

J. Aasi et al., Class. Quantum Grav. 32, 074001 (2015). 

F. Acernese et al., Class. Quantum Grav. 32, 024001 (2014). 

K. Somiya, Class. Quantum Grav. 29, 124007 (2012). 

. Y. Aso et al., Phys. Rev. D 88, 043007 (2013). 

R. W. P. Drever et al., Appl. Phys. B 31, 97 (1983). 

. E. Morrison, B. J. Meers, D. I. Robertson, and H. Ward, Applied Optics 33, 
5037 (1994). 


LOO c wwc 


1598 


8. E. Morrison, B. J. Meers, D. I. Robertson, and H. Ward, Applied Optics 33, 
5041 (1994). 

9. M. Barton, LIGO Internal Document, LIGO-T020205, “Models of the Ad- 
vanced LIGO Suspensions in Mathematica" (2014). 

10. T. Sekiguchi, KAGRA Internal Document, JGW-T1503729, "Suspension 
rigid-body modeling tool in Mathematica" (2015). 


1599 


Prospects for improving the sensitivity of 
KAGRA gravitational wave detector 


Yuta Michimura,“* Masaki Ando," Eleonora Capocasa,^ Yutaro Enomoto,” Raffaele Flaminio," 


Sadakazu Haino,7 Kazuhiro Hayama,* Eiichi Hirose,/ Yousuke Itoh,’ Tomoya Kinugawa," 


Kentro Komori,^: Matteo Leonardi,? Norikatsu Mio, Koji Nagano,/ Hiroyuki Nakano,” 
Atsushi Nishizawa,! Norichika Sago," Masaru Shibata,"? Hisaaki Shinkai,? Kentaro Somiya,? 
Hiroki Takeda," Takahiro Tanaka,?^" Satoshi Tanioka,"* Li-Wei Wei,’ Kazuhiro Yamamoto" 


* Department of Physics, University of Tokyo, Bunkyo, Tokyo 113-0033, Japan 
^ National Astronomical Observatory of Japan, Mitaka, Tokyo 181-8588, Japan 
* Laboratoire d'Annecy de Physique des Particules (LAPP), Univ. Grenoble Alpes, Université 
Savoie Mont Blanc, CNRS/IN2P8, F-74941 Annecy, France 
4 [nstitute of Physics, Academia Sinica, Nankang, Taipei 11529, Taiwan 
* Department of Applied Physics, Fukuoka University, Nanakuma, Fukuoka 814-0180, Japan 
f Institute for Cosmic Ray Research, University of Tokyo, Kashiwa, Chiba 277-8582, Japan 
9 Department of Physics, Osaka City University, Sumiyoshi, Osaka 558-8585, Japan 
h Department of Astronomy, University of Tokyo, Bunkyo, Tokyo 113-0033, Japan 
i LIGO Laboratory, Massachusetts Institute of Technology, Cambridge, MA 02139, USA 
J Institute for Photon Science and Technology, University of Tokyo, Bunkyo, Tokyo 113-8656, 
Japan 
* Faculty of Law, Ryukoku University, Fushimi, Kyoto 612-8577, Japan 
! Research. Center for the Early Universe (RESCEU), School of Science, University of Tokyo, 
Bunkyo, Tokyo 113-0033, Japan 
™ Faculty of Arts and Science, Kyushu University, Nishi, Fukuoka 819-0395, Japan 
? Max Planck Institute for Gravitational Physics (Albert Einstein Institute), Am Muhlenberg 1, 
Postdam-Golm 14476, Germany 
°Center for Gravitational Physics, Yukawa Institute for Theoretical Physics, Kyoto University, 
Sakyo, Kyoto 606-8502, Japan 
P Faculty of Information Science and Technology, Osaka Institute of Technology, Hirakata, 
Osaka 573-0196, Japan 
7 Department of Physics, Tokyo Institute of Technology, Meguro, Tokyo 152-8550, Japan 
" Department of Physics, Kyoto University, Sakyo, Kyoto 606-8502, Japan 
* The Graduate University for Advanced Studies (SOKENDAI), Mitaka, Tokyo 181-8588, Japan 
t Max Planck Institute for Gravitational Physics (Albert Einstein Institute), Callinstrafe, 
Hannover 30167, Germany 
“Department of Physics, University of Toyama, Toyama, Toyama 930-8555, Japan 
* E-mail: michimura@granite.phys.s.u-tokyo.ac.jp 


KAGRA is a new gravitational wave detector which aims to begin joint observation 
with Advanced LIGO and Advanced Virgo from late 2019. Here, we present KAGRA’s 
possible upgrade plans to improve the sensitivity in the decade ahead. Unlike other 
state-of-the-art detectors, KAGRA requires different investigations for the upgrade since 
it is the only detector which employs cryogenic cooling of the test mass mirrors. In this 
paper, investigations on the upgrade plans which can be realized by changing the input 
laser power, increasing the mirror mass, and injecting frequency dependent squeezed 
vacuum are presented. We show how each upgrade affects to the detector frequency 
bands and also discuss impacts on gravitational-wave science. We then propose an 
effective progression of upgrades based on technical feasibility and scientific scenarios. 


Keywords: Gravitational waves; Cryogenics; Underground; Laser interferometer; Opti- 
mization. 
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1. Introduction 


'The era of gravitational wave astronomy began with the first direct detections of 
gravitational waves from binary black holes and binary neutron star systems by Ad- 
vanced LIGO and Advanced Virgo!?. Improving the sensitivity of these detectors 
enables more frequent detections and more precise source parameter estimation. To 
this end, there have been extensive studies to improve the sensitivity beyond the 
detector's original design sensitivity. 

Within LIGO Scientific Collaboration and Virgo Collaboration, there are on- 
going effort to upgrade Advanced LIGO and Advanced Virgo detectors to A+? 
and AdV--^, respectively, by around 2024°. The designed sensitivities of A+ and 
AdV-+ are improved over that of Advanced LIGO and Advanced Virgo by roughly 
a factor of two. The improvement is in part realized by the coating thermal noise 
reduction either from the mechanical loss reduction of the coating material or from 
larger beam size. Also, broadband quantum noise reduction is expected by using a 
300-m filter cavity to generate frequency dependent squeezed vacuum". Twofold 
broadband sensitivity improvement leads to eightfold increase in the detection rate, 
and halves the parameter estimation error. 

KAGRA is another laser interferometric gravitational wave detector which is 
being built in Japan?? and plans to start observation jointly with Advanced LIGO 
and Advanced Virgo from late 2019. Compared with the other detectors, KAGRA 
has two technologically unique features: it is constructed at a seismically quiet 
underground site, and it uses sapphire mirrors at cryogenic temperatures to reduce 
thermal noise. Therefore, KAGRA has a unique potential to further improve its 
sensitivity, and upgrading KAGRA will require different approach compared with 
the other detectors. 

In this paper, we discuss the prospects for the upgrade of the KAGRA detector. 
We start by describing possible technologies that can be applied for upgrading 
KAGRA and show that different technologies will improve the sensitivity in different 
frequency bands. We then discuss impacts on gravitational wave detections for each 
upgrade, and show possible strategy for the KAGRA upgrade in this decade. 


2. Technologies for the KAGRA upgrade 


'The current design sensitivity of KAGRA is shown in Fig. 1. At low frequencies, 
the sensitivity is limited by the suspension thermal noise and the quantum radiation 
pressure noise. At high frequencies, the sensitivity is limited by the quantum shot 
noise. At the most sensitive band in the mid-frequencies, the sensitivity is limited 
by the mirror thermal noise, which manly comes from the coating Brownian noise. 
'Thanks to cryogenic cooling of the sapphire test masses to 22 K, the mirror thermal 
noise is smaller than Advanced LIGO and Advanced Virgo although the size of the 
test mass is smaller. However, the suspension thermal noise is higher since the heat 
extraction is done by the sapphire fibers suspending the test mass and it requires 
thick and short fiber (1.6 mm diameter, 35 cm long) for efficient heat extraction. The 
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Fig. 1. The design sensitivity of KAGRA. The seismic noise shown includes the estimated New- 
tonian noise from the surface and bulk motion of the mountain containing KAGRA. The mirror 
thermal noise shown is the sum of the thermal noise from the test mass substrates and the coatings. 
Sensitivity curves for Advanced LIGO (aLIGO)!? and Advanced Virgo (AdV)? are also shown 
for comparison. 


quantum shot noise is also higher due to input laser power limitation for cryogenic 
cooling. Because of these features, KAGRA plans to use quantum non-demolition 
techniques such as the detuing of the signal recycling cavity and homodyne readout 
to reduce quantum noise in the most sensitive band at the cost of narrowing the 
detector bandwidth. Detailed discussion on the sensitivity optimization of KAGRA 
is given in Refs. 10, 11 

To improve the sensitivity of KAGRA, retuning of laser power and suspension 
parameters will help at certain frequency bands. Increasing the mirror mass and 
injection of frequency dependent squeezed vacuum are also promising ways to im- 
prove the sensitivity. In the following subsections, we will discuss the effect of each 
technology for the upgrade of KAGRA. We will then discuss longer term prospects 
for the upgrade which can be realized by combining multiple technologies in this 
decade. Example sensitivity curves of KAGRA upgraded with different technolo- 
gies discussed below are shown in Fig. 2 (Left). The interferometer parameters 
and the dimensions of the suspension fibers to calculate these sensitivity curves 
are optimized with particle swarm optimization method described in Ref. 11. The 
sensitivity curve data are available at Ref. 14. 


2.1. Laser power and heat extraction 


'The input laser power and suspension thermal noise is closely related in KAGRA 
since heat extraction is done by the suspension fibers. To improve the sensitivity 
at low frequencies, reduction of suspension thermal noise is necessary. This can be 
done by changing the suspension fibers to thinner and longer ones since suspension 
thermal noise scales with d? /lr, where d; and lẹ are the diameter and the length of 
the fiber, respectively. However, this will result in larger shot noise because the heat 
extraction efficiency will be less and maximum input laser power allowed will be 
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Fig. 2. (Left) Example sensitivity curves for the upgrade of KAGRA using different technologies. 
LF: Lower input power plan to focus on low frequency. HF: Higher power plan with frequency 
independent squeezed vacuum to focus on high frequency. 40kg: Sensitivity with increased mass 
of the test masses from 22.8 kg to 40 kg. FDSQZ: Sensitivity with the injection of frequency 
dependent squeezed vacuum generated with a 30-m filter cavity. Longer term: Example of longer 
term upgrade plan combining multiple technologies. Sensitivity curves for A--1? and AdV+5 
are also shown for comparison. (Right) The horizon distance of example KAGRA upgrades for 
equal-mass, nonspinning binaries. The horizon distance shows the maximum distance at which 
gravitational waves can be detected with signal-to-noise ratio of more than 8. 


less. Similarly, higher laser power to reduce shot noise at high frequencies require 
thicker and shorter suspension fibers, which will result in larger suspension thermal 
noise. 

The LF curve shown in Fig. 2 is an example curve which the sensitivity at low 
frequencies is improved by lowering the laser power at the beam splitter from 673 W 
to 5 W. This plan requires higher detuning of the signal recycling cavity to reduce 
quantum noise at around 20-30 Hz. The suspension thermal noise peak at 31 Hz in 
the original KAGRA design sensitivity comes from the vertical motion of the inter- 
mediate mass suspension. Therefore, to remove this peak from the low frequency 
band, the LF plan also requires heavier intermediate mass with thinner and longer 
suspension wires. The interferometer parameters are optimized to maximize the 
inspiral range of 100 Mo-100 Me binary in the detector frame. 

The HF curve shown in Fig. 2 on the other hand focuses on the high frequencies 
by increasing the laser power at the beam splitter to 3400 W. It also assumes the in- 
jection of frequency independent squeezed vacuum to further reduce the shot noise. 
Here, 6 dB of detected squeezing at high frequencies is assumed. The interferometer 
parameters are optimized to minimize the sky localization error of GW170814-like 
binary neutron stars". 


2.2. Increasing the mirror mass 


Increasing the mass of the test mass generally improves the sensitivity since the 


suspension thermal noise and quantum radiation pressure noise scales with m-?/? 


and m~!, respectively. The coating thermal noise also can be reduced since larger 
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mirror allows larger beam size on the mirror. Assuming both the aspect ratio of the 
mirror and the ratio of the beam diameter to the mirror diameter to be the same, 
the coating thermal noise scales with m- !/9, 

The 40kg curve shown in Fig. 2 is an example sensitivity with the mirror mass 
increased from 22.8 kg to 40 kg. Considering the design inside the current KAGRA 
cryostat, 40 kg would be the size limit without changing the cryostat drastically. The 
interferometer parameters are optimized to maximize the inspiral range of 1.4 Mo- 
1.4 Mo binary. We note here that coating thermal noise reduction by larger beam 
size is assumed but smaller mechanical loss of the coating material is not assumed 
in the sensitivity calculation to show a feasible plan. 

Interestingly, increasing the mirror mass result in the sensitivity improvement 
only at mid-frequencies where coating thermal noise dominates. This is because 
heavier mass requires higher laser power to keep the frequency sor, where quantum 
noise reaches the standard quantum limit to be the same. In case of KAGRA, fsor 
should be as high as possible until the quantum noise reaches the coating thermal 
noise, if we want to maximize the inspiral range. This is because the frequency 
dependence of the standard quantum limit (f~+) is larger than that of the inspiral 
signal (/-?/3). Therefore, the laser power scales with more than m. Higher laser 
power requires thicker suspension fibers and in the end the suspension thermal noise 
is not much dependent on the mirror mass. 


2.3. Frequency dependent squeezing 


Injection of frequency dependent squeezed vacuum is a promising way to reduce 
both radiation pressure noise and shot noise, which can be done without increasing 
the mirror mass or the laser power. The FDSQZ curve shown in Fig. 2 is an example 
curve which can be realized with 30-m filter cavity and 5 dB of detected squeezing at 
high frequencies. 30-m filter cavity can be constructed along the vacuum tubes of the 
signal recycling cavity. The interferometer parameters are optimized to maximize 
the inspiral range of 1.4 Mo-1.4 Mo binary. 

As discussed previously, the input laser power should be increased for higher 
fsqr and this result in slightly worse suspension thermal noise. Also, injection of 
squeezed vacuum prefers no detuning of the signal recycling cavity. Therefore, in- 
jection of frequency dependent squeezed vacuum result in a sensitivity improvement 
at high frequencies. 


2.4. Longer term prospects 


As we have shown, applying only one of these technologies give sensitivity improve- 
ment at certain frequency bands. Combination of multiple technologies is necessary 
for broadband sensitivity improvement. The Longer term curve shown in Fig. 2 is an 
example sensitivity for 5 to 10-year upgrade plan which can be realized with 100 kg 
mirrors, 30-m filter cavity and 3500 W of the laser power at the beam splitter. 
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'The interferometer parameters are optimized to maximize the inspiral range of 
1.4 Mo-1.4 Mo binary. 

The situation is similar to FDSQZ plan, but because of larger test mass, sus- 
pension thermal noise and coating thermal noise are also reduced. In total, twofold 
broadband sensitivity improvement will be realized. 


3. Science case study and disussion on strategic upgrade 


Although combination of multiple upgrade components is necessary for the broad- 
band sensitivity improvement, upgrades to the detector should be done in an incre- 
mental way. Which to be implemented at earlier stages depend on the technological 
feasibility and impact on gravitational-wave science. 

Figure 2 (Right) shows the horizon distance of each example upgrade for compact 
binary coalescences. LF plan has the largest horizon distance above ~ 200Mo in 
total mass, whereas 40kg plan has the largest horizon distance for smaller masses. 
We can say that LF has the highest probability of detecting the intermediate mass 
black holes (IMBHs). 

Although the horizon distance is not great, HF plan gives the smallest sky 
localization error for binary neutron stars. The median of the sky localization error 
for GW170817-like binaries calculated with the same method described in Ref. 11 for 
LF, HF, 40kg and FDSQZ are 0.507 deg?, 0.105 deg?, 0.156 deg? and 0.119 deg?, 
respectively. For the sky localization of 30 Mo-30 Mo binary black holes, 40kg 
gives the smallest error. For constraining neutron star equation of state and for 
search for continuous waves from pulsars, HF and FDSQZ will be the best choices 
since the sensitivity from 500 Hz to 4 kHz is important for these studies. For the 
test of general relativity through inspiral-merger-ringdown waveform, broadband 
configuration such as FDSQZ and 40kg would be preferred. 

From the technical feasibility point of view, LF has the largest uncertainty since 
there are many kinds of low frequency excess noises other than the fundamental 
noises discussed above, such as scattered light noise, vibration noise from cryocool- 
ers, interferometer controls noise etc. 40 kg test mass would be feasible in next few 
years, but even larger mirror is required for longer term upgrade. Considering that 
higher power laser source and squeezed vacuum source are required also for longer 
term upgrade, implementing these as a first step to focus on high frequency sensi- 
tivity improvement would be a strategy for the upgrade. HF plan is also attractive 
in that it might be able to do original science because HF has better sensitivity at 
high frequencies than A+ and AdV+. 


4. Summary 


Upgrading KAGRA requires simultaneous tuning of the parameters related to ther- 
mal noise and those related to quantum noise since the heat extraction is done 
through the fibers suspending the test mass mirrors. We showed that shifting the 
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detector frequency band of KAGRA is possible by changing the input laser power. 
We also showed that increasing the mirror mass and injection of frequency de- 
pendent squeezed vacuum will improve the sensitivity at mid-frequencies and high 
frequencies, respectively. Considering the technical feasibility and impact on the 
detection of gravitational waves, possible strategy for upgrading KAGRA would 
be to focus on high frequency improvement with higher laser power and squeezed 
vacuum injection for near term. In a longer term, broadband twofold improvement 
with frequency dependent squeezed vacuum injection and heavier mirror would be 
realized. 

In this study, improvements in the coating, increased heat conductivity of the 
suspension sapphire fibers and reduced heat absorption of the sapphire mirror are 
not considered. More detailed investigations and other possibilities of the upgrade 
will be reported elsewhere. 
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We demonstrated a cryogenic mirror suspension for a gravitational detector, KAGRA, 
and evaluated several performances such as cooling time and damping control. Cooling 
mirrors is promising technique for reducing the mirror thermal noise that fundamen- 
tally limits sensitivity of current ground-base gravitational-wave detectors around 100 
Hz region. Cryogenic technology for mirror suspensions is therefore essential for fur- 
ther improvement of detector sensitivity beyond the 2nd generation detectors such as 
aLIGO, aVIRGO, and KAGRA. In this paper, current status of KAGRA cryopayloads 
is discussed. 


Keywords: KAGRA, gravitational waves, laser interferometric gravitational-wave detec- 
tor, cryogenics. 


1. Introduction 


The first direct detection of gravitational waves (GW) were achieved in 2015,! and 
more than 10 GWs are detected during LIGO-VIRGO observation run 1 and 2 by 
LIGO Scientific Collaboration and Virgo Collaboration.? These discoveries yield 
fruitful knowledge on our universe and open a new window of GW astrophysics and 
astronomy. For promoting them, it is crucial to construct a grobal network of GW 
detectors with sufficient high sensitivity such as KAGRA? and LIGO-India*. 

KAGRA is an interferometric GW detector located at Kamioka-mine in Japan. 
Two key features of KAGRA are using underground site for reducing seismic noise 
and cooling mirrors for mitigating thermal noise. KAGRA experienced two test 
runs called i-KAGRA operation in 2016 and bKAGRA phasel operation in 2018, 
which are the first underground km-scale interferometer operation and km-scale 
cryogenic interferometer operation, respectively. 56 

It is a promising method to use cooled mirrors in order to reduce thermal noise, 
which fundamentally limits sensitivity of laser interferometric gravitational-wave 
detectors at room temperature such as aLIGO and aVIRGO. So, it is quite im- 
portant to apply cryogenic technique to GW detectors for developing the further 
sensitive GW detectors like LIGO Voyager and Einstein Telescope. ^? 


2. KAGRA cryogenic payload 
2.1. Overview 


Sapphire test masses of KAGRA are suspended by 13.5-meter 9-stage suspen- 
sions (Type-A suspensions), which consist of 5-stage room-temperature suspension 
(Type-A tower) and 4-stage cryogenic suspension (cryogenic payload).9 Stages of 
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the cryogenic payload are platform, marionette, intermediate mass, and mirror from 
the top and there are corresponding recoil masses except for the platform. The in- 
termediate mass has four sapphire blade springs and the mirror is suspended from 
them with four sapphire fibers. Since the sapphire fiber is too thick to make a loop, 
sapphire fibers are hooked on sapphire ears bonded on the side of the mirror. 


Cryogenic Payload 


a 
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Type-A Marionette Marionette 
tower recoil mass J 
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Type-A am a D Z 
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Fig. 1. Schematic view of the Type-A suspension and cryogenic payload. 


To actuate angular and translational motions of mirrors, there are 6 coil-magnet 
actuators on both marionette stage and intermediate mass stage, and 4 on test 
mass stage?. To sense the local motion of the mirror, three kinds of local sensors 
are installed: optical levers(OLs) for mirror and marionette, length-sensing optical 
lever for mirror and reflective-type photosensors (PSs) for intermediate mass and 
marionette stages. These actuators and sensors are utilized for mirror alignment, 
local damping control, and interferometer operation. 


2.2. Sapphire mirror 


Hydroxide catalysis bonding (HCB) method is used for bonding the ear to the mirror 
because it is strong enough to support the mass at cryogenic temperature and not 
low-Q bonding to introduce additional thermal noise.!9:! To mitigate a coupling 
between longitudinal and pitch motion, the position of the sapphire ears should be 
48mm below the center of gravity of sapphire mirrors.!? It is also important to 
bond the ears to the center of the mirror along the optical axis to reduce coupling 
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between vertical and pitch motion. Coordinates of mirror shapes and ear position 
are shown in Fig. 2. 

After bonding the sapphire ears to the mirrors, we measure the position of ears. 
'Table 1 represents the measured result of the practical KAGRA mirrors. 

After the confirmation of the ear positions, mirror stores for one month to pro- 
mote chemical reaction of HCB. Then, tests of the ear strength are performed for 
one week. All the mirror for KAGRA were already passed these prcesses and deliv- 
erred at Kamioka-mine. 


Left-side View Front View Right-side View 
AR HR HR AR 


le! 
dp 


Fig. 2. Coordinates of mirror shapes and ear position. 


Table 1. Summary of the mirror shapes and ear positions of KAGRA sapphire 
mirrors. Precision of the measurement is 50 m for length and 0.1 degrees for 


angle. 

Mirror Diameter Thickness dg dr, hn hr, 0 
(mm) (mm) (mm) (mm) (mm) (mm) (degrees) 

ITMX 220.34 150.12 35.03 35.02 48.27 48.38 36.0 

ITMY 220.30 150.32 35.29 35.25 48.48 48.37 36.0 

ETMX 220.28 149.96 35.09 35.05 48.03 48.08 36.0 


ETMY 220.34 149.57 34.83 34.82 48.25 48.10 36.1 


3. Installation of cryogenic payloads 


Onece the mirrors are deliverred to the Kamioka-mine, they are suspended by cryo- 
genic payloads and installed to KAGRA cryostats. Since the height of whole Type-A 
suspension is too large to install at onece, Type-A towers and cryogenic payloads 
are installed individually and connected with 3.3-meter maraging-steel rod after 
each installation (Fig. 3). 

All the electrical cables on cryogenic payloads are connected from the top of 
Type-A tower and fixed along each stage of Type-A suspension to avoid vibration 
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injection through the cables. On the other hand, heat conductors for cooling is 
directly connected to a marionette recoil mass to cool the suspension effectively. 
'Therefore, the material of the heat conductors is extremely pure aluminum that 
can balance high thermal conductivity with low stiffness to reduce vibration due to 
heat connection. 

'The first KAGRA cryogenic payload was suspended in November, 2017 and the 
last one was suspended in Feburary, 2019. 


Fig. 3. Photos of a cryogenic payloads and its suspension rod from room temperature suspension. 
Left photo shows a cryigenic payloads installed inside a cryostat. Right photo shows a 3.3m 
maraging-steel rod. 


4. Cooling 


A cryogenic payload of the ETMY was cooled during the bKAGRA phasel and the 
sapphire mirror reached 18 K. It takes almost one month to be a steady state, which 
is almost as we expected. Details are discussed in a paper. 


5. Angular motion 


Mirror angular motion should be small sufficiently when we operate an interferomet- 
ric gravitational wave detector. Active damping control is therefore implimented 
to the cryogenic payload during the bKAGRA phasel operation. Figure 4 shows 
typical angular motion of the sapphire mirror with and without damping control of 
the cryogenic payload. 

Yaw motion of the suspension could be reduced from the RMS of 4.4 urad to 
that of 1.2 urad. However, pitch motion of the suspension increased from the RMS 
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Fig. 4. Typical angular motion with and without damping control of cryogenic payload. Left 
figure shows pitch motion and right one shows yaw motion of the sapphire mirror. Red and 
blue lines in each graph show angular motion with and without damping, respectively. Dashed 
line represents RMS of mirror angular motion calculated by integration of the spectra from high 
frequency. 


of 0.18 urad to that of 1.0 urad due to the actuator coupling between yaw and pitch 
motion. This large coupling is due to the rubbing of the electrical cables, such as 
actuators, thermometers, and sensors, between room temperature suspension and 
the platform. 

Residual RMS of the angular motion is limited by several peaks around 0.2 Hz. 
These peaks are also due to the rubbing. This rubbing issue was solved after 
bKAGRA phasel operation by tying cables to the suspension wires. So, our current 
suspension has no peak around there. 


6. Summary and Future 


All KAGRA sapphire mirrors were ready and already suspended by the Type-A 
suspension. Initial cryogenic suspension had some issures, especially on the angular 
motion of the mirror. However, these problems have been alredy solved and current 
cryogenic payload performance is quite stable. 

All suspensions have been already installed, and all vacuum chambers were 
evacuated in April, 2019. At the begining of May, the final sapphire mirror started 
to be cooled, and the facility construction of KAGRA was completed. So, we are 
ready to start full-fledged commissioning. LIGO and VIRGO Observation run 3 has 
already started from April, 2019, and we are promoting interferometer comissioning 
to join the O3. 
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We present some preliminary results of our work! about the close encounter of binary 
stars hosting planets on S-type orbits with the Sgr A* supermassive black hole in the 
center of our Galaxy. 
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1. Introduction 


Tidal breakup of binary stars passing close to a supermassive black hole (SMBH) in 
the center of galaxies may lead to the capture of one star around the SMBH (S-star) 
and the ejection of its companion as a hypervelocity star (HVS) (Hills mechanism).? 

HVSs are fast-moving B-type main sequence stars observed in the Galactic halo 
at distances 50-120 kpc from the Galactic Center.? Some of them moving at ex- 
tremely high velocities, i.e. they are not gravitationally bound to the Galaxy. The 
first observation of HVSs was in 2005,!7 a 3 Mc main-sequence star, leaving the 
Galaxy with a heliocentric radial velocity of 853 + 12 kms" !. HVSs that are orig- 
inated from the Galactic Center can be used to constrain the Milky Way (MW) 
dark matter halo mass distribution since their orbits are completely determined by 
the MW potential. A 3-4 Mo star could be accelerated to such high velocities 
due to a close encounter with a relativistic gravitational potential. So far, vari- 


ous mechanisms, as a result of close encounters with the relativistic potential well, 
have been proposed to study the ejection of HVSs. Yu & Tremaine® suggested a 
three-body interaction between a single star and a binary black hole (BBH). In 
this scenario, Sgr A* is assumed to be one component of a BBH. HVSs may also 
have been produced as a result of the interaction between stars within 0.1 pc of the 
Sgr A* black hole (BH) and a cluster of stellar-mass BHs that have segregated 
to that region.’ Furthermore, the close interaction between a massive, orbitally 
decayed, globular cluster and the SMBH can give rise to ejection of some stars in 
the cluster as HVSs. 8 

Over the last decade monitoring the central arcsecond (« 0.05 pc) of the MW 
by two groups of researchers, * shows the presence of both population of early-type 
and late-type stars (about 40 bright stars),!^ the so-called S-stars® Unlike HVSs, 
S-stars are the most tightly bound stars which revolve around the SMBH residing in 


aA group centered in the Max Planck Institute for Extraterrestrial Physics and a group at UCLA, 
California. 


b«s” stands for “(infrared) source".? 
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the centre of the Galaxy (e.g. Schódel et al. 2002).!9 Refs. 11, 12, 13, 14 acquired 
orbital parameters of the S-stars using high-resolution near-infrared observations. 
Their results show that such stars would have semimajor axes in the range ~ 0.005 
to ~ 0.05 pc, masses in the range 3-20 Mo. Similarly to HVSs, these are also 
classified as main-sequence stars, mostly of spectral type B. That is to say, they 
might be the former companion of the HVS in Hills mechanism. 

On another side, it is known that stars borrow planets around them, also when 
they are in binaries. Therefore, it seems interesting to study the interaction of 
binary stars hosting planets with the SMBH in the MW center. In this work, we 
investigate the orbital properties of the plunging binary stars and their fate together 
with that of their planets after close interactions with the SMBH in the Galactic 
Center (GC). 


2. Computational Method 


We performed a huge set of simulations using a regularized N-body algorithm, the 
AR-CHAIN integrator, !° which includes post-Newtonian corrections up to order 3.5 
and properly modified (ARGdf code)? to account for an analytic external potential 
and its dynamical friction. Assuming spherical symmetry for the inner galactic 
region, we considered as mass distribution model the sum of a Dehnen’s and a 
Plummer’s distribution. 

For our simulations, we considered both the case of a non-spinning 
(Schwarzschild) and a spinning (Kerr) with the dimensionless spin parameter 
x = 0.76 SMBH with mass M, = 4 x 109 M, initially placed in the origin of the ref- 
erence frame. We assumed binary stars of 3 Mọ each revolving around each other on 
initial circular orbit with (initial) separation in the range a, = 0.1 — 0.5 AU.!6 The 
mass value chosen is comparable to the mass of the first HVS observed. !” Each star 
has one planet initially at ap = 0.02 AU from its host star with mass m, = 10 MO 
(Jupiter-like planet). The center of mass of the binary star is assumed initially at 
2000 AU away from the SMBH. We give the system a transverse (respect to the 
line joining the binary and the SMBH) initial velocity of 66.5 km s^!. We run 
simulations at varying the inclination of the binary orbital plane respect to that of 
the motion of its center of mass; 0°, 90° and 180°. We vary also the initial orbital 
phase angle values of the binary (#) in the 0? — 360° range at steps of 15°. 16 


Table 1. Set of initial conditions for our runs. 


inclination Ox ap Mx mp [^ 

(degrees) (AU) (AU) (Mo) (Mo) (degrees) 
0 0.1 — 0.5 0.02 3 0.001 0-360 
90 0.1 — 0.5 0.02 3 0.001 0-360 


180 0.1—0.5 0.02 3 0.001 0-360 
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3. Preliminary Results 


When a binary star hosting planets, with our given parameters, is disrupted by the 
SMBH, stars and planets may eject as hypervelocity stars or hypervelocity planets 
(HVPs). In some cases, stars and/or planets may remain bound to the SMBH in 
highly eccentric orbits or are swallowed by it. In Figures 1 and 2 we sketch two 
possible examples for the fate of binary+planets system after a close interaction 
with a spinning SMBH. 
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Fig. l. HVS with planet. 


'The main aim of this work is to check conditions upon which binary stars bor- 
rowing planets around them can give rise to HVSs still keeping bound their planets 
even after the close interaction with the SMBH in the GC. 

In Fig. 1, the initial semi-major axis of the binary star motion is 0.3 AU and 
the orbital plane inclination is 90?. After the first encounter, there is a break-up of 
the binary. One star is ejected keeping its planet bound (red line) and the former 
companion star starts revolving around the SMBH (magenta line) while its planet 
is ejected as HVP (green line). Fig. 2 refers to an initial separation of 0.1 AU for 
the two stars in the binary; again, the inclination of the plane is 90°. In this case, 
after the first encounter with the SMBH, the stars swap their planets, and one of 
the stars escapes the GC as HVS with the planet orbiting around it (green line). 
The companion star loses the planet after three passages around the SMBH (red 
line shows the three revolutions around the SMBH before they get separated); its 
planet ejects as HVP (blue line). 
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Fig. 2. Exchange of planets. 
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Fig. 3. Inclination 0°. 


The following pie charts (Figs. 3 and 4) quantify the likelihood of different 
outcomes for the co-rotating and counter-rotating cases, after the binary star is 
broken up by the SMBH in our whole set of simulations. An intriguing aspect 
to examine, deepening the work by Fragione & Ginsburg,!? will be checking the 
detection chance of such HVPs around their hosting stars, with transit techniques. 
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Fig. 4. Inclination 180°. 


4. Forthcoming Research 


An immediate and natural future development of this work is enlarging the study 
to binary and triple systems hosting multi-planet systems. This would allow an 
estimate of the number of high-velocity wandering planets, other than providing an 
estimate of the background contribution of multiple small bumps of gravitational 


wave emission. 
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We briefly describe and discuss the set-up of the project MOCCA SURVEY DATABASE 
I. The database contains more than 2000 Monte Carlo models of evolution of real star 
cluster performed with the Mocca code. Then, we very briefly discuss results of analysis 
of the database regarding the following projects: formation of intermediate mass black 
holes, abrupt cluster dissolution harboring black hole subsystems, retention fraction of 
black hole - black hole mergers, and tidal disruption events with intermediate mass black 
holes. 


Keywords: Methods: numerical - globular clusters: general - stars: black holes. 


1. Introduction 


Recent high resolution observations of globular clusters (GC) provide a very de- 
tailed picture of their physical status and show complex phenomena connected with 
multiple stellar populations, binary evolution, black holes (BH) and the Galactic 
tidal field. Despite such great observational progress there are many theoretical 
uncertainties connected with the origins of GCs and their primordial properties. To 
bridge the gap between present-day observed star cluster properties and their prop- 
erties at the time of cluster formation, we need to discriminate between different 
theories and models by means of numerical simulations of GC evolution. The best 
suited codes for such a task are N-body and Monte Carlo codes. In this paper we 
will describe results of Monte Carlo simulations done with the MOnte Carlo Cluster 
simulAtor - Mocca.1^7 (and references therein) All those simulations were col- 
lected in a MOCCA SURVEY DATABASE I, which then was analyzed from the point 
of view of properties and evolution of different kinds of BH populations. 
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288 additional new models with updated code: 
N — 12 x 105,7 x 105, 5 x 105, 4 x 10* 


Z-0.001, Binary Fraction: 10% and 95%, Wy = 6,9 


Number 
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Fig. 1. The initial set-up of the Mocca simulations of the real star clusters stored in the MOCCA- 
SURVEY DATABASE I. The model parameters and relevant references are listed in the Figure. In 
the models the pair-instability supernovae, pulsation pair-instability supernovae, electron capture 
supernovae and accretion induced supernovae were not taken into account. BHs formed in the 
simulations have masses smaller than about 15 — 20 Mo, depending on metallicity. 


L2x10" 


(371 Mute) 


* 0.08 < Mo < 100.0 


2. MOCCA and MOCCA Survey Database I 


'The MOCCA code is a version of the Monte Carlo codes and can be considered as so- 
called ‘kitchen sink’ code, which is able to follow most physical processes important 
during star cluster dynamical evolution. The Mocca code treats the relaxation 
process using the method described by Henon, !? that was significantly improved by 
Stodólkiewicz,?9:26 and more recently by Giersz and his collaborators. 1071217 (and 
reference therein). For stellar and binary evolution Jarrod Hurley's BSE code is 
used, !?:16 and for the scattering experiment John Fregeau's Fewbody code." The 
realistic description of an escape process in a tidally limited cluster is done on the 
basis of the Fukushige & Heggie theory. The Mocca code provides as many details 
as N-BODY codes. It can follow evolution and movement of particular objects. The 
Mocca code is extremely fast. It needs about a day to complete an evolution of 
a real size globular cluster. So, instead of just one N-body model, hundreds or 
thousands models can be computed with different initial conditions. The MoccA 
code is ideal either for dynamical models of a particular cluster or for large surveys. 

The Mocca SURVEY DATABASE I? contains about 2000 models of GCs with 
different initial masses, structural and orbital parameters. The brief description can 
be found on Fig. 1 and more details is given in Askar et al., Table I.? 

As it was pointed out by Askar et al.,? it can be assumed that the Mocca 
SURVEY DATABASE I cluster models are more or less representative of the Milky 
Way GC population. 
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3. Intermediate Mass BH Formation in GCs 


In the literature, so far, there were four possible groups of scenarios proposed for 
intermediate mass BH (IMBH) formation in GCs: Direct collapse of very massive 
Population III stars proposed by Madau and Rees,?? runaway merging of very 
massive MS stars in dense young star clusters, first discussed by Portegies Zwart 
et al.,?3 
generation stars recently proposed by Leigh et al.!? and the scenario based on 
results of MOCCA simulations of evolution of dense stellar systems proposed by 
Giersz et al. 1? In this scenario an IMBH is formed because of buildup of BH mass 
solely due to mergers in dynamical interactions and mass transfers in binaries. This 
scenario is a much expanded and refined scenarios proposed ealier by Miller & 
Hamilton?! and by Leigh et al. 1° 

In the MoccA SURVEY DATABASE I there were about 460 IMBHs formed out 
of 2000 models, and they formed even in very low N models, as small as consisting 
of 40000 objects. As it is described in detail in Ref. 12 there are generally two 
regimes of IMBH formation: 1) very fast an IMBH mass buildup (FAST) starting 
from the very beginning of the cluster evolution, which requires very large initial 
central densities. In a time of about one Gyr, an IMBH mass grows to up a few 
tens of thousands Mo, and 2) slow IMBH mass buildup (SLOW) starting later 
on in the cluster evolution, usually, around the core collapse. It requires rather 
moderate initial central densities, and masses of IMBHs are quite moderate, from 
a few hundred up to a few thousand Mo. The process of IMBH formation is highly 
stochastic. The larger the initial cluster concentration, the earlier, faster and with 
higher probability an IMBH will form. 

Here is the detailed, slightly updated comparable to Ref. 12, description of the 
FAST and SLOW scenarios: 


accretion of the residual gas on stellar mass BHs formed from the first 


(1) SLOW and FAST formation scenarios; 


(a) SLOW scenario - either a single BH is left after the early phase of SN ex- 
plosions (SNe), or a single BH is formed via mergers or collisions during 
dynamical interactions, usually around the core collapse time. The central 
density has to be greater than about 10° Mc /pc?; 

(b) FAST scenario - several dozen/hundreds BHs remain in the system after the 
early phase of SNe, and form a dense central subsystem. The central density 
must be extremely high, greater than 10° Mo /pc?, for an IMBH to form. 
Alternatively, all BHs are quickly and efficiently removed from the system 
via dynamical interactions. If at least one remains, then the SLOW scenario 
is followed; 


(2) Initial mass buildup of IMBH progenitors: 


(a) If the cluster density is large enough, the collisions between main sequence 
(MS) stars lead to formation of very massive MS stars, hundreds of Mo. If 
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such a star collides with a BH then a very massive BH (already an IMBH) 
is formed. 

(b) If cluster density it is not large enough MS does not collide efficiently and 
stellar mass BH will be formed, because of stellar evolution and strong 
stellar winds. 


(3) BHs are the most massive objects in GC, so they quickly form a binary via a 
three-body interaction; 

(4) Further BH binary evolution is due to dynamical interactions with other binaries 
and stars, or because of gravitational wave radiation (GW); 


(a) orbit tightening leading to mass transfer from MS/Red Giant/Asymptotic 
Giant Branch companions; 

(b) exchanges and collisions, leaving the binary intact; 

(c) total collisions during dynamical interactions or GW mergers - in this case, 
the binary is destroyed and only a BH is left; 


(5) Newly created single BH quickly forms a new binary via another three-body 
interaction, which is further free to undergo subsequent dynamical interactions 
with other single and binary stars, and the process repeats. In this way, the 
BH mass steadily increases. 


'Total collisions are the most important ingredient of an IMBH formation in the 
SLOW scenario. In this way BH mass can steadily increase and BH binaries are 
not kicked out from the system due to dynamical three- or four-body interactions. 
'That is the reason why IMBH formation is so stochastic in the SLOW scenario. 

As it can be seen in Fig 2, there are clearly visible two channels of dynamical 
interactions leading to formation IMBH seeds: runaway MS star mergers and BH 
formation because of collisions with a BH, and runaway mergers and BH formation 
because of pure stellar evolution. The larger the cluster density the larger the 
maximum mass of runaway merged MS star and consequently the larger the BH 
mass (collision product of stellar mass BH and very massive MS star). Less dense 
models form lower mass BHs, which later in the course of evolution will substantially 
grow. Very massive BHs are preferentially formed for very dense models at the very 
beginning of the cluster evolution. We should here caution readers, the above 
picture relies on very uncertain properties and evolution of extremely massive MS 
stars formed in runaway collisions and on the amount of accreted mass onto stellar 
mass BH during collision with extremely massive MS star. Such collision is more 
similar to the common envelope phase than to direct collision of similar mass BHs 
and a MS stars, in which probably only small amount of mass can be accreted onto 
BH. We checked, that in the case of only 1096 of accreted mass an IMBH is still 
formed, so the FAST scenario seems to work in real physical systems. 

We would like to stress that the presented scenarios for IMBH formation in 
GCs, in particular the SLOW scenario, do not require any specific conditions, unlike 
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Fig.2. Mass of just formed BH as a function of mass of MS star just before a supernova explosion. 
Open circles - formation of BH before 1 Gyr. Filled circles - formation of BH after 1 Gyr. The 
color bar on the right side shows the initial cluster central densities in Mo /pc?. 


other scenarios proposed in the literature. IMBH formation occurs solely via binary 
dynamical interactions and mass transfer in binaries. The FAST scenario is more 
probable to occur in galactic nuclei, or in extremely dense star clusters. 


4. BH-BH Merger Gravitational Wave Radiation Kicks 


We used Mocca SURVEY DATABASE I to estimate GW kick retention fraction of 
BH-BH merger products. We found about 4500 such mergers. The amplitude of the 
GW recoil kick velocity depends on the spin magnitudes, degree of misalignment 
between BH spins and the binary angular momentum and on the BH mass ratio. 
The kick velocities were calculated according to Ref. 3 and final spins according 
to Ref. 24. We checked many different assumptions about the BH spins: random, 
constant equal to 0.5, or a function of metallicity and initial stellar mass. There 
are two classes of mergers: mergers in ‘primordial’ binaries (binaries which keep the 
same stars during the whole evolution), which have only small spin misalignments, 
and ‘dynamical’ mergers in binaries which were involved in strong interactions, e.g. 
exchanges or disruptions, for which spin directions were distributed randomly. The 
evolution of each BH was tracked. Each product of BH-BH merger, also a BH, 
was assigned with a recoil kick velocity. Merger products with velocities greater 
than the cluster escape velocity were removed from any further interactions. Those 
merger products that remained in the cluster were assigned with a modified spin 
value, computed according to Ref. 24, and could contribute to next generations of 
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BH-BH mergers. ‘Dynamical’ mergers were mainly mergers with IMBHs and have 
small mass ratio, so nearly 0.7 of them were retained in the system. For ‘primordial’ 
binaries the retention fraction seems to saturate at about 0.2. This is connected 
with the fact that most ‘primordial’ BH-BH binaries consist of low mass BHs, which 
according to Belczynski et al. have large spins. On average, we should expect that 
about 0.3 mergers will be retained in the system. This result does not strongly 
depend on the assumed initial BH spin distributions. 

The retention fraction is a strong function of time. In the case of ‘dynamical’ 
mergers, it is changing from the initial values of 0.5-0.6, when the IMBH mass is 
still relatively small, and steadily increasing up to 0.9 in the later stages of the 
cluster evolution, when the mass ratios in IMBH-BH mergers drop down to 0.01 - 
0.001 values. The retention fraction for ‘primordial’ binaries substantially increases 
after about 1 Gyr due to decrease of the mass ratio. It seems that first binaries 
with mass ratio close to 1 are merged and later on binaries with smaller and smaller 
mass ratios start to merge. The retention fraction for models with BH subsystems 
is very small and equal to about 0.1. This is because such models have relatively 
low concentration and low escape velocity. There is a clear correlation, the larger 
the cluster concentration the larger the retention fraction. Interested readers, we 
refer to the paper by Morawski et al.?? where they can find all details connected 
with this work. 

We would like to stress that our results confirm analytic and semi-analytic results 
obtained earlier by many authors, but for the first time real simulation data was 
used to obtain the BH merger retention fraction and its dependence on the different 
cluster evolutionary scenarios and global cluster parameters. This approach is not 
fully self consistent, but it is the first step to fully integrate BH merger kicks in 
dynamical evolution of GCs. 


5. Tidal Disruption Events with IMBHs 


Formation of IMBHs in the MOCCA models and their subsequent mass buildup 
have to be connected with tidal disruption of star intruders, so called tidal disrup- 
tion events (TDEs). We analyzed the Mocca SURVEY DATABASE I looking for 
disruptions of white dwarfs (WD), MS stars or other luminous stars. We found 
344755 WD-IMBH type events, 750753 MS-IMBH type events and 42934 other- 
IMBH type events. The work is still in progress and we would like only to summa- 
rize briefly a very preliminary results. Most TDEs are formed in massive GCs with 
relatively small galactocentric distances. To form an IMBH in the FAST scenario a 
very large central density is needed. Such density can be achieved easily in massive 
GCs with small tidal radii (small galactocentric distances). Due to dynamical fric- 
tion, some of such GCs will migrate towards to galactic center and merge with the 
nuclear cluster (NC). From that point, our models of GC evolution are no longer 
applicable. Interestingly, any TDE events associated with IMBHs hosted by those 
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Fig. 3. The TDE rates as a function of the GC age. Red lines - rates for WDs. Green lines - 
rates for WDs and MS stars. Dashed line - for all models, solid line - only for models which do 
not migrate to the galactic center. Top panel - TDE density rate (Gpc-?yr-!). Middle panel - 
TDE rate per GC (Myr- 1). Bottom panel - number of active GCs. Red dots - time when GC 
merge with nuclear star cluster, green dots - time when new IMBH is formed. 


GCs would be observable in the galactic nuclei. In any case, in order to calculate 
the IMBH TDE rate in actual GCs we exclude from our computations those GC 
models that have fallen into the NC. In the Fig. 3 we show the TDE rates com- 
puted assuming that all TDEs outside the galactic center can be observed. Present 
day TDE rate density is smaller by factor of about 3-4 when the evolution of GCs 
in the galactic environment (in a Milky-Way type galaxy) is taken into account. 
Also the number of “active” GCs in which TDEs are happening is much smaller 
now than was, showing strong influence of galactic environment on the observed 
TDEs. Interestingly, IMBHs formed in the SLOW scenario are responsible for only 
a small fraction of possible TDEs. The obtained TDE rates are comparable to other 
theoretical estimates. 

In the future work we are planning to populate galaxies in the local universe 
with MOCCA GCs models and estimate the local TDE rates. 
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Fig. 4. Evolution of the fraction of cluster bound mass as a function of time for tidally filling 
Mocca cluster models with 700000 objects (stars and binaries), Wo = 6 and binary fraction equal 
to 0.95, for different tidal radii and SNe natal kicks mass fallback set to ON or OFF. 


6. BH Subsystem and a Third Cluster Dissolution Mechanism 


We used the MOCCA SURVEY DATABASE I to investigate the dissolution process 
for dynamically evolving star clusters embedded in an external tidal field, with 
focus on the presence and evolution of a stellar-mass BH subsystem. We argue that 
the presence of a BH subsystem can lead to the dissolution of tidally filling star 
clusters and this can be regarded as a third type of cluster dissolution mechanism, 
in addition to well known mechanisms connected with strong mass loss due to 
stellar evolution and mass loss connected with the relaxation process. As it can 
be seen in Fig. 4 for models with mass fallback ON (high BH retention fraction), 
the third process is characterized by abrupt cluster dissolution connected with the 
loss of dynamical equilibrium. The abrupt dissolution is powered by the strong 
energy generation from a massive stellar-mass BH subsystem accompanied by tidal 
stripping. We argue that such a mechanism is universal and should also work 
for tidally under-filling clusters with top-heavy IMF. Observationally, star clusters 
which undergo dissolution powered by the third mechanism would look as ‘dark 
clusters’ i.e. composed of stellar mass BH surrounded by expanding halo of luminous 
stars, and they should be different from ‘dark clusters’ harbouring an IMBH as 
discussed by Ref. 1. An additional observational consequence of an operation of 
the third dissolution mechanism should be larger than expected abundance of free 
floating BHs in the Galactic halo. Interested readers, we refer to the paper by 
Giersz et al.? where they can find all details connected with this work. 
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For the first time we detected microlensing events at zero latitude in the Galactic bulge 
using the VISTA Variables in the Vía Láctea Survey (VV V) data.? We have discovered 
a total sample of N = 630 events within an area covering 20.7 sq. deg. 11:12 Using the 
near-IR color magnitude diagram we selected N = 291 red clump sources, allowing us to 
analyse the longitude dependence of microlensing across the central region of the Galactic 
plane. We thoroughly accounted for the photometric and sampling efficiency. The spatial 
distribution is homogeneous, with the number of events smoothly increasing toward the 
Galactic center. We find a slight asymmetry, with a larger number of events toward 
negative longitudes than positive longitudes, that is possibly related with the inclination 
of the bar along the line of sight. We also examined the timescale distribution which 
shows a mean on 17.4+1.0 days for the whole sample, and 20.7+1.0 for the Red Clump 
subsample 


Keywords: Gravitational lensing: microlensing — Galaxy: bulge — Galaxy: structure. 


1. Introduction 


Gravitational microlensing is a geometrical effect related to the apparent increase in 
the brightness of a background source by an object (lens) located sufficiently close 
to the line of sight. !? This effect is useful to detect objects independently of their 
intrinsic brightness, with a wide range of masses from planets to black holes. 

'The main surveys dedicated to detect microlensing events in the galactic bulge 
are the Massive Astrophysical Compact Halo Objects (MACHO),? the Optical 
Gravitational Lensing Experiment (OGLE), !6 the Microlensing Observations in As- 
trophysics (MOA),* the Expérience pour la Recherche d'Objets Sombres (EROS),? 
the Disk Unseen Objects (DUO),! the Wise Observatory!^ and the Korean Mi- 
crolensing Telescope Network (KMTNet). ^5 

Although a large number of events have been discovered, it is not possible to 
study the plane of the Milky Way (|b| < 2°) with these optical surveys due to the 
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Fig. 1. Spatial distribution of the VVV microlensing events presented in this work (magenta 
crosses) around the Galactic center. The blue crosses are the microlensing events from the OGLE 
Early Warning System (EWS, http://ogle.astrouw.edu.pl) and the cyan crosses are the microlens- 


ing events discovered by MOA. All of the events happened between 2010 and 2015. Figure from 
Ref. 12 reproduced with permission. 


high extinction and crowding. However, the Galactic plane is especially interesting 
because, as the density of stars increases, we expect to find microlensing events in 
large quantities. !? 

The only way to study the plane of the Galaxy is through observations in in- 
frared bands. Motivated by this, we carried out the first systematic search of mi- 
crolensing events at low latitudes using the VISTA Variables in the Vía Láctea 
Survey (VVV).? We analysed 14 VVV tiles (from b327 to b340) covering a large 
area within —10.00? < | < 10.44? and —0.46? € b < 0.65°. The 3 innermost tiles 
(b332, b333 and b334) were published in Ref. 11. The other 11 tiles are presented 
in Ref. 12. 


2. The VVV data 


The VISTA Variables in the Vía Láctea Survey (VVV)? is an ESO public survey 
scanning the Milky Way bulge and adjacent section of the southern mid-plane in 
the near-infrared. Using the Visible and Infrared Survey Telescope for Astronomy 
(VISTA) 4-meter telescope located at ESO Cerro Paranal Observatory in Chile. 
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Fig. 2. Left: Examples of two typical microlensing event light curves. Right: Fits to all 630 
microlensing events discovered between 2010 and 2015. 


The area studied comprises 63 x 109 light curves for individual point sources and a 
multi-epoch campaign in the K,-band (K, < 17.5mag) with ~ 90 epochs spanning 
six seasons of observations (2010-2015). The PSF photometry was carried out 
using DAOPHOT II/ALLSTAR package.? The search procedure was done using 
the standard microlensing model, i.e., considering sources and lenses as point-like 
objects. 


3. VVV Microlensing events 


Initially we found 182 microlensing events in the three innermost tiles (b332, b333 
and b334), with an excess in the number of events in the central tile and a relatively 
large number of long timescale events (with tg > 100 days). We extended the 
sample in order to study in greater detail the behaviour along the Galactic longitude. 
The final sample consists of 630 microlensing events within —10.00? < | < 10.44? 
and —0.46? < b < 0.65?. The complete sample is shown in Fig. 1 along with the 
OGLE and MOA events discovered during the same period. Fig. 2 shows all of the 
microlensing fits as well as two typical light curves. The animation that shows the 
microlensing events detected during the operation of the VVV survey is available 
online.* In the upper panel an image of the studied area is shown and the flash 
corresponding to each microlensing event detected in their respective positions. The 
intensity of the flash is associated with the amplitude. In the lower panel this figure 


^?https://www.youtube.com/watch?v-UvOSEAKVSQo 


1631 


is reproduced as a function of time. The different colors correspond to the tile of 
each event and therefore are related to its position. 

'The events show a homogeneous distribution, smoothly increasing in numbers 
towards the Galactic centre, as predicted by different models due to the high stellar 
density. Considering that we expect to find a smaller amount of microlensing events 
due to the extreme extinction and crowding, !* the increase in the number of events 
towards the center of the galaxy is expected to be even more peaked. Additionally 
we found an asymmetry in the density distribution with a higher number of events 
(~ 60%) at negative Galactic longitudes, this can be explained by the inclination 
of the bar along the line of sight. 

Red Clump (RC) sources are low-mass stars that are burning Helium in the 
core. The study of the sources located in the RC is more reliable because they are 
more localised in the Color-Magnitude Diagram (CMD) and we can assume that 
they belong to the bulge. Consequently, using the near-IR Color-Magnitude Dia- 
gram we selected the Red Clump sources to analyze the longitude dependence of 
microlensing across the central region of the Galactic plane. Fig. 3 shows the CMD 
of the 14 VVV tiles along with the final sample of events. The red circles are the 
events located in the RC, corresponding to 46% of the sample (N = 291 events). 


In order to study the timescale distribution it is crucial to implement an ef- 
ficiency analysis. The photometric efficiency was performed using artificial star 
simulations for the RC stars. !^ The incompleteness is severe as we approach to the 
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Fig. 3. Left: Ks vs. J-Ks color magnitude diagram for the 14 VVV tiles. The black circles are 
the microlensing sources, and the red circles are the red clump sources. Right: Efficiency corrected 
timescale distributions. The blue histogram is the distribution of the complete sample. The red 
histogram corresponds to the RC sources. Dashed lines show the best fit model of each histogram. 
The green shows the model proposed by Wegg et al.!® normalised to the peak of our distribution. 
Figure from Ref. 12. 
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Galactic center, reaching values close to 40%. The sampling efficiency is cadence 
and timescale dependent, and was computed using Monte Carlo simulations for 
each fixed representative timescales with random impact parameters and times of 
maximum magnification. Due to the different cadence among the 14 tiles studied 
we performed the efficiency for each tile separately. With this analysis we conclude 
that the VVV Survey is limited by the sampling efficiency and is more efficient 
discovering long timescale events than short timescale events due to the large time 
coverage but low and irregular cadence. 

The efficiency corrected timescale distribution is shown in Fig. 3 for the com- 
plete sample and for the RC sources. The mean timescale is 17.4 + 1.0 days for the 
complete sample and 20.7 4 1.0 days for the RC sources, in agreement with previous 
results. We also examined the timescale distribution for different longitudes, ob- 
taining a clear decrease in the mean timescales as we approach to zero longitudes. 
A similar trend was previously reported by Wyrzykowski et al. 2015 !? but at higher 
latitudes using OGLE data. 


4. Summary 


We detected N — 630 microlensing events in the plane of the Galaxy using the 
VVV data. We performed for the first time a longitude analysis across the central 
Galactic plane at b = 0 deg. The spatial distribution shows a peak in the center as 
expected, although it is asymmetric, with more events towards negative longitudes. 

The efficiency analysis demonstrates that the VVV survey is successful in detect- 
ing long/intermediate timescale events in highly reddened areas. Short timescale 
events are harder to find due to the low cadence of the survey (nightly at best). Our 
results can be complemented with other near-IR surveys to study the event rate, 
such as the UKIRT microlensing survey,!? which is currently mapping the inner 
bulge with a higher cadence. 

We computed the timescale distribution corrected by efficiency for the complete 
sample and RC sources. The distribution shows a peak consistent with previous 
measurements at higher latitudes in the bulge. 

This study has many applications, from the study of the general behaviour of 
the complete microlensing population, to the study of specific events such as the 
events showing parallax effect, binary sources or lenses, as well as the very long 
timescale events which favor massive lenses (like black holes!?). Furthermore, the 
analysis at very low latitudes is useful to optimise the observational campaign for 
the Wide Field Infrared Survey Telescope (WFIRST) and to complement other 
recent near IR surveys. !? 

In this context, the study of a larger area is warranted to increase the statistics 
and in turn cover common areas with OGLE and MOA in order to complete a 
panoramic coverage of the event rates in the inner regions of the Milky Way. 


1633 


References 


. Alard, C., Guibert, J., Bienayme, O., et al. 1995, Messenger 80, 31. 

. Alcock, C., Akerlof, C. W., Allsman, R. A., et al. 1993, Nature, 365, 621. 

. Aubourg, E., Bareyre, P., Brhin, S., et al. 1993, Nature, 365, 623. 

Bond, I. A., Abe, F., Dodd, R. J., et al. 2001, MNRAS, 327, 868. 

Contreras Ramos, R., Zoccali, M., Rojas, F., et al. 2017, A&A, 608, 140. 

. Green, J., Schechter, P., Baltay, C., et al. 2012, arXiv:1208.4012. 

Kim, S.-L., Park, B.-G., Lee, C.-U., et al. 2010, Proc. SPIE, 7733, 77733. 

Kim, D.-J., Kim, H.-W., Hwang, K.-H., 2017, arXiv:1703.06883. 

. Minniti D., Lucas, P. W., Emerson, J. et al. 2010, New Astron., 15, 433. 

. Minniti, D., Contreras Ramos, R., Alonso-García, J., et al. 2015, ApJ, 810, 
L20. 

. Navarro, M. G., Minniti, D. & Contreras Ramos, R. 2017, ApJ, 851, L13. 

. Navarro, M. G., Minniti, D. & Contreras Ramos, R. 2018, ApJ, 865, L5. 

. Paczyński, B. 1986, ApJ, 304, 1. 

. Shvartzvald, Y., & Maoz, D. 2012, MNRAS, 419, 3631. 

. Shvartzvald, Y., Bryden, G., Gould, A., et al. 2017, AJ, 153 61. 

. Udalski, A., Szymanski, M., Kaluzny, J., et al. 1993, AcA, 43, 289. 

. Valenti, E., Zoccali, M., Gonzalez, O. A., et al. 2016, A&A, 587L, 6V. 

. Wegg, C., Gerhard, O., & Portail, M., 2016, ApJ, 843, L5. 

. Wyrzykowski L., Rynkiewicz A. E., Skowron J., et al., 2015, ApJS, 216, 12. 


co-ocogcotcoc 


E 
[e] 


el 
O oo-1c»cU&AcCrtb.-— 


1634 


Stellar black hole binary mergers in open clusters 
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We study the evolution of a massive primordial hard black hole binary (BHB) in small- 
and intermediate-size isolated star clusters, modelled as proxies of galactic open clusters 
(OCs), by means of direct N-body simulations. Some of our models show a significant 
hardening of the BHB in a relatively short time. Some of them merge within the cluster. 
'The perturbation of stars around BHB systems is key to induce their coalescence. Under 
our assumptions, we estimate a BHB merger rate of Rmrg ~ 2 yr! Gpc73. In some 
cases the BHB triggers tidal disruption events which, however, are not linked to the GW 
emission. 


Keywords: Galaxy: open clusters and associations: general — stars: black holes stars: 
kinematics and dynamics — gravitational waves. 


1. Introduction 


The Laser Interferometer Gravitational-Wave Observatory (LIGO) and Virgo have 
detected five sources of GWs!* corresponding to a system of BHB. 

BHBs, can form either (i) in the field in isolation and via stellar evolution of a 
binary of two extended stars? (ii) or via dynamical interactions in a dense stellar 
system" Here we focus on the evolution of primordial stellar BHBs in low-mass 
star clusters. In such models the impulsive effect produced by the stochastic, large, 
fluctuations of the field felt by stars, whose amplitude over the mean field is of order 
VN/N, can significantly affect the BHB dynamical evolution. This effect is also 
reflected in the two-body relaxation time scale which is short in such systems if 
compared for example to globular clusters. In addition, the relatively low number 
of stars of OCs gives the possibility to integrate the system upon a long evolution 
time without needing a rescaling of the results. 

We shortly resume as follows the methods and results of the recent paper by 
Rastello et al. (2019).5 


2. Method and Models 


To study the BHB evolution inside its parent cluster, we used NBODYT,? a direct 
summation N-body code that integrates in a reliable way the motion of stars in 
stellar systems, with a careful treatment of strong gravitational encounters, taking 
also into account stellar evolution. We created four sets of simulations representing 
OC models at varying initial number of stars (Table 1, column 1). Each cluster 
is modelled assuming a Kroupa IMF and a Plummer density profile at virial equi- 
librium with a core radius re = 1 pc, and solar metallicity (Zo). The OCs have 
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masses in the range 300 Me — 3000 Mo (Table 1, column 2). For simplicity, we 
do not take into account primordial binaries. Then we assumed that each cluster 
host a primordial hard massive BHB composed by two BH of mass Mgg = 30 Mo 
each) that is initially placed in the OC centre. The initial BHB semi major axis 
is 0.01 pc and we considered two initial eccentricities, e — 0 and e — 0.5 (Table 1, 
columns 3 and 4). To give statistical significance to the results we generated 150 
different realizations of every model, which are denoted with names A00, A05, BOO, 
B05, C00, C05, DOO and D05, where the letter refers to increasing N and the digits 
to the initial BHB orbital eccentricity. All models were evolved up to 3 Gyr, which 
is about 3 times the simulated OC relaxation time. 


Table 1. Model main parameters. 


Na Ma Mo) ap) e name 


512 32x10? 0.01 n pu 
1024 7.1 x 10? 0.01 ae xam 
2048 1.4 x 10? 0.01 n Em 
4006 2.7x10? 0.01 e — 


3. Dynamics of the black hole binary 
3.1. General evolution 


Our simulations show the existence of three main evolutionary scenarios for the 
fate of the BHB because of the gravitational interactions (Table 2): (i) the binary 
shrinks, becoming harder; (ii) the BHB gains energy, increasing its semi-major axis 
and, finally, (iii) the BHB can be disrupted. 

We can see that, typically, about 9096 of all binaries shrink their semi-major axis 
as they evolve (Fig. 1), as one can expect upon the so-called Heggie's law (softer 
binaries get softer while hard binaries get harder). In few of the studied cases, 
typically those of very low dense clusters (model A and B), the BHB becomes wider. 
Because of the initial choice of the BHB semi-major axis, gravitational encounters 
with other stars rarely iomise it, although we observe a few such events, typically 
below 796.5 This ionisations happen in the interval between ~ 5Myr and ~ 100Myr, 
usually driven by the encounter of the BHB with a massive star (> 10 M ).? 


4. Sources of gravitational waves 
4.1. Relativistic binaries 


The fraction of BHB coalescences in our simulations is ~ 3%. In particular, 
in low density clusters, model A and B, the percentage of mergers is quite low, 
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Fig. 1. Semi-major axis evolution in four of our simulations for initially circular and eccentric 
binaries. 


Table 2. Percentage of BHBs (i) getting harder 
(col. 2); (ii) getting wider (col. 3) or (iii) break 
up (col. 4). 


Model % Harder % Wider % Break up 


A00 89.1 7.9 2.9 
A05 9T. 2.1 0.7 
B00 92.5 2.7 4.8 
B05 94.0 2.0 4.0 
Coo 93.6 0 6.4 
C05 96.5 0 3.5 
D00 94.2 0 5.8 
D05 9. 0 2.8 


around 0.7%. As the mass (and the density) of the cluster increases, the number of 
relativistic mergers found is larger: 2.1% in model C00, 4.3% in C05 7.1% in DOO 
and 5.7% in D05. The majority of mergers occur in a time range between 5 Myr 
and 1.5 Gyr. As shown in Fig. 2, it is remarkable that the pericentre distances 
drop down to 7 — 8 orders of magnitude with respect to the initial value. The ec- 
centricities fluctuate significantly, episodically reaching values very close to unity. 
We found that about 5096 of the mergers are mediated by a three body encounter 
with a perturber star which is thus a fundamental ingredient for BHB coalescence 
in low dense star clusters. An example of such mechanism is discussed as follows. 


4.1.1. A detailed example of a merger event 


In order to check with accuracy the process of BHB coalescence upon perturbation, 
we followed the evolution of one of the allegedly merging BHB by mean of the few- 
body integrator ARGdf.’ Based on the ARCHAIN code, !? ARGdf includes a treatment 
of dynamical friction effect in the algorithmic regularization scheme, which models 
at high precision strong gravitational encounters also in a post-Newtonian scheme 
with terms up to the 2.5 order. We chose, at random, one of our simulations of 
the DOO sample to set initial conditions for the high precision evolution of a “pre 
merger" BHB considering its interaction with the closest 50 neighbours, number 
that we checked as sufficient to give accurate predictions at this regard. 
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Fig. 2. Time evolution of the BHB semi major axis, pericentric distance, and eccentricity (from 


left to right, respectively) of some representative coalescence cases. 
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Fig. 3. Left panel triple formation, right panel zoom of the three body interaction, 


bottom panel: BHB eccentricity evolution. 
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This integration is a clear example of the relevance of dynamical interactions 
with other stars. Fig. 3 (left panel) is a snapshot of the BHB evolution and the 
formation of a triple system with a perturber star.* The BHB shrinks by interacting 
with such perturber, of mass 3.4 Mo, which is on a retrograde respect to the 
inner binary and with an inclination of 105? inducing an eccentric Kozai-Lidov 
mechanism. We note also a flyby star of mass 0.5 Mo which interacts with the 
triple system (BHB & perturber). In Fig. 3 (bottom panel) we display the step-like 
increase of the BHB eccentricity, which is marked by the repeated interactions with 
the outer star. At any revolution of the perturber around the BHB we observe a 
step increasing of the eccentricity. On the contrary, this flyby is not sufficient to 
make a significant perturbation on the eccentricity evolution. Fig. 3 (right panel) 
sketches the evolution of the BHB latest orbits before the coalescence event. The 
plot in the rectangle is a zoom of the final part of the BHB trajectory (at its right 
side), spanning a length ~ 107" pc. Therefore, in this particular case the triple 
system built up is the main ingredient that drives the BHB coalescence. A similar 
result is derived by Ref. 11 for low dense star clusters. 


4.2. Gravitational Waves 


In Fig. 4 we show the amplitude vs frequency of emitted gravitational waves for 
the case described in. 4.1.1 Using the last orbital parameters of the binary which 
correspond to the last integration made with ARGdf, we derive a coalescence time 
Tmre = 7 yrs. We have set the luminosity distance to that of the first source detected 
by LIGO,! which corresponds to a redshift of about z — 0.11. As described by the 
work of Chen & Amaro-Seoane (2017), ? only circular sources are audible by LISA, 
which is *deaf" to eccentric binaries of stellar-mass black holes that emit their 
maximum power at frequencies farther away from LISA. Hence, this particular 
source would only enter the Advanced LIGO detection band. 


4.3. Merger Rate 


We estimate the merger rate following the prescription in Rastello et al., 20198, Sec. 
4.5, Eq. (3) and Eq. (4). Assuming the total number of OCs in our Galaxy and the 
number of Milky way-like galaxies within redshift z — 1, we obtain a merger rate 
Raus % 2Gpe- *yr-1, 

'This estimate is however derived under the most favourable conditions, and thus 
represents the highest merger rate expected from low-mass OCs. Note that the BHB 
merger rate inferred from the first LIGO observations (GW150914) is in the range 
2 - 600 Gpc^? yr-!.? Our BHB merger rate is consistent with those found in 
Refs. 11, 14, 15 for BHB mergers in Young Massive Star Clusters. Although BHB 


mergers originating in open clusters-like systems might be less numerous than those 


a An animation of the triple orbit and the eccentricity evolution is available at https://youtu.be/ 
zk8waNtubLk. 
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Fig. 4. Characteristic amplitude hec of the first most important harmonics for the model of de- 
scribed in Sec. 4.1.1 at a luminosity distance of D = 500 Mpc. 


produced in massive star clusters, they would add a comparable amount to the BHB 


merger rate in the Universe because of their larger abundance. 1:15.16 


4.4. Tidal Disruption Events 


As a serendipity outcome in our simulations, we found that in a few cases, the 
BHB disruption is mediated by a star, which binds to one of the two BHB former 
components. The newly formed BH-star pair is characterized by a high eccentricity 
(e > 0.9) and a pericentre sufficiently small to rip the star apart and give rise to 
a tidal disruption event (TDE). Such events are however not linked to the BHB 
coalescence. In our models, TDEs involve either main sequence stars (MS), stars 
in the core He burning phase (HB) or in the early asymptotic giant branch (AGB) 
phase. Indeed, a component swap occurs in 28.5% of the cases, with the new 
companion star being swallowed by the heavier BH. Our findings suggest that X-ray 
or UV emission from OCs can be the signature of the presence of BHs with masses 
as high as 20 — 30 M_©. Following the indications in Ref. 8 we found a TDE rate 
of P'rpg = 0.3 — 3.07 x 10-8yr-! per MW-like galaxies in the local Universe. 


5. Conclusions 


We studied the evolution of a primordial massive black hole binary in low density 
star clusters, and we derived that: (i) in ~ 95% of the simulations performed, 
the BHB hardens (its semi-major axis reduces by 2 to 4 orders of magnitude) 
due to the repeated scatterings with flyby stars, while its eccentricity increases 
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significantly. This process takes place on a relatively short time-scale, ~ 1 Gyr; 
(ii) in ~ 1.2% of the cases, instead, the perturbations induced by massive stars that 
occasionally approach the BHB make it wider; (iii) in the remaining ~ 4.8% cases, 
the interactions with OC stars are sufficiently strong to break up the BHB. 

In ~ 396 of the models, the star-BHB interactions are sufficiently effective to 
drive the BHB coalescence within a Hubble time. We find that a crucial ingredient to 
induce the BHB to merge is the interaction with a perturbing star, whose individual 
action considerably shortens the merger time. In our simulations, we see mergers 
take place in a time ranging from 5 Myr to 2.9 Gyr. In a few cases, the merging 
binaries emit GWs from the 107? to the 10 Hz frequency band. This suggests that 
merging BHBs in OCs can, potentially, be seen both by LISA, ~ 200 yr before the 
merger, and LIGO, during the last phase preceding the merger. 

Extrapolating our results to the typical population of OCs in MW-like galaxies 
in the local Universe, we found that the most optimistic merger rate for this type 
of BHB mergers in low-mass stellar systems is Ag ~ 2 yr! Gpc^?, 
compatible with the rate expected for galactic nuclei, but smaller than that inferred 
for globular clusters and young massive clusters. 

Finally, we found that tidal disruption events in OCs would occur at a rate 
Irpg = 3.08 x 1079 yr^! per MW-like galaxies in the local Universe.? 


a value 
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Nuclear Stellar Clusters are so dense stellar systems (containing up to 107 stars in few 
parsec radius) that their dynamics cannot be followed with the high precision, direct 
summation available N-body codes over a long integration time. Here we present the 
main idea of our new computational approach to study the dynamics of the MW NSC 
exploiting the facilities of the high precision hybrid parallelized code NBODY6++GPU. 
This strategy will allow us to study the evolution of the NSC over its 2-body relaxation 
time with an acceptable numerical effort by mean of a massive computational platform. 


Keywords: Stars: kinematics and dynamics; galaxies: black holes; galaxies: star clusters: 
general; methods: numerical. 


1. Introduction 


The Milky Way (MW) hosts a Super Massive Black Hole (SMBH) in its center, 
of mass of about Msupu ~ 4 x 10° Mo that is surrounded by a very dense stellar 
system: the Nuclear Stellar Cluster (hereafter MWNSC). The NSC is very massive 
(10° — 10" Mo) and luminous (4.1 x 107 Lo) with a half-light radius of ~ 4 pc.!? 
The density of the NSC is of the order of ~ 10’ Mọ pc^?. 

A peculiarity of all NSCs known is that they always contain an old stellar pop- 
ulation (age >1 Gyr), and most of them show also the presence of a young stellar 
population with ages below 100 Myr. This feature is probably connected with the 
NSC origin. According to the so called in situ model,? NSCs consist mostly of stars 
formed (locally) from radial gas inflow into the galactic center. On the other hand 
^5 explains the origin of NSCs by massive clusters that 
migrated to the galactic center via dynamical friction and, further, merge to form a 


the dry-merging scenario 


dense nucleus. Even if these models are still debated, there are many observational 
evidences which favor the dry merging model in case of dE galaxies and also in the 
case of the MW NSC.9 

'The MW NSC is the one we know better because we are able to observe with 
high resolution resolving many of its stars, so it constitutes a wonderful “laboratory” 
to study many astrophysical processes in the innermost Galactic region, within the 
SMBH influence radius, such as Tidal Disruption Events (TDEs) and Extreme Mass 
Ratio Inspirals (EMRIs). 
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1.1. The Computational Challenge 


Despite the large quantity of works regarding the formation of NSCs, in literature 
there is a lack of material concerning their subsequent evolution.^? This is mainly 
due to numerical problems because NSCs are so dense systems that their dynamics 
cannot be followed with high-precision, direct summation, available N-body codes. 

'The easiest way to model dense star clusters with a central massive black hole 
is the use of Fokker-Planck or Monte Carlo approaches, but these methods are 
severely approximated.? Actually, to achieve high accuracy and reliable results, it 
would me much better resorting on direct N-body simulations. Thanks to the re- 
cent improvements of the available N-body codes, it was possible to perform direct 
N-body simulation up to one million of stars!? as done by Wang et al., (2016) !! for 
globular clusters, or Panamarev et al. (2018) ? for the Galactic centre, both using 
the code NBODY6--«GPU. !? Nevertheless, N-body simulations of star clusters remains 
very time consuming. Considering individual time-stepping, the computational cost 
per crossing time depends on the number of steps per particle, which varies with 
different time-step control criteria as well as on the integration method and star 
cluster properties. !?:!! Thus, an efficient parallelization of a direct N-body code 
is compulsory when dealing with large particle numbers. One of the best suitable 
codes for studying a very crowded star cluster as the MW NSC is NBODY6++GPU. !° 
Such code is an MPI parallelization of the standard NBODY6 code apt to an accurate 
integration of the movement of many bodies. It is optimal for collisional systems, 
where long times of integration and high accuracy are both required. NBODY6++GPU 
is designed to work across multiple nodes and, on a supercomputer, it allows to 
perform N-body simulations up to one million of stars. Our simulation tests and 
our future production simulations run on the super-computing cluster JUWELS 
(developed by Forschungszentrum Jülich Supercomputing Centre, Germany) quali- 
fied as the best German computer in the TOP500 list of the fastest supercomputers 
in the world, with a 12.6 Petaflops/s peak. It is composed by 2500 nodes equipped 
with Intel Xeon CPUs (2 x 24 cores) and 48 nodes hosting 4 NVIDIA Tesla V100 
GPUs each. 

In the following section we present our planned implementation of the idea of one 
of the authors of this paper (RCD) as numerical strategy aiming to cope with the 
problem of the study of the evolution of a NSC towards relaxation with a portable 
numerical method and avoiding a mere re-scaling of short simulation results. 


2. Numerical Strategy 


In spite of its speed and efficiency, the NBODY6++GPU cannot deal with a NSC that 
hosts more than zz 107 stars over many crossing times. So, some clever numerical 
strategy is needed which, at the same time, leads to a long term simulation run 
and a sufficiently high precision. A scheme of our “numerical approach" is shown 
in Fig. 1. 


1644 


- Rest of the Galaxy 


Entire NSC 


Boundary 


Sub-cluster region 


Fig. 1. Scheme of our approach (image is not to scale). The SMBH (central black circle) is 
surrounded by a light-blue region which corresponds to an NSC "sub-cluster" region, delimited 
by a (white) boundary. The magenta shell identifies the entire physical NSC. The (external) grey 
region refers to the external galactic components (nuclear bulge, bulge, halo and disk). 


In the assumption of a “local” spherical symmetry in the NSC? star distribu- 
tion, for computational convenience we consider a “sub-cluster” region of the NSC 
(light-blue region in Fig. 1) which contains approximately N ~ 10° stars (indicated 
in yellow in Fig. 1) which corresponds to the maximum number of stars that we can 
simulate with NBODY6++GPU. The boundary of the sub-cluster region is indicated 
by a white shell (Fig. 1) of radius rẹ. The sub-cluster region is initially sampled 
from a Plummer density profile of solar metallicity stars whose masses follow the 
Kroupa IMF. The number of primordial binaries is assumed to be 596 of the total 
number of nuclear cluster stars. Stellar evolution is considered as implemented in 
the standard SSE and BSE tools. t3 


'The entire NSC occupies the whole magenta sphere in Fig. 1. The dynamical 
role of stars which cross in or out the NSC region cannot be neglected to study the 
evolution of the entire NSC. Therefore to account for their contribute we developed 
a method described as follows: 


e The boundary and the sub-cluster region are not physical limits and the 
stars can freely evolve across these regions. We keep track of the orbits 
of the stars that exit the sub-cluster region (moving through the magenta- 
ring) and re-enter either into the sub-cluster region or escape forever from 
it. This task is done by building up a proper boundary condition as de- 
scribed below. 


?Since we are interested in the secular dynamical evolution of the MW NSC towards relaxation, the 
initial conditions for the N-body simulation are constructed assuming the dry-merger formation 
of the MW NSC. 
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We exclude or continue to consider in our computation stars that, on the 
base of their mechanical energy, are so energetic that they likely cross with 
no return within the rp boundary or, being less energetic, would actually 
re enter the boundary. These latter, indeed, will likely spend a time At 
out of the sub-cluster region before re enter it. So, they are dynamically 
important for the global evolution of the NSC and need to be properly 
taken into account. 

The “re-injection” of any, i-th, of these stars is done by a suitable es- 
timate of the re-enter time tye,;. Actually, in the hypothesis that outside 
the sub-cluster region the potential is spherically symmetric, the i-th object 
individual energy per unit mass is 


E; = =r? + = + U(r) (1) 


where L; is the specific angular momentum (per mass), r; is the norm of 
the position vector of the i-th-star, U(r;) is the gravitational potential. 
An estimate of tye; is obtained by computing 


n ,/2B,— & —2U(ri) 


where Tapo is the star apocenter distance off the sub-cluster region. 
As known, the apocenter distance is solution for r; of the equation: 
2 

After determination of tye, we need to assign to the i-th-star a position 
and a velocity at the crossing of the boundary. We randomly derive the 
new position and the new velocity of the stars when it re-enters the bound- 
ary surface. In particular, in the acceptable assumption that the i-th-star 
feels out of the rp boundary only a smooth gravitational potential, we have 
that the norm of its velocity when it re enters the boundary is identical to 
the one when it exited. The orientation of the velocity vector at re-enter 
is done by extracting the velocity radial component (v,,;) an inclination 
—mn/2 < @ < n/2 with respect to the plane tangent to the re-enter point 
on the boundary sphere. 


In our representation of the nuclear star cluster we need also to take into 
account stars that cross the boundary region coming from outside. If we 
have information on the distribution function f(r, v) of the stellar system 
at the boundary we can use it to sample velocity and position of such stars. 
Such stars, whose masses are distributed according to the chosen IMF, are 
indeed "inserted" within the sub-cluster region assigning them a randomly 
chosen initial position on the boundary. 
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Since the MWNSC is not an isolated system but it is embedded in Galactic environ- 
ment we need to take care also of the other Galactic components. In the case of the 
MW center we face the interesting co-evolution of the NSC and the central SMBH, 
whose presence strongly influences the dynamical evolution of the entire MWNSC. 
According to our strategy the central SMBH is modelled as a fixed point-mass (Ke- 
pler) potential, Ugy = —GMnpgg/r. The mass, Men, of the SMBH is assumed 10% 
of the initial total mass of the NSC. Moreover, the central black hole is allowed to 
grow its mass via star capture within the accretion radius of. This is crucial when 
aiming to the study of events like tidal disruption of stars onto the central black 
hole. 

The other, smooth, Galactic components are modelled as a Dehnen, a Miyamoto 
& Nagai and a logarithmic density profile, respectively, for the bulge, the disc and 
the halo. 

In order to develop this numerical strategy we have modified the code 
NBODY6++GPU by implementing routines to ad an external potential for central black 
hole and unresolved stellar component and to let escaping stars return. Results of 
ongoing numerical simulations will be published elsewhere. 
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The future Milky Way and Andromeda galaxy merger 
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According to our current knowledge about physical and dynamical properties of the 
Milky Way-M31 system, it seems likely that these two galaxies will collide and eventually 
merge in a time very sensitive to initial conditions. Using the HiGPUs code!, we have 
performed several numerical simulations to study the dynamics of the system, trying to 
define the role of indeterminacy in the present day observed relative velocities of the two 
galaxies and the time of the merger. At the same time, we have followed the dynamics 
of the two massive black holes sitting in the galactic centers, to check (within the space 
and time resolution limits of our simulation) their relative motion upon the completion 
of the galaxies merger process. 


Keywords: Galaxy merger; supermassive black holes; Milky Way-Andromeda collision. 


1. Purposes of the work 


In this work we aim to follow the evolution of the “binary” system composed by 
our own galaxy, the Milky Way (MW), and the nearby Andromeda galaxy (M31). 
Observational data are currently not sufficient to strictly constrain the dynamics of 
this interaction and, therefore, a wide range of scenarios for their future evolution 
are possible. In any case, almost all of them imply an eventual merger between the 
two galaxies in a time which is very dependent upon parameters of the simulation. 

In our study we considered a set of initial conditions spanning a range of values 
of the tangential component of the relative velocity of the MW and M31. This 
allowed us to quantify how these differences affect the interaction. A particular 
subtopic of relevant interest is the motion of the two massive black holes (SMBHs) 
known to be present in the two galaxies central regions, with especial regard to the 
last phase of the galactic merging process, when the two SMBHs are expected to 
form a close binary system. The results we obtained so far for the evolution of their 
orbits during the galaxies interaction, are interesting but the present simulation 
resolution is not enough to represent the very final stage, down to what is called 
the “final parsec problem”. 


2. Methods 


For these simulations we have used the HiGPUs code!, which performs direct 
N-body calculations exploiting a full parallelization on hybrid platforms (CPUs 
and Graphic Processing Units). So far, we have used a number of particles of order 
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3.2 x 10*, aiming to extend resolution by reaching, at least, one million of particles. 
Initial conditions are obtained with the code *GSAM" (Galaxy SAMpler), written 
by Arca-Sedda et al. (2015), and able to generate star clusters models with different 
density distributions. In our case the two galaxies are modelled according to a King 
density profile. 

We have performed three different simulations at varying the transverse velocity 
of Andromeda as seen by the MW, keeping unchanged the other parameters. 

In Table 1 all the initial parameters, common to the three simulations, are 
shown. 


Table 1. Common initial conditions in the three simulations. 


Milky Way Andromeda 


Mass (Mo) 9.0 x 10 1.5 x 10 
Wo 6 6 
King radius rc (kpc) 1.535 3.385 
Relative radial velocity (km/s) —120 

Initial separation (kpc) 780 


3. Preliminary results 


Modelling the two galaxies orbital evolution, we could investigate how the merger 
time changes at varying the relative initial transverse velocity (Vio), as summa- 
rized in Table 2. Our results show that the great uncertainty on this kinematical 
parameter makes the time of merger undetermined for a factor ~ 80. Actually, a 


^ à very low 


wide range of merger times are found in the literature: in some cases 
transverse velocity was reported (Vio ~ 17km/s), whereas in others? a value about 
10 times larger, Vio zz 164km/s. According to the most recent estimations? a reli- 
able value seems Vin © 57km/s, but the level of uncertainty is still very large. For 
these reasons, our results are only indicative, as upper and lower limits. Moreover, 
in these present simulations the intergalactic medium (IGM) has not been consid- 
ered, which, on its side, should act to reduce the time for the merger of the two 


galaxies. 


Table 2. Time of the merger for the three initial 
tangential velocities of M31. 


Vio (km/s) | Time of the merger (Gyr) 
20 6.7 
50 108.8 
80 544.6 
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00 Gyr 12.5 Gyr 0.0 Gyr 12.5 Gyr 


25.0 Gyr 37.5 Gyt 25.0 Gyr 37.5 Gyr 


50.0 Gyr 62.5 Gyr 50.0 Gyr 625 Gyr 


D 
B 
* 


750 Gyr 87.5 Gyr 75.0 Gyr 87:5 Gyr 


Fig. 1. Snapshots at various times of the configuration of the two BHs (left columns) and their 
host galaxies (right columns) in the case of Vig = 50km/s. Red colour refers to the Milky Way, 
blue to Andromeda. The unit of distance is 780 kpc. The time interval between each snapshot is 
12.5 Gyr. 


Figure 1 plots some snapshots of the merging process in the case with Vig = 
50 km/s: in the left panel we show the relative motion of only the two central 
SMBHs while, on the right, the two interacting galaxies are shown. 

We have plotted in Fig. 2 the time evolution of the distance between the two 
SMBHs in the three cases of Vig examined. It should be noticed that, after the 
merger of their host galaxies, the two SMBHs keep orbiting around each other 
at almost constant distance (roughly circular orbit). The reason why the SMBHs 
binary does not experience a further shrink is due to the loss of efficiency of gravita- 
tional encounters, because, due to unsufficient number of simulation particles, there 
are too few “stars” enclosed within the scale the two SMBHs are orbiting. This 
means that to reproduce satisfactorily the inner dynamics of the SMBHs binary we 
need at least a factor 10 larger N. 
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Fig. 2. Distance between the two BHs as function of time, for three different initial tangential 
velocities. 


Anyway, an interesting result is that the distance at which the binary stalls 
(around 300 pc) seems to be independent of the initial tangential velocity, because 
it likely depends only on N and not on the other initial conditions. 


4. Tentative Conclusions 


This short note reports some of our current work on the dynamics of the future 
merging process of our Galaxy and Andromeda. Since the tangential velocity of 
Andromeda is not precisely constrained by observations, we decided to perform 
three simulations varying this parameter. Depending of this, we have found that 
the time of the merger results great. This is partly due to that in these preliminary 
simulations we did not consider the role of the intergalactic medium, which, accord- 
ing to some previous simulations’, can speed up significantly the merger process, 
via dynamical friction. 

The relative motion of the two central SMBHs shows a regular behaviour on a 
large spatial scale, but we should increase the resolution to extend reliably the study 
also to the innermost region of the new cluster formed after the merger. Actually, 
we are planning other simulations with larger values of N, extending the range of 
values for Vig, and with the inclusion of the intergalactic medium dynamical friction 
effect. 
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The recent detection of a binary neutron star merger by the LIGO and Virgo collabora- 
tions (LVC) and its corresponding electromagnetic counterpart from several astronomer 
teams marks the birth of multi-messenger astronomy!. Due to the size of the sky lo- 
calization from a GW signal only, which can span tens to thousands of square degrees, 
there are significant benefits to rank the galaxies inside these large sky areas to maximize 
the probability of counterpart detection. Here we present a new procedure to query the 
galaxy catalogs, rank the galaxies and eventually define a prior for time allocation and 
scheduling algorithms. 


1. Introduction 


Multi-messenger astronomy demonstrated its scientific potential from the very first 
event observed via gravitational waves and via electromagnetic (EM) radiation, 
GW170817. The success of the observational campaign following GW170817 origi- 
nates also from some lucky coincidences, beginning with the fact that this has been 
the closest event to Earth and with the highest signal to noise ratio (SNR) so far 
detected by the gravitational waves detectors. This helped significantly in localis- 
ing of the source, as the skymap produced shortly after limited the area containing 
the source with 9096 probability to just 28 deg?, instead of the usual hundreds or 
thousands deg?. 

This typical large value of the 90% area of the skymap is due to the method 
used to identify candidates gravitational events using the coincident SNR to assign 
a value to the total SNR: the current strategy adopted by the pipelines used by 
LVC for online detection of a gravitational wave signal is to consider whether all 
the online detectors find a trigger with high SNR from the same template in each 
detector in a time window which is compatible with a gravitational wave traveling 
time between each other. While using the coincident SNR limits the computational 
costs and allows a quick identification of candidates events, it comes at the cost 
of neglecting some informations that could reduce the area of the 9096 probability 
region. 

Assuming that the triggers are due to a binary neutron stars gravitational wave 
signal coming from a certain galaxy, one expects to measure not only trigger times 
compatible with the traveling time of a gravitational wave between the detectors, 
but also coherence in phases and amplitudes of the signals recorded in each detector. 
The coherent SNR includes exactly these informations to assign a value to the total 
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SNR measured by the detectors network. Clearly, a full-sky search with coherent 
SNR is computationally more expensive than a full-sky search with coincident SNR, 
and therefore the latter is still currently preferred by the online detection pipelines. 

Our idea is to use the coherent SNR only for a reduced number of points in 
the sky, identified by the galaxies inside the region at the 9096 c.l. of the skymap 
produced by BAYESTAR, and subsequently rank the galaxies according to their 
value of coherent SNR. The computational costs are further reduced if we avoid to 
compute the matched filtering output for a template bank and use instead the SNR 
time series already produced by an online detection pipeline, such as the Multi-Band 
Template Analysis (MBTA) pipeline?. 

In the following we report preliminary results from a “proof of concept” analysis 
performed with the LaL code lalapps.cohP TF.inspiral.c?, that worked for us to test 
the viability of our approach. 


2. Coincident and coherent SNR 


Following the standard matched filtering theory, given the output of the detector i, 
s(t) = n(t) + A(t), we assume that the noise n(t) is Gaussian and stationary and 
with power spectral density S; (f) defined as (&(f)n*(f^)) = $6(f — f')S, (f) . This 
is used to define the single detector inner product between two time series a(to) and 
b(to +t), 

a(f)w (f) ion pt 


(a|b)(t) =a f of Re l (1) 


The odds of a signal h being present in the data can be evaluated via the 


likelihood A,(f) = FER = a?" , and therefore the log-likelihood for the 


single interferometer takes the form 


1 
In Ap(t) = (s|h)(t) — 5(hIh)() . (2) 
This allows us to define the SNR time series for the waveform h as 
p(t) = 21n A(t) (3) 


Consider now to have two detectors, i and 7. What a typical online detection 
pipeline does in order to identify interesting candidates is to compute pj, (t) for each 
detector output (s'(t), s/(t)) and for every waveform template within a template 
bank. If the time series (pi, (t), p] (t)) of the same template h exceed a fixed threshold 
p for times (t; ,t;) such that |t; — t;| € di;/c, where dij is the distance between the 
detectors, then the pipeline denotes it as a candidate event with coincident SNR 
given by 


Peoine = V lo (LT + [os (ts)? - (4) 
The coherent SNR can be defined from a straightforward generalisation to a 
multi-detector likelihood given by In A;(£) = (s|h) — Z(h|h), where we denote the 
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scalar product for multiple detectors i as (a|b) :— ;,(a/|b^). Taking advantage 
of some peculiarities of the compact binaries coalescence signals we are interested 
into,? we can obtain a simple expression for the coherent SNR as 


Peon(t) = 2 max(In A; (t)) = (s|h) M"" (s|b,) , (5) 
where hj, are given by 
hi(t) = FL(0*, o, x")ho(t), 
h(t) = FY (0, $, x")ho(t), (6) 
h(t) = FI, o, x‘) (t), 


hat) = FX (0*, 9^, x")hz (t), 
Fi , being the detector response functions to the plus (+) and cross (x) polariza- 
tion components of the waveform.^ The matrix M“” depends only on the sensitiv- 
ities and response functions of the detectors. 

The computation of the matched filtering terms (s|h,) are responsible for most 
of the computational cost of the coherent SNR, but are precisely what MBTA 
computes for its independent task of online detection. Computing coherent SNR 
using MBTA output will simply consists in summing these time series, properly 
time-shifted depending on the galaxy within the skymap for which we want to 
estimate the coherent SNR. 


3. Methods 


We select about 90 gravitational wave sky localizations from Ref. 4 in which a triple 
detection is considered. The 90% confidence level for each probability skymap is 
build using the MOC (Multi Order Coverage map) method based on HEALPix sky 
tessellation®. MOC is a multi-scale mapping based on HEALPix sky tessellation. 
It is essentially a simple way to map irregular and complex sky regions into hierar- 
chically grouped predefined cells. Each MOC cell is defined by two numbers: the 
hierarchy level (HEALPIX ORDER) and the pixel index (HEALPIX NPIX). The 
NUNIQ scheme defines an algorithm for packing an (ORDER, NPIX) pair into a 
single integer for compactness?. We compute the MOC region at a given probabil- 
ity level and subsequently, we query databases for retrieving objects whose position 
falls within this MOC map at 9096 confidence level. The GLADE catalog is used 
in the analysis’. 

We compute the sky position of the maximum probability pixel defined by the 
BAYESTAR pipeline with the healpy package?. 

The values of component masses of the template with highest coincident SNR 
are passed to a script that prepares a single-template bank that is used for the 


aThe interested reader can find a detailed derivation in Ref. 9. 
bThese are given in terms of ho and hg by hy(t) = Atho(t) + Aha (t), hx(t) = A?ho(t) + 
A^ hz (t). 
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analysis. The template bank and the GPS times related to the each event are input 
of the function that computes the coherent SNR, lalapps.cohP TF inspiral, looping 
over the selected galaxies from the GLADE catalog cutting at 1-sigma distance 
reported in the image's header?. 


4. Preliminary results 


In a small fraction of our datasample (10 cases) the injection positions meet with 
the highest coherent-SNR values. This fact has motivated our investigation to set 
up a EM follow-up strategy. Two different strategies are planned to optimise a 
follow-up activity in a few minutes after the first rapid sky localization using the 
coherent SNR measured for the galaxies within the 90% c. 1. The skymap tiling is 
performed by the GWsky tool!?. 


4.1. Strategy for telescope with a large Field of View 


We measure the sky distances between (i) the position of the injection and the 
position of the galaxy with the highest coherent SNR; Dist (inj - MAXsnr), with 
median — 6.6. (ii) the position of the injection and the maximum probability pixel; 
Dist (inj - MAXpix), with median = 9.7. The two distances are compared in Fig. 1. 
The distance Dist (MAXsnr - inj) is narrower. If the trend will be confirmed, 
the injection could be promptly imaged in a one/few tile(s) by centering the FoV 
telescope at the position of the maximum coherent SNR. 


[2 Destlinj - MAXpu) 
TI Distlinj - MAXsnr) 


Dist (inj - MAXpix) - median - 9.7 


P Dist (inj - MAXsnr) - median = 6.6 


Number of Events 


o z3 E: 7s 100 us 150 is 
Distance [deg] 


Fig. 1. Distributions of the angular distances between the true location of the injection and the 
pixel of maximum probability (green) or the galaxy with greatest coherent SNR (red). There is a 
mild indication of a better performance of our method. 
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4.2. Strategy for telescope with a small Field of View 


We rank the coherent SNR from the highest value to the lowest value. The injection 
position in the rank is determined for testing. In 48 cases over 84 under examination, 
the galaxy target using the coherent SNR information captures the injection in a 
better position than galaxies localized in the confidence levels gradually growing. 
In Fig. 2, we show a case in which the injection is ranked at the position 3 using 
the the coherent SNR scenario while in the contour plots approach it is localized at 
the 4196 c.l. in which 285 galaxies are distributed. 


Fig. 2. A particular case in which the injection is ranked at the position 3 using the the coherent 
SNR scenario while in the contour plots approach it is localized at the 4196 c.l. in which 285 
galaxies are distributed. 


5. Conclusion 


We are testing our method to ensure its validity for a very large sample and to verify 
if it could significantly decrease the allocated time for an EM follow-up activity (or 
in which special cases, if there are). At this stage, we note a positive trend when 
the coherent SNR approach (measured for each galaxy in 90% c. 1.) is applied to 
tile the skymap compared to the traditional contour- plot method provided in a 
rapid GW sky localization. 

We are also preparing a separate code that implements this general algorithm 
on MBTA. Taking advantage of the matched filtering already performed by MBTA 
during the online search we expect to be able to obtain the rank of galaxies within 
few minutes from the trigger. 
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A stochastic background of gravitational waves can be described basically as the super- 
position of several unrelated events, of cosmological or astrophysical origin. This is a 
generic definition: depending on specific cases the background can show a rich statistical 
structure, both in the space and time domain, and in principle several physical informa- 
tion of great interest can be extracted from it. I will discuss the features of this kind 
of signal, giving some details about how detection and parameter estimation procedures 
can be designed to obtain optimal performances. 


Keywords: Gravitational waves; Data Analysis, Stochastic Background. 


1. Introduction 


A stochastic background of gravitational waves can be seen as a gravitational wave 
field which evolves from an initially random configuration, or equivalently as the 
result of a superposition of signals generated by many uncorrelated and unresolved 
sources. 

Expected stochastic backgrounds can be of cosmological origin. They can be 
generated by several physical mechanisms in the early evolution of the Universe, 
such as inflation, phase transitions, cosmic strings. These are of great importance 
as they can carry information about early Universe!. 

A background can be generated also by astrophysical sources?, such as for ex- 
ample compact binaries coalescences, supernovae, rotating neutron stars. 

The stochastic background couples to a given detector which gives as an output a 
signal sf, modeled by a stochastic process. This is really the sum of a contribution 
coming from the background hi and another given by the detector's noise nj, 
namely 


sf = hf + ng (1) 


Here the capital index labels the detectors, and the lowercase one enumerate the 
data. 


2. Detection 


If we know the statistical properties of the stochastic processes n? we can evaluate 


the possibility of detecting a stochastic background?. We suppose that the noises 


n2 are Gaussian stochastic processes. We do not make at this stage particular 


assumptions about the signals h;*: they are described by some probability density 
pn (ha) which depends by a set of parameters a. Then the probability density for 


1660 


observed data can be written as 


pl) =N f osa exo (516; d ot iG — 18) Lod O) 


where C; is the covariance array of the background. Using the Bayes theorem this 
can be converted to the probability density for the model parameters ao: 

sla = EN 

J ps(s4]a)p(a)da 

where p(ao) is the prior for these. This can be used to infer the properties of 
the background from the data. For example marginalizing over non interesting 
parameters we can get the joint probability distribution between the one we are 
interested to. It is also, at least in principle, the starting point to design a detection 
test such as 


J ps(s^lai; Hi )p(a da, 

J ps(sAla; Ho)p(ao)dao 
where Hı and Ho are the hypothesis of presence and absence of a background. This 
approach is however not commonly used because it leads to quantities which are 
difficult to manage: a simpler strategy will be discussed in the following. 


>À (4) 


2.1. The Gaussian case 


We give some details for a Gaussian stochastic background, which is the simpler to 
analyze. In this case 


1 
ph(h [M3) = N exp (-3les ritas j (5) 


where C; is the spectral covariance array of the stochastic background signal. The 
integral (2) can be computed explicitly in this case. However here we want to follow 
a different but almost equivalent approach. Given a network of detectors, we want 
to find a statistic of the form 


Y= [OPS wae, S^P (w) = s^" (w)sP(w) (6) 


with the best signal to noise ratio. We work in the frequency domain assuming a 
stationary background and we set Q^P = 0 when B = A. The signal to noise ratio 
is given (when Cr < Cn) by 


<t> PY age SOP WICH) dew 


i a BN Sai Bu an 7 
veyte-eY* 2T Y pup f IQAB (o) PCAA Qo) CBE (ur) du Wu 


where T is the observation time. This is maximized by choosing 
CKA (uw) 


OO) * TED) S 
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The statistic of Y is a Gaussian one, and we can compute the false alarm prob- 
ability for a given threshold A as 


+00 


Prald) = f — N(aspo,o8)de = erte (>£) (9) 
A 0 


The detection probability can be obtained in the same way, by substituting the 
mean Ho = 0 and the variance og of Y evaluated in absence of the signal with 
the analogous quantities jj and 0, ~ oo evaluated when the signal is present. The 
detection probability for a given false alarm can now be written as 


1 
Pp ~ zef erfc™! ( 


Note that Cj is the noise power spectrum in the detector A. The detection 
probability increases with the square root of the measurement time, and is reduced 
when there is a loss of coherence between the detectors. This coherence is usually 
described by the overlap reduction function 


y^P (w) = Cg (wo) /y CHA uw) CH (w) (11) 


which depends on the separation and orientation of the two detectors. 


3. Models 


We can write the observed background as a superposition of modes in some specific 
basis, for example 


7,0 2 Y [ df | ans A"(à, Neha Fo (12) 
x fas 


where the amplitudes A? (ñ, f) are modeled as stochastic variables. Here the sum 
is over the polarizations P and the integrals over frequencies and directions of 
propagation. In this way the background is described by a (multivariate) probability 
distribution p (A (à, f)) or equivalently by the amplitude's moments (we can safely 
assumed the first order one to be zero) 


(AP (fin, fi) A™ (s fu)) — ko2,- (13) 
The coupling between the background and a detector is given by 
h^ (t) = D$ (t)hi (2^ (t),t) (14) 


Here DS (t) is the detector tensor, which is time dependent because the orientation 
of the A-th detector can change with time owing to au earth's rotation. The 
gravitational wave strain field is evaluated at the position z^ of the detector. Using 
Eq. (12) we get 


=y I df J dO AP (Ah, fF) DA(t)el; Ae EAE (0 iom ft (15) 
T 
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so we can associate a set of stochastic processes to the set of detectors. 
If the amplitudes A’ (A, f) follow a (multivariate) Gaussian distribution, then 
the processes h^ are completely described by 


CA5 (t, fe Cau JRE t^) 
“5: fa fan e [| metis toas 
X D(t t) Di TU ")*e P (fei (m)*e! e 27 (fài (0)— f^m-zP e )) gin (ft f^t") 
(16) 


On the typical time scale of observations, we can assume that the statistical prop- 
erties of the background do not change. Under this assumption of stationarity we 
can write 


(AP (f, f) A? (ri, f^)") = AT? (f, rn, f)ó (f — f) (17) 


and we obtain 
C8 (t, t) = S fat [aos f ans" 90.) 
P,Q 
* x 4271 (at A (t) 5n. al 127 =y 
x Dé )DE a Mea Ge = (ve onem ei 18) 


Note that this does not mean that the stochastic processes h are stationary. The 
reason is that a non stationarity is induced by the motion of the detectors, which 
change their positions and their orientations owing to the earth's rotation and rev- 
olution around the sun. If we neglect revolution, which gives an effect which is 
usually negligible, we can write 


mt) = R(t)“ (19) 


where R is a rotation matrix and 
CB (t, t) = 2. pr df / dO, I dO, AP? (R(t)h, R(t')rh, f) 


x ph GAG fi)eg (th) * ei (REA mea) qaam fai) (20) 


The simpler situation is when the background is isotropic and there are no corre- 
lations between different directions in the sky. In this case A"? does not depend 
on the directions and is insensitive to the rotation of the detectors. By using the 
previous expressions to connect C48 to physical quantities we obtain 


1 dp LC P 
£s — 7 Ch 21 
where pg, is the energy density of the HM and pe the present value of the 
critical energy density for closing the universe. In the same way it is possible to 
evaluate the overlap reduction function. 
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3.1. Non standard polarizations 


General relativity predict only two different polarizations for gravitational waves. 
But a general metric theory can have up to six independent polarizations. 

In principle it is possible to disentangle these polarizations* by using the signals 
of a network of detectors?. The idea is that each polarization has a peculiar overlap 
reduction function, so it is possible to introduce the statistics 


YAB p) = 207 FALA) SBCA) (22) 
3HT 
whose expectation values are connected to the energy densities of the different 
polarizations by the overlap functions 


YE) = 18 Aa) (23) 


The different contributions are obtained by inverting this relation. 


3.2. Anisotropic backgrounds 


It is possible to investigate an anisotropic stochastic background? by exploiting the 
time dependence in Eq. (20). The basic idea? is that contribution to the measured 
signal are modulated in phase and amplitude in a way which depends on the detector 
and on the direction. If we introduce on each detector a demodulation factor which 
is appropriate for a given direction, when we evaluate the correlation we wash out 
other contributions. In this way it is possible to reconstruct a map of the background 
intensity in the sky, with an angular resolution which scales as Agu d" !, where d is 
the spatial separation between the detectors. 

'This can be seen as a solution of an inverse problem, and it comes out that at 
least three detectors are needed to remove the degeneracies. 


3.3. Non Gaussian backgrounds 


As we said in the introduction we can look at a stochastic background as a result of 
the superposition of many uncorrelated events. This is especially true for an astro- 
physical stochastic background”, where the events can be for example coalescences 
of binary compact objects. 

A key parameter that characterize the background is the duty cycle for a given 
upper cut-off in the red shift parameter z 


D(z) = fa +2')T x Tay (24) 


where the first factor is the observed duration of the event and the second the 
observed rate of events. When D < 1 the events does not overlap and can be 
detected separately. When D > 1 we are in the opposite situation, there is a very 
large overlap and the signal can be described by a Gaussian stochastic background. 
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The intermediate regime D ~ 1 is a peculiar one. It is not possible to resolve 
each events owing to the overlap, but the typical number of overlapped signals is 
not too large and the stochastic background is not a Gaussian one. 

Several approaches have been elaborated in order to deal with this, details can 
be found in the literature? !?. 


4. Conclusions and perspectives 


During the last years several kind of analysis have been applied to the data, at- 
tempting to detect a stochastic background of gravitational waves. 

No detections have been obtained until now, but interesting upper limit exists 14. 
There are some promising candidates !?:!6 that hopefully will be detected when the 
final sensitivity of current advanced detectors will be reached. 

In the next generation of detectors, with an improvement of one order of mag- 
nitude in sensitivity, it will be possible to test for non trivial models, to detect 
sub-threshold events as a background, and maybe to start a synergy with other 
kind of detectors using multimessenger strategies. 
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The localization of Gravitational Wave (GW) sources, that is crucial in identifying their 
physical nature via the joint use of GW interferometers and other messengers (elec- 
tromagnetic, neutrino, etc.), is mainly based on the observed delays between pairs of 
interferometers. Time-Frequency (TF) representations can be effectively used for GW 
detection and parameter estimation. In particular, it is possible to estimate the arrival 
time delay between the GW signals detected by two interferometers by suitably aligning 
the related TF maps. In this work we compare different TF representatons and alignment 
techniques, by using numerical simulation based on recent public-domain GW data. 


Keywords: Gravitational Waves, Time-Frequency Analysis, Wigner-Ville distribution, 
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1. Introduction 


Direction of arrival (DOA) estimation is a crucial aspect of gravitational wave (GW) 
and multi-messenger astronomy. The DOA can be retrieved with high accuracy from 
the observed arrival-time delays d between the GW signals detected by different 
pairs of interferometers in a network of three or more non-colocated detectors. 

Time-Frequency (TF) maps are tools of choice used for unmodeled transient GW 
signals affected by nonstationary disturbances of instrumental and/or environmental 
origin. The Constant Q-Transform (CQT) t, in several flavours (including Q, Omega 
and Omicron pipelines), is currently used in LIGO-Virgo Collaboration (LVC) data 
analysis. Among available alternatives, the Wigner-Ville (WV) distribution features 
the best localization/resolution properties”, but contains intermodulation artifacts, 
due to its bilinear nature. The Radial-Gaussian Kernel (RGK) smoothed WV? 
removes these artifacts, that hinder the visual readability of the WV distribution, 
with minimal resolution loss. The main purpose of this paper is to evaluate the 
effectiveness of the TF maps in estimating the GW signals DOA. Due to the image- 
like structure of the TF maps, it is possible to use alignment techniques borrowed 
from image processing. In particular, we will test the Phase Correlation (PhC) 
method? and the Lukasiewicz Triangular Norm (LTN) method?, both implemented 
with sub-pixel accuracy, by using numerical simulations. 
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2. TF Maps for Delay Estimation: CQT and WV 


The CQT of a signal z(t) for a given value of the (so-called quality factor) parameter 
Q is defined as follows: 
+00 


Xoalt, f,Q) = J xz(r)w(r — t, f, Q)e "FT dr, (1) 


The best performance (the finest time-frequency resolution) is achieved when w(t — 
t, f,Q) isa Gaussian window, but this latter has infinite support. Therefore, in GW 
data analysis pipelines the so-called bisquare window is used instead. For increasing 
values of Q, the CQT has lower temporal resolution. This effect is evident also in 
Fig. 1, displaying two CQT maps of the GW150914 signal as received by the LIGO- 
Hanford interferometer®. Lower values of Q are therefore better suited for time 
delay d estimation. 
The WV distribution of a signal x(t) is defined as follows 


W,(t, f) = TN à (t + z) zt (t E Z) e minds. (2) 


where z(t) = x(t) + i[x(t)]| is the the analytic mate of x(t), H[-] denoting the 
Hilbert transform operator. 

'The WV transform is a quadratic representation and is affected by artifacts due 
to intermodulation (e.g. see Fig. 1). A possibility to solve this issue is to perform a 
smoothing procedure?. This amounts to computing the Ambiguity Function (AF), 
ie. the 2D-Fourier transform of WV distribution? 


A(& 7) = F[Xw (t, f)], (3) 


where F[-] denotes the (t, f) — (£, 7) Fourier operator, and using a suitable kernel 
K(€,T) to produce a new TF representation, given by 


Xs(t, f) = FACE, 7) K(E,7)], (4) 


where F—'[-] denotes the (£, 7) — (t, f) inverse Fourier operator. In particular a 
radially-Gaussian smoothing kernel can be used, that in the polar coordinates (p, 0), 
of the AF domain can be written: 


K(p,0) = exp {47 | (5) 


Note that the AF symmetry property A(—£, —7) = A(£,7) implies K(p,0 +7) = 
K(p,0). Therefore we may determine c(0) to maximize the energy content of the 
kernel-weighted AF subject to a volume constraint, namely: 


max [Lato 8)K (o) pdpdd + f [ctp Of papa? < o. (6) 


The smoothed version of the WV distribution is thus tailored to the actual (energy) 
distribution in the AF plane. In Fig. 1 we show the WV-based TF maps of the 
GW150914 signal, as received by the LIGO-Hanford detector?. 
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Fig. 1. TF maps for GW150914 (LIGO-Hanford)$: the two leftmost images are CQT with Q = 5 
and Q — 8; the last rightmost ones are the plain and smoothed WV. 


3. Delay Estimation 


Consider two detectors that (disregarding the different directional gains) receive 
signals x(t) and y(t) = x(t—d) respectively, yielding the TF representations |X (t, f)| 
and |Y(t — d, f)|. In practice, each TF map is evaluated at discrete times and 
frequencies, (tn, fm) = (n/fs,m/fs), where fs is the sampling rate and n and m are 
integers such that n € [0, N — 1] and m € [0, M — 1], yielding a discrete 2D image 
X € RN*M, whose elements are X (n, m) = |X (tn, fm)|- 

In this subsection we will present two techniques to estimate the delay d by 
aligning the two discretized TF representations X and Y at subpixel level, so as to 
minimize the effect of TF discretization on the time delay estimation. 


3.1. Phase Correlation 


The first alignment technique is based on the well known Phase Correlation (PhC) 
method, using a subpixel accuracy version implemented in a computational efficient 
way*. The 2D Discrete Fourier Transform (DFT) is denoted as Faxo[-] : (n, m) ^ 
(k,l), where a x b is the matrix dimension. Then, we compute the normalized 
cross-spectrum 


S—o Fynxm[Y] 9 Fux mu [X]* 


7 Eia X] 0 Ey auc XP] ^" (r) 


where S € RN*M, and o , o — o denote element-wise (Hadamard) product and 
quotient, respectively. In order to implement a subpixel time shift estimator, S 
should be embedded in a suitably larger matrix of zeros 0 € R^N**M, where & » 1 
is an integer. Therefore, the inverse DFT will be performed on a larger dimension 
to compute the cross-correlation matrix via 


R = Fonxnu lS] E€ ROM, (8) 
Finally, we seek the cross-correlation maximum location, i.e. 


(u,v) = arg max R, (9) 


n,m 
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yielding the time delay estimator (for kN even, as usual) 
u 


n : u € [0, &«N/2 — 1], 
dphc = Kis KN (10) 
E [KN/2, KN — 1]. 
k fs 


3.2. Lukasiewicz Triangular Norm 


The second alignment technique considered in this work is based on Łukasiewicz 
Triangular Norm (LTN), selected for its simplicity and appealing properties", and 
defined as 


Tr(xo,yo) = max(0, zo + yo — 1}, Vzo, yo € [0, 1]. (11) 


In order to implement a subpixel estimator, we interpolate the original TF map. 
To this end, we use the bicubic interpolator’, denoted as Bax], where a x b is 
the dimension of the output matrix. Therefore, disregarding border effects, it is 
possible to define the estimator: 

n 1 kN M 

drTN = —argmax X ^ Tz (Xalk, m), Yolk + u,m)), (12) 

ffs a=: 

where X,(k,m) and Y (k + u, m) are elements of the interpolated matrices Xp = 
BenxM [X] and Yp = BkNxM [Y], respectively. 

Note that it is possible to speed up the algorithm (otherwise rather slow) by 
finding a raw estimate of d without performing the interpolation step, and then 
refining it via the subpixel version in Eq. (12) by considering only values of d close 
to the raw estimate. 


PhC LTN 
10? 10° 
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n 
‘ n 
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[|| -0- Smoothed WV F = >> > M ee ee +-0- Smoothed WV 77777777777 iU EE 
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Fig. 2. RMSE for different time delay estimators, namely apne left plot) and dLTN (right plot). 
The blue dashed lines refer to the quantization error = 1/(fsv 12). Other relevant parameters are 
the number of Monte Carlo trials (Nmc = 100) and the coefficient x = 100 in Eq. (10) and 
Eq. (12). 
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4. Numerical Results 


In this section we discuss the performance of the above TF-based time delay esti- 
mators via numerical simulations. We generate two chirping signals s(t) and s, (t) 
differing by a time-delay d, using the IMRPhenom model?, whose relevant param- 
eters are the companion masses M; and M2, and the effective spin Xe. We set 
these parameters so as to fit the GW150914 signal '°. Moreover, we set the obser- 
vation interval T = 1/8 s, so that, for fs = 16384 Hz, both discretized signals s; (n) 
and s,(n) consist of N = 2048 samples. Then, we add independent realizations of 
Gaussian white noise to the signal to obtain two noisy signals z(n) = s(n) + ws (n) 
and y(n) = s,(n) + wy(n), with the same Signal-to-Noise Ratio (SNR), defined as 
SNR Eq Lr wu 

Finally, we compute the TF-maps of z(n) and y(n) and estimate the time delay 
d using the techniques presented in the previous section. We gauge the estimation 
performance via standard Monte Carlo counting procedures, computing the Root 
Mean Square Error (RMSE), defined as 


RMSE = 


where Nmc is the number of Monte Carlo trials (here Nme = 100) and d; is the 
time delay estimate for the i-th trial. 

'The results are shown in Fig. 2. We can see that, as expected, the sharpness 
of the TF representation is key for both PhC and LTN estimators. Indeed, the 
CQT performs poorly for high values of the Q factors (corresponding to lower 
time resolution), while the RMSE is significantly lower for low Q values. For low 
and medium SNR values, the uniform sharpness of the WV distribution has a 
clear advantage, but for high SNR its intermodulation artifacts cause performance 
degradation. This doesn't happen in the smoothed WV that, for high SNR, clearly 
outperforms the other TF representations considered. The combination smoothed 
WV-LTN outperforms PhC for high SNR values; on the other hand, for low and 
medium SNR values the combination WV-PhC yields the best performance. 


5. Conclusion 


In this paper we compared the performance of different Time-Frequency representa- 
tions and alignment techniques for estimating the time delay between the GW sig- 
nals received by two interferometers. The WV-based representations, as expected, 
outperform the CQT, due to their uniformly higher resolution. Moreover, the LTN 
is more effective than PhC for delay estimation, for high SNR values. even if its 
computational burden is higher. Future works will analyze more sophisticated TF 


11,12 


maps capitalizing on sparse representations , and refined alignment techniques 


to further improve the DOA estimation. 
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The most general gravitational wave is composed of six polarization modes in met- 
ric theories of gravity. Polarization modes of gravitational waves can be used for the 
gravitational-wave tests of general relativity because the properties of polarization modes 
depend on the specific theory of gravity. We study the separability of the polarizations 
and the degeneracies between binary and polarization parameters for the inspiral gravi- 
tational waves from the compact binary coalescences. 
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1. Introduction 


The detection of gravitational waves from compact binary coalescences by Advanced 
LIGO and Advanced Virgo provides experimental approach to test general relativity 
[1-3]. In general metric theory of gravity, there are four non-tensorial polarization 
modes of gravitational waves in addition to two tensor modes allowed in general 
relativity [4]. Moreover, the number and the properties of the polarization modes 
reflect the nature of the theory of gravity. Thus, polarization test of gravitational 
waves make it possible to test general relativity. We focus on the polarization test 
of the inspiral gravitational waves from compact binary coalescences. We need to 
consider the source parameters, which are correlated with each other and deter- 
mine the frequency evolution, to separate the polarizations from compact binary 
coalescences unlike some other waveforms. Polarization search by GW170814 had 
been conducted by the substitution of the antenna pattern functions [5]. However, 
the observational results of the polarizations may be affected by the inclination- 
angle dependence or the existence of other polarization modes. Thus, we study 
the separability of the polarizations and the degeneracies between binary and po- 
larization parameters for the inspiral gravitational waves from the compact binary 
coalescences [6]. 
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2. Angular dependence of a gravitational-wave waveform in 
modified gravity 


In general relativity, the detector signal of I-th detector can be expressed as, 


2 
hy = sr. han; (1) 


where hap is the gravitational-wave waveform in general relativity and Gr,; is the 
geometrical factor for the tensor modes defined by 


5 
GT, := za + cos? 1)F} (0s, Oe) 
+ 2i cos Fy r(0,, Oe) ser? Pt Os1bs9erbe), (2) 


Here 1 is the inclination angle, 0, :— (0s, ¢s, Wp) is the source direction angle param- 
eters (0s, @s) and polarization angle v, Oc :— (Oc, Qe, Y) is the detector location and 
orientation angle parameters, and $p,; is the Doppler phase. We calculated geomet- 
rical factors for non-tensorial modes having different inclination-angle dependence 
from those of tensor modes by quadrupole formula, 


[525 
Üv..I = Fe SiN Wy, (05, Ae)e'PP On bnPerte), (3) 
Ios ibD,1 (O5,60,00,b0) 
Qv, = AJ Sin Py, (Bs, Oajet 06e, (4) 


| 225 
Us, I = = sin’ LFy, 1 (05, Oe et? Pt 85:95 0eFe) (5) 


The inclination-angle dependence for the scalar dipole radiation is proportional 
to sin, in modified gravity theories with a scalar degree of freedom [7], 


| 45 
Gs, I = z sin LFy, 1 (05, Oc ere?! (05.6.0502). (6) 


3. Polarization model 


We adopt polarization models using the above geometrical factors and adding ad- 
ditional polarization amplitude parameters As. The followings are examples of our 
polarization models. 

Model TS1 is a tensor-scalar dipole model in which a scalar mode having the 
inclination-angle dependence of dipole radiation is added. 


hr = {Gr,1+As,Gs,,1}hor. (7) 


Model TS2 is a tensor-scalar quadrupole model in which a scalar mode having 
the inclination-angle dependence of quadrupole radiation is added. 


hr = {Gr,1 + As, Os, 1] han. (8) 
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Model TV is a tensor vector model in which the combination of vector x and 
vector y mode is added. 


hr = {Gr,1 + Av, Gv,,1 + Av, Gv, 1] han. (9) 


4. Results 


We estimate model parameters for 500 BBHs or 500 BNSs whose angular parameters 
are uniformly random, with a detector network such as three detectors aLIGO- 
AdV(HLV) or four detectors aLIGO-AdV-KAGRA(HLVK) in each polarization 
model by Fisher analysis. We use the inspiral waveform up to 3 post-Newtonian 
order in amplitude and 3.5 post-Newtonian order in phase as har, and consider 
11 model parameters in general relativity and additional polarization amplitude 
parameters. Table 1 is the results of the medians of parameter estimation errors 
and correlation coefficients. We say that the polarization modes would be separable 
when the errors of the additional polarization amplitude parameters are less than 
unity because their fiducial values are set to be unity. 


Table 1. Medians of parameter estimation errors and correlation coefficients. Here, dr, is 
the luminosity distance of the source and AQ, is the sky localization error. Masses of BBH 
and BNS are 10M — 10Mo and 1.4Mọ —1.4Mo, respectively. Only correlation coefficients 
larger than 1096 are shown. 


parameter BBH(HLV) BBH(HLVK) | BNS(HLV)  BNS(HLVK) 


36.4 44.3 
0.359 0.134 
0.919 0.250 
Model TS1 0.606 0.197 
0.996 0.984 
-0.231 -0.159 
0.358 0.134 
0.862 0.246 
Model TS2 0.765 0.256 
0.996 0.984 
-0.246 -0.189 
1.22 0.193 
0.813 0.187 
1.37 0.241 
Model TV 2.12 0.298 
0.998 0.991 
C(Av, , cos 1) ; -0.307 -0.207 
C(Av,, Ay) ; 0.948 0.624 


In all models, the additional polarization amplitude parameters are strongly 
correlated with the amplitude parameters such as the luminosity distance and the 
inclination angle. In the model TS1 and TS2 having three polarizations, As is de- 
termined even by three detectors HLV for BNS. However, it is difficult to separate 
the additional polarization mode by three detectors HLV for BBH due to the short 
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duration of the signal although the number of the detectors is equal to the polar- 
ization modes. In the model TV, the errors of the amplitude parameters are larger 
than unity with HLV for both BBH and BNS so that four detectors are always 
necessary to determine two additional polarizations. 

Thus, we found that at least the same number of detectors is necessary to 
separate the polarization modes and obtain the polarization information of gravi- 
tational waves in principle. However, even when the number of detectors is equal 
to the number of the polarization modes, the modes would be inseparable in some 
cases, depending on the correlation among the amplitude parameters. Therefore, 
there are two conditions for the separation of polarization modes; (i) the same num- 
ber of detectors or more as the number of polarization modes and (ii) significant 
signal-to-noise ratio (SNR) and the long duration of the signal. 


5. Discussions 


The second condition for the separation of polarizations (ii) indicates that the dura- 
tion of the signal or frequency band of the detector has essential role in polarization 
test. Here, we use the networks composed of the second generation gravitational- 
wave detectors. However, a single next generation gravitational-wave detector such 
as the Einstein Telescope and the Cosmic Explorer could test several polarization 
modes because they have great sensitivity at lower frequency so that they could 
be effectively treated as a detector network including a set of detectors along its 
trajectory due to the Earth's rotation. 
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The MAGIC Collaboration operates two Imaging Atmospheric Cherenkov Telescopes 
(IACTs) which investigate the gamma-ray sky from 50 GeV to 50 TeV. In recent 
years, the ever-increasing development of new measurement instruments and the new 
synergies between research teams world-wide have contributed to the beginning of the 
multi-messenger era. The performance characteristics of the MAGIC telescopes make 
them well suitable for multi-messenger studies: numerous follow-ups of gravitational 
and neutrino alerts have been performed, along with the historic detection of the first 
neutrino-blazar association TXS 05064-56. In this context, since recent years it is also 
possible for external scientists to contribute to the MAGIC Collaboration observations 
and scientific output. 


Keywords: Multi-messenger; neutrino; gravitational waves; MAGIC. 


1. Introduction 


The era of multi-messenger astronomy began formally already in the middle of the 
20th century, with the study of cosmic rays and neutrinos from the Sun. It then 
progressed a few decades later progressed with the neutrino detection of SN1987A. 
In 2017 it acquired a more widespread and public interest. The discovery of grav- 
itational waves (GW) from the neutron star merger GW170817 triggered a multi- 
messenger observational campaign. Such a multi-collaboration effort found another 
application also in the case of the first neutrino-blazar association of T'XS 05064-056. 

In the case of GWs, interest has been fueled by the possibility of detecting 
electromagnetic counterparts, required to constrain nature and physics of sources 
emissions - GW are not affected by gamma-ray attenuation during intergalac- 
tic propagation at Very-High-Energies (VHE). This happened only after the first 
pure GW signals reached the LIGO detectors (first binary black hole mergers - 
GW150914! and GW151226?). 

Neutrinos have been studied for a longer time, since they represent a neutrally 
charged messenger which is also weakly interacting with matter. These properties 
made neutrinos the perfect tool for studies aiming to pinpoint sources responsi- 
ble for Ultra-High-Energy (UHE) cosmic-rays acceleration. The interplay between 
neutrinos and electromagnetic radiation - in particular VHE photons - is critical in 
order to link the presence of neutrinos in a source's total emission to the production 
of cosmic rays at VHE and UHE. 

Multi-messenger astronomy represents also a milestone in a multi-collaborative 
effort between many observatories and experiments world-wide. The MAGIC tele- 
scopes have been part of this community for many years, putting effort in both 
neutrino and GWs follow-ups. 
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2. The MAGIC telescopes and the IACT technique 


'The MAGIC collaboration is composed by more than 200 members from more than 
10 countries, and operates a pair of Imaging Atmospheric Cherenkov Telescopes 
(IACTs) on the island of La Palma (Canary Islands, Spain). These instruments 
aim to detect and study astrophysical sources responsible for the emission of Very- 
High Energy (VHE) radiation. 

Such phenomena cannot be properly investigated with sufficient statistics and 
precision by space-borne instruments, given the prohibitive energy domain of the 
emitted particles. In particular, due to their limited sizes, any material comprising 
scientific payloads on board of satellites will suffer from limited radiation lengths and 
collection areas at increasing energies. This effect results in a progressive decrease 
in the triggering rates of events with energies over hundreds of GeV. 

The Imaging Cherenkov Atmospheric technique (LACT) aims to solve this issue 
by exploiting the atmosphere as part of the measuring process. In this way it is 
possible to gain more powerful stopping power and greater effective area at higher 
energies. 

Instruments like MAGIC detect VHE primary particles which impact the Earth's 
atmosphere by observing the product of such impacts: cascade showers. Any pri- 
mary particle (gamma rays, electrons or hadrons) will produce an associated shower, 
which develops through the atmospheric medium due to successive diffusion between 
secondary particles and nuclei. In the case of IACT facilities, the signal is consti- 
tuted often by primary gamma rays, whereas the remaining particle populations 
are to be considered background. 

Instead of detecting directly the secondary products of each shower, the IACT 
technique aims to detect the Cherenkov radiation emitted as a result of the prop- 
agation in the atmosphere of such particles. This radiation is collected by each 
IACT telescope in a camera, after the shower's image is projected on a reflecting 
surface. Each camera is composed of more than 1000 pixels, each represented by a 
photo-multiplier (PMT) which converts light signals into electrical impulses. Start- 
ing from this input, each event's image is properly cleaned, removing background 
features which will depend on the observing conditions. Subsequently, a statistical 
analysis is performed in order to retrieve, energy, direction and nature of the pri- 
mary particle (gamma ray or hadron), given the cascade shower it produced. All 
the analysis chain is dependent on specific MonteCarlo simulations covering both 
the instrument's performance and a model of the atmosphere at the observing site. 

Modern IACT facilities are composed of more than one of such instruments, 
providing increased precision in the estimation of the shower's directions which in 
turn results in competitive angular resolutions and collection areas at VHE. 

'The current setup of the MAGIC telescopes is the result of an upgrade per- 
formed in 2011-2012?, which produced an identical configuration between the two 
telescopes, operating in stereoscopic mode since 2009. Multi-messenger studies have 
in particular few critical requirements, which are covered at VHE by the current 
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MAGIC performance: 


e fast repositioning, 
e low energy thresholds, 
e high sensitivities within hour timescales. 


In Table 1 we emphasise the MAGIC performance features more relevant for 


multi-messenger studies. 


Table 1. Summary of the main features of the MAGIC telescopes and performance relevant for 
multi-messenger studies. 


Hardware features Performance 
3.5? Field Of View Angular resolution of 0.06? @ 1TeV - 0.1? at 100 GeV 
Low voltage photo-multipliers moderate / strong moonlight operations 
~ 480m? total reflective surface Energy resolution of 15% at 1TeV and 23% at 100 GeV 
Lowest structural weight Fast repositioning up to 7 deg/s 
Standard and “Sum” trigger systems Energy range from <50 GeV to ~50 TeV 
BOK 
S DN d 2105 GeV 
ES i 
ns ee Se Poe >290 GeV 
PU ——- »1250 GeV 


TEETH. ay 


rrmmm 


Integral sensitivity (56 in 50h) [% C.U.] 


3 
E 


10* 1 


10* 


uui- 0 
m 1 10 Energy threshold [GeV] 


è 


ObselCation time [h] 
(a) (b) 


Fig. 1. See Ref. 4 for details. (a) Dependence of the integral sensitivity of the MAGIC telescopes 
against observation time for different energy thresholds. (b) Evolution of the integral sensitivity of 
the MAGIC telescopes as a function of energy threshold for different configurations of the system. 


Such characteristics result in a sensitivity of ~ 10% of the Crab Nebula flux in 
1 hour above 100 GeV (~ 0.66% Crab, 5e in 50 hours above 220 GeV) as shown in 
Fig. 1(a) and Fig. 1(b). 

Particularly relevant for multi-messenger studies have been the continuous im- 
provements of the MAGIC telescopes in increasing their duty cycle. This has been 
done not only by progressively reducing technical and operational delays each year, 
but also by developing new hardware and software resources in order to allow ob- 
servations during higher Night-Sky Background conditions, such as moderate and 
strong moonlight. 
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'The effect that this kind of observing conditions have on registered data results 
mainly in a higher energy threshold, due to the higher cleaning levels required to ex- 
tract the shower signal from a stronger NSB. Depending on moonlight intensity, the 
MAGIC telescopes can compensate by reducing the high voltage (HV) in the PMTs 
(which in turn reduces their gain by —1.7 times) and by inserting an additional 
UV-pass filter in front of both cameras. 

'The overall performance in such conditions has been recently described in Ref. 5 
and results in a sensitivity which is still competitive, even if affected by unavoidable 
degradations dependent on the single setups: 


e < 10% for nominal HV, 
e < 15 — 30% for nominal HV, 
e < 60 — 8096 when using UV-pass filters. 


3. Multi-messenger astronomy with the MAGIC telescopes 
3.0.1. Neutrinos 


Since 2012 MAGIC is part of the Gamma-Ray Follow-up program. Only during 
the last observation cycle in 2017 the MAGIC telescopes have invested more than 
30 hours on mainly two different types of neutrino follow-up searches from IceCube 
astrophysical neutrinos: 


e a persistent source searches of v, tracks (HESE-37, HESE-38 and a multi- 
PeV track’), 

e follow-ups of HESE/EHE real-time alerts (HESE-160427 and HESE/EHE- 
1607314A). 


A visualisation of both population of alerts observed by the MAGIC telescopes 
is shown in Fig. 2. No significant VHE gamma-ray signal has been detected by 
MAGIC for such events, which have been described in Ref. 8. 

A major historical milestone in multi-messenger astrophysics was achieved by 
MAGIC being the first VHE instrument to detect gamma rays from a direction 
consistent with a HE neutrino. The blazar T'XS 05064-056 became the first known 
source to emit both messengers. 

Given the performance of MAGIC over neutrino follow-ups, it has been also 
possible to preliminary constrain the flux of astrophysical neutrino sources at at 
S 0.196 of the diffuse flux of neutrinos (3 years of Icecube data) - such result is 
comparable to the recent limits from IceCube in the Northern Sky?. 


3.0.2. Gravitational waves 


MAGIC is has been also part of MoU with LIGO/Virgo, aimed to identify and 
follow gravitational wave candidate events since 2014. This kind of follow-ups are 
still limited by the difficult search for the possible EM counterpart, due to the 
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6-year HESE skymap — Galactic 
0.0 = £in 12.6 


Fig. 2. Arrival directions of the HESE/EHE real-time alerts and v, tracks searches performed by 
the MAGIC collaboration, superimposed over a 6-years point-source clustering made by Icecube. 
Credits: Berti A., adapted from Ref. 10. 


limited field of view of IACTs and the extent of the localisation areas of the available 
GW facilities (which reached a sensible improvement with the addition of the Virgo 
detector to the LIGO ones). 

An important milestone for the Collaboration and the IACT community has 
been set during the Observation-1 (O1) cycle of LIGO, when the MAGIC telescopes 
performed the first ever IACT ToO observation of GW151226. 

'The case of GW151226 has been of particular importance for MAGIC, IACT 
and GW communities because it represented the first experiment of multi-messenger 
communication between these two kinds of facilities. Delays due to e.g. the interplay 
between the different types of alerts (GCN and MAGIC notices) and duty cycle (bad 
weather in particular), contributed to the development of early strategies to select 
LIGO sky regions within maximum source probability confidence level, in particular: 


e choice of the visibility region area depending on a chosen probability thresh- 
old (5096, 9096), 

e additional observations of other EM partners, 

e overlap with existing catalogs!!. 


4. Latest developments and future perspectives 


'These multi-messenger efforts have encouraged the members and working groups 
of the MAGIC Collaboration to develop and adapt new ideas and apply them to 
software, hardware and strategies: 


e Off-axis upper limit calculation on flux over sky-maps for multi-messenger 
related alerts, 
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e GW follow-up observational strategies with selection of potential host 
galaxies from catalogs and application of emission models to estimate de- 
tectability, 

e update of the MAGIC Automatic Alert system to improve prompt re- 
sponse, !? 

e plans to apply “Sum-trigger” to future automatic follow-ups in order to 
reach a lower energy threshold, 

e Very Large Zenith Angle observations will expand the available observa- 
tional limits while shifting sensitivity to higher energies !?. 


In 2016 the MAGIC Collaboration started a program aimed at fostering scientific 
cooperation with external scientists. Each year this program is renewed with usual 
deadline around October. Interested individuals or teams are invited to visit the 
web page https://magic.mpp.mpg.de/outsiders/magicop and make contact as 
soon as possible. 

'The MAGIC telescopes continue to monitor the VHE sky with continuous de- 
velopments on both hardware and software, keeping up with the latest discoveries. 
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PKS 1510-089 (z = 0.361), one of only a handful of flat spectrum radio quasars detected 
in the very high energy (VHE, E > 100 GeV) ^-rays, is known for its flux variability 
and complex multiwavelength behaviour. VHE observations by H.E.S.S. and MAGIC 
in May 2016 detected an unprecedented flare, both in intensity and in the shortness 
of its variability timescale. The flare lasted less than 48 hours, during which time the 
flux reached about 80 per cent of the Crab Nebula flux above 200 GeV. In addition, 
the intranight variability of this source was detected for the first time. Simultaneous 
observations in high energy (HE, E > 100MeV) 4-rays performed with Fermi-LAT 
and optical R-band performed with ATOM show behaviour not consistent with simple 
simultaneous brightening in all bands. While a significant hardening of the spectrum is 
visible in HE, the flux increased only moderately. A simultaneous rise in daily-averaged 
optical flux was seen in the R-band. However, the intranight R-band flux evolution 
shows two prominent peaks, while only one is visible in the VHE range. These intriguing 
features of the flare will be presented in detail. We will also discuss possible explanations 
for the observed emission. 


Keywords: Gamma-rays; multiwavelength; blazars; PKS 1510-089. 


1. Introduction 


PSK 1510-089 is a flat spectrum radio quasar located at RA-—15h12"52.25, 
Dec=—09°06'21.6” (J2000), with the redshift of z = 0.361. It is a highly variable 
source of electromagnetic radiation in all energy bands, exhibiting a complex MWL 
behaviour. ^ It was first detected in the very high energy (VHE, E > 100 GeV) 
y-ray band with High Energy Stereoscopic System (H.E.S.S., see Section 2.1) in 
2009? Major Atmospheric Gamma-Ray Imaging Cherenkov (MAGIC, see Section 
2.1) detected VHE ^-ray signal from PSK 1510-089 in 2012.9 The first detection of 
variability in the VHE band occurred during an outburst in 2015.75 The flux was 
variable on a daily time-scale. An exceptional VHE y-ray outburst of PKS 1510-089 
in May 2016 was observed both with H.E.S.S. and MAGIC, revealing intra-night 
variability for the first time, on which we report here. We also present results in 
the high energy (HE, E > 100 MeV) 4-rays and optical band. 
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2. Data analysis and results 
2.1. VHE y-ray band 


H.E.S.S. is an Imaging Atmospheric Cherenkov Telescope (IACT) array located in 
the Khomas Highland in Namibia at an altitude of about 1800 m a.s.l. It consists of 
four 12-m telescopes (CT1-4) and a 28-m telescope (CT5) in the centre of the array. 
The energy threshold of the system under optimal conditions is ~ 50 GeV. However, 
because of technical problems in the observation period, only CT2 — 4 data were 
used in the present analysis, resulting in higher energy threshold of — 200 GeV. 
H.E.S.S. observed PSK 1510-089 from MJD 57535 to 57545. A total of 31 runs 
(about 28 min per run) passed the standard quality selection? resulting in a total 
live time of 13.6h. The data were analysed with the Model analysis chain using 
loose cuts.!? The results were cross-checked and verified using the independent 
reconstruction and analysis chain ImPACT. !! 

The H.E.S.S. light curve for the entire observation period (MJD 57535 — 57545) 
with nightly averaged flux above 200 GeV is shown with red points in panel (a) of 
Fig. 1. The signal was significantly detected only on the nights of MJD 57537/8 and 
57538/9. The average flux above 200 GeV on the night of the highest flux (MJD 
57538) was (14.3+0.6)x 1071! cm? s7}, corresponding to 56% of the flux from Crab 
Nebula above the same energy threshold (0.56 C.U.).!? This was ~ 15 times higher 
than what H.E.S.S. measured in 2015.8 We fitted the run-by-run based light curve 
with a constant. The hypothesis of constant flux was rejected at the level of > 106. 
On the night of the highest flux the source was observed for 4 runs, totalling in 1.8h 
of data. The light curve with flux above 200 GeV is shown with red points in panel 
(a) of Fig. 2. Again the constant flux is ruled out on a run-by-run basis with 5.46, 
confirming the first ever detection of VHE intra-night variability in PSK 1510-089. 
The flux above 200 GeV reached (20 + 1) x 10^ !! em? s^, equivalent to 0.8 C.U. 
The spectrum is best fitted with a power-law (PL) F(E) = No x (E/E)! folded 
with exponential function representing y-ray flux attenuation due to the extragalac- 
tic background light (EBL).!? Spectral parameters are as follows: normalisation flux 
No = (19.0 + 0.8) x 10719 TeV- t cm? s^1, spectral index F = 2.9 + 0.2 and decor- 
relation energy Ey = 268 GeV.!? The intrinsic spectrum is shown in Fig. 3 with red 
points. 

MAGIC is a stereoscopic system located in Canary Island of La Palma, at the 
height of 2200 m a.s.l.1^ It consists of two identical 17-m IACTs. The standard 
trigger threshold of the MAGIC telescopes for low zenith angle observations is 
~ 50GeV.!° However, from the MAGIC location, PSK 1510-089 is observable at 
zenith angles above 38°, resulting in higher trigger threshold of ~ 90 GeV for 
the present analysis. Nevertheless, we integrated flux above 200 GeV, in order to 
have both H.E.S.S. and MAGIC light curves in the same energy range. MAGIC 
observed PSK 1510-089 on MJD 57535/6 and for five consecutive nights between 
MJD 57538/9 and 57542/3. A total of 7.5h of data were collected for the whole 
observation period, while 2.7h of data were collected on the night of flare. For 
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Fig. 1. PSK 1510-089 light curves for the 
MJD 57535 — 57545 period. (a) Nightly- 
averaged flux above 200 GeV measured 
with H.E.S.S. (red) and MAGIC (green). 
(b) Flux above 100 MeV averaged over 24h 
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Fig. 2. PSK 1510-089 light curves for the 
night of the flare (MJD 57538/9). (a) Flux 
measured with H.E.S.S. (red) and MAGIC 
(green) above 200 GeV. (b) Fermi-LAT de- 
tected photons with E > 1GeV. Grey 


and centred on VHE observations as mea- 
sured by Fermi-LAT. (c) Fermi-LAT spec- 
tral index above 100MeV obtained from 
integration over 24h assuming PL spectral 
shape. (d) Nightly-averaged optical light 
curve in R-band from ATOM. Plot adopted 
from Ref. 12. 


bands represent LAT visibility windows of 
PSK 1510-089. (c) Optical light curve in 
R-band from ATOM. Each point represents 
an individual exposure of ~ 8min. Plot 
adopted from Ref. 12. 


a short period during the observation on MJD 57538/9, partial cloudiness caused 
variable rates in the MAGIC data acquisition. Those data were excluded based on 
pyrometer measurements, !Ó leaving the final data sample of 2.53h. The data were 
analysed using the the MAGIC analysis and reconstruction software (MARS). 1517 

'The MAGIC light curve for the entire observation period with nightly averaged 
flux above 200 GeV is shown with green points in panel (a) of Fig. 1. The signal 
was significantly detected only on the night of MJD 57538/9, when the average flux 
above 200 GeV was (7.36 + 0.40) x 1071! cem"? s71,? equivalent to 0.32 C.U. This 
was > 5 times higher than upper limits of the flux on the rest of the nights from 
this data set, ~ 4 times the flux MAGIC measured in 2015," and as much as ~ 20 
times the flux MAGIC measured in 2012.9 Intra-night variability on MJD 57538/9 
was also detected in MAGIC light curve, shown with green points in panel (a) of 
Fig. 2. Each point represents one 20-min run. A fit with a constant is ruled out with 
> 10c. The flux changed from ~ 0.5 C.U. in the first to ~ 0.075 C.U. in the last 
run. The observed spectrum on the night of the flare was reconstructed between 60 
and 700 GeV. Again it is best fitted with a PL folded with the EBL attenuation. '? 
Spectral parameters are: No = (34.7 1.5) x 10719 TeV^! em? s^ 1, T = 3.37 £0.09 


1684 


and Eo = 175 GeV.?? The intrinsic spectral energy distribution (SED) is shown in 
Fig. 3 with green points. 

All uncertainties quoted are statistical only, for both observatories, while the 
systematic uncertainty on the energy scale is 1596. 

We calculated variability time-scale from tyar = $ (F; + Fi41) (tiga — ti)/|Fi+1 — 
F;|.18 Smallest tvar is 18 + 5 min between 7'^ and 8" MAGIC points (see Fig. 2). 
Based on causality argument we set upper limit on the size of the VHE ^-ray 
emission region R < cétyar/(1 + z) = 1.2 x 101?(6/50) cm, where ô is relativistic 
Doppler factor. Adopting 6; ~ 0.2/T for the jet opening angle,!? where T is the 
relativistic Lorentz factor (here we use [ = 6), and assuming the y-ray emission 
region fills the entire cross section of the jet, we estimated the distance of the 
emission region from the black hole (BH) to be d ~ R/0; ~ 3 x 1017(5/50)? cm. 
It should be noted that both 6; ~ 0.2/T' and 6 ~ 50 are extreme values. Larger 
opening angle, or smaller Doppler factor would put the emission region closer to the 
BH. On the other hand, abandoning the assumption of filling the entire cross section 
of the jet, would allow the emission region to be located further down the jet. 
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Fig. 3. PSK1510-089 SED in HE and VHE 
band for the night of the flare. The H.E.S.S. 
data are given in red and the MAGIC ones 
in green points. The Fermi-LAT confi- 
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2.2. Multiwavelength picture 


We combined our data with observations in HE with Fermi-LAT and optical R-band 
observations with ATOM. 

LAT is sensitive in the 0.02 — 300 GeV interval.?? In an all-sky-survey mode, it 
scans the entire sky in 3 hours, while any point in sky is observed continuously for 
30min. We analysed publicly available Pass 8 SOURCE class events with energy 
> 100MeV in the region within 15? from the PSK 1510-089 position. We applied 
a zenith angle cut of < 90°. The analysis was performed with the ScienceTools 
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software package version v10r0p5 using the PSR2.S5OURCE. V6 instrument response 
function and the GLL.IEM.v06 and ISO.P8R2.SOURCE.V6.v06 models for the 
Galactic and isotropic diffuse emission, ?! 
for the whole period of VHE observations, shown in panel (b) in Fig. 1, where each 
point represents flux integrated over 24h, centred on VHE observation. For this 
purpose, we assumed a PL spectral model with parameters free to vary between 
bins. The flux variability is apparent, however smaller than in the VHE band. 
Indeed the change is slower and the flux level significantly lower than the historical 
maximum? in this band. 

Inspecting the spectral index on 24-hour scale, a hardening of the HE spectra 
with the increase of the VHE flux can be seen, reaching 1.7-£ 0.1, and then dropping 
to average value of 2.368 + 0.004 after the flare (see Fig. 1c). On the night of 
the flare, LAT detected 8 photons with E > 1GeV (Fig. 2b); 6 of them in the 
H.E.S.S. observation window (4 with energies in the 10 — 25 GeV interval), when 
the VHE flux was higher, compared to the MAGIC observation window when only 
two photons were detected, both with energies below 10 GeV. Combined HE - VHE 
SED is shown in Fig. 3. The LAT confidence regions were obtained by integrating 
over precise VHE observation windows and calculated up to the highest detected 
energies for the respective period. The spectral indices were T = 1.4 + 0.2 and 
T = 1.70.2 in the H.E.S.S. and MAGIC windows, respectively. We calculated the 
difference in the spectral indices between HE and VHE spectra (AT) and logarithm 
of ratio between extrapolated HE and measured VHE fluxes (T = In(Feztra/ Foys)) 
for both observation windows. We obtained AT = 1.5 + 0.3 and AT = 1.7 « 0.2, 
and 7 = 3.9: 1.4 and 7 = 5.4 0.9 for H.E.S.S. and MAGIC windows, respectively. 
The SED peak was located in the 10 — 60 GeV interval. Possible causes of the 
spectral break are absorption of 4-rays in the broad line region (BLR), but also 
intrinsic effects such as Klein-Nishina regime, break in electron spectrum etc. Our 
calculations put the emission zone (see Section 2.1) just outside of the BLR if 
Rprg = 2.6 x 10!* em? is adopted. 

ATOM is a 75cm optical telescope located on the H.E.S.S. site,?? monitoring 
H.E.S.S. y-ray sources. The magnitudes of each flux point were derived with dif- 
ferential photometry using five comparison stars in the same field of view. The 
resulting fluxes were corrected for Galactic extinction. Nightly averaged light curve 
(Fig. 1d) shows a similar flux evolution as in VHE band. However, a comparison 
on a finer time-scale for the flare night (Fig. 2c) shows double-peaked structure, in 
contrast to the VHE light curve shape. 


respectively. We produced a light curve 


3. Summary 


H.E.S.S. and MAGIC observed an exceptionally strong and fast flare from 
PSK 1510-089 in VHE, detecting for the first time intra-night variability in this 
band. Although we saw no obvious counterparts in lower energies, a significant 
hardening of the spectrum was detected in the HE. A HE-VHE spectral break could 
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indicate a BLR absorption, however the shortest variability time-scale of 18+5 min 
put the y-ray emission region just outside of the BLR. 


Acknowledgments 


H.E.S.S. gratefully acknowledges financial support from the agencies and organ- 
isations listed at https: //www.mpi-hd.mpg.de/hfm/HESS/pages/publications/ 
auxiliary/HESS-Acknowledgements-2019.html. 

MAGIC gratefully acknowledges financial support from the agencies and organ- 
isations listed at https://magic.mpp.mpg.de/ack 201805/. 


References 


1. A.M. Brown, MNRAS 431, 824 (2013). 
2. S. Saito, L. Stawarz, Y.T. Tanaka, T. Takahashi, G. Madejski, F. D'Ammando, 
ApJL 766, L11 (2013). 
3. S. Saito, L. Stawarz, Y.T. Tanaka, T. Takahashi, M. Sikora, R. Moderski, ApJ 
809, 171 (2015). 

4. P. Kushwaha, S. Chandra, R. Misra, S. Sahayanathan, K.P. Singh, K.S. 

Baliyan, ApJL 822, L13 (2016). 

H.E.S.S. collaboration, Abramowski A., et al., A&A 554, A107 (2013). 

J. Aleksié, et al. (MAGIC Collaboration), A&A 569, A46 (2014). 

M.L. Ahnen, et al. (MAGIC collaboration), A&A 603, A29 (2017). 

M. Zacharias, M. Böttcher, N. Chakraborty, et al., for the H.E.S.S. collabora- 

tion, Proc. of the GAMMA16 arXiv:1611.02098 (2016). 

9. F.A. Aharonian, et al. (HESS collaboration), A&A 457, 899 (2006). 

10. M. de Naurois & L. Rolland, Astropar. Phys. 32, 231 (2009). 

11. R.D. Parsons & J.A. Hinton, Astropar. Phys. 56, 26 (2014). 

12. M. Zacharias, et al. (HESS and MAGIC collaborations), Proc of 35th ICRC, 
Busan, Korea, 655 (2017). 

13. A. Franceschini, G. Rodighiero, M. Vaccari, A&A 487, 837 (2008). 

14. J. Aleksić, et al. (MAGIC collaboration), Astropar. Phys. 72, 61 (2016). 

15. J. Aleksić, et al. (MAGIC collaboration), Astropar. Phys. 72, 76 (2016). 

16. M. Will, EPJWC 144, 01002 (2017). 

17. R. Zanin R., E. Carmona, J. Sitarek, et al., Proc of 38rd ICRC, Rio de Janeiro, 
Brazil, Id. 773 (2013). 

18. Y.H. Zhang, A. Celotti, A. Treves, L. Chiappetti, et al., ApJ 527, 719 (1999). 

19. E. Clausen-Brown E., T. Savolainen, A.B. Pushkarev, Y.Y. Kovalev, J.A. Zen- 
sus, A&A 558, A144 (2013). 

20. W.B. Atwood, A.A. Abdo, M. Ackermann, et al., ApJ 697, 1071 (2009). 

21. F. Acero, M. Ackermann, M. Ajello, et al., ApJS 223, 26 (2016). 

22. M. Hauser, C. Mollenhoff, G. Pühlhofer, S.J. Wagner, H.-J. Hagen, M. Knoll, 
AN 325, 659 (2004). 


ON e 


1687 


On the potential of KM3 Neutrino Telescopes and Cherenkov 
Telescope Arrays for the detection of extended sources 
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'The detection of à cosmic neutrino flux by the IceCube telescope triggers the search 
for the astrophysical accelerators responsible for it. Among them, Galactic sources are 
expected to contribute at some level: thanks to its location in the Northern hemisphere, 
KM3NeT is optimally suited to constrain their contribution with a clean event sample 
of upgoing muon tracks. Therefore, it is timely to investigate the discovery potential 
of KM3NeT to extended sources of very-high-energy neutrinos. The study presented is 
based on a comparative analysis of the sensitivity of KM3NeT and CTA. The methods are 
then applied to two interesting Galactic gamma-ray sources: the brightest TeV supernova 
remnant, RX J1713.7-3946, and the Galactic Center Ridge. 


Keywords: Neutrino telescopes; Imaging atmospheric Cherenkov telescopes; Extended 
sources: RX J1713.7-3946, Galactic Center Ridge. 


1. Introduction 


The identification of the sources contributing to the diffuse neutrino flux detected by 
IceCube (Ref. 1), as well as the discovery of discrete sources of VHE neutrinos, are 
the major objective of neutrino astronomy for the coming years. In the feasible fu- 
ture, the upgraded IceCube and the planned KM3NeT will serve as the major tools 
of neutrino astronomy. The production mechanisms of very-high-energy (VHE) neu- 
trinos are connected to the hadronic interactions of ultra-relativistic protons with 
the ambient gas and radiation. These processes are accompanied by the production 
at comparable rates of VHE gamma rays. The ground-based gamma-ray detec- 
tors, in particular the current arrays of Imaging Atmospheric Cherenkov Telescopes 
(IACTs) provide lower flux sensitivities for point-like sources around 1 TeV, com- 
pared to the sensitivities of present neutrino detectors, as IceCube, and forthcoming 
ones, as KM3NeT. With the exception of compact objects and sources located at 
cosmological distances, TeV gamma-ray fluxes should be taken as a robust criterion 
regarding the expectations of discovery of discrete VHE neutrino sources. Given 
the difference in the TeV flux sensitivities of IACT arrays and KM3-scale neutrino 
detectors, the gamma-ray fluxes are especially constraining for point-like sources. 
For mildly-extended sources with an angular size ~ 1°, which is one order of magni- 
tude larger than the point spread function (PSF) of IACTs but still comparable to 
the PSF of VHE neutrino detectors, the gamma-ray flux sensitivity degrades, while 
the flux sensitivity of neutrino detectors does not change significantly. Here, this 
question is studied based on the comparative analysis of the sensitivities of CTA 
and KM3NeT for extended sources. In Sec. 2 the procedure defined to compute 
the instrument sensitivity is defined, considering different sizes of the sources and 
analyzing the different impact they have on the sensitivity of these instruments. 
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As an application of this study, the case of two Galactic objects is considered, for 
which the gamma-ray and neutrino connection has been widely discussed in liter- 
ature: the young supernova remnant (SNR) RX J1713-3946 is presented in Sec. 3, 
while the region of the Galactic Center Ridge is investigated in Sec. 4. Finally, 
conclusions are derived in Sec. 5. 


2. Sensitivity studies to extended sources 


A common procedure for gamma-ray and neutrino telescopes is here introduced for 
the computation of the sensitivity curves: the same analytical approach is applied, 
thus the calculated sensitivities of two detectors can be compared. Since the sensi- 
tivity curves have to be compared point by point, the same energy binning is used 
for both the gamma-ray and the neutrino sensitivities. Three bins per logarithmic 
decade are defined, so that the energy resolution of both instruments is covered in 
each bin. The minimum detectable flux is defined as the flux that gives in each 
energy bin: (i) a minimum number of signal events, N7"", (ii) a minimum signifi- 
cance level of background rejection, N?’", and (iii) a minimum signal excess over 
the background uncertainty level. Thus, the instrument sensitivity is fixed by the 
one condition among the three listed above which dominates over the other two. 
The number of signal events, N,, is obtained by folding an E^? power-law spectrum 
with the instrument response: these are reported in Fig. 1 for the CTA Southern 
Array configuration (4 large size telescopes, 24 medium size telescopes and 72 small 
size telescopes) and to the six building block KM3NeT in the observation channel 
of up-going muons. 

In the following, N7"'" = 10 is set for CTA and N?™” = 1 for KM3NeT. The 
significance level of the detection is expressed by the standard deviation c, defined 
as c = N,//Ns, where N, is the number of background events in the energy 
bin. The threshold on the minimum number of c is set to N7"" = 5 for CTA 
and to N?” = 3 for KM3NeT. The values of N?” and N?” are smaller in the 
case of neutrino telescopes in order to investigate the limits of the source detection 
capability. Concerning the condition on the background uncertainty, in the case of 
CTA a 196 systematic uncertainty on the modeling of the background is assumed 
and a signal of at least five times this background accuracy level is required, i.e. 
N,/Ny > 0.05, following the approach adopted by CTA in Ref. 3. In the case of 
neutrinos, instead, the approach adopted by KM3NeT in Ref. 4 is followed and a 
2596 background systematic uncertainty is assumed, mainly related to uncertainty 
in the theoretical modeling of the atmospheric neutrino background. In the neutrino 
case, a signal of at least three times higher than the background accuracy is assumed: 
this converts into requiring a signal to background ratio of at least N,/N, > 0.75. 
An observation time of 50 hours is assumed for the CTA (a pointing of the source 
is required), while 10 years are assumed for KM3NeT. 
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Fig. 1. Performances of the CTA and KM3NeT telescopes: angular resolution (top-left), effective 
area (top-right) and background rates per unit of solid angle (bottom). For both the telescopes, 
black lines correspond to the publicly available instrument responses, respectively for CTA South- 
ern array (see Ref. 5) and KM3NeT (see Ref. 4). Dotted curves are the best fits, valid in the 
energy range E € [0.05 — 100] TeV for CTA and above 1 TeV for KM3NeT. The KM3NeT angu- 
lar resolution is for v,, charged current events and the muon neutrino effective area (six building 
blocks) corresponds to triggered events with a zenith angle greater than 80°, averaged over both 
Vu and Du. Further details in Ref. 2. 


The radial dimension of the source strongly affects the sensitivity of detec- 
tion. Here eight different source sizes are considered, i.e. Rere = [0.1,0.2,0.5, 
0.8, 1.0,1.2, 1.5,2.0] deg. In the sensitivity computation, the angular resolution 
apgr affects the actual size of the observed region of interest (ROI). The radius 
of the ROI is defined as Rror = \/opsp + R2,,. Spherical sources placed at the 
center of the field of view are considered, covering a solid angle Q = Ro, for the 
background computation. The resulting sensitivity curves are shown in Fig. 2(a) 
for the gamma-ray telescope and in Fig. 2(b) for the neutrino telescope: note that 
these curves correspond to the differential sensitivities, thus the per bin sensitivity 
allows not only the identification of a source but also its spectroscopic analysis. 
Fig. 2 demonstrate that the deterioration of the sensitivity with source size shows 
an energy dependence for both instruments. In principle, a simple re-scaling of the 
point-source sensitivity according the actual extension of the source (i.e. through 
an energy-dependent scaling-factor proportional to Rgor/opsr), would predict a 
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stronger deterioration of the sensitivity for extended objects at energies at which the 
angular resolution is smaller. Thus, since the angular resolution is improved with 
energy, one would expect stronger effect at higher energies. Nevertheless, Fig. 2 
does not show such a tendency for both telescopes. T'he reason is that at very high 
energies the detection of the signal proceeds at the very low background rate, thus 
the detection condition is determined by the signal statistics rather than by the 
background, i.e. by condition 1) listed in Sec. 2. Indeed, it is seen from Fig. 2 that 
the sensitivities become almost independent of the source extension at few tens of 
'TeV for both gamma rays and neutrinos. 


= 10° = iog I — 
E - e Ry, = 0.1 deg 
E EL —R,, 202 deg 
= 10° kd 10% — Ra = 0.5 deg 
È È 
— 10" g 10" 
T ul 
* ES 
M * 
li qoin A othe 
i 
107? 10° 
F 
10 10 "E 
E 
19 194 ‘ — 
j 107 1 10 10* E 10 10° 107 
E (TeV) E (TeV) 


Fig. 2 Minimum detectable flux computed according to the procedure described in Sec. 2 in the 
case of extended sources for: (a) 50 hour observation with CTA and (b) 10 year exposure with 
KM3NeT. 


3. The case of RX J1713.7-3946 


'The case of such SNR is of great interest for neutrino telescopes, given that it is 
one of the brightest sources in the TeV sky. Moreover, its location in the sky makes 
it observable with up-going events at the latitude of KM3NeT for 7096 of the time. 
The recent data from the H.E.S.S. Collaboration (see Ref. 6) suggest a spectrum in 
the form of a power-law with an exponential suppression as: 


2 () = do (E) e E 0) 


cut 


with Eo = 1 TeV, óg = 2.3 x 1071! TeV-! cm~? s-!, a = 2.06 and But = 
12.9 TeV for the best-fit model. Note that the best-fit flux of the source, previously 
published by the H.E.S.S. Collaboration in Ref. 7, with the parameters $9 = 2.13 x 
1071! TeV-! cm7? s-!, œ = 2.04 and Ex = 17.9 TeV, predicts a noticeably 
higher flux of neutrinos at the most relevant energies for their detection, namely 
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E > 10 TeV. This is visible in Fig. 3(a), where the expected neutrino fluxes from 
both H.E.S.S. measurements are shown together with the flux sensitivities of the 
two instruments for a source with a radius of 0.6 deg (the 50 minimum detectable 
flux is shown for CTA and the 30 one for KM3NeT). High quality spectroscopic 
measurements of gamma rays at the highest energies are still missing, due to the 
limited sensitivity of current instruments. Apparently, this uncertainty will be 
substantially diminished by C'TA for a rather short observation time. Remarkably, 
even for the lowest predicted neutrino flux, a statistically significant detection of 
the latter by KM3NeT seems realistic within a time scale of 10 years. 
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Fig.3. Minimum detectable flux computed according to the procedure described in Sec. 2 for CTA 
and KM3NeT to: (a) the extended SNR RX J1713.7-3946 (spherical source with radius of 0.6 deg) 
and (b) the diffuse emission from the Galactic Center Ridge (rectangular box with longitudinal size 
of 2.0 deg and latitudinal size of 0.6 deg). Solid lines refer to gamma-ray fluxes, dashed curves to 
muon neutrino fluxes, computed in the hypothesis that the corresponding gamma-ray flux results 
entirely from hadronic pp interactions (see Ref. 8). 


4. The case of the Galactic Center Ridge 


Another promising object from the point of view of detection of multi-TeV neutrinos 
is the Galactic Center Ridge. The observations with the H.E.S.S. telescope revealed 
the presence of a diffuse component in the emission from the 200 pc region of the 
Galactic Center (see Refs. 9, 10). The hard energy spectrum of the emission, as 
reported in Ref. 10, extends above 10 TeV without any indication of a spectral break 
or a cut-off. This condition makes such source another candidate to be detected 
by KMeNeT (see Ref. 11). The most recent H.E.S.S. measurements of the Galactic 
Center Ridge in Ref. 12 point toward an unbroken power-law spectrum of the form: 


m-e(z) (2) 


with Eg = 1 TeV, ġo = 1.2 x 1078 TeV-! cm? sr! s-!, a = 2.28. This spec- 
trum corresponds to the region |!| € 1.0 deg, |b| < 0.3 deg. The estimation of the 
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sensitivities is thus done for a rectangular box with longitudinal size of 2.0 deg and 
latitudinal size of 0.6 deg. The results are shown in Fig. 3(b), where three spectra 
of neutrinos are calculated: the unattenuated power law that closely follows the 
gamma-ray measurements and two more spectra obtained assuming an exponential 
cut-off in gamma rays at 100 TeV and 1 PeV. One can see that only in the case of 
location of the gamma-ray cut-off beyond 100 TeV, the gamma-ray data could guar- 
antee a statistically significant detection of the counterpart neutrinos by KM3NeT. 
Gamma-ray data above 100 TeV are too weak to be detected by the H.E.5S.S. tele- 
scopes, even after a decade of continuous monitoring of this region. The exploration 
of this energy domain requires more powerful gamma-ray instruments, such as CTA. 
This can be seen in Fig. 3(b). However, it is worth to note that gamma rays, even in 
the case of their effective production above 100 TeV, would hardly escape the Ridge 
because of the absorption at interactions with the enhanced far infrared radiation 
fields in the central 100 pc region. Thus it is likely that the neutrinos remain the 
only messengers of information about the cosmic-ray protons with energies larger 
than 1 PeV. This opens a unique opportunity for KM3NeT to provide a major 
contribution to the exploration of the inner Galactic Center region. 


5. Conclusions 


This analysis presented here shows that, assuming a source emitting a gamma-ray 
E~? differential energy spectrum through a fully hadronic mechanism, a minimum 
gamma-ray flux of E?9,(10 TeV) > 1 x 107}? TeV em? s^! is necessary in order 
to investigate with a 3c significance its neutrino counterpart on a time scale of 
10 years with KM3NeT, if the source has an angular size of R4, = 0.1 deg. In 
the extreme case of a source with a radial extent of Rsre = 2.0 deg, only sources 
brighter than E?¢,(10 TeV) > 2 x 1071! TeV cm? s^! will be in the reach of 
neutrino telescopes. In particular, RX J1713.7-3946 and the Galactic Center Ridge 
remain potential sources for the upcoming generation of neutrino detectors. 
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We explore the sensitivity of the relic supernova neutrino background from core-collapse 
supernova explosions to the nuclear equation of state (EoS). This sensitivity arises largely 
from the contribution to neutrino emission from failed supernovae (fSNe). We consider 
a variety of astrophysical scenarios, including different progenitor masses, different cos- 
mological star formation rates, starbursts, quiescent star formation, and a metallicity 
dependence of the initial mass function. We find that the EoS signature remains robust 
under a variety of conditions. We demonstrate the viability of future neutrino detectors 
to distinguish the nuclear EoS via the relic supernova neutrino spectrum. 


Keywords: Diffuse radiation - neutrinos - stars: formation - stars: massive - supernovae: 
general - stars: supergiants. 


1. Introduction 


We have studied’? the contribution to the relic supernova neutrino (RSN) spec- 
trum from different types of SNe. These previous works have shown that there is a 
clear EoS dependence in the spectrum. In particular in Ref. 3 we clarified the sen- 
sitivity to various astrophysical scenarios in order to quantify the EoS dependence 
of the RSN spectrum. For example, any change in the occurrence of core-collapse 
supernovae (CCSNe) vs. failed supernovae (fSNe) can affect the expected spec- 
trum. Therefore, we have applied different criteria for a successful SN explosion 
and analyzed their effects on the RSN spectrum. 

Moreover, the observational estimation of the cosmic star formation rate (SFR) 
is an involved procedure based upon different sources, e.g., UV light from galaxies 
and the far infrared (FIR) luminosity+. It also depends on modeling for the inter- 
pretation of the observational data, e.g., the fit to the spectral energy distribution 
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(SED).° Therefore, it is valuable to consider different SFR. estimates and study 
their effects on the RSN spectrum. 

The star formation rate also depends upon the choice of the stellar initial mass 
function (IMF). The IMF is a fundamental quantity not only for SFR estimation but 
also for the occurrence of each type of SN. A universal IMF, typically Salpeter-like 
IMF, is commonly assumed in almost every aspect of the astronomical derivation. 
Theoretical studies have attempted to derive this universality?". Nevertheless, a 
convincing theory for the universal IMF has not yet been established. Another 
uncertainty surrounding the IMF is its metallicity dependence. In general cooler 
molecular clouds should more easily collapse to form stars. Therefore, metal-poor 
molecular clouds, which may be common at high redshift, could tend to form more 
massive stellar objects. This leads to the concept of a top-heavy IMF in the early 
universe, i.e., a z-dependent IMF. 

In Refs. 1, 2, 3 we have investigated the EoS dependence of the RSN spectrum 
by applying a variety of scenarios. These works show that the EoS dependence is 
sufficiently robust that the relic supernova neutrino spectrum can be used to gain 
insight into the nuclear EoS for core-collapse supernova explosions almost indepen- 
dently of the many uncertainties in the astrophysical scenarios. 

One must know which progenitors become which type of SN because each SN 
emits a different spectrum of neutrinos [cf. Ref. 1]. Many numerical simulations 
have been performed which produce supernova explosions similar to SN1987A. Re- 
cent progress in multi-dimensional supernova simulations has led to successful ex- 
plosions? '!. There is a common feature in the relationship between the structure 
of the progenitor and successful explosions !?!7. The progenitors with greater com- 
pactness are less able to explode because they experience more accretion of material 
before the shock passes through the core. Indeed, successful/failed SNe occur with 


12151617 Previously, most of 


a non-monotonic dependence on progenitor mass 
studies of relic supernova neutrinos assumed definitive mass ranges within which a 
certain type of SN can occur. The relic neutrino spectrum must be re-evaluated by 
taking into account the sporadic dependence of the SN explosion on the progenitor 
mass. 

In Ref. 3 we followed the work of Ref. 14 and adopted the fraction fesun = 0.26 
for progenitors in the mass range of 10 — 40M, to include the dependence of the 
SN explosion on progenitor in this mass range. We then take frw = 1.00 for 
M > 40M. We use this SN-progenitor relationship as the fiducial case throughout 
this work. For comparison, we also apply frsw = 1.00 for M > 18M, which has 
been adopted in previous work with respect to the red supergiant problem?. 

Several different SFR formulae have been proposed to fit the observational data. 
The data mostly are interpreted from the UV luminosity of galaxies at different 
redshifts (e.g., Refs. 20, 21). This derivation is complicated because of the possible 
extinction due to the dust surrounding galaxies??. Also, the stellar composition at 
different ages must be taken into consideration so that the color of each galaxy is 
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matched to the observations.? Typically a Salpeter-like IMF is assumed for both 
the deduction of the SFR from the UV light and the color matching. Moreover, not 
only the UV source but also the IR emission is used for the SFR estimate. ??:24 

The relic supernova neutrino spectrum depends strongly upon the SFR through 
the rate of occurrence for each type of SN. In Ref. 3 the SFR fitting formula proposed 
by Ref. 4 was adopted. It has been argued?? that the observationally deduced 
supernova rate tends to be smaller than the theoretical value. This is the so- 
called supernova rate problem '??. This depends upon the choice of SFR. The SFR 
adopted in this work, gives a more conservative relic SN neutrino estimation and is 
independent of the supernova rate problem. 4 

As mentioned above, most evaluations of the SFR are based upon the UV lu- 
minosity, which is mainly emitted by OB stars. The dust surrounding galaxies, 
however, always complicates the evaluation of the UV. There is a claim? that the 
SFR based upon UV light is an underestimate especially for starburst galaxies. 
Recently, a new method based upon SED modeling has been proposed? in order 
to take into account the star formation embedded in dense molecular clouds. This 
study has shown that the SFR for z > 3.5 is higher by a factor of 2 to 3 than the 
estimate from UV light. We also apply this SFR to see how it affects the relic SN 
neutrino spectrum compared to the fiducial case. 

'The IMF is commonly assumed to be a universal function that is independent 
of the physical conditions of the star formation site. One of the popular functional 
forms is the Salpeter-A IMF (Sal-A).?" This is a two-segment power-law given by 
$o(M) = M-* = MCD), with ¢ = 2.35 + 0.2 (T = 1.35 4 0.2) for stars with 
M > 0.5Mo and ¢ = 1.5 (T = 0.5) for stars with 0.1 < M < 0.5Mọ. This is the 
adopted IMF for the present work. Most of the popular IMFs including the Sal-A 
are observationally deduced for stars in the Milky Way. There are also theoretical 
derivations of the power-law index for the IMF. For example, a power law IMF is 
explained by the turbulent motion of molecular clouds in a magnetic field". There is, 
however, no definitive theory for the IMF, and the universality of the IMF remains 
an open question. 

The relationship between metallicity and the IMF was also considere 
The IMF in metal poor environments molecular clouds may not sufficiently cool 
to collapse gravitationally on small scales. We explored? the IMF-metallicity rela- 
tionship by adopting a cosmological metallicity evolution. If we consider a variable 
IMF, it is necessary to make a correction to the SFR, which is IMF dependent. 

We follow the standard method to evaluate the detection rate of relic SN neu- 
trinos as described in Refs. 1, 2, 3, 31, 33. For each type of SN we adopt zmaxz = 5 
as the redshift at which star formation begins and Rgwy is the cosmic supernova 
rate. dN,(E,)/dE] is the neutrino spectrum emitted at the source, and the en- 
ergy Ej, = (1 + z)E, is the energy at emission. E, is the redshifted energy 
observed in the detector. A standard cosmology with Ho = 70 km s^! Mpc7}, 
Qm = 0.3, Qa = 0.77534 was adopted and a Fermi-Dirac distribution was assumed 
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for all neutrino species from each type of SN. Two models of fSNe, one with a soft 
EoS?? (LS-EoS, K = 180) and a stiff EoS?9 (Shen-EoS) were considered from the 
numerical models of Ref. 37. 

The supernova rate Rgy is depends on the cosmic SFR, and $9(M) is the IMF. 
Here, Msn denotes the range of progenitor masses that lead to a particular type of 
SN. Hence, it is obvious that the neutrino flux depends not only upon the cosmic 
SFR and the IMF, but also upon the occurrence of each type of SN. Then, the 
detector event rate is 

ERST New gn Ola a) 
where Niarget is the number of target particles in the detector. o(E,) is the cross 
section for neutrino interactions within the detector. In the calculations, we assume 
a water Cerenkov detector so that the neutrino absorption is dominated by the 
De +p — et +n reaction with E, = E,« + 1.3 MeV. 

'The effects of neutrino oscillations on the final neutrino signals have also been 
considered.!-? Two possible cases were considered i.e. either a normal or inverted 
mass hierarchy associated with complete non-adiabatic mixing (Case I) and an in- 
verted mass hierarchy associated with complete adiabatic mixing (Case IT) through 
the MSW high-density resonance. We denote the case without neutrino oscillations 
as Case III. These schemes were applied to each different astronomical scenario. 


2. Results 


We numerically treated both Type-II SNe and SNelb,c as luminous core-collapse 
SNe in the same manner and denote them simply as CCSNe. We then showed the 
results within different astrophysical scenarios. For each case we considered the 
neutrino oscillations (Cases I & II) in the inverted and normal hierarchy and cases 
without neutrino oscillations (Case III). Comparisons among different scenarios for 
Case I, II, and III are made by looking at the locations of peak and tail of spectrum. 

Figure 1 shows the the esseential result of these studies. It shows the differ- 
ences between the peak and the tail of the observable observed neutrino detector 
response for all uncertainties included in the no-oscillations studies (Case III). This 
figure reveals the robustness of the EoS dependence by indicating the characteristic 
locations with the rectangular symbols as described above. The EoS dependence 
appears as a robust separation between the predicted RSN spectra for a stiff vs. a 
soft EoS. Other cases show a similar pattern.? 

In summary, the fiducial case in this study, we have adopted the SFR 
parametrized by Ref. 4 along with the sporadic CCSN/fSN occurrence in the mass 
range of 10— 40M based upon the numerical studies of Ref. 14. We then estimated 
the RSN spectrum. In addition, we have considered a wide variety of astrophysical 
scenarios and investigated the EoS dependence of the RSN spectrum for each case 
with and without the occurrence of neutrino oscillations. We find that the EoS 
dependence of the RSN spectrum manifests prominently in the high energy tail in 
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Fig. 1. Comparison of Case III (without neutrino oscillation) for all scenarios.. The figure includes 
only rectangles for the location of peak and tail which characterize the spectrum for each cases. 
In the left upper panel, the spectrum of the fiducial case without the error band are included for 
reference. The solid line is for the Shen EoS and the dashed line for the LS EoS. The right upper 
panel shows the detail of the peak locations for both the Shen and LS EoSs. Similarly the details 
of tails are shown in the left bottom (for the LS EoS) and right bottom panel (for the Shen EoS). 


any scenario considered. The robustness of this EoS dependence can be understood 
in that the RSN spectrum is determined mostly by the SFR for z « 2. For example, 
in the case which adopts an enhanced cosmic SFR for z > 3, it is clearly seen that 
the RSN exhibits an EoS dependence similar to that of the fiducial cosmic SFR. 
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The Chinese mission Insight-HXM T allows for a high sensitivity study of the X-ray 
sky in 1250 keV, thanks to a smart combination of collimated detectors operating in 
different energy bands and providing a source location accuracy of 1 arcmin for a 20- 
c source. In addition to observing Galactic sources, the HXMT High Energy (HE) 
instrument also operates in the so-called GRB mode, that makes it possible to detect 
and characterise GRB prompt emission from 200 keV to 3 MeV with an effective area as 
high as 2000 cm?, thus filling the sensitivity gap of presently flying main GRB detectors 
in this energy range. We report the results of intensive simulations of the expected 
performances of HXMT for GRB science, showing how, especially in combination with, 
e.g., Swift/BAT and Fermi/GBM, the HXMT/HE will provide a significant improvement 
in the characterisation of temporal and spectral properties of the prompt emission of long 
GRBs, as well as an improved detection rate and better spectral characterisation of short 
GRBs. 


Keyword: Gamma-ray bursts. 


1. Introduction 


The Insight Hard X-ray Modulation Telescope (HXMT) was launched June 15, 
2017 in a 43?-inclination orbit and is devoted to X-ray astrophysics. The pay- 
load consists of three collimated instruments covering a total energy band of 1-250 
keV!. The High-Energy instrument (HE), made of 18 phoswich detection units 
Nal(T1) + CsI(Nal), operates in the 20-250 keV and has a total geometric area of 
~5000 cm?, time resolution of 25s and energy resolution of 19% at 60 keV. All 
the information for each photon is recorded. The detection system and the design 
of the HE units are very similar to those of the BeppoSAX/PDS instrument?, thus 
making it an excellent instrument for the study of hard X-ray sources as well as a 
sensitive full-sky gamma-ray burst (GRB) monitor. In the normal operation mode, 
the energy band is 20-250 keV for Nal detectors and 40-600 keV for CsI detectors. 
'The HE electronics and on-board data handling system are designed in such a way 


1700 


to identify NaI and CsI events, and to measure the energy of these events along 
with their occurrence time. In the normal mode, the CsI detectors above 100 keV 
exhibit an effective area ranging from few hundreds cm? for front incident radiation, 
to 71500-2000 cm?, for radiation coming from the rear of the instrument. In the 
GRB operation mode, activated during Earth occultation of pointed sources, the 
HV of the HE instrument units is lowered to reduce the gain by a factor of ~5, thus 
changing the energy band of the Nal detectors from 20-250 keV to 100-1250 keV 
and that of the CsI from 40-600 keV to 200-3000 keV (right panel of Fig. 1). In 
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Fig. 1. Left: effective area of the Nal and CsI detectors of the HXMT/HE instrument in both 
normal and GRB modes, for an offset angle 0 — 45? with respect to the detector axis. For each 
mode green lines show the efficiency of the high-energy threshold as a function of photon energy. 
'The response function at different directions were determined through extensive Monte Carlo 
simulations (GEANTA) of the whole satellite. Right: effective area as a function of energy for 
Swift/BAT (on-axis), Fermi/GBM (sum of two Nal detectors and BGO, for a random direction 
in the sky) and HXMT/HE (GRB mode, 0 — 135?). 


this paper we focus on the capabilities of HXMT/HE to detect and characterise the 
prompt emission of GRBs. In fact, the HE instrument is also operated in a GRB 
mode that allows to derive with high accuracy the temporal and spectral proper- 
ties of the detected GRBs in the energy range from 200 keV to 3 MeV, thanks 
to an average effective area of ~1500-2000 cm?. This way, HXMT complements 
the sensitivities of other important and presently flying GRB detectors, like, e.g., 
Swift/BAT (15-150 keV) and Fermi/GBM (8 keV—30 MeV but with small effective 
area), thus providing a relevant contribution to the understanding of the physics of 
the prompt emission, one of the main open issues in the GRB field (e.g., see Ref. 3 
for a review), and to the use of spectrum-intensity correlations for cosmology ^ (left 
panel of Fig. 1). For instance, the spectral peak energy, Ep, corresponding to the 
peak of the v F, spectrum, is a key parameter for GRB prompt emission models. In 
addition, E strongly correlates with the GRB radiated energy during the prompt 
emission®®, during the early X-ray afterglow’, and with the time variability and 
properties of the power density spectrum of the gamma-ray time profile?. With 
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reference to the “Band function" ?, the high-energy spectral index f is also very im- 
portant for testing and discriminating among various models, thus providing clues 
to the physics and geometry of the ultrarelativistic jet that is thought to act in a 
GRB. Swift/BAT measures mostly power-law spectra, thus providing estimates of 
Ep only for a few GRBs and almost no estimates of 8, whilst most Fermi/GBM 
spectra can be fitted with a cut-off power-law, with no clues on f. 


2. GRB spectroscopy 


We quantified the improvements expected by joining HXMT/HE with other mis- 
sions through simulations with the XSPEC package (v.12) in terms of the accuracy in 
determining Ey and f. The response matrix of HXMT/HE in GRB mode was ob- 
tained through intensive Monte Carlo simulations of the instrument and of the whole 
satellite, combined with extensive on-ground calibrations!. We used the response 
matrix for an offset incident angle of 0 — 135?, which is the rear side direction. 
The background spectrum was derived by taking into account the expected in-flight 
background components, including CXB, primary and albedo protons, electrons 
and positrons, gamma-rays albedo and SAA proton activated fluorescence by in- 
strument and satellite structures!?. Figure 2 (left) shows the Swift/BAT (measured) 
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Fig. 2. Left: vF, spectrum of GRB 161218A as measured by Swift/BAT and expected with 
HXMT/HE (GRB mode) by assuming the spectral parameters measured by Konus-WIND 1. 
Right: simulated Fermi/GBM and HXMT/HE (GRB mode) spectra of a medium—weak GRB 
(10-1000 keV fluence of 5 x 1076 erg cm~?) with a typical Band spectral shape with a = —1, 
B = —2.3 and Ep = 300 keV and 25-s duration. Channels have been grouped to ensure > 2c 
significance. 


and HXMT/HE (simulated) joint spectrum of the medium intensity GRB 161218A. 
While BAT alone would measure a simple power-law spectrum, the HE data are 
essential to constrain both Ej and £8 by measuring the whole spectral curvature. A 
comparison between Fermi/GBM and HXMT/HE spectral capabilities is also shown 
(right): we simulated the spectrum of a medium-weak GRB (10-1000 keV fluence 
of 5x1079 erg cm^?) with a typical Band spectral shape: a = —1, 6 = —2.3 and 
Ep = 300 keV. In particular, we simulated the spectra of the two Nal detectors and 
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the BGO detector most illuminated by the considered GRB, as usual with real data. 
Although the nominal energy band of the GBM extends up to 20-30 MeV, its effec- 
tive area is poor with respect to that of HXMT/HE at energies higher than ~300 
keV (Fig. 1). Thus, also in this case HXMT/HE data are essential to constrain the 
spectral shape and determine E, and 8. We then simulated a set of Fermi/GBM 
(using real background data) and HXMT/HE (GRB mode) spectra by assuming 
the above typical spectral shape and a 10-1000 keV fluence in the range 1074-1077 
erg cm’. The results are shown in Fig. 3 in terms of fractional lo uncertainty 


in the estimates of E, and 8 as a function of GRB fluence. Clearly, HXMT/HE 
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Fig. 3. Fractional error on spectral parameters Ep (left) and 8 (right) as a function of fluence 
(10-1000 keV) for a GRB with a = —1, 6 = —2.3 and Ep = 300 keV, and duration 25 s, as would 
be measured with Fermi/GBM alone, HXMT/HE alone and a joint spectral analysis of spectra 
from the two instruments. 


alone constrains Ej well only for the brightest GRBs, whereas £ is measured well 
down to the faintest ones. Conversely, the Fermi/GBM alone constrains Ey down 
to medium-bright GRBs. Yet, only the joint analysis of both instruments enables a 
good estimate of E, down to fluences as low as 5x107* erg cm" ?. This will signif- 
icantly increase the number of GRBs that can be used for testing prompt emission 
models and for the study of the E,—intensity correlations. For progressively lower 
GRB fluences and higher values of Ep the HXMT spectral capabilities become in- 
creasingly relevant, especially for short GRBs, whose average Æp is higher than that 
of long ones ?. 


3. GRB timing 


The degree of variability exhibited by GRB light curves is long known to be re- 


13,14 and spectral properties?. Among the various characterising 


lated to luminosity 
temporal observables, such as the average!? and the individual power density spec- 
trum?:16, noteworthy is the so-called spectral (or “time”) lag, i.e. the delay between 
the time profiles of a given GRB at two different energy channels with softer pho- 
tons lagging behind harder ones. The spectral lag is important for several aspects: 


(i) it anti-correlates with luminosity for long GRBs!^!? as well as for GRB X-ray 
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flares!?; (ii) it discriminates between long and short GRBs, for which typical values 
are several ten or hundred ms vs. just a few ms, respectively ??; (iii) an exhaustive 
self-consistent explanation is still missing, although two main interpretations have 
been put forward: (a) a spectral hard-to-soft evolution within the fluid comoving 
frame, or (b) a kinematic/geometric effect due to the Doppler factor connected with 
the bulk Lorentz factor of the jet, or the combination of both. The spectral lag is 
usually calculated through the cross-correlation function (CCF) of the two profiles. 
As such, its accuracy strongly depends on the number of counts, especially in the 
harder channel, which is more significantly hampered by low-count statistics: in- 
deed, above > 300 keV the lag calculation is an almost uncharted territory, apart 
from rare, exceptionally bright events. This limitation is even more severe for short 
GRBs due to the lower fluence and harder photons than for long GRBs. Thanks to 
its large effective area above a few hundreds keV, HXMT/HE holds a great promise 
for the spectral lag calculation even for less fluent GRBs, such as short ones. We 
assessed the potential of joining HXMT/HE to Fermi/GBM through a number of 
simulations of short GRB profiles, assuming the response function for an off axis 
angle of 0 = 135? in GRB mode. In particular, we simulated a fast-rise exponen- 
tial decay (FRED) with an instantaneous spectrum described by a Band function 
with typical values for short GRBs: a = —0.5, 6 = —2.3, and Ej monotonically 
decreasing from the initial value of 1 MeV according to Ref. 21. Figure 4 shows 
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Fig. 4. Left: simulated profile of à short GRB (790 — 0.84 s; 10-1000-keV fluence of 
5 x 10-9 ergcm-?) with hard-to-soft evolution due to a decreasing Ep (top). The HXMT/HE 
profile above 300 keV is shown in comparison with the Fermi/GBM soft (50-300 keV) and hard 
(> 300 keV) bands. In the hard channel the better statistical quality of HXMT/HE is evident. 
Right: spectral lag between HXMT/HE (> 300 keV) and Fermi/GBM (50-300 keV) profiles as a 
function of the 10-1000-keV fluence of the short GRB, compared with the true value (solid line). 
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the different simulated profiles for HXMT/HE and for Fermi/GBM (left), where 
the statistical quality of the latter is clearly lower than that of the former. We 
then calculated the lag via CCF between the soft energy channel of Fermi/GBM 
and that of HXMT/HE for a number of identically shaped short GRBs within in- 
creasing y-ray fluences and compared the results with the true value (measured 
without statistical noise): the result (right panel) shows the unprecedented good 
accuracy obtained at any given fluence in the considered range. This will allow for a 
better characterisation of the spectral lag of a larger number of short GRBs, whose 
relevance cannot be overstated given their association with the mergers of binary 
neutron stars revealed through the detection of gravitational waves, as was first the 
case for GRB170817A/GW17081772. 
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We provide updated expectations for the diffuse gamma and neutrino emission produced 
in the TeV domain by the interaction of cosmic rays with the gas contained in the 
galactic disk. Motivated by recent analyses of the Fermi-LAT data, we consider different 
assumptions for the cosmic ray space and energy distribution in the Galaxy, including 
the possibility that cosmic ray energy spectrum depends on the galactocentric distance. 


Keyword: High energy photons and neutrinos. 


1. Introduction 


Cosmic rays (CR) that propagate in different regions of the Galaxy interact with the 
gas contained in the galactic disk through hadronic processes and produce a diffuse 
flux of high energy (HE) gammas and neutrinos. These particles propagate to Earth 
along straight lines providing us with information on the CR space and energy 
distributions and, thus, in turn, on the CR transport in the galactic magnetic field. 
In this work, we present updated predictions for the diffuse galactic gamma-ray 
and neutrino flux produced by this mechanism in the TeV domain. Our results are 
obtained by using the phenomenological approach introduced in Ref. 1 that allows 
us to implement different assumptions for the CR. space and energy distribution 
in à simple and direct way, including the possibility of a position dependent CR 
spectral index, recently emerged from analyses of the Fermi-LAT data? ?. 


2. The diffuse gamma and neutrino fluxes 


The diffuse gamma (at energies E, < 20 TeV where gamma ray absorption in the 
Galactic radiation field is expected to be negligible) and neutrino fluxes produced 
by the interaction of CR with the interstellar medium in the galactic plane can be 


E; E 


| dl ecR(E, ro +1fi) nu(ro e) f (1) 
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written as: 
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Fig. 1. Left Panel: The black lines show the functions g(r) obtained from Eq. (5) for different 
smearing radii R. Going from top to bottom at r ~ 2kpc, the different lines correspond to 
R = 1,3,5,10,00 kpc, respectively. The data points? ? show the CR density at E ~ 20 GeV 
(normalized to one at the Sun position) and the y-ray emissivity above Ey = 1 GeV, as a function 
of the galactocentric distance obtained from Fermi-LAT data. Right Panel: The black line gives 
the spectral index of CR at Ecg = 20 GeV adopted in this calculation. The data points? ? show 
the CR spectral index as a function of the galactocentric distance obtained from Fermi-LAT data. 


where 7 = v,y stands for neutrinos and gamma respectively, E; and f£; indicate 
the energy and arrival direction of the considered particles and ro = 8.5 kpc is the 
position of the Sun. The total inelastic cross section in nucleon-nucleon collision, 
c (E), is given by: 


c(E) = 34.3 + 1.88In(E/1TeV) + 0.25 In(E/1TeV)? mb, 


where E is the nucleon energy, while the spectra F; (E;/ E, E) of produced secondary 
particles are described (with 2096 accuracy) by the analytic formulas given in Ref. 6. 
The constant A; is equal to 1 for photons and 1/3 for neutrinos, since the one flavour 
neutrino flux o, aig is obtained by summing over the production rates of v, and v, 
in the sources, i.e.: 


F, (Ei/E, E) = F,, (E,/ E, E) + Fy, (E, E, E) , (2) 


and then assuming flavour equipartition at Earth, as it is expected with good ac- 
curacy due to neutrino mixing, see e.g. Ref. 7. The gas density ny(r) is described 
as in Ref. 8; the heavy element contribution is included by assuming that the total 
mass of the interstellar gas is a factor 1.42 larger that the mass of hydrogen, as it is 
expected if the solar system composition is considered representative for the entire 
galactic disk. 

Following Ref. 1, the CR nucleon flux is given as a function of position and 
nucleon energy by: 


yor(E,r) = ecno(E) g(r) h(E, r) (3) 
where Yor,@(£) represents the local flux,® g(r) is an adimensional function (normal- 
ized to one at the Sun position ro) introduced to describe the spatial distribution 


*In this work, we use the symbol ọ for angle-differential fluxes and ® for angle-integrated fluxes. 
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Fig. 2. The diffuse HE gamma-ray flux at Ey = 1 TeV as a function of the Galactic longitude l 
(for b = 0) obtained by assuming that the CR spectrum is position-independent (blue lines) and by 
implementing CR spectral hardening in the inner Galaxy (red lines) as described by Eqs. (4), (8). 
Solid and dashed lines (in each group) are obtained by assuming that the CR spatial distribution 
follows that of SNR with smearing radius R = 1 kpc and R = ov, respectively. 


of CR while the function h(E,r), given by: 


AS (S) (4) 


with E = 20 GeV and A(rọ) = 0, introduces a position-dependent variation A(r) 
of the CR spectral index. 

We describe the local CR nucleon flux yor,o(£) according to the data driven 
parameterization given in Ref. 9 that relies as little as possible on theoretical as- 
sumptions. In the energy range of interest for the present analysis, that roughly 
corresponds to E c 10 x E, ~ 10 TeV when we consider photons with energy 
Ey, ~ 1 TeV, the total nucleon flux is lower than the broken-power law parameter- 
ization!? adopted in our previous calculation! by ~ 12%. For neutrinos, we are 
interested at larger CR energies E ~ 20 x E, ~ 2 PeV, as can be understood by 
considering that the astrophysical signal emerges from background components at 
E, ^ 100 TeV in IceCube data. At these energies, the determination of the local 
flux is affected by relevant uncertainties and the total nucleon flux adopted in this 
work is reduced by a factor — 2 with respect to that given in Ref. 10. 

The function g(r) is determined by the distribution of the CR sources fs(r), 
that is assumed to follow the Supernova Remnants (SNR) number density parame- 
terization given by Ref. 12, and by the propagation of CR in the Galactic magnetic 
field. Following Ref. 11, we define the function g(r) as 


TIE prsg E EGEHME F (|x|/R) (5) 


where NV is a normalization constant given by: 
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Fig. 3. The diffuse HE neutrino flux at E, = 100 TeV as a function of the Galactic longitude 1 

(for b = 0) obtained by assuming that the CR spectrum is position-independent (blue lines) and by 

implementing CR spectral hardening in the inner Galaxy (red lines) as described by Eqs. (4), (8). 

Solid and dashed lines (in each group) are obtained by assuming that the CR spatial distribution 

follows that of SNR with smearing radius R = 1 kpc and R = ov, respectively. 


while the function F (v) is defined as: 


e 1 

v vV2n 
This kind of behaviour can be motivated as the solution of 3D isotropic diffusion 
equation with constant diffusion coefficient and stationary CR injection. In this 
context, the smearing parameter R represents the diffusion length R = V2 Dta, 
where D is the diffusion coefficient and tg is the integration time. 

The functions g(r) calculated for different smearing radii R are shown as a func- 
tion of the galactocentric distance by the black lines in the left panel of Fig. 1 
where they are compared with the CR density at E ~ 20 GeV and the y-ray emis- 
sivity integrated above E, = 1 GeV (which is a proxy of the CR flux) obtained 
from Fermi-LAT data in Refs. 3, 4, 5. While we believe that the data show a clear 
trend as a function of r, we think that they still do not allow to discard any of the 
proposed curves. We thus consider the two extreme assumptions R = 1kpc and 
R = oo, corresponding to the thick black lines in Fig. 1, in order to encompass 
a large range of possibilities and to provide a conservative estimate of the uncer- 
tainty in the gamma-ray flux connected with different descriptions of the CR spatial 
distribution in the Galaxy.” 

'The possibility of CR spectral hardening in the inner Galaxy is implemented by 
modelling the function A(r) in Eq. (4) as: 


A(r,z) = Ao (1 - I) (8) 


TO 


exp (—77/2) (7) 


with rọ = 8.5 kpc, in galactic cylindrical coordinates. This choice is equivalent to 
what is obtained in Ref. 2 by considering a phenomenological CR propagation model 


bSince the assumed smearing length is larger than the thickness of the galactic disk, we neglect 
in both cases the variation of the CR flux along the galactic latitudinal axis. In other words, we 
assume g(r, z) œ g(r, 0) in the disk, where we used galactic cylindrical coordinates. 
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characterized by radially dependent transport properties. The numerical parameter 
Ao that physically corresponds to the difference between the CR spectral index at 
the Sun position, o œ~ 2.7 at E = 20 GeV, and its value close to the galactic center, 
is taken as Ao = 0.3 since this assumption allows us to reproduce the trend with r 
observed in Refs. 3, 4, 5 for r < 10 kpc, as it is shown in the right panel of Fig. 1.° 
In more external regions, the evidence for a variation of CR energy distribution is 
much weaker and we assume that A(r) is constant, as shown by the black solid line. 


3. Results 


The diffuse HE gamma-ray flux at E, = 1 TeV is plotted in Fig. 2 as function of 
the Galactic longitude (at the fixed latitude b — 0, left panel) and latitude (at the 
fixed longitude | — 0, right panel). Blue lines are obtained by assuming that the 
CR spectrum is independent from the position in the Galaxy (we refer to this in 
the following as the “standard” scenario) while red lines implement CR spectral 
hardening in the inner Galaxy. Solid and dashed lines in (each group) are obtained 
by assuming that the CR spatial distribution is described by the function g(r) given 
in Eq. (5) with smearing radius equal to R = 1 kpc and R = oo, respectively. 

The angle-integrated gamma-ray flux is equal to ®, = (7.0 — 8.0) - 
10713 cm~? s-! GeV~! at 1 TeV in the standard scenario with upper and lower 
bounds corresponding to R = 1 kpc and R = oo, respectively. The inclusion of CR 
hardening increases the integrated flux by 1.2 — 1.3, the exact enhancement factor 
being dependent on the assumed CR spatial distribution. Even if the effect on the 
total flux is relatively small, CR hardening may be responsible for a much more 
significant increase of the gamma-ray flux in the central region —60? < | < 60°. We 
see indeed from Fig. 2 that the enhancement factor can be as large as ~ 2 in the 
direction of the Galactic center. This factor is larger than the uncertainty due to 
CR spatial distribution that can be conservatively estimated from the width of the 
coloured bands in the figure. Additional uncertainty sources are the normalization 
of the local CR flux at E ~ 10 E, ~ 10 TeV, the distribution of gas in the Galaxy, 
the hadronic interaction cross section, etc. All these are expected to produce a total 
error smaller than the difference between red and blue lines in the figure, suggesting 
that effects of CR. hardening can be probed by TeV scale gamma-ray observations 
of the galactic central region. A detailed comparison of the obtained predictions 
with the observational data in the TeV domain by Argo-YBJ, HESS, Milagro and 
HAWC experiments is performed in Ref. 11. 

Finally, the diffuse neutrino flux at E, — 100 TeV is given as a function of the 
galactic longitude and latitude in Fig. 3 where we also show with a green line the 
isotropic astrophysical neutrino flux that is obtained from the six years HESE event 
rate observed by IceCube!?. Our new calculations provide ~ 40% smaller neutrino 


*Refs. 4, 5 report the spectral index o4 of gamma emission associated to mo decay. This is 
converted into the spectral index a of the parent CR by o» ~ a+ 0.1. 
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fluxes than what obtained in our previuos work!, as a combined consequence of the 
revised description of the local CR flux (which accounts for a factor ~ 2 reduction) 
and the inclusion of heavy element contribution to the galactic gas distribution 
(which is responsibile for a ~ 40% enhancement). The angle-integrated neutrino 
flux is equal to ®, = (1.0—1.2)-10 18 cm7? s-1 GeV! at 100 TeV in the standard 
scenario and it is equal to ~ 3 — 4% of the isotropic astrophysical flux observed by 
IceCube. The inclusion of CR hardening increases the integrated flux by 1.5 — 1.8, 
the exact enhancement factor being dependent on the assumed CR spatial distri- 
bution. The effect is larger in the direction of the inner Galaxy where CR spectral 
hardening increases the predicted neutrino flux up to a factor ~ 6, producing a 
visibly different angular distribution with respect to the standard scenario. 
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Gamma-ray emission from the near black hole environment in AGN 
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“Gap”-type particle acceleration in the vicinity of supermassive black holes (BHs), ac- 
companied by curvature and Inverse Compton radiation, could in principle lead to vari- 
able gamma-ray emission that may be detectable with current instruments. We shortly 
comment on the occurrence of magnetospheric gaps at the jet base, and the realisation 
of different potentials. The detection of rapid variability becomes most instructive by 
imposing a constraint on possible gap sizes, thereby limiting extractable gap powers 
and allowing to assess the plausibility of a magnetospheric origin. The relevance of this 
is discussed for the radio galaxies M87 and IC310. The detection of magnetospheric 
gamma-ray emission generally allows for a sensitive probe of the near black hole region 
and is thus of prime interest for advancing our understanding of the (astro)physics of 
extreme environments. 


Keywords: Acceleration of particles — galaxies: individual (M87, IC310) — gamma rays. 


1. Introduction 


With the experimental progress during the last few years the high energy processes 
occurring in the vicinity of a supermassive black holes (BHs) have gained particu- 
lar attention. 2:4 9:15:14 The occurrence of strong, unscreened electromagnetic field 
components around rotating BHs could in principle facilitate an efficient particle 
acceleration to very high energies (Ref. 11 for a review). This process is natu- 
rally accompanied by y-ray production via curvature emission (the radiation of 
charged particles moving along curved magnetic fields) and inverse Compton up- 
scattering of ambient (accretion disk) soft photons. Provided that suitable con- 
ditions are met, the close BH environment could enable high (Blandford-Znajek- 
type) power extraction and account for rapid gamma-ray variability on timescales 
of ~ rg/c = 1.4(Mpg/10? Mo) hr and shorter (Ref. 2). A characteristic feature in 
this context is the occurrence of charge-deficient regions (the so-called *gaps") close 
to the BH. 


2. *Gaps" around supermassive black holes 


Magnetospheric emission models usually rely on efficient “gap”-type particle accel- 
eration. According to Ohm’s law, J = o(E + V/c x B), a deficiency of electric 
charges (i.e., low conductivity c) within the BH magnetosphere can lead to the for- 
mation of regions with an unscreened parallel electric field component, i.e. where 
E-B+#0. Thus, magnetospheric particles moving along magnetic fields into such 
charge-empty regions (“gap”) can be strongly accelerated to high energies by these 
parallel electric field components. 
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'The formation of *gaps" is closely associated with mechanisms for the charge 
density supply into the magnetospheric environment. The conditions under which 
charges are injected in the magnetosphere are still not fully understood. It seems 
likely, however, that the presence of a hot, radiatively inefficient accretion flow 
(RIAF) could facilitate particle injection via photon annihilation (y +y > et +e7) 
of MeV disk photons (Bremsstrahlung peak). As it turns out, below a certain 
accretion rate the resulting charge density is not sufficient to screen the electric field, 
so that magnetospheric particle acceleration becomes a plausible process (Ref. 6). 


3. The structure of magnetospheric “gaps” 


It is usually believed that the magnetospheric structure of astrophysical BH can 
be reasonably approximated (at least in a time-averaged sense) by an electromag- 
netic force-free solution. Such a configuration is known to facilitates an efficient 
electromagnetic extraction of the rotational energy of the BH (Ref. 3). For this to 
be possible, however, some quasi-steady electric currents that pervade the magne- 
tospheres as sources of the magnetic field and that are carried by charged particles 
flowing through them, need to be sustained despite the presence of inflows and 
outflows. If we suppose, to the contrary, that under-dense (pe < pas) regions 
(“gaps”) are formed in which a parallel electric field Ej is established, this does not 
necessarily invalidate over-all force-freeness. 

Vacuum “gaps” could occur around at least two locations, the null surface (NS) 
and the stagnation surface (SS) (Refs. 5, 7, 8). Figure 1 provides an illustra- 
tion of their locations for an exemplary (split monopole) BH magnetosphere (split 
monopole). The former surface (NS) designates the region where the generalised 
Goldreich-Julian charge density pc; vanishes, changing sign across it (red solid 
line). This happens close to the location where the field line rotation frequency 
Op equals the Lense-Thirring angular frequency w(r), i.e., usually on radial scales 
r~ rg = GM/c?. In order for the BH magnetosphere to be force-free (vanishing 
EQ) the real charge density pe should correspond to pez. As pa; changes signs 
across the null surface, pe is required to have opposite signs on opposite sites, hence 
a parallel electric field component could easily arises around this surface (Refs. 5, 7). 
The stagnation surface (SS), on the other hand, naturally occurs in an MHD outflow 
driven by a rotating (Kerr) BH and designates the surface that separates plasma 
motion inwards (inflows) due to the gravitational field from plasma motion out- 
wards (outflows) above it (green solid line). This surface is in general non-spherical 
and located inside the (outer) light cylinder, typically on radial scales of some ry. 
To allow for a general (time-averaged) force-free MHD description, plasma would 
need to be continuously replenished to maintain a charge density pe > pas. 


4. Different realisations of the *gap" potential 


In its simplest (one-dimensional, non-relativistic) form the “gap” electric field Ej 
and potential Pe along a path length s in the presence of a non-zero charge density 
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Axis of Symmetry, rra 


Fig. l. Structure of the BH magnetosphere for a split-monopole and field line rotation frequency 
Op = c/Arg. Gray solid lines represent field lines and dashed black lines denote contour levels of 
Goldreich-Julian density. Between the inner and outer light cylinder (yellow lines) the null (red) 
and stagnation (green) surfaces are located. Across the null surface the charge density changes 
sign, while the stagnation surface separates matter inflow and outflow, respectively. 


pe can be determined from Gauss law 

2 —4m(pe — pas) with a -—Hy (1) 
so that the relevant voltage drop becomes AVgap = Pels = h) — $.(s = 0), where 
h denotes the characteristic gap height. It is easily seen that a “gap” emerges only 
if the real charge density pe diverges from the expected pa. 

Different solutions are obtained however, dependent on what type of boundary 
conditions (e.g., highly or weakly under-dense) are considered to be realised, as we 
show in Ref. 8. In general, the resultant voltage drop can be written as AVgap = 
®,(h/r,)”, with ®, ~ Orr2Bgy /c, where Bg corresponds to the strength of the 
normal magnetic field component threading the horizon, and the coefficient v is 


dependent on the chosen “gap” scenario: 


(a) if pe << paz, for example, then 


AN? 
AVoap = Po (=) ; (2) 
Tg 
(b) while for pe ~ pc; one instead finds 
hN? 
AVoap = ®o (+) : (3) 
Tg 


i.e., a scaling e h? where the power index is now increased by one. 
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5. VHE gamma-ray emission from magnetospheric “gaps” 


If the potential is sufficiently strong as expected around supermassive BHs, a single 
particle entering the gap can be accelerated to very high energies (up to Lorentz 
factors y ~ 1019), emitting curvature and inverse Compton gamma-ray photons 
on its way. In the presence of an ambient photon field, a pair cascade (y + y > 
e* e ) is triggered, that can lead to vacuum breakdown and the formation of highly 
conducting pair plasma, i.e., to enough charges (pe > pay) to annihilate the parallel 
electric field and ensure gap closure E- B = 0.9 As a consequence, the magnetic 
field lines can be considered as nearly orthogonal to the E field, with just enough 
E- B remaining to produce sparks of e* e^ -pairs and keep the magnetosphere filled 
with plasma. An electromagnetic force-free solution could then provide a reasonable 
approximation to the time-averaged structure of such a magnetosphere. 3 


6. Associated “gap” luminosities 


Given the anticipated potential strengths around supermassive BHs a significant 
amount of the non-thermal emission of magnetospheric *gaps" is expected to occur 
in the high and very high energy y-ray domain (Refs. 11, 6, 5, 9). The different “gap” 
potential noted above, however, lead to different expectations for the maximum 
“gap” luminosity Lgap 4 NeVgapdE./dt (with characteristic gap volume Vgap c 
r2h) for a gap of height h. As we show in (Ref. 8) the maximum extractable 
“gap” power is in general proportional to the classical Blandford-Znajek jet power, 


Lez x ri By, x mMnpmg (with By « m/?, m being the accretion rate), and a 
sensitive function of the gap height A, i.e., 
h B 
Lgap iios naLnz — ; (4) 
Tg 


where the index 8 > 1 depends on the respective “gap”-setup: for case (a) noted 
above (Eq. (2)) one has 8 = 2 with 72 = 1, while for case (b) 6 = 4 with n4 = 1/6. 


7. The phenomenological relevance of magnetospheric “gaps” 


The anticipated occurrence of magnetospheric gamma-ray emission in AGN in prin- 
ciple allows for a fundamental probe of their near BH environment including accre- 
tion physics and jet formation. For this to be feasible, however, several constraints 
need to be met. On the one hand, the escape and detectability of VHE gamma-rays 
up to a few TeV at least requires the presence of a radiatively inefficient accretion 
flow (RIAF) close to the BH as otherwise severe y7y-absorption in the disk photon 
field will occur (Ref. 8). On the other hand, in classical blazar-type sources (with 
jets viewed at small inclination) the observed VHE gamma-ray emission is expected 
to be dominated by the strongly Doppler-boosted emission of their jets. Hence 
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only in sources where the jet is sufficiently misaligned, such that Doppler effects are 
modest, might magnetospheric emission become detectable. This has made mis- 
aligned and under-luminous AGN, in particular nearby radio galaxies, to the most 
promising targets (see e.g. Ref. 10 for review and further references). The occur- 
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Fig. 2. Maximum possible y-ray power (orange band) of a magnetospheric “gap” as a function of 
accretion rate m, cf. Eq. (4). Different assumptions for the gap potential, Eqs. (2) and (3), lead to 
differences in extractable powers. The required transparency of the accretion environment to VHE 
photons introduces an upper limit me < 0.01 on possible rates. If the observed VHE variability is 
used to constrain the gap height h, the extractable power is in principle sufficient to account for 
the gamma-ray emission seen from M87, yet under-predicts the VHE emission seen from IC 310. 


rence of magnetospheric emission in these sources could contribute to the spectral 
hardening at GeV energies seen in some sources!? and possibly account for rapid 
VHE variability on horizon crossing-times and shorter.?? As the extractable power 
depends on the gap size h, Eq. (4), the plausibility of a magnetospheric origin can 
be investigated for sources in which significant VHE variability is detected. 

In the radio galaxy M87 (distance d — 16.7 Mpc), for example, day-scale 
VHE variability has been detected during several TeV high states (with Lygg ~ 
10*erg/s). There are also indications that the TeV emission is accompanied by 
delayed radio core flux enhancements supporting the conclusion that the VHE emis- 
sion may originate at the jet base very close to the BH (Ref. 1). One typically 
expects magnetospheric “gaps” to possess maximum heights of h S5 rj (if efficient 
pair production takes place, screening may well occur earlier, see Ref. 6). M87 has 
a BH mass of Mgy = (2 — 6) x 10? Mo, corresponding to light crossing times of 
Aty = rg/c = (3 — 9) hr. The VHE variability observed to date does not impose 
a stronger constraint on h. To ensure transparency to VHE photons the accretion 
flow would need to be radiatively inefficient (as indeed expected in M87) and this 
on average constrains inner accretion rates to satisfy rn, < 0.01, see e.g. Ref. 8 for 
details. When this is put in context, extractable gap powers are such as to allow 
accommodation of the y-ray emission seen from M87, see Figure 2. 


1716 


The situation is different for the Perseus Cluster radio galaxy IC310 (at 
d — 80 Mpc), believed to host a BH of Mgy = 3 x 108Mọo. The minute-scale 
VHE variability seen during a strong VHE flare in Nov. 2012 (with isotropic 
Lyne = 2x10“ erg/s) would imply a gap height h < cAt = 0.2r, (Ref. 2). When 
this is employed in Eq. (4) along with the ADAF constraint me < 0.01, extractable 
powers tend to become too small to account for the observed VHE emission (see 
Figure 2), thus disfavouring conventional magnetospheric scenarios for its origin. 


8. Conclusions 


Non-thermal magnetospheric processes could in principle lead to a non-negligible 
contribution at gamma-ray energies that could vary on horizon crossing times. As 
this contribution is non-boosted, potential targets would need to be close enough 
and possess jets sufficiently misaligned for this emission to become detectable by 
current instruments. The extractable gap power is a sensitive function of the gap 
height (h/r,). Detection of rapid variability on timescales smaller than r,/c thus be- 
comes most constraining and could allow to probe different gap descriptions. When 
put in context of recent observations, this suggests that the gamma-ray emission 
seen from M87 may have a magnetospheric origin, while such a scenario appears 
rather disfavoured in the case of IC 310. 
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We employ two radio surveys to find young energetic active galactic nuclei (AGN) with 
flat spectrum, and search for their counterpart in the Second Planck Catalogue of Com- 
pact Sources (PCCS2) at 353 GHz. We find 21 and 6 such AGN in the $4 and $5 Strong 
Source Surveys, respectively. Although none of them are within the error circle about 
the sky position of the track-type high-energy neutrinos already detected by the IceCube 
South Pole Neutrino Observatory, their flat spectrum and high-frequency detection im- 
ply they might emit neutrinos to be observed in the near future. Extending the list of 
these sources with the 114 flat spectrum AGN appearing with PCCS2-counterpart we 
already found in the Parkes Catalogue, we conclude that most of them have flux density 
between 400+ 1400 mJy at 5 GHz. This range is a good selection criterion for the future 
campaigns at 5 GHz aiming to find the possible sources of high-energy neutrinos. 


Keywords: Active galactic nuclei; high-energy neutrino; catalogues. 


1. Introduction 


In the last years extensive studies have been carried out aiming at identifying the 
origin of the cosmic high-energy (HE) neutrinos detected by the IceCube South Pole 
Neutrino Observatory ?. Active galactic nuclei (AGN), powered by supermassive 
black holes (SMBHs), are promising candidates, as they are able to produce the 
dominant isotropic neutrino background between 104 + 10!? GeV. 

IceCube is located at the Amundsen-Scott South Pole Station, and the ob- 
servatory uses one cubic kilometre of the Antarctic ice as detector matter. The 
detector strings penetrate up to 2500 m deep underground, and are sensitive to the 
Cherenkovradiation of electrons and muons emerging from the interaction of elec- 
tron and muon neutrinos with the ice. Electrons induce shower-type, while muons 
induce track-type event topologies. The arrival direction of the parent neutrino is 
constrained more precisely for the track-type events (within 2°). 

Track-type HE neutrinos pinpoint their specific sources, the blazars, a class 
of radio-loud AGN pointing their jet towards the Earth. We first demonstrated" 
that in the case of the track-type neutrino ID5 and blazar PKS 0723-008 by cross- 
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correlating the Parkes Catalogue? and the Second Planck Catalogue of Compact 
Sources (PCCS2)? at 353 GHz with the arrival direction of track-type HE neutrino 
events detected by IceCube?:19.11, 

Recently the IceCube Collaboration with partner observatories on Earth and 
in space has reported on the multimessenger observations of the blazar TXS 
05064-05617. The HE neutrino event IC-170922A detected at 22/9/2018 was in 
temporal and positional coincidence with a prominent y-ray flare shown by this 
source. Subseqently we reported on the radio brightening of the neutrino emitting 
blazar TXS 0506--056 !?, supporting its identification as source of the HE neutrino 
IC-170922A. The radio brightening of TXS 05064-056 preceding the detection of a 
HE neutrino is similar to the one we reported for PKS 0723-008 and IceCube event 
ID57, suggesting something similar happened with these blazars. The high en- 
ergy of these neutrinos imply violent events as progenitors, such as the coalescence 
of compact objects, as we already suggested ^!?4, The published candidates for 
track-type IceCube neutrinos, with the neutrino ID-s in brackets: PKS 0723-0087 
(ID5), PKS B1206-202” (ID8), PKS B2300-2547 (ID18), PKS B2224--006* (ID44), 
TXS 0506--056!? (IC-170922A), GB6 J1040--0617!? (IC-141209A), all six of them 
are flat spectrum sources at GHz-frequencies. 

Here we investigate two other radio catalogues, the S4 Strong Source Survey 1° 
and the S5 Strong Source Survey 1”, to identify further possible sources of track-type 
HE neutrinos. We report on the results here, also on the integrated flux density of 
the flat spectrum AGN from these surveys, as well as from the Parkes Catalogue?, 
that have counterparts in the PCCS2? at 353 GHz. 


2. Flat-spectrum AGN with Planck-counterpart at 353 GHz 


An enormous shock-wave generated in the coalescence of two compact objects ac- 
celerates both the light and the heavy particles in their immediate environment. 
'The former process leads to enhanced synchrotron emission and flat spectrum up 
to high radio frequencies (~ THz) due to the relativistic electrons, while the latter 
process leads to the emission of ultra-high energy cosmic rays (UHECRs) and HE 
neutrinos due to the relativistic protons and nuclei. The gravitational wave (GW) 
signal of a merger is accompanied by huge flares emerging across all regimes of the 
EM spectrum, as well as by significant excess in HE particles. Due to their much 
larger mass the coalescence of two SMBHs produces much more energetic GW signal 
as compared to the merger of astrophysical black holes or neutron stars. Conse- 
quently a more violent shock-wave propagates through the immediate environment 
of the SMBH merger, capable to induce the highest energy particles, and therefore 
we focused on AGN. 

We searched for flat-spectrum AGN in the S4 Strong Source Survey 6 (flux 
limit 500 mJy, sky coverage +35° « 6 « +70°, where 6 is the decliantion), in the 
S5 Strong Source Survey!" (flux limit 250 mJy, sky coverage +70° < 5 < 4-909), 
and in the Parkes Catalogue? (flux limit 250 mJy, sky coverage all the sky south of 
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declination +27°, excluding the Galactic Plane and the Magellanic Cloud regions). 
The spectral index o was defined with the convention S ~ v*^ between 2.7 GHz 
and 5 GHz. We cross-correlated the coordinates of flat spectrum AGN from these 
catalogues with the coordinates from the Second Planck Catalogue of Compact 
Sources (PCCS2)?. We used data from the PCCS2 taken at 353 GHz, which is 
the highest frequency measurements at which the contamination from the Galactic 
plane can be safely corrected. The error on the sky position of the point sources 
at this frequency is 8 arcmin. Then we cross-correlated the coordinates of flat 
spectrum AGN having PCCS2 counterpart with the coordinates of the 15 track- 
type HE neutrinos detected by the IceCube, considering the errors on the positions 
as well. The detection data of these neutrino events are summarized in Table 1. 


Table 1. Data of the 15 track-type HE neu- 
trino events detected by the IceCube?2:10.11, 
ID: identification, Egep: deposited energy, 
RA: right-ascension, 6: declination, 0: me- 
dian angular error. 


ID Edep RA 5 0 
(TeV) (e) (9) (9) 


3 78.74409 — 127.9 312 £14 
5. ids, —dq166. -04- $12 
8  326'103 1824 -21.2 £13 
13 2531328 67.9 | 403 £12 
18  31L5'25 3456  -248 $13 
23  822'$9 2087  -132 £19 
28 — 461701 164.8 -71.5 $15 
37 308723 1073 207 £12 


38  200.5*101 93.34 13.998 £12 

43 46.5732 206.68 -21.98 i13 

44 — 846'12 33671 004 £12 

45  429.9*271 218.90 -86.25 £12 
8.3 


47 T43'53 209.36 06738 £12 
53 27.629 239.02 -37.73 £12 
55 2600+369 110.34 1148 £10 


3. Discussion 


We found 21/6/114 flat spectrum AGN with PCCS2-counterpart at 353 GHz in 
the $4-S5 Surveys and in the Parkes Catalogue, respectively. The map of the flat 
spectrum AGN with PCCS2-counterparts and the track-type HE neutrino events 
are presented in Figure 1 in galactic coordinates. The number of these sources in 
200 mJy-bins is presented in Figure 2, separately at 2.7 GHz and at 5 GHz. Most 
of these AGN have flux density between 400 + 1400 mJy at 5 GHz. This range 
might be a good selection criterion for future campaigns at 5 GHz, aiming to find 
the possible sources of HE neutrinos. 
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Fig. l. Map of flat spectrum AGN with Planck-counterpart at 353 GHz in galactic coordinates, 
employing Mollweide projection. The error circle of the track-type neutrino events (denoted by 
their ID-number) is presented by continuous black line and three times it's size by a dashed line. 
'The event ID5 is marked by a red cross. 
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Fig. 2. The number of flat spectrum AGN with Planck-counterpart at 353 GHz, binned by their 
flux density measured at 2.7 GHz (upper panel) and at 5 GHz (bottom panel). There are 6, 
respectively 4 AGN that are brighter than 5000 mJy at 2.7 GHz, respectively 5 GHz. 


We proposed a scenario of binary SMBH evolution, which naturally explains 
the observed HE neutrino emission leading to the emission of GWs through a se- 
quence induced by the merger ^!?44, We expect that there are three main phases 
of the emission of HE particles in this scenario. The first one is the process of 
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spin-flip, when the jets sweep through a large cone (see M82 where this may have 
been detected, 15:19). The second one is after the spin-flip, when a new jet is boring 
into the environment, leading to more injection of the seed particles to create HE 
nuclei, gammas and neutrinos. The third one is probably in the instant of the co- 
alescence of SMBHs, when a giant shock-wave may be generated by low-frequency 
GWs (IfGWSs) to accelerate particles to high energies, leading to a final burst of HE 
nuclei, gammas and neutrinos. Only the HE neutrinos are detectable across the 
universe. Considering T'XS 0506+056, the post-merger SMBH binary scenario pro- 
vides a consistent physical picture explaining the already occurred multimessenger 
observations (radio, y-ray, and HE neutrino). 

The next-generation IceCube detector, the future ten-cubic-kilometre detector 
IceCube-Gen2, is a very promising development regarding this work. This instru- 
ment is aimed to detect very high-energy astrophysical neutrinos in the PeV to 
EeV range, yielding hundreds of neutrinos across all flavours at energies above 100 
TeV. This will enable detailed spectral studies, significant point source detections, 
important for quantifying the HE particle emission of the individual candidate- 
sources. The IceCube-Gen2 spectra together with the EM-observations will teach 
as how to find AGN harbouring SMBHs, that will merge within a very short time 
emitting GWs. 

A great challenge will be the direct detection of these IfGWs (of order of microHz 
to milliHz) by the future Laser Interferometer Space Antenna (LISA) mission. The 
ultimate proof of the above scenario will be this direct detection of IfGW-signal of 
the candidate sources. 
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The Space Variable astronomical Object Monitor (SVOM) is a mission dedicated to the 
detection and characterization of Gamma-Ray Bursts and other high-energy astrophysi- 
cal transients. SVOM is jointly developed by the Chinese Academy of Science (CAS), the 
Chinese National Space Administration (CNSA) and the French space agency (CNES) 
with a launch date foreseen at the end of 2021. SVOM will enable to observe new 
sources in a large wavelength domain, from the near infrared to gamma rays, thanks 
to its unique combination of space and ground based instruments. The space borne 
instruments include two wide field of view monitors, ECLAIRs and GRM, operating in 
the hard X-ray to gamma-ray energy band, and two narrow field telescopes, MXT and 
VT, operating in the X-ray and visible domain. On the ground three dedicated robotic 
telescopes, F-GFT-Colibri, C-GFT, and GWACs will provide complementary coverage 
in the near infrared and visible bands. SVOM alerts will be distributed publicly to the 
scientific community in order to enhance the scientific return of the mission. 


Keywords: Gamma-Ray Bursts; Space Instrumentation. 


1. Introduction 


The Space Variable astronomical Object Monitor (SVOM) mission is being jointly 
developed by the Chinese Academy of Science (CAS), the Chinese National Space 
Administration (CNSA) and the French space agency (CNES), and its launch date 
is foreseen for the end of 2021. The science goals are shared between a Core Pro- 
gramme (CP), a General Programme (GP), and a Target of Opportunity (ToO) 
Programme. The goals of the CP include the detection and characterization of 
Gamma-Ray Bursts (GRBs) with a particular emphasis on the detection of high 
redshift (z > 5) events and their use as probes of the early Universe, the broad 
band coverage of the GRB prompt emission, and the building of a uniform after- 
glow data sample from the X-rays to the near infrared. The CP will make use of 
25% of the SVOM observation time. During the rest of the time SVOM will be 
operated as an observatory performing pre-planned (GP, 60% of the SVOM time) 
and un-anticipated ToO observations (15% of the time). This sharing applies to the 
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nominal lifetime of the mission (i.e. the first three years on orbit) and will evolve 
during the extend mission including a higher fraction of ToO time (up to 4096 of 
the SVOM observation time). The reason for it is that SVOM is also suited to 
play a role in the upcoming era of multi-messenger astronomy, being able to pro- 
vide follow-up of triggers related to gravitational wave, neutrino, very high energy 
gamma-ray or synoptical astronomy. 

In order to favour the follow-up of SVOM GRBs by ground based observatories, 
SVOM will be mainly pointing to the anti-solar direction. In addition, in order 
to maximize the GRB detection sensitivity, at least during the nominal mission 
lifetime, the SVOM pointing has been defined as to avoid the Galactic plane (which 
in turn facilitates the follow-up from ground) and other bright X-ray sources (such 
as Sco X-1). Thanks to this pointing strategy we expect that about 7596 of the 
SVOM GRBs can be followed promptly from ground, increasing the chances of 
measuring their redshift through spectroscopy. 

For a detailed view of the SVOM science objectives we refer the reader to the 
SVOM white paper!. In this paper we will mainly review the SVOM space payload 
and the associated ground segment. 


2. The SVOM Space Segment 


SVOM will be launched from Xichang in China by a LM-2C rocket and injected 
into a circular low Earth orbit with an inclination of about 30° at an altitude of 
7625 km. It will carry two wide field monitors and two narrow field telescopes. 
'The wide field monitors are ECLAIRs, a coded mask telescope operating in the 4— 
250 keV energy range, provided by CNES in collaboration with French laboratories 
(IRAP, APC, CEA-Irfu), and the GRM, a set of three non-imaging gamma-ray 
spectrometers, sensitive in the 15 keV—-5 MeV energy range, provided by IHEP 
Beijing. The narrow field telescopes are the MXT, sensitive in the 0.2-10 keV 
energy range provided by CNES in collaboration with CEA-Irfu, LAL, MPE, and 
the University of Leicester, and the Visible Telescope (VT), provided by the NAOC 
in collaboration with XIOPM. 


2.1. ECLAIRs 


ECLAIRs is composed by a focal plane of 80x80 CdTe pixels of 4x4x1 mm? size. 
A 54x54 cm? mask with an open fraction of 40% and a pixel size of about 1.1 cm is 
placed 46 cm above the detection plane. The system provides a ~2 sr field of view 
and a point spread function of 52 arc min (FWHM). The ECLAIRs data stream 
(monitored on time scales from 10 ms to about 20 minutes on 4 energy bands and 
in 9 detector zones) is analysed in real time on board the satellite by the UGTS 
electronic box in order to search for new sources appearing in the field on view. 
Once a new source is detected its coordinates are computed and transmitted to the 
satellite in order to send the information to ground based observatories and to slew 
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to place the ECLAIRs error box («12 arc min) into the field of view of the narrow 
filed telescopes for more accurate localization and physical characterization in the 
X-rays and in the visible domain. ECLAIRs will be able to detect all kind of GRBs, 
see Fig. 1, but thanks to its low energy threshold of only 4 keV it will be more 
sensitive than previous experiments to X-ray rich GRBs which could represent the 
population of high distance GRBs due to cosmological energy shift?. ECLAIRs is 
expected to detect about 60 GRBs per year. 


Epeak (keV) 


T90 (s) 


Fig. 1. Left: the ECLAIRs coded mask telescope. Right: the probability of detection by 
ECLAIRs (color code) of a sample of GRBs observed by previous experiments, plotted as a function 
of the GRB duration and spectral peak energy. 


2.2. GRM 


The Gamma-Ray Monitor (GRM) system is composed by three Gamma-Ray De- 
tectors (GRD) and a particle monitor. Each GRD is made of a Nal(TI) scintillating 
crystal, a photomultiplier and its readout electronics, and has a geometrical area of 
200 cm?, thickness of 1.5 cm, FoV of +60 degrees with respect to its symmetry axis, 
dead time <8 us, temporal resolution «20 us and energy resolution of 16% at 60 
keV. A plastic scintillator in front of the NaI(T1) crystal is used to distinguish low 
energy electrons from gamma-rays. The 3 GRD-modules point at different direc- 
tions in order to cover, globally, a field of view which is larger than the ECLAIRs 
one, see Fig. 2. This will allow to detect a larger number of GRBs (^90 per year), 
although most of them will be poorly localized (error box > 10°). For the GRBs 
detected both in the field of view of ECLAIRs and in the one of one or more GRD a 
combined spectral analysis will be possible from a few keV to a few MeV, allowing 
a complete physical description of the SVOM GRBs, as shown in the right panel of 
Fig. 2. 
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Fig. 2. Left: the GRDs and their individual field of views. Right: a simulation showing a 
simultaneous spectral fit of GRB 100724B. GRB 100724B was observed by Fermi/GBM and a 
thermal component (BBody in the figure) has been reported: this component can be detected in 
the simulated data with the same statistical significance with respect to the GBM data. For more 
details, see the SVOM white paper !. 


2.3. MXT 


The Microchannel X-ray Telescope (MX T)? is an X-ray focussing telescope with a 
field of view of 57x57 arc min, whose innovative optical concept is based on the 
so-called Lobster Eye optics*. This optical concept is realized making use of square 
pore lead glass micro pore optics (MPOs) plates with 40 jum pore side and 1-2 mm 
thickness (with inner Ir coating to enhance the reflectivity), produced by Photonis. 
25 plates of 40 mm side are used to build the complete MXT optics, which is coupled 
to a camera sensitive in the 0.2-10 keV energy range, based on a pnCCD? composed 
of 256x256 pixels of 75 um side. The pnCCD and is read-out rate every 100 ms 
and actively cooled to —65°C. A filter wheel allows to put a calibration source or 
additional optical/UV filters in front of the detector when needed. 

The MPO Point Spread Function (PSF) is composed by a central spot and two 
cross arms: about 5096 of the incident X-rays are reflected twice and focused in 
the central PSF spot, X-rays reflected just once and focused in both PSF arms 
(2x22%), and the rest produces a diffuse patch. In the Lobster Eye geometry the 
vignetting is very low, reaching 10-1596 at the edge of the FoV. Simulations indicate 
that the PSF of such system could reach 4.5 arcmin FWHM at 1.5 keV (central 
peak). In reality, due to defects in the alignment of the channels, distortions of the 
channel walls, and misalignment of the plates, such system may finally provide a 
~10 arc min FWHM PSF. The GRB afterglow position is computed on-board in 
near real-time by the MXT Data Processing Unit. The expected MXT effective 
area is about 23 cm? at 1 keV for the central spot, and expected GRB afterglow lo- 
calization performance, obtained by folding the entire Swift/XRT afterglow dataset 
through the MXT response, shows that MXT is well adapted to study GRB af- 
terglows, see Fig. 3. Indeed, 5096 of the bursts will be localized to better than 
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1 arc min (90% c.l. radius; statistical uncertainties only) within 5 min from the 
MXT stabilization time. 
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Fig. 3. Left: the MXT telescope. Right: Simulation of the prompt and afterglow emission of 
GRB 091020 in SVOM instruments. In MXT the afterglow is detected up to ^10?7 s. For more 
details, see the SVOM white paper !. 


2.4. VT 


The Visible Telescope (VT) main purpose is to detect and observe the optical after- 
glows of GRBs localized by ECLAIRs. It is a Ritchey-Chretien telescope with a 40 
cm diameter and its limiting magnitude is about My —22.5 for a 300 s integration 
time. The VT is designed to maximize the detection efficiency of GRB’s optical af- 
terglows. A dichroic beam splitter divides the light into two channels, in which the 
GRB afterglow is observed simultaneously, a blue channel with a wavelength from 
0.4 to 0.65 um and a red channel from 0.65 to 1 um. Each channel is equipped with 
a 2Kx2K CCD detector. The Quantum Efficiency (QE) of the red-channel CCD is 
over 50% at 0.9 wm, which gives VT the capability of detecting GRBs with redshifts 
larger than 6.5. The VT FoV is about 26x26 arc min”, covering the ECLAIRs error 
box in most cases. 


3. The SVOM Ground Segment 


Three optical/infrared instruments compose the ground-based SVOM system. The 
first unit of the Ground-based Wide Angle Cameras (GWACs), currently located 
Xinglong (China), and is already operational. Another unit may be installed later 
at a different site. The GWACs located in China consist of 40 cameras of 180 mm 
diameter, covering ~6000 deg? in total in the wavelength range 500-850 nm. The 
GWAC system can reach a magnitude limit of V=16 in 10 s. In addition to the 
GWACs, whose main goal is to try to catch the prompt optical emission of SVOM 
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GRBs, two robotic 1-m class telescopes are being included in the SVOM system. 
The Chinese Ground Follow-up Telescope (C-GFT) has a 1.2 m diameter primary 
mirror, is located at the Jilin observatory, has a field of view of 21x21 arc min? 
and is sensitive in the 400-950 nm wavelength range. The French Ground Follow-up 
Telescope (F-GFT/Colibri) will have a 1.3 m diameter primary mirror and will be 
installed in San Pedro Martir (Mexico). It offers a field of view of 26x26 arc min? 
and operates simultaneously in 3 bands from 400 to 1700 nm. 

The SVOM ground segment includes a set of VHF antennas (about 40), which 
will be deployed on the projected track of the satellite in order to collect in real time 
the alerts produced by the platform. These VHF ground stations will be connected 
to the French Science Centre (FSC), which will immediately dispatch the alerts 
produced by all the SVOM instruments to the scientific community. We expect 
that 6596 of the SVOM alert messages are delivered within less than 30 s, and that 
9596 of them reach the observers within less than 20 minutes. 


4. Conclusions 


SVOM will play a key role in the upcoming era of time domain and multi-messenger 
astronomy. At the time of SVOM launch, new large sky area time domain oriented 
instruments, like the LSST in the optical or the SKA at radio wavelengths, will 
deliver an unprecedented number of well localized ToOs that may be worth following 
up with the space-borne and ground-based SVOM instruments. Gravitational wave 
detectors (advanced LIGO, VIRGO, LIGO-India, KAGRA, etc.) will provide more 
alerts than now with improved localisation accuracies. Neutrino detectors IceCube- 
Gen2, KM3NeT (extension of ANTARES), etc. will also trigger a significant number 
of alerts. In this respect, the SVOM/MXT grasp appears to be well adapted to the 
large error boxes delivered by gravitational wave and neutrino detectors. 
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Thanks to the introduction of a general Lagrangian, we derive a simple expression for 
Mercury perihelion advance (MPA) which can be applied to many historical examples, 
such as Poincaré’s 1906 application of his relativistic action, Einstein’s probable test 
of his 1912 metric, Einstein-Besso’s 1914 application of the Entwurf... as well as to 
modern presentations. We argue that Einstein’s failure to derive in his Zurich Notebook 
the right equations of general relativity has a physical rather than mathematical origin, 
which amounts to an incomplete application of the 1895 Lorentz Transformations to his 
1911 formulation of the Equivalence Principle. MPA could have been already in his 
hands in 1912. 


Keywords: Mercury; Lagrangian; Lorentz; Poincaré; Einstein. 


1. Introduction: Between history and teaching 


In this presentation, we discuss Mercury perihelion advance (MPA) in relation to 
relativity both from an historical and a pedagogical point of view [1]. Implementing 
efficiently historical issues in the teaching of physics (instead of referring to them 
either anecdotally, critically or emphatically) is in our opinion an important goal 
both for the history and the teaching of science. Of course, this necessitates to 
formulate them in a modern perspective, which implies that one acknowledges that 
historical issues are often close to modern ones, a point of view generally shared by 
mathematicians in the tradition of Henri Poincaré, but not by physicists who are 
rather inclined to adopt the Bachelardian epistemological point of view of scientific 
revolutions (or a Kuhnian one in terms of change of paradigm). In return, such 
an approach may shed a new light on these issues. As an example, which concerns 
MPA, we explained in [2] how Lorentz 1895 transformations z' = z —Vt,t' =t—Va 
(with c = 1) (thereafter 1895 LT) can be used to introduce Special Relativity (SR) 
early in teaching and discuss relativistic physics without calling for the exact 1904 
LT;* then applying these LT to Einstein’s approach of gravitation through the 


“Other examples of the interest of historical issues for present teaching are our discussions of 
Kepler’s equant model [3] and Newton’s geometrical derivation of Kepler laws [4]. 
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equivalence principle (EP) in 1907 and 1911, we realized that Einstein's “bumpy 
road" to General Relativity (GR) mainly originated from an incomplete use of them 
(see section 3 below). 

As well documented [5], the observation of Mercury's orbital perihelion (Le 
Verrier 1859, Newcomb 1882 and 1895, etc.) has left a residue of about 43" per 
century unexplained by perturbations due to other planets within the framework of 
Newton’s theory of gravitation, or by attempts to modify the gravitational force.” 
Less known is that the calculation of this residue, proposed as an exercise in some 
text books, from the Lagrangian (with c — 1) 


Lup =—V1-v?+au (a=GM,u=1/r), (1) 


has been taken as a test of relativistic mechanics as soon as 1906 by Poincaré in his 
Sorbonne lectures on Mercury perihelion* [6]. History of the MPA has remembered 
that SR with the above Lagrangian only accounts for 1/6 of the correct value, 
forgetting to consider 


Lsr =-V1- v +ayu, (y-2(-:w) 5, (2) 


which introduces the physical idea of “inertia of energy”. It has essentially mem- 
orized the final explanation of MPA by Einstein in November 1915 [8] from the 
metric 


ds? = (1 — 2au)dt? — (1 + 2au)dr? — r°dQ?, (3) 


(based on the solution of R,,, = 0 at first order) as one of his most famous discov- 
eries. History generally ignores Einstein-Besso calculation? of MPA from 


ds? — (: — 2au + Z (u?) dt? — dr?, (4) 


based on Einstein-Grossman's Entwurf [10] and the hypothesis that gravitational 
energy (the quadratic term in Eq. (4)) be also source of gravitation, or Einstein 
1912 [11] likely one from 


ds? = (1— 2au)dt? — dr?, (5) 


after his incomplete application of the EP (see section 3), or Einstein-Fokker 1914 
possible one from 


ds? = e °° (dt? — gg?) (6) 


bWe recall that in Newton's theory, an inverse square law for the acceleration —of/r? accounts 
for the elliptical trajectory r = (I?/a)(1+ecos Ky)~* (I area constant or angular momentum per 
unit mass), which for small eccentricity e « 1 corresponds to Kepler's equant model. 

*We recall that in 1905 Poincaré deduced the relativistic free Lagrangian (he took already c — 1!) 
from the Lorentz contraction and justified it by the invariance of action under the Lorentz group 
[7]. In 1906, he compared his result for MPA with those derived from Abraham's and Langevin's 
Lagrangians (based on different hypotheses concerning the shape of a moving electron). 

4A noticeable exception is [9]. 
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(equivalent to Nordström scalar theory).? Historical discussions also generally 
put aside the question of why Einstein 1915 metric is equivalent for MPA to 
Schwarzschild's exact solution 


ds? = (1 — 2au)dt? — (1 — 2ou) tdr? — r?d(? (7) 
or why it is not equivalent to 
ds? = (1 — au)*dt” — (1 + auy'dr? — r?dn? (8) 


although like Eq. (3) it also fully takes into account the EP. In section 2, we 
present a simple formalism which allows to address all these proposals and to test 
the different physical ideas which have anticipated GR‘ 


2. A general Lagrangian approach to Mercury perihelion advance 


Quite remarkably, the eight above metrics, with the identification ds? — L?dt? and 
the Lagrangians given by Eqs. (1) and (2), correspond to a squared Lagrangian of 
the type (for plane trajectories) 


L? = A(ou) — B(ou)? — C(au)r? e, (9) 


A, B andC being functions of au, with A(0) = B(0) = C(0) = 1 and the dot 
meaning a derivation with respect to time. These functions are e.g. respectively 
(1 — au)?, (1 — au) and (1 — au) for Eq. (1) and (1 — 2au), (1 + 2au) and 1 for 
Eq. (3). Finding the equation of the trajectory from L, with the use of angular 
momentum / and energy E conservations, is then a standard exercise of Lagrangian 
calculus (see [1] for details). It leads to (prime denoting a derivation with respect 
to p): 


a b= 22), (10) 


A= E? — P (au? + bw”), a= =, b 
( ) C cz 
Because of Mercury’s small orbital eccentricity, one can set u = uo + ĝu, where ĝu 
is a small deviation with respect to a circular trajectory centered at origin. Then 
introducing the a-dimensional distance parameter £ = aug c o?/l? «& 1 (cf. note 
2) and writing a(e) = 1+ ea'(0) (idem for b(2) and A'(&)), the perturbation calculus 
at order & yields: 
A" (0) 


ôu” + K*6u=0; K?—-1-4e (eo — b'(0)+ zo) i (11) 


*'The calculations from Eqs. (5) and (6) are merely historical assumptions based on Einstein's 
acknowledgement that he thought about MPA since 1907. Einstein has also probably tested the 
relativistic equations of motion in a gravitational field which he puts forward at the top end of his 
extensive review paper of November 1914. 

fIn present teaching [12], this formalism can also be applied to the PPN metric ds? = (1 — 2au + 
280? u?)dt? —(1+2yau)dF? or to the isotropic form ds? = (1 — au)? (1 +au)™?dt? — (1+ $u)^dr? 
of the Schwarzschild metric. 
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So the trajectory reads u = uo(1 + e cos Kọ), and the perihelion advance per revo- 
lution is: 


Ay = 2(1— K?) = s& ( 3a' (0) + '(0) M : (12) 


In particular, applications to Eqs. (1) (Ag = me), (2) (Ay = 37€), (4) 
(Ay = 47€) and (8) (Ay = 57) allow to appreciate how much? the associated 
physical hypotheses mentionned in section 1 bring the solution close to the exact 
one obtained from Eq. (7) as well as from Eq. (3) (Ay = 672). One may also note 
that a quadratic term in A (cf. Eqs. (1), (2), (4), (6) and (8)) interpreted in section 
l as “gravitation due to gravitational energy" systematically contributes negatively 
to Ay®.” Finally, we emphasize that the EP often discussed in the context of GR 
is clearly insufficient since it gives information on A, B and C only up to first order 
in au and says nothing for A" (0). In conclusion, whereas the EP can account for 
the gravitational redshift and the deviation of light, one cannot escape Ry, = 0 in 
order to explain MPA; so MPA is a nice introduction to the teaching of GR.! 


3. How far was Einstein from explaining Mercury perihelion 
advance in 19127? 


Following Einstein, it has been claimed that him and Grossmann (in the 1912 Zurich 
Notebook [13]) where close to the equations of GR (at least in vacuum) since in 
particular the Ricci tensor A, was clearly for them the geometrical counterpart of 
the energy momentum tensor. The problem was that Einstein 1912 metric deduced 
from his application of the EP did not satisfy R,, = 0 even at first order in the 
gravitational potential. The metric was right for time coordinates but false for 
spatial ones. Up to our knowledge, the question has not been previously raised as 
to whether 1895 LT a’ = x — Vt, t = t — Vx(c=1), which come into play when 
one conceives, as Einstein, an accelerated system X moving along the z-axis as a 
succession of inertial frames Ry = R, R,,5, = R’ with relative velocities V = aót, 
imply or not a non trivial z-metric for X. We now briefly show that the answer is 
affirmative. 

Let us indeed consider a rod of apparent length | in uniform motion at velocity 
v in Ry, defined by the events 0 < x — vt < l. It is straightforward to verify that 
it is defined in R;,5; by 0 < z' — v't' <I’ with in particular // = 1(1 + Vv).* This 
calculation is the same as that of Poincaré in 1900 for a light wave packet (v — 1), 


£ Aq = 2re can be obtained from the non-Lagrangian equation dp/dt = —oyf/r? [1]. 

h A" (0) is the only contribution for the scalar theory (Eq. (6)). 

‘Instructive for teaching are also the PPN metric result Ay = «e (4 — 28 + 25), and the result 
issued from the isotropic metric Ay = «e (12 — 4 — 2) which shows that 6re may be obtained in 
very different ways according to the choice of coordinates. 

JSee [1-2] for more issues and details. 

kThe same analysis for a moving clock (i.e. writing Az = vAt with prime coordinates) gives the 
inverse relation At’ = At (1 — vV). 
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and the fact that the result is identical to the Doppler effect M = A (1 + V) is simply 
a consequence of the invariance of the phase already considered by Lorentz in 1895. 
So, a light wave packet is nothing else but a rod moving at v = 1! In 1911, Einstein 
applied, as is well known, the EP to a light signal sent from the altitude h to the 
ground and showed, with the help of the Doppler effect, that the received signal 
has a frequency vo = vp (1 + gh) [14]. He then deduced that the proper times of 
identical clocks at rest at z = 0 and z = h were related by Ta = To (1 + gh) and he 
extended this relation to T = t(1 — GM /r) for clocks in the gravitational potential 
of a spherical mass M, thanks to the EP. Had he realized that Ago = An (1 — gh) 
implied for the proper lengths the inverse relation Al, = Alo (1+ gh), he would 
probably have been led to the metric given by Eq. (3) instead of Eq. (4). Then 
he would have explained the MPA and be confident in Grossmann's hypothesis 
Ry = 0 outside matter as soon as 1912. 

In, conclusion, whereas Einstein has found in 1907 and in 1911 subtle ways to 
apply the Equivalence Principle and relativity at first order to the issue of time, 
he completely missed the opportunity to address an analogous issue for lengths. 
He turned to other considerations which have contributed to his *bumpy road" to 
General Relativity. 
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I comment on the three (Brazilian, British and North-American) expeditions organized 
to observe in Sobral, Brazil, the May 29, 1919 total solar eclipse. 
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Among the most famous eclipses in History of Science, stands out the May 29, 
1919 total solar eclipse, during which observations led to the first experimental 
confirmation of General Relativity. ! 

The photographs which confirmed Einstein’s Theory, in 1919, were taken by two 
expeditions organized by the Royal Greenwich Observatory: one sent to Principe 
Island, in Africa (team composed by Arthur Stanley Eddington and Edwin Turner 
Cottingham); and the other sent to the city of Sobral, in Brazil (team composed by 
Andrew Claude de la Cherois Crommelin and Charles Rundle Davidson).? 

Less known is the fact that, apart from the Cambridge expedition, two other sci- 
entific commissions (cf. Fig. 1) were sent to Sobral in 1919.? One was the Carnegie 
commission, composed by Daniel Maynard Wise and Andrew Thomson;^ and the 
other was the Brazilian National Observatory commission, leaded by Charles Henry 
Morize.” 7 The Carnegie expedition had the purpose to investigate Earth's mag- 
netism and atmospheric electricity, while the Brazilian Observatory team main goal 
was to investigate the solar corona. 

The British and the North-American teams installed their equipment at the 
racecourse of the Jockey Club at Sobral (cf. Fig. 2), while the Brazilian team set 
their installation in Patrocinio square (cf. Fig. 3). 

Both the British and the Brazilian teams obtained very nice pictures of the 
eclipsed Sun (cf. Figs. 4 and 5). In those pictures, an impressive solar prominence 
appears. The measurements of the relative positions of the stars appearing in the 
British photographic glass plates led to the confirmation of Einstein's theory. 

'The results obtained by the British expeditions sent to Africa and Brazil were 
published in Ref. 1. T'he results of the North-American expedition were published 
in Refs. 8, 9, 10, 11; and the results of the Brazilian expedition were published in 
Ref. 12. 
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Fig. l. Observers of the May 29, 1919 Total Solar Eclipse, in Sobral, Brazil. From left to right: 
Luiz Rodrigues, Theophilo Henry Lee, Daniel Maynard Wise, Henrique Charles Morize, Charles 
Rundle Davidson, Andrew Claude de la Cherois Crommelin, Allyrio Hugueney de Mattos, Andrew 
Thomson, Domingos Fernandes da Costa, Lelio Itapuambyra Gama, Antonio C. Lima, and Primo 
Flores. Courtesy of the National Observatory, Rio de Janeiro, Brazil. 


n C Ti > —— "d 


Fig.2. Racecourse of the Jockey Club at Sobral, where the British and the North-American teams 
installed their equipment. Courtesy of Carnegie Institution, Department of Terrestrial Magnetism, 
Washington, USA. 
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Fig. 3. Patrocínio square in Sobral, where the Brazilian team installed their equipment. Courtesy 
of the National Observatory, Rio de Janeiro, Brazil. 
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Fig. 4. Image of the eclipsed Sun taken by the British expedition at Sobral, on May 29, 1919. 
Courtesy of National Maritime Museum, Greenwich, London, United Kingdom. 
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Image of the eclipsed Sun taken by the Brazilian expedition at Sobral, on May 29, 1919. 
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In 1937, P.A.M. Dirac suggested the idea that the dimensionless constants of physics 
must be in relation with the epoch (age of the universe expressed in atomic units). From 
this hypothesis, known as Large Numbers Hypothesis or Dirac's Principle, he built a 
cosmological model in 1938 and abandoned it. 

Following this principle, P. Jordan developed a series of articles, translated by us, 
based on the conservation of the dimensionless numbers coincidence. He suggested a 
model of matter creation to counterbalance the expansion of the universe. 

Surprisingly, in the seventies, Dirac came back to his Large Numbers Hypothesis 
and published a new cosmological model, based on a description of the universe using 
two metrics. 

We intend to review and present the historical development of the Large Numbers 
Hypothesis and its consequences in cosmology through the works of these two famous 
authors. 


Keywords: Cosmology - Large number hypothesis - History of science. 


1. Dirac's Principle 


In a short letter to the editor in Nature!, P.A.M. Dirac, following Eddington's 
work on dimensionless numbers?, noticed a coincidence between the constants used 
in cosmology and enunciated his Large Number Hypothesis. Indeed, it could be 
observed that the ratio between the Coulombian and the Newtonian gravitational 
forces between an electron and a proton is about 10??; the ratio between the masses 
of the universe and of a proton is about 1075. These two large numbers need 
different types of explanations because they are not physically linked. But, if you 
add the coincidence that the age of the universe, according to the contemporary 
cosmological models, expressed in atomic units, so-called the epoch, is 10??; it seems 
logical to put the two previous large numbers in relation with the epoch. It is what 
Dirac did: “This suggests that the above-mentioned large numbers are to be regarded 
not as constants, but as simple functions of our present epoch, expressed in atomic 
units." ! 

This principle has two direct consequences. First, the number of protons and 
electrons has to increase like the square of the epoch, conserving the null electrical 
charge of the universe. Secondly, the gravitational constant can not be constant 
anymore and must decrease with time. 

Dirac concluded his letter by a brief paragraph about cosmological applications 
of his principle, which he studied in a later article, as it will be shown in the next 
section. 
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2. Dirac's Cosmology of 1938 


In 1938, Dirac published a paper in which he suggested a cosmological model based 
on the Large Numbers Hypothesis?. He rewrote his principle as “Any two of the very 
large dimensionless numbers occurring in Nature are connected by a simple mathe- 
matical relation, in which the coefficients are of the order of magnitude unity.” ? 

With this hypothesis, he tackled one of the main problems of cosmology, the 
determination of the form of f(t), similar to the current scale factor, giving the 
recession law of galaxies, since any cosmological model must explain Hubble’s ob- 
servations. Doing so, he arrived at the possibility of creation or annihilation of 
protons and neutrons assuming that the effect will be so faint that it could not be 
detected in laboratory. However, Dirac noted that “However, such a spontaneous 
creation or annihilation of matter is so difficult to fit in with our present theoretical 
ideas in physics as not to be worth considering, unless a definite need for it should 
appear, which has not happened so far, since we can build up a quite consistent 
theory of cosmology without it.” ? 

Dirac also studied the curvature of the slice of three-dimensional surfaces given 
for each value of the epoch, or t-space. The curvature cannot be positive, because, 
in this case, the mass of the universe is a very large number and will be constant, 
thanks to the assumption of mass conservation. This is in contradiction with his 
fundamental principle so it should be ruled out. The case of a negative curvature 
can also be excluded: working in a sphere of radius equal to the radius of curvature 
of the t-space, the mass contained in this sphere will not evolve with time which 
contradicts Dirac's principle. Dirac concluded that *We are thus left with the case 
of zero-curvature, or flat t-space, as the only ome consistent with our fundamental 
principle and with conservation of mass.” 3 

The article finished with this summary: “Jt is proposed that all the very large di- 
mensionless numbers which can be constructed from the important natural constants 
of cosmology and atomic theory are connected by simple mathematical relations in- 
volving coefficients of the order of magnitude unity. The main consequences of this 
assumption are investigated and it is found that a satisfactory theory of cosmology 


can be built up from it.” 3 


3. Jordan's work 


From 1937, Pascual Jordan developed a parallel work based on Eddington's study 
of dimensionless numbers? and Dirac's idea that very large numbers could be ex- 
pressed in relation with the epoch. Jordan's work has been published in a series of 
articles^ 5 6, We worked on our own translation of them. 

Like Eddington, Jordan hoped to find the way to unify quantum mechanics and 
genral relativity by finding the relation between their two characteristic constants h 
and c. Following Dirac's reasoning, Jordan reached the conclusion that the gravita- 
tional constant cannot be constant with respect to the time and that matter must 
be created. 
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'To have a continuous and spontaneous matter creation process, Jordan consid- 
ered the possible creation of stars. These stars must have the good radius and mass 
ratio to counterbalance their mass energy with their own gravitational energy. So 
that, according to him, the energy cost of this creation is null. Jordan found an 
argument in favour of his theory of star creation in the observation of younger and 
older stars. 


4. Jordan and Hoyle 


'The history has very often ignored Jordan's German pre-World War II model. In 
1948, two articles, due to Hermann Bondi and Thomas Gold for the first’ and to 
Fred Hoyle for the second?, founded the Steady State Theory. Max Born seemed 
to see some similarities between Jordan’s work and Hoyle’s model?. Therefore, he 
invited Pascual Jordan to publish in English in the prestigious review Nature?. 

However, Hoyle's and Jordan's models are really different. If both of them re- 
ferred to Dirac's work, they did not develop it in the same way. Jordan worked 
with the dimensionless constants and their variations when Hoyle modified Ein- 
stein's equations to describe a universe with a constant density of matter. And, 
to create matter, the former considered spontaneous appearance of stars while the 
latter suggested creation of hydrogen atoms. 

That is why Jordan finished his comparison between their models with: “Several 
decisive ideas of Hoyle’s are in full harmony with my own theory [...] But there are 


also considerable differences between Hoyle’s theory and my own.” ? 


5. Dirac's Cosmology of 1973 


Surprisingly, Dirac used a communication at the Pontifical Academy of Science on 
evolutionary cosmology !? to come back to his cosmological model with a matter 
creation process. He published two other articles!! !? on this subject. 

In this series of papers, Dirac studied two ways to create matter: ^A: Matter 
is created uniformly throughout space, and hence mainly in intergalactic space. B: 
Matter is created where it already exists, in proportion to the amount existing.” !? 
Thereafter, he called them additive and multiplicative creation!?. 

According to his Large Numbers Hypothesis, the gravitational constant must 
vary. To reconcile this idea with the successful Einstein's theory of gravitation, Dirac 
suggested the use of two metrics: Einstein's one dsg and dsA4, measured by atomic 
apparatus. From that, he built two cosmological models waiting observations to 
come to make the distinction between the two, as Shapiro's time delay experiment. 

In the conclusion, Dirac wrote: *The foregoing work is all founded om the Large 


Numbers Hypothesis, in which I have great confidence.” 1? 
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Conclusion 


The present paper described the historical development of cosmological models 
based on Large Numbers Hypothesis and reviewed the work of two renowned physi- 
cists who built cosmological models on this hypothesis. If this hypothesis is now 
considered as mere numerology and close to pseudo-science, it is interesting to 
study its past applications in physics. For a review on controversies about the Big 
Bang theory and the Steady State theory, we refer, among others, to Helge Kragh's 
work!3. Our work gives us the opportunity to illustrate the fact that the Steady 
State theory was not the only one in competition with the Big Bang Theory and, 
moreover, not the only one to suggest a process of continuous creation of matter. 
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In order to map and clarify the field of gravitation and dozens of alternative theories to 
General Relativity developed during the past century, I propose several visualizations 
of networks that illustrate the complexity of theoretical relations, hierarchy of concepts, 
historical evolution and authorship relations. Conceptual lattices are data driven, and 
formal concepts are analyzed using Concept Explorer and visualized in D3. 

The interactive web display allows exploration of the network elements that contain 
information about the theories and their attributes. It also highlights super-concepts 
and sub-concepts, serving as a tool for the study of physical theories, their models and 
foundations. A tree type visualization, called the Gravity Apple Tree, relates common 
terms, authors and publications in time series for 12 branches of gravitation. Portraits 
of authors and links to more than 100 seminal articles are provided. Crucial exper- 
iments and observations, located in the time-line space, contrast with the theoretical 
branches. A citation network based on the seminal articles shows another view to 
the development of this theoretical field. Visualizations are available for exploration 
at (http: //remo.cua.uam.mx/vis/Exploratorium/). 


Keywords: Networks, Visualizations, Alternative Theories of Gravity, Concept Lattices, 
Citation Network, Foundations of Space-Time Theories. 


1. Introduction 


Every now and then a new theory of gravity is proposed. Keeping track of hundreds 
of proposals and communicating a synthesis to the general public very often results 
in long dissertations that loose the objective of giving a wide view. One can easily 
get lost in such attempts. An elegant way of presenting a thorough panorama of 
the state of the art has been the graphic approach. Maps of knowledge place in 
order references and milestones that allow us to navigate in a sea of data, such 
as publication dates, authors and significant terms. Visualizations may emphasize 
some structures of science, such as networks, clusters and tendencies. Multiple ex- 
amples can be found in the Atlas of Science.! The employed methodology involves 
multidisciplinary skills, such as data mining, data analysis, programming, design, 
visualization, notions of structuralism in philosophy of science, network theory, lat- 
tice theory and some understanding of the discussed subject, in this case, physics 
and mathematics. Such skills and approaches are usually not found together in 
the scope of philosophers of science, nor physicists, even communicators. I hope 
this interdisciplinary approach, inserted in what is called Science of science, may 
contribute with a refreshing perspective to the field of gravitation and serve as a 
tool for education and philosophical discussion. Here I present three kinds of hier- 
archical networks for gravitation theories: the Gravity Apple Tree, that illustrates 
figuratively the development in time of 12 theoretical branches, anchored by publi- 
cation dates of seminal articles from 1905 to 2016; concept lattices that illustrate the 
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complex structure of theories in a synchronic way, using a formal concept analysis 
(FCA) of renowned classifications of theories of gravity; and a citation network from 
200 seminal articles arranged within 18 clusters. These visualizations have interac- 
tive properties that can be explored in a web, coded with Data Driven Documents 
(D3), java script, css and html.* 


2. The Gravity Apple Tree 


The Gravity Apple Tree was born with the intent of giving some order to an over- 
whelming number of alternative proposals in a synthetic, graphic manner.? The tree 
type network connects authors and publication dates of seminal articles anchored by 
the year of publication (green colored), classifying theories (in red) in 12 branches. 
A curved time-line serves as the space where crucial experiments and observations 
feature. The lower part of the trunk symbolizes some 200 years of newtonian grav- 
itation. In the center of the branches, main principles and applications drive their 
growth. 

Metric theories, that is, theories where bodies follow geodesics of space-time in 
free fall, as defined in Ref. 3, occupy the lower right side of the tree. The upper right 
side is occupied by MoNDian theories and f(R) theories, following the classification 
in Ref. 4. The left side is occupied by non-metric theories that suppose torsion, con- 
formal geometries, physical fields, extra dimensions and other exotic proposals (see 
Refs. 5-9 for more on the history of alternative theories of gravity). Even though 
it represents a vast plurality of proposals, it does not include many others such as 
Numerical Gravity, Weyl-Dirac's theory, Plevansky's Complex Gravity, Franklin's 
Relativist Rotation or the Exponential Gravity of Milne. 

'The Gravity Apple Tree helps us pinpoint interesting events, such as when theo- 
retical branches grow or stop growing in correlation with the experimental develop- 
ments. It also orders the data in a mnemonic manner, which enables to go further 
into the mapping enterprise. Its 200 selected seminal articles compose a data base 
of which we can extract their cites and references (see Section 4). It is accessible 
to the public in a PREZI format with links to do? addresses of seminal articles and 
includes portraits of main authors and a programmed tour through the tree.” 


3. Concept Lattices of Gravitation Theories 


To represent the conceptual structure of gravitation theories we'll turn to the set- 
semantic model based view of philosophy of science, and focus on the set of attributes 
(axioms) of theories. Here, authors, dates and famous theorems do not feature, but 
the foundations from which we can deduce a theory. In Foundations of Space-time 
Theories, '' Michael Friedman represents a theory T by a model set comprised by 
geometric objects GO in a manifold M of 4 dimensions and a set of relations R. The 


* http://remo.cua.uam.mx/vis/Exploratorium/. 
Phttps:/ /prezi.com/rdkivznlhgga/the-gravity-apple-tree/. 
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structuralist view of Bunge et al.,!? is one of the most detailed approaches among 
philosophers of science. It takes T (or more precisely the theoretical element ET) to 
be composed by a formal nucleus K, a set of Intentional Aplications /A, a Scientific 
Community CC, and of historical data h. ET =< K,IA,CC,h > Here, we are 
focusing only on K, which is formed by classes of models M, Mp, Mpp and Links be- 
tween models L such as the Lorentz transformations. K = (D, Tip, Cond, R, E, L) 
Classes of models are formed by combinations of domains D;, with certain tipifica- 
tions Tip;, under certain conditions Cond, that follow certain relations Rm and 
where we can distinguish certain distinguished elements £. 

Previous partial models: My, = (Di, Tip;, Cond,,) refere to the non-theoretical 


1314 where pure geometrical space-time theories lie, 


terms, such as Protophysics, 
with respect to gravitation theories. 

Partial models: M, = (Mpp, Di 41, Cond,) include the elements of Mpp plus some 
new domains expressed under T-theroetical terms and conditions. 

Actual models: M = (Mpp, My, Rm, Eq) includes all of the above, plus some 
relations (field equations and equations of motion), as well as the distinguished 
elements such as the gravitational constant or the speed of light. 

In this study, ET will only contain the formal nucleus K, with out the links 
between models: ET — (D,Tip,Cond, R, E). As several theories are included, 


partial and previous models are expected to appear in the lattices. 


3.1. Methodology: Formal Concept Analysis 


After the selection of different classifications or theoretical reconstructions, a binary 
data set called context (G, M,I) relates a set of objects G (theories or models) 
with a set of attributes M (axioms) of all objects. Using Formal Concept Analysis 
(FCA) — a theory and analysis methodology developed by Rudolf Willy!? in the 
1970s, based on lattice and set theory — we can extract a set of concepts and order 
them in a hierarchical fashion through a coverture relation, composing a concept 
lattice. 1516 That is, a network where nodes represent concepts of a context, and 
any two nodes must have an infimum and a supremum node. These networks are 
read in a vertical way. A formal concept is a pair of sets (B,A), where B C G and 
A C M, such that B" = B and A= A" where <> is a closure operator. An extra 
title row corresponds to the classes of attributes, which enables extra encoding. It 
also occupies multiple algorithms to draw and analyze lattices. The free software 
Concept Explorer (conexp 1-3), written in java may do the work, providing the 
corresponding lattices, but it requires to enter the context by hand and does not 
provide good importing or exporting options, such as json files (Java Script Object 
Notation). In order to solve this rough patch, and to include in the analysis other 
categories such as classes of attributes, the FCA is done through a code in Wolfram 
Mathematica that imports the csv file, uses conezp as a library from which we 
extract the necessary algorithms that provide information corresponding to the 
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context, nodes, attributes, objects, tags and node levels among others.° The json 
file is then occupied in a web that uses D3“ to visualize the lattice. Visualization 
in D3 allows interactivity in the web, as nodes can be moved by the user, double 
clicks on nodes highlights upper and lower connected nodes, and single clicks shows 
additional information related to attributes and theories. For this, extra csv files 
are needed, as well as the MathJaz library.* 

Finite ordered sets as the ones used here have a supreme and a minimum element 
for they are called lattices. The supreme node, generally called Meet, represents the 
concept that is possessed by all of the theories and should be presented at the top of 
the diagram. In our case, all theories are based on a four dimension manifold. The 
minimum node, also called Join, or null node that posses all of the attributes, but 
generally does not belong to any object is located at the bottom of the diagram. 
Diagrams should be as symmetric as possible, keeping nodes in their hierarchical 
level. Lattices are much more informative when they are presented in such a way and 
for small contexts. For big contexts, diagrams may appear messy or confusing for it 
is convenient to present them with interactive properties that allow the highlighting 
of certain parts in order to allow readability. 

The Space-Time Theories Eploratorium shows six interactive concept lattices, 
besides other visualizations on gravitation. A lattice for physical geometry, that 
relates the Leibnitzian, Galilean, Newtonian, Affine, Metric Affine, Riemannian, 
Lorentzian and Minkowski space-times; and a lattice for classical physical theories 
that includes Newton's gravitation, Newton-Cartan Gravitation, Special Relativity 
and General Relativity were both based on Fiedman’s classification of space-time 
theories. ! ^17 The lattice for f(R) theories is based on Ref. 18, while the lattice for 
non-local theories is based on Refs. 19-22. In Theory and Experiment in Gravita- 
tional Physics? we can find Clifford Will's cookbook to obtain the post newtonian 
parameters of any metric, Lagrangian based theory. Also, several tables that pro- 
vide classes of attributes such as variables (Domains), field equations and motion 
equations (Relations), constrictions and cosmological parameters, as well as special 
functions and constants (distinguished Elements). From this cookbook, we can ex- 
tract two data bases for 14 viable theories: one for the Lagrangian formulation and 
a second one for the PPN formulation. 

The concept lattices clearly show their theoretical foundations and structure: a 
Manifold, a connection, a metric tensor, as well as their conditions, typifications 
and relations. Previous partial models, such as a Lorentzian space-time for GR 
rests in higher levels, while specific models of a theory, such as SR for GR would 
rest under the object-concept node. So foundations rest above the object-concepts, 
while specific models of T under the object-concept. 


*Similarly, this can also be done with the free software Jupyter. 

4D3: a java script library developed by Mike Bostock. Explore d3js.org and https:/ /bl.ocks.org/ 
mbostock. 

* Explore the resulting visualizations at: http://remo.cua.uam.mx/vis/Exploratorium/. 
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The Space-Time Theories Exploratorium shows also a holon of theories, that is, 
a big lattice obtained by the addition of all contexts explored so far. Such addition 
requires carefulness, as some attributes are not considered in the original theoretical 
element ET, but are necessary in a wider context and may need specific conditions 
too. That is the case of the affine connection, common to all connections, that may 
posses torsion or non metricity, with the condition that it is zero for all points of the 
manifold for some theories. As exploring these lattices, one can easily point out the 
different notions for metric theories (those that follow geodesics, those that depend 
only on curvature with no torsion, etc.); point those that follow Einstein's equation, 
those that are local or non-local, those that have a flat metric, or the attributes of 
some specific theory, among other features. 


4. Citation Network 


Order between citations and references of seminal articles provides also insight into 
the path and tendencies of research. Papers provide cited references that tell us 
where their ideas come from, and citations that tell us about their resonance. The 
Exploratorium includes a citation network for the 200 seminal articles of the Gravity 
Apple Tree in order to represent the popularity of some ideas and their distances. 
One can pinpoint seminal articles and locate thematic clusters for more than eighty 
thousand citations and references. Data was downloaded from the Science Cita- 
tion Index (SCI) of Thomson Reuters; the electronic archive for pre-publications of 
scientific articles and automatized distribution server ArXiv.org, operated by the 
University of Cornell; the Astrophysics Data System (ADS), a portal and digital 
library of NASA that keeps three bibliographic data bases with more than 11.3 
million registrations of bibliographic data on physics, astronomy and astrophysics. 
Larger nodes correspond to seminal articles as their in-degree is sized compared. It 
is a force directed layout visualized with Gephi 0.9.2, using Sci2 tool. Process is 
explained in Ref. 23. 


5. Insights and Future Work 


I have presented several examples of hierarchical networks for gravitation theories: a 
temporal network, concept lattices and a citation network, expecting to bring some 
insight on the plurality, composition and evolution of the field of gravitation. These 
networks can be found in an interactive display in the web, facilitating exploration. 
It is clear that there is a hierarchy that dominates the structure and development of 
scientific theories, and that such orders can be well represented in directed networks, 
and that complex networks are easily explored in interactive displays. These are 
very rich representations full of valuable information and interactive links. Design 


fSci2 Team. (2009). Science of Science (Sci2) Tool. Indiana University and SciTech Strategies, 
https:/ /sci2.cns.iu.edu. 
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in several immersing levels, color coding, and extra information displays are impor- 
tant to visualize the distribution of attributes and not to overcrowd the image. One 
can color code theories according to their viability or experimental adequacy, and 
distinguish classes of attributes and their level of appearance. Aesthetic designs 
such as the tree-like shape may likely be hanged as pleasant posters while display- 
ing a synthesis full of information. Meanwhile, interactive displays may turn an 
abstract and hard matter into a ludic, mnemonic experience. The concept lattices 
show topologic and geometric considerations standing at the top levels, following 
a downward construction of theories, leaving physical considerations in the lower 
levels. Classes of theories and classes of models, such as potential and actual mod- 
els may be shown explicitly. As expected, the criteria used in most classifications 
is variable. We can find different formalisms (Lagrangian, PPN, non-Lagrangian), 
formulations (holonomic and anholonomic), direction of reconstruction (upwards 
and downwards), classes of attributes, global and local considerations, relativist or 
absolutist views, etc. So combining or adding up contexts becomes quite a delicate 
enterprise, but a clarifying one. 

'This work in progress attempts to include non-metric theories, MoNDian the- 
ories and M theories in order to be more inclusive, and finding a common clas- 
sification that allows to join all conceptual networks. Other classifications being 
currently analyzed and visualized are included in Refs. 4, 5, 17, 24. All these com- 
plementary graphic representations should give us a fair idea of the paths taken 
by scientists as they explore the obscurities of gravitation and the general mathe- 
matical suppositions of the geometric approach to gravitation. Future work on the 
citation network will include the temporal component that will order the publica- 
tions in terms of their timestamp and the reference network, as well as extending 
the seminal data base. 
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This article presents hitherto unpublished correspondence of Struble in 1947 with 
Menger, Chandrasekhar, and eventually Einstein, about a possible observational test 
supporting Einstein’s special relativity against Ritz’s emission theory using binary stars. 
This ‘Struble effect,’ an acceleration Doppler effect in emission theory, appears to have 
been overlooked, and the historical context, including de Sitter’s binary star test of 
special relativity, is also discussed. 


Keywords: History of relativity; special relativity; emission theory. 


1. Introduction 


The nature of light propagation is central to the history of relativity theory. An early 
rival of Einstein’s special relativity was emission theory, which was also consistent 
with the negative result of the Michelson-Morley experiment. In 1947, Raimond 
Struble (1924-2013), then a student at the University of Notre Dame and later 
a professor of mathematics at North Carolina State University in Raleigh, corre- 
sponded with Chandrasekhar at Yerkes Observatory and Einstein at the Institute 
for Advanced Study about an observational test of emission theory using binary 
stars. While de Sitter, among others, had shown earlier that binary star observa- 
tions do, indeed, support special relativity against emission theory, Struble pointed 
out a new Doppler effect due to the binary's orbital acceleration, which appeared 
to have been overlooked. 

These letters and related documents, hereinafter denoted Struble- Einstein cor- 
respondence (SEC), are held privately and are listed in the Appendix. The purpose 
of this article is twofold: on the one hand, to present this unpublished correspon- 
dence with Einstein and, on the other hand, to draw attention to Struble's effect 
and place it in its historical context of binary star tests of emission theory. 


2. Historical background 
2.1. Emission theory 


After Einstein's paper on special relativity! was published in 1905, emission theory 
was considered as a viable alternative to understand the negative result? of the 
Michelson-Morley interferometer experiment without the need to adopt special rel- 
ativistic kinematics. This theory was developed in particular by Walter Ritz (1878- 
1909), Einstein's junior by one year at the Zurich Polytechnic Institute (presently 
the ETH), who proposed such a framework? in 1908 (see, e.g., Ref. 4 for historical 
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aspects): light is emitted at a constant speed c in any direction u, |u| = 1, relative 
to a source moving at velocity v relative to an observer. Thus, the velocity of light 
relative to the observer becomes 


Cr = cuc v. (1) 


Just as Einstein's theory, this is consistent with Michelson-Morley because light has 
a constant speed relative to the interferometer in this case (without being universally 
constant), so there is no diurnal variation of the light travel time. 

To test the emission theory with a similar interferometer experiment, one would 
either require suitably moving mirrors, as was indeed considered by Michelson? 
himself in 1913, or a light source moving fast with respect to the interferometer, 
such as a celestial light source. This point was made by Tolman in 1912: 


“Hence if the Ritz theory should be true, using the sun as source of light 
we should find on rotating the apparatus a shift in the [interference] fringes 
of the same magnitude as originally predicted for the Michelson-Morley 
apparatus where a terrestrial source was used. If the Einstein theory should 
be true, we should find no shift in the fringes using any source of light." 
(Ref. 6) 


A negative result using star light was finally achieved by Tomaschek” in 1924, pro- 
viding strong evidence against emission theory and corroborating special relativity. 
Meanwhile, other experimental tests of emission theory were sought, and it is here 
that binary stars enter the picture. 


2.2. Binary star tests 


Consider an idealized Newtonian binary star system consisting of a small component 
S orbiting a large component with speed v in a circular orbit of radius a, whose 
centre is effectively the barycentre of the system. We assume also that the observer 
E is coplanar with the orbit at large distance d, d > a, and that light is emitted 
isotropically by S at the emission time tọ. Denoting the constant orbital angular 
velocity of S by w, we have v = aw. This setup is illustrated in Fig. 1. 

Suppose, now, that emission theory holds. Then at emission time fo, 


Cr(to) = c — v, (to) = c — vcosO(to) = c — aw coswto , (2) 


^, MEME RA 


Fig. l. Schematic binary star system as considered by Struble in SEC 3. 
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from (1). This speed is constant from S to E, which are separated by the distance 
d(to) ~ d+ asinwto, so a light signal emitted by S at to is received by E at the 
observation time 


d(t d in wt 
t= to + (to) i UE 
C, (to) € — aw cos wto 
d a, adw a2uw? 
= — + to + — sin wto + ——coswty + O (3) 
c c c? c? 


at leading order, with v « c. Hence, the observation time t is a linear function 
of the emission time to plus a small oscillation, as would be the case in Einstein's 
theory with c,(t9) = c = const. However, note that dw/c can be large, so the fourth 
term in (3) need not be negligible, and this gives rise to characterstic optical effects 
of emission theory: if dw/c is sufficiently large, the map t +> to is no longer one- 
to-one, and a given observation time corresponds to multiple emission times. In 
other words, E would observe S at the same time in multiple points of its orbit. In 
his Introduction to the Theory of Relativity, Bergmann referred to this phenomenon 
of multiple star images as "ghost stars", whose absence provided strong evidence 
against the emission theory of Ritz and for the constancy of the speed of light in 
the sense of Einstein's special relativity theory: 


“In some cases, we should observe the same component of the double star 
system simultaneously at different places, and these ‘ghost stars’ would 
disappear and reappear in the course of their periodic motions. [..] How- 
ever, no trace of any such effect has ever been observed. This is sufficiently 
conclusive to rule out further consideration of this hypothesis." (Ref. 8, 
pp. 19-20) 


Daniel Comstock (1883-1970), who visited J. J. Thomson at Cambridge during 
1906-1907 before returning to MIT where he later became a co-founder of Tech- 
nicolor?, seems to have been the first to seriously consider astronomical tests of 
emission theory, in particular its implications for binary stars. At a meeting of the 
American Physical Society in October 1909 at Princeton, he noted that 


“The assumption that the velocity of light depends on that of the source 
has, so far as the author is aware, never been properly examined. This 
is strange, but is probably explainable as a natural result of the complete 
trust which has been put for years in the conception of an ether." (Ref. 10) 


In 1910, Comstock devised a criterion!! to check whether the orbit of an observed 
binary obeys Keplerian motion, thus revealing anomalies such as a changing speed 
of light according to emission theory. Apparently unaware of Comstock's work, de 
Sitter also proposed !?1? to use binary star orbits to constrain emission theory in 
February 1913. This seems to have had more impact, and generated considerable 
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interest within the physics community during that year, e.g. with papers by Guth- 
nick! and Freundlich”. In his reply !6, de Sitter agreed to a parametric extension 
generalizing Eq. (1), 


C, = CUF KAV; 


where & = 1 in Ritz's original theory and & = 0 in special relativity. The task, then, 
was to constrain &, and by considering the system 8 Aurigae, he found « < 0.002 
and hence good agreement with special relativity. Einstein himself was, naturally, 
very interested in these developments. In May 1913, he wrote to Ehrenfest, 


“The matter concerning binary stars is very nice, provided that the [spec- 
tral] line movements are really measured accurately enough to check the 
Keplerian motion to some extent." (Ref. 17, doc. 441, p. 523)? 


At this time, Einstein was working on the generalization of his theory of relativity 
to include gravity. Having predicted a gravitational deflection of light in 1911 
using an early version of general relativity 18, he was in touch with Freundlich who 
had proposed an observational test of gravitational lensing!? (cf. also Ref. 20) in 
January 1913. In a letter to Freundlich in August 1913, mainly about this issue 
of gravitational lensing, Einstein also expressed the paramount importance of the 
binary star tests for relativity theory: 


“T am also very curious about the results of your investigations concern- 
ing the binary stars. If the speed of light depends on the speed of the 
light source even only in the slightest, then my entire theory of relativity, 
including the theory of gravity, is wrong." (Ref. 17, doc. 472, p. 555)^ 


In addition to orbital properties, Struble thought that binary systems can provide 
other observational evidence for special relativity, as we shall discuss now. 


3. Struble's effect 
3.1. Motivation and results 


As a student, in the wake of the atomic bombs ending the Second World War, 
Struble became interested in the underlying physics, the mass defect AE = Amc? 
and its origin in special relativity: 


*Own translation. Original: “Die Sache mit den Doppelsternen ist sehr hübsch, vorausgesetzt, 
dass die Linienwanderungen wirklich exakt genug gemessen sind, um einigermassen die Keplersche 
Bewegung nachzuprüfen." 

bOwn translation. Original: “Sehr neugierig bin ich auch auf die Ergebnisse Ihrer Untersuchun- 
gen über die Doppelsterne. Wenn die Lichtgeschwindigkeit auch nur im Geringsten von der 
Geschwindigkeit der Lichtquelle abhàngt, dann ist meine ganze Relativitatstheorie inklusive Grav- 
itationstheorie falsch." 
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“Since the constancy [of the speed of light] seemed to me unbelievable, I 
started thinking about other possible evidence and came upon the double- 
star phenomena [...]." (SEC 11) 


Struble’s adviser was initially the Viennese mathematician Karl Menger (1902- 
1985), a pioneer of fractal and probabilistic metric geometry, who had emigated 
to the USA joining the University of Notre Dame in 1937, where he started the 
mathematics PhD program and hosted Gódel. Even after moving to the Illinois 
Institue of Technology in 1946, he stayed in touch with Struble, whom he had 
encouraged to work on the binary star problem: 


“T asked Mr. Struble to study the geometrical aspects of DeSitter's theory 
and in pursuing this study he discovered another phenomenon which would 
be observable if the principle [of the constancy of the speed of light] were 
wrong, namely, a change in the wave length of the light emitted by the 
companion. This change would be entirely different from the Doppler effect, 
and quantitatively much larger than DeSitter's phenomena." (SEC 4) 


The argument (SEC 3) can be summarized as follows. Consider again a binary star 
system in emission theory as discussed in Sec. 2.2, with speed of light c, relative to 
the observer E given by Eq. (2). Now the observed frequency of light v is related 
to the frequency vo at the emitter S by 
v= me ~ vg (1- Z cos 8) : 
c c 

In other words, there is a standard Doppler effect in frequency which is linear in 
the orbital speed v, but it should be noted carefully that the wavelength of light 
remains unchanged, À = Ao, as pointed out by Tolman?! in 1910. However, Struble 
observed that the changing of c, with 0 or emission time to, that is, the orbital 
acceleration, gives rise to an actual change in wavelength which can be very large. 
This is the *change [..] entirely different from the Doppler effect" which Menger 
referred to in the quotation above. 

To see this, note that during the time Ato — Ao/c needed to emit a monochro- 
matic wave of length Ag at S, the speed of light relative to E has changed by 
Ac, ~ Atgaw? sin wto, from Eq. (2). So after a travel time of approximately d/c to 
reach E, the wavelength has changed by 


adw? 


c2 


d 
Aà = à — ào & —Ac,— c —Ao sin (4) 
c 


at leading order.© As before in Eq. (3), the term containing d may give rise to a 
large observational effect. 

In February 1947, Struble expounded his argument in a letter to Chandrasekhar 
at Yerkes Observatory, who noted in his reply, shown in Fig. 2, that 


*'This is corrected from Struble's derivation (SEC 3), which contains ambiguities in the angle and 
sign. 
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“[...] it does seem that no one has thought of the effect of acceleration on 
the velocity of light on classicallines." (SEC 1) 


However, he cautioned that group velocity rather than phase velocity should be 
considered, and that 


“[...] one's interest is somewhat dimmed by the consideration that the effect 
is not present anyway." (SEC 1) 


Special relativity was well established and tested by that time, and the latter remark 
is also echoed by Tate (SEC 2), the editor of Physical Review, where Struble had 
tried to publish his work as a Letter to the Editor. Six days after this rejection, 
Menger tried intercede on behalf of his former student (SEC 4), and received a 
reply from the assistant editor Hill (SEC 6). While acknowledging that there are 
theoretical issues with accelerated light sources even in classical electrodynamics,? 
Hill agreed with Tate that special relativity was already sufficiently corroborated 
and therefore questioned that 


“[...] at the present time Ritz’ theory requires a final coup de grace, [...] 
[having,] like numerous other trial theories of its period, [...] earned a decent 
oblivion." (SEC 6) 


He also pointed out that it remains unclear in Struble's derivation how the spectral 
energy distribution changes, a remark that reflects Chandrasekhar's concern about 
the group velocity. 


3.2. Correspondence with Einstein 


Having thus received encouragement as well as rejection, Struble decided to ap- 
proach Einstein himself as arbiter “for final judgement” (SEC 7) regarding the 
validity of his derivation. In October 1947, Struble sent a letter to Einstein at the 
Institute for Advanced Study, emphasizing his new effect: 


^Many spectroscopic binary systems would exhibit these ghost stars due to 
their geometric characteristics, but as of now I have been unable to find any 
visible binary systems which would. Mostly because of this I investigated 
geometrical consequences of Ritz’ hypothesis which concerned these visible 
double stars, in an attempt to agument [sic] de Sitter's repudiation." 
(SEC 7) 


The accompanying computation (SEC 8) recapitulated the one sketched above 
(SEC 3), although Struble expressed his result now in terms of frequency rather 
than wavelength. 


dThis remark presumably refers to the Abraham-Lorentz backreaction force which is proportional 
to the third time derivative of the trajectory, thus causing problems with inital values. 
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In his reply of November 1947 (SEC 9), shown in Fig. 3, Einstein agreed that 
Struble's argument “is essentially right", although he preferred his own derivation. 
Using again the notation of Sec. 2.2, Einstein obtained an approximation for the 
observation time as a function of emission time, 


adw 
ic to + — €08uwto , 
[e 


as in Eq. (3), ignoring the constant d/c and neglecting the other terms. Infinitesimal 
intervals are therefore related by 


dw? 
dt = dto (1 = E sinto) i (5) 


Assuming that the phase » of the light wave obeys a simple harmonic oscillation, 
Einstein noted that the frequency is 


and the chain rule implies? 


d'p de dto)? , de d?to 
d? ^de Xd dto dt? ' 


so that, neglecting the last term and using equation (5), 


dto Vo 
LUI mL ddum. o 
dt 1— 4 sin wto 


which, in the given approximation, is in agreement with Struble's result. Einstein 
also supported his interpretation, stating that 


“The effect is, of course, in most cases of observation much greater than 
the ordinary Doppler-effect and without doubt incompatible with the ex- 
perimental facts" (SEC 9), 


but, in closing his letter, reminded Struble that careful checking of the literature is 
in order since 


“T should be quite astonished if De Sitter would not have made this little 
calculation. In any case, you should carefully look into his paper before 
publishing something about it." (SEC 9) 


2 2 2 
*'The letter has T = Ñg dto , ded to put the mistake in the first term of the right-hand side 
did dt ' dto dt 


does not propagate to the following computations. Despite the approximations made, equality 
signs are used throughout the letter (SEC 9). 
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3.3. Aftermath and assessment 


Einstein’s letter made it clear that the question of priority for Struble’s result had 
to be settled before any further attempt at publication should proceed. In January 
1948, Menger advised Struble to obtain the original papers regarding the binary star 
effects of emission theory (SEC 10), in particular the 1913 articles in German by de 
Sitter’? and Freundlich ?. As discussed in Sec. 2.2, these are concerned primarily 
with apparent distortions of the binary orbits — indeed, Struble's effect is treated 
neither there nor in the other related papers, by Comstock!^!!, de Sitter !?:16, 
Guthnick!^ and Tolman®?!. 

A heuristic argument which comes close to Struble's is found in Bergmann's 
Introduction to the Theory of Relativity: using the notation of Sec. 2.2 as before, 
the light travel time to the observer is approximately d/c so that 


A n ud and since Ac — v, At~ QUE 
c c 


c 
The amplitude of emission theory effects will then be determined by the ratio At/T, 
where T := 27/w is the orbital period of the binary (Ref. 8, p. 20). Hence, 


adw? 


Atos 


C 


as in Eq. (4) for the amplitude of Struble's effect on wavelength. Still, there is no 
explicit discussion of Struble's effect and how it differs from the ordinary Doppler 
effect here. 

Hence, it does appear that Struble's effect had not been noticed before or, at any 
rate, was not at all well known, in accordance with the assessment by Chandrasekhar 
in SEC 1. It is also interesting to note that the effect does not appear in the 1965 
paper by Fox ??, which is a detailed critique of all available evidence against emission 
theories. On the other hand, it must be conceded that Struble's argument is purely 
kinematical as it stands, and a final assessment of its physical merit should include 
a deeper investigation of dynamical aspects as well, along the lines suggested by 
Chandrasekhar (SEC 1) and Hill (SEC 6) mentioned before. 

In the end, Struble pursued his interests in mathematics and its applications, 
and never resumed his attempt to publish this work at the interface of astronomy 
and theoretical physics: 


“[...] the main reason I couldn't follow through was that I would need to 
use Einstein's superior version. Though his letter granted me precidence 


fIn fact, it is likely that Struble knew Bergmann's treatment, since the first edition had been 
published in 1942 and it had become a popular textbook on relativity theory: there had been four 
printings by 1948, according to the colophon of the Prentice-Hall, New York NY, 1948, edition. 
Moreover, Struble used the rather imaginative expression "ghost stars" in his letter to Einstein 
(SEC 7), which is also found in Bergmann (Ref. 8, p. 19) but not in the original papers on binary 
star effects of emission theory mentioned above. 
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[sic] on the idea, I couldn't publish his modifications as mine. I probably 
should have discussed it with him at the time." (SEC 11) 


4. Final remarks 


In addition to its scientific interest, the Struble-Einstein Correspondence gives de- 
tailed insight into individual motivations and practical aspects of the scientific pro- 
cess, as described in this article. Einstein’s reply to the student Struble is also a 
testament to his often generous attitude towards researchers outside his immediate 
circle of professional colleagues.® 

Finally, it may be mentioned that the Albert Einstein Archives preserve a copy 
of Struble's correspondence (SEC 7 in Ref. 24, SEC 8 in Ref. 25) as well as the 
autograph draft of Einstein's letter written in German?6, although the English 
version that Einstein eventually sent to Struble (SEC 9) appears to be lacking. 
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Appendix 


'The documents of the Struble-Einstein Correspondence are held by Struble's estate 
in Raleigh, NC, USA, and consist of the following. 


SEC 1. S. Chandrasekhar to R. A. Struble, typed and signed letter, 1 page, 1947 
March 28. 
SEC 2. J. T. Tate to R. A. Struble, typed and signed letter, 1 page, 1947 July 23. 
SEC 3. [R. A. Struble:] An observable consequence of the ballistic hypothesis, 
typed and annotated document, 1 page (incomplete), no date. 
SEC 4. K. Menger to J. T. Tate, typed letter, 2 pages, 1947 July 29. 
SEC 5. K. Menger [to R. A. Struble], signed autograph letter, 1 page, 1947 August. 
SEC 6. E. L. Hill to K. Menger, typed, signed and annotated letter, 2 pages and 
copy, 1947 August 11. 
SEC 7. R. A. Struble to A. Einstein, typed letter, 1 page, 1947 October 15. 
SEC 8. R. A. Struble: Consider a double star system [...], typed document, 2 pages, 
[1947 October 15]. 
SEC 9. A. Einstein to R. A. Struble, typed, signed and annotated letter, 2 pages, 
1947 November 5. 
SEC 10. [K. Menger] to R. A. Struble, autograph letter, 1 page, 1948 January. 
SEC 11. R. A. Struble, autograph letter, 1 page, 1996 May 5. 


8 Another example of this is his interaction with Mandl in the early history of gravitational lensing, 
cf. Ref. 23. 
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1947. WArch 28 


r. Raimond À. Struble 
$6 River Avünue 


suth send 6, Indians 


cer Ur. Btrüble, 

I am sorry io be so long over your letter of Februmry 14. 
ut I have been arny from Yerket Tor part of the time and inaccessible 
o my corrénpondence. 

I have not bod the chance to scrutinizs your paper sè cere- 
lly as Y sould like to, but it does sper tnat no one hes tacught of 
ne effect of sceoleration on tue velocity of light on olasoicel lines. 


ut i feel somewhat uneasy about thy details of your argument. You 
re 


entially dieovoatng the analogue of phass'yelocity Müt, 

hould you mot, under tae circumstances, tonsider the group velocity? 
I an worry to he sọ indefinite, but one's interest is none- 

het dimmed by the consideration that the effect io not present amy- 

oy. 

Yours sincerely, 


S. Chen elisa... 


S. Chmndresekhur 


! = b 


Fig. 2. Letter by Chandrasekhar to Struble (SEC 1). 


di sa THE DETTE POR ADWAMOHD STUDY 
OMA OP MA TERA TY. — 
Peano, saw. jur maseorpor, ww puer 
November 5,1947 : Ed 


[ CERE The second term in the last formula is negligible relative 


South Bend 5,Indiana to the first, It is therefore 


ARE UT 


Dear Sir: 


Your result ie essentially right. I was mot able to 


or a 
grasp your calculation, I have done it as follows: Je” ven 3 
Be 4, the time on the emitting body then the tine of dcos m D), PED 
arrival on the earth ie (with sufficient precision)a therefore i 
fete 
L » 
* IRE 
or again with sufficient precision 2 Mi 


4$ÉGHa)fÉSA i 


Here $ has to be expressed asa function of- 


The constant time interval H is without influence. This is is accordance with your remarks, The offect it» 
One has therefore 4 pe? XP aaeh frater than the ordinary Doppler- 
trge (* e elle, 1) tema 


effect and without doubt incompatible with the experimental 
" 
p D 
facta, (oer ag. Dni) 
I should be quite astonished if De Sitter would not 
have made this little calculation. In any case, you should 


tag ends) 
iia 


The spectral oscillation ven by g = enc); 
6 
At the earth this function expresses corresponding oscillation hing about 
ah: et! abou! 
if one substitutes for $ ite expression in 4 according to (1). esI) eek tote Mo que Seer DL D tun 


The frequency on earth is y»".- b Te have ie 
we Sincerely youre 
£-£%, a + KTR pour 


Wg diit , ja È 9 Albert Xinstein. 
uc AA tqv e Y med 


, ie tt 5 
2 Pay + Ye T / 


Fig. 3. Letter by Einstein to Struble (SEC 9). 
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Angelo Secchi and beyond: From the beginning of stellar spectroscopy 
to the expansion of the universe 
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The spectral classification introduced by Father Angelo Secchi, SJ (1818-1878) opened 
a new way to study the stars and the universe. We summarize the main achievements 
of his work and show how the following developments lead to the foundation of modern 
astrophysics. 


Keywords: Angelo Secchi; Astrophysics; Spectroscopy; History of Astronomy. 


1. Beyond astrometry and celestial mechanics 


At the beginning of the Nineteenth Century, astronomy was concerned with as- 
trometry and celestial mechanics (calculation of the orbits of planets, compilation 
of catalogues of position and brightnesses of stars and other celestial objects). In 
1835 the French philosopher Auguste Comte (1798-1857) was so confident about 
the impossibility of obtaining experimental data on the physics of stars that he 
wrote: 


“Every research in relation to stars not reducible in the end to simple visual 
observations is perforce barred to us [...] we could never study, by any 
means, either their chemical composition or their mineral structure [...] 
our positive knowledge concerning the stars is necessarily restricted just to 
their geometrical and mechanical phenomena, being it entirely impossible 
to undertake any physical or chemical research." ! 


Already at the beginning of the Nineteenth Century the German physicist Joseph 
von Fraunhofer (1787-1826) began to study in detail the myriad of dark lines that 
appear when sunlight is refracted by a prism. Fraunhofer classified more than 
570 dark lines in the solar spectrum. By the middle of the 19th Century Gustav 
Kirchhoff (1824-1877) explained the presence of those thin dark lines through the 
presence of particular chemical elements in the atmosphere of the Sun, they absorb 
the light at a fixed wavelength. It was the beginning of the chemical analysis of the 
universe through spectroscopy (see Fig. 1). 

'These new studies provided the necessary motivations to overcome classical as- 
tronomy and foster the birth of modern Astrophysics. The observations of the 
spectrum of the Sun encouraged the study of the spectra of other stars by Giovanni 
Battista Donati (1836-1873) in Florence, William Huggins (1824-1910) in London, 
Lewis Morris Rutherfurd (1816-1892) in New York and Angelo Secchi in Rome. 
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ABSORPTION LINES 


spectroscope 


Fig. l. Spectrum of the Sun. The outermost layers of the Sun's atmosphere absorb the radiation 
at fixed wavelengths, so are producing dark absorption lines in the continuous spectrum. The 
spectral lines became precious indicators, like a fingerprint, of the chemical elements present 
in the atmosphere of the observed star. Moreover, the width of the lines gives information on 
the abundances and physical conditions (temperature, pressure, magnetic fields) of the various 
chemical elements in the atmosphere of the star. Using the spectroscope it is possible to study 
in detail the dark lines sequence: the light coming from the star passes through a slit and then 
through a prism (or a diffraction grating) that separates the light into various wavelengths. 


2. The Secchi classification of stellar spectra 


The work of Father Angelo Secchi of the Society of Jesus (born Reggio Emilia 1818, 
died Rome 1878) contributed in a decisive way to the birth of modern Astrophysics. 
When he was 15 years old he entered the Jesuit order and began his formation. 
He studied extensively not only theology and philosophy, but also science and, in 
particular, physics. When in 1850 he was appointed as director of the observatory 
of the Roman College, he continued to look at astronomy from the point of view of 
a physicist. He used spectroscopy as a tool to answer a new question: not where are 
the stars (positional astronomy), but what are the stars, what is their composition: 


^when the field of astronomical research seemed to be dried-up, and we 
could only glean where others had richly reaped, here a new discovery 
opens up an immense horizon, which will reveal us the physical nature of 
the stars and show us the kind of the matter that compose them. This is 


the spectroscopy and its applications made by Kirchhoff and Bunsen.” ? 


In 1852 he got permission to build a new observatory on the roof of the church 
of St. Ignatius. He had two main instruments: a Cauchoix refractor telescope (with 
a 16.9 cm aperture) and — after 1854 — also a Merz refractor telescope (with a 
24.4 cm aperture). He also obtained an objective prism, usable on both telescopes, 
for spectroscopic observations of stars. 

Thanks to this advanced instrumentation he started a systematical project on 
stellar classification based on spectra. In 1863 he published a first study, based on 
the observations of the spectrum of 35 of the brightest stars: Sugli spettri prismatici 
della luce de’corpi celesti in Bullettino meteorologico dell'Osservatorio del Collegio 
Romano, 31 July 1863. The following ten years were dedicated to improving this 
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first study, and in 1877 he published the essay Le Stelle. Saggio di astronomia 
siderale, based on the observation of more than four thousand spectra. This last 
classification included four stellar types based on absorption spectra, plus a fifth 
type containing prominent emission lines. 

We present here a brief description of Secchi's classification following his treatise 
Le Soleil (1st ed: 1870; 2nd ed. vol. I: 1875, vol. II: 1877): 


e The first type (see first spectrum of Fig. 2) is characterized by bluish-white 
stars, like Sirus: “all these stars are commonly called white, although they 
are slightly blue. T'hey offer a spectrum formed by the ordinary set of the 7 
colors, interrupted by four large black lines: the first in the red, the other in 
the blue-green, the last two in the violet" ? (predominant hydrogen lines). 

e The second group (second spectrum of Fig. 2) includes white-yellowish 
colored stars like the Sun: “the spectrum of these stars is perfectly similar 
to that of our Sun, that is, formed of very fine and very tight black lines 
which occupy the same position as those of the solar spectrum.” 3 

e In the third type (third spectrum of Fig. 2) Secchi grouped the stars with 
color close to “red or orange" as a of Orion; “the spectrum of the third 
kind in very extraordinary including a double system of nebulous bands 
and dark lines.” 3 

e "The fourth type is even more extraordinary" ? (fourth spectrum of Fig. 2 
these few stars are not necessarily colder than those of the third type, but 
only chemically different (faint reddish stars, predominant carbon lines). 

e Lastly he also added a fifth type (see Fig. 3) characterized by the presence of 
pronounced emission lines in their spectra: “direct spectrum of hydrogen.” 3 


»3 


'Thanks to his pioneering work, Secchi is rightly considered among the founders 
of modern astrophysics and the father of the classification of stars based on their 
spectra. Finally, we would like to emphasize that all the spectra shown in Secchi's 
books are not photos, but they are all hand-drawn work. 


Fig. 2. Absorption spectra of a star of type I (Sirius),type II (Sun), type III (Orion), type IV 
(152 Schjellerup Catalogue also known as “La Superba” - Y CVn).+ 
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Fig. 3. Typical emission spectrum of nebulae (type V).4 


3. After Secchi 


Fr. Secchi was fully aware of the new potentialities of spectroscopy: “there remain 
many things for us to learn: for nature is inexhaustible in its wonders; [when] we 
think we are arrived at the end, we find that it is only the beginning.” 35 


3.1. The Harvard classification and the Hertzsprung-Russell 
diagram 


'The work started by Secchi was continued by numerous astronomers. In 1872 Henry 
Draper (1837-1882) realized the first photographs of a stellar spectrum. At the 
end of the Nineteenth Century the astronomer Edward Charles Pickering (1846- 
1919) started a large project focused on stellar classification using photographic 
techniques. Draper's widow decided to finance this project and in 1890 Pickering 
published a first catalogue based on the observation of 10.351 stars: Draper Cat- 
alogue of Stellar Spectra. The work continued in the subsequent years and thanks 
to the devotion to the project of Annie Jump Cannon (1863-1941) and collabora- 
tors it was possible to publish the Henry Draper Catalog containing the magnitude, 
position and stellar classification of 225.300 stars. Later the astronomers Ejnar 
Hertzsprung (1873-1967) and Henry Norris Russell (1877-1957), starting from the 
data contained in this catalogue, combined in a diagram the information on the 
temperature (color) and absolute luminosity of different stars. The H-R diagram is 
a key step towards understanding stellar evolution. Spectral Classification remains, 
even today, an important tool to identify peculiar and astrophysically interesting 


stars. ê 


3.2. Proper motion and expansion of the universe 


Secchi was fully aware of another important information contained in the spectra: 
“Tt is the opinion of many talented spectroscopists that spectral measurements can 
give us a very delicate means to know also the absolute motions in the direction of 
the visual ray.” 4 If the light source is in motion towards the observer, the wavelength 
will be shortened compared to the wave emitted by a source at rest (blueshift), vice 
versa if the source is moving away from the observer, the wavelength will increase 
(redshift). 

Unfortunately, the instruments used by Secchi were not accurate enough to 
detect this modification of the wavelengths. Only at the end of the Nineteenth 
Century that it became possible to obtain the first reliable measurements of radial 
velocities when photographic spectra became available. In the 1920s Edwin Hubble 
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(1889-1953) and Georges Lemaitre (1894-1966) derived the famous law of the ex- 
pansion of the universe (Hubble-Lemaitre law) using this technique. 

'This discovery marked the passage from a static universe to the model of an 
universe evolving in time. The expansion of the universe is, together with the 
Cosmic Microwave Background (CMB) and primordial nucleosynthesis, one of the 
main pillars of the Big Bang cosmological model. 


4. The bicentenary of the birth of Angelo Secchi 


Angelo Secchi gave an important contribution with his pioneering work to the birth 
of "New Astronomy", the modern Astrophysics. Therefore many initiatives were 
organized to remember the bicentenary of his birth. 

The Italian Ministry of Cultural Heritage and Activities and Tourism established 
a National Committee for the celebrations of the bicentenary of the birth of Angelo 
Secchi. This committee was coordinated by the National Academy of the Sciences 
and the Italian National Institute for Astrophysics. 

Secchi was remembered during the International Astronomical Union XXXth 
General Assembly in Vienna (August 20-31, 2018). 

In Italy conferences and workshops were held both in Rome (“The Legacy of 
Angelo Secchi SJ 200 years after his birth", September 3-5, 2018; *Angelo Secchi 
(1818-1878) SJ: the scientist and his time" , September 6, 2018) and in his hometown 
Reggio Emilia (“Father Angelo Secchi, the person, the works, astrophysics”, May 
11-12, 2018). The Fifteenth Marcel Grossmann Meeting dedicated a parallel session 
to “Angelo Secchi and Astrophysics" (July 2, 2018). The Italian Astronomical So- 
ciety (Società Astronomica Italiana) — counting Secchi among its founders when it 
was still called “Società delgi Spettroscopisti Italiani” — remembered Secchi during 
its LXII congress (Teramo, May 2-5, 2018). The City Museums of Reggio Emilia 
organized an exhibition dedicated to him: “All the colors of stars. Father Angelo 
Secchi and the birth of astrophysics" (October 20, 2018 — February 3, 2019). Also 
a virtual exhibition “Between Heaven and Earth"? was prepared by the National 
Committee for the celebrations of the bicentenary. A completely new biography 
“Decoding the Stars” was written by Ileana Chinnici and will be soon published. ? 

We conclude with the words of Secchi himself: *How many other wonders should 
not be found in the immensity of that space, which we cannot fathom? By taking 
advantage of art and science, the astronomer reveals to us more and more the 
greatness of God, and makes us exclaim with the Prophet: May your works be 
magnified, O Lord; you did all of them in wisdom (Psalm 104).” !? 
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The equation of time determines the difference between the mean solar noon and the 
true one. Graphically it is represented with an analemma, drawn also in the sundials 
made by Secchi (e.g. the ones of Grottaferrata and Augusta). The relationship between 
the day of the year and the corresponding equation of time, from Ptolemy to Clavius, is 
presented, including some medieval cases. Finally the Sundial of Boville Ernica made in 
1865 by Secchi for public utility, as in his vision of science, is presented to wish a new 
restauration. 


1. Theoretical exposition 


The length of each day through the course of the year is variable, it can be longer 
or shorter than 24 hours of many minutes, about half an hour at most, and this 
offset is defined as the equation of time. Let us first introduce some basic concepts. 

We has to distinguish two different systems of time based respectively on the 
apparent solar time and the mean one. Obviously a natural unit of time is the 
rotation of the Earth. It represents the time in which the Sun returns to the local 
meridian, but it is variable due to two features of our solar system, which we analyze 
beyond. It is useful introduce also a motion of the Sun without irregularities, namely 
a uniform motion on the ecliptical plane. On this time is defined the so-called mean 
solar time system. À comparison of a sundials and a mechanical clock shows that the 
times are different and the deviation between them can be described by the equation 
of time. Historically, the term equation was used to tabulate the difference between 
an observed valued and the expected one, so the equation of time is a quantity that 
should be added or subtracted to the hour of the passage at the meridian to obtain 
the mean local noon. So, the precise definition of the equation of time is: 


Eq = h(S) - (M) (1) 


where A(S) is the true solar time in term of hour angle and h(M) is the hour angle 
of the equatorial mean time. 

The features of our solar system are at the basis of the irregularities in the appar- 
ent motion of the Sun and the most important contributes are due to the variation 
of the angular velocity, according to the second Kepler’s law, and the obliquity of 
the ecliptic. The second Kepler’s law state: the area swept out per time interval is 
constant, thus the Sun appears to move faster (relative to the background stars) at 
perihelion and slower at aphelion. A Sun slower corresponds to an apparent solar 
day shorter, instead, a Sun faster to a longer solar day. Let us consider Kepler’s 
equation, which allows to connect the position occupied by the planet along the 
keplerian orbit with the time elapsed from the moment of passage from perihelion 


E=M-+esinE (2) 
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where M is the mean anomaly, namely the angle covered by Earth on a circular 
orbit with constant speed, and E the eccentric anomaly, that is the angle between 
the position of real Earth projected on the circular orbit and the major axis. For a 
better comprehension see Fig. 1. 


NS 


S 


EFE EP, 


aca LZ = Dares [II] 


Fig. 1. Angles M and E at a specific time point. 


It isn't possible to solve the equation (2) for E in closed form. Therefore, the 
position of the Earth can only approximated as function of time. More useful is 
the expansion in series of Eq. (2) in term of R, that is the real angle spanned from 
the real Earth along the ecliptic orbit, or the true anomaly. In fact if we make the 
first derivative of the expression of R respect to the time, we obtain the angular 


velocity and its corrections. The relation is 
27 
w(t) = pil + 2ecosM +...] (3) 


The deviations amount to about double of eccentricity of the orbit. 

The true solar day depends on the declination of the Sun, that is the elevation 
from the celestial equator. Let us ignore the variation of angular velocity and 
consider a circular orbit. A uniform circular motion is 


0 = 30°(t — to) (4) 


where t is the time passed from vernal equinox in term of months (January has a 
value from 0 to 1, February from 1 to 2 an do on), and tp = 2,69 the value which 
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correspond to 21 March. On the celestial sphere, a circle with inclination e — 23, 5? 
appears as an ellipse, which can be obtained compressing all the coordinates of the 
circle of a factor a/b. In our case b = 90° and a = e. So if the coordinate of minor 
axis has the parametric equation y = 90°sin@, for the ellipse becomes the solar 
declination we are searching. Thus 


ô = esin (5) 


So the solar day for a given latitude A and time t is 
2 
T=12+ 15 arcsin [tan A: tan(e sin(30* (t — to))) | (6) 


Obviously this equation is valid for a uniform motion of the Sun. If we consider 
also the effect of the second Kepler’s law, T is affected by a small variation which 
tends to cumulate during a year. This discrepancy is due to the changing of the 
declination between two culminations. The projection of an arch of ecliptic value a 
on the equator gets larger of a factor 1/ cosó, because the relation is acosa/ cos ô. 

'The mean ecliptical arch crossed by the real Sun in a day is about 1?. Instead 
the projection of this arch on the celestial equator is 


cos [arctan (tan e cos(30°(t — to) + EC))] 


Aa = 1° (7) 


cos le sin(30* (t — to) + EC) 


If we make the product of Aa and v, an adimensional value of the angular 
velocity, defined as 


v = [1 + 2A cos(30*t)] (8) 


taking v ~ 1 and A ~ 0,03, the semiamplitude of the annual variation of angular 
velocity, we obtain an expression with dimensions of an angle. Thus the equation 
of time is the difference 


ET = v^a — 1? (9) 


Let us plot the cumulative effect of the discrepancy in time in Fig. 2. 


2. Historical cases 


The ancient name of the equation of time was a‘dilal-’ayynmbi- laydihha, which can 
be translated into latin as aequatio dierum cum noctibus suis, that is correction of 
the day and their nights. The difference between apparent solar time and mean 
time was recognized by astronomers since antiquity, but prior to the invention of 
accurate mechanical clocks in the mid-17th century, sundials were the only reliable 
timepieces, and apparent solar time was the generally accepted standard. Ptolemy's 
Almagest is primarily concerned with the Sun's anomaly, and he tabulated the 
equation of time in his Handy Tables. Ptolemy discusses the correction needed 
to convert the meridian crossing of the Sun to mean solar time and takes into 
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Fig. 2. Graph of true Sun's delay in the passage at the meridian. 


consideration the nonuniform motion of the Sun along the ecliptic and the meridian 
correction for the Sun's ecliptic longitude. Some other medieval islamic astronomers 
made improvements to the solar tables and published tables of the equation of time. 
If we study some values taken from this tables, we can see that they were calculated 
with an high precision. Some of the most important tables we have to quote are of 
Al-Battani, Arabic astronomer lived in IX century, John of Murs (1321), Levi ben 
Gerson (1288-1344) and Giovanni Bianchini (1410-1469). 


3. The analemma 


The analemma is a graph which shows the position of the Sun in the sky during a 
year in the same place and at the same time. A rigorous analemma can be obtained 
taking a photograph everyday in the same place for a year, but this is obviously 
impossibile because of cloudy day. The most important feature of the analemma is 
his form, namely an eight with a lobe bigger than the other (see Fig. 3). Due to 
the eccentricity of the orbit of Earth and the obliquity of the poloidal axis the form 
of the analemma can vary with the time and the place. If the Earth’s orbit was 


Fig. 3. The analemma, based on observed values of the azimuth and altitude of the Sun at 12.00 
GMT at the Royal Observatory, Greenwich for 2006 (see Ref. 2). Note the unequal axes. 
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circular, two lobes would be equal, instead, if the polar axis hadn't an obliquity, 
the analemma would be a linear segment. 

In some meridians we can find the representation of analemma for each hour 
of the day, except for the noon. In the meridian showed in photo (Fig. 4) is an 
example of that. The photo is taken in 7/23 in 2003, for that date the equation of 


Fig. 4. Meridian with analemma. Photo taken in July 2003, see Ref. 6. 


Fig. 5. Sundial of Angelo Secchi in Boville Ernica (FR) as in April 2019 and when restaured in 
1996; the gnomon is parallel to the polar axis, the analemma and the equation of time vanished. 7 
This sundial was restaured in 1950 by the astronomer Giuseppe Armellini, buried in the nearby 
Church's crypt, and again by Nicola Severino in 1996.8 Now it deserves another restauration as it 
is evidenced with the rectangle. In the left low side its status in 1996. 
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time was —6 m 24 s. For this longitude the local noon is so at 14:50 UT. Thus, 
the place is about 42?30' from Greenwich. In fact the meridian is located in Rio de 
Janeiro. 
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The Sodium D-Lines in Rome from Angelo Secchi to Alessandro 
Cacciani 
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1 Sapienza University of Rome;* ICRA/Sapienza and ITIS G. Ferraris, Roma, Italy 
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Optical spectroscopy developped so much in XIX century that many results required 
the quantum physics to be fully explained from selection rules to quantum probability. 
Angelo Secchi designed or modified some instruments like the Hoffman prisms to reach a 
great resolution, namely better than 1 Angstrom around the Sodium D-Lines. Alessandro 
Cacciani, who worked in Monte Mario Observatory and Sapienza University of Rome, 
invented and developped the MOF Magneto-Optical Filter by tuning the magnetic field 
in a vaporized sodium cell The MOF is being used in the two MOT telescopes in 
Anctartica, and has been used in US and EU telescope reaching an extraordinary velocity 
resolution in the dopplerograms of the Sun. Two inventors in comparison, at a century of 
temporal distance, with Mount Mario Observatory ideally inherited the Collegio Romano 
story, because had the Merz telescope of Secchi until the fire of July 15, 1958. 


Keywords: History of Science, Sodium D-lines, Angelo Secchi, Alessandro Cacciani. 


1. Father Secchi and Spectral lines 


A spectral line is a dark or bright line in an otherwise uniform and continuous 
spectrum, resulting from emission or absorption of light in a narrow frequency range, 
compared with the nearby frequencies. Spectral lines are often used to identify 
atoms and molecules. The spectral lines of a specific element or molecule at rest 
in a laboratory always occur at the same wavelengths. For this reason, we are 


able to identify which element or molecule is causing the spectral lines!. 


Fig. 1. Absorption lines are seen as black lines on a coloured background. © Swinburne Univer- 
sity of Technology. 


Absorption lines appear as dark bands, often superimposed on a coloured con- 
tinuum, and are the result of specific wavelengths being absorbed along the line-of- 
sight, and they are produced when photons from a hot, broad spectrum source pass 
through a cold material. 

In 1814 the German Physics Joseph Fraunnhofer repeated the Newton's experi- 
ment of breaking the light of the Sun into his colors through a prism?. This time he 
greatly enlarged the resulting colored spectrum, discovering that he was interrupted 
by more than 600 dark lines: the spectral lines (today we know about a million!). 
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Fig. 2. Fraunnhofer lines labelled from A to K. © 2001-2017 The Regents of the University of 
California. See also??? for identifying all the lines. 


Together with Fraunhofer, Angelo Secchi was the pioneer of the discovery of 
essence material of the stars : the stars are not simple point-like objects that move 
in the cosmos and shine with their own light, but they are big objects made of 
variegated chemical composition matter that can be investigated quantitatively. 

Angelo Secchi was the first to connect the spectroscope (a prism) to the 
telescope. In this way he made an important classification of the stars, which was 
based on their spectral analysis. This is considered the most significant part of the 
astronomical work of Father Secchi, enough to make him considered the father of 
modern astrophysics. 

Between 1863 and 1867, he examined more than 4000 stars, trying to identify 
their resemblances?; in this way he cataloged more than 500 stars, subdividing them 
into four main classes, according to their color and the type of spectral lines. Father 
Secchi was the first to put in evidence the fact that the color of the stars is related to 
their spectral lines and that the temperature greatly influences that spectrum. Thus 
identified the presence of hydrogen, a pioneering discovery of undoubted importance: 
today we know that the matter of the Sun is made up of 7196 of hydrogen, 2696 
of helium, while the remaining 3% is due to other elements of the scale periodic, 
heavier. 


2. Angelo Secchi and prism 


In his book Il Solet [pg. 220] Angelo Secchi describes the spectroscope and the 
prism (the so called triangular glass). A prism is any object that separates white 
light into the colors of the rainbow (red, orange, yellow, green, blue, indigo, and 
violet). It works by refracting light, and breaking it according to its wavelength. 

The direct vision spectroscope, conceived by the Florentine astronomer Giovanni 
Battista Amici, consists of a series of glass prisms of different refrangibility, glued 
in succession, through which the beam of light passes to be analyzed?. In 1862, 
Secchi had the oppurtunity to test the performance of a similar instrument used 
by the French astronomer Jules Janssen. Secchi then ordered the Parisian optician 
Hoffman a five prism spectroscope which he used in 1863 for his first observations 
of stellar spectra. Subsequently, Secchi commissioned the Merz company another 
direct vision spectroscope, of better quality, with which in 1867 he was able to 
realize his spectral classification of the stars. 
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Fig. 3. How it works a prism: the light coming from a source S is transformed into a parallel 
beam by an achromatic objective (called collimator), crosses the dispersing prism (ABC) and the 
resulting spectrum is focused by another achromatic objective (or telescope if observed with the 


eye) on the detector D.? 
B) & T f 
: 


Fig. 4. A) Objective prism, Merz, Munchen, 1864, glass, brass, diameter 162 mm, angle of 
refraction 12 degrees. INAF museum - Osservatorio Astronomico di Roma; B) TRA CIELO E 
TERRA Lüàvventura scientifica di Angelo Secchi a cura di Ileana Chinnici e Mauro Gargano Comi- 
tato Nazionale per il Bicentenario della Nascita di Angelo Secchi (c) 2018 All Rights Reserved. 


In fact Secchi used the prism placing it in front of the objectives of the 
Cauchoix and Merz telescopes of the Collegio Romano's Observatory and in 
his book? [pg. 222] he wrote that, by adding many prisms, even to small telescope, 
it is possible to obain a large spectrum: spectral lines become more separate and 
distinguishable from each other. Using powerful instuments, it is often possible 
to resolve lines which seem simple at first glance. Sodium D-Line is resolved very 
easily, but with a powerful spectroscope, it is possible to recognize that in reality 
it is fivefold, because between the two main lines D1 and D2, there are 3 others 
at least, not counting those that are outside. You can compare these observations 
with those of multiple stars: in both cases the result depends on the power of the 
instruments used. For these researches it is necessary to use 9 prisms and more; 
and these prisms are made of a very dispersive substance, such as heavy flint or 
coal sulfide. 


» pr 


Fig. 5. Sodium D-Lines published in Secchis book Il Sole pg. 223. 
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3. The Sodium D-lines 


Sodium is the seventh most common element in the Universe". On Earth, sodium 
compounds such as salt give sea water its salty taste and give the white colour of 
salt pans in deserts. In animal life, sodium is known to regulate heart activity and 
metabolism. Sodium is also used in technology, e.g. in the sodium-vapour street 
lights, where it produces yellow-orange light. 

A strong doublet at 589.0 nm and 589.6 nm is observed in the Sodium emission 


spectrum, identifying the D-lines as due to Sodium in the sun®. 


LIA L L 1 1 L LJ 
50 


500 
Wavelength (nm) 


Fig. 6. Spectral lines observed in Solar specturm.? 
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Fig. 7. Scheme of Solar Spectrum from an observer on Earth. ® 
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4. Sodium D-lines and Astrophysical research 


The importance of sodium is evident in many astrophysical research. By using a 
narrow band filter, astronomers can image all sorts of objects for excited Sodium?: 


Fig. 8. a) Sodium D-line image of the tail of the Hale-Bopp comet. b) Sodium D-line images 
of the comet tail of the planet Mercury. c) Supercluster of Galaxies BAS11. 


The Sodium D-Lines are also used to measure Doppler shifts and the 
size of the universe (Hubble's constant)’. 


Absorption Lines from our Sun 


BLUESHIFT REDSHIFT 


Galactic Red-Shifts Absorption Lines from ¿ supercluster of galaxies, BAST 
F Adapted from Ferris 2 
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Fig. 9. Galactic Red-Shifts measured through Sodium D-Lines. 


Sodium is very important in the Physics of Exoplanets. The study of extrater- 
restrial atmospheres is an active field of research?. Several planets outside the Solar 
System (exoplanets) have been observed to have atmospheres. At the present time, 
most atmosphere detections are of hot Jupiters or hot Neptunes that orbit very 
close to their star and thus have heated and extended atmospheres. The first ob- 
served extrasolar planetary atmosphere was made in 2001!?. Sodium in the 
atmosphere of the planet HD 209458 b was detected during a set of four transits 
of the planet across its star. HD 209458 b, also given the nickname Osiris, is an 
exoplanet that orbits the solar analog HD 209458 in the constellation Pegasus, some 
159 light-years from the Solar System. 

In a recent article published in Nature An absolute sodium abundance for 
a cloud-free ‘hot Saturn’ exoplanet (May 2018)", Scientists have detected an 
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Fig. 10. Comparison of *hot Jupiter" exoplanets (artist concept). From top left to lower right: 
WASP-12b, WASP-6b, WASP-31b, WASP-39b, HD 1897335, HAT-P-12b, WASP-17b, WASP- 
19b, HAT-P-1b and HD 209458b.? 


exoplanet atmosphere that is free of clouds, marking a pivotal breakthrough in 
the quest for greater understanding of the planets beyond our solar system. Just 
as an individual's fingerprints are unique, atoms and molecules have a unique spec- 
tral characteristic that can be used to detect their presence in celestial objects. The 
spectrum of WASP-96b shows the complete fingerprint of sodium, which can 
only be observed for an atmosphere free of clouds. 


Cloud-free Cloudy atmosphere 
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© ( 

e. e .e 9? s Na A 
Flux —ÓÀ E 3 
occultation ^ ma i Žž 
9 = 
2 < 

< 

star + planet nightside 
transit 
star - planet shadow 
Wavelength 


Fig. 11. a) Exoplanets in orbits close to the line of sight for us on Earth periodically pass in 
front (transit) and behind (secondary eclipse) of their host stars. Transits and eclipses are a 
powerful indirect way to study the composition of exoplanet atmospheres!?. b) Sodium fingerprint 
in an exoplanet spectrum. Shown is the absorption due to sodium at each wavelength. More 
absorption means that we are looking higher up in the atmosphere,and the vertical axis therefore 
a measure of altitude in the atmosphere of the planet. An atmosphere free of clouds produces an 
intact sodium fingerprint (left panel). A cloud deck blocks part of the sodium in the atmosphere, 
partially removing its spectral signature (right panel). Image credit: N. Nikolov/E. de Mooij. 


Using Europes 8.2m Very Large Telescope in Chile, the team studied the at- 
mosphere of WASP-96b when the planet passed in front of (transited) its host-star 
(see figure). This enabled the team to see the starlight shining through the plan- 
etary atmosphere, and so determine its composition. It has long been predicted 
that sodium exists in the atmospheres of hot gas-giant exoplanets, and 
in a cloud-free atmosphere it would produce spectra that are similar in shape to 
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the profile of a camping tent. Until now, sodium was revealed either as a very 
narrow peak or found to be completely missing. This is because the characteris- 
tic tent-shaped profile can only be produced deep in the atmosphere of the planet 
and for most planets clouds appear to get in the way. The sodium signature seen 
in WASP-96b suggests an atmosphere free of clouds. The observation allowed the 
team to measure how abundant sodium is in the atmosphere of the planet, 
finding levels similar to those found in our own Solar System. 

Whether we are talking about exoplanets or our Earth, the role of the atmo- 
sphere is crucial in the study of the chemical composition of the sun. In fact the 
atmosphere of our Earth absorbs the light of the solar photosphere determining the 
so-called Telluric lines!?. They are those of molecular oxygen and water, which 
could not exist in the solar atmosphere, much warmer. Furthermore, the atmo- 
sphere does not uniformly absorb solar radiation and could contribute to the 1096 
distortion from solar data. 

In his book Il Sole* [pg. 235] Angelo Secchi writes The gases that make up our 
atmosphere have a considerable absorption force and can therefore, by making some 
light rays disappear, give rise to some lines that are observed in the spectrum. Since 
this atmospheric absorption is greater than the layer crossed by light is thicker, the 
spectrum must vary with the position of the Sun: the lines must be less numerous 
when it is closer to the zenith, more abundant when it is near the horizon. Angelo 
Secchi was referring to what we call today the Air Mass. The Air Mass (AM) is the 
path length which light takes through the atmosphere normalized to the shortest 
possible path length (that is, when the sun is directly overhead) !4. The Air Mass 
quantifies the reduction in the power of light as it passes through the atmosphere 
and is absorbed by air and dust. The Air Mass is defined as: 


1 


AM — 
cos(0) 


(1) 


where 0 is the angle from the vertical (zenith angle) 

The standard spectrum outside the Earth's atmosphere is called AMO, because 
at no stage does the light pass through the atmosphere. 

Angelo Secchi writes in his book? [pg. 322] that water vapor absorbs solar 
radiation 100 times greater than atmospheric air. 

'The measures taken by Angelo Secchi for the Solar Spectrum and consequently 
for the Sodium D lines, were of course influenced by the Earth's atmosphere. This 
fact can be seen from the shape of the spectral lines. Many processes tend to 
broaden these lines so that the lines develop a characteristic shape or profile. When 
light penetrates the earth atmosphere, the AMO spectrum is changed due to the 


following main mechanisms 16: 


- Absorption due to molecules and particles in the earth atmosphere. 


- Scattering at molecules and particles in the atmosphere. 
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Fig. 12. The air mass represents the proportion of atmosphere that the light must pass through 
before striking the Earth relative to its overhead path length, and is equal to Y/X. Copyright 2019 
P Veducation. 
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Fig. 13. a) Diurnal variations of global solar radiative flux on a sunny day. b) Diurnal variations 
of global solar radiative flux on a cloudy day ©2019 Newport Corporation. All rights reserved. !? 


- Reflection from the earth surface. 


- The air mass the light goes through, depending on the elevation of the sun 
over the horizon. 


The Fig. 14 shows the AMO spectrum as the black line!” and the terrestrial spec- 
trum without the blue sky (red line) 5, and the transmittance of those atmospheric 
gases that are the main responsible for absorption 18. 

In Fig. 15 we see how the Solar spectrum varies at different AM. 

'The first experiments made by Father Secchi were done in Rome using a prism 
with an angle of 10 degrees and 16 cm diameter, in front of a telescope 22 cm 
achromatic (lost in 1958 in the Monte Mario Observatory fire) !?. 

Chromatic resolving power of a prism is given by: 


À BCdn(A) 
R = — A ———— 2 
AA dA (2) 
where n is the refractive index of the prism for the wavelength A and it depends 
from A, AA is the limit of resolution, the difference in wavelength between two lines 
of equal intensity that can be distinguishedand BC is the maximum thickness of 
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Fig. 14. Sources of absorption in the AM1.5d spectrum. !! 
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Fig. 15. The direct incidence solar spectrum at different air mass values. !! 


the prism traversed by light rays. The quantities d(n)/d(A) and BC often are called 
the dispersion and baselength of the prism, respectively. 
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Considering a different value of Air Mass during the day, supposing in the morn- 
ing an Air Mass — 5, and the usage of seven or more prisms in series, as reported 
in Angelo Secchi’ book* [pg. 222], the resolution obtained by Father Secchi was a 
very good result. 

In fact for n=1.60 - 1.89 (flint glass), A(D1) = 589.418 nm, A(D2) 588.821 nm, 
AA = 0.597nm, R = 986, which is the resolution we can obtain for resolving the 
the Sodium D-Lines doublet. But Angelo Secchi obtained more: using 9 prisms he 
was able to see what after will be called the Zeeman effect, discovered 30 years after 
(1898), more than 30 years after Angelo Secchi's obeservations. 

The Zeeman effect is the splitting of a spectral line into several components 
in the presence of a static magnetic field. Zeeman's original data was exactly 


on Sodium D lines. 
| | i! nV 


Fig. 16. Zeeman effect on Sodium D-lines compared with Sodium D-Lines published in Secchis 
book Il Sole pg. 223.? 


We can deduct that Angelo Secchi was able to see the effects of the 
solar magnetic field, which generates the sunspots. Father Secchi dedicate many 
pages in his book* to these aruguments (sunsposts pg. 8-20, solar magnetic field 
335-343). 


5. Alessandro Cacciani and Sodium Filter 


Professor Alessandro Cacciani (1938-2007) has been known world wide for the in- 
vention and development of the Magneto-Optical Filter??. Hundreds publications 
present its applications from solar to stellar helioseismology. Astronomer at the 
Observatory of Roma (1964-1982), he continued his research at the University of 
Rome La Sapienza where directed the Solar Laboratory and taught Spectroscopy. 
The Magneto-Optical Filter (MOF) is an instrument that gives a really narrow 
bandwidth, high transmission (almost 50%) and perfect stability. It can work only 
in a small range of wavelengths, well defined, like Sodium (Na) and K doublets, 
and can be thought as an high resolution spectrograph within those wavelengths. 
It was developed by Alessandro Cacciani at the end of the 1960s Its main use is 
for the study of the Sun; during the last years it has been adopted also for the anal- 
ysis of Jupiter oscillations and in Anctartica for long-duration solar observations. 
A complete MOF instrumentation is made of two separated unit: the MOF itself 
and the WS (Wing Selector) that, together, provide accurate Doppler and magnetic 
measurements. The first unit is composed by two crossed polarizers (P1, P2) and a 
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metallic vapour (Sodium) between them in a longitudinal magnetic field B between 
2000 and 4000 Gauss. A schematic diagram of the filter is shown in the following 
figure. 


Fig. 17. Schematic diagram of the MOF filter (top) and spectral behaviour along the optical 
path. Following the Zeeman rules, the vapour immersed in a magnetic field absorbs two circularly 
polarized components,leaving the residual light also circularly polarized (in opposite direction). 
This wavelengths cannot be stopped by the crossed polarizers and are transmitted as a couple 
narrow bands that can be close at will (depending on the magnetic field strength). 


'The working principle of the MOF is based on two concurrent effects, namely 
the Zeeman effect in absorption and a sort of Faraday rotation close to the lines 
wings called Macaluso-Corbino effect. Both change the polarization in and around 
the resonance lines, leading to total transmission profile shown below where the 
experimental transmissions profile at different temperature and magnetic field values 
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Fig. 18. transmission profile at different temperature and magnetic field. 
Professor Cacciani develepoed the Sodium Filter even thanks to the “solar 


tower" present at the Rome Astronomical Observatory. The invention allowed 
to *see" the solar surface. Through the processing of digital images, taken at the 
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Monte Wilson Astronomical Observatory, it was possible to show to the world the 
filmed footage of the “flames” movement of the surface of the Sun, lasting 8 hours, 
summarized in 10 minutes. 


Fig. 19. Intensity (left), Velocity (middle) and rotation suppressed Velocity (right) sample images 
in the Sodium Na line (above) and in the K line (below). 


It is possible to find many articles in astrophisical journals which refers to Pro- 
fessor Caccianià filter MOF?” 2°: 24, 
of Solar Physics, whereby the internal structure and dynamics of the sun can be 
studied. This is a field of research that is being actively pursued both from the 
ground and from the space. Its aim is to derive information about the interior 
of the sun measuring the waves that travel inside the star and become resonant. 
From the frequency spectrum of such a resonant waves it is possible to compute the 


Helioseismolgy is a relatively new field 


radial profile of relevant physical parameters (temperature, density and chemical 
composition) as well as its dynamics (internal rotation as a function of radius, large 
scale convective motions that mix the thermonuclear core etc). To monitor solar 
oscillations, a series of dopplergrams must be taken over a very long time?^. At 
the 60 Foot Solar Tower (Univerisy of Southern California), dopplergrams are 
obtained by using a magneto-optical-filter (MOF). 

A red/blue pair of sodium images (see below) is taken once every minute 
with a separation of 5 seconds between the red and blue images. As a result, one 
dopplergram is computed once a minute for several hours during the day. The two 
dopplergrams can be subtracted to obtain a velocity image map of the line-of-sight 
components of the rising and sinking regions of the sun. A two minute separation 
is chosen since 2 minutes is roughly half of a solar oscillation. The images below 
show doppler velocity of the sun at a two minute separation and at a three minute 
separation, to the left and right respectively. Light regions are rising and dark 
regions are sinking. 

So a doppler image reveals those individual areas of the sun that are 
either rising or sinking. In the images, rotation can be seen. The left hand side 
of the 2 images is rotating toward the Earth. 
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Fig. 20. Dopplergrams. 
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Dark sky in Rome now and at the time of Angelo Secchi 
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Rome as every modern big city is heavily affected by the light pollution and the observa- 
tion of the celestial objects is hampered by a luminous background. While a comparison 
with a rural place is made by observing the Orion nebula at the same heigth above the 
horizon and in the same meteorological conditions, an historical consideration is made by 
using the observations of years 1867-68 by Angelo Secchi of the same nebula, and upon 
the use of the meridian line of santa Maria degli Angeli for measuring the position of the 
Moon, and the instant of the full Moon used for the computation of the Easter's sunday 
in Catholic Church. The observation of the Moon on the meridian line nowadays on 
the meridian line is obstacoled by the external lights of Termini Station and Repubblica 
Square. 


Keywords: History of Science, Light Pollution, Urban and Rural site for Astronomy, 
Pinhole Astronomy. 


1. Introduction: The luminosity of the night sky in 1700 in Rome 


The meridian line of santa Maria degli Angeli was build with the intention of 
measuring the variation of the obliquity of Earth's orbit for the forthcoming cen- 
turies in 1702. Another evident service of this line was to measure the tropical year, 
in order to check the Calendar's reformation of Gregory XIII. Finally on the merid- 
ian line are mentioned the two “Terminus Paschae" between 22 March and 25 April. 
Being Easter related to the full moon after or equal to 22 March (being 21 March 
the so called Easter equinox), the observation of the full Moon had to be possible on 
that meridian line. We tried to observe the Moon on the meridian line during the 
late evening, and we found it extremely difficult because of the illumination of the 
church from the external light coming from the great roman windows. The church 
in 1700s was completely darkened during the noon time for the observations of the 
Sun and the stars in daylight; during the night the absence of artificial light made 
unnecessary the use of tents for covering the great windows. So the astronomer 
Francesco Bianchini (1662-1729) who built this meridian line upon the will of pope 
Clement XI, did not write expecial notes on lunar observations, probably because 
they were rather simpler with respect to the observation of the stars in full daylight, 
as it was done in this meridian line. 


2. Stars in daytime at Santa Maria degli Angeli 


It has been written that Bianchini used very long telescopes in the basilica for 
observing the stars in daytime. It it true that Bianchini itself used such telescopes of 
50 meters of focal lenght and single objective lens (made by Campani and purchased 
by the Cardinal Melchiorre De Polignac) for observing and mapping Venus from 
the Palatine Hill, but I exclude he did use the same instruments in the Basilica. 
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Not because of lack of space, but because they weren't necessary. A star does not 
show details like the planets, and to him only the position of the star was required, 
in order to compare the timing of the Solar transit with the one of the fixed star. He 
used for this purpose the coordinates of the stars reported in the atlas of Philippe 
de la Hire (1701) made in Paris observatory. The passage of a star on the meridian 
line can be done by defocusing the star with respect of a crosshair and averaging the 
first contact of the defocused disk and the second contact, exactly as it was done 
for the solar image on the floor of the basilica. So the draw of a small telescope 
used on the meridian line by Bianchini explains fully this procedure. 


3. Moon in night time 


Nothing is left about lunar observation on the floor of the basilica of S. Maria degli 
Angeli by Bianchini. But evidently he could use the telescope used for the stars 
in daytime, in the same exact way: he opened the window of about 40 cm wide x 
60 cm high above the pinhole and could observe the Moon at the telescope. Our 
question now is: was it possible to observe the Moon in the same way of the Sun, 
projected on the floor? Was it useful for calibrating the Easter Computus of the 
spring full Moons? 


4. Observed Full Moon and Ecclesiastic Moon 


The Computus of Easter was based essentially on the Methonic cycle of 19 years. 
After this period of time the full Moon occurs in the same day of the year. 19 years 
contain always 5 bissextile years, unless we are in the surrounding of secular years 
not multiple of 400. So the problem of ecclesiastic Moon was only a mathematical 
problem for the astronomers who worked at the reformation upon the will of pope 
Gregory XIII, Christopher Clavius and Egnazio Danti. They used the mathematical 
solution of Luigi Giglio. From a physical point of view the solution of Methonic 
cycle is very stable, and there is the possibility that the lunar eclipses repeat over a 
Methonic series, as well as it occurs for the Saros cycles, for about thousand years. 
A lunar eclipse is the certitude that the Moon is full. It can occur that the days of 
such series changes of 1 or 2 days from a given eclipse, rightly for the aforementioned 
problem of secular years not multiple of 400. For example the year 2019 we had the 
lunar eclipse of 21 January, which follows the one of 21 January 2000, and the one 
of 21 January 1981. But there was also a Saros series dealing with the eclipse of 
9 January 1982 and the one of 21 January 2000. So the eclipse of 21 January 2000 
belong both to a Saros series and to a Methonic series. The Saros series of lunar 
eclipse are usually longer than thousand years, while the Methonic ones are slightly 
shorter. The calculated full Moon therefore is prevalent over the observed one in 
the ecclesiastic computus. The validation of this computus has been already done 
by the ancient astronomers. 
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5. Optics and energetics 


'The original circular pinhole was 20 mm wide and it projected the image of the Sun 
between 21 and 50 meters, and when the full Moon is the source, it is about 15 
magnitudes fainter than the Sun. The windows of the church of S. Maria degli Angeli 
let enter nowadays a luminous background much higher than the sky background 
already much brighter than natural one. We can reconstruct some parameters by 
simplifying the situation as if the meridian line would be in an open space. The 
same considerations of this paragraph can be done by using a flat mirror and a 
pinhole, and projecting through the pinhole the lunar light over a screen at a given 
distance. For reproducing the original pinhole of st. Maria degli Angeli meridian 
line it is necessary to use a 2 cm wide circular pinhole and the screen from 21 to 
50 m. To scale to shorter dimensions like 10 m, representative of a similar situation 
in S. Maria degli Angeli during spring, i.e. 30 meters of focal lenght for the spring 
Moon (due to its height above the horizon near the celestial equator... 27.5 m) 
we should use a smaller pinhole. Focal lenght in scale 10 m; focal length in truth 
30 m. Energy per unit area is E/30? and has to remain constant scaling to 10 
m, so the input energy has to diminish to E'/10? = E/30?; E' = E/9, therefore 
the pinhole has to be 3 times smaller, iie. 7.3 mm. To see the Moon projected 
by a 7 mm pinhole at 10 m of distance it is necessary to have the screen in full 
darkness. The magnitude of such pinhole lunar image on a 1096 white reflecting 
paper screen or 20% reflecting white marble (the one of the meridian line) screen 
is 3 or 2.5 magnitudes dimmer than the ideal image at 10 m, which is 10 cm wide 
and it should contain all the energy fallen upon 7mm. The ratio between these 
areas is (7.3/100)? and the scaling in magnitude is 2.5 its logarithm (according to 
Pogson's law) i.e. 5.7. Finally the full Moon of magnitude —13.6 becomes —13 for 
the height above the horizon (atmospheric loss for transparency) and —7.4 for the 
projections and around —4 for the reflection efficiency. Now the problem of the 
sky background is that is integrated energy attains magnitude —4 and more! If we 
consider the brightness of the image of total magnitude —4 in term of magnitudes 
per arcsec? we obtain for the area of the Moon on the floor, of about 160 mm of 
radius, 8.26 magnitudes per mm? or 3.26 magnitudes per cm?. Considering that 
this diffused luminosity for a single square centimeter is of the same order of the 
integrated magnitude of the Orion nebula, if the sky background does not allow to 
see the Orion nebula to the naked eye... it is difficult to see such projected Moon 
as well. A photo of the Moon on the floor of the Basilica required a long pose to be 
caught. 


6. Sky background levels 


In a rural site, the value of +22 magnitude/squared arcsecond is attained. The 
integrated energy of such sky over 2 pi of solid angle, or 2.7 * 10! arcsec? is 11.4 
magnitudes more than the single pixel of a single square arcsec of 22 mag, i.e. 10.5 
magnitude. Evaluating the integrated energy equal to —4 means to have a single 
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pixel about 15 magnitudes more bright than the ideal rural site. This is not the 
case of the city of Rome, and probably of none of the urban sites worldwide, but 
in our case we have to remember that many of the lights around the basilica enters 
through the windows directly in the church letting the ambient rather luminous 
instead of dark. 


7T. Comparison with the Orion nebula observations 


Rome was ending to be an astronomical rural place when in 1851 an English Com- 
pany for gas illumination was charged to start the night illumination by the pope 
Pius XI. Father Angelo Secchi was the director of Collegio Romano Observatory at 
that time and published in 1868 a memoir on the observations and spectra of the 
Orion Nebula M42. The details he could see with a 24 cm refracting telescope with 
f—4.1m are astonishing for the astronomers of nowadays, they are indeed invisible 
for modern observers with equivalent and bigger telescopes without narrow band- 
pass filters. And even with such filters the rapid spread of bright LED illuminations 
are growing and polluting also the wavelengths which were left free of pollution by 
the gas lines. Using Newtonian telescopes f/4 of 25 cm of diameter (of the Urania 
firm, made in Rome and a brand new one made in China) only the greenish color 
of the nebula is visible (see Fig. 5), but not the details showed by Secchi. Rome 
passed from being a rural place (astronomically speaking) in 1851 to a present urban 
place. The angular dimensions of M42 observed through a 18 mm spotting scope 
in Rome and in Vigna di Valle (on Bracciano lake 60 km North from Rome) show 
the loss in terms of background magnitude. The observations of M42 have been 
made on April 5 at 20:42 UTC in Vigna di Valle h = 9° i.e. 4 airmasses and on 
April 7 at 19:10 UTC in Roma, Monteverde SW from the center of Rome h = 23? 


Fig. l. Sequence of photos of the Moon on the meridian line of S. Maria degli Angeli. Pietro 
Oliva, 19 december 2007, from left to right. The luminous background determines the illumination 
of the rest of the meridian line. 
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Fig. 2. The solar image at s. Maria degli Angeli shows the different reflective index of marbles 
and white paper. The histogram is obtained with IRIS software. While the white paper shows 
about 140 counts, the marbles get 245 counts on the same photo and in the most luminous regions, 
where the rays are reflected at the same incidence angle. 
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Fig. 3. The reflection of the marble compared with a mirror with 99.999% of reflectance, a glass 
solar filter of the Science Museum of Virginia. The marble reflects 40 units while the mirror 230. 
The reflectance of this marble is about 17%. We assumed 20% for the one of S. Maria degli Angeli. 
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NEBULOSA DI ORIONE 
Osservata, ad Collegio Romano ned 1867 e1868 


Fig. 4. The Orion nebula as seen by father Angelo Secchi in 1867-68. 


ie. 2.5 airmasses, and 20:27 UTC in Roma, Prati NW of the center of Rome, at 
h = 10°. These observations showed the following results: in the rural place at 
same height of Rome the angular dimension of M42 is twice. The dimension of M42 
is 1.5 smaller in Rome the rural place when compared the observations at 9° and 
at 23° of altitude. The passage from a rural place to Rome SW is the equivalent of 
1.5 airmasses of absorption. Being 0.235 magnitudes for each airmass in Rome, the 
lower limit of the loss due to the ligth pollution is at least 0.35 magnitudes. 


8. Conclusions 


We studied two situations dealing with light pollution: the classical observation 
of a deep sky object like the Orion Nebula M42 in Rome now and in 1867-68 by 
father Angelo Secchi at Collegio Romano (center of Rome) and the observation of 
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Fig. 5. 'The Orion nebula photographed by Daniele Nocco and Emanuele D'Aleo in 2019 with 
Canon EOS 600d ISO 3200 exposition 10s, tube of 1.5 m, from Rome, Casaletto. 


the Moon projected at 30 meters of distance on the meridian line of Santa Maria 
degli Angeli through a pinhole of 20 mm by Francesco Bianchini in 1702 and the 
similar experiment at 10 m through a 7mm pinhole. The difficulty to observe the 
projected Moon is due to the integrated magnitude of the sky of —4, 15 magnitude 
brighter than the rural site, this value included the direct lights entering through 
the windows in the church during the night. The Orion nebula observed from Rome 
and from a rural place, Vigna di Valle, showed a reduction of perceived angular 
dimensions from Rome of about 5096 which would correspond to 0.75 magnitudes. 
A similar lower limit of 0.35 magnitudes is obtained by comparing an observation 
made in Rome at h = 23? with the one at h = 9° in Vigna di Valle. The site of 
Rome, when looking offcenter is not too bad with respect to a rural environment 
like Vigna di Valle located 60 Km from the city, even if many details have been lost 
when comparing with the observations made by Father Secchi on the Orion nebula. 
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As Secchi-Rosa law has been named the observed variation of the solar diameter with 
the solar cycle. It was considered a consequence of the solar activity on the outer layer 
of the stellar structure, and there was a discussion on the irradiation effect due to the 
Earth's atmosphere. A comparison with the penumbra effect measured on the meridian 
line of Santa Maria degli Angeli and its debate since Cassini and Manfredi is made, 
and the definition of the solar limb as inflexion point are discussed. A relationship 
between position on the meridian line and extension of the penumbra is proposed from 
the analyzed data. 


Keywords: History of Science, Solar diameter, Angelo Secchi, Rosa. 


1. Secchi-Rosa law as reported by Giorgio Abetti (1937) 


The solar physicits giorgio Abetti in his book *il Sole" (1937, pp. 77-80) reported 
the Secchi-Rosa effect. The original text in Italian is here fully reported and after 
commented. 


La forma del Sole e la sua supposta variabilità 


Già nel 1750 Bradley eseguiva misure sistematiche del diametro solare a varie lati- 
tudini e, a parte il problema di una sua eventuale diminuzione secolare, ben presto 
si incominció a discutere sulla sfericità del globo solare e della variabilità del suo o 
dei suoi diametri, forse in relazione con le varie fasi di attività solare. Le misure del 
diametro sono state cominciate, e si fanno tuttora, con i cerchi meridiani, determi- 
nando a mezzo dei tempi dei passaggi in meridiano dei lembi ovest e est, il diametro 
orizzontale e, dalla differenza di declinazione fra i lembi Nord e sud, quello verticale. 
Il diametro viene inoltre determinato a mezzo degli eliometri o con la fotografia. Il 
P. Angelo Secchi e il P. Paolo Rosa, dell'Osservatorio del Collegio Romano, hanno 
discusso il problema delle variazioni del diametro solare dalle osservazioni allora 
esistenti, ed il secondo di questi, in un lavoro dettagliato, concludeva che in quelle 
epoche in cui il numero delle macchie e delle protuberanze è minore, il diametro 
equatoriale è maggiore. Similmente R. Wolf, dalla discussione delle osservazioni 
eseguite da Hilfiker col cerchio meridiano, trova, in corrispondenza del grande mas- 
simo del 1870, un risultato corrispondente a quella che egli chiama legge Secchi- 
Rosa. Anche all'Osservatorio del Campidoglio, dal 1877 si continuano ad eseguire 
sistematiche osservazioni con il passaggio al meridiano del diametro solare le quali 
dimostrano la sua variabilità. Ma è difficile stabilire in qual grado essa sia propria 
del Sole o dovuta ad altre cause. Intanto il problema è probabilmente complicato 
dal che i due diametri, polare ed equatoriale, presentano una lieve differenza, pur 
essa variabile, in relazione con il ciclo di attività. Secondo le ricerche di Lane Poor, 
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su osservazioni fatte da varie investigatori con diversi metodi, il rapporto fra i di- 
ametri polare ed equatoriale sarebbe periodicamente variabile. La lunghezza del 
periodo resta incerta, ma sembra essere approssimativemente quella del ciclo delle 
macchie. L'amplitudine di questa variazione e circa 0.2", la differenza fra i massimi 
valori positivi e negativi essendo di circa 0.5". A Greenwich, dove si osservano re- 
golarmente col cerchio meridiano i diametri del Sole, dalla discussione del decennio 
1915-1925 risulta, che il diametro verticale è maggiore di quello orizzontale di 0.3”, 
differenza che, almeno in parte, puó essere dovuta al differente metodo di osser- 
vazione, il quale, come già detto, per il diametro orizzontale consiste nel misurare 
i tempi del passaggio al meridiano, con un micrometro autoregistratore, per quello 
verticale nel misurare con i cerchi la differenza di distanza zenitale fra il lembo 
Nord e quello Sud. Un esame dei diametri osservati, in realzione col periodo delle 
macchie, ha condotto a risultati incerti; invece, ordinando per ogni mese durante il 
decennio, per ambedue i diametri, le differenze fra i diametri calcolati nel Nautical 
Almanac e quelli osservati, risultano delle variazioni massime di un secondo d'arco, 
essendo il diametro maggiore in estate e minore in inverno. Discutendo le varie 
cause, che possono produrre un simile effetto, si giunge alla conclusione che esso sia 
dovuta alla irradiazione e alla sua variazione nel corso dell'anno. Infatti, se si fa 
l'ipotesi che l'irradiazione sia variabile al variare dell'assorbimento atmosferico, sec- 
ondo la diversa altezza del Sole sull'orizzonte, ed anche per variazioni di contrasto 
fra il disco luminoso del Sole, e lo sfondo del cielo, Cullen, il quale ha discusso le os- 
servazioni di Grenwich, trova che le variazioni del diametro sono proporzionale alla 
secante della distanza zenitale del Sole, raggiungendo appunto un secondo d'arco. 
D'altra parte l'effetto totale della irradiazione sul diametro del Sole, che è in media 
di 1920”, sembra sia di 3”. Se ne deduce che le variazioni annue del diametro solare, 
dovute alla irradiazione, sono piuttosto notevoli, e quindi non deve far meraviglia 
che risulti assai difficile distinguere, da questa variazione apparente, una eventuale 
variazione effettiva del globo solare. La questione e lungi dall'essere risolta: sembra 
che sia necessario escogitare dei metodi di misura piü precisi, ed eseguire le osser- 
vazioni in luoghi dove le variazioni dovute a cause terrestri siano le minori possibili. 
Che possa esistere una differenza fra il diametro polare e quello equatoriale del Sole, 
e che questa sia variabile, potrebbe venire confermato dal fatto che sembrano es- 
istere delle variazioni nell'inviluppo esterno del Sole, chiamato “cromosfera”, e dal 
fatto che hanno luogo periociamente notevolissime variazione nell'altro inviluppo 
pit esterno, cioé la “corona solare" a noi visibile soltanto durante le eclissi totali. 
Era già stato notato da Respighi che la cromosfera ha altezza variabile alle diverse 
latitudini; dalle regolari osservazioni eseguite in Arcetri durante l'ultimo ciclo sem- 
bra resultare, che l'altezza della cromosfera è maggiori ai poli che all'equatore alle 
epoche di minima attività solare, ed ha invece approssimativamente la stessa al- 
tezza attorno a tutto il bordo durante le epoche di massima attività. La corona 
solare poi presenta, come vedremo, delle configurazioni ben definite con espansione 
della materia coronale ora all'equatore ed ora ai poli, in corrispondenza ai massimi 
e minimi dell'attività solare. 
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2. Comments on the text of Abetti and penumbra problem in 
pinhole gnomon 


The text reports a full account of the debate on the Secchi-Rosa law, as named 
by R. Wolf, according to wich the solar diameter would vary along the solar cycle, 
with the maximum occurring at minimum solar activity, with typical amplitudes 
of 0.5". The reports made by Cullen on the measurements held at the Greenwich 
Observatory evidence also a monthly variation of the solar diameter, both vertical 
and horizontal, lead to the introduction of the “irradiation” effect, responsible of 
the different perceptions of the solar diameter because of the contrast of the solar 
disk with the sky. This irradiation effect would amount up to 3” for the whole mean 
apparent diameter of 1920". The contrast with the sky background is due to the 
amount of humidity in the air and to the Mie scattering of the atmosphere; this 
produces as well a variation on the measured penumbra in the pinhole meridian 
line as the Clementine Gnomon in Santa Maria degli Angeli in Rome, an effect 
already discussed by Cassini, Montanari and Bianchini in the XVII century. The 
phrases reported by Catamo and Lucarini (2012) who rediscovered the inscription 
on the penumbra algorithm on the *equinox meters" of the Clementine Gnomon 
(1702) explains the fact: Bianchini prendeva sempre in considerazione, per le sue 
rilevazioni, l'ellisse luminosa diminuita dell'anello di minore luminosita (la penom- 
bra). La larghezza di questo anello era stimata, con un criterio all'epoca condiviso 
da Gian Domenico Cassini e da Eustachio Manfredi, altro importante astronomo 
coevo, pari al semidiametro del foro gnomonico, quindi nel caso di Santa Maria degli 
Angeli, pari a 50 particelle, cioè un centimetro. Altri hanno ritenuto che l'anello e 
di misura variabile in relazione a diverse circostanze, tra cui quelle meteorologiche, 
e può raggiungere e anche superare, nel caso di un foro come quello di Santa Maria 
degli Angeli, la larghezza di due centimetri. 


3. Penumbra measurements at the Clementine Gnomon 


During the meridian transit of 21 August 2019 the phenomenon lasted 141.11+ 0.58 
s at a declination of +12d 07m 29.4s, corresponding to an angular extent of 2069" 3 
9". The real diameter of the Sun was 1897”; the penumbral ring was 86.1" wide. The 
pinhole is presently 25.4 mm wide and at the distance of 57.201 centesimal parts on 
the meridian line corresponds to an angle of 223.4" , therefore the penumbra was the 
38.6% of the pinhole in these conditions of clear sky (with increased humidity with 
respect to 18 august) and illumination in the church. The timing was obtained by 
video inspection. Ephemerides from calsky.com. Air humidity from meteoblu.com 
archive: for 21 August at noon time it was 55%. 

From a pure geometrical consideration the penumbra extension should be a ring 
of a thickness equal to the diameter of the pinhole, but the contrast inside the 
church is different if we consider the winter image, with respect to the summer 
image, which is more contrasted, falling in a darker place of the basilica. See Fig. 1 
for the case of 18 August 2019 with penumbra ring as 41.1% of the pinhole diameter. 
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Fig. 1. The Sun approaching the meridian line of the Clementine Gnomon on August 18, 2019. 
Penumbra 41% of pinhole diameter and air humidity 60%. 


The transit lasted 142.46+ 0.65 s at a declination of +13d 06m 26.6s, corresponding 
to an angular extent of 2081” + 10”. The real diameter of the Sun was 1896”; the 
penumbral ring was 92.7” wide. The pinhole is presently 25.4 mm wide and at the 
distance of 54.948 centesimal parts on the meridian line corresponds to an angle of 
225.6”, therefore the penumbra was the 41% of the pinhole in these conditions of sky 
clear and illumination in the church. The timing was obtained by video inspection. 
Ephemerides from calsky.com. The humidity of the air was 60%. Moreover the sky 
conditions has its influence on the penumbra: a blue sky is less luminous than a 
white one, and the contrast of the solar image is larger; a wider penumbra is to 
expect, while in the case of the white sky the contrast is less and the sky is more 
luminous, so its light penetrates into the church through the large windows lowering 
the contrast of the observerd image with respect to the floor. In the first years of 
use of the meridian line the basilica’s windows were closed eliminating the problem 
of the contrast inside the church, leaving only to the sky contrast the cause of the 
“irradiation” effect. 


4. Inflexion point of the ligth curve 


It has been evindenced that for the limb darkening function the horizontal and 
the vertical luminosity profiles of the Sun have their maximum at the center, and 
decrease with a typical slope toward the limbs, at which the luminosity if 16% of 
the center. This curve has an inflexion point slightly before the end. This inflexion 
point is considered stable, even if the conditions of background contrast vary. This 
concept is applied either in modern solar observations with appropriate detectors 
(digital) either in total eclipse images obtained with different density filters; the 
inflexion point has not to be cut out with too high density filter. 
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Fig. 2. The Sun om the XX August MDCCII inscription, on 21 August 2019. Its penumbra is 
38.696 of the pinhole width, instead of 100% geometrical. Air humidity 55%. 


5. Conclusions 


The problem of the definition of the solar diameter in the XVIII and XIX cen- 
turies was heavily influenced by the luminosity of the sky background. Either in 
the pinhole meridian line of S. Maria degli Angeli in Rome or in S. Petronio in 
Bologna, for quoting the main instruments devoted to the measurements of the 
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Fig. 3. The inflexion point of the Limb Darkening Function of the Sun combined with the 
25.4 mm Pinhole transfer function at the floor of Santa Maria degli Angeli, image of 13 July 
2019. 


solar position and of the solar diameter, the dependance on the weather conditions 
is rather important. Two measurements devoted exactly to this purpose made on 
18 and 21 August 2019 at the meridian line of the Basilica of Santa Maria degli 
Angeli proved a variation of the penumbra extent from 41% to 38.6% of the pinhole 
diameter, instead of being 100% as the geometry implies. The illuminination inside 
the Basilica was rather the same, being the Sun in a position only slightly differ- 
ent (less than 30 cm); but the conditions of humidity and color of the sky, which 
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was clear in both days, changed from 60% to 55%. This produced a reduction in 
the observed penumbra from 4196to 38.6%, suggesting a relationship between per- 
centual humidity and percentual Penumbra. After these first measurements, other 
video have been inspected: 7 Dec 2018, 12 Jan 2019, 1 May 2019 and 13 Jul 2019. 
Other relationships between Penumbra and Temperature or air Pressure have been 
investigated; none of them are convincing, excepted the one with the position. The 
conclusion is that the Penumbra depends strongly on the contrast conditions inside 
the Basilica, more than from sky conditions. To observe the influences of the sky 
conditions it should be necessary obscure the church like Francesco Bianchini did in 
XVIII century. The assumption made by Francesco Bianchini that the Penumbra 
was half of the pinhole, say 5096 of it, has been verified as optimal with respect 
to our videos with time resolution down to 0.26 s, and angular resolution down to 
3 arcsec. 
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Fig. 4. The relationships between Penumbra and air humidity (at 2 m), air temperature (at 2 m), 
air pressure (at sea level) and position on the meridian line; the best correlation is the last one, 
with z, zenital angle. 


'The seasonal effect invoked by Secchi and Abetti to explane the seasonal varia- 
tion of the observed solar diameter could be of the same type devised here, through 
the measurements made in Santa Maria degli Angeli and here presented and dis- 
cussed. The inflexion points of the intensity profile along a solar diameter define 
in a more stable way the limbs of the Sun, but this was possible only in XX cen- 
tury with the advent of photography and digitalization. For visual inspection the 
inflexion point is missed, because the Penumbra varies from about 3096 to 4596 
from Winter to Summer, but it would provide an evaluation very similar to the 
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% chosen by Bianchini, who could work with solar images produced in the fully 


darkened basilica, by using tents outside the large windows. 
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'The research started from the birthdate of Angelo Secchi: June, 28, that is the vigil 
of St. Peter and Paul in Roman Catholic Church. In this congress Matteo Galaverni 
assessed the baptismal names of Angelo Secchi, clarifying that the pointed letter “P.” 
stands for Father, in Italian "Padre". So there is no connection between the names of 
Angelo Secchi, with the Prince of the Apostoles, but the question about the storicity 
of the feast of the two Apostoles dead both in Rome under the prosecution of Nero, 
remains. An archaic algorithm to fix relevant days of the year is still connected with 
some important dates of the present globalized World. These are +40 days from solstices 
and equinoxes. The action of the Catholic Church to Christianize some of these feasts is 
outlined, but the conclusion is that the 29 of June is not connected with such algorithm 
and procedure, having reliably and historical root. 


Keywords: Angelo Secchi, Astronomy, Gnomonics, Meridian line, Santa Maria degli 
Angeli, San Pietro, Equinoxes, Solstices, Zodiacal Signs, Play Cards. 


1. The birthday of Secchi: A case study 


Angelo Secchi was born in 1818 on June 28, the vigil of St. Peter and Paul. The 
^P." found in the internet before his name was interpreted not only by wikipedia, 
but also by D. Menzel in the book *Our Sun" and reliably by many other authors 
as his first name, but Matteo Galaverni demostrated that it was simply "Padre" i.e. 
Father (a Jesuit one in his case). The starting question for us was concerning this 
feast and its date: was it original or the result of an adaptation made by the Catholic 
Church to substitue some important dates coming from the ancient agro-pastoral 
culture. 


2. Agro-pastoral Algorithms for feast and annual rithms 


'The transhumance, the periodical migration of the shepherds with their flocks, be- 
tween the mountains of Abruzzo and the flat regions of the Apulia in Italy, required 
a knowledge of the annual solar rithms. To the equinoxes and the solstices were 
associated 40 days before and after some relevant yearly events for this society: 
occasions of gathering and celebrating together some feasts. The reckoning of such 
days was done by counting, and 40 was an apotropaic number obtained by the sum 
of the fingers of hand, feet of the man and of the woman. This is one reason why 
the Neapolitan play cards are 40. 

The present feasts so individuated are 1st May (labor day) 31 October (All Saints 
Eve, Hallowe’en) 2 February (Candlemas) 15 August (August holiday, Assumption 
of Virgin Mary to the Heaven) 2 August (Santa Maria degli Angeli) 11 November 
(St. Martin, end of the ancient fiscal year). The 11 February is Our Lady of 
Lourdes, but it is only after 1858, when the Virgin Mary appeared in Lourdes at 
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the base of French Pyrenees. The 11-12 of May also are no relevant feast, even if 
we found the death date of two popes Sylvester II and Sergius IV respectively in 
May, 12 1003 and 1012, whose inscriptions are preserved in the Cathedral of Rome, 
St. John the Lateran; Sylvester II was an astronomer. 


THES LT 
FEEOEHIEAI 
SIRS m A A 
BUW Ki eee 


Fig. 1. The 40 Neapolitan Cards. 


There are 4 card types (seeds) related to the seasons: cups for wine (autumn), 
money for summer, sword for spring (the time for was champaings), club for winter 
(needed for fire). The meaning of Kings, Knight and Soldier for each card type are 
related to the beginning days of the seasons: equinoxes and solstices. The numbers 
from 1 to 7 are the weekdays. 


3. French cards and lunar months 


Alternative interpretations are in the French cards with lunar months: 13 cards for 
each seed, as the 13 lunar months in the year. 52 cards and 1 jolly. 


4. Zodiacal signs and annual rithms 


Conventionally the Zodiacal Signs are referred to the geocentric annual orbit of the 
Sun around the Earth: since it is inclined of about 23° with respect to the celestial 
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equator we have the variation of the insulation and consequently the 4 seasons, 
corresponding to separation of 90? in this presumably circular orbit. The change 
in rising and setting points of the Sun is evident along the year for a give point 
of view: the extreme positions correspond to the solstices, and the mean position 
correspond to the equinoxes. The zodiacal signs represents a further division in 3 
parts for each sector, slightly larger than a lunar month. But assuming precisely 
sectors of 30? implies the capability to compute the times of the year when these 
sectors are transpassed. And these dates and times are not constant from an year 
to the following because of the length of the tropical year approximately 365.2422 
days, and because the obliquity of the Earth's orbit is changing from about 21? to 
24? in 41000 years. 

'The Zodiacal signs have been used to describe the annual orbit of the Sun, and 
after Ptolemy's Almagest they were used for marking the great meridian lines built 
in the churches, namely St. Petronius in Bologna and Santa Maria degli Angeli in 
Rome. 


Fig. 2. The scheme of the Zodiacal Signs in St. Petronius's meridian line in Bologna, made by 
Egnazio Danti in 1577. 


It happens that when the dates of the Zodiacal signs are rounded to an integer 
value, some incongruences appear. This is the case of the meridian line in St. Peter's 
square in Vatican, realized by Peter Maccaranius in 1817. 

'The dates are not compatible with the second law of Kepler and apsides on 
4 July and 4 January. It is immediate by looking at them: the ingress in Acquarius 
should be on 20 January instead of 21. 
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Fig. 3. The dates of meridional Zodiacal Signs in St Peter's meridian line. 


Fig. 4. The dates of septentrional Zodiacal Signs in St Peter's meridian line. 
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Duration of a sign in days 
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Fig. 5. The winter solstice in St Peter's meridian line. 
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The irregular duration of the signs in St Peter’s meridian line. 
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The father of Italian geodesy is Francesco Bianchini (1662-1729), who built the meridian 
line in the Basilica of S. Maria degli Angeli in Rome with the purpose of measuring 
accurately the variation of the obliquity of Earth's orbit and the tropical year duration. 
He compared the observations of eclipses made in Rome and in Bologna, at the meridian 
line (1655) made by Giandomenico Cassini and found that the meridian of the Pontifical 
State was from Rome to Rimini. While Bianchini published many details of the meridian 
line in 1703, the presence of two decorations near the Summer solstice position has 
remained unexplained until 2018. Only one of them receives the image of the Sun 
nowadays and allows immediately to evaluate the secular shift of the solstice's position. 
The position of the red marble strip under this decoration is the materialization of the 
solstitial center of the solar image in 1702. For 150 years the noon signal was given by 
that meridian line; Angelo Secchi was able to automatize the procedure of the ball-drop, 
as in Greenwich observatory. A signal was spread to the city, through the fall of a sphere 
visible from far on top of the Flamsteed house, to give the instant of the local meridian 
transit. This was established in 1833 and automated in 1852 by George B. Airy. Secchi 
realized a similar device upon the roof of St. Ignatius, where his Observatory was located. 
This ball-drop gave the signal to a cannon located at Castel Sant’ Angelo, the cannon was 
moved later on Gianicolo hill. Nowadays the tradition of the cannon continues, without 
the intervention of astronomers. Secchi measured carefully the meridian of Rome, and 
paved the way to the modern geodesy and the fundamental meridian of Italy at 12? 27’ 
08" from Greenwich on top of Monte Mario. 


Keywords: Angelo Secchi, Astronomy, meridian line, Santa Maria degli Angeli. 


1. The story of the meridian line in Santa Maria degli Angeli 


The church of S. Maria degli Angeli is built inside a part of the old roman Baths of 
Diocletian in Rome, the present entrance is from Piazza della Repubblica. Michelan- 
gelo Buonarroti first adapted the old building to a church in 1561-64, further inter- 
ventions were then made by Luigi Vanvitelli in 1749-50. 

'The meridian line of S. Maria degli Angeli was built by Francesco Bianchini 
between 1701 and 1702, upon the will of pope Clement XI who commissioned the 
work. This device was built for multiple purposes, one of which was measuring 
accurately the variation of the obliquity of Earth's orbit and the tropical year du- 
ration. However, it also had religious purposes as it was used to verify the date for 
Easter. 

Bianchini took inspiration from other great meridian lines like the one built by 
Giandomenico Cassini in the church of San Petronio, Bologna, in 1655. Bianchini 
compared the lunar eclipse's observations in Rome and Bologna and found out 
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that the meridian of the Pontifical State was from Rome to Rimini. Bianchini's 
meridian line built in Santa Maria degli Angeli materialized this meridian, which 
crosses Rome at 12° 29’ 51" from Greenwich. 

Santa Maria degli Angeli's meridian line was inaugurated on 6th October 1702. 
It is made of bronze and is enclosed in white marble surrounded by a line of yellow 
marble. Originally the pavement in the church was made of earthenware tiles which 
made the meridian line stand out from all the rest. All around the line the twelve 
zodiac signs are represented. 

'The light of the Sun comes from a circular pinhole, the gnomon, situated in the 
middle of pope Clemens XI's emblem. 

The image of the Sun traverses the meridian line at local noon everyday and 
during the year it crosses through the whole line. The image of the Sun projected 
on the pavement goes from being almost a circle during summer solstices to being 
very oblong at winter solstice. The presence of two decorations near the Summer 
solstice position has remained unexplained until 2018. During summer solstice the 
sun passes at the closest point from the base of the gnomon and is expected to meet 
the two decorations with the papal emblem. However, only one of them receives the 
image of the Sun nowadays, therefore this can be used to evaluate the secular shift 
of the solstice's position. The position of the red marble strip under this decoration 
is the materialization of the solstitial center of the solar image in 1702. 


2. Luigi Vanvitelli and the alterations on the meridian line 


Between 1749 and 1750 the church underwent some architectural changes, made 
by Luigi Vanvitelli and the meridian line was altered. From a manuscript of the 
Jesuit astronomer Ruggiero Boscovich found in Italian National Library Vittorio 
Emanuele II in Rome in 2009, we get a deeper insight about the work of Vanvitelli 
and how it affected the meridian line. The document, whose aim was to suggest a 
solution to fix the line after the work of Vanvitelli, clearly illustrates the changes 
that were made. Before Boscovich's inspection, the monks of the church had already 
noticed that the cornice built under the gnomon prevented the light of the Sun from 
reaching the meridian line. They therefore operated a cut in it that let the light 
coming from the gnomon pass. Boscovich focused on other unfixed alterations in the 
meridian line, like the precise determination of the point where the perpendicular 
line from the gnomon meets the meridian line. This fundamental part should had 
been indicated on a slab on the pavement but Vanvitelli had it eliminated. Moreover, 
the base of one of the column added by Vanvitelli during the works was built on a 
part of the meridian line and obstructed it. Boscovich recommended for that part 
to be levigated and a movable piece was built and substituted to the part that was 
on the meridian line. So nowadays what we see is, in many parts, not the original 
work of Bianchini due to the alterations made during Vanvitelli's works. 
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Fig. l. Santa Maria degli Angeli's meridian line with the modern epigraph at its beginning. 


3. Meridian services and the procedure of the ball drop in 
Greenwich 


In the past, many people relied on sundials to tell the time, however time slightly 
changes basing on the location. The difference in time, in England, would be up to 
30 minutes depending on the longitude of the place. This led to the introduction of 
the Standard Time which was based on the Prime Meridian at Greenwich. Having a 
device to signal the exact time of noon was therefore very important, an instrument 
to measure it was by using a meridian line. Everyone would then check their clocks 
and adjust them basing on a certain signal. In Greenwich, a bright red ball on the 
top of Flamsteed House is used as a signal: each day the ball rises up its mast and 
is dropped exactly at 13:00. In the past this served as a signal to ships and to the 
whole population and corresponded to the instant of the meridian transit at the 
location. This procedure was established in 1833 and automated in 1852 by Airy. 
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Fig. 2. The cut in Vanvitelli's cornice made in order to let the light from the gnomon reach the 
meridian line. The photo is on April 6, 2019 at 13:19:53. The two luminous points are the pinhole 
and, lower, the light reflected by the carved marble of the frieze. 


4. Rome’s meridian services 


In Rome, for 150 years the signal was given by the meridian line at Santa Maria 
degli Angeli. In fact, as an epigraph inside the church reads, the meridian line 
served as a mean to indicate the time util 1846, when a cannon shot from Castel 
Sant’ Angelo was established to mark midday, after receiving the visual signal from 
St. Ignatius roof. This part of the information is lacking in the modern epigraph 
visible in figure 1 on the pilaster at the beginning of the meridian line, leaving in 
the reader the wrong impression that a cannon could measure the local noon given 
by the solar transit on the local meridian. 

A similar device to that of Greenwich was then used to give the signal to a 
cannon at the top of Castel Sant’Angelo. This device was created by Angelo Secchi 
and inspired by that of Greenwich, the aim of it was almost the same. However, 
the reason of such device was also to be found in the recent reform that concerned 
the day hours. The Pontificial State had been using a way of counting the hours 
in which the sunset coincided with the end of the day, that is the hour 24:00 was 
just after the sunset. Precisely, the sunset was set at 23:30. However, that meant a 
different time everyday for midday. This was the so called Italian way of counting 
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Fig. 3. The epigraph of the results of the observations made in the year 1703 with the meridian 
line. The photo is of 23 Jan 2019 at 13:26, when the sunlight hits the epigraph directly from 
the great window of SSW. The spring equinox was at HOR IX MIN III after local midnight on 
21 March 1703. 


hours. The sundials of Clavius at Collegio Romano, are still showing this use of 
measuring time. Using a meridian line, it is very easy to determinate the moment of 
midday, however with the method in use the hour 12:00 did not correspond to the 
moment the Sun was at its highest. Tables were required, basing on which people 
could get to know what time it was at the moment of the peak. 

Pius IX changed this by adopting a method of measuring the time of the day 
which was used in France and in many other European countries. With this method 
the midday coincided with the hour 12:00. 

Angelo Secchi's observatory in the Roman College was in charge of communi- 
cating the time of midday through a visible signal. As in Greenwich, a ball located 
on rooftop of St. Ignatius Church, gave the signal to the artillerymen that fired a 
cannon from Castel Sant/Angelo. Only at the beginning of the 20th century the 
cannon has been moved to the top of Gianicolo hill. There was now a reliable and 
unique signal to indicate the midday throughout the city. 

Secchi also measured carefully the meridian of Rome, the fundamental meridian 
of Italy at 12? 27’ 08" from Greenwich. The meridian passes through St. Peter's 
church in Rome and is physically indicated by a tower on Monte Mario hill. Santa 
Maria degli Angeli's meridian line is not along this meridian but about 8 seconds of 
time East of it. The measures of the meridian were part of a project with the aim 
of measuring the central European meridian, this was wanted mostly by Prussian 
government but many countries gave their contribute to it. Angelo Secchi was the 
person designated by the pontificial state to be in charge of the commission taking 
part in the measurements in the state's territory. With this work Secchi not only 
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demonstrated once again his great competence and capability but also paved the 
way to the modern geodesy. 


Fig. 4. The top of St. Ignatius church and the ball. 
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Angelo Secchi, following the tradition started with father Christopher Clavius (1535- 
1612) who wrote a mathematical treatise (1581) on Gnomonics, realized sundials and 
quadrants. The equation of time determines the difference between the mean solar noon 
and the transit of the Sun at the meridian line. Its behavior depends on two facts: the 
obliquity of the ecliptic and its eccentricity. The first is determinant for the double sinus 
curve during a year and the second for the asymmetry of the approach to the solstices, 
which determines some cares when the parabolic fit is adopted. It confirms the difficulty 
of measuring the solstices with respect to the equinoxes already evidenced in Ptolemy's 
Almagest. 


Keywords: Angelo Secchi, Astronomy, Gnomonics, Christopher Clavius, meridian line, 


Santa Maria degli Angeli. 


1. The book on Gnomonics of Clavius and the Sundials at Collegio 
Romano 


Fig. 1. The Clavius sundial at the Collegio Romano between the Calandrelli tower (right) and 
the top of the facade (left): the Italic hours, with Sunset at 23:30 and Ave Maria half hour later 
at 24 h. 


2. Sundials at the time of Father Secchi 


Secchi built some sundials in Grottaferrata and in Sicily, but Gnomonics at his time 
was a subject of study of some extent. The priest Angelo Giuseppe Sarto, born in 


1818 


1835, built two sundials in his parish at Tombolo and Fontaniva in Veneto. He 
later become pope Pius X (1903-1914). When he was pope had to answer about 
the equation of time to his former parishioners, because in the passage between the 
local time to the European one, TMEC, every sundial and also his own showed 
immediately the equation of time to everyone. 


Fig. 2. The equation of time obtained with approximation. 


3. Cause of the equation of time and first representations 


Se puoi Jean des Murs e gli altri se no solo Tolomeo in Almagesto. 


4. The bisection of the eccentricity from Ptolemy to Kepler 


Kepler introduced the elliptical orbits, but it happened, already with Cassini data, 
that the ptolemaic eccentricity was exactly the double of the keplerian one, by def- 
inition of eccentricity of an ellipse. Therefore the introduction of an eccentricity, 
well before Ptolemy, after Eudoxus with Apollonius that in 3rd century BC who 
explained the equivalence with epicycles, already was an early evidence that the 
orbit of the Sun or of the Earth was showing different velocities in time and the 
existence of two opposite apsides. The perigee and the apogee become perihelion 
and aphelion, but the date remained the same. Arab astronomers understood their 
westward rotation, and between 15 and 17 centuries the astronomers tried to mea- 
sure these modifications to the perfect two-body problem with increasing accuracy. 
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Fig. 3. The equation of time obtained with approximation. 


'The presence of the axis of apsides now occurring on 3-4 January and 3-4 July 
determines an asymmetry in the solar approach to the solstices: slower before the 
perigee on January with a faster farthening, conversely the summer solstice of June 
21 is approached with a faster speed than later. This fact produces an estimate 
of the solstice instant which is sistematically earlier than the true instant as we 
increase the timespan between symmetric dates with the meridian Sun at the same 
heigth. Example the cardinal Nicholas Cusano estimated the winter solstice aver- 
aging the two dates in which his pinhole allowed the sunlight entering in his room 
at Andraz Castle. Now it happens between 2 February and 18 November at the 19 
of December is the result of this estimate, because the Sun reach the same height 
of 18 November slightly faster after the perigee which now is Jan 4. At the time of 
Cusano the perigee was in January 1st 1450 and dividing by 2 the timespan the sol- 
stice estimate yielded probably 13 of december (the tradition of St. Lucy in Italian 
sounds "santa Lucia il giorno piü corto che ci sia" says that st Lucy feast on Dec. 13 
is the shortest day. Cusano already was able to measure that the solstice occurred 
well earlier than 21 december. The difference between the legth of the days near the 
winter or the summer solstice was not measurable accurately without chronometers. 
Cusano and other scholars already knew that the solstice was a minimum in the 
meridian height of the Sun, then its estimate by symmetry was one rapid solution 
to obtain that day, and the proverb tells us that the people was aware of the true 
solstice at the beginning of the Renaissance. 


Fig. 4. The winter solstice measured in S. Maria degli Angeli in 2018-19 until December 29, with the asymmetry not yet evident. 
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Fig. 5. The position of Betelgeuse, Humerus Orientilis Orionis, in 1701 atlas of Philippe de la 
Hire. The Southern solar limb was on it near April 10; nowadays the Sun is much southern with 
respect to Betelgeuse, for the precession. Betelgeuse is in the opposite direction of local motion of 
the Celestial North Pole from 1701 to present. 
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Angelo Secchi: Un inquadramento storico-scientifico 


Namara, Alexandre 


This paper is rewritten from an original paper of 1976. It is in Italian and gives a 
complete framing of the scientific activity of Angelo Secchi in comparison with his con- 
temporaries. Alexandre Namara published this contribution in a famous book “les secrets 
de l'Astronomie" published in Geneva in 1976 and translated into 4 languages. 
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1. I primi incontri con la neonata astrofisica 


Padre Angelo Secchi (1818-1878) esiliato dall'Italia con i Gesuiti, fu inviato 
all'osservatorio astronomico di Georgetown. Tornato in patria, venne nominato 
direttore dell'osservatorio del Collegio Romano, che doto di nuovi e pit adatti stru- 
menti, come egli stesso racconta: “In questi ultimi anni è sorto un ramo di studio 
non guari prima considerato. Cioe lo studio fisico degli astri. Se ne togliamo i lavori 
degli Herschel, i quali non mai ebbero un osservatorio regolare propriamente detto, 
questi studi non furono coltivati che sporadicamente e da pochissimi amatori. Anzi 
gli Herschel stessi sparirono dalla scena dopo l'immortale spedizione di Sir John al 
Capo di Buona Speranza. Talché l'astronomia fisica era quasi un terreno abbando- 
nato all'epoca in cui fummo chiamati a dirigere l'Osservatorio del Collegio Romano, 
onde ci risolvemmo di dedicare ad essa le nostre fatiche... Questo concetto fu quello 
che regoló tutti i nostri studi posteriori e la scelta stessa degli strumenti per il nuovo 
osservatorio. Questo studio fu allora creduto una superfetazione e ci fu perfino chi 
disse che al Collegio Romano non si coltivava la scienza astronomica, ma la fisica, e 
vi è stato chi ha rifiutato il titolo di astronomo, quasi che Galileo e gli Herschel, la 
cui vita fu spesa in tali studi, non fossero astronomi. Ma il tempo ha fatto giustizia, 
e senza vanità possiamo dire che ora, sulle nostre pedate, sorgono altrove osserva- 
tori esclusivamente fisici per lo studio dei corpi celesti, come a Oxford, a Berlino, a 
Parigi stessa, a Calcutta e in altri siti. Questa fisica degli astri, allora bambina, si 
é svolta nell'intervallo di 25 anni dacché lavora l'osservatorio e questo ha tenuto un 
qualche posto nel suo avanzamento". 


2. Gli strumenti e gli studi di Secchi a Roma 


Gli studi di padre Secchi erano cominciati già quando poteva disporre solo di stru- 
menti inadeguati. Si era interessato allora del Sole e, con una pila termoelettrica, 
ne aveva misurato l'intensità di radiazione in occasione dell'eclisse del 1851 e in 
seguito sull'immagine solare fornita dal telescopio. Era sua intenzione di valutare il 
rapporto fra la radiazione al centro del Sole e quella sul bordo. Sull'immagine proi- 
ettata dal rifrattore egli riusci a calcolare le deviazioni galvanometriche provocate 
dalla pila, ottenendo la conferma che l'intensità di radiazione al centro del disco so- 
lare è quasi doppia che ai bordi. Padre Secchi si dedicó anche alle comete: ne scopri 
una nel 1853 che aveva un nucleo multiplo e l'anno prima aveva rintracciato i due 
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resti della cometa di Biela, che si era frantumata durante il suo ritorno periodico 
del 1846. Avendo intravisto attraverso il nucleo di uno dei due pezzi una debole 
stella, aveva concluso che le comete sono costituite di materiale molto rarefatto. 
Ancora non si conosceva l'origine delle stelle cadenti, ma, dagli studi condotti, egli 
propendeva per una loro natura cosmica e per accertarsene esegui delle regolari 
osservazioni annuali dei punti radianti. 

Quando fu finalmente in possesso di strumenti piü moderni e piü precisi, si 
occupo di Saturno e analizzó it suo anello determinandone l'intensità luminosa delle 
varie parti, notò che l'anello interno è nebuloso e che la superficie non è piana e ne 
calcoló it diametro, lo schiacciamento e l'eccentricità. Osservó anche Giove, di cui 
ha lasciato molti disegni riguardanti le particolarità presenti sulla sua superficie, 
e rilevó la presenza nell'atmosfera di grandi perturbazioni. Fu in grado perfino di 
seguire le orbite dei pianeti Medicei e ne misuró i diametri, il periodo di rotazione 
assiale e la loro diversa capacità di riflettere la luce solare. Fu poi la volta di Marte, 
sul quale scopri la presenza di due formazioni di colore rosso cupo e di carattere 
stabile, che egli chiama (canali). Si accorse inoltre che le calotte erano eccentriche 
rispetto ai poli e le consideró erroneamente nubi. 


3. La Spettroscopia 


Cominció ben presto ad introdurre l'uso dello spettroscopio nell'analisi dei pianeti e 
in tal modo osservo che nello spettro di Giove e Saturno vi erano righe relative alla 
presenza di vapor acqueo, ma soprattutto che erano presenti righe caratteristiche 
nel rosso, che lo portarono a concludere che la loro atmosfera ((non era ancora 
purgata) ed era costituita diversamente dalla nostra. Gli spettri di Nettuno e Urano 
apparivano discontinui, mentre da quello di Marte ricavava che la sua atmosfera era 
molto trasparente. Riguardo alla Luna egli esegui dei disegni e delle fotografie. Nei 
disegni insiste su alcune caratteristiche dei crateri, in particolare su ^Copernico". 
Le fotografie risalgono addirittura al 1859 e furono eseguite come esperimento di 
fotografia celeste. Padre Secchi si avvide in tal modo che rifrattori non erano adatti 
per la occhio umano, perché i loro obiettivi erano corretti per l'occhio umano, ma 
non adeguati alla sensibilità della lastra fotografica. Bisognava allora utilizzare a 
tale scopo i riflettori. 

Venuto a conoscenza che G. B. Donati era riuscito ad ottenere lo spettro di 15 
stelle, P. Secchi volle cimentarsi nell'impresa. Potendo utilizzare spettroscopi già 
perfezionati per questo uso, gli fu possibile distinguere vari tipi di spettri stellari. 
Ora, la sua intenzione era di studiare il maggior numero possibile di stelle per vedere 
se “come sono innumerevoli le stelle, fosse pure proporzionatamente varia la loro 
composizione". Dopo aver messo a punto uno strumento appositamente adattato 
allo scopo, il prisma-obiettivo di Merz, inizió le sue osservazioni che lo portavano 
a concludere che “le stelle sono numerosissime, eppure i loro spettri si riducono a 
poche forme ben definite e distinte, che per brevità noi chiamiamo tipi. L'esame delle 
stelle ci ha occupati per parecchi anni; furono esaminate quasi tutte le principali e 
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moltissime altre, almeno 4000 in tutto, perché oltre la stella principale si esaminava 
tutto il suo contorno". 

Le stelle furono suddivise a seconda delle fondamentali caratteristiche spettrali 
in tre tipi principali: stelle bianco-azzurre, gialle e rosse; inoltre ne esiste un quarto 
definito “assai bizzarro e vario. Potrebbe credersi a prima vista che esso risulti 
dal terzo sopprimendo alcune delle righe oscure”; il quinto tipo è formato dalle 
stelle che hanno spettri con righe brillanti di emissione. Questa classificazione ebbe 
molto successo e venne subito adottata, anche perché apparve chiaro che essa doveva 
corrispondere ai diversi stadi dell'evoluzione stellare. 
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Fig. 1. Spettri di alcune stelle studiate da Secchi. 


4. La fotografia di spettri 


Intanto Sir William Huggins (1824-1910) analizzando vari spettri terrestri e celesti e 
ponendoli a confronto, osservò alcune analogie: entrambi tipi di spettri presentavano 
dei caratteristici due raggruppamenti di righe corrispondenti a determinati elementi 
come soprattutto l'idrogeno, il sodio e il magnesio. Le nebulose fino ad allora erano 
considerate degli ammassi di stelle troppo lontani per essere investigati anche coi 
più potenti telescopi mediante l'analisi spettroscopica poteva scoprire che alcune 
nebulose dovevano considerarsi piuttosto degli ammassi di gas. Infatti gli spettri 
di varie nebulose presentavano delle righe brillanti di emissione, caratteristiche dei 
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gas incandescenti. I suoi potenti spettroscopi gli avevano fra l'altro consentito di 
scoprire la presenza in certi spettri di un debole effetto Doppler. Dopo qualche anno 
Huggins poté determinare la velocità di allontanamento o di avvicinamento al Sole 
di varie stelle. Nel 1880, utilizzando lastre fotografiche “asciutte” , Huggins fotografo 
sulla stessa lastra uno spettro terrestre e uno stellare, riuscendo cosi a determinare 
immediatamente la velocità della stella lungo la visuale. In seguito al perfeziona- 
mento di questo metodo, Vogel nel 1881 confrontó lo spettro dei due lembi, del Sole 
durante la rotazione e pote confermare l'esistenza dell'effetto Doppler. P. Secchi 
ebbe il merito di considerare il Sole un utile mezzo di conoscenza delle proprietà 
stellari, difatti esso e l'unica stella vicina a noi ed e la sola di cui possiamo osservare 
ampiamente la superficie. Le caratteristiche rilevabili dall'analisi spettroscopica si 
sarebbero potute generalizzare per la altre stelle. Egli stesso si occupó della natura 
delle macchie solari e si convinse che esse sono zone a temperatura inferiore rispetto 
alla fotosfera come sarebbe poi risultato dall'analisi dello spettro. Anche R. C. 
Carrington si occupó di questo problema e giunse a conclusioni sulla legge di ro- 
tazione del Sole a varie latitudini, l'esistenza e la direzione di correnti sistematiche, 
la distribuzione delle macchie sulla superficie solare. 

Spetta invece a J. F. Janssen di aver fotografato per la prima volta la fotosfera, 
che si presenta ricoperta da piccoli granuli luminosi, per la maggior parte di forma 
ovale. Fotografo, inoltre, un'eclisse parziale di Sole, con la quale si poteva dimostrare 
Vinesistenza di un'atmosfera lunare: infatti i granuli che si trovavano presso il lembo 
lunare non subivano la minima distorsione. Tali granulazioni erano considerate da 
Padre Secchi come la punta delle colonne di gas surriscaldato, che uscivano dalla 
fotosfera. La presenza di macchie, penombre, granulazioni e facole faceva pensare 
che sul Sole esistesse una zona di grandi perturbazioni. 


5. La natura delle macchie del Sole 


A causa di tale zona sorse una polemica tra Padre Secchi e un membro 
dell'Accademia delle scienze di Francia, Hervé Faye. Quest'ultimo sosteneva che 
il Sole poteva essere paragonato a una macchina termica, che emanava calore dalla 
sua superficie. La sorgente di calore era la massa stessa del Sole, la sorgente del 
freddo lo spazio celeste, il condensatore era la fotosfera. Il meccanismo di funzion- 
amento consisteva in correnti ascendenti e discendenti, le une portanti i vapori, le 
altre le sostanze raffreddate e solidificate. Le macchie solari non sarebbero che dei 
cicloni. Contro questa ipotesi P. Secchi obiettava, in primo luogo, che le macchie 
solo di rado presentano un movimento vorticoso, necessario per ammettere loro 
natura ciclonica. Infatti di trecento macchie da lui osservate nel corso di un anno 
solo otto rilevavano un movimento vorticoso arguibile dalla struttura a spirale. Fra 
l'altro, questa, quando è presente, permane solo uno o due giorni, mentre le mac- 
chie mostrano un carattere piü duraturo. Egli quindi riteneva che la massa solare 
fosse costituita prevalentemente di gas, come facevano supporre le caratteristiche 
delle macchie, la cui struttura era paragonabile a quella delle nuvole o delle fiamme. 
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Un' ulteriore conferma della sua ipotesi venne dallo studio di quelle eruzioni gassose 
che spesso si osservano nei nuclei delle macchie. La fotosfera sarebbe allora un 
fluido elastico analogo ai nostri gas e i movimenti a spirale possono effettivamente 
essere ricondotti a fenomeni simili a cicloni terrestri. I vortici sono più frequenti 
nel periodo di formazione delle macchie, ma in seguito scompaiono e al loro posto 
subentrano correnti regolari convergenti verso il nucleo delle macchie. 


6. Le foto del Sole 


Nel 1857 fu costruito il primo “fotoeliografo” con lo scopo di fotografare regolar- 
mente il Sole ogni giorno. Si ottenne cosi una preziosa documentazione dell'attività 
variabile del Sole durante l'anno. Le fotografie stereoscopiche delle macchie e delle 
facole evidenziarono che queste si trovano nella parte alta della fotosfera, men- 
tre le macchie sembrano dei buchi o vortici sprofondanti nella parte più bassa di 
essa. Padre Secchi ne potè determinare allora, la “parallasse di profondità" cioè gli 
spostamenti apparenti determinati dalla depressione della superficie solare durante 
la rotazione. Egli potè proseguire le ricerche di Angstrom e Kirchoff sullo spettro 
solare e inoltre notò che l'aspetto delle righe di Fraunhofer (più o meno diffuse) 
dipendeva dallo stato fisico di pressione e di temperatura delle zone d 'atmosfera in 
cui avviene l'assorbimento. 


7. Le eclissi del Sole 


Nel 1860 vi fu un'eclisse totale di Sole e Padre Secchi ne approfittó per studiare che 
natura avessero quelle protuberanze rosse, cioè quelle grandi eruzioni di idrogeno 
che erano già state notate dagli antichi nel corso delle eclissi. Dalle fotografie che 
egli esegui sull'immagine diretta del disco solare occultato dalla Luna, e da quelle 
che realizzó Warren de la Rue con l'eliografo di Kew risultó che le protuberanze 
effettivamente esistono e non sono giochi di luce; che appartengono alla superficie 
solare; che anche la corona è reale e che le sue dimensioni sono meno estese ai poli 
che all'equatore, e raggiungono un massimo a 450 di latitudine. Janssen, invece, 
osservò l'eclisse di Sole del 1868 in India, per osservare le protuberanze allo spettro- 
scopio. Queste presentavano uno spettro di emissione molto brillante ed egli pensó 
che quindi potevano essere osservate anche normalmente, senza eclisse. Adottó, a 
tale scopo, un metodo che sarebbe risultato utilissimo. Egli puntó la fessura dello 
spettroscopio radialmente, in, parte sul disco solare, in parte al di fuori, e osservó 
una parte del lembo. Notó cosi che la riga C di Fraunhofer presentava un prolunga- 
mento, una sottile riga rossa e brillante che perdurava nonostante gli spostamenti 
della fessura su altre regioni, ma che variava notevolmente in altezza e splendore 
a seconda delle regioni perlustrate. C. A. Young, osservando una nuova eclisse to- 
tale, riusci a dimostrare la costituzione della corona, la cui natura appariva gassosa. 
Dall'analisi del suo spettro si osservava la presenza di una riga verde di emissione 
che egli identificó con la riga cromosferica vicina, che ha analoga lunghezza d'onda. 
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La cromosfera, un attimo prima dell'oscuramento é molto brillante, ma scompare 
rapidamente subito dopo il principio della totalità quando diventa visibile la riga 
coronale molto pit debole. à probabile che per la piccola dispersione allora usata, 
le due righe possano essere state confuse. 

Contemporaneo di Young fu Sir J. Norman Lockyer, il quale mise a punto, quasi 
negli stessi anni di Janssen, la tecnica per studiare le protuberanze solari in piena 
luce. Con le sue ricerche scopri che esse si originavano da un involucro gassoso che 
circonda il Sole e a cui diede nome di ((cromosfera)). Dallo studio degli spettri solari 
e soprattutto da quello della cromosfera, egli poté formulare una sua ipotesi sulla 
dissociazione degli elementi alle alte temperature presenti nelle atmosfere stellari. 
Secondo la sua teoria le righe spettrali H e K della regione del violetto, sono dovute 
alla dissociazione del calcio, ed esse aumentano di intensità man mano che aumenta 
la carica elettrica. 


8. L'Elio e le perturbazioni magnetiche 


Nello spettro delle protuberanze era presente una riga gialla brillante D3, che non 
era determinata da nessun elemento presente sulla Terra. essa fu quindi attribuita 
a un nuovo gas che prese il nome di ((elio). In Italia, allievi e successori di Padre 
Secchi furono Pietro Tacchini e Annibale Riccó che si interessarono soprattutto alle 
relazioni fra fenomeni solari e fenomeni terrestri. Il primo si occupò di valutare 
l'influenza delle eruzioni solari sulle aurore polari nelle parti alte dell'atmosfera 
terrestre. Il Riccó esegui molte osservazioni sulle macchie solari e sulle protuberanze 
e studio le eventuali relazioni fra esse e le perturbazioni del magnetismo terrestre. 
Riusci cosi a rilevare un ritardo nella perturbazione magnetica sulla Terra di circa 
45 ore dopo il passaggio delle macchie solari per il meridiano centrale del Sole. In 
Russia nel 1894 A. Belopolsky scopriva variazioni periodiche nella velocità radiale 
di Delta Cephei, dimostrando che questa è una proprietà generale delle variabili a 
corto periodo. 


9. I primi cataloghi stellari e i principali temi dell’ Astronomia 
dell’ottocento 


Intorno alla meta dell’ottocento incominciano ad apparire cataloghi stellari redatti 
con sempre maggiore accuratezza e precisione, e Bessel riesce a calcolare, con ot- 
tima approssimazione, la prima distanza stellare; sempre in questo Draper ottiene la 
prima fotografia Luna e Daguerre fotografa un’eclisse solare. Galle, nel 1846, scopre 
il pianeta Nettuno e, poco pit tardi, Doppler riesce dare una spiegazione al fatto 
che le righe spettrali di una sorgente luminosa si spostano verso il violetto o verso 
il rosso a seconda che l'astro si avvicini od allontani dall'osservatore (fenomeno poi 
conosciuto col nome di effetto Doppler). Con lo studio dell'analisi spettrale, che 
consente di calcolare la temperatura e la composizione chimica di qualsiasi sorgente 
luminosa, ha inizio una nuova corrente astronomica, l'astrofisica che, come abbi- 
amo visto, ebbe per primi ferventi sostenitori A. Secchi e W. Huggins. Verso la 
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fine del XIX secolo viene determinata, prima in modo approssimato, poi sempre 
più accuratamente, la parallasse solare, la cui importanza abbiamo già rilevato nei 
capitoli precedenti. Nel 1891 H. Deslandres e G. E. Hale eseguono particolari fo- 
tografie solari servendosi di un nuovo strumento: lo spettroeliografo. Intanto gli 
apparati strumentali vengono ancora maggiormente perfezionali seguendo il paral- 
lelo sviluppo della tecnica; allora incominciano ad essere determinabili quei piccoli 
spostamenti degli astri che prima non potevano essere notati. Cosi Chandler poté 
riscontrare alcuni piccoli mutamenti net valori delle latitudini di alcuni osservatori 
e, di conseguenza, scoprire il fenomeno della variazione di latitudine. Vengono frat- 
tanto pubblicati alcuni cataloghi stellari tra cui il Draper Catalogue, che comprende 
classificazione di oltre diciannovemila stelle, e quello di F. A. Argelander di 324 mila 
stelle dell'emisfero boreale. 

Le scoperte di piccoli pianeti si susseguono freneticamente, potendosi ora gli 
astronomi servire del valido aiuto della fotografia. Schiaparelli, l'astronomo italiano 
più rappresentativo di questo periodo, compie all'osservatorio di Brera di Milano i 
suoi studi sui canali di Marte, che tanto hanno fatto discutere fino ai nostri tempi; 
egli scopre inoltre che il periodo di rotazione di Mercurio intorno al proprio asse e 
uguale a quello di rivoluzione intorno al Sole. J. C. Maxwell espone la sua teoria 
secondo cui gli anelli di Saturno sono composti di piccoli corpi o frammenti di corpi 
celesti, che ruotano intorno al pianeta. Intanto si scopre che la Luna è priva di 
atmosfera e si osserva la ((macchia rossa) di Giove. Pickering, servendosi delle 
teorie espresse da Doppler, scopre un nuovo tipo di stelle doppie che, trovandosi ad 
una distanza apparente molto vicina, non potevano essere osservate visualmente: a 
queste venne dato il nome di ((binarie spettroscopiche}. Come era stato previsto 
da Bessel in linea teorica, si riesce ora ad osservare le compagne di Sirio e Procione. 
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Why Angelo Secchi has been a giant in solar physics? the following considerations will 
demonstrate this thesis. Both observationally, experimentally and theoretically Secchi 
was always at the cutting edge of his times in the realm of solar physics and astrophysics. 
His book Le Soleil has recently been reprinted by Forgotten Books (August 6, 2018) and 
Il Sole, Italian version, is being published by Gerbertus Academic Journal (2019). The 
experience of Secchi drove me during the PhD Thesis at Sorbonne University, through 
his book Le Soleil. 
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1. Introduction 


It is difficult to pay a full or even a partial tribute to father A. Secchi S. J. so 
extended are his contributions to different fields of the Astrophysics of the 19th 
century and so highly appreciated has been his life almost entirely devoted to Science 
and Education. Let me just restrict myself to a memory that I vividly keep since the 
late 1960ies, when I discovered the double big volume of his wonderfully written 
in French books “Le Soleil” edited by the House “Gauthier- Villars” in Paris. I 
mean the 2d Edition issued in 1877 made of 8 so-called “books” of a total of more 
than 900 pages plus an atlas containing the 1st solar spectra (1st never published 
I guess). The reading of each volume that I performed several times at the Paris 
Observatory Library, impressed me so much that I seriously decided to continue 
and deepen my research on the Sun in general, instead of restricting on the analysis 
of total eclipse observations and their applications to the study of the expanding 
solar corona and structures which was the topic of my PhD at Sorbonne University. 


2. Secchi's book and solar eclipses 


'The 1st volume indeed contains a very detailed account of the observations per- 
formed by several famous scientists and by father Angelo Secchi himself, at eclipses, 
starting with the 1842 eclipse. Secchi described with great details the chromosphere 
and prominences discovered at time of the totality and just before and after: it seems 
legitimate to claim that he discovered indeed the solar chromosphere and promi- 
nences, including its finest details that today are called spicules. It was amazing 
to read in 1970-71 how the Jesuit-Astronomer interpreted the observation of the 
white- light aureola seen around the Sun during the totality that now is called the 
solar corona, with the chromospheric red fringe at the feet. I cannot resist in show- 
ing in Figure 1, a copy of one of his drawing reproduced in the book IV, p. 350 
of vol. I showing the eclipse observation of 1868 which reflects for the 1st time the 
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Fig. 1. Drawing of the 1868 solar total eclipse corona from the Angelo Secchi’s book “Le Soleil” 
1877, p. 350, vol. I. Note the prominences, in red, and large streamers shown for the 1st time. 
Because observations were done near a solar minimum of activity, the polar axis is horizontal (270 
to 90° direction) and streamers extend about the equatorial plane. 


behavior of the outer corona with what he called “aigrettes” and that today are 
called streamers. This was at a time when the Sun itself was still poorly under- 
stood (remember that the great Newton thought it is a giant planet and his follower 
W. Herschel considered until the beginning of the 19th century, the Sun was inhab- 
ited); the plasma high temperature properties of the corona, its magnetism and 
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its expansion towards the interplanetary medium was completely ignored or totally 
not understood. His very accurate and critical account of observations made by 
eclipse observers who started to use the photographic method to help in making 
a more objective drawing of their fugitive and transient observations. This was of 
great help for a young student, not only for analyzing the solar corona, but also 
from the epistemological point of view. Just by comparing the far reaching Secchi's 
suggestions with what was established in the late 1960s, following the numerous 
and enlightening works produced on the same subject by Grotrian, Lyot, Edlen, 
Alfven, Shklovsky, Van de Hulst, Parker et al., the delicate processes leading to the 
discovery of new properties in Physics and in Nature can be evaluated. 


3. The mission Stereo and the solar corona 


Angelo Secchi is today broadly recognized as the founder of the stellar classification 
based on spectroscopic data; in his honor the most famous experimental package of 
the international Space Mission *Stereo" hold his name. He was clearly influenced 
and even impressed by spectra in general and he seriously described solar spectra 
and spectroscopic methods in his books. Regarding eclipses, he was the 1st to 
extensively comment the coronal spectrum obtained by Rayet at the 1868 eclipse 
in Malacca, p. 395 of Vol. 1. Interestingly he reported the observation of a new 
strong line he called E, situated between the line F (identified with H beta line of 
HI that Secchi knew from the prominence spectra) and line D (much later identified 
as the D3 line of HeI). The line E of the Rayet spectrum is now known as being 
the brightest emission line of the corona due to Fe XIV, the so-called green line 
that the today literature is used to attribute to Young who described it a little bit 
later and paid attention to the absence of any identification using the known at 
that time prominence spectra, concluding on the coronal nature of the line. The 
Rayet spectrum was reproduced in the Secchi's book (his Fig. 142) and it is easy to 
notice that the green line E is very well apparent without any additional comment! 
Regarding prominences, Secchi also published a large number of observations in his 
treatise. T'his work was illustrated with magnificent color plates of the chromosphere 
and of the various types of prominences. Limb eruptive phenomena were extensively 
observed in the Halpha line of hydrohen with his 25 cm aperture refractor equipped 
with a broad slit with a large dispersion spectroscope thanks to 3 consecutive prims 
put inside. Several plates were later used to illustrate and comment new works 
of the genial observer, including the study of the famous very fine spicules that 
the chromosphere is made of. I notice that following the D. Menzel studies of the 
1930s, small parts of the books were translated after the WWII at Sacramento 
Peak Observatory and both J. Beckers and especially R.B. Dunn developed the 
topic. An instrument called the chromopsheric telescope was built by R.B. Dunn to 
specially analyzed the Secchi's spicules and the chromospheric limb. Figure 2 shows 
one of the plate of the book illustrating how deep and extended was the analyzed 
limb features! Several of his plates could even today illustrate a book dealing with 
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Fig. 2. Contrasted reproduction of one of the plate from the Secchi's book “Le Soleil” 1877 to 
give a sample of his gallery of drawings of prominences. Note the chromosphere at the bottom of 
each drawing, with spicules protruding. 


1834 


the solar chromosphere which is not yet understood even with the extended today 
space-born experiments and numerical simulations. 

Prominent scientists like the father Angelo Secchi are missing in order to progress 
not only in solar and helio-physics, but as well, to deepen our understanding of 
Mother Nature. 
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Magnetic fields affect the structure of compact objects. The anisotropy produced by 
the magnetic field in the pressures suggests the necessity of using structure equations 
considering the axial symmetry of the magnetized system. In this work, we propose a 
model that generalizes the Tolman-Oppenheimer- Volkoff equations for the magnetized 
case and discuss some preliminary results for WDs equations of state. Our calculations 
are based on the y-metrics where the parameter ^ relates the deformation with the 
anisotropy in the pressures. 


Keywords: White dwarfs; magnetic fields; general relativity; anisotropic structure 
equations. 


1. Introduction 


The influence of a magnetic field is relevant in compact objects. Measurements of 
periods and spin down of soft-gamma repeaters (SGR) and X-ray luminosities of 
anomalous X-ray pulsars (AXP), support the idea of the existence of magnetars! 
which exhibit surface magnetic fields as large as 10!^ — 10!6 G?. However, the 
interior magnetic fields can not be observed directly, so one can only estimate their 
bounds with theoretical models based on macroscopic and microscopic analysis. 
The maximum magnetic fields estimated for magnetized white dwarfs are around 
1013 G4 and about 5 x 10!? G for quark stars?. 

The action of a magnetic field in a fermion system is breaking the spherical 
symmetry, which gives rise to an anisotropy in the quantum-statistical average of the 
energy-momentum tensor. This produces a pressure splitting in two components, 
one along the magnetic field (the parallel pressure P4) and another in the transverse 
direction (the perpendicular pressure P, ), T# = diag(p, —P1, —P,, —Pj), p is the 
energy density?. Consequently, the system composed by fermions under the action 
of a uniform magnetic field has an anisotropic equation of state (EoS)?. This 
form of the energy-momentum tensor suggests that when modeling the structure of 
magnetized compact objects, one should consider axial symmetry. 

Our first attempt addressing this issue was to consider a cylindrical coordi- 
nates (t,r, 0, z) metric to obtain Einstein field equations following the procedures 
of Trendafilova and Fulling?. In order to do so and for simplicity, we assumed 
that all the magnitudes in the model depend only on the radial coordinate r. This 
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approximation allowed us to obtain upper limits for the values of the magnetic 
field that compact stars can sustain, but compromised the computation of a total 
mass?4, 

Then, in order to be able to determine the total masses, we went back to spher- 
ical coordinates. First, we would like to remark that anisotropies in the energy- 
momentum tensor are not new to spherical symmetry, which admits tensors of the 
form T/ = diag(p, —pr, —pi, —pt), where p, is a radial pressure and p; is a tangential 
one^?, However, this is not compatible with the anisotropies due to magnetic fields. 
Therefore, in this work, we take into account a generalized version of spherical met- 
ric, with a y parameter associated with the deformation of the stars. We propose 
an ansatz that relates it with the perpendicular and the parallel pressures?. This 
allows us to obtain structure equations that generalizes the 'Tolman-Oppenheimer- 
Volkoff (TOV) equations to the magnetized case, where the mass is computed as for 
spheroidal objects. In Section 2, we present the model and in Section 3 illustrate 
its solutions with EoS for magnetized white dwarfs. 


2. y-Metric and structure equations for magnetized compact 
objects 


In Refs. 10-12 it is shown that a deformed compact object with axial symmetry 
can be described by the metric 


ds? = — [1 — 2M(r)/r|' d? + [1 - 2M (r)/r]| 7 dr? + r° sin 0d? + r7d0?, — (1) 


where y — z/r parametrizes the polar radius in terms of the equatorial one and 
M(r) is the mass of the star. Note that the Schwarzschild metric is recovered for 
y=1. 

As we are interested in the effects on the structure equations coming from the 
magnetic field and the related anisotropy and using smaller central pressures in TOV 
equations leads to smaller radii, we propose to interpret y as the ratio between the 
central pressures, parallel and transverse to the magnetic field respectively, 


zl 


uH m (2) 


y 


Then, since the parallel pressure has its maximum central value at z = 0 and 
goes to zero at the surface, we assume it depends just on the z = yr coordinate. 
The perpendicular pressure, on the contrary, is zero at r = 0, therefore depending 
on the radial coordinate. 
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Taking into account these considerations and using the mass of a spheroid to 
compute the star's mass, we obtain the following structure equations 


dM _ (E+E) 


dr a ^ (3a) 
dP _ 1dP, 
dz ydr 


(Eis PD tR- Ser 
mi 2M , (3b) 
yr?(1— £y 
dP, (E, + P1)[E P, — £(1 — 247] 


dr r2(1 — 2M) —, oo 


which describe the mass variation and pressures with the spatial coordinates r, z 
for an anisotropic magnetized compact object. The solutions of this system are 
computed similarly to how it is done usually for the TOV equations. Starting from 
a central point with Eg = E(r = 0), Pj, = Pj(z = 0) and Pio = P, (r = 0) taken 
from the EoS, the structure equations are integrated until reaching the surface, 
where Pj(Z) = 0 and P, (R) = 0. In practice, this condition is established by the 
lower central pressure, which determines the value of the corresponding radius (R 
if P, , and Z if Pj,), from where the other radius can be computed by means of y 
and the mass of the star is set to M — M(R). 

The difference of the integration process with respect to TOV solution lies in 
the manner of computing the energy density from the EoS at r + dr, since Eqs. (3) 
are updated taking into account E = Ej(Pj(r)) and E = E,(P,(r)) respectively, 
while the expression for the mass must include information from both, Ej and E, 
in order to consider the mass density anisotropy, so it is updated with its average 
value E — (Ej + E,)/2. 


3. Results and important remarks 


To validate the model we show some results using the equations of state given in 
Ref. 15 for magnetized white dwarfs for magnetized WDs with a carbon/oxygen 
composition at fixed values of the magnetic field, 101? G, 10? G and 10! G, 
compared to the non-magnetized solution (Fig. 1). 

Contrary to the case of Neutron Stars and Quark StarsP?, where the energy 
density and pressures are of the same order, WDs energy densities are three orders 
higher than the pressures. Therefore, the value delimiting when the Maxwell term 
becomes relevant is determined by the pressure, with PE comparable to the statis- 
tical pressures for magnetic fields higher than 1.78 x 1011 G.* Anyhow, we tackle 
two situations with respect to the Maxwell contribution to the pressures and the 
energy density, PP — EP -PF B?/87r. In the first case we neglect this term 
(upper panels of Fig. 1) while the second one is done considering it (lower panels). 


@The magnetic energy density becomes relevant at 1014 G 14, 
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Fig. 1. Left: Mass versus the equatorial radius R and the polar radius Z. Right: y parameter as 
a function of the central density of the magnetized white dwarfs. 


The left graph on Fig. 1 displays the mass versus the equatorial radius. At 
the highest central densities and smaller radii, the masses reach values close to the 
Chandrasekhar limit !°-!”, and both radius are equal and quite similar to the radius 
of the B — 0 case. 

Analyzing the magnetized solution at lowest densities and biggest radii, we note 
on the right graph of Fig. 1 that for a certain value of mass and energy density, 
the case without (with) Maxwell term features y > 1 (y < 1), i.e. the polar radius 
is higher (lower) than the equatorial one. So, the corresponding star is a prolate 
(oblate) object, which gives us information about the anisotropy in the compact 
stars with those densities. 

Also, it is important to remark that when B — 0, the model automatically yields 
P, — P, and y — 1. This means that we recover the spherical TOV equations 
from Eqs. (3) and thus, the standard non-magnetized solution for the structure of 
compact objects. 

Our results point out that the magnetic fields effects become relevant in the low 
density regime and can be practically neglected for high densities. Even more, such 
effects are more relevant to the deformation of the magnetized compact objects than 
to their masses, at least when we study magnetized white dwarfs. Also, note that 
once again, we do not obtain masses above the Chandrasekhar limit. 

As ^-structure equations are general, they can be useful to study other types of 
magnetized compact objects. 
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We examine crustal torsional oscillations, newly taking into account the effect of the 
pasta structure. We find from eigenmode analyses for various models of the equation 
of state of uniform nuclear matter that the fundamental frequencies of such oscillations 
are almost independent of the incompressibility of symmetric nuclear matter Ko, but 
strongly depend on the slope parameter of the nuclear symmetry energy L. On the other 
hand, we also find that the frequencies of the 1st overtones depend strongly on not only 
L but also Ko. By comparing the resultant frequencies to the quasi-periodic oscillations 
observed in the giant flares, we can constrain the values of L and Kg. Furthermore, 
considering the constraints on Ko obtained from the terrestrial nuclear experiments, we 
can successfully make a more severe constant on L. 


Keywords: Equation of state, neutron star crust, shear oscillations. 


1. Introduction 


Neutron stars would be produced via supernova explosions at the last moment of 
massive stars. The density inside the star significantly exceed the normal nuclear 
density, the magnetic field inside/around the star can become very strong, and the 
gravitational field is also so strong. The neutron stars, thus, are good candidate 
to probe physics under such extreme conditions. In order to extract the interior 
information of stars, the asteroseismology is very powerful technique. In practice, it 
would be possible to probe the stellar mass, radius, equation of state (EOS) of dense 
matter, and theory of gravity in the strong-field regime via future observations of 
gravitational waves! ?. 

The possible oscillations of neutron stars are observed as quasi-periodic oscil- 
lations (QPOs) in the giant flares from the soft-gamma repeaters?^. In order to 
theoretically explain these observed QPOs, several studies have been done in terms 
of crustal torsional oscillations? ? or magnetic oscillations ^11, The magnetic oscil- 
lations strongly depend on uncertain magnetic field structure, field strength inside 
the star, and uncertain EOS in core region if magnetic fields penetrate the core. On 
the other hand, the crustal torsional oscillations are confined into the crust region 
because the shear modulus inside the core should be zero. With such reasons, we 
focus on the crustal torsional oscillations in the present study by especially taking 
into account the effect of presence of cylindrical nuclei as well as the phase of spher- 
ical nuclei. Then, comparing the observed QPO frequencies to the frequencies of 
crustal torsional oscillations, we can constrain the nuclear saturation parameters, 
which are important parameters for describing the neutron star crust. More details 
of this study can be seen in Ref. 9. 
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2. Crust in equilibrium 


To avoid the uncertainties in the EOS of core region, we construct the crust in 
equilibrium by integrating Tolman-Oppenheimer- Volkoff equations from the stellar 
surface inward to the bottom of the curst, assuming the stellar mass M and radius 
R. The bulk energy per baryon of uniform nuclear matter at zero temperature for 
any EOS can be expanded as a function of baryon number density and neutron 
excess with five expansion parameters, i.e., the saturation density no, the satura- 
tion energy, incompressibility Ko of symmetric nuclear matter, symmetry energy 
at no, and the slope parameter L. Among five parameters, Ko and L are more 
difficult to be constrained by terrestrial nuclear experiments, because such param- 
eters are higher order coefficients with respect to the change in density from no. 
In the present study, we adopt the phenomenological EOS, where Ko and L are 
considered as free parameters and the other parameters are determined in such a 
way as to reproduce the empirical nuclear data!?!?. The shear modulus is another 
important property describing the shear oscillations. Here, we adopt the standard 
shear modulus in the phase of spherical nuclei!^ together with that in the phase 
of cylindrical nuclei!?, where we also adopt the results by Ref. 16 as the effect of 
neutron superfluidity inside the phase of spherical nuclei, while the effect of it inside 
the phase of cylindrical nuclei is considered by introducing a parameter of Ns/Na 
with the superfluid neutron density N, and the dripped neutron density Ng. At 
last, to construct the crust in equilibrium, one has to choose M, R, Ko, L, and 
N,/N, in the phase of cylindrical nuclei. 


3. Torsional oscillations and comparison to the observations 


In the left panel of Fig. 1, the calculated frequencies of fundamental torsional 
oscillations with various values of £ are shown as a function of L together with 
the QPO frequencies observed in SGR. 1806-20 for the neutron star model with 
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Fig. 1. Comparison of the low-laying QPOs observed in SGR 1806-20 with the fundamental 
frequencies of crustal torsional oscillations with various values of £ in the left panel?. For various 
stellar models, the optimal value of L obtained by the comparison of QPOs in SGR 1806-20 and 
in 1900--14 with the fundamental torsional oscillations in the right panel?. 
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Fig. 2. The frequencies of 1st overtones for the 1.4Mọ neutron star models with different stellar 
radii in the case of Ns/Nq = 1 in the phase of cylindrical nuclei are compared with the 626.5 Hz 
QPO in SGR 1806 (left panel), while the value of Ko constrained by the combination of constraints 
on L from the fundamental torsional oscillations and those on ¢ from the 1st overtones for the 
various stellar models (right panel)?. 


M =1.4Mo and R = 12 km. From this figure, one can see that the QPO frequencies 
except for the 26 Hz can be identified by the crustal torsional oscillations with 
L c 73.4 MeV. We remark that the 26 Hz QPO may be identified by the torsional 
oscillations confined in the phase of bubble structure?. In a similar way, the optima 
value of L for identifying the observed QPOs with the fundamental crustal torsional 
oscillations is shown in the right panel of Fig. 1 for various stellar models, where 
the filled and open marks denote the results for identifying the QPOs observed in 
SGR. 1806-20 and 1900+14, respectively, and the painted region is allowed region 
of L. 

On the other hand, the frequencies of overtones depend on the crust thickness, 
which depends on L and Kot”. As a result the frequencies of overtones depend on 
L and Ko. We successfully find that the frequencies of the 1st overtones can be 
expressed well with a combination of L and Kọ? as 


germ. (1) 


In the left panel of Fig. 2, we show the 1st overtone frequencies for the 1.4Mo 
stellar model with different radius as a function of c. By identifying the QPO fre- 
quencies observed in SGR, 1806-20 with the 1st overtones, one can determine the 
optimal value of c, with which one can determined the value of Ko by combining 
the results obtained from the identification of the QPO frequencies with the fun- 
damental oscillations as shown in Fig. 1. Such a value of Ko is shown in the right 
panel of Fig. 2, where the value of Ko constrained from terrestrial nuclear exper- 
iments also denote by the painted region!?. By considering the both constraints 
from the observations of QPOs and terrestrial nuclear experiments, the preferable 
stellar model as SGR 1806-20 is relatively low mass and larger radius neutron star, 
such as M = 1.2 — 1.4Mọ with R = 13 km or M = 1.4 — 1.5Mo, with R = 14 km. 
With this constraint on the stellar model for SGR 1806-20, we further constrain the 
value of L from the right panel of Fig. 1, i.e., L ~ 58 — 73 MeV, which is consistent 
with the terrestrial nuclear experiments !?. 


4. 


In 
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Conclusion 


this study, we successfully constrain the value of L and Ko by identifying the 


low-laying QPOs and higher QPO observed in giant flares with the fundamental 
oscillations and 1st overtones of crustal torsional oscillations. The constraint on 
Ko obtained from terrestrial nuclear experiments makes a constraint on the stellar 
model and further constraint on L. 
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Contributions to neutron star's tidal deformability from the 
low density equation of state 
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The low density contribution to the tidal deformability and moment of inertia of a 
neutron star are calculated via various well known equations of state. The contributions 
to the moment of inertia are directly calculated, whilst the tidal deformability's are 
constructed through comparing an equation of state with a fit with the low density region 
removed. With the recent measurement of GW170817!:? providing constraints on the 
tidal deformability, it is very important to understand what features of the equation of 
state have the biggest effect on it. 


Keywords: Neutron Stars, Tidal Deformability, Low Density, Equation of State, Nuclear 
Matter, GW170817. 


1. Introduction 


Neutron stars (NS) being the densest known repositories of nuclear matter contain 
fascinatingly complex phase changes between their regions of finite and infinite 
nuclear matter, more commonly known as their layers, denoted crust and core? ?. 
The crust poses challenges with regards to modelling because of the variety of finite 
nuclei that may appear and complex phase structures that can occur. 

On the other hand, after the recent GW170817 measurement !?, there has been 
a tremendous push to calculate the tidal deformability (TD) and the moment of 
inertia (MOI) "1? across a variety of equations of state (EOS). This is due to the 
bounds produced on the TD in Ref 1, 2 of A14 = 1907355. which has recently been 
analysed via the I-Love-Q relations in Ref. 14 to produce a constraint on the MOI 
of Tes 1007255. 

In this paper we explore the proportional contribution that the low density 
region (LDR) of the EOS makes to the MOI and TD. 


2. Theoretical Framework 


We will be using the well known EOS shown in Fig. 1 acquired from the online 
data base in Ref. 15 which details the models in question. In order to calculate the 
NS profile, ordinarily one would match the model EOS description of the core to 
some low density EOS in order to account for the NS crust or model it directly ^9. 
We have fit to each EOS using a polytropic of the form given in equation 1 where 
A,B,C and D € R. This will act as the EOS without the LDR modelling, with 
the original EOS data from Ref. 15 containing LDR modelling. As seen in the 
enlargement in Fig. 1 


P(e) = Ac? + Ce”. (1) 
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Fig. 1. EOS (pressure P vs energy density c) for all the models!?, nucleon only. Two EOS for 
each EOS, one with the LDR and one produced from the polytropic fit. The enlargement shows 
the LDR with all EOS and their fits displayed (There is much overlap between the EOS for the 
LDR). 


We will use these fits to analyse the percentile contributions to the TD via direct 
comparison of their values. This is done as the TD is defined mathematically as a 
boundary point and not something cumulative (e.g. integral) 1617, so that the direct 
calculation of its LDR contribution is impossible. This is equivalent to modelling a 
core only NS, consisting of only infinite nuclear matter. The LDR contribution to 
the MOI may be calculated directly as it is defined as a cumulative integral!*-?, 

The NS masses are obtained by numerically integrating the Tolman- 
Oppenheimer-Volkoff (TOV) equations ?? 

dP (P(r) + e(r))(m(r) + 4xr? P(r)) 


dr r(r — 2m(r)) ' 2 


mm Anr?e(r), (3) 
until P(r — R) — 0 (R the radius of the NS). This produces the mass radius 
relations given in Fig. 2. We will define the variation of a parameter a as Aa/a, 
which is reported as the percentage difference of that parameter when compared 
to its LDR removed counterpart. This is calculated via (MOI variation AI/T is 
defined differently as seen in Refs. 12, 21) 


[07 O with LDR 


Aa = (Qwith LDR — QWithout LDR) (4) 


Note that this requires one parameter to be fixed. For example the compactness 
parameter 3 = M/R, we would fix the mass and look at the variations in the radius 
or visa versa. The MOI / is calculated through the formula in Refs. 18, 19, with 
AI/I defined in Refs. 12, 21. 
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Fig. 2. Mass radius relation for EOS given in Fig. 1. The box represents the 90% confidence 
constrained mass region given from the GW170817 measurement '?. Mass radius curves retain 
name and colour convention as in Fig. 1 with dashed versions being the fits. 


The tidal Love number, Kfd?!, TD, A, and binary tidal deformability, A, equa- 
tions are verbatim those seen in Refs. 16, 17, 11. For future reference, the TD and 
binary tidal deformability are calculated via 


VER 
A- 32787, (5) 
{tia — 16 (12g + 1)Ai + (12 + g)q*As (6) 
— 13 (Legi 


where q = ma3,m4 and mz € mı. With these equations we can now calculate our 
desired quantities and the percentage contributions from the LDR. 


3. Results and Discussion 


Numerically solving the MOI equations 11:18-19:21 produces Fig. 3 which shows the 


proportion of crustal MOI AZ over the total MOI J. It should be noted that for 
any realistic star?! of solar mass 


0.8Mo < M <1.92Mo, (7) 


we find |AI/I| < 17.5%, with this percentage decreasing rapidly as the mass in- 
creases. In particular, a star of solar mass 1.4M@ has |AI/I| < 7.5%. 

In order to calculate the LDR contribution to the tidal deformability, we simply 
solve the equations in Refs. 16, 17 for each set of mass radius curves in Fig. 2 and 
then make use of equation 4 which produces Fig. 4. We find that |AA/A| « 15% for 
all NS within equation 7's mass range. However, it is important to note that if we 
disregard the three EOS that lie outside the 9096 confidence interval from Refs. 1, 2 
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Fig. 3. Percentage of the MOI due to the LDR, scaled via the neutron star's total MOI. Only 
shown for the EOS with the LDR. 
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Fig. 4. Percentage of the TD due to the LDR, scaled via the neutron star's total TD. The 


enlargement shows a shorter range with the black bar representing the bound A1.4 = 190*790. 


in Fig. 4, then our new bounds become 


IAI/I|« 9.96, — |AA/A| < 12.0%, (8) 
|[AI/I|m=1.4Mo < 3.5%, IAA/A|u-14Mo < 7.0%, (9) 


within mass range given in Eq. (7). For clarity the tidal Love numbers are displayed 
in Fig. 5 

This happens in spite of the visibly large difference in the mass radius relations 
(by extension the compactness parameter 8 = M/R) and tidal Love numbers shown 
in Fig. 2 and Fig. 5. The variance in the TD remains relatively low due the large 
negative power from the 8 term in Eq. (5). 
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Fig. 5. Tidal Love numbers Rese keeping same conventions as in Fig. 2 and Fig. 1 


Due to the low variance in the TD, by extension the variance in the BTD is of a 
similar order of magnitude as it depends linearly on A4 and Ag, with m4,» being 
its free parameters, i.e, these two parameters offer no more increase in the variance. 

These results have been summarised as the following: 


e The impact on macroscopic quantities (e.g. mass, radius etc.) from LDR 
decreases in significance as the mass increases. 

e The TD and MOI are affected to just a small percentage via the inclusion 
of the low density EOS for all stars with mass M > 0.8Mo, and to a greater 
extent for stars with mass M > 1.4Mo. Percentages are shown in Eqs. (8) 
and (9). 


This is not to say that the LDR’s effects are uniformly negligible, as seen in 
Fig. 2 where the LDR contributes significantly to the radius. With the imminent 
measurements of the neutron star radii by NICER, this low density EOS modelling 
will prove incredibly significant in ascertaining correct predictions for the radius. 


4. Conclusion 


In summary we see that despite the LDR's proportionally significant contribution 
to the radius and percentage of the NS content, its contributions to the TD and 
MOI are small, especially when considered for a star of 1.4Mo or greater. 
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Different extensions of the Nambu-Jona-Lasinio model, known to satisfy expected QCD 
chiral symmetry aspects, are used to investigate a possible hadron-quark phase transition 
at zero temperature and to build the corresponding binodal sections. 


Keywords: NJL; QCD; Effective models; Binodals. 


1. Introduction 


Effective models remain a good source of information about regions of the QCD 
phase diagram inaccessible by terrestrial experiments or by LQCD methods!, pro- 
viding qualitative results and theoretical insights. The present work intends to help 
in advancing our knowledge towards some of the regions of the QCD phase diagram 
through this strategy. When this approach is applied to the study of the transition 
of hadronic matter to the deconfined quark matter, it is sugested that the QCD 
phase diagram shows a first order phase transition? at high chemical potentials and 
low temperatures, while from the LQCD perspective, the hadron-quark transition 
is believed to be a crossover at low chemical potentials and high temperatures. This 
seemingly contradictory picture can be reconciled by the existence of a critical end 
point in the phase transition curve, linking the LQCD crossover with the effective 
model first order transition. This idea is reinforced by experimental results? signal- 
ing to a first order phase transition and pointing out to the possible existence and 
location of the critical end point. 

Considerations on the phase transition at zero temperature have already been 
done in many works^?, but we do believe the formalism we employ in the present 
work is more adequate, as the effective models employed here exhibit chiral sym- 
metry in both hadronic and quark phases, which is demanded to take seriously the 
appearance of the quarkyonic phase!?. The models used here are all included in 
the Nambu-Jona-Lasinio (NJL) model framework !!, in order to naturally describe 
the chiral characteristics of QCD matter. 

In Refs. 6 and 9, the hadron-quark phase transition was investigated with the 
help of two different models, namely, the non-linear Walecka model (NLWM ) for 
the hadronic phase and the MIT bag model for the quark phase. A formalism we 
understand as a more adequate one was used in Refs. 7, 12, 13 at zero temperature 
and in Ref. 8 for finite temperatures, all considering NJL-type models for the two 
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phases. To describe the hadron phase, the standard NJL model with vector inter- 
action is extended to include a scalar-vector channel in order to render the model 
capable of saturation at low densities. We revisit the approach of Refs. 7 and 8, 
but applying an extended NJL model for the hadron phase that includes additional 
channels to achieve a better description of important nuclear bulk properties! ^. A 
similar extension of the NJL model for hadronic matter has been developed 15:16 
with a different choice of interaction channels. Recently, this version was also ap- 
plied to investigate the hadron-quark phase transition!", but the quark phase was 
still described by the MIT bag model. Hence, we describe the hadronic matter with 
the extended NJL model from Ref. 14 and the quark matter with the NJL model 
in its SU(2) version in order to check for which parameters a phase transition is 
possible, considering both symmetric and asymmetric systems. Whenever possible, 
the binodal sections are obtained. 


2. Binodals 


The QCD phase-diagram is characterised by potentially multiple phases, whose 
phase separation boundaries are referred as binodals 18. Over those boundaries, the 
phases from the regions of either side of the boundary can coexist. The binodals 
may be determined using the Gibbs conditions: 


i$ = Ba, Duque pou (1) 


where the indexes H and Q refer to the hadronic and quark phases. The chemical 
potentials yi‘, are obtained from the chemical potentials of the particles of each 
phase®. 

At a certain fixed temperature (T = 0 in the present context), the phase coexis- 
tence condition may be obtained by plotting P* x u$, i = Q, H, and looking for the 
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Fig. 1. Combinations of parameter sets for which hadron-quark phase transition is not allowed 
to happen (left), and combinations for which the transition is allowed to happen (right). 
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intersection of both curves. In Fig. 1 (left) we display a combination of parameter- 
izations for which there are no intersections, implying that there are no transitions 
(i.e., the hadron phase is always more stable). In Fig. 1 (right), we compare the 
results for a hadron parameter set with three quark matter parameter sets, with 
varying strenght of the vector coupling, obtaining the transitions indicated by the 
dots. 

'The conditions of phase coexistence are also important in asymmetric matter 
and to obtain the binodal sections as a function of the system asymmetry, we use 
the prescription given in Ref. 4. T'he isospin chemical potentials are defined as 


u$ = fi — Hn, US = bu — Ha, (2) 


and enforced to be identical according to the Gibbs conditions. The asymmetry 
parameters of the hadron and quark phases are respectively 


a = (pn — py)/ (n + Pp), a? = 3(pa — pu)(pa + Pu), (3) 
in such a way that 0 < a” < 1 (just nucleons) and 0 < a? < 3 (just quarks). 

The binodals are obtained through the determination of hadron and quarks 
phase pressures for each value of ug and u3 (the u3 parameter directly controls the 
proton fraction of both phases): whenever the pressure difference is below 0.1 MeV, 
we assume that both phases coexist. This procedure leads to the results shown 
in Fig. 2. The pressures shown for a = 0 in the right panel correspond to the 
intersections marked in Figure 1. Also from this figure, we can clearly see that 
the increase in strength of the vector coupling causes a substantial modification 
on the transition point, which reflects in the values of the pressure in the binodal 
sections. 
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Fig. 2. Baryonic chemical potentials as a function of u3 (left) and pressure as a function of asym- 
metry (right) at the coexistence point for: BuballaR-2 and eNJL2mopl (black line), BuballaR-2 
and eNJL3op1 (blue long-dashed line), PCP-0.0 and eNJL2mopl (red short-dashed line), PCP-0.0 
and eNJL3opl1 (black double-dot dashed line), PCP-0.1 and eNJL3cp1 (magenta long-dash dotted 
line), and PCP-0.2 and eNJL3cp1 (orange short-dash dotted line). 
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3. Conclusions 


We have revisited the study of hadron-quark phase transition at zero temperature 
with different extensions of the NJL model, which are more appropriate to describe 
systems where chiral symmetry is an important ingredient. We analysed possible 
phase transitions from a hadron phase described by an extended NJL model to a 
quark phase described by the SU(2) NJL with the inclusion of a vector interaction 
of arbitrary strenght. We have first considered symmetric matter and checked that 
not all parameterization combinations produce a system in which a phase-transition 
is favored. Another manifestation of the dependence of the results on the choice of 
parameters is the range of barionic chemical potentials for which the transition takes 
place, spanning from around 1300 MeV to around 1800 MeV, indicating a strong 
parameter dependence. We have next analysed assymetric systems and whenever 
possible, binodal sections were obtained. Both pressures and chemical potential 
increase drastically with the increase of the vector interaction strenght in the quark 
sector. As a next step on this analysis, we plan to expand our results to include 
finite temperature in the system and obtain the complete binodal sections. 
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Neutron stars are objects where matter and fields can be tested to the extreme. In their 
interior, ordinary matter with a majority of nucleons (N) may coexist with a component 
of exotic matter that constitutes the so-called dark matter. It is believed that this latter 
type of matter constitutes nearly 8096 of all mater in the currently accepted cosmological 
paradigm for our Universe. Popular candidates for such a kind of matter belong to 
extensions of the Standard Model of particle physics. In this contribution we discuss 
the impact of a component of self-annihilating fraction of dark matter (x) that may be 
present in the star. We focus on the microscopics of the energy deposit arising from 
the annihilation process xx — Ny in the dense core of a NS. We show that even if a 
tiny portion of matter inside the NS is dark matter it may trigger critical changes in 
the equation of state (EoS) of regular hadronic stars, provided its mass, my, and cross- 
section scattering off nucleons, cy w, resides in a suitable allowed region of the dark 
parameter phase space. 


Keywords: Neutron star; dark matter; nuclear matter; phase transition. 


1. Introduction 


Neutron stars (NSs) are compact objects born in the aftermath of a supernova 
explosive event’. They are believed to be among the densest known objects in 
our Universe and where extreme conditions determine the region of the matter 
phase space that can be tested. i.e. cold and dense matter. Namely, in most of 
the volume of the quasi-spherical object with mass M, and radius R, densities 
are several times that of nuclear saturation density no ~ 0.16 fm^ ?. Solutions to 
the structure equations provided by the theory of General Relativity in the static 
approximation provide values of the compactness parameter M,./R, ~ 0.1 which 
is much larger than for the Sun or any other stellar body. NS typical values for 
M, ^ 1.5 — 2M and R, ~ 11 — 12 km. Thus NSs can be considered to be efficient 
attractors of a massive x dark matter (DM) component from a halo where they 
may be inmerse. That is the specific case under study in this contribution. So far 
this kind of elusive matter has been searched for using different techniques including 
direct searches with terrestrial targets where scattering events off nuclei would allow 
to measure the corresponding recoiling energies?. Another existing effort is that of 
the so-called indirect searches? where emission of secondaries (photons or additional 
Standard Model particles) may signal the presence of DM. This means for some 
popular models of DM a dark component that could self-annihilate into gamma 
rays or any other particle pairs as many reviews on the subject explain*+. As there 
is so far no consensus about the fermionic or bosonic nature of the DM candidate 
x, we will assume an effective treatment where they are considered as a semiclassic, 
non relativistic matter component. The validity of our treatment is assured as 
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we consider a finite fraction of an accreted dark component that is able to exist 
thermalized in the interior of these dense stars. The combined effect of gravitational 
capture and multiple scattering suffered by an incoming DM particle traversing the 
NS volume can be summarized in an expression for the global capture rate? 


M. R lGey fpe lon 
~ 1 25 # * X x 1 1 
Cx ~6 x 10 (x) (=) ( My ) [ue P 8^ (1) 


where oo ~ 10744 cm?. 


The typical mean free path of a DM particle inside the 
core is approximated by A ~ oyNny With oyn the xN scattering cross-section 
and ny the number density of nucleons inside the NS core. At least one scattering 
event is needed to capture the DM particle then A,/R < 1 in the NS core at a 
typical density ~ 3no yields oyn = 10749 cm?. At current level of sentitivity this 
is allowed for heavy DM candidates with masses beyond the my ~ 1 TeV scale. 


2. Role of Dark Matter and changes in the NS EoS. 


From an accreted component of DM and once it is thermalized with the rest of 
matter we can assume that a spatial distribution arises under a gaussian form 


e r2 : _ 3knT : 
ny(r) = no,,exp(z—-)^ where ra, = 4/ Oam stands for the thermal radius and 


pn & myny. G and kpg are the gravitational and Boltzmann constants, respec- 
tively. We consider that the inner core in the old NS has attained an internal 
temperature T ~ 10? K, low with respect to Fermi energies in the baryon sector. 

It is in this context that DM is gathered forming a density enhancement in a 
central stellar region with volume Vin ~ rà, and can undergo self-annihilation fol- 
lowing a chain of possible reactions into photonic final states yy => Ny. PYTHIA 
package? can simulate this using Monte Carlo techniques and it is obtained that the 
energy injection due to this kind of events yields EZ, ~ 0.6m,. We are interested in 
the study of the possible consequences of such a microscopic energy transfer at the 
nuclear and sub-nuclear (quark) level. As we know, a description of nuclear matter 
from an effective field theory picture based on nucleons (neutrons and protons) is 
adequate for a limited set of (low energy) thermodynamical conditions. A novel 
effect, such as the local nucleation of quark droplets could be in principle studied, 
provided stability conditions for their existence are fulfilled. T'his intriguing possi- 
bility is indeed not new in the literature as pioneering works’ referred to it early 
in the 1970's and 1980's and are coined today as the Bodmer-Witten conjecture. 
However the actual procedure leading to the deconfined state is far from being un- 
derstood. A stochastic procedure where NS central density (pressure) is increased 
due to spin-down or mass accretion has been invoked, as well as fluctuations in high 
temperature young protoneutron stars??, 

On a more technical ground, relativistic nucleation theory developed by Lifshitz- 
Kagan!? can model phenomenological bubble nucleation by using a relativistic la- 
grangian that describes the formation of a fluctuation i.e. a spherical bubble of 
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Fig. l. Potential barrier energy as a function of radius. Solid, dashed and dotted lines depict 
pressures P = Po +10 MeV, P = Po +20 MeV, P = Po +30 MeV, respectively for each case. We 
fix as = 0.4, B = 120 MeV fm-?, ø = 30 MeV fm-?. Po = 525 MeV fm-?. 


mass M and radius R, 


£(R, R) = —M(R)\/1— R? + M(R) — U(R), (2) 


where R = dR/dt is the radial growth rate and U(R) is an effective potential that 
confines the quark content. The latter depends on the thermodynamical condi- 
tions of the medium and it can be written in terms of the leading contributions 
approximately by 
U(R) = 37 RPnquk(liquark = [Had ) + Arc RÀ. (3) 
We label unaa ( Quark) as the chemical potentials of the metastable hadronic (stable 
quark) phases of matter at fixed pressure value, P. NQuark is the number density of 
the stable phase and ø is the surface tension. Contributions from volume as well as 
surface terms are the most energetically relevant in the nucleation process although 
some other corrections can be accounted for as well. This expression may result 
familiar to the reader as in terrestrial experiments for DM search based on bubble 
chambers such as PICO! another target is used but the spirit is still the same. 
Back to our description of both high density phases, this is done in this con- 
tribution by a relativistic mean field (RMF) approach including neutrons, protons, 
electrons and mesonic fields o,w,p as in Ref. 12 while for the quark deconfined 
phase we choose the MIT bag model? 
system fulfills electrical charge neutrality and baryon number conservation. 


with massive uds quarks for simplicity. The 


3. Results 


Examples of U potential barriers can be seen in Fig. 1 for the case of beta- 
equilibrated matter at T—0 and three values of pressure. Solid, dashed and dotted 
lines depict P = Pa +10 MeV, P = P +20 MeV, P = P$--30 MeV, respectively. To 
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Fig. 2. Tunneling probability as a function of mass of the DM particle. We fix as = 0.4, B = 120 
MeV fm-? and P = 535 MeV fm-?. Short dashed and long dashed lines depict cases with o = 30 
MeV fm-? and ø = 10 MeV fm~? respectively. 


describe quark matter in the droplet we fix a; = 0.4, B = 120 MeV fm^?, o = 30 
MeV fm ?. The transition pressure of both equations of state P(e) for the hadronic 
and quark degrees of freedom is Py = 525 MeV fm^?. The potential height and 
critical radius fulfilling U(R.) = 0 decreases as pressure grows, for example for the 
P = 535 MeV fm^? case we obtain Re = 16.6 fm. Note that the hadronic and 
electromagnetic cascades expected from the self-annihilating DM are of that size 
Xx Ș Re and can be considered to be contained in the droplet region. 

'The probability of nucleation is determined by the tunneling process for each 
thermodynamical case considered. In the WKB approximation? this is given by 


po = exp (-58) where the action A(E) can be written as 


ACE) =2 I "* MUR) TE UUE] dR, (4) 


being E the energy of the particle (quark) confined in the region between the re- 
turning point R_ and R+. It is worth to remind that the treatment sketched here is 
valid for pressures above that of transition Py. Nucleon confinement prevents from 
having any quark freedom in hadronic objects. 

The determination of the transition point from a nuclear to quark EoS in an 
extended system is established by the Gibbs criteria relating the equality of baryonic 
chemical potentials at a given pressure Pj where equilibrium holds. Namely, 


(Po) m Hal Po) (5) 


Quark’ 
where pp is the baryonic chemical potential at T = 0 , uj = ER, It is assumed 
that it corresponds to a first order phase transition!^. The probability of the for- 


mation of the quark droplet is related to the tunneling probability for the selected 
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Fig. 3. Logarithm of the nucleation time as a function of mass of the DM particle. We fix 
as = 0.4, B = 120 MeV fm-? and P = 535 MeV fm-?. Short dashed and long dashed lines depict 
cases with ø = 10 MeV fm~? and ø = 30 MeV fm~? respectively. The black thin line shows the 
Universe lifetime value. 


thermodynamical conditions. In Fig. 2 we show po as a function of the DM particle 
mass. We fix a, = 0.4, B = 120 MeV fm^? and take P = 535 MeV fm? (10 MeV 
above the transition density Pp). Short dashed (red) and long dashed (blue) lines 
depict cases with o = 10 MeV fm"? and ø = 30 MeV fm7?, respectively. We can 
see that the larger the ø the more massive DM needs to be in order to trigger the 
quark droplet formation. The nucleation time can be obtained from the expression 
TN = No = WING where No is the number of nucleation centers available in the 
star and determined from the sites (bubbles with volume ~ R2) where energy in- 
jection can happen Nc = ye ~ (ra / Re)3. vo = 1077? s^ is a frequency that is 
obtained from the fundamental energy configuration!? and in this U height range 
can be approximately taken as constant. In Fig. 3 we show the logarithm (base 10) 
of the nucleation time as a function of the mass of the DM particle for the same sets 
of parameters as in Fig. 2. The critical radii for the c = 30 MeV fm^? and o = 10 
MeV fm~? cases are Re = 16.6 fm and Re = 5.5 fm, respectively. The thin solid 
line signals the upper limit of the Universe lifetime ty ~ 4 x 1017 s. The oldest NSs 
have a characteristic age of nearly ~ 4.9 Gyrs such as for PSR J04374715 7. We 
can see that the surface tension (still poorly known) highly influences the nucleation 
process. Light DM mass prevent from having nucleation (rw > Ty) while it is surely 
predicted for higher DM masses where Ty is tiny. 


4. Discussion and conclusions 


From the current constraints of the DM phase space and for my 2 500 GeV these 
results can be complementary to the ones arising from scans of the parameter 
space of typical SUSY models such as CMSSM, NUHM1, NUHM2, pMSSM10, 
see Fig. 26.1 in Ref. 16, which integrates constraints set by ATLAS Run 1 and from 
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SuperKamiokande. As observable consequence of the explained dark mechanism 
the nucleated stellar object changes its EoS. It is a matter of further study to deter- 
mine the adjustment of the stellar equilibrium? but is is anticipated that could end 
in the emission of an energetic and very short gamma ray burst!?. This could be 
measured with modern capabilities of satellite missions in the ~ 0.1 MeV energetic 


range such as Astrogam ??, 
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We present two recent parametrizations of the equation of state (FSU2R and FSU2H 
models) that reproduce the properties of nuclear matter and finite nuclei, fulfill con- 
straints on high-density matter stemming from heavy-ion collisions, produce 2M@ neu- 
tron stars, and generate neutron star radii below 13 km. Making use of these equations 
of state, cooling simulations for isolated neutron stars are performed. We find that two 
of the models studied, FSU2R (with nucleons) and, in particular, FSU2H (with nucle- 
ons and hyperons), show very good agreement with cooling observations, even without 
including nucleon pairing. This indicates that cooling observations are compatible with 
an equation of state that produces a soft nuclear symmetry energy and, thus, generates 
small neutron star radii. Nevertheless, both schemes produce cold isolated neutron stars 
with masses above 1.8Mo. 


Keywords: Neutron stars, cooling, mass-radius constraints, equation of state, hyperons. 


1. Introduction 


The thermal evolution (or cooling history) of neutron stars strongly depends on the 
equation of state (EoS) and the associated composition of these compact objects !?. 
Several works have addressed the cooling history of neutron stars and they agree 
that it is imperative to establish whether fast cooling processes take place, since 
if the star cools down too fast, it will yield to a disagreement with most observed 
data. If the stellar proton fraction is high enough, the most important fast processes 
(the so-called direct URCA, DU) will take place, thus leading to a direct connection 
between the thermal behavior and the symmetry energy of nuclear matter. 
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In this paper we investigate the thermal evolution of neutrons stars using EoSs 
for the nucleonic and hyperonic inner core?^ that reconcile the 2M; mass ob- 
servations?^? with determinations of stellar radii below 13 km (see Ref. 7 for an 
overview), the latter being confirmed from analysis of the gravitational-wave emis- 
sion of GW170817 (see Table II in Ref. 8 and references therein) detected by the 
LIGO and Virgo collaborations?. Moreover, the aforementioned microscopic models 


10,11 and constraints from 


satisfy the properties of nuclear matter and finite nuclei 
heavy-ion collisions (HICs) !?- 

In particular, the two models FSU2R and FSU2H, based on the nucleonic FSU2 
model!!, differ on the onset of appearance of each hyperon, whereas the neutron star 
maximum masses calculated with these models show only a moderate dispersion of 
about 0.1 M^. In the present study, we focus on how the hyperons, as well as the 
symmetry energy of the microscopic model influence the cooling history of isolated 


neutron stars, considering also different nucleon pairing scenarios 15. 


2. FSU2R and FSU2H models 


Our models are based on two new parametrizations of the FSU2 RMF model!!. 
We start by considering only nucleons. The FSU2R(nuc) model produces a soft 
symmetry energy and a soft pressure of neutron matter for densities n < 2no, as 
seen in Fig. 1 (left). This is done by increasing the A, coefficient of the mixed 
quartic isovector-vector interaction that modifies the density dependence of the 
nuclear symmetry energy, thus turning the EoS softer??. As a result, radii within 
the range of 11.5-13 km are obtained from FSU2R for neutron stars with masses 
between the maximum mass and M = 1.4Mo, as seen in Fig. 1 (right). FSU2R 
predicts Esym(no) = 30.7 MeV and L = 46.9 MeV‘, that differs from the FSU2 
model with Esym(no) = 37.6 MeV and L = 112.8 MeV and is in agreement with the 
limits of recent determinations (see Fig. 1 of Ref. 4 for a summary and references 
therein). In the high-density sector of the EoS, the FSU2R and FSU2 EoSs are 
similar, and, hence, FSU2R also reproduces heavy neutron stars (see Fig. 1 (right)). 

When hyperons are incorporated, a softening of the high-density EoS with hy- 
peronic degrees of freedom takes place (compare the FSU2R(hyp) and FSU2R(nuc) 
EoSs in Fig. 1 (left)), so we obtain a reduction of the maximal neutron star mass 
below 2M; in FSU2R(hyp). We may readjust the parameters of the nuclear model 
by stiffening the EoS of isospin-symmetric matter for densities above twice the 
saturation density, where hyperons set in. We do that by changing the quartic 
isoscalar-vector self-interaction (with reducing coupling C), which stiffens the EoS 
at high densities?^^. The FSU2H allowing for hyperons, FSU2H(hyp), successfully 
fulfills the 2M mass limit with moderate radii for the star (see Fig. 1 (right)), 
while the base nuclear model still reproduces the properties of nuclear matter and 
nuclei, with Exym(no) = 30.5 MeV and L = 44.5 MeV^*. The parameter set of 
FSU2R(nuc) and FSU2H(hyp) and some nuclear matter properties can be found in 
Refs. 4, 15. 
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Fig. 1. Left: Pressure of 8-stable neutron star matter as a function of baryon number density 
for different models!?, with the colored area being compatible with HiCs!?. Right: Mass versus 
radius for neutron stars from the models FSU2R and FSU2H^ together with Shen!®, L&S!7, 
Brueckner!$. The thin horizontal bands indicate the 2M observations?, the vertical blue 
band is the region constrained from chiral nuclear interaction !?, the vertical red band is the area 
derived from five quiescent low-mass X-ray binaries and five photospheric radius expansion X-ray 


bursters?°, and the vertical striped yellow band is the mass-radius constraint from cooling tails of 


type-I X-ray bursts in three low-mass X-ray binaries?!. 


3. Cooling of neutron stars 


We first consider the thermal evolution of neutron stars without taking into account 
any sort of pairing (neither in the core nor in the crust). This is done in Figs. 2 
and 3 for the FSU2R and FSU2H models, with and without hyperons. The figures 
also display the observed surface temperature versus the age of a set of prominent 
neutron stars, including that of the remnant in Cas A. The nucleonic DU and 
hyperonic DU thresholds from each microscopic model are given in Table 1 for low- 
mass to high-mass neutron stars. When DU reactions are allowed in the model, 
that is, the DU threshold takes place for densities below the central density of the 
star, they lead to an enhanced cooling of the star, thus to a fast cooling. 

Several conclusions can be drawn from the comparison between the different 
plots in Figs. 2 and 3 together with the analysis of Table 1: 


e Low-mass stars of 1.4M when only nucleons are considered: the cooling 
pattern of a 1.4Mo star is slow for FSU2R(nuc) and FSU2H(nuc). This 
is mainly due to the density dependence of the symmetry energy around 
saturation and, hence, to the symmetry energy slope parameter (L). The 
smaller the value of L is, the less protons are produced and, thus, the DU 
process appears at higher densities, making the cooling less efficient. 

e High-mass stars of 1.8— 2M when only nucleons are considered: the differ- 
ent behaviours exhibited by the cooling curves of FSU2R (nuc) (fast cooling) 
and FSU2H(nuc) (slow cooling) are correlated with the different values of 
the central densities in these stars, as seen in Table 1. The stiffer the EoS 
is, the lower central densities are and the slower the cooling is. 
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Table 1. The nucleonic DU thresholds for FSU2(nuc) FSU2R(nuc), 
FSU2R(hyp), FSU2H(nuc) and FSU2H(hyp) models, together with the hyper- 
onic DU threshold for each of them. Also shown is the central density ne for 
three selected neutron star masses. !? 


Models DU,;, hypDUs 14Mo 1.76Mo 2.0Mo 
(fm-3) (fm-3) nc (fm-?) ne (fm-3) ne (fm-3) 
FSU2 (nuc) 
FSU2R (nuc 
FSU2H (nuc 


( 
FSU2R (hyp 
(h 


FSU2H (hyp 
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Fig. 2. Surface temperature as a function of the stellar age for different neutron star masses for 


FSU2R(nuc) (left) and FSU2H(nuc) (right). Also shown are different observed thermal data. 15 


e The inclusion of hyperons in medium- to heavy-mass stars speeds up 


the cooling (compare in Figs. 2 and 3 FSU2R(nuc) and FSU2R(hyp) or 
FSU2H(nuc) and FSU2H(hyp)). On the one hand, this is because the 
presence of hyperons (mostly A particles) reduces the neutron fraction 
at a given baryon number density and, consequently, the DU restriction 
Ern = kr, + kre, can be fulfilled at a lower density. Here kpn, kr, and 
kre are the Fermi momenta of the neutron, proton and electron, respec- 
tively. On the other hand, the appearance of hyperons softens the EoS, 
thus FSU2R(hyp) and FSU2H(hyp) produce stars with higher central den- 
sities than the nucleonic counterparts, so that they may overcome the DU 
threshold (see Table 1). 


We now investigate the effect of neutron superfluidity and proton superconduc- 
tivity on the cooling of neutron stars. We study the two most relevant cases, the 
FSU2R(nuc) and the FSU2H(hyp) models, which are the ones that best reproduce 
the observed data on cooling in Figs. 2 and 3. On the one hand, the introduc- 
tion of a superfluidity (conductivity) gap in the energy spectrum of baryons re- 
duces the neutrino reaction rates, leading to a sharp drop of neutrino emissivity 
after the matter temperature drops below the pairing critical temperature. On the 
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Fig. 3. Surface temperature as a function of the stellar age for different neutron star masses for 


FSU2R(hyp) (left) and FSU2H(hyp) (right). Also shown are different observed thermal data. 15 
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Fig. 4. Surface temperature as a function of the stellar age for different neutron star masses for 


FSU2R(nuc) (left) and FSU2H (hyp) (right) with medium proton pairing and neutron pairing. 15 


other hand, a new transient neutrino emission process appears, commonly known 
as pair breaking-formation (PBF) process, where two quasi-baryons with similar 
anti-parallel momenta annihilate into a neutrino pair. 

'The analysis of the plots in Fig. 4 indicates that the inclusion of medium proton 
pairing, in addition to the neutron pairing, improves the agreement of the cooling 
curves of the FSU2R(nuc) and FSU2H(hyp) models with data, specially for Cas A 
in the case of the FSU2H(hyp) model, as can be seen in the inset of Fig. 4 (right). 
Note that in a very recent publication??, Posselt and Pavlov have revised the Cas 
A cooling data, concluding that the cooling of this object could be slower. In other 
words, we find that a shallow/medium proton superconductivity does not lead to 
an over-suppression of the DU processes, a fact that, combined with miscroscopic 
models with a soft nuclear symmetry energy, leads to an optimum agreement with 
observations. However, the calculations favour rather large stellar masses to explain 
the observed colder stars with surface temperatures T < 10° K. 
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BlackHoleCam is a project funded by a European Research Council Synergy Grant to 
build a complete astrophysical description of nearby supermassive black holes by using 
a combination of radio imaging, pulsar observations, stellar astrometry and general rela- 
tivistic magneto-hydrodynamic models. BlackHoleCam* scientists are active partners of 
the Event Horizon Telescope Consortium!. In this talk I will discuss the use of pulsars 
orbiting Sagittarius A* for tests of General Relativity, the current difficulties in detecting 
such sources, recent results from the Galactic Centre magnetar PSR J1745—2900 and 
how BlackHoleCam aims to search for undiscovered pulsars in the Galactic Centre. 


Keywords: Pulsars; Black Holes; Gravity Tests. 


1. The science case for observing pulsars orbiting Sagittarius A* 


For over 40 years observations double neutron star systems — the collapsed and 
degenerate remnants of massive stars — where one, or both, stars are active radio 
pulsars have demonstrated that they form exceptional natural "laboratories" for 


1,2 


precision tests of theories of gravitation In this vein, a pulsar in a close orbit 


around the supermassive black hole at the centre of our Galaxy (Sagittarius A* — 
Sgr A* for short) would be at the apex of gravity experiments made possible using 


pulsars?*4, 


*www.blackholecam.org 
+ www.eventhorizontelescope.org 
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Fig. 1. Parameter space of observations and tests of gravity. On the x-axis, v denotes the typical 
velocity of the system’s components while ® denotes the gravitational potential being probed 
by photons propagating in the corresponding spacetime. On the y-axis the maximum spacetime 
curvature (taken at the horizon for black holes) in the system is indicated as a measure of how 
much the system deviates from flat spacetime. Filled areas indicate gravitational wave tests, 
while hollow areas stand for quasi-stationary tests, including accretion onto compact objects. The 
rightmost hollow blue circle stands for the Shapiro delay test in the double pulsar. Figure and 
caption reproduced from Ref. 6 with the kind permission of Wex and Kramer. 


Such a system will allow the fundamental predictions of black-hole properties 
in General Relativity (GR) to be tested; properties that Advanced LIGO, which 
measures the strongly dynamical regime of a merger, potentially cannot?. These 
include the no-hair theorem and the cosmic censorship conjecture?*. For example, 
the latter is tested through measurements of frame dragging caused by the spinning 
black hole, which manifests itself as a contribution to the precession of the pulsar 
orbit. A Kerr black hole should exhibit a dimensionless spin parameter x which 
is no larger than unity; a spin parameter greater would be in conflict with GR 
posing a direct contest to the theory. Fig. 1 shows how pulsar tests fit into the 
relativistic regime of other gravity tests past and present. In Fig. 2 (left panel) 
from Ref. 4 the expected signature of the black hole quadrupole moment in pulsar 
timing residuals for a putative pulsar closely orbiting Sgr A* is displayed. Ref. 7 
have shown that by combining measurements of the black hole spin from stellar 
astrometry, pulsar timing and interferometric imaging of the black hole shadow, an 
unbiased and quantitative test of the no-hair theorem is possible (Fig. 2 right panel). 


2. Galactic Centre pulsar searches 


Over the last couple of decades a number of searches of the inner tens of parsecs 
have taken place? !?. In 2013, the Galactic Centre (GC) pulsar population? was 


“Here we define the GC pulsar population as those with pulses detected in radio at a projected 
offset of less than 0.5? (~73 pc) from Sgr A*. 


1868 


i Stars 


0.8r 


0.6r- 


EHT 
Shadow 


R [ms] 
© 
a 


Black Hole Quadrupole Moment 


Pulsars 


| 
| 
| 
| 
| 
i 


Y 


1 1 
0 50 100 150 200 0.0 0.2 04 0.6 0.8 10 
time [d] Black Hole Spin 


Fig. 2. (left) A simulation showing the effect of the quadrupole moment of Sgr A* “imprinted” 
upon pulsar timing residuals over two orbital cycles. Here an orbital period of 0.3 yr, an eccentricity 
of 0.5 and a dimensionless black hole spin parameter of unity were assumed. Figure reproduced 
from Ref. 4. (right) Comparison of the posterior likelihood of measuring the spin and quadrupole 
moment of Sgr A* using the orbits of two stars (blue), timing of three periapsis passages of a 
normal pulsar (red) and the shape of the black hole shadow from radio interferometric imaging 
(gold). The solid curve shows the expected relation between the two quantities for a Kerr metric. 
The filled circle marks the assumed spin and quadrupole moment. Figure reproduced from Ref. 7. 


brought to a total of six with the detection of PSR J1745—2900, first through its 
gamma ray emission!*:!4 and then finally in radio 1516. 

As radio telescope hardware and analysis techniques are improved, GC pulsar 
searches are carving out additional areas of parameter space neglected by previous 
searches. An example is the progression to higher than “normal” pulsar observing 
frequencies (fobs Z 10 GHz) where the deleterious effects of interstellar dispersion 
and scattering (effects that are at their highest in GC) are reduced. Unfortunately, 
improvements in sensitivity by choosing higher frequencies are limited by the steep 
spectrum of pulsar emission, where detection signal-to-noise ratio S/N is typically 
x fa... This is one case where competing selection effects affect the performance 
of GC pulsar searches (Table 1). In general, higher observing frequencies and longer 
integration lengths Tops (given the large distance of the GC) are more favourable, 
however this predisposes searches to flatter spectrum isolated pulsars. Binary pulsar 
searches can become computationally prohibitive above certain 7554 where even 
single parameter acceleration search computations Ca scale with T3... 


3. BlackHoleCam pulsar work 


BlackHoleCam P5, and members of the Event Horizon Telescope (EHT) Consortium, 
aim to tackle these observational constraints by using the largest and most sensitive 
telescopes operating at millimetre wavelengths which form elements of the EHT 
telescope. Because both EHT VLBI imaging and pulsar observations can utilise the 
same raw data product from each array element, EHT VLBI and pulsar observations 
can be commensal. 
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Table 1. Competing observational selection effects for GC radio pulsar searches. Pulse broad- 
ening effects, such as dispersion smearing Teh, scatter broadening Ts and acceleration broad- 
ening Ta, add in quadrature to the intrinsic pulse width W making Weg, which scales with 


the detection signal-to-noise ratio as S/N x 4/(P — Weg) /Wer where P is the spin period. V 
indicates favourable observational configurations while X are unfavourable. 


Observing frequency related Higher fobs Lower fobs 


: : , = 
Intra-channel pulse dispersion smearing (Th ex cp) 
obs ) 0.8 
Intense GC background continuum emission!” (S/N œ fuas ) 


Pulsar spectra (S/N « pic 


Pulse scattering broadening (Ts « 


x NNN 
M CX CX X 


Integration length related Longer Tog, Shorter Tops 


GC distance (S/N « VTops) 

Pulse broadening from acceleration (ra x T2) 

Pulse broadening from jerk (rj « T3. .) 

Computational operations for acceleration search (Ca œ% qu. e) 


* XX S 
ASS 


Thus far, pulsar search efforts have concentrated on analysing data from the 
single most sensitive element of the EHT: “fully phased” ALMA. In the future we 
can envisage using a phased array of the largest components of the EHT to further 
increase sensitivity or to mitigate site specific interference contamination. 
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We study the gravitational lensing by a Kerr-Sen black hole spacetime which arises 
a solution to the low-energy effective field theory for four-dimensional heterotic string 
theory. A closed form expression of the deflection angle of light rays lensed by the 
Kerr-Sen black hole is derived as a function of impact parameter, spin and charge in 
the equatorial plane of the black hole. It is observed that charge parameter behaves 
differently from the spin parameter for the photons in direct and retrograde orbits around 
the black hole. The deflection angle becomes larger in strong field limit with an increment 
in the value of charge parameter and it is observed that this effect is more perceptible 
in case of the direct orbits as compared to the retro orbits. The results obtained are 
also compared with the corresponding cases of well known Kerr black hole in general 
relativity (GR). 


Keywords: Gravitational lensing; Kerr-Sen black hole; Heterotic string theory; Deflection 
angle. 


1. Introduction 


One of the consequences of Einstein’s general relativity (GR) is that the light rays 
passing a massive body are deflected by the virtue of gravity and the resulting phe- 
nomenon is known as Gravitational lensing? (GL), as first observed by Eddington 
during the solar eclipse of 1919. The GL, theory and observations, is one of the 
most important areas in modern astronomy? and it also provides a clean and unique 
probe of the dark matter at all the distance scales since it is independent of the 
nature and physical state of the lensing mass‘. 

'The main objective of the present work is to study the GL by a Kerr-Sen BH in 
equatorial plane to have exact closed-form solutions for the deflection angle of light 
such that both the strong and weak field limits are satisfied? !!. 

In the next section, structure of KSBH spacetime is discussed alongwith the 
first integrals of geodesic equations for null geodesics. The critical parameters for 
obtaining the exact deflection angles are then calculated in section 3. The closed- 
form expression for the deflection angle as a function of impact parameter and BH 
spin is derived in section 4. Finally, the results are summarised in last section. 
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2. Kerr-Sen BH Spacetime 
The Einstein metric for KSBH, 


A — a? sin? 9 »» Anar cosh? a sin? 0 
de == —— li gi = md Xd? 
E ( » ) + Adr Y $ 
— 2 
= sin“ 0 
+d, (1) 


where the metric functions are described as, A = r? — 2ur +a?, Xi = r? +a? cos? 0 + 
2ur sinh? a, and E = (e + 2ursinh? a +a? | — a?A sin? 0. The parameters u, a 


and a are related to the physical mass M, charge Q and angular momentum J as 
follows, 


M= =a +cosh2a), Q=- sink? 2a, J= T +cosh2a). (2) 


v2 


For a nonextremal BH, there exist two horizons, determined by A(r) — 0 as, 


Qi? 
re =M- —4,4/(M-=)] -a, (3) 
2M 2M 


where r} and r_ represent the outer and the inner horizons of the BH respectively. 


2.1. First Integrals of Geodesic Equations 


The first integral of radial and latitudinal coordinates (ie. r and $) for null 


geodesics!? can be obtained as, 
"-— a? 2Ma? 4Ma 1 2M 
Bor agy p DERI. RN. SR E. c 
0  Dr(ra-z)  Ür(rco- zx)  b(r- cz) r(r-x) r(r-zy 
(4) 
and 


. L 2M 2MaE 
o= I= T F , 
r+ta rctrL 


where z = Q?/2M and M = GM,/c? (gravitational radius) with M, defined as the 
physical mass of the BH. The time derivatives in 4 and 5 are taken with respect to 
the coordinate time variable t defined as, t = cr where T represents the physical 
time with, 


z = 5b, (6) 
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3. Critical Parameters 


Using the change of variable as u — 1/r, the orbit equation can be obtained from 
Eq. (5) and Eq. (4) as, 
ei (a?u? + (1 — zu)(1— 2Mu)) B(u) (7) 
— OB (us), 
dó (1— 2Mu + 2Mau/b;)^ (1 — xu) 


where, 


B(u) = Go) + (5 = 1) u? + (1 - EDS (8) 


S 
We will further consider the case of one real negative root uj and two real distinct 
positive roots uz and us given in terms of two intermediate constants P and Q that 


f P-2M— 

allow one to line up the order such as, uj < u2 < us, Uy = —— uo = I, 
.. P=2M+Q 

U3 = —ÀAMro 


By comparing the coefficients in B(u) to those in the original polynomial in 
Eq. (8), one can first obtain the following relationship between P and {a, b, s, ro), 


zu Dese) 
P= "(rey (9) 


It leads to the following relation between the critical parameters, 


where, 


w 


i 3 [ Au? (1 z a — 9b2x (1 x fr) — 24 
© = cos 3 arccos -igl z a oe 
(90-5) 5) 
(12) 

The above relation among the distance of closest approach (ro) and the invariant 
impact parameter is extremely important in Strong Deflection Limit (SDL) as well 
as Weak Deflection Limit (WDL) series expansions in terms of the invariant nor- 
malised quantity b’. The expression also reduces to the corresponding Schwarzschild 
limits when charge and spin parameters are zero. 

In the strong deflection limit, P — 3Mand the following expressions involving 
the critical quantities: 


Tsc = EIE (13) 


o| 
“u Ja 
n 

SS 
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Fig. 1. Left Panel: Here solid and dashed lines represent the critical impact parameter (in mass 
unit) for KSBH and KBH respectively with x = 0.5 for KSBH; further upper portion of the plot 
corresponds to b+c solutions while the lower portion of the plot corresponds to the b—e solutions; 
Right Panle: Variation of critical radii in mass units with spin parameter a. Here Dg and Dgs 
depict the corresponding radii for direct orbits and Rx and Rgs depict the corresponding radii 
for retro orbits of KBH and KSBH respectively. Lower portion of the plot represents inner and 
outer horizons for KBH and KSBH. 


Jae | -3sa | 3M 
Osc = =F 2s 3M(3M == x) cos 3 arccos 3M —z 3M z . (14) 


and 


2 2 —3sa 3M 
Set OMe) li 2 Enc E Ea 
r r+ 3 (3 x) |1+ cos 3 410008 | 335 aap —z 


4. Bending Angle of Light Rays 


Now if one considers a light ray starting in an asymptotic region and approaching 
a BH, with ro as distance of its closest approach. The exact expression for the 
bending angle can easily be expressed in terms of elliptical integrals of third kind? 
as, 


T s [n. [Mens k) — (n4, Y, k) +9- Hin, k) — IH(n—, v, zl 


(16) 


where II(n.., k) and I (n4, v, k) are the complete and the incomplete elliptic inte- 
grals of the third kind respectively. The argument k? is defined through the elliptic 


integral as usual in the range 0 € k? < 1. The other variables in the above ex- 


C+ k? = Q—P+6M Q+2M—P 
u+— u’ m 2Q Q+6M—P 


pression are defined as, Q4 = and 


, Y = arcsin 


uU2— Uu 
n = I2 Ul. A 
E Ut TUL 
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Fig. 2. Exact deflection angle as a function of normalised impact parameter with spin parameter 
value a = 0.5. Left section of the above plots where b’ — 0 corresponds to the strong deflection 
limit while the right section where b’ — 1 corresponds to weak deflection limit. 


5. Summary and Conclusions 


We have studied the GL for a KSBH in its equatorial plane and derived an exact 
expression for the bending angle of light. T'he effect of frame-dragging on the bend- 
ing angle of photons in such cases has previously been discussed for KBH?. The 
additional charge parameter behaves similar to the spin parameter for direct or- 
biting photons but oppositely for retrograde orbiting photons as the bending angle 
increases in either case on increasing the numerical value of the charge parame- 
ter. Though this increment is still much larger for direct orbiting photons. This 
difference in the bending angle can clearly be visible through the shifts of the corre- 
sponding relativistic images. In order to study this shift in relativistic images, one 
needs to study the series expansion of the bending angle in weak as well as strong 
deflection limits. Hence, as a further work we will derive the series expansion of 
the above obtained bending angle formulas in both the strong and weak field limits. 
This will allow an easier comparison with similar results obtained for other BH 


types. 
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Number counts observations available with new surveys such as the Euclid mission will 
be an important source of information about the metric of the Universe. We compute 
the low red-shift expansion for the density contrast using an exact spherically symmetric 
solution in presence of a cosmological constant. At low red-shift the expansion is more 
precise than linear perturbation theory prediction. We then use the local expansion to 
reconstruct the metric from the monopole of the density contrast. We test the inversion 
method using numerical calculations and find a good agreement within the regime of 
validity of the red-shift expansion. The method could be applied to observational data 
to reconstruct the metric of the local Universe with a level of precision higher than the 
one achievable using perturbation theory. 


Keywords: Number counts, density contrast, redshift, metric, local Universe. 


1. Introduction 


'The standard cosmological model is based on the assumption that the Universe is 
homogeneous and isotropic on sufficiently larges scales, and is confirmed by different 
observations such as for example the cosmic microwave background (CMB) radia- 


tion! 


or of galaxy catalogues. However the presence of structure at smaller scales 
can affect local observations as it was shown in Ref. 2, and it is therefore important 
to understand its consequences. The effects of inhomogeneities on cosmological ob- 
servables have been studied in different cases, such as dark energy, the luminosity 
distance? or the expansion scalar. These effects are due to the fact that spatial 
inhomogeneities change the energy of photons, modifying the cosmological red-shift 
due to the Universe expansion. As a consequence some errors are produced in the 
estimation of parameters based on homogeneous cosmological models. 

One important source of information about the Universe are galaxy catalogues 
since they allow to map the local density field. Since we can only measure the red- 
shift of astrophysical objects for which other distance measurement methods such 
as stellar parallax cannot be applied, it is important to take into account the effects 
of these inhomogeneities on the metric in order to compute self-consistently the 
density in red-shift space. This is particularly important when trying to determine 
the metric of the Universe. 
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2. Modeling the local Universe 


In order to model the monopole component of the local structure we use the LTB 


solution”! 


1 2 
AUU 2.1 R(t, edo? , (1) 


ds? = dt? + 5 — 
d *i1r25B(r 


where E(r) is an arbitrary function of r, and R'(t,r) = O.R(t,r). The analytical 
solution of Einstein's equations can be derived 1213 if we introduce a new function 
k(r), and a new coordinate n = n(t,r) given by 


On r 1 2E(r) 
p. r = == Z= = ; k LL —— 
Ot | R a (r) r2 (2) 
The Einstein equations imply 
ða V? po(r) A 
pial = —k 2 PUN? <= 4 
DEDI (3) 


where po(r) is an arbitrary function of r, and we adopt a system of units in which 
c = 81G = 1. Without any loss of generality we adopt the coordinate system in 
which po(r) is a constant, which is known as the FLRW gauge. The solution to the 
above equation can be written in the form '* 


= i ERA 
a(n,r) = k(r) + 3(3; 92(r), 93(r)) ` À 


where p(x; 92,93) is the Weierstrass elliptic function and 


ga(r) = Sk? , 93(r) = (2k(r)° — Apo) ] (5) 


The relation between t and 7 can be found by integrating Eq. (2) and is given by? 


2p «(1-7 (-52)) k(r) 


The radial null geodesic equations take the form! 


dn — Ort(n,r) + G(n,r) dr _ a(n, r) (6) 
dz (14 z)04G(m,r) ' dz (14 z)0,G(n,r)’ 


where 


Ri(t(n, r),r) 


E 1—k(r)r? 


The density profile is given by 


pm, r) = plt(n,r),7) = ACES IC CRAIG (7) 
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'The background density of the universe is given by the sub-horizon volume average 
of p on constant time slices 


fite R(t,r)? R'(t,r) 
t, r) == d 
f otrav 7 f p(t, r) ERF T 


Dt) = = e 8 
p( ) J dV I RG, rP R (tr) y, ( ) 
V 0 1-— k(r)r? 


where the upper limit of the integrals rgo, (t) is the comoving horizon as a function 
of time, and determines the region of space causally connected with the central 
observer at time t. We can then evaluate p(t) at the time t(z) corresponding to a 
given redshift z, i.e. the time along null radial geodesics, and define the background 
value of p at redshift z as p(z) = p(t(z)). We can then define the density contrast 


jte PU Lg (9) 


If the size of the local inhomogeneity is sufficiently smaller than the volume over 
which the integral in Eq. (8) is performed then 7 will get most of its contribution 
from the asymptotically homogeneous region and the average density will be well 
approximated by the asymptotic density 
2(:)-30Hbyo-2); He= HO), œ, = PO 10 
p(z) = 3(Ho) Qu (1 + 2)"; o H(0), M= BI (10) 
3(H0) 
where the upper-script ^ stands for background and H is the expansion scalar 
Agr)"; 


3. Reconstruction of the local metric 


In order to reconstruct the metric of the local universe from the density contrast 
we expand the curvature function k(r) as 


k(r) => ko | kır | kor? | Cr ae (11) 
We also expand the solution of the geodesic equations according to 
r(z) 9 riz raz?-raz? +, nl) = +mz+nz +. (12) 


We expand t(n, r) as 


il 
t(n,r) = tolr) + a(no,r)(n — no) + 595a(mo. r)(n — m)? deer g (13) 
where to(r) = t(go,r) We now define the dimensionless parameters Kp = 
k, (ao Ho) **? and applying the chain rule to £,(0) and t# (0) we find 
Oto(r) Ok 
to (0) = a g= = aoa Kı ; to (0) = ao(ao Ho)(8K? + 2a. K3) ; (14) 


where a and £ are dimensionless parameters. 
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We will consider the case in which kg = 0, which is enough to understand 
qualitatively the effects of the inhomogeneity, since this term corresponds to the 
homogeneous component of the curvature function k(r). Expanding the density 
contrast up to second order we find 


à(z) = ôo + biz + 822” , (15) 

Ho ? Ou 

ee a (m_i), . 

| Gr) (Ss ) (16) 
Ho V? 4Ki (30Qm +1 

ð = (=) a T 
Hj 305, 

Hy \? 1 ; 
ð=- |=) sea | 18612035, (3aQy + 2 
: (=) 3604005, | IA m ( allm + ) 


+ xo — 18 (25a? — 4a + 58) €, + 810? — 3000m — 40) 


+ 20 (Qu - 6) — 60KsQ4AOqw (3am +1) ` (18) 
From these equations we can finally obtain 
k(r) 7 Kı (ao.Ho)?r + K»(aoHo)^r? ; (19) 
b\ 2 b 
Ki = Ho 30401 (20) 
Ho 4 (3a€)y + 1) 
HA 305, 2 
K = | SD —————————ai1s0A0 Q 1 Q 
2 (3) 330MMar Gata t 1) 804€ (3a€0y + ) [995 M 


H 2 
+ 6 (4ad2 + 61) Qm + sia} T8105, (m) tex — 18 (25a? — 4a 


aft 58) 5; + 810703, — 300a) — 40) + 20 (Qm = Co) Jj 3 (21) 


In the above equations we have introduced the parameters ao, Ho, Qm, Qa, To and 
Ço according to their corresponding definitions given in Refs. 14, 6. 


4. Testing the accuracy of the method 


In order to test the formulae we have derived we chose models defined by the spatial 
curvature function k(r) according to 


k(r) = + (ag Ho)? 229" | 


1 — tanh (2ao Hor) |. (22) 


We also compare our formula for the density contrast with the linear perturba- 
tion theory prediction that around a flat homogeneous background !° 


6(z) = 35H (z)(05,) 999. (23) 
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Fig. 2. The density contrast is plotted as a function of redshift. The left and right plots are for 
the inhomogeneities corresponding to Fig. 1. The solid lines correspond to the numerical solution, 
the dashed lines to the analytical formula we derived and the dot-dashed lines to the perturbation 
theory result. 
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Fig. 3. The reconstructed metric function k(r) is plotted in units of Hg as a function of the radial 
coordinate in units of Hee for the inhomogeneities corresponding to Fig 1. The black solid line 
corresponds to the original k(r) function and the black dotted line to the reconstructed one. 


5. Conclusions 


We have derived the low-redshift expansion for the monopole of the density contrast. 
At low red-shift the formula is in good agreement with numerical solutions and 
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is more accurate than the linear perturbation theory approximation. Using this 
formula we have then developed a new analytical inversion method to reconstruct 
the metric from the monopole of the density contrast. The inversion method could 
be applied to low red-shift observational data to determine the metric with a level 
of precision higher than the one achievable using perturbation theory. 

For a full reconstruction of the metric beyond the monopole contribution other 
solutions of the Einstein equations could be used for the analytical approach, in 
order to accommodate more complex geometries. For a general numerical inversion 
able to reconstruct any type of metric more sophisticated methods in numerical 
relativity will be required. 
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1. Introduction 


Since the 1919 eclipse expeditions, whose centennial will be celebrated in the year 
following this Marcel Grossmann Meeting, gravitational lensing has provided impor- 
tant precision tests of the Lorentzian metric spacetimes of general relativity. This 
raises the question of how modified theories with non-metric spacetime structures 
may be probed by gravitational lensing. 

The answer to this question requires, of course, knowledge of the gravitational 
theory of such non-metric spacetime kinematics, and the standard approach is to 
start by stipulating some modification of the Einstein-Hilbert action as the gravi- 
tational dynamics. However, recent work in geometrodynamics (cf. Refs. 1, 2) has 
shown that predictive gravitational dynamics can, in fact, be derived from the un- 
derlying spacetime kinematics, such that the theory is predictive by construction. 
Hence, this new approach is called constructive gravity, and session AT5 of this 
meeting is dedicated to it. 

Here, we describe the first concrete example of how constructive gravity can be 
employed to derive a prediction for gravitational lensing in a non-metric space- 
time. Specifically, we consider area metric geometry for which a perturbative 
Schwarzschild-like solution has been obtained, and find a deviation from the stan- 
dard metric Etherington distance duality relation. This proceedings paper is based 
on Ref. 3 and references therein. 


2. Geometrical background 
2.1. General kinematics 


We begin by discussing general spacetime kinematics and the notion of predictiv- 
ity, following Ref. 4. Consider a smooth 4-dimensional manifold M endowed with 
smooth tensor fields G and F, which we refer to as geometry and its test matter, 
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respectively, governed by a general linear field PDE, 


k 
i 0 a) 
[A 2 
D "(Guo as Fa = 9 (1) 
d=1 
where v; € {0,...,3} denote general spacetime coordinates, ji multi-indices of test 


matter fields components, and i € {1,...,d}, d € (1,..., k} partial derivative order 
where k is highest. Now, causal properties of Eq. (1) are governed by its principal 
polynomial, which emerges from the eikonal approximation: letting 


iS(a) 


Falz, €) =e < M Fa(z)e , and e—0, 
j=0 


where S is the eikonal (phase) function, then from (1), 


ek 
iSc) fi MTS Os Os "T M 
e (i) [Df "m n bam Fro(x) + lower terms in ze 
whence the first term stemming from the highest derivative order remains in the 
limit, and for this equation to have non-trivial solutions, the determinant of the 
square bracketed term needs to vanish. This yields the principal polynomial of 
Eq. (1) P: T*M —> R, reducing repeated powers, 


P(x, p) = we det | Dees (x)pv, oP Pol = Pees? py +++ Pvaeg p» (2) 


where P"':-"3es P is the totally symmetric principal polynomial tensor, and wc some 
appropriate weight function to render P a scalar. Thus, the general null cone (or, 
null dispersion relation) at x € M becomes 


N; = {pE TM : P(z,p)=0}. (3) 


We are interested in causal kinematics of the generalized spacetime (M, G, F), 
which is determined by the Cauchy problem. Given (1) and initial data, the Cauchy 
problem is well-posed if there is a unique solution depending continuously on the 
initial data, so P is necessarily hyperbolic. 

So far, we have only considered covectors, or particle momenta. However, we 
also need the dual vectors for particle trajectories. Now it turns out that if P is hy- 
perbolic, then its dual polynomial P* : TM — R exists, although hyperbolicity of P 
does not imply hyperbolicity of P*. But for predictivity in the sense of distinguish- 
ing future and past, or the sign of particle energies, P^ needs to be hyperbolic as 
well. This is called bihyperbolicity, and is the geometric requirement for predictive 
kinematics. 

Example: standard Maxwell. In M = Rt, x” = (t, x), consider Maxwell's 
equations in vacuum, in suitable units. Then we have two constraint equations 
V-E=0, V- B — 0, and two dynamical equations, 

OE OB 


a V5 Be "ror KS 
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Introducing Fa = (—E,B), i € (1,...,6], they can be recast as test matter field 
equations in the form of Eq. (1) to obtain 


pa Fn _ 0. 


AÀ Ox" 


Now according to Eq. (2), the corresponding principal polynomial is computed from 


—p 0 0 0 ps —po 
0 -po 0 -p 0 m 
0 0 —po p —-p O0 
0 ps —p p 0 0 

—p 0 pi 0 po O0 

p -pı 0 0 0 po 


det[D?"p,] = det = po(—po + Pi + P2 + p3)’, 


whence, after reducing repeated powers, we read off the principal polynomial, 


P(a,p) = —pg + pi + p? + pi = P” pupu = n"pypy 5 


identifying the principal polynomial tensor as the inverse Minkowski metric. 


2.2. Area metric spacetimes 
We can now specialize the previous discussion to test matter defined by general 
linear electromagnetism, which has the Lagrangian 


1 
L= —g9 ^7 Fu Epo ; (4) 


where Fuy = —F,,, is the electromagnetic tensor, and G is called constitutive tensor 
density, describing the properties of the optical medium. This is the structure 
defining pre-metric electromagnetism (see, e.g., Ref. 5), although in the standard 
Maxwell vacuum we consider G to be induced by a Lorentzian spacetime metric g. 
However, more generally, G is an area metric structure. 
An area metric is a smooth 4th order tensor field G with symmetries such that 
G uvpo = Goopy , G uvps = —Gyupo , G uvpo = —Guwvap » 


and we define an area metric induced by a metric g as follows, 


(G o uups = QgupSveo — Quo vp — V det g Éuvpo - 


The name stems from its area measuring property.? Now vacuum electromagnetism 
on an area metric background can be described like Eq. (4) with F subject to 


1 
ES ge Fu, Epo with GY? = wga”? . (5) 


?'[o see this, consider two vectors X, Y and a Riemannian metric g, then 
Gg(X,¥, X. Y) = (X -X)(Y -Y) - (X - Y}? = |xP|YP sin? Z(X, Y) = |X ^YT?, 


that is, the squared area spanned by X,Y. 
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where biz = Gr Euvpa G”. Thus, an area metric spacetime with predictive kine- 
matics in the sense of Sec. 2.1 can be defined as the triple (M, G, F) with a corre- 


sponding bihyperbolic principal polynomial P. 


3. Gravitational lensing 
3.1. Light propagation 


Let us know proceed to study light propagation on such an area metric spacetime 
(M,G,F). As discussed in general in Sec. 2.1, we can apply the eikonal approxi- 
mation to the field equations of Eq. (5) to define geometrical optics. The null cone 
(3) in this case is, of course, found to be quartic (deg P = 4), 


P(z,p) = P(G)"? p, pgp,ps = 0, 


with the principal polynomial tensor constructed from the area metric G. It is clear, 
then, that light rays in such a spacetime are, in general, subject to birefringence. 

However, since observationally any such effect would necessarily be very small, 
we shall from now on investigate a perturbation about an effective Minkowski space- 
time. Then the (inverse) area metric is given by 


vpo Vo Oo QU Veo vpo 
GUN E hh he — Vus Mp. etree y gevee, 


where H is small. In this case, the principal polynomial tensor and its dual are 
found to be merely quadratic, 


per zx p ges. P= ua = Byars (6) 


where H^" = HPY nag — ircag,s HPP nt, Hence, there is an effective Loren- 
tizan metric Dr for light rays, and standard ray optical arguments for light rays 
apply. This fact, however, does not eliminate effects of the non-metricity of this 
spacetimes entirely: one result important for our later discussion is that energy- 
momentum conservation (for the general case, cf. Ref. 6) implies that the photon 
current N obeys the conservation law 


(wa N”) u — 0, (7) 


which corresponds to the well-known result for metric spacetimes (see, e.g., 
Eq. (3.26) of Ref. 7), except that the volume measure here, we, is area metrical. 


3.2. Linearized gravity 


Having established our non-metric spacetime kinematics, we need gravitational dy- 
namics next in order to obtain a concrete prediction for light propagation. But 
rather than stipulating a modification of general relativity, contructive gravity can 
be employed to derive it. 

This geometrodynamical technique originates in Ref. 8, which treats the 
Lorentzian metric case, but has been extended recently to any tensorial background 
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(see Refs. 1 and 2). Briefly, the idea is that a bihyperbolic spacetime kinematics 
yields a generalized ADM split with lapse and shift, defining a hypersurface defor- 
mation algebra. Recognizing that kinematical deformation and dynamical evolution 
coincide, the constraint algebra with supermomentum and superhamiltonian can be 
determined, resulting eventually in a PDE system for the gravitational Lagrangian. 
The gravitational dynamics for area metric kinematics can, so far, be derived 

perturbatively. The solution for a point mass M, that is, the linearized area metric 
Schwarzschild, is 

020b =— ya Sin [0o0b = dd de (2A T iU $ iV)y". 

(aObed bed ER I Obcd € ecd 4 (2U m iV E A) grt 

gebed gear ud _ ytd be J [oed = ‘al +2U = V) (yett ER 2d ybc) ' 


with Euclidean metric y%, Euclidean distance r of the unperturbed background, 


Levi-Civita symbol 2°, and scalar perturbations 
M M M 
AS — Spr ` = —— Spr = — mid 
xem (k Ane ) U remix QV ‘ca (i Tne ) : 


where n, K, A, y, T are constants. 


3.3. Modified Etherington relation 


Finally, we are ready to study light propagation in this non-metric spacetime under 
the influence of gravity. One fundamental kinematical property of any Lorentzian 
metric spacetime is the Etherington distance duality relation, originally derived 
in Ref. 9, which connects the luminosity distance, angular diameter distance and 
redshift. Thus, we naturally expect this relation to be broken for a non-metric 
spacetime, such as our area metric spacetime, possibly even in a way such that the 
result is no longer merely kinematical but dynamical, that is, dependent on the 
gravity theory. This turns out to be the case here, as we shall see in the following. 
First of all, recall from Sec. 3.1 that, at leading order in geometrical optics, area 
metric light propagation is essentially metric, so the standard ray optical derivation 
of the Etherington relation (e.g., Ref. 7, ch. 3) largely applies, yielding 
2 
pa LR (8) 
VI+A 
where Dr, Dy, z are luminosity distance, angular diameter distance and redshift, 
respectively, as usual, and A is the photon excess fraction in a ray bundle domain 
D from the light source to the observer obeying 


anf d'zy — det PË N".,, (9) 
D 


where the covariant derivative is with respect to metric P* of (6), N is the photon 
number and N^ the photon current, as before. In standard metric theory, photon 
conservation implies the vanishing of N".,, in Eq. (9) whence A = 0 in Eq. (8), and 
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we recover the standard Etherington relation. However, in the area metric case, 
although conservation law (7) applies, the N".,, does not vanish whence A ¥ 0, and 
we find a modification of the Etheringon relation. Concretely, for linearized area 
metric Schwarzschild of Sec. 3.2, Yukawa-type corrections emerge, 
3&M [fe "s Ute 
Dy =(1+2)*Da (14 i (5 E ): 
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with Euclidean distances r,,r, between the mass M and the observer and light 
source, respectively. Thus, although at the optical geometry (and hence image 


positions and time delays) is the same as for metric Schwarzschild at leading order in 
M, the area metric volume measure implies a difference in the image magnification. 


4. Concluding remarks 


The constructive gravity approach allows the derivation of predictive gravitational 
dynamics from bihyperbolic kinematics. This enables the study of spacetimes be- 
yond metric geometry without additional assumptions about the modified gravity 
theory. Thus, qualitatively new gravitational lensing effects due to non-metricities 
can be derived to provide possible observational tests. The first concrete example 
of this was described here, resulting in a modified Etherington relation for the lin- 
earized area metric Schwarzschild spacetime. The interested reader is also referred 
to session AT5 Constructive Gravity of this Marcel Grossmann Meeting. 
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We reconstruct early-universe GW conditions, before the onset of inflation. The idea 
is as follows. e-Fold expansion of the universe due to inflation is of the order of 1076. 
Hence, the goal is to produce relic gravitational waves with a device having a signal with 
frequencies around 101? Hz, which is in line with todays theoretical GW frequencies 
of 1016 Hz for relic big-bang GW detected in the present era. Measuring 10!° Hz in a 
laboratory would be a proof of the calculated e-fold value of, say, 60. 
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1. Introduction 


'The main justification of our work is that we could, with due diligence, reconstruct 
GW radiation from the start of inflationary physics. First, there is the question of 
what sort of polarization would be produced in initial processes. Second, if we were 
able to produce 101? Hz gravitational waves via our laboratory arrangements and 
if we were later able to confirm, say, the existence of 10716 Hz GW frequencies via 
LISA in the present era, this would be a stunning proof of the big-bang hypothesis. 
So, we summarize what this inquiry may answer. 


(1) Determination of the fidelity of the e-fold value of 60 in the big bang. 

(2) Determination if a drop of say 10^? in strain value, h, for GW, from the initial 
configuration of the big bang, to our present era, is supportable. 

(3) Unknown initial GW polarization from the start of the big bang. Knowing (1) 
and (2), we could at least say which GW polarization states may be permitted. 


2. Comparison with Grishchuk and Sazhin Results 


Russian physicists obtained the amplitude of a Gravitational wave (GW) in a plasma 
as A = h ~ G-E?-)2.,.1 Note that a simple model of how to provide a current, I, in 
the Toroid is provided by a transformer core using the simple Ohm's Law derivation 
referred to in the first part of the text. Here, E is the electric field whereas Agw is 
the gravitational wavelength for GW generated by the tokamak in our model. In the 
original Grishchuk model, we would have very small strain values, which requires 
the following relationship between GW wavelength and resultant frequency. Note, 
waw ~ 10° Hz > Agw ~ 300 m, so we will be assuming wgw ~ 10? Hz > Aaw ~ 
0.3 m as a baseline measurement for GW detection above the tokamak. 
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Furthermore, 
G-Wg-V 
Ned (1) 

ca 
where Wg is the energy density, V is the volume, and a is the toroid's inner radius. 
Equation (1) is due to the two-part strain’s first term, with the strain’s second 


Anh 


term significantly larger than the first term and due to ignition of the tokamak 
plasma. The strain’s first term is largely due to Grishchuk and Sazhin’s calcula- 
tions.! The plasma-fusion contribution is due to nonequilibrium contributions to 
plasma ignition, which we will elaborate. Note that the first term in the strain 
derivation is due to the electric field within the toroid, not Plasma fusion, and 
we will first of all discuss how to obtain the requisite strain for the electric-field 
contribution to the current inside a tokamak via Ohm’s Law. 


3. Derivation of Strain Generated by an Electric Field 


We examine the would-be electric field, contributing to small strain values similar 
in part to Ohm’s Law. A generalized Ohm’s Law ties in well. 

J=o-E (2) 

To obtain an electric field detectable by 3DSR,*° we use generalized Ohm’s Law 

(see Ref. 3, p. 146), where E and B are electric and magnetic fields, and v is velocity. 

E=oa'J-vxB (3) 

The term v x B in Eq. (3) deserves special commentary. If v is perpendicular to 

B, as occurs in a simple equilibrium case, then of course, Eq. (3) would be, simply 
put, Ohm's Law, and spatial equilibrium averaging would then lead to 

E=o1J-vxB Ewa (4) 


v perpendicular to B 


What saves the contribution of Plasma burning as a contributing factor to the 
tokamak generation of GW, with far larger strain values, is that the ion velocity in 
the plasma is not perpendicular to B in the beginning of tokamak generation. It 
is, fortunately for us, a nonequilibrium initial process, with thermal irregularities 
leading to both terms in Eq. (3) contributing to the electric field values. We will 
be looking for an application for radial free-electric fields being applied (see Ref. 3, 
p. 120). 
dP; 

njej: (Er + v1j3B) = ~~ (5) 
Here, n; is ion density of the jt} species, e; is ion charge of the jt” species, E, is 
the radial electric field, v; ; is the perpendicular velocity of the j'^ species, B is the 
magnetic field, and Pj is the pressure of the j'* species. The results of Eq. (3) and 
Eq. (5) are 


2 2 
E OE? ~ c : (5) Aw + £ : (+ + v) A&w = (first) + (second) (6) 
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Here, the first term is due to V x E = 0, and the second term is due to En = 
i e — (v x B), with the first term generating h ~ 10738-10730 in terms of 
GW amplitude strain 5 m above the tokamak. In contrast, the second term has a 
strain of h ~ 10-76 in terms of GW amplitude above the tokamak. The article has 
contributions from amplitude from the first and second terms separately. The second 
part will be tabulated separately from the first contribution assuming a minimum 


temperature of T ~ 10 keV.? 


4. GW h Strain Values When the First Term of Eq. (6) Is Used 


We now look at what we can expect with the simple Ohm's Law calculation for strain 
values. As it is, the effort led to unusable GW amplitude values of up to h ~ 10738- 
10-?? for GW wave amplitudes 5 m above a tokamak, and h ~ 10738-10728 in the 
center of a tokamak. This would be the tokamak-generated GW amplitude using 
the first term of Eq. (6) to obtain the following value! 
2 
hist ~ - OE? Mw ~ £ - (2) -Abw (7) 
We summarize the results for when wew ~ 10? Hz > Acw ~ 0.3 m and with 
conductivity c ~ 10 m?/s and with the following provisions as to initial values. 
We observe is a range of tokamak values that are, even in the case of ITER (not 
yet built) beyond the reach of any technological detection devices in the coming 
decade. These results, assuming fixed conductivity values a ~ 10 m?/s as well as 
Acw ^ 0.3 m, are why the author expects the second term of Eq. (3) to dominate 
the results for the Chinese tokamak in Hefei.? 


G G (J d 
hong m EMT XA eme | "MED V. 
and ~ 73 New E (e) New? (8) 


or values 10000 larger than the results in ITER due to Eq. (6). 

We are setting Agw ~ 0.3 m and o ~ 10 m?/s, using Eq. (6) above for GW 
amplitude. What makes the second term of Eq. (4) mandatory is that even in the 
case of ITER, 5 m above the tokamak ring, the GW amplitude is To the size of any 
reasonable GW detection device, including the new 3DSR technology. ^? Hence, we 
need to come up with a better estimate, which the second term of Eq. (6) provides. 


5. Enhancing GW Strain Amplitude via a Burning Plasma Drift 
Current: Eq. (4) 

We next examine the normal-to-surface induced electric field contribution (see 

Ref. 3, p. 120): 

ub 1 


d£n Nj ej 


En = (v x B)n. (9) 


If one has for v, as the radial velocity of ions in the tokamak from tokamak 
center to its radial distance, R, from center, and Bg as the direction of a magnetic 
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field in the “face” of a Toroid containing the plasma, in the angular 0 direction from 
a minimal toroid radius of R = a, with 0 = 0, to R =a + r with 0 = m, one has t, 
for radial drift velocity of ions in the tokamak, and Bọ having a net approximate 
value of with Bg not perpendicular to the ion velocity, so then? 


Es (v x B). ~ vr - Bo. (10) 
D fo Tes Also, spatial change in pressure denoted 
^ (see Ref. 3, p. 167) 
WEE dP; 

7X = —Bo- jp. 11 
bow dag du oe 

P ERI 
bw Here the drift current, using € = 5, and 

, , in drift current jp for plasma charges, is 
0 02 0.4 0.6 0.8 1.0 


r/a 
Fig. 1. Typical bootstrap currents with a 
shift due to + where r is the radial direction 
of the tokamak, and a is the inner radius 


£2 dnaritt 
"TE ANE S 
di Bo dr 


Figure 1 introduces the role of the drift 
current, in terms of a tokamak.? 


(12) 


of the Toroid This figure is reproduced from 
Then one has 


Wesson.? 
; 2 1 
( Jo ) Bbi £i ( 1 ( 1 
n ej e? Be \Narift Narift 


Now, the behavior of the numerical density of ions grows in the radial direction, so 


(14) 


B3. 


dr 


| dNarift ; z € 
€ dr 


| dnarift ) (13) 


3 


ar 
Narift = Nariftl initial ^ € 


This exponential behavior then will lead to the second term in Eq. (6) having in 
the center of the tokamak, for an ignition temperature of T > 10 keV a value of 

G Y G EAT? P 

haa ~ SB ( Jb ETE 2. 


ej 


15 
vue (15) 
There is a critical ignition temperature? at its lowest point of the curve having 
T > 30 keV as an optimum value of the tokamak ignition temperature for Nion ~ 
10°° m?, with a still permissible temperature value of T|..6 upper bouna © 100 keV 
with a value of nig, ~ 107? m (see Ref. 3, p. 11). The relationship of Eq. (16), 
where Tp is a tokamak confinement-of-plasma time of about one to three seconds. ? 
Then nion : Tg > 0.5 x 10?? ms. Also, if T| afe upper bound © 100 keV, then one 
could have at the tokamak center, even the Hefei-based tokamak, 38 


G EAT? p 
honalr>100 keV ^v a . EN A Aow PS) 10 25 10 26 (16) 
j 
This would lead to, for a GW reading 5 meter above the tokamak, 36 
G £58T? og —325 40-26 
[Panalr>100 kay 5 m above tokamak i ca e? Acw D E ` wu 


J 
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Note that the support for up to 100 keV for temperature can yield more stability 
in terms of thermal plasma confinement 


6. Restating the Energy Density and Power 
~ £z aT? asma 
We: V ~ wet (18) 
j 
The temperature for plasma fusion burning is between 30 and 100 keV.? The cor- 
responding power is then, for the tokamak,? 
E B 
Pye E. J< >. 2 (19) 
Ho R 
The tie in with Eq. (18) by Eq. (20) can be seen by first setting the E field as related 
to the B field, via E (electrostatic) ~ 10!?V mr! as equivalent to a magnetic field 
B = 10* T.? In a one-second interval, if we use the input power as an experimentally 
supplied quantity, then the effective E field is 


1 ~ 


8 «(y 


applied es. x Tylasma (20) 


j 

What is found is, that if Eq. (19) and Eq. (20) hold, then if Zeffective ~ 1.5, 
qaQo ~ 1.5, and B = 3, then the temperature of a tokamak, to a good approx- 
imation, would be between 30 and 100 keV (see Ref. 3, pp. 242-243). Then one 
has? 


4 a 
Bs ~ 0.87- (T = Tplasma)- (21) 
Then the power for the tokamak is 
9 
1 N^ Tt 
pis ae plans (22) 
Ho ej*R 0.873 
Then, n 10784 eV gravitons are produced per second, as, if à = R, 
1: 
3. h. ej T neta 1 
n x j x p ~ scaling. (23) 


po: R2-€8-& 0.873. A2-mg AZ 


7. Conclusion 


Further elaboration of this matter in the experimental detection of experimental 
data sets for massive gravity lies in the viability of the expression derived, namely 
Eq. (19). h ~ 107?" for a GW detected 5 m above a tokamak represents a decrease 
in strain by a factor of about 100,” whereas in the center of the tokamak, we would 
have, say, hong ~ 10728-10727, a difference of two orders of magnitude. We state 
that our rough estimate is that we would see about the same strain values. In the 
initial starting point of the universe, we would have, say h ~ 10^?? decreasing 
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to hana ~ 10-?9—10-?" today, a comparatively small change in strain amplitude. 
Contrast this with e-folding issues,? wherein we would have a difference of 107° 
in frequency magnitude, with 10/9 Hz initially, for GW at the start of the big 
bang, decreasing to 107 !6 Hz, due to inflation.? If we confirm that last statement 
observationally, we have confirmed the e-folding prediction.? 
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A unified approach to the study of classical and quantum spin in external fields is de- 
veloped. Understanding the dynamics of particles with spin and dipole moments in 
arbitrary gravitational, inertial and electromagnetic fields is important in astrophysics 
and high-energy and heavy-ion experimental physics. 
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1. Projection method for spin in arbitrary external fields 


One can develop a natural extension of the classic Frenkel-Thomas spin model 
which is based on the definition of the “magnetic” and “electric” components of the 
relativistic forces and moments of forces acting on a particle (hence it is natural 
to call this approach a projection method). Let us recall that in Maxwell's theory, 
electrodynamic phenomena are described by the field strength tensor Fag, and the 
magnetic and electric fields can be introduced in a covariant way as the longitudinal 
and transversal projections on the velocity U*: 


1 
ate, BS az P Fu Ue. (1) 
č 
Here Naguv is the totally antisymmetric Levi-Civita tensor. Thereby one gets an 
unique representation of the electromagnetic field strength tensor in terms of its 
projections (electric and magnetic fields): 


1 

Fug = z (EaUg — EgUa + Napu U" B"). (2) 

In the model of a classical particle with internal degrees of freedom (the gen- 

eralized Frenkel-Thomas model), the motion of a test particle is characterized by 

the 4-velocity U% and the 4-vector of spin S*, which satisfy the normalization 

U4U* = c? and the orthogonality condition S4U^ = 0. In general, the dynamic 
equations for these variables can be written as 
dU dS? 

=F* —— = 0°. 3 

dr , dr P (3) 

External fields of different physical nature (electromagnetic, gravitational, scalar, 

etc.) determine the forces F® acting on the particle, as well as the spin transport 

matrix ®%g which affects the spin. Normalization and orthogonality of the velocity 

and spin vectors impose conditions on the right-hand sides of (3): 


UaF*=0, Ugb%sS? = — Sa F®. (4) 
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The spin transport matrix must be skew-symmetric, Pag = —®gq, which automati- 
cally guarantees SaS“ —const. The relativistic 4-velocity vector U* is conveniently 
parametrized via the spatial velocity 3-vector 0^ and the Lorentz factor y: 


1 

ye=( 2), yee HOD. 5 

ym JS i (5) 

The vector of the generalized force F“ acting on a particle has only a transversal 

projection, according to (4). As for the spin transport matrix 9,5, like any bivector, 

we can decompose it into a pair of 4-vectors. Namely, by analogy with (1), we define 
"electric" and *magnetic" projections 


Na := BopU®, Q?:— sn By Ug. (6) 
By construction, these 4-vectors are orthogonal to the velocity of the particle, 
Ua N* =0, UaQ™ = 0, (7) 
and the relations (4) are then recast into 
Ug F“ —0, SaN = SSE?. (8) 
As a result, we have an unique decomposition analogous to (2): 
Bap = (Nap — NU, erg, U^ Q") (9) 
The orthogonality conditions (7) can be resolved so that 
N’ = AUN : ), (10) 
where as usual 9 = {0°} and N = (N?). Accordingly, we find in components: 
Dto = y (N* — PIN? — ey, Q*$*) , (11) 
Qo, = 3 (Na — Da N? — eas, Q*9*) , (12) 
By = 5 (9* Ny — DN?) — ye (Q* - *Q?). (13) 


The physical spin, as an “internal angular momentum” of a particle, is defined 
with respect to particle’s rest frame system, in which u^ = og. The transition to 
this system is carried out by the Lorentz transformation U* = A*5u?, where 


Ata = ( T- ae i (14) 


058 + 35i 979, 


Therefore, the dynamic equation for the physical spin s% = (A-1)* 5S? reads: 


ds? 

—— = Qeg, 15 

dz 8 (15) 
where the tensor of angular precession of spin is constructed as 


a d 


g = (A719, 05455 — (A71, 


A? 8. (16) 


1896 


The Oth component of (15) vanishes, which is equivalent to the second condition 
(4). As a result, the spin evolution equation (15) reduces to the 3-vector form 


ds^ á ds 
p = Q*,s, Or q 704 (17) 
Here the components of 3-vectors are introduced through s = (s^) and Q = 


f- FeO}. A direct calculation gives the precession angular velocity in terms of 
the magnetic and electric projections of the spin transport matrix: 


2=7{Q- 09+ 5 o@-@)-#Q]}+ 2 2". as) 


It is worthwhile to note that Q actually depends only on the transversal part of the 
“magnetic” vector, namely Qt = Q° — ŁU UgQ’. Explicitly in components 
MC 20 3e 2 
Qi--xl9:.Q-9Q, Qi =Q" + | [8-Q-2Q"]*, (19) 
and by a direct computation one can check that 


Q.-89 =Q-6Q, = B(8- Qi) - VQ. - 9(9.9) - PQ. (20) 
From (19) one then finds 


and therefore we recast (18) into a - form 
y v(v- Qi) y UxF 
Q-Q.-— NN B 22 
Qı y+1 c? ga € a 


The new general equations (22), (17) are valid for a particle with spin that interacts 
with arbitrary external fields. The actual dynamics of the physical spin depends on 
the forces acting on the particle and on the spin transport law. 


2. Application: Spin in the gravitational and electromagnetic fields 


In order to consider the most general case, we assume that the gravitational field is 
described by an arbitrary coframe and an (independent) local Lorentz connection 
(e?, D;*9 = —T,8%), whereas the electromagnetic field as usual is represented by the 
vector potential A; = (— ^ Al The A, field strengths are the torsion 
Tij“ = dief — Oei + Tig ef — Djg? eP, the curvature Riz = Qj? aß — 0,0 ;% + 
La Tj — D; PT ^. and the Maxwell tensor Fi; = 0;A; — 0; A. Accordingly, 
the spacetime geometry in general carries the Riemann-Cartan structure with the 
metric gi; = evel Jag and the nontrivial torsion. The “deviation” of the spacetime 
geometry from the Riemannian structure can be conveniently measured by the 
contortion tensor which is defined in terms of the difference of the local Lorentz 
connection D;?? and the Riemannian (Levi-Civita or Christoffel) connection [';°?: 


Kee epar. pes (23) 
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2.1. Quantum spinning particle 
A fermion particle with spin $, charge q and mass m is described by the relativistic 


Dirac theory. The spinor field 7 dynamics is determined by the Lagrangian 


ih — = = 1 = ihv! . — 
L= y (Py Day — Dah) — meii + 2-7 Mag boy + TT Varsh, (24) 


where the spinor covariant derivative is defined as (with oag = ita Y6]) 
Day = é, (ax x A AU + Errant) . (25) 


The first two terms in (24) describe minimal coupling of the spinor field to elec- 
tromagnetism and gravity encoded in (25). In addition, we assume possible non- 
minimal interactions, which are described by two Pauli-type terms in (24), where 


il 
Mag = Lt Fag + có 2 Tagot (26) 
is the generalized polarization tensor, and the axial torsion is defined as 
po 1 auv F 'À 
== "Taser. (27) 
The parameters 6’, u’, v/ characterize the strength of nonminimal couplings. 


2.2. Classical spinning particle 


The classical theory of spin was developed soon after the concept of spin was pro- 
posed in particle physics (see Ref. 1 for introduction and history). This theory 
underlies the analysis of the dynamics of polarized particles in accelerators and 
storage rings. 

Neglecting second-order spin effects?, the dynamical equations for a spinning 
particle in external electromagnetic and gravitational fields are written as 


DU? Q vu 
qvem uH a UP, (28) 
DS 
a = — (Y= 2) U' Kit S^ — 1 F° g SÊ 
2 1 
-z | MMs + GU" (U* Mg — UpM*,) BR (29) 


Here we follow the notations and conventions introduced in the previous sections. 


2.3. Application of the projection method 
Comparing the system (28)-(29) with (3), we find explicitly the generalized force 
and the spin transport matrix: 


F,=-4 


m 


Fa B Pa — S IF, ; 0 
gU”, B z Fas (30) 
where we introduced the combined external field 
2m 


Fag = Fag + uh Map - p U'Tiap- (31) 
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As we see, ®,gU° = Fa. Here we denoted 


1 1 
aa D V 
Mi, = (o: = Ua") (os - Bel \ Myr. (32) 
The components of this tensor read explicitly 
2 
Mh, = 2 {— v? Pa +a P) + c[6 x Ma}, (33) 
2 
Mh = care L {PM - (9 M) + 9x PF}. (34) 


Here we identify CPa = (Mg;, Mss, Mog}, M^ = (Mss, Maz, Mya} as the polariza- 
tion and magnetization 3-vectors, respectively. 
Now we use the projection method developed above and extract the “electric” 


and *magnetic" vectors from the artificial electromagnetic field (31) 


Ea := FagU?, B= se Fp, (35) 
which yields an unique representation 
Fag = E (EaUg — EgUa + Choppy U" IB"). (36) 
Comparing (6) with (9), we thus identify 
Na =- Eo, Q=- pe. (37) 


Let us define effective “electric” and “magnetic” fields 
Ef = (Fig, Iz, Fag}, et = UP, IF E). (38) 


Or in compact form: ect = Fao, and 9:824 = Zehe Fe. 
Consequently from (35) and (37) we derive the components 


D- Ee A 
N =q TE NL (a6 x Bes), 98) 
MC m 
v0.95, p 
L=- Q - -» 1 (Ber - 59 x €x). 40) 


By construction, Q1 = Q, and moreover we have F = N. Inserting (39) and (40) 
into (22), we obtain the precession angular velocity (22) 


q y Ux €. 
gl€I-g  q.50- Es m 
2( PET c? ) 


as a function of external fields which enter via the effective variables: 
2 A 
€ -€- T gx A LE, (42) 
qh q 


2m » i PS m 
Ba = B+ 7 [A-u96 A78. (43) 
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Recall that the components of the true electric and magnetic fields are introduced as 
€, = (Fg, Feo, Fag}, B| = { Fes, Faz. Fag}. The generalized polarization current, 


A-Malgxp, (44) 
C 


accounts in the spin precession (41)-(43) for the electromagnetic nonminimal cou- 
pling effects, whereas the gravitoelectric and gravitomagnetic fields 


x c(3—v). .- ~ c(3—vwv),. ag 
gagu aug B- B. LE (pL gio) (45) 
encompass general-relativistic Riemannian gravitoelectric € and gravitomagnetic B 
contributions, as well as the post- Riemannian terms due to the spacetime torsion. 


3. Discussion and conclusion 


The classical and quantum spin dynamics are fully consistent. The physical contents 
of the relativistic quantum theory (24) is revealed when we recast the Dirac equation 
into a Schródinger form and go to the Foldy-Wouthuysen (FW) representation. In 
the Schwinger gauge, the coframe is parametrized by the functions V, K, W^: 


zy deW*a CB.  a=1,2,3, (46) 


and the resulting FW Hamiltonian in the semiclassical approximation then reads 
h 
Hew = Bme2V7+q® + 5 5 (K: THT: K)+5 =>- Q. (47) 


Here the Lorentz factor (5) operator y und the precession M (41) operator 
Q are both expressed in terms of the velocity operator Y which is related to the 
momentum operator m = —ihV — qA via BW° am = my. 

The analysis of the spin dynamics in electromagnetic, inertial and gravitational 
fields is fundamentally important for the study of the geometrical structure of space- 
time?, as well as in the high-energy physics experiments?, in the search of gravita- 


tional waves?, in the neutrino physics in matter?, and in the heavy-ion collisions". 
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There is an ever growing number of proposals for high precision experiments to measure 
gravitational effects, from simple Newtonian gravity to gravitational waves and even 
precision tests of general relativity (GR). In particular, more and more researchers from 
the fields of quantum optics and quantum opto-mechanics are becoming interested in 
GR and propose metrological experiments. Usually, such proposals rely heavily on a 
notion of length. However, in GR, as coordinates have no physical meaning, there is 
no unique concept for the length of a matter system. In this proceedings article, we 
summarize the article?4^, where the conceptual problem of length is addressed for a subset 
of experimental proposals. In particular, the effect of gravitational fields and acceleration 
on the frequency spectrum of an optical resonator is discussed in the framework of 
GR. The optical resonator is modeled as a deformable rod of matter connecting two 
mirrors. Explicit expressions for the frequency spectrum are given for the case of a 
small perturbation. Example situations are discussed and a connection is obtained to a 
relativistic concept of rigidity. 


Keywords: Optical cavity, Fabry-Pérot, gravitational field, rigid body, elastic body. 


1. Introduction 


In general relativity (GR), as coordinates have no physical meaning, there is no 
unique concept for the length of a matter system. Some notion of length can 
be covariantly defined using geometrical quantities or properties of matter. The 
ambiguity in the notion of length poses a problem for high accuracy metrological 
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experiments, where gravitational fields or acceleration play a significant role. For 
example, the frequency spectrum of a resonator depends on its dimensions and 
hence knowledge of the precise values of these dimensions is of utmost importance. 
Cases in which the effects of gravitational fields and acceleration must be consid- 
ered include those in which the gravitational field is to be measured, such as in 
proposals for the measurement of gravitational waves with electromagnetic cav- 
ity resonators9:9:10.202277 or other extended matter systems !:7:8:12:18,25.26 tests of 
GR?!" or the expansion of the universe!?:!4, Other situations are those in which 
the metrological system is significantly accelerated 1617:23, A fundamental limit 
for the precision of a light cavity resonator as a metrological system can even be 
imposed by the gravitational field of the light inside the cavity. 

The two most important concepts of length are the proper distance and the 
radar distance. The proper distance is a geometrical quantity usually associated 
with the length of a rod that is rigid in the sense of that given by Born?. The radar 
distance is the optical length that can be measured by sending light back and forth 
between two mirrors and taking the time between the two events as a measure of 
distance. It is this radar length that gives the resonance frequency spectrum of 
an optical resonator for large enough wave numbers. However, the resonators that 
are part of the metrological systems described in Refs. 1, 3, 4, 6-14, 16-18, 20-23, 
25-27 are confined by solid matter systems, and therefore, the notion of proper 
length plays also a role. 

We assume that all effects on the optical resonator can be described as small 
perturbations. We use a specific coordinate system «™ valid in a region around the 
world line of the resonator's support in which the spacetime metric takes the form 
IMN = NMN + hmn, where nmw = diag(—1, 1,1, 1) is the Minkowski metric and 
hmw is a perturbation. hj is considered as small in the sense that |huw| «& 1 
for all M,N. 


2. Frequency spectrum 


location 
center of 
: of frequency 
the cavity 
measurement 


mirror A mirror B 


cL,/2 | 


LTTTTTTTETTTETTTETITELITLE CEETTITELTEEELLELLTEELELEITT] 


Lp 
support 


Fig. 1. Illustration of our model of an optical resonator consisting of two mirrors that are attached 
to the ends of a rod. We assume that the resonator is moved along a trajectory y(@) by a support 
which is attached at a distance (1 — 8)L5/2 from mirror A, where Lp is the length of the rod 
without gravity or acceleration. Since proper time depends on the position in the gravitational 
field so does the measured frequency of a resonator mode. We assume the frequency to be measured 
at a distance oL,/2 from the center of the resonator towards mirror B. 
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In Ref. 24, we consider two fundamental models of an optical resonator. In both 
cases, there is a rod which is supported at a certain point along its length. In 
one model, the rod itself is the optical resonator. For example, it could consist of a 
homogeneous isotropic dielectric. The other model assumes two mirrors attached to 
the ends of the rod. The latter model is the focus of this article, and it is illustrated 
in Fig. 1. For both cases, we derived an expression for the resonance frequencies of 
the optical resonator in Ref. 24. As we are dealing with an extended object in GR, 
the obtained resonance frequencies are ambiguous as we cannot give a proper time 
to the whole resonator; the frequencies of the modes must depend on the point in 
the resonator where they are observed. Using the short wavelength expansion, we 
find that the frequencies of the modes of the resonator measured by an observer 
inside the cavity is given as 


Wyn = DB (1) 


where R, is the radar distance which is defined as c/2 times the proper time for a 
round trip of a light pulse in the resonator as it would be measured by an observer 
at a fixed proper distance from the support of the resonator. It is clear that this 
is an approximate value; the notion of frequency means the rate of repetition of 
a signal. For this notion to make sense, it has to be constant at least for a few 
repetition cycles. Hence, the gravitational field has to change slowly in comparison 
to the round trip time 2R,/c. 


3. Rigid resonators 


In GR, there exist different notions of rigidity as it turns out to be less than straight- 
forward to formulate this basic concept of Newtonian mechanics in a relativistic way. 
Here, we use, as our starting point, a definition of a rigid rod that is Born rigid, and 
we undertake a perturbative analysis for small length scales, small accelerations, 
small velocities and small gravitational fields. We show that two types of effects are 
found; those due to spacetime properties alone and those due to small deformations 
of the rod which correspond to small deviations from Born rigidity. Since all effects 
can be considered as small, we remain in the linear regime, where the different 
effects are assumed to be independent. 

Let us assume that we have a rod of very small diameter in comparison to its 
length, which means it is effectively 1-dimensional. We assume that the world lines 
of the segments of the rod form a family of curves y.(@) parametrized by ¢ which we 
assume to be in the interval ç € [a,b]. The end points of the rod are 4 (9) and (o). 
The spacetime surface F(0,«) = ^,(9) can be called the world sheet of the rod. We 
assume that the curve parameter o is chosen so that the curves s(¢) :— F'(@,¢) are 
space-like geodesics. We say that the rod is rigid if the proper distance between 
every two points on the curve s,(¢) is independent of the parameter o. 

In Ref. 24, we derive the resonance frequencies of a Born rigid resonator in terms 
of its constant proper length. For this purpose, we choose to work in a particular 
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coordinate system, the proper detector frame which is defined along the world line 
of the support of the optical cavity. In these coordinates, the spacetime metric seen 
by a non-rotating observer can be given simply in terms of the Riemann curvature 
tensor along the world line of the resonator’s support y(T) denoted as RmwxKe (T) 
(caligraphic captical indeces run from 0 to 3) and the non-gravitational or proper 
acceleration with respect to a local freely falling frame, represented by the spatial 
vector a7 (J € 1,2,3). 

The proper detector frame of a non-rotating observer is accurate for proper dis- 
tances much smaller than lyar, the length scale on which the properties of spacetime 
vary. Therefore, we assume that the proper length of the resonator in the absence 
of gravity and acceleration Lp is small in comparison to the scale lyar. We consider 
Y(T) to be the world line of the point at which the rod of the resonator is supported. 
We assume that this point is somewhere inside the resonator. We also assume that 
the resonator is not rotating in the frame of the observer. We orient the spatial 
geodesic representing the rigid rod along the z-direction at y(T) in the proper de- 
tector frame, i.e. s/ (c) = (0,0,0,1). By construction of the proper detector frame, 
the geodesics s,(¢) run along the z-coordinate. We consider only first order contri- 
butions of the proper acceleration, which means that we can consider the metric in 
the proper detector frame as a linearly perturbed flat spacetime metric. 

To obtain the frequency of the rigid resonator measured by an observer at coor- 
dinates (0, 0, zo) in the proper detector frame based on Eq. (1), we have to calculate 
the corresponding radar distance between the mirrors. Then, the relative change of 
the resonance frequencies measured at zo = (o + 8)L,/2 is given as 

Wn, 


Roz0z (T) 
Og mem EN 
Wn, 2c? p 24 


(30? + 608 — 1) LZ, (2) 


where &, = cnT/Lp is the n-th resonance frequency of the resonator for vanishing 
acceleration and curvature. We find that the only linear contribution of the acceler- 
ation a^ to the resonance frequency spectrum in Eq. (2) is via a position-dependent 
red shift. It vanishes for c. = 0, which corresponds to a frequency measurement 
in the center of the resonator. The term 3o? corresponds to a pure red shift with 
respect to the center of the cavity. The term 68o is due to the displacement of the 
resonator’s support from its center. 


4. Deformable resonators 


A realistic rod can never be rigid. Therefore, we consider the first order deviations 
from the rigid rod by taking the deformation of the rod due to small inertial and 
gravitational forces into account. In the proper detector frame, every segment of 
the rod has a world line with constant spatial components. The relative acceleration 
of a segment of the rod at x = (c7,0,0,z), in comparison to a freely falling test 
particle initially at rest at the same position as that segment, can be derived from 
the geodesic equation. 


1904 


We consider the effect of relative acceleration on the resonator's end mirrors 
and the resulting deformation of the rod to be negligible in comparison to the 
direct effect of relative acceleration on the rod. Then, we obtain the inertial and 
tidal forces on the rod by multiplication with the mass density p. These forces give 
rise to stresses within the rod, represented by the stress tensor or. For static 
forces and forces that change very slowly, the stresses are related to the strain via 
Hooke's law. After an analysis of the resulting forces, we give conditions that have 
to be fulfilled for the longitudinal deformation of the rod to be the dominant effect 
on the frequency spectrum of the resonator. We find for the relative change of the 
resonance frequencies of the deformable resonator 


Nm d c? Rozoz(T) [o os 5 5 
dos ILS (Se = a) Ly + SSE (258? + 1) - 80? - 608 +1 ) Lp. 
(3) 


We obtain the result in Eq. (2) for the Born rigid rod from Eq. (3) if the speed of 
sound c, in the material is infinite. This coincides with the observation that a Born 
rigid rod violates causality, as its segments would need to interact with an infinite 
speed. A more realistic definition of a rigid rod, which we call a causal rigid rod, 
was given in Ref. 19 as a rod in which the speed of sound is equivalent to the speed 
of light. In the appendix of Ref. 24, we show that the approach of Ref. 19 leads to 
Eq. (3) with the speed of sound replaced by the speed of light. 

'The speed of sound c, in every realistic material is always much smaller than 
the speed of light: for example the speed of sound in aluminum is of the order 
5 x 10?m/s. To date, the material with the highest ratio of Young's modulus and 
density Y/p = c? is carbyne, with a value of the order of 10?m? /s? 15, which would 
correspond to a speed of sound of the order of 3 x 10*m/s. Therefore, we find that 
the effect of the deformation of matter is by far the most dominant and the rod 
is far from rigid (may it be Born rigid or causal rigid) in all realistic situations. 
However, the relativistic effect of gravitational redshift gives a fundamental limit 
on the definition of the frequency spectrum of an optical resonator as a property of 


the resonator alone; when resonance frequencies of an optical resonator are to be 
specified with a precision of the order of this relativistic effect, the position of the 
frequency measurement has to specified. 


5. Example applications 


To illustrate the applicability of our results, we consider some examples. A partic- 
ularly straightforward example is the situation of a non-rotating resonator that is 
uniformly accelerated along the optical axis. We find 


B a V a*Ly 
woe | =- > ; 4 
ss (5-3) (4) 
For 6 = +1, a length of the resonator of Lp ~ 2cm, an acceleration of the order 


of 10 ms ?, which is similar to the gravitational acceleration of the Earth, and a 
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speed of sound in the rod of the order of 10? ms! (similar to the speed of sound in 


aluminum), we obtain a relative frequency shift of the order of 1077. This frequency 
shift is given only by the first term in Eq. (4) as the second term is smaller by 
about 11 orders of magnitude. Since the first term is due to the deformation of the 
resonator it is a Newtonian effect. The second term is the gravitational red shift, 
which was already measured on the length scale of about 2cm in the gravitational 
field of the Earth? and therefore for the acceleration in the example. The effect of 
gravitational red shift gives a limit on the validity of the concept of the frequency 
spectrum as a property of the optical resonator itself. 

Our results are not limited to spacetimes that only bear weak gravitational 
effects. It is the spacetime metric seen by the optical resonator in its proper detector 
frame that has to be a linearized metric. This is ensured by the condition ly; > Lp. 
'To illustrate the applicability of our results to spacetimes with strong gravitational 
fields, we consider the situation of a non-rotating resonator that falls into a non- 
rotating black hole. For a vertically oriented causal rigid resonator supported at its 
center, we find the relative frequency shift at its center 


5u,0(T) a : s (5) 


Note that there is no effect due to the crossing of the event horizon at rg. This 
result can be applied as well to an optical resonator falling towards the Earth. For 
a distance from the center of the Earth of the same order as its radius, we find 
that the relative frequency shift in Eq. (5) is of the order of 107?" for an optical 
resonator of 2cm length. This relativistic effect is mostly gravitational red shift 
due to curvature. It is far from being observable with state of the art technology. 
However, it gives a fundamental limit of the validity of the concept of frequency 
spectrum as a property of the optical resonator without any reference as discussed 
above. 
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We discuss the interaction of gravitational waves with spinning particle. To obtain 
physically measurable quantities, we make use of Fermi coordinates and we show that, 
using these coordinates, the magnetic-like (or gravitomagnetic) part of the gravitational 
field of the wave is emphasized. Eventually, we evaluate the magnitude of the effects 
induced by the waves on spinning particles, and discuss some measurement possibilities. 


Keywords: Gravitational waves; spin; gravitomagnetism. 


1. Introduction 


The observation of gravitational wave (GW) signals’? is just one of the latest suc- 
cesses of Einstein’s theory of gravitation, General Relativity (GR): as a matter of 
fact, its prediction were verified with great accuracy during last century, even though 
challenges to the Einsteinian paradigm come from cosmological observations’. Ein- 
stein’s theory is based on the principle of general covariance, which requires physics 
laws to be expressed by tensorial equations in space-time; accordingly, physical mea- 
surements are meaningful only when the observer and the object of the observations 
are unambiguously identified^. Roughly speaking, the measurement process can be 
summarised as follows: (i) observers possess their own space-time, in the vicinity 
of their world-lines; (ii) covariant physics laws are then projected onto local space 
and time; (iii) predictions for the outcome of measurements in the local space-time 
of the observers are obtained. In practice, it is convenient for an observer to use 
a quasi-Cartesian coordinates system in his neighborhood to describe the effects of 
gravitation; a continuous set of quasi-Cartesian coordinates associated with the ob- 
server’s world-line defines the so called Fermi coordinates. These coordinates have 
a concrete meaning, since they are the coordinates an observer would naturally 
use to make space and time measurements in the vicinity of his world-line. The 
definition of these coordinates is relevant to define measurements performed in the 
space-time of a gravitational wave, even though in current literature the interaction 
between gravitational waves and detectors is described in terms of a transverse and 
traceless tensor, which allows to introduce the so-called TT coordinates (see e.g. 
Ref. 5 and references therein for a thorough discussion on the various coordinates 
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used to describe the interaction with gravitational waves). Motion of spinning par- 
ticles in the weak gravitational plane wave space-time has been investigated in the 
past; indeed, gravitational waves carry angular momentum and, hence, spinning 
particles interact with gravitational waves differently from non spinning ones. In 
particular, writing the gravitational waves space-time using Fermi coordinate em- 
phasizes these features, since gravitomagnetic terms are present in the metric (see 
e.g. Ref. 7): the term gravitomagnetic refers to the magnetic-like part of the gravita- 
tional field, which originates from the angular momentum of the sources. It is a well 
known fact (see e.g. Ref. 8) that Einstein equations, in weak-field approximation 
(small masses, low velocities), can be written in analogy with Maxwell equations for 
the electromagnetic field, where the mass density and current play the role of the 
charge density and current, respectively. Once that a set of coordinates adapted 
to the observer world-line is chosen, gravitomagnetic effects are determined by the 
off-diagonal terms in the space-time metric. Actually, these effects are very small, 
but there were many proposals in the past (see Ref. 8) and also more recently to 
test them (see e.g. Refs. 9, 10, 11, 12, 13, 14). Starting from the results described 
in Ref. 7, it is possible to test the effects of the gravitomagnetic field of a gravi- 
tational wave on a bunch of spinning particles; in particular, we are going to show 
that the response of a such a system to the interaction with the wave could lead to 
macroscopic measurable quantities. 


2. Spinning Particles in the Gravitational Wave Space-Time 


Using the transverse - traceless gauge (T'T) the space-time metric of a gravitational 
wave propagating along the x axis is given by the following line element: 


ds? = —dt? + da? + (1 — h4 )dy? + (1+ h,)dz? — 2h, dydz , (1) 


where* the functions h,,, depend on t — x. In particular, if we consider monochro- 
matic waves with frequency w, we have 


h(t — xz) = A sinw (t— x), hx(t— x) = Ax cosw(t— x) (2) 


In what follows, analysis is carried out up to linear order in h4, hy. It is easy 
to show? that in the TT metric (1) the geodesics are such that an inertial mass 
initially at rest remains at rest indefinitely; however the z, y, z, t coordinates have 
no operational meaning, since they are not directly related to physical quantities: 
in fact, two masses at rest in the TT with (constant) coordinate distance Ay, have 
a physical distance varying with time £ = Ay (1 + w). In order to give a physical 
meaning to coordinates, we need to use a set of Fermi coordinates in the space- 
time of the gravitational wave. The transformation from TT coordinates z, y, z, t 
to Fermi X,Y, Z, T coordinates is given by”: 


? We use units such that c = 1, however physical units are used to evaluate the order of magnitude 
of the effects; the space-time signature is (-1,1,1,1). 
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So So So ^ 


reference spin X reference spin xX 


Fig. l. Left: the reference spin and the other one before the passage of the wave; right: the two 
spin after the passage of the wave. 
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x) + g eost) | 589leos(ur) - 1]) . 


(3) 


'The above expressions are obtained in the vicinity of the world-line of the spin- 
ning particle. It is based on the study of the motion of the particle and the evolution 
of its spin vector components in the gravitational field of the wave. It has been sup- 
posed that, before the passage of the wave, the particle is at rest with associated 
spin vector aligned along a given direction with constant magnitude; S? (i = 1,2,3) 
are the initial values of the coordinate components of the particle's spin. In order 
to compare the spin of two different spinning particles, the deviation equation has 
been solved together with a suitable transport equation for the spin vector between 
two neighbouring world-lines. The space-time metric in Fermi coordinates, up to 
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the second order, is then given by 
1 
grr ——1- |S2Z + SY — a — Z’) | w?’ A, sin(wT) 


+ [SSY — 52Z +Y Z] w? Ay cos(wT) + O(3), 


grx = — 50? (Y? — Z?) A, sin(wT) + 2Y ZA, cos(uT)] + O(3), 

neus Su^X [Y A, sin(wT) + ZA, cos(wT)] + O(3), 

grz = wwrX [-Z A, sin(wT) + Y Ax cos(wT)] + O(3), 

gxx =1+ cu [((Y? — Z?) A, sin(wT) + 2Y ZA, cos(wT)| + O(3), 

gxy = ~Sory + O(3), gxz = -Żørz + O(3), 

gry =1+ sa XA, sin(wT) + O(3), gyz = A cos(wT) + O(3), 
ded sua X!A, sin(wT) + O(3). (4) 


In particular, we see that the gravitomagnetic terms gr x, gry, grz are not null, 
since a gravitational wave transports angular momentum. The world-line of a spin- 
ning particle and the evolution of its spin vector can be found in Ref. 7. Notice 
that, by inspection of the grr component, we see that clocks at rest in the labo- 
ratory measure different time due to their spin. Let us suppose that a test body 
is spinning around the Z-axis before the passage of the wave with constant spin 
S? = 0,59 = 0, S9 = so. Due to the passage of the wave, the particle spin vector 
has non-vanishing spatial components varying with time and displacements along 
the three spatial directions; in particular, close to the reference spinning particle, 
the spin vector components turn out to be: 


~ 1 
S% = — sws0l¥ Ax sin(wT) + ZA, cos(wT)] + O(2) 


SY 


i 
goso Ax sin(wT) + O(2) 


S4 


1 
3*50X Ay cos(wT) + O(2) 


If we consider a second spinning particle at coordinates (X,0,0) (see Figure 1) with 
the same spin vector of the reference one, the passage of the GW induces a relative 
precession: 


2 r 1 ~ 1 
S*=0, SY- xv s0X Ax sin(uT), $7 = qwsoX Ay cos(wT). 


To estimate the effect, we write the magnitude of the component of the spin vector 
x " m 1 
on the wave front + = 4/(SY)2 + ($2)? = —sghwX, where we set Ay = Ax = 


h. If the two spin vectors (for instance in two laboratories) are separated by a 
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- 1 
distance L, we have: S1(L) = gSohwL, provided that wL/c < 1, that is to say 


the wavelength should be far greater than L. Then, measuring $+(L) allows to 
get information on the product of the amplitude h and frequency w of the GW. In 
summary, the passage of the GW induces the relative spin variation 

AS  St(L) wh L 


x h— ~ h— 
S SO C AGW (5) 


Since h ~ 10~?!, the effect can be increased by using a large separation L (which 
needs to be in any case smaller than Agw ). For instance, for terrestrial laboratories 
L = 10" m, so that Agw = 108 m or greater could be suitable (corresponding to 
w c 1 Hz, which is out of the terrestrial interferometers range). Accordingly, we 
get the following estimate for the relative spin variation: 

AS _99 

z5 10 (6) 
Possibile candidates for measuring such a small effect could be the optical mag- 
netometers: in particular GNOME? (Global Network of Optical Magnetometers 
for Exotic Physics) is based on synchronous measurements of optical-magnetometer 
signals from several devices operating in magnetically shielded environments in dis- 
tant locations: by synchronously detecting and correlating magnetometer signals, 
transient events of global character may be identified. These devices are accurate 
magnetic field sensors, and their measurements can be related to spin dynamics. 
Another possibility is the use of a ferromagnetic sample: in fact since the passage 
of the GW induces a spin variation, the magnetization due to electron spins in two 
ferromagnetic samples will change after the passage of the GW. Eventually, if we 
consider mechanical gyroscopes, in terms of angles, the gravitational wave induces a 
precession angle of 107?? rad; by comparison, remember that in the Gravity Probe 
B mission! the (1-year) Lense-Thirring effect was 107? rad, hence it seems very 
hard to use these devices to measure the effect of the gravitational waves. 


3. Conclusions 


We have discussed the interaction between spinning particles and gravitational 
waves. To this end, we have used Fermi coordinates, because of their operational 
meaning in terms of space and time measurements. As a consequence, we have 
reported the expression of the spacetime metric in Fermi coordinates adapted to 
the world-line of a spinning particle. The form of the metric emphasizes the trans- 
port of angular momentum by gravitational waves, as it testified by the presence of 
gravitomagnetic terms. Hence, this approach allow to explicitly calculate the grav- 
itomagnetic effects in the gravitational field of the wave; it is important to point 
out that current interferometers are not sensitive to these effects. In particular, the 
interaction with gravitational waves causes spinning particles to change their spin. 
Consequently, spinning particles could be used as a probe to measure the gravito- 
magnetic effects of gravitational waves. Furthermore, we showed also that clocks 
at rest in the laboratory measure different time due to their spin. Indeed, these 


1913 


effects are very small, as it usually happens when dealing with gravitational waves, 


however in our very preliminary analysis we have suggested that magnetometers or 
ferromagnetic samples could be uses to explore these effects. 
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Inertial sensors based on atom interferometers have demonstrated extremely high levels 
of sensitivity thus allowing for accurate measurements of gravitational interactions. Most 
such sensors employ multi-photon transitions induced by laser fields to manipulate the 
atomic wavepackets that enter an interferometer. However, this approach cannot totally 
suppress the contribution of the laser phase noise to the gravitational signal when two 
sensors are separated by a large distance. In this article, a proof-of-principle experiment 
for an interferometer operating on the single-photon clock transition of strontium atoms 
is described. This configuration can suppress the effect of laser phase noise and therefore 
provides a promising condidate for the detection of low-frequency gravitational waves. 


Keywords: Atom interferometry; gravity measurements; gravitational waves; optical 
clock transition. 


1. Introduction 


Recent advances in the manipulation of atomic ensembles have made it possible to 
exploit the wave nature of matter to build interferometers that are highly sensitive 
to many fundamental interactions!. In particular, due to massive nature of atoms, 
these devices are sensitive to gravitational interactions and can be configured to 
measure, for example, gravitational acceleration??, gravity gradients*°, gravity 
curvature?, and can provide tests of general relativity at the quantum level" ?. As 
compared to macroscopic masses, atomic probes offer a number of key advantages. 
For example, it is possible to accurately manipulate their motion by using the 
interaction with laser light. This allows for the construction of analogues to beam 
splitters and mirrors for matter, thereby allowing for the implementation of atom 
interferometers. Moreover, atoms are made to travel in vacuum and are therefore 
immune to undesired forces such as friction or vibrations. Other parasitic effects 
such as electromagnetic interactions can also be largely suppressed by a careful 
choice of the atomic species and of the atomic levels employed. Finally, atoms are 
quantum objects and therefore allow for the testing of gravity in the broad context 
of quantum mechanics where gravitational effects are usually negligible. 

Atom interferometers are also good candidates for the detection of gravitational 
waves. Indeed, while optical interferometers such as LIGO and Virgo are sensitive to 
gravitational waves with frequencies larger than about 10 Hz due to seismic noise 
affecting the motion of the interferometer mirrors, atomic sensors are expected 


* Also at Shanghai Jiao Tong University, Minhang, Shanghai, China. 
* Also at CNR-INO, Firenze, Italy. 
* Also at CNR-IFAC, Sesto Fiorentino, Italy. 
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to be sensitive in the 1 mHz-10 Hz band, where new interesting sources, such as 
the coalescence of intermediate and massive black holes and of neutron stars, are 
expected to appear !9. 

Generally, the beam splitters and mirrors of atom interferometers are imple- 
mented through multi-photon transitions induced by a couple of counterpropagating 
laser fields. In a gradiometric configuration, where the gravity difference between 
two locations is measured by two simultaneous interferometers, the phase noise of 
the two lasers is largely common mode and is therefore very highly suppressed by 
the differential configuration. However, when the separation between the two sen- 
sors is large, the atomic clouds will sense two counterpropagating fields emitted at 
different times. During this interval, noise is accumulated in the gradiometer which 
cannot be canceled and which puts stringent requirements on the laser frequency 
stability and on the laser platform vibrations. Indeed, it can be shown! that the 
amplitude spectral density of the laser fractional frequency fluctuations VER should 
be at most of the order of the gravitational-wave-induced strain h, or VER < h/2. 
Based on the predicted gravitational wave amplitudes, the relative frequency fluc- 
tuations should not exceed 10-?!. Comparing this requirement with the state of 
the art of lasers locked to ultrastable cavities!?, where J/S; = 10-15/V/Hz at the 
Fourier frequency of 1 Hz, one can conclude that an improvement of five orders of 
magnitude in laser frequency stability would be required. 

The effects of laser phase noise can be largely suppressed from the output of 
the interferometer if the transitions are driven by a single laser. Intuitively, this 
immunity arises because the photon phase does not acquire additional noise in 
the path between the two sensors. In this situation, a single-photon transition 
connecting two optically separated stable states must be used. In principle, if 
an interferometer was operated on such a transition, the low frequency limit of the 
strain sensitivity would only be set by the coherence time of the transition 114. Such 
an interferometer would therefore measure the gravitational-wave-induced shift of 
the time required to travel the distance between the two interferometers and record 
this interval as a phase shift, via the internal atomic oscillation. Even though 
there are in principle many atomic species that can fulfill the requirement of having 
two long-lived states connected by an optical transition, only a few cases have the 
required immunity to external perturbations. It follows that the atoms usually 
employed to realize optical atomic clocks, such as Sr or Yb, should also be suitable 
for this application. However, despite the phase noise immunity of gradiometers 
operated on a clock transition, several challenges emerge in terms of the required 
laser system. For example, in order to fully address the atoms in the interferometer, 
the interrogation laser must have a high frequency stability. Additionally, because 
the atoms are in free flight, the Doppler effect from different atomic velocities will 
cause a broadening of the transition so that a high efficiency of the interferometer 
pulses can only be attained with large optical power. 
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In this article, a proof-of-principle experiment of a gravimeter and a gravity gra- 
diometer operating on the single-photon 'So-?P 9 transition of 88Sr is described 15. 
In Section 2, the main experimental configuration, including the laser cooled and 
trapped ensemble of strontium atoms in a vacuum chamber and the interferometry 
laser, as well as the interferometer sequence, will be described. In Section 3, the 
main experimental results regarding the gravimeter and the gradiometer will be 
provided. The amount of observable interferometry laser frequency noise cancella- 
tion in the gradiometer will be established. Finally, in Section 4 conclusions and 
future perspectives for this new kind of sensor will be provided. 


2. Experimental setup and sequence 


CU 


Fig. 1. a) Strontium level diagram showing the main optical transitions for cooling, trapping, 
interferometry, repumping and detection. b) Simplified drawing of the chamber, PMT: photomul- 
tiplier tube, MOT: magneto-optical trap, B: applied magnetic field. c) Interferometer trajectories 
with the launch (L), velocity selection (VS), Mach-Zehnder interferometer (1/2 — m — 7/2) and 
detection (D) consisting of probing on the blue transition and repumping (orange). The blue 
dashed (red) lines indicate atoms in the ground ! So state (excited Po state). 


In our experiment, the starting point is the ensemble of *5Sr atoms. The atoms are 
laser cooled and trapped in a two-stage magneto-optical trap (MOT) first performed 
on the dipole-allowed !So-!P, transition and then on the !So-?P, intercombination 
transition (see Fig. 1(a)). This sequence produces almost 10’ atoms at a tempera- 
ture of 1.2 wk with typical size of 100 wm at full width at half maximum. 

While in the fermionic isotope of strontium, *"Sr, the clock transition is naturally 
allowed, in the 55Sr boson it is strictly forbidden but can be induced with a static 
magnetic field. As a result, the laser cooled atoms are loaded in a 1D vertical optical 
lattice at 532 nm, where they are held for 65 ms. During this time, the current of 
one of the MOT coils, originally in the anti-Helmholtz configuration, is inverted to 
produce a homogeneous magnetic field of 330 G used to induce the clock transition. 
The lattice light is generated by a Coherent Verdi V6 laser which can deliver about 
1 W of optical power to the atoms. When collimated to a beam waist of 350 um, this 
laser yields a trap depth of 9E,, where E, = (kp/2) x 0.8 uK is the recoil energy. 
'This depth allows the atoms to be held and launched by accelerating the lattice 
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with reduced losses due to Landau-Zener tunneling. When a single interferometer 
is implemented, we load the atoms in the lattice and accelerate at 3g (g is the 
gravitational acceleration) the cloud upwards by chirping the frequency of one of 
the lattice beams (Fig. 1(c)) In our gradiometer experiments, after launching a 
first cloud, the residual losses are used for a second launch at a slightly different 
final velocity. 

The launching stage produces about 2.5 x 10? atoms in each cloud with a velocity 
difference Av = 8.5 mm/s. 

After the cloud preparation, the light from the interferometry (clock) laser is 
delivered to the atoms. The clock laser light, resonant with the 1Sọ-3Pọ transition 
at 698 nm, is produced by a grating-stabilized laser diode which is prestabilized 
by locking to an intermediate finesse (F = 10000) optical cavity and stabilized by 
locking to a high-finesse (F — 500000) ultrastable cavity with an ultra-low expansion 
spacer. When locked, this laser has a fast linewidth of 1 Hz and an estimated drift 
on the order of 1 Hz/s!9. The light from the clock laser is preamplified by optically 
injecting another diode laser and finally amplified by a tapered amplifier. The light 
is then coupled into a 10-m single-mode polarization-maintaining fiber which can 
deliver up to 80 mW of light to the atoms. As opposed to multi-photon Raman 
or Bragg accelerometers, a single interferometer operated on the clock transition is 
sensitive to the single laser beam phase imprinted onto the atoms, rather than the 
phase difference of two counterpropagating beams. As a result, both the intrinsic 
laser noise and the optical components’ vibrations will affect the gravimeter noise. 
'The 10 m-long fiber contributes a large fraction of the noise which we can suppress 
with a fiber noise cancellation setup t”. 

When we operate the gradiometer, we drive an acousto-optic modulator on the 
clock laser path with two frequency components in order to match the velocity 
difference of the two clouds after the double lattice launch. This method has the 
advantage of allowing the two clouds to be addressed separately and imprints a 
differential phase shift which can be used to characterize the gradiometer sensitivity. 

The clock laser is first used to select a narrow velocity class of 10^ atoms, cor- 
responding to an effective temperature of 1 nK!?. Following velocity selection, the 
atoms undergo a Mach-Zehnder 7/2 — m — 7/2 sequence performed through clock 
laser pulses. A simplified view of the setup of the laser beams for the experiment 
is shown in Fig. 1(b) while the sequence for a single interferometer is shown in 
Fig. 1(c). 

'The interferometer output is detected by collecting the fluorescence induced by 
a thin sheet of light resonant with the !Sg-!P, transition onto a photomultiplier 
tube. In order to count the atoms in the excited Po state, two repumping lasers 
(Fig. 1(a)) are shone onto the atoms that transfer the population to the ground 
1S, state where they are detected again by fluorescence collection. 
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Fig. 2. Gravimeter and gradiometer results for interferometer durations of 2T = 10 ms. a) Single 
interferometer fringe without the fiber noise cancellation b) Single interferometer fringe with fiber 
noise cancellation active. c) Plot of the upper interferometer fringe versus the lower one in the 
gradiometer configuration. The data show a clear correlation between the two fringes despite the 
presence of laser phase noise. 


3. Gravimeter and gradiometer results 


After releasing the atoms from the green optical lattice, we performed some pre- 
liminary measurements of the efficiency of the laser pulses resonant with the clock 
transition for untrapped atoms. The Rabi oscillations between the two interferom- 
eter states were measured by shining the clock laser onto velocity-selected atoms 
for a variable duration and then detecting the population of the two states. With 
our maximum optical power, we reached a Rabi frequency of Q = 2x x 750 Hz and 
observed a damping time of 1.2 ms, with an efficiency limited to about 5096 mainly 
due to the finite velocity distribution width. The consequence of this limited effi- 
ciency is a fringe contrast of 3096, which was measured to be constant as a function 
of the duration of the interferometer up to a time 2T = 10 ms. 

When gravimeter experiments were performed, using the sequence depicted in 
Fig. 1(c), we compared the fringe visibility with and without the fiber noise can- 
cellation. As shown in Figs. 2(a) and (b), the phase noise induced by the fiber 
contributes a large amount of noise which can completely wash out the fringe for 
2T — 10 ms. The fringe acquires a clear visibility when the fiber noise cancellation 
is active. The remaining noise is due to the intrinsic laser frequency fluctuations 
and to the vibrations of the optical components in the laser's path from the source 
to the atoms. Although these noise sources appear relatively hard to suppress, it is 
in principle possible to improve these results by using a laser with better frequency 
stability and by reducing the vibrations of the optical components. 

The potential of interferometry on the optical clock transition should appear in 
the gradiometer configuration, where a large suppression of the laser phase noise is 
expected. However, the relatively small separation of the two clouds and the small 
T of our experiment would yield a negligible signal from the Earth's gradient. As 
already anticipated, the small velocity difference of the two clouds allows them to 
be addressed separately and to set an artificial differential phase shift. Using this 
feature, we performed gradiometric measurements with durations of 2T' — 10 ms. 
Plotting the upper interferometer fringe against the lower one displays the expected 
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correlation, as shown in Fig. 2(c). With a cycle time of 2.4 s, averaging this signal 
for r = 400 s results in an Allan deviation decaying as r~"? 
phase noise. The level of the recorded phase uncertainty lies only a factor of five 
above the estimated atom shot noise fluctuations. We estimate that this excess 
noise arises from detection noise. 


, an indication of white 


4. Conclusions and perspectives 


In this article, interferometry on the optical clock transition is presented. Results for 
the gravimeter show the expected sensitivity of the interference fringes to laser phase 
noise, while in the gradiometer configuration, the expected immunity to laser phase 
noise is established and operation close to the atom shot noise limit is observed. 
By further cooling the atoms, by using higher clock laser power and by using the 
fermion *"Sr for which the clock transition is naturally allowed, this scheme provides 
a potentially interesting avenue for the detection of low-frequency gravitational 
waves. Further improvements might include the implementation of large momentum 
transfer and of atomic squeezing to increase the sensitivity. Other applications 
are possible with this interferometer such as, for example, the test of the weak 
equivalence principle for atoms in coherent superpositions of optically separated 
states. 
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Large ring lasers have improved significantly in recent years, such that we are now in the 
position to separate and mitigate error sources that are not directly related to the rotation 
sensing process from the Sagnac interferogram. As a result, we are now able to reduce 
the measurement error of the 16 m? G ring laser of the Geodetic Observatory Wettzell 
by a factor of two. Improvements in the measurement of the relevant parameters for the 
backscatter correction remove most of the sensor drift effects, so that the backscatter 
induced coupling is no longer a real concern. Now that we can separate the mechanisms 
of the error contributors much better, we can mitigate them in a more effective way. In 
this paper we report on the latest progress. 


1. Introduction 


'The rotation rate of the Earth and the orientation of the rotational axis of the 
Earth in space are the quantities which link the terrestrial (ITRF) and the celes- 
tial (ICRF) reference frames. Until now, the only way of obtaining the rotational 
velocity of the Earth as well as the variation of the orientation of the respective 
rotational axis with sufficient accuracy has been to interferometrically observe a set 
of radio sources - quasars at the perimeter of the observable universe form an exter- 
nal set of stable markers. This can be used to link the respective reference frames 
together. Today residuals of about 10 us for the measurement of the Length of Day 
(LoD) and 0.5 nrad (0.1 milli-arc-seconds) for measurement of the pole position are 
achieved by a network of VLBI radio telescopes and GNSS observations!?. These 
efforts are carried out by the services of the International Association of Geodesy 
(IAG). The operation of such a large network requires a significant number of radio 
telescopes and a very substantial maintenance and processing effort. Huge amounts 
of data of up to 1 Tb of volume per radio telescope are recorded in each of the 24h 
measurement sessions, which until recently required physical transport over large 
intercontinental distances to perform the correlation process in the analysis centers. 
Data latency, combined with the fact that there is no continuous measurement cov- 
erage, suggests that complementary methods for the accurate estimation of Earth 
rotation and polar motion should be explored. Optical Sagnac interferometry offers 
an independent technical approach. 'This is desirable in order to identify any tech- 
nique related biases if they exist. Large ring lasers are potential candidates for such 
an alternative measurement technique. This technology is widely used in inertial 
aircraft navigation and can measure angular velocities absolutely, i.e. independent 
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from an external reference frame. The beat note, ôf, of two counter propagating 
mono-mode laser beams in the ring cavity is proportional to the experienced rate 
of rotation €) of the entire apparatus and is described by the ring laser equation 


of = —n €, (1) 


where A is the area circumscribed by the laser beams, P the corresponding perime- 
ter, A the optical wavelength and n the normal vector on the plane of the laser 
beams. However, the demands on such instruments for the application in geodesy 
are extremely high, and cannot be met by existing commercial devices. These 
requirements can be summarized as below: 


e sensitivity to angular motion of less than 0.1 prad/s over an integration 
time of about 1 h 

e sensor stability of 1 part in 10? over several months (requirement for the 
measurement of the Chandler and Annual Wobble with high temporal res- 
olution) 

e resolution for the sensor orientation of approximately 1 nrad, corresponding 
to a polar motion effect of around 1 cm at the pole 


All these requirements demand a substantial improvement of ring laser technology 
over existing navigational instrumentation in all aspects of the sensor design. A 
significant upscaling of the physical parameters of the Sagnac interferometer is the 
most promising approach in order to make ring lasers a viable technique for ap- 
plications in space geodesy. The design of the large ring laser gyro G (Grossring), 
located at the Geodetic Observatory Wettzell in eastern Bavaria is one way of ap- 
proaching these demands?. This single axis gyro is a 16 meter perimeter square 
ring laser with a length of 4 m on each side, which utilizes a mixture of helium and 
neon as a gain medium, similar in many ways to the well established systems used 
in aircraft navigation. However, the vastly increased size of the G ring laser with 
a Q factor well in excess of 5 x 10!? provides a measurement sensitivity to angular 
velocities, much higher than any other rotation sensing instrument on the ground. 
A nearly monolithic sensor block design from the low thermal expansion material 
ZERODUR located in an underground laboratory provides the necessary passive 
mechanical stability of the G ring laser body for the desired level of performance. 
The ring laser G has now matured to the point where small geophysical signals 
with very long periods such as the Chandler and Annual wobble of the rotating 
Earth are measurable*. This has not been achieved through higher sensitivity but 
rather through considerable improvements in the overall cavity stability?. Such 
long-term laser stabilization is one of the key requirements for the proposed ter- 
restrial measurements of general relativistic phenomena such as the Lense- Thirring 
(or frame-dragging) effect9 5. 
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2. Backscatter Correction 


'The most important contributor to the sensor drift arises from the backscatter cou- 
pling between the two counter-propagating laser beams, causing frequency pulling 
and pushing. This quantity is not constant over time, but strongly depends on the 
phase of the laser beam as it hits each mirror. Variations in ambient temperature 
and atmospheric pressure cause a tiny change in mirror separation and hence a slow 
variation in the backscatter coupling. While atmospheric pressure variations can 
be controlled with the installation of a pressure stabilizing vessel, isolating the ring 
laser from the rest of the laboratory, changes in temperature are not well enough 
controlled for a structure as large as G. While the temperature inside the ring laser 
vessel only varies at a level of 3 — 5 mK per day following the annual temperature 
cycle of the seasons, this is enough to cause a significant drift of the observed in- 
terferometer beat note. By observing the amount of backscattered light in each of 
the laser beams, a correction value A fs can be computed according to Ref. 9 as 


1 
Afs = gismima COS (p, (2) 


where fs is the observed beat note, mı and m» are the fractional beam modulations 
and « the phase angle between them. For a given mirror quality, mı and mg scale 
approximately as L~?-° for a cavity of linear size L. The ratio of the correction to 
the observed interferometer beat note to the beat note itself scales approximately 
as L-?. This shows how important it is to make the ring laser cavity as large 
as possible, while sufficient mechanical stability of the entire structure has still 
to be maintained. In the absence of active control mechanisms it appears that a 
symmetrical construction with a length of 6 — 10 m on a side seems to be feasible 
for a large ring laser structure. 
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Fig. 1. The parameters mi, m2 and q of the backscatter correction (Eq. (2)) of a time series 
of 130 days of length. Due to the mechanically monolithic construction of the G ring laser and 
the active pressure stabilized environment of the gyroscope, there are only small changes in the 
backscatter pulling observable. 


Figure 1 shows the observed variation of the fractional beam modulations and 
the phase angle between them over a period of more than 130 day. Since this 
dataset was taken with the atmospheric pressure stabilizing vessel in operation, the 
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observed variations of the correction quantities m1, mz and q are entirely caused by 
temperature variation. When these corrections are applied to the gyro observations, 
we are able to remove the backscatter induced drift in the observation of the Earth 
rotation signal. However, some short-term fluctuations and some irregular steps still 
remain in the measurement signal. This signature compares well with the tiltmeter 
readings obtained from a high resolution tilt sensor, placed on top of the ring laser 
structure. Figure 2 depicts the observed Earth rotation rate after the backscatter 
correction has been applied to the full 130 days of observation. 
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Fig. 2. 130 days of ring laser observation of Earth rotation velocity. After the backscatter correc- 
tion procedure has been performed, the effects of a number of geophysical signals, like local tilt, 
diurnal polar motion, solid Earth tides, the Chandler and the Annual wobble remain. 


The lower (blue) curve, corresponding to the variation of local g over the same 
period of time, shows the changes experienced in the North/South tilt of the ring 
laser monument. The step like drops in AO after day 56950 and around 57000 
correspond to the response of the ring laser monument to significant rain falls at 
the observatory. The response of the tiltmeter corresponds well with the trend in 
the observed gyro signal represented in the same diagram in the upper (red) curve. 
After the tilt correction we have computed the known geophysical signals, which 
cause a change of the projection of €) on the area vector of our Sagnac interferometer. 
Figure 3 represents the combined effect of all known signals over the length of the 
measurement. The section between the two dashed lines is shown enlarged in the 
inset in order to emphazise the fine structure of the signals. AQ is expressed in the 
units of the observed beat note in accordance with Eq. (1). 

Once all the model corrections (diurnal polar motion, solid Earth tides, ocean 
loading and the variation of latitude) are applied, the Chandler and the Annual 
wobble, as measured by VLBI are also reduced from the data. The result is a 
continuous dataset of the rotation rate of the Earth with a spacing of 1 hour between 
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Fig. 3. The combined effect of the known geophysical signals, which have an effect on the North - 
South projection of the instantaneous Earth rotation vector onto the area vector of the laser gyro. 
The abscissa shows the variation of the measured angular velocity, expressed as a variation in the 
beat note of the Sagnac interferogram, derived from Eq. (1). The area between the two dashed 
lines is shown enlarged in the inset. 


the data points as shown in Fig. 4. Although some small short-term variations at 
the level of less than 1 part in 10" remain, a stable rotation rate is obtained over 
the full span of 130 days. The successful observation of a continuous long dataset of 
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Fig. 4. 'The backscatter corrected Earth rotation rate over 130 days of observation. Each data 
point was averaged over 1 hour and the known geophysical signals have been removed from the 
measurements. The abscissa shows the variation of the measured angular velocity expressed as a 
variation in the beat note of the Sagnac interferogram, derived from Eq. (1). 


high resolution ring laser observations of the Earth rotation velocity over 130 days 
marks a great progress in the application of Sagnac interferometers on geodetic 
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observations. We note in particular the stability of the measurements. Despite 
getting close to the target of a gyroscopic observation of the variations in the length 
of day (LoD), we are not quite there. However the short-term variation is within 
a factor of two of the order of the typical amplitude of LoD variations. It would 
appear that small variable non-reciprocal effects are playing a role. 


3. Conclusion 


Although the application of the backscatter correction has improved the long-term 
stability of our G ring laser to AQ./Q < 1077 over the entire measurement series, we 
still consider this work in progress. We have identified the tiltmeters as one weak 
link in our correction process for a single component ring laser. In addition, the 
backscatter correction procedure itself will have limitations. The long term stabil- 
ity for the measurement of the fractional amplitudes as well as the corresponding 
phase angle, remains to be proven. In order to use laser gyros for fundamental 
physics, it is important to have a three component ring laser of sufficient size in 
operation. Furthermore it appears to be desirable to locate this gyro in a deep un- 
derground facility, such that seasonal temperature variations, excessive noise from 
the interaction between wind and the top soil and the variability of the hydrology 
are considerably reduced. Since the Lense-Thirring frame dragging effect appears 
as a DC quantity, it is also necessary to determine the absolute scale factor of the 
instrument in order to contribute to fundamental physics. However this ambitious 
goal appears to be much more practical now than several years ago. 
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The Lagrange points of the Sun/Earth pair form an interesting reference frame corotating 
with the Earth around the barycenter of the pair. Here we propose to use them as a base 
for a “rigid” physical loop allowing for the propagation of electromagnetic signals along 
a closed contour. If a gravito-magnetic field is concatenated with the loop, it produces 
an asymmetry of the times of flight in opposite directions, just as for the classical Sagnac 
effect. Due to the large scale of the loop, an experiment based on these premises could 
allow for a measurement of the angular momentum of the Sun and also the detection of 
the angular momentum of the dark halo of the Milky Way, if it exists. 


Keywords: Gravito-magnetism; Sagnac effect; Lagrange points; Dark halo. 


1. Introduction 


Dark matter is today accepted as one of the ingredients that make up the universe 
as far as we can observe it. The need for more mass than that people could directly 
observe was recognized long time ago. Letting aside some early remarks going back 
even to the 19^ century, in 1932 Oort! observed that the Milky Way needed more 
mass than that of the visible stars in order to justify its internal kinematics. One 
year later Fritz Zwicky?, studying the Coma galaxy cluster concluded that it had to 
be hundreds of times more massive than suggested by its appearance. The ensuing 
open problem was that of the 
named *dark matter". Today the evidence in favor of the existence of dark matter is 
multiple and varied: at the cosmological scale, observations tell us that dark matter 
in the universe should be approximately 5.5 times more massive than ordinary 
matter?; the temperature of the plasma trapped in the globular clusters is too 
high to be consistent with stability and suggests a deeper gravitational potential 
well; rotation curves of the stars in spiral galaxies correspond to peripheral speeds 
higher than the values deduced from the visible mass distribution?; often observed 
gravitational lensing and microlensing indicate mass distributions which do not 
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‘missing mass”; later the mysterious ingredient was 


manifest themselves in any other way. 

In parallel with the search for evidence of dark matter a continuous theoretical 
investigation has been and is under way for conjecturing what kind of particles could 
be the constituents of dark matter. The main conviction of the present paper is, 
however, that an important task, before speculating on the nature of dark matter, 
should be to fully characterize its gravitational effects and, since the standard theory 
used to describe gravity is general relativity (GR), to explore all effects of that theory 
at the scale of the dark matter phenomenology. The simplest explanation for the 
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observed rotation curves of galaxies is to assume that the whole galaxy (including 
ours) is immersed into a huge dark matter halo?. Such halo extends beyond the 
visible disk of the galaxy, since we see that the anomalously high rotation speeds 
continue outside the disk, as shown by the radiation emitted by neutral hydrogen. 
The halo is more massive than the galaxy and we may also infer that it should 
also rotate together with the stars. If so, GR predicts that the dark halo, besides 
an additional gravitational pull on visible matter, should also generate a gravito- 
magnetic (GM) field, depending on its angular momentum; that GM field would in 
turn influence the motion of freely falling bodies within it. Why then not try and 
look for effects of that sort? 

'This is the simple idea which is the starting point of this work. An experiment 
at the scale of the internal solar system will be illustrated, aimed at evidencing 
possible GM effects of the angular momentum of the dark halo of the Milky Way. 


2. Gravito-magnetism 


A generic form for the metric of a curved space-time in arbitrary coordinates may 
be written: 


ds? = gooc? dt? + 2go;cdtda* + gi; da da? (1) 


The usual conventions have been adopted: index 0 is for time, Latin indices 
denote space variables; Einstein convention on index summation is applied. 

The mixed components of the metric tensor, go;, tell us that the source of gravity 
is moving with respect to the observer. If the movement is a rotation no coordinate 
change can globally make the go?'s disappear and those terms correspond to physical 
effects we may hope to detect by suitable experiments. 

In weak field conditions, i.e. when the difference between the actual metric 
tensor and Minkowski metric is very small (almost everywhere in the universe), 
the mixed space-time components of the metric tensor may be interpreted as the 
components of an ordinary vector potential similar to the one of Maxwell electro- 
magnetism (EM)°: 


cgoi = hi (2) 


Correspondingly we may describe the gravitational interaction as due to a 
gravito-electric field, causing the usual gravitational attraction, and a gravito- 
magnetic field, B, stemming out of the h vector potential as in the case of electro- 
magnetism: 


BsVAR (3) 


The influence of the GM field on freely falling particles is the analogue of the 
effect of a magnetic field on moving charges. 
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2.1. Gravito-magnetism and Sagnac 


When describing EM signals, their line element is null and (1) may be read as a 
second order equation whose unknown is cdt: 
0 = go dt? + 2gojcdtda* + gi; da! da? (4) 
'The coordinated time interval for the propagation of EM signals over a space dis- 
placement expressed by the dz^'s is then: 
Joi, i 1 o mw 
cdt = — — dz’ + —4J/ (goida*)? — googi, da? dxi (5) 
Joo Joo 
If now, by some appropriate device, we force the EM signal to move along a 


closed route (in the given reference frame) and come back at the starting point, 
we may calculated the proper time of flight 7 integrating (4) along the whole path. 
What happens is that, like in the typical Sagnac measurement, right-handed and 
left-handed travels along the same circuit require different times. The proper time 


asymmetry ó7q is”: 


(6) 


Tg = has $ zn 
Joo 


3. LAGRANGE 


The Lagrange points (L-points) of the Sun-Earth pair occupy positions which stay 
fixed with respect to the Earth, thus forming a natural co-rotating reference frame 
at the scale of the inner solar system. Their configuration is shown in Fig. 1. 


Y is 


Fig. 1. Location of the Lagrange points of the Sun-Earth pair, along the terrestrial orbit. The 
straight lines outline possible closed paths for the EM signals of the LAGRANGE experiment. 


Locating transponders in the L-points would allow to implement the closed paths 
required for a wide scale Sagnac-like experiment: let us call it LAGRANGE. Not 
considering L3, which is beyond the Sun, a possible choice would be the triangle 
Lə — Ls — L4. The typical scale of such configuration is the astronomic unit (AU), 
ie. 1.5 x 10!! m: the sides L4 — Ly and Lz — Ls are just 1 AU long. 
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3.1. Measuring the angular momentum of the Milky Way 


As written in the introduction, if the Milky Way (as the other spiral galaxies) is 
immersed in a huge dark halo and the latter, as it is reasonable to expect, rotates 
at the same rate as the visible stars, the solar system is in turn immersed into the 
GM field originated by the rotating halo. 

The distance of the Sun from the center of the Milky Way, Re, is 8 kpc i.e. 
~ 2.5 x 10??m. The diameter of the orbit of the Earth, Dg, is ~ 3 x 10!! m: as we 
see, the ratio Dg/ Ra is ~ 1079. We may then infer that the relative change of the 
galactic GM field met by the Lagrangian triangle during the year will reasonably 
be proportional to 107°: in practice we are allowed to treat Bg as constant and 
uniform across the inner solar system. 

'The assumption above, together with Stokes theorem, simplifies the calculation 
of the formula for the time of flight (tof) asymmetry along the Lagrangean triangle: 


2 f 2 f 2 
ÔTG = = i . dl = = | Be . ands = —BgS cosa (7) 
C C Jg [e 


Here of course dl is the elementary displacement vector along the trajectory of the 
EM signal; ûn is the unit vector perpendicular to the plane of the trajectory; S is 
the contoured area. The EM analogy and the symmetry tell us that on the galactic 
plane Bg is perpendicular to the plane; angle o is the inclination of the ecliptic 
plane with respect to the galactic plane. 

In order to fix orders of magnitude, consider that for the L2 — Ls — L4 triangle it 
is S455 © 9.9 x10?! m? and a © 62.6°. Assuming a sensitivity of the measurement 
of the tof asymmetry in the order of 10^ 1?s, from (7) we deduce a lower limit for 
the weakest detectable GM field, as big as 3 x107?9 m-!. For comparison, I recall 
that the terrestrial GM field, at the surface of the planet, is ~ 107 ??*m- !. 


3.2. Measuring the angular momentum of the Sun 


We have discussed above the (dark) GM field of the Milky Way, but we should not 
forget that LAGRANGE would also be sensible at least to one more contribution: 
the GM field of the Sun. 

In the case of our star, the weak field approximation for the line element in a 
non-rotating reference frame and polar coordinates may be written: 


M M i 
CM arpio a Pap = cin? Gag? a Ee 
cr cr c? 


ds? — (1-2 = (cdt)(r sin d$) 


(8) 

Here M is the mass of the Sun and J its angular momentum; J is assumed to be 
perpendicular to the ecliptic plane. If motion (then the corresponding space part of 
the line element) is contained in the ecliptic plane, it is 0 = 7/2 = constant. It is 
also convenient to refer to m = €3- (= 1475m) and j = €. (= 4.71 x 10°m?). This 
simplified line element cannot be used in the case of the galactic dark halo, because 


there we are inside the mass distribution, whereas here we assume to be in vacuo?. 
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The view point for the LAGRANGE measurement would be the one of a terres- 
trial observer, which means that we have to pass to a co-rotating reference frame 
at the orbital angular velocity of the Earth Q. At the approximation level we are 
using, the orbital velocity of the Earth (and the L-points) can be assumed to be 
Keplerian: 


Q=ca/— (9) 


r3 


Putting all the above assumptions together, we see that the line element for the 
terrestrial observer (co-moving with the LAGRANGE triangle) is: 


ds? a 0-35a? — (142 )ar? r?dé? 4 293. 5edd) (10) 


As can be seen, the mixed time-space component of the metric tensor now 
contains a contribution due to the angular momentum of the Sun (proper GM 
term) and a kinematical contribution due to the rotation of the frame. Both terms 
concur to the GM field perceived by the rotating observer, then to the right/left 
tof difference along the Lagrangean triangle. The calculation is now a bit more 
complicated than in the case of the galactic halo effect, since now the field cannot 
be assumed to be constant along the trajectory. In principle we should also consider 
that the EM rays which physically form the sides of the triangle are not really 
straight because of the gravitational lensing effect that bends them. Luckily that 
effect, besides being very small, can safely be neglected because it is symmetric (it 
does not depend on the rotation sense), then cancels when subtracting the left and 
right tof from one another. 

Eq. (6), preserving a consistent approximation level, is now: 


sido y 4 mt "s (11) 


R is the average radius of the terrestrial orbit (R ~ 1.495 x 10!!m). For L4 and 
Ls it is rg, = rp, = R; La is a bit further: rr, = n a = 1.51 x 10!!m. To do the 
calculation, the sides are assumed to be straight and the typical equation is: 
b 
——————— 12 
T cos $ — bp e 


The minimum approach to the origin (the barycenter of the Sun-Earth pair) is b; 
the corresponding azimuth is øp. It is: 


bas = — (13) 


y| a 


(14) 
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Performing the calculation and inserting numbers, the purely gravito-magnetic 
contribution of the Sun, 47; is: 


8j R+2a 
bed Reale 
a VA RUE a) 


The other kinematical terms appearing in Eq. (11) provide bigger contributions, 
which are, in the order from smallest to biggest: 


67, © (5.35 x 107°? — 1.428 x 1078 — 0.36172)s (16) 


~ 1.47 x 107s (15) 


4. Discussion and conclusion 


We have presented a principle experiment based on the typical Sagnac approach 
applied to a rotating closed path for EM signals having three Lagrange points of 
the Sun-Earth pair as vertices. The experiment could evidence the presence of a 
galactic GM field, dominated by the dark component in the halo incorporating the 
Milky Way, and could measure the angular momentum of the Sun inferred from 
its GM field. The signals of different origin would be superposed to kinematical 
contributions coming from the pure rotation of the Earth along its orbit. Numbers 
are indeed small and the proper GM terms are the smallest, however comparable and 
even easier to attain than the ambitious goals of other space missions, such as LISA. 
A possible strategy to mark interesting weak contributions could be to produce a 
time modulation, which could evidence them when exploring the cumulated data: 
this approach will be explored in further work now in preparation. 

I have not discussed here the practical problems that LAGRANGE should sur- 
mount in order to be implemented, but I am confident that they are all within the 
possibilities of existing technologies. Both on the side of improving technologies 
and methods, and of reducing unitary costs, a global strategy would be to associate 
LAGRANGE to other experiments and missions under way or in preparation. 


References 


1. J. H. Oort, Bulletin of the Astronomical Institutes of the Netherlands 6, 249 
(1932). 

. F. Zwicky, Helv. Phys. Acta 6, 110 (1933). 

3. Planck collaboration, arXiv:astro-ph.C0/1807.06205v1 Planck 2018 results. 
I. Overview, and the cosmological legacy of Planck, to appear in Astronomy & 
Astrophysics , pp. 161, 2018. 

. V. Rubin, N. Thonnard, W. K. Ford Jr., The Astrophysical J. Lett. 225, L107- 
L111 (1978). 

. V. Rubin, N. Thonnard, W. K. Ford Jr., The Astrophysical J. 238, 471 (1980). 

M. L. Ruggiero & A. Tartaglia, Nuovo Cimento B 117, 743-767 (2002). 

. A. Tartaglia & M. L. Ruggiero, Am. J. Phys. 83, 427-432 (2015). 

. A. Tartaglia, Int. J. Mod. Phys. D 27, 1847012 (2018). 


A N 


ONAN 


1934 


Proposal for laboratory generated gravitomagnetic field 
measurement 


G. V. Stephenson,! W. Rieken,* and A. Bhargava*! 


t Seculine Consulting, 
Houston, TX 77005, USA 
E-mail: seculine@gmail.com 


*Graduate School of Materials Science, 
Nara Institute of Science and Technology, 
Ikoma, Nara 630-0192, Japan 


t Scotch College, Melbourne, Australia 3122 


We describe how to create a measurable unbalanced gravitational acceleration using 
a gravitomagnetic field surrounding a superconducting toroid. Such a gravitomagnetic 
toroid has been experimentally quite impractical. However recent advances in nanorod 
superconducting wire technology has enabled a new class of SMES devices operating at 
current densities and magnetic field strengths sufficient to develop measurable gravit- 
omagnetic fields, while still maintaining mechanical integrity. In the present paper an 
experimental SMES toroid configuration is proposed that uses an absolute quantum 
gravimeter to measure acceleration fields along the axis of symmetry of a toroidal coil, 
thus providing experimental confirmation of the additive nature of the gravitomagnetic 
fields, as well as the production of a linear component of the overall acceleration field. 


Keywords: Gravitational, Gravitomagnetic, Lense-Thirring, Superconducting Magnetic 
Energy Storage, SMES, nanorods, nanowires. 


1. Introduction 


When Forward! first proposed a gravitomagnetic toroid for unbalanced gravita- 
tional force production in 1962, any experimental realization was quite impractical. 
However recent advances in high-temperature superconducting (HTSC) nanorod 
wire (nanowire) technology” has enabled a new class of superconducting magnetic 
energy storage (SMES) devices operating at current densities and magnetic-field 
strengths sufficient to develop measurable gravitomagnetic fields, while still main- 
taining mechanical integrity. In the present study, an experimental SMES toroid 
configuration is proposed that uses a quantum gravitometer to measure accelera- 
tion fields along the axis of symmetry of a toroidal coil, thus providing experimental 
confirmation of the additive nature of the gravitomagnetic fields, as well as the pro- 
duction of a linear component of the overall acceleration field. See Fig. 1 for details. 

In Forward’s gravitational generation coil described in this paper, superconduct- 
ing electron flow provides the change in mass current in the toroid. 


2. Background 


We summarize enabling developments in high-current-density nanorod conductors 
and the overall design and use of SMES devices, which are emerging as an alternate 
approach to energy storage that does not require chemical energy technologies. 
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Integrated inner acceleration 
field generated 


Toroidal Coil SMES 


Figure 1. Gravitational force generation coil from Forward 1962! with an inspiraling mass cur- 
rent, with a vector potential P, creating gravitomagnetic field G, which is additive in the center. 


2.1. Superconducting Nanorods 


New developments in superconductor nanomaterial processing? led to nanotubular 
superconductors? with a T, at 92K. A uniqueness of the nanotubular and other 
geometric structures of HTSC makes for a practical wire form without using the 
melt texturing techniques which make for brittle thin films that are also difficult to 
shape into wire. Another aspect of these new HTSC materials is negation of post 
oxygenation at high temperatures. The elimination of this requirement makes room 
temperature forming and application of HTSC materials practical. The process has 
been demonstrated to be a low-cost and mass production method of superconductors 
which is scalable and without vacuum or cleanroom requirements.? 'These develop- 
ments have led to the commercialization by True 2 Materials PTE, LTD (T2M) in 
Singapore, of a new HTSC wire using standard wire-making practices. 

Although the critical temperature of the wire is 92 K, operation at 77 K in liquid 
nitrogen is more reasonable due to safety issues with gases and nitrogen's inertness, 
nonexplosive and nonflammable, as a cryogenic liquid. Currently T2M prototype 
wire is in the millimeter range and approaching the micron range. However, devel- 
opment of an HTSC wire, or filament at nanometer scale is on the roadmap? of 
'T2M. The estimated diameter of the wire used in this study, currently theoretical, 
is 200nm O.D. including insulation and a 30nm O.D. HTSC core, with the total 
weight of the wire at approximately 0.001 È. 

Individual wires make up a 19-nanofilament cable of 1 jim diameter as shown in 
Fig. 2, illustrating the compactness of the nanocable design. This allows the scaling 
up of the critical current limit, quenching aside, without adding significant weight to 
the toroidal coil. The individual nanofilament as described in Fig. 3 consists of a core 
(A), core sleeve (B), a highly insulated sleeve (C) with good heat-transport proper- 
ties, and a high-strength gigapascal (GPa) outside sleeve (D), which also possesses 
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Figure2. Representation of multiple filaments in a cable where each 1 jum yields 19 nanofilaments. 


10 nm 


L] 


30 nm e 


C 25 nm 


Figure 3. Detailed illustration of a nanowire filament. 


good heat-transport properties at low temperatures. The main consideration for a 
candidate of the materials used in this study would be of carbon composition. 


2.2. Superconducting Magnetic Energy Storage 


SMES devices are an emerging battery replacement technology. A typical applica- 
tion is shown in Fig. 4. The device is fed by a DC current, developing a magnetic 
field, typically in a toroidal geometry coil. When the need for emergency power is 
detected, an output switch is activated that provides DC current out, which may 
be converted to AC power by a power inverter. 

Given the recent advances in nanowire technology, these devices are poised for 
remarkable improvements in capability in the very near term. With these coming 
improvements in this technology, and the similarity in geometry with the Forward 
design of Fig. 1, the present paper will study this technology at its limits for possible 
reapplication as a generator of an unbalanced DC gravitational force. 


3. SMES Mass Current 


The linear force, Gf, developed by gravitomagnetic force in the mass flow toroid of 
Fig. 1 is given by Eq. (1):! 


NTr? 

Gro L., (1) 
4m R 

where Gr = gravitomagnetic force, 7) is gravitomagnetic permeability, 7 = Not, No = 

absolute gravitomagnetic permeability, 7, = relative gravitomagnetic permeability, 
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Figure 4. SMES in an energy-storage application. 


N = number of turns in the coil of the torus, T = change in mass flow, r = the 
cross-sectional radius of the torus, and R = the centerline radius of the torus. 
Change in mass flow for a single electron flow is given by 


T, = pe = a X Me = (Q x v)me. (2) 
This is equivalent to a centripetal force of 
š v? 
T, = Fy = Me— = mea, = Me(w?r), (3) 
r 


We now attempt to estimate the possible mass currents enabled by emerging 
nanowire SMES technology as it relates to the core geometry constraints described 
by a torus geometry. We start with the assumptions needed to calculate the number 
of turns, N. 

For the purposes of describing an idealized case with a realistic geometry, we 
develop a description of a device bounded by a 10 m toroid centerline diameter and 
with a cross-sectional core diameter of 1 m. We further assume a conductor winding 
depth of 0.5m wound about the core. Assuming each nanowire conductor has a 
diameter de = 100 ym, then the cross-sectional area of each conductor will be given 
by A, = nr? = 7.854 x 107? m?. For packing the conductors described above to the 
winding depth described, it can be shown? that the total number of windings for 
the entire toroid can be as high as N — 1.256 x 10?. 

What is T with the forgoing assumptions? In this idealized case electrons 
circulate about a coil of circumference c,, or slightly larger, as described by 
Cr = 2nr = 3.14 m. Assume further a supply voltage of 16 kV, resulting in 16 keV of 
kinetic energy for each electron, which corresponds with the upper limit of a nonrela- 
tivistic case where, for idealized electron mobility, v = 0.25c, so that y = 1.06 ~ 1.0. 
Then, from Eq. (3) for nonrelativistic circular motion, the vector change in DC cur- 
rent flow is 


Mev" 


= (4) 


r 


which, for a single electron, has the following values: me = mass of the electron 
= 9.11 x 10?! kg, v = velocity of the electron = 0.25c = 0.75 x 108 7 = 0.5m 
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for the assumed geometry. The angular acceleration of the electron is 
e= — —125 x 1016 7 5 
a m x 2 (5) 


Thus, change in mass flow represents centripetal acceleration in the case of circular 
motion: 


T, = Me x a, = 10.25 x 10715 N. (6) 


Equation (6) corresponds to the change in mass flow for one electron in one loop of 
coil. Total mass-flow change is, therefore, the mass-flow change per electron times 
the number of electrons: 


T =T, x Ne. (7) 


N, in one loop can be described by the current J times the period of a single-loop 
circulation At: 


N, =I x At, (8) 
where, for idealized mobility, the period of an orbit in a loop can be described by 
At = = 92. = 41.89ns. (9) 
U U 


What is the possible current inside the idealized device for the case where the 
entire winding is in series? We make the assumption about max current to stay below 
critical current density of 250 Ma, Current is limited by the maximum permissible 
current density and the cross section of the conductor t: 


I=Jx A (10) 


where J is material dependent. For the nanowire assumed in Ref. 2, J = 250 Mi 
The assumed cross-sectional area Ac = 7.85 x 107? m? yields a maximum current 
of I = 1.96 A. 

Expanding on Eq. (8), the number of electrons N, in circulation in one loop may 
be calculated by noting that there are 6.24 x 1018 electrons per Coulomb. 


lect 
Ne = aoe eron) I (£) x t = 5.12 x 10!! electrons (11) 
s 


4. SMES Forces 
Expressing Eq. (7) as force per electron times the number of electrons in motion in 


one loop: 


T-T, (aco) x Ne(electrons) = 5.248 mN. (12) 
electrons 


'Thus, each loop experiences about 5 mN of integrated centripetal force (T ) due to 
the electrons in circulation within. 
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We now describe the scale factor to couple the centripetal force to the gravito- 
magnetic effect. Revisiting Eq. (1), which describes the overall linear force developed 
at the center of the toroidal coil, total gravitomagnetically developed force will be 


NTr? 
Gt = not: ——> = Nor : 5,248 N. 13 
f= Moth ar = Mo! (13) 
grouping known variables on the right and unknown variables on the left. This raises 


the question, What are the correct values for 7, and m? If ro goes as S, as does 


gravitomagnetic potential (Ref. 6, Eq. (1.5)), then 


No = See ee 1075 (14) 
2c 
In this case Gp = 5.8 x 107!65,. Values of 7, are experimentally unknown at this 
time. However, if values of 7, track values of ur, then values as high as y, = 109 
may be possible, yielding Gp = 5.8 x 1071? N = 0.58nN. 

Even with very sensitive quantum gravitometer, this would be a very difficult 
measurement. However, with additional current or winding count, a device scaled up 
from the idealized case considered in this paper may someday achieve a measurable 
DC gravitational field, even in the nonrelativistic case considered here. 


5. Conclusion 


An argument is made for using SMES to gravitomagnetically create an unbalanced 
force, possibly of measurable amplitude. Further research would be required to de- 
termine to what extent SMES devices could be operated into relativistic regimes 
to enhance relative mass flow change in the rest frame thus improving effect de- 
tectability.? 
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Light stable axions, originally proposed to solve the strong CP problem of quantum 
chromodynamics (QCD), emerge now as leading candidates of WISP dark matter. The 
axion-electron coupling, explicitly predicted by some models, can be exploited to envisage 
novel detectors complementary to the “Sikivie haloscope". In fact, due to the Earth 
motion with respect the dark matter halo, the interaction of relic axions with electron 
spins results in an effective magnetic field that inject power in magnetized media. In 
this proceeding we present the QUAX proposal of a ferromagnetic haloscope and the 
related ongoing experimental activity at the National Laboratories of Legnaro (Italy). 
The experimental parameters required to achieve cosmologically relevant sensitivity with 
our detector will be discussed. Some preliminary results on the operation of the QUAX 
prototype are eventually presented. 
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1. Introduction 


An impressive result of modern cosmology is that a major fraction of the mass 
content of the universe is composed of dark matter (DM), i.e. particles not inter- 
acting significantly with electromagnetic radiation, ordinary matter, not even self- 
interacting (cold dark matter). The DM existence is inferred from its gravitational 
influence on galaxies, clusters and Cosmic Microwave Background, which suggests 
it dominates by a ratio of 5:1 over ordinary matter described by the Standard Model 
(SM) of particle physics. In the era of precision cosmology an important threshold 
has been crossed: the issue nowadays is no longer the existence of particle dark mat- 
ter, but its nature as new particle(s) Beyond SM (BSM models). Moreover, accord- 
ing to Big Bang cosmology, dark matter particles must be produced thermally simi- 
larly to SM particles. Hypothetical Weakly Interacting Massive Particles (WIMPs), 
e.g. 100 Gev particles from supersymmetric extension of SM, have been a prime DM 
candidate because of their self-annihilation cross section (ov) ~ 3 x 10 ?9em?s ^ !, 
that guarantees the correct abundance of dark matter today (“WIMP miracle"). 
Recently, the WIMP paradigm has started to look less as the obvious solution to the 
dark matter problem, and the spotlight passed over Weakly Interacting Sub-eV Par- 
ticles (WISP), that are very light bosons characterized by sub-eV masses and large 
occupation numbers, such as axions, axion-like particles (ALP) and hidden photons. 
In particular, the axion, originally introduced in the SM by Peccei and Quinn to 
solve the strong CP problem of QCD, is a good candidate for DM. The axion is the 
pseudo-Goldstone boson associated to an additional symmetry of SM Lagrangian 
which is spontaneously broken at an extremely high energy scale Fa. Current litera- 
ture favours invisible axion mechanism with Fa >> 250 GeV (weak scale), which has 
two main implementations: the KSVZ (Kim-Shifman-Vainshtein-Zakharov) models 
and the DFSZ (Dine-Fischler-Srednicki-Zhitnitsky) models. For scales F, c 10? 
GeV, corresponding to typical mass values m ~ 1 meV, axions may account for 
the totality of DM?. As a consequence, many different detectors have been pro- 
posed over the last decades to search for relic axions. Although theory do not fix 
the value of Fa, cosmological considerations and astrophysical observations provide 
boundaries on F4 and suggest a favoured axion mass range lueV < Ma < 10meV, 
i.e. over 1015 times smaller than WIMPs mass. In addition, lattice results on QCD 
topological susceptibility, based on reliable computations of the axion relic density, 
indicate a preferred window for the axion mass in the range of tens of ueV?. With 
such a small mass, we would expect n, c 3 x 10? (10 ueV/m,) axions per cubic 
centimeter in our Solar System to account for the observed DM density ppm ~ 0.3 
GeV /cm?. Most of axion detectors rely on the conversion of axions into photons in 
a resonant cavity in the presence of a static magnetic field, following the detection 
scheme proposed by P. Sikivie in 1983 — called axion haloscope — which is based on 
the inverse Primakoff effect^. In particular, the ADMX experiment reached the cos- 
mologically relevant sensitivity to exclude the axion mass range 2.66 < m, « 2.81 
ueV for DFSZ models and 1.9 < m, < 3.7 ueV for KSVZ models?. On the other 
hand, the axion-fermion coupling, explicitly predicted in DFSZ models, allows for 
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designing new detectors that exploit the interaction between axions and fermionic 
spins’. In fact, the motion of the Solar System through the DM cloud surround- 
ing the Galaxy results in a gradient of the axion field Va pointing in the motion 
direction, and one can demonstrate that the effect of Va on spins in a magnetized 
material plays the role of an effective oscillating magnetic field Ba with amplitude, 
direction and frequency determined by ppm, Va and ma, respectively. The QUAX 
detector is precisely based on the resonant interaction of B, with the homogeneous 
magnetization mode in ferrimagnetic samples. In this proceeding we summarize the 
main ideas of the QUAX proposal" and report on some recent results regarding the 
cryogenic operation of a QUAX demonstrator?. 


2. Axion detection by resonant interaction with electron spin 


Assuming standard cosmology, we calculate the effective magnetic field B, with 
the aim of estimating the power released in a magnetized sample as a function of 
QUAX parameters. As the DFSZ axion models do not suppress the axion and 
electron coupling at the tree level, the Lagrangian reads 


L = (xz) (ihy"8, — me)v(z) — igaca(z)U(z)ysv(z), (1) 


where y(x) is the spinor field of an electron with mass me. Here 7 are the 4 Dirac 
matrices, 4? = iy°y!y?73, and a(x) is coupled to matter by the dimensionless 
pseudo-scalar coupling constant gae. By taking the non-relativistic limit of L, the 


resulting interaction term can be written as 


ach h ae 
-Iela . Va = 2E (2 ) Va = -2480 : Ba, (2) 


2me 2Me 2e 


which has clearly the form of the interaction between the spin magnetic moment and 
an effective magnetic field, where e is the electron charge, up is the Bohr magneton, 
c is the vector Pauli matrices, and Ba = gae/(2e)Va is the effective magnetic 
field. For DFSZ axions, the coupling to electrons is gae = Me /(3 F4) cos? B c 2.8 x 
10-5 (m, /10-4eV) assuming O(1) value for the free parameter cos? 8. To calculate 
amplitude and frequency of the effective magnetic field due to the presence of the 
DM axion we use the standard model of galactic halo: a spherical distribution with a 
pseudo-isothermal density profile, local density ppm ~ 0.3GeV/cm? corresponding 
to na ~ 3 x 10 (1074 eV/m,) axions per cubic centimeter, and local velocity 
distribution described by the Maxwell Boltzmann distribution with a dispersion 
c, & 270 km/sec. The Earth velocity with respect the galactic halo is |vg| ~ 
220 Km/sec. Therefore the equivalent oscillating rf field has an expected mean 
amplitude and central frequency 


Ba =2.0 x 10-7) — | T, Saag] | (uH 3 
7 ean ' 9m 200 ueV a e 


with relative linewidth Awg/wa c 5.2 x 1077 and direction vg. The explicit de- 
pendence on w of the power spectrum of axion field has been calculated in Ref. 6. 
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Once the calculation is tailored for the gradient of the axion field, the coherence 
time and correlation length for the QUAX detector read 


— (200 eV Qa 
Toa = 0.68 Ta = 17 (zem) (5) HS; 


200 a 
—— In, 


Ma 


Ava = 0.74Aq = 5.1 ( 


where the standard DM halo parameters were used’. 


2.1. The QUAX proposal 


In the QUAX proposal we focused our analysis to frequencies in the 40 + 50 GHz 
range. To measure the power released by extremely small rf field Ba we make 
use of the Electron Spin Resonance (ESR) in magnetic samples’. To enhance the 
interaction, the ferromagnetic resonance of the sample — i.e. the Larmor frequency 
wr, = *y Bo of the electron spin precession in an external magnetic field Bo — is tuned 
to the frequency wa associated with mass value of the searched for axion. Here 
y/2» = elm, = 28GHz/T is the electron gyromagnetic ratio. In the limit of weak 
rf field, the steady state solutions of Bloch Equations of the magnetization M,(t) 
relative to the ESR Kittel mode reads 


M(t) = yHBBansTmin cos(wat); (5) 


where ng is the material spin density and Tmin = min (Tya, 72, Tr) is the shortest co- 
herence time among the axion wind coherence Tya, magnetic material relaxation T2 
and radiation damping Tr, and it represent the coherence time of M, (t) oscillatiions. 
However, the radiation damping mechanism may result in an issue for the QUAX 
detector. In fact, in free space, the energy damping due to magnetic dipole emission 
Tr = (c3/w})/(yuoMoVs), and so high Larmor frequency, large magnetization Mo, 
and large volume V; of magnetized material imply Tr << Ta. However, the radi- 
ation damping mechanism can be inhibited by inserting the magnetized material 
inside a microwave resonant cavity in the strong coupling regime. In this case, the 
hybridization between Kittel magnetic mode of the sample and a suitable cavity 
mode occurs, and the limited phase space of the resonant cavity inhibits the radia- 
tion damping mechanism, thus providing a more favourable damping time equal to 
the cavity decay time. In the hybridization regime we have Tmin = min (Tya, 72, Te), 
where 7, is the cavity decay time". 

In the presence of the axion wind, the average amount of power absorbed by the 
magnetized sample in each cycle is 


dM dM, 
B, = H-—= Bua—Vs5 
Hort at dt 
= YUBNSWa B?Tmin Vs. (6) 


In a steady state condition, the power balance ensures that Pin will be emitted as 
rf radiation, and so Pn/2 can be collected by using an antenna critically coupled to 
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the hybridized mode. The output power can be expressed in terms of the relevant 
experimental design parameters 


F m x V. ns Tini 
By = in = 3.8 10726 a S min W 
"uw à (sox) (xx Eu) (te) (=) i 
(7) 


where the chosen axion mass is determined by a magnetizing field Bg = 1.7 T, 


and the value of the spin density is typical of paramagnets at low temperature or 
material as YIG (Yttrium Iron Garnet) even at room temperature. To measure such 
a low power is a very difficult experimental challenge. To reach the QUAX goal 
of detecting cosmological QCD axions, we need to improve the detector sensitivity 
along the following lines: 


1) Study of materials: decrease linewidth of ferromagnetic resonance in the 
10 + 100 GHz frequency range at low temperatures and increase spin den- 
sity of magnetized materials (YIG, GaYIG, LiF or BDPA and other para- 
magnets); make use of ultrapure material (e.g. by trying to minimize rare 
earths contamination); highly accurate polishing and smoothing of surfaces. 

2) Cavity design: design of a high-Q (~ 10°) cavity to be operated in few 
Tesla magnetic fields; cavity design should also maximize SNR and allow 
for housing the required amount of magnetized material. 

3) Static magnetic field source: realization of a highly uniform magnetic field 
(up to 10 ppm for a few Tesla field to avoid inhomogeneous broadening). 

4) Decrease of noise level: use a dilution refrigerator to lower thermal noise 
that also allow for the operation of a Josephson Parametric Amplifier (JPA); 
a crucial issue is the concurring development of a single photon counter in 
the microwave frequency range in order to overcome the Standard Quantum 
Limit of linear amplifiers. 


It is worth noticing that only the component of the equivalent magnetic field Ba 
orthogonal to the magnetizing field Bo will drive the magnetization of the sample, 
therefore QUAX is a directional detector and it shows a daily modulation of the 


axion signal that can be exploited to get rid of spurious noise sources”. 


2.2. The QUA X demonstrator 


We have addressed experimentally some issues that affect the sensitivity of a ferro- 
magnetic haloscope, such as ferrimagnetic dissipation, cavity quality factor, mag- 
netic field homogeneity?. Thus we have set up a demonstrator of the QUAX 
experiment which is made of 5 GaYIG (Gallium Yttrium Iron Garnet), 1 mm diam- 
eter spheres, placed in a cylindrical copper cavity (diameter ~ 26 mm and length 
50 mm), and immersed in a ~ 0.5 T magnetic field. We use the TM110 mode 
with resonance frequency fe ~ 13.98 GHz and linewidth k./27 ~ 400 kHz at liquid 
helium temperature. The degeneracy of this mode has been removed by digging 
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two symmetric grooves in the lateral surface of the cylinder. The TM110 mode is 
characterized by a uniform maximum magnetic rf field along the cavity axis, and 
therefore we can house more YIG spheres along it. Moreover, cavity volume can 
be increased by lengthening the cylinder without changing the TM110 mode reso- 
nance frequency. With cylindrical geometry we can also exploit the uniformity of 
magnetic field produced by a solenoid along the symmetry axis so as to avoid the 
inhomogeneous broadening of the resonances. In fact, the Larmor frequency fr, of 
the GaYIG spheres is established by an highly uniform solenoidal magnetic field (1 
part in 107), and the hybridization condition fr ~ f. is met when Bo œ 0.5 T. In 
the strong coupling regime, the hybrid mode frequencies are f+} = 14.061 GHz and 
f- = 13.903 GHz. The detection electronics (a cascade of a room temperature and 
a cryogenic amplifier) was calibrated with a Johnson noise source at different tem- 
perature. The output of the cavity is down-converted in its in-phase and quadrature 
components with respect to a local oscillator and sampled at 2 MHz. The power of 
hybridized modes was estimated with ~ 2 x 10° FFTs of 8192 bins each (frequency 
resolution of 244 Hz), which were square averaged and rebinned into 7.8 kHz band- 
widths (256 bins), close to the expected axion bandwidth. The standard deviation 
of the estimated power is cp = (2.2 + 0.1) x 1077? W, compatible with the Dicke 
radiometer equation. No significant excess power consistent with DM axions was 
found. Therefore we can set the upper limit o5 ~ 10 ?! W within the 3 MHz 
band around 13.903 GHz at the 9596 C.L.. This value translates to the upper limit 
Ba < 1.6 x 10717 T of the equivalent axion field, corresponding to a axion electron 
coupling Jae € 5 x 10710 for axion masses 58.527 < m, < 58.541 peV at 9596 CL®. 


3. Conclusions 


We have reported on the QUAX proposal, i.e. a ferromagnetic haloscope sensitive 
to DM axions through their interaction with electron spin. Our findings by means 
of the QUAX demonstrator indicate the possibility of performing ESR measure- 
ments of a sizable quantity of material inside a cavity cooled down to cryogenic 
temperatures. The sensitivity of the demonstrator reached the limit of the Dicke 
radiometer equation, the overall behavior of the apparatus is as expected, and we 
are confident that the QUAX detector can reach a cosmological relevant sensitivity. 
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Motivated by reported claims of the measurements of a variation of the fine structure 
constant œ we consider a theory where the electric charge, and consequently a, is not a 
constant but depends on the Ricci scalar R. We then study the cosmological implications 
of this theory, considering in particular the effects of dark energy and of a cosmologi- 
cal constant on the evolution of a. Some low-red shift expressions for the variation of 
a(z) are derived, showing the effects of the equation of state of dark energy on a and 
observing how future measurements of the variation of the fine structure constant could 
be used to determine indirectly the equation of state of dark energy and test this theory. 
In the case of a ACD M Universe, according to the current estimations of the cosmolog- 
ical parameters, the present value of the Ricci scalar is zz 10% smaller than its future 
asymptotic value determined by the value of the cosmological constant, setting also a 
bound on the future asymptotic value of a. 


1. Introduction 


There have been different claims about the detection of the variation! ? of the 
fine structure constant. Different models have been proposed to account for such 
a phenomenon, in particular theories where the electric charge is treated as free 
field?. We consider the cosmological implications of a model in which the electric 
charge depends on the local value of the space-time curvature. This model can 
be considered a special case of the Bekenstein theory, where the electric charge 
depends on the Ricci scalar, and consequently it is not necessary to introduce an 
additional kinetic term in the Lagrangian to determine the dynamics of the field 
associated to the electric charge, as in the standard Bekenstein case. In this sense 
this model has the advantage of not introducing a new fully independent degree of 
freedom and can consequently give more definite predictions. At the same time the 
hypothesis that the electric charge depends only on the Ricci scalar is in agreement 
with the principle of general covariance and as such could be extended to the study 
of the variation of other natural constants without the need of introducing any new 
degree of freedom. 

On the basis of general covariance it is natural to consider as an extension of 
the standard electromagnetism an action of the type 


g= | VTI (R) Fu F"" + eguy A"), (1) 


where Fy, = ô A, — 0, A, is the Faraday tensor and Ay is the vector potential, as 
defined in the standard covariant formulation of electromagnetism. 

'The main difference respect to the classical formulation of electromagnetism 
corresponds to the fact that such an action implies a space time variation of the 
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fine structure constant a. This can be seen easily by varying the action respect to 
the vector potential A", and after neglecting derivative terms of quantities varying 
only on very large scales we get 


9, F^" = f(R)- equ", (2) 


which shows how the effective electric charge appearing on the r.h.s. is not constant. 
'The variation of the action respect to the metric is not expected to modify the 
standard Einstein's equations because the term F, F"" x (E? — B?) should give 
an average vanishing contribution in the case of a homogenous electromagnetic field. 
'The above action can be considered a particular case of the Bekenstein theory: 


Sp = [vor + e(zy) uA") = [AEN Fa” + eou,À"), (3) 


Ay = cÁ,, (4) 
Fu = On Av E OVA , (5) 


where the electric charge appearing in the Lagrangian is treated as a free field 


e(z,) = eoc(z"), (6) 

and the action (1) corresponds to the case in which 
e(z”) = F(R”, (7) 
a(z) = aof (R). (8) 


In the Bekenstein theory an additional kinetic term is introduced in the Lagrangian 
in order to determine the dynamics of e, while for the action S (1) this is not 
necessary since f (R) entirely determines the variation of the fine structure constant. 
From a physical point of view this corresponds to assuming that the fine structure 
constant value depends only on the Ricci scalar, preserving the invariance under 
general coordinate transformations. 

The Ricci scalar can be related to the trace of the energy momentum tensor by 
taking the trace of the Einstein tensor: 


R--T,, (9) 
For a set of perfect fluids with equation of state 
P; = wipi, (10) 
we get 
R= X Gwi — l)oi, (11) 
where the index i stands for the i-th component of the total energy density of the 


Universe. It is interesting to note that, according to the above equation, radiation 
does not contribute to the Ricci scalar at any time, since it vanishes for w; — 1/3. 
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We can now derive a low red-shift expansion of the variation of the fine structure 
constant. Even if this would not be valid at higher re-shift, it can still give some 
useful insight about the features of the theory we are studying. In order to get the 
leading corrections to the value of a we expand the equation of state of dark energy 
w(z) and the function f(R) according to: 


a(z) — ao 


Aa = > c Amz + Aa? t, (12) 
w(z) = wo + wiz + w22? ++, (13) 
(OSes (5x) +h (R a (14) 
where 
Ro = R(z = 0). (15) 


is the present time value of the Ricci scalar, The above expansion for f (R) is clearly 
dimensionally consistent and satisfy the normalization condition 


a(z — 0) = ag. (16) 


It should also be noted that such a local expansion is only valid at relatively recent 
times otherwise, at early times, when (R — Ro)/Ro — oo, a would diverge. Nev- 
ertheless it is a good approximation to estimate the future variation of œ because 
(Roo — Ro)/ Ro + —0.1, as it will be shown later. 

Assuming a flat Universe, after substituting in Eq. (11) the contributions from 
matter and dark energy 


px(z) = 3HGQx exp n aea, , (17) 


pu(z) = 3H9(1 + 2)’, (18) 
we get the following expression for the Ricci scalar as a function of the red-shift 


1 + w(2)] 


R(z) = —3(1 + z) Hoà + 3H0Nx exp n 3l pne d [3w(z) — 1]. (19) 


'The above expression is also valid at early times when the Universe was radiation 
dominated since, as noted previously, radiation does not contribute at any time to 
the Ricci scalar. 
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We can then compute the leading corrections to the value of the fine structure 
constant as a function of the red-shift: 


u 3h (-1 + 2woQx + 3w x + wiQx) 


A 
m 3wo0Qx —1 i 


(20) 


Aao 


— 1 2 2 2 
= XI — Sux? EC 3f2)( 1+ 2woQx + 3wgOx + wiQx) aba (21) 


—fi(1 — 3woQx)(2 — 2 + 24w + 18w + 4w + 2wo(1 + 6w1) 4 ax) 


where we have used the relation 
Q4. - 0x =1, (22) 


following from the Friedman equation evaluated at present time. As it can be seen 
the linear contribution to the variation of the fine structure constant value is affected 
by the central value and first order derivative of the equation of state of dark energy 
and by the first derivative of function f(R). Conversely the above expression shows 
how measurements of the variation of the fine structure constant could be used to 
determine indirectly the equation of state of dark energy. 

Another important case to consider is that of a ACDM Universe, for which the 
Ricci scalar ass a function of the red-shift is given by 


R(z) = (d + 2)? — 4p = -3Hg(Q (1 + 2)? +4), (23) 


which implies that at late times R(z) tends to a constant value determined by the 
cosmological constant, while at earlier times it decreases. 
We can then obtain a local expansion for a(z) as in the dark energy case: 
3f1(—1+ Oa) 
Aa, = Ip TE (24) 
Ao = SELT W61 + Na) — 3f(71 + Oa) + fi(2 + 694)) 
(Xo a T (25) 
2(1 + 304)? 
It can be easily checked that these last formulae are in agreement with the dark 
energy case when {wn = 0,wo = —1}. In this case the variation of a is completely 
determined by the coefficients { f1, fo} and the value of the cosmological constant. 
Given the current estimation of cosmological parameters’ ? the Ricci scalar is 
tending to an asymptotic value determined by the cosmological constant 


Ræ 4NA 


— = —— m 0.9 26 
Ro 1+ 30, , (26) 


and the present value is quite closed to the asymptotic one as it can be seen in 
Fig. 1. This shows how the Ricci scalar is not expected to vary largely in the future 
history of the Universe, and if the theory we are studying is correct, also the fine 
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Fig. 1. The ratio Rn/Ro is plotted as a function of the number n of e-folds from today, where 
Rn = -3Hg (09, (22)? + 4Q4), a = ape” and Ro is the value of the Ricci scalar today, when 
n — 0. As it can be seen the present value Ro is quite closed to the asymptotic future value of R. 


structure constant will reach a corresponding asymptotic value given by 


Oo; © ap f (Roo)? ~ ao[1 + f1(—0.1) + f2(—0.1)?] * ~ ao[I + fi(0.1) — f2(0.1)?] . 
(27) 


According to this prediction the so called coincidence problem, i.e. the fact that 
we happen to live just around the time of transition between a matter dominated and 
a cosmological constant dominated stage of the evolution of the Universe, would also 
have implications on the future variation of the fine structure constant, which would 
be expected to tend to an asymptotic value not too different from the present one. 
After the coefficients fi, f» have been determined by fitting available observational 
data of Aa(z) we could get a good estimation of a, but we would have to wait a 
time interval of the order of the Hubble time Hg ! before the matter contribution 
to the Ricci scalar will be dominated by that of the cosmological constant and we 
could test such a prediction. 
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A key lesson from the multi-messenger observations of colliding neutron stars is the im- 
portance of having accurate templates to compare with observations. This manuscript 
demonstrates the production of such templates for the evolution of cosmological param- 
eters and fundamental constants using the beta function formalism. The beta function 
in this formalism is the derivative of the scalar field with respect to the natural log of 
the scale factor. This demonstration utilizes the quintessence cosmology with an inverse 
power law dark energy potential as an example but the formalism is expandable to other 
dark energy potentials and cosmologies. The advantage of the beta function formalism 
is that it produces analytic solutions of the evolutions as a function of the scale factor 
which is a fundamental observable quantity. 


Keywords: Cosmology, Fundamental Constants. 


1. Introduction 


'This article presents beta function formalism calculations of the evolution of fun- 
damental constants and cosmological parameters in a quintessence cosmology for 
comparison with observational constraints. Quintessence is a well studied exam- 
ple of a dynamical cosmology where the dark energy equation of state is changing 
with time. The predicted evolution provides tests to determine whether dark en- 
ergy is static or dynamically evolving. Interestingly the static ACDM cosmology 
is a special case of the dynamical quintessence cosmology, partially demonstrating 
the “Universality” of the beta function methodology. The epochs of interest are 
redshifts between 0 and 9 which correspond to scale factors a between 1.0 and 0.1. 
'These epochs are well covered by the upcoming JWST and Euclid space missions 
as well as the DESI and LSST ground based surveys. 


2. The Potential and Related Parameters 
For specificity a dark energy potential of the common form 
V ($) = MPE? (1) 


is considered here where M has the units of the reduced Planck mass Mp. The 
potential V(é) has units of Mj and by the continuity equation 


(2) 


where H(¢) is the Hubble parameter, Qg is the ratio of the dark energy density to 

the critical density and & — —. This relation indicates that the value of Vo is set 
P 

by Ho and Ng, where the 0 subscript indicates the current value. 


V(9) = 305 [e 


K 
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3. The Beta Function Formalism 


The beta function formalism was recently developed to explore the universality 
of dynamical cosmologies thought previously to be independent of each other. The 
beta function formalism has its roots in a perceived correspondence between cosmo- 
logical inflation and the Quantum Field Theory renormalization group flow equation 
(1), (2) and( 3). In that context it is valid as the solution for the slow evolution of 
a system approaching or leaving a critical (fixed) point (1). Both (1) and (2) have 
considered the formalism for the late time dark energy inflation where the critical 
point is in the infinite future. The descriptions here follow these references with 
particular dependence on (2) who have incorporated matter as well as dark energy 
in order to describe a real universe. 

The beta function is defined as the derivative of the scalar field o with respect 
to the natural logarithm of the scale factor of the universe In(a). 


kdo 


PA= E (3) 


where the prime in the right hand side denotes the derivative with respect to In(a), 
Since o has units of mass the product kọ is dimensionless and ¢ is specified in 
units of reduced Planck masses. The reduced Planck mass is generally used in the 
cosmological literature since the factor of 87 simplifies several equations. Proper 
units are an important aspect of this article therefore « is retained throughout the 
article rather than being set to one as is common practice. Natural units are used 
where G, c and fi are set to one. 

Specifying 6(¢) provides a method to express the evolution of cosmological pa- 
rameters and fundamental constants in terms of the observable scale factor a rather 
than the unobservable scalar field ¢. References (4) and (5) give concrete examples 
of this process for quintessence. Where as the main purpose of (1), (2) and (3) was 
to demonstrate the universality of cosmologies associated with a given beta func- 
tion the purpose of (4), (5) and this article is to calculate cosmological parameters 
for quintessence for a given dark energy potential V(ó). Here the beta function is 
determined by V (9) rather than being prespecified. 

Rather than being an arbitrary function of the scalar ¢, the beta function is 
determined by the potential, (1) and (2), such that 


Vin (6) = Vo exp [^ / 1 (4) 


where V4, (9) is the model potential given by Eq. (1). Equation (4) shows that 8(¢) 
is the negative of the logarithmic derivative of the model potential. 

The potential in Eq. (1) is an inverse power law, IPL, potential. The beta 
formalism for IPL potentials was considered in (4) which showed that the beta 
function for this type of potential is given by the simple form. 


Do kdo 
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Integrating Eq. (5) yields 


ko = y 2pln(a) + (Ko)? (6) 
where ġo is the current value of the scalar which depends on the current values of 
cosmological parameters and the cosmology as shown in section 4. 


4. Quintessence 


The action for quintessence is given by 
R 1 
B ] és E - 39" 0,0,6 — V(kQ)| + Sin (7) 


where R is the Ricci scalar, g is the determinant of the metric g"", V(@) is the dark 
energy potential, and, Sm is the action of the matter fluid. The dark energy poten- 
tial determines the form of quintessence being studied. The standard quintessence 
dark energy density, pg, and pressure, P equations are 


9 9 
pe = y +V ($), POz-V(2 (8) 
and the dark energy equation of state w(@) is 
12 
Dy 00 
w($) = = = — —. (9) 
Pe $+V(9) 
Combining Eq. (8) gives 
Pot p=? (10) 
It follows that 
P. 2 
IP pled V. (11) 
Po Po 
From the definition of H = à 
; dọ dal dé 
j da dt a dln(a) PH pia 
Using the following relations 
304? $ ^ (ny 
Po = 2 , Pier , (13) 
K Po Po 
a new relationship for (w + 1) is established. 
j2 1k)? H2 12 
C C a 


pe 8H? — 304 


kd! = 4/30 (w + 1). (15) 


From Eq. (14) 
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From Eq. (3) 8(9) = &$' coupled with Eq. (5) yields 


E es w Ko = — 
"E #1); ó WEST CES (16) 


Equation (16) establishes an important boundary condition on the scalar in terms 
of the current value of w and (w + 1) for Quintessence IPL dark energy potentials. 


Hu p 
Ri 305, (us + 1) 


Equation (17) and Eq. (6) give the evolution of $ as a function of the scale factor a. 


(17) 


5. Parameter Relationships 


A proper exploration of the parameter space of a cosmololgy such as quintessence 
requires an understanding of the relationships between the parameters. This section 
establishes the relations between the scalar o, the Hubble parameter H, the dark 
energy equation of state w and the value of M in Eq. (1). Combining Eq. (1) and 
Eq. (2) gives 


2 
MIPE? = 30, (=) . (18) 


Setting the current values of H, Q and w provides the boundary conditions for 
the remaining parameters. For a given value of the power p in Eq. (1) Eq. (17) 


determines the value of M as 
at. 
aH 2 4+p 
M = |324 ( J 4 . (19) 
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Equation (19) indicates that once p, Ho, Qy, and wo are chosen the value of M 
is set. 


6. The Dark Energy Potentials 
The beta function formalism utilizes a superpotential defined (2) simply as 
a 
W(9) = -2H (9) = -24. (20) 


It is obvious that calculation of the superpotential W (¢) is equivalent to the cal- 
culation of the Hubble parameter H($). In the absence of matter both the dark 
energy superpotential and the potential are defined by the beta function (2). 


Ko 
W (ro) = Wo exp if ater} (21) 
and 


V(kQ) = “We exp f- [. pus] (: z — (22) 
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where Wo is the current value of W equal to —2Hp. Equation (22) is the beta 
formalism equivalent of Eq. (4) and is called the beta potential Vg(@) of the model 
potential Vj, (6). The beta potential is the model potential multiplied by (1— 269), 
If £0 << 1 then the beta potential is an accurate but not exact representation 
of the model potential. In general the calculated evolution of the cosmological 
parameters and fundamental constants has the same accuracy as the beta potential 
representation of the model potential. Figure 1 shows the fractional deviation of the 
beta potential from the model potential for a sample case with a quartic potential, 
p = 4, Ho = 70 for a flat Universe with (2, = 0.7. It is clear that the error is less 
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Fig. 1. The fractional error of the beta potential representation of the model potential for a 
quartic inverse power law model potential with wo — —0.99, —0.97 and —0.95. 


than 0.25% for all cases and is less than 0.1% for the two wo values closest to minus 
one. This is a significantly higher accuracy than current observational cosmological 
parameter constraints. 


7. A Universe with Matter 


Since the goal of this article is the calculation of parameters for comparison with 
observations the dark and baryonic matter of the universe must be accounted for. 
In the beta function formalism the matter density p,,(K@) is given by 


kọ dk 
Pml KO) = pmo €xp (^ f, xx (23) 
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where pmo is the current matter density. Using the definition of 3 Eq. (23) can be 
written as 


Pm(a) = pmo exp (-3 f din(a)) — Pmoa ? (24) 
1 


as expected, independent of £. 


7.1. Introducing the superpotential to mass 


'The presence of mass has a profound effect on the superpotential. Instead of the 

simple forms in section 6 there is a differential equation (2) for the superpotential 
W that has the form 

WW. " Bw? 2 _oPm 

Ke 2K? B 

where W g is the derivative of W with respect to ¢. The solutions for W are found 

through the use of integrating factors. Section 8 describes how the integrating 

factors can be found in general. The power and inverse power law integrating 

factors are (sọ)? and (K@)? respectively. Using the inverse power law integrating 
factor (4) shows that the the solution for W (a) is 


Wi(a) = — LE (2) E (=) ($a)? 
x Ir (rena + $) =T (148 z 


(sy a 


where T is the incomplete Gamma function. The Hubble parameter is of course 
just —4W. Figure 2 shows the evolution of the Hubble parameter with p = 4. 


(25) 


7.2. Onset of the acceleration of the expansion of the Universe 


An important check on the validity of the Hubble parameter is whether it initiates 
the late time acceleration of the universe at the correct epoch. Figure 3 shows 
the evolution of the speed of the expansion of the universe, å, as a function of the 
scale factor a. The acceleration initiates at a scale factor of 0.6 consistent with the 
observations. 


8. The Dark Energy Density 


In a flat universe the dark energy density is just the total density minus the matter 
density therefore the ratio of the dark energy density to the critical density is 


— 3(H/K)? — psa? 


He = ~~ 3K? e) 
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Fig. 2. The evolution of the Hubble parameter H(a) with p = 4 and wo = —0.97. The left 
ordinate is labeled in (km/sec)/M pc and the right ordinate in reduced Planck mass Mp. 
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Fig. 3. The evolution of the speed of expansion of the universe à with p = 4 and wo = —0.97. 
The acceleration initiates at a scale factor of 0.6, consistent with observations. 
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Figure 4 shows the evolution of Q4(a) for p = 4 and the three values of wo. The 
figure show that Qg is not a strong function of w) but some separation of the three 
plots is apparent near a = 0.1. Qg approaches zero at that point which is relevant 
in considering the evolution of w. 
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Fig. 4. The evolution of O5, the ratio of the dark energy density to the critical density, with 
p = 4 and wo = —0.97. 


9. The Dark Energy Equation of State 


'The dark energy equation of state, DEoS, is an important cosmological parameter 
whose value discriminates between static and dynamic cosmologies. From (4) the 
equations for the equation of state with matter included are 


2 1 2 1 2 
Lew) = $= IT E (28) 
(1 x 3m) T [» 


This differs slightly from (4) because & is included in the equations rather than 
being set to one. Since, as shown in section 8, Qg approaches very close to zero at 
scale factors near a — 0.1 the more accurate first term to the right in Eq. (28) is 
used rather than the later terms. Figure 5 shows the evolution of w(a) for p — 4 
and the three wo values. Note that although the evolution of w(a) is relatively well 
fit by the linear CPL model for scale factors larger than 0.5, the early evolution of 
w(a) is very non-linear. 
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Fig. 5. The evolution of w(a) with p = 4 and wo = —0.99, —0.97 and —0.95. 


10. The Evolution of the Fundamental Constants a and u 


Up until now we have concentrated on the evolution of cosmological parameters 
as a result of the rolling scalar field. Now attention is centered on two of the 
dimensionless fundamental constants, the fine structure constant o and the proton 
to electron mass ratio u. The same scalar field that interacts with the gravitational 
sector is also assumed to interact with the other sectors. It is difficult without fine 
tuning to limit the interaction of a scalar field to only the gravitational sector (6). 
The relationship between the variation of u or a and ¢ is given simply by 


AE = Gan(6—o0) =u | Bandini) (29) 


where x is either u or a and Çs is the dimensionless coupling constant for the 
interaction. This can be taken as the first term in a Taylor series expansion of a 
more complicated coupling. $(a) is equal to 6(¢(a)). From now on we consider 
the proton to electron mass ratio p as it has the strongest limit on its variation 
Au/u < 1077 at z = 0.89( 7) and (8) a look back time greater than half the age of 
the universe. Figure 6 shows the evolution of Au/j with a coupling constant Ç, set 
to 10-9, a relatively large value set to highlight the nature or the evolution. All of 
the tracks in Fig. 6 except for wo = —0.99 violate the limit on Ay/p at z = 0.89. 
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Fig. 6. The evolution of Ay/j with p = 4 and wo = —0.99, —0.97 and —0.95. 


11. Limiting the Parameter Space with Fundamental Constants 


Equations (29) and (28) established a two dimensional parameter space in terms of 
C, and (wo + 1). The limits on Aj/p or Ao/a can be satisfied either by lowering 
the coupling constant or by moving we closer to minus one. The explicit relation 
between wo, Au/p and G, is (5) 

Ap/u 
(O(4ov) — $0) 


where Gop is the scale factor of the observation of the limiting constraint. Figure 7 


Cu = (30) 


shows the allowed and forbidden regions in the parameter space established by 
the limit on Aw/p at z = 0.89. Future improvements on the variational limits of 
the fundamental constants can further reduce the allowable space. Only a verified 
observation of a change in u or a can eliminate the ACDM and Standard Model 
point at (0,0). 


12. Summary 


This work is a demonstration of the beta function formalism using the quintessence 
cosmology with an inverse power law dark energy potential as an example. The 
beta function is defined as the derivative of the scalar field ¢ with respect to the 
natural log of the scale factor a, 6 = dó/dln(a). The beta function is the negative 
of the logarithmic derivative of the dark energy potential and has potential the 
accurately but not exactly reproduces the true dark energy potential. When the 
criterion of 8?/6 « 1 is satisfied the beta potential to an accuracy of (1 — 67/6). 
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Fig. 7. The allowed and fforbidden areas in the ¢,, — (wo + 1) parameter space established by the 
observational limits on Ay/j. The vertical dashed lines indicate the three values of wo considered 
here. 


An important feature of the beta function is that it provides a mechanism of deter- 
mining ó(a) to produce analytic functions of the cosmological parameters and the 
evolution of fundamental constants as a function of the scale factor. These func- 
tions provided templates for comparison with observations that can discriminate 
between dynamical and static cosmologies along with the parameter space allowed 
for the cosmologies. The analysis reveals that ACDM is included in the quintessence 
cosmology power law potential as the zero power case. 
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Deployment of quantum technology in space provides opportunities for new types of 
precision tests of gravity. On the other hand, the operational demands of such technology 
can make previously unimportant effects practically relevant. We describe a novel optical 
interferometric red-shift measurement and a measurement scheme designed to witness 
the possible spin-gravity coupling effects. 
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1. Introduction 


Amazing progress in quantum sensing and quantum, together with satellite deploy- 
ment of quantum technologies have ushered in a new era of experimental physics 
in outer space. The success of the first space based quantum key distribution ex- 
periments performed with the Micius satellite!, is expected to be soon followed by 
European and North American missions. Current missions, such as LAGEOS-2, 
BEACON-C and LCT on Alphasat I-XL, are adapted for quantum optics experi- 
ments??. While the primary goal of the space-based platforms is to provide links 
for global quantum key distribution, the missions also envisage substantial scientific 
programs. These experiments have the exciting potential to enable novel searches 
for signatures of quantum gravity and/or physics beyond the standard model’. 
Here we describe the interplay of these technologies with the Einstein Equiva- 
lence Principle (EEP). The principle comprises three statements?^?. The first — 
Weak Equivalence Principle (WEP) — states that the trajectory of a freely falling 
test body is independent of its internal composition. Closely related to the WEP 
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is the Einstein elevator: if all bodies fall with the same acceleration in an external 
gravitational field, then to an observer in a small freely falling lab in the same gravi- 
tational field, they appear unaccelerated®. The remaining two statements deal with 
outcomes of non-gravitational experiments performed in freely falling laboratories 
where self-gravitational effects are negligible. The second statement — Local Lorentz 
Invariance — asserts that such experiments are independent of the velocity of the 
laboratory where the experiment takes place. The third statement — Local Posi- 
tion Invariance (LPI) — asserts that “the outcome of any local non-gravitational 
experiment is independent of where and when in the universe it is performed" 5. 
We consider a novel all-optical test of LPI and the inertial and aspects of the 
spin-gravity coupling, commenting on implications for the validity of the WEP. 


2. Optical test of position invariance 


Tests of the “when” part of the LPI bound the variability of the non-gravitational 
constants over cosmological time scales’. The “where” part was expressed in Ein- 
stein’s analysis of what in modern terms is a comparison of two identical frequency 
standards in two different locations in a static gravitational field. The so-called 
red-shift implied by the LPI affects the locally measured frequencies of a spectral 
line that is emitted at location 1 with w11 and then detected at location 2 with w12. 
The red-shift can be parametrized at the leading post-Newtonian order as 


Aw/w11 = (1+ a)(Uz — U1) + O(c ?), (1) 


where Aw :— w1» — w11, Ui :— —-eifc has the opposite sign of the Newtonian 
gravitational potential ¢; at the emission (1) and detection (2), while a 4 0 accounts 
for possible violations of LPI. In principle, a may depend on the nature of the clock 
that is used to measure the red-shift®. The standard model extension includes 
variously constrained parameters that predict LPI violation??. Alternative theories 
of gravity not ruled out by current data also predict a 4 0510, 

A typical red-shift experiment involves a pair of clocks, naturally occurring !! or 
specially-designed !? 14, whose readings are communicated by electromagnetic (EM) 
radiation. The resulting estimates of a are based on comparison of fermion-based 
standards. Hence, different types of experiments, which employ a single EM-source 
and compare optical phase differences between beams of light traversing different 
paths in a gravitational field, provide a complementary test of LPI. 

Such an all-optical experiment was proposed as a possible component of the 
QEYSSAT mission*. A photon time-bin superposition is sent from a ground station 
on Earth to a spacecraft, both equipped with an interferometer of imbalance l, in 
order to temporally recombine the two time-bins and obtain an interference pattern 
depending on the gravitational phase-shift: 


Aw 27 27 ghl 
r= LL wy 1 =r 5 2 
Pg w À ( + a) À c2 ( ) 
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where g is the Earth's gravity, h the satellite altitude and A = 27c/w the sent 
wavelength. For a = 0, the order of magnitude of the gravitational red-shift is 
about 1 rad supposing À = 1550 nm, 1—1.2 km and an altitude h = 1500 km (which 
corresponds to AU = —1.3 x 10719). 

However, a careful analysis of this optical COW-like experiment *° revealed that 
first-order Doppler effects are roughly 10? times stronger than the desired signal 
Yer from which o would be estimated. This first-order Doppler effect is an un- 
avoidable part of the interferometric phase! was recently measured by exploiting 
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large-distance precision interferometry along space channels!’, which constitute a 
resource for performing fundamental tests of quantum mechanics in space and space- 
based quantum cryptography. 

We propose !? a new gravitational red-shift experiment, which uses a single EM- 
source and a double large-distance interferometric measurement performed at two 
different gravitational potentials. By comparing the phase-shifts obtained at a satel- 
lite and on Earth, it is possible to cancle the first-order Doppler effect. Thus, this 
experimental proposal allows for a bound on «a quantifying the violation of LPI in 
the EM-sector with a precision on the order of 1075. 


"^ Earb 


Spacecraft trajectory 


Fig. l. Top: A schematic diagram of the proposed experiment. Both the ground station (GS) 
and spacecraft (SC) are equipped with a MZI of equal delay line | and an adaptive optics system 
for fibre injection. Bottom: The geometry of the GS and SC used in the experiment, where 01 is 
the velocity of the GS at the emission location and potential U1; v2 is the velocity of the SC at 
the detection location on the satellite and potential U2; $3 is the velocity of the ground station at 
the detection of the beam retro-reflected by the SC, which occurs at a potential U3 = U1. 


This proposal!" is comprised of an interferometric measurement obtained by 
sending a light pulse through a cascade of two fiber-based Mach-Zehnder interfer- 
ometers (MZI) of equal temporal imbalance 7;. After the first MZI, the pulse is 
split into two temporal modes, called short (S) and long (£) depending on the path 
taken in the first MZI. The equal imbalance of the two MZIs guarantees that the two 
pulses are recombined at the output of the second MZI, where they are detected. 
Such a satellite interferometry experiment setup is sketched in Fig. 1. 
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'The combination of the possible paths the pulses may take leads to a character- 
istic detection pattern comprised of three possible arrival times for each pulse, as 
depicted in the insets of the upper picture in Fig. 1. The first (third) peak corre- 
sponds to the pulses that took the S (£) path in both the MZIs, while the mid peak 
is due to the pulse that took the S path in the first interferometer and the £ path 
in the second interferometer, or vice versa. Hence, interference is expected only in 
the central peak due to the indistinguishability of these latter two possibilities. A 
successful realization of the experiment depends on a number of important technical 
aspects that are described in detail in Ref. 18. 

A bound on a is retrieved from the difference of the two phase-shifts, sc and 
yas, that are obtained from interferometric measurements on the spacecraft and 
ground station, respectively. As just described, the interfering beams take different 
paths in the passage through the two MZIs. At the satellite, the beam that took 
the £ path on Earth and the S path on the spacecraft interferes with the beam 
that passed took the S path on Earth and then took the £ one on the spacecraft. 
This interference is a result of the phase difference sc. Analogously, at the ground 
station (GS) the beams that were delayed on the Earth before and after their round 
trip to the spacecraft (SC) will also interfere because of the phase difference yas. 

'The first-order Doppler terms are eliminated by manipulating the corresponding 
data sets from the GS and SC in a manner similar to the time-delay interferometry 
techniques? and those used in the Gravity Probe A experiment ?. The basis for 
the derivation is the observation!9!* that the phase difference at each detector is 
proportional to the proper time difference at the emission, that is related to the 
different travel times over S and £. The key feature allowing for this elimination 
is that the ratio of the terms stemming from the first-order Doppler effect the two 
signals, esc and vas is exactly two!?. Hence the target signal is $ = esc — pas, 
leading to 


-S EE th) 4-108 — 82) - Á- (B — A) 


WOT! 
— (0$ — 01) — T(Arz- di) (8 fi)? — (9 $i)?) 


TI 
— 3 

zm 8 
where o parameterizes the violation of LPI, Bi = i/c, 0; = fito - Bis T is the zeroth 
order time-of-flight between the GS and the SC, d; is the centripetal acceleration 
of the GS at 1. 


3. Weak equivalence principle and orbiting clocks 


Matter of the Standard Model is characterized by two parameters of the irreducible 
representations of the Poincaré group: mass and spin (or helicity). General relativ- 


20 as the Newtonian gravity is, 


ity is a universal interaction theory about masses 
with polarization effects implicitly omitted from the WEP. 
Regardless of their origins, spin-gravity coupling terms provide effective correc- 


tions to the Hamiltonian in the limit of weak gravity and non-relativistic motion. 
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'The leading terms of the Hamiltonian of a free spin-4 particle that take into ac- 
count the effects of rotation of the reference frame with angular velocity wW and 
acceleration @ (or a uniform gravitational field) can be represented as 


H = Ha + Hra + Ho + Hex. (4) 


The first three terms on the right hand side are obtained by performing the standard 
Foldy-Wouthuysen transformation and taking the non-relativistic limit?!. The term 
Ha represents the standard Hamiltonian of a free non-relativisitc particle in a non- 
inertial frame, Hre, describes the higher-order relativistic corrections that do not 
involve spin, and 


— M cau 
Ho = —$h3.8- qa? (Gx P). (5) 
Finally, the term 
ħk 
Hoa = dc (6) 
2c 


represents the spin-accelerating (or spin-gravity) coupling. It is a limiting form 
of the simplest phenomenological addition to the Dirac equation that breaks the 
WEP??. For the value k — 1 it results from a particular version of the Foldy- 
Wouthuysen transformation??. While commonly considered a mathematical arte- 
fact of this transformation, the term naturally arises in gravitationally inspired 
Standard Model extensions. Only model-dependent bounds on k in Hext were ob- 
tained by a variety of techniques?^, including the optical magnetometery ??. 

'The spin dependent terms are small under normal conditions. On the Earth's 
surface hg/c = 2.15 x 1077? eV, which is equivalent to an effective magnetic field 
of 3.7 x 10-1? TI, still several orders of magnitude below the peak sensitivity of 
optical magnetometery. The spin-rotation term is significantly larger, since already 
on the ground we/g = 2.22 x 103. It will be about an order of magnitude stronger 
for low-orbit satellites that are planned to carry entangled optical clocks aiming to 
establish the precision of 10718 — 10720, making it a factor to consider in the clock 
design. 

A potentially promising way of detecting these effects is via so-called weak am- 
plification?®. Weak value amplification involves two systems (typically referred to 
as "system" and *meter") that can interact via an interaction Hamiltonian of the 
form qó(t — tg)À & f. The bipartite system-meter is prepared in an initial state 
|si) & |m;), following which the two are allowed to interact for a small time that 
includes to. Following this, the system is measured and measurements correspond- 
ing to a post-selected system state |s;) are considered. This pre- and post-selection 
induces a “kick” in the meter state, given by the evolution e-'*^vP|m;), where 
Aw = (85|As.|S:)/ (55|S:). 

The key insight here is that since (S,|9;) can be a small number, the measure- 
ment of q is influenced by a large multiplicative factor A,,. A subsequent measure- 
ment of the meter reveals the desired parameter q. Trapped atoms are potentially 


promising system to implement this scheme?6. 
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'The simplest model of such a set-up consists of a species of spin interacting with 


a harmonic mode, subject to an interaction of the form 


H es hux(ata + 1/2) + s, +t- a 


wg being the gravitational term and constants 4, À are related to the interaction with 
the harmonic mode?9. Analysis of the unitary evolution that is followed by post- 


selection indicates that for realistic parameter values the inertial and gravitational 


effects are within the sensitivity range of the optical magnetometery. 
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GINGER (Gyroscopes IN GEneral Relativity) is a project based on an array of large 
dimension ring laser gyroscopes, which is aiming at measuring in a ground laboratory 
the gravito-electric and gravito-magnetic effects (also known as De Sitter and Lense- 
Thirrings effect), foreseen by General Relativity, and proposed at the underground Gran 
Sasso laboratory (LNGS). The geometry control to keep constant the scale factor and 
the optimal orientation of the array have been studied. GINGERINO, a square ring-laser 
prototype built inside LNGS, has shown the advantages of an underground location for 
GINGER. At present, it is the only high sensitivity laser gyro running unattended in 
a seismically active area. It recorded the large signals of the sequence of the central 
Italy 2016 earthquakes and microseismic signals of the Mediterranean area five orders of 
magnitude smaller. The analysis of 90 days of continuous operation shows that its duty 
cycle is higher than 95%, with noise limit of the order of 1071? (rad/s)/ V Hz. 


1. Introduction 


The Sagnac effect has been discovered by Georges Sagnac more than 100 years 
ago, and states that the difference of time of flight of two light beams counter- 
propagating inside a closed path, is proportional to the angular rotation rate of 
the frame. ? Usually the closed path is an optical fiber coil or a ring Fabry-Perot 
cavity composed by 3 — 4 mirrors. The device can be passive or active: passive 
is when the resonant cavity is interrogated injecting light from the outside; active 
when it contains an active medium, and the device is itself a laser emitting along 
two counter propagating modes, in this case it is called Ring Laser Gyro (RLG).* 
RLGs based on large frame ring cavities, with perimeters of several meters, are at 
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present the most sensitive angular rotation sensors based on Earth. They have been 
built for geodesy, geophysics and for General Relativity (GR) tests! (for geophysics 
see https : //www.geophysik.uni — muenchen.de/ROMY/). Since 2011 we are 
studying the feasibility of the Lense Thirring test at the level of 1%, with an array 
of large frame RLGs,? 7 studying in details the orientation of the RLGs in order 
to define the specifications of such apparatus. At the same time several tests have 
been pursued in order to define and test in details the geometry control and the 
data analysis. It is necessary to push the relative sensitivity of the Earth rotation 
rate measurement in the range from 3 parts in 10? (present record?) up to 1 part in 
10??, this is equivalent to reach the sensitivity level of 10^ !6rad/s. It is necessary 
to point out that this measurement is even more demanding since it requires very 
high accuracy. At present, the accuracy limit is certainly at least 10 times worst 
than the sensitivity limit. RLG consists of a laser with a cavity comprising of three 
or four mirrors, depending if the cavity is triangular or square, rigidly attached to a 
frame; the two counter-propagating cavity modes have slightly different frequency, 
and the beat note f, of the two beams is proportional to the angular rotation rate 
Q felt by the ring cavity. 


fs = SQcosé (1) 
A 
= f= 
z AL 


where A is the area of the ring cavity, L is its perimeter, A the wavelength of the 
light, and 0 the angle between the area versor of the ring and the rotation axis. 
Considering RLG attached to the Earth crust, horizontally aligned (i.e. area versor 
vertical) 0 is the colatitude angle, while for RLGs aligned at the maximum Sagnac 
signal (i.e. area versor along the Earth rotation axes) 6 = 0. Eq. (1) connects 
Q with the scale factor S, which depends on the geometry, and the wavelength 
A. RLGs have large interest in fundamental physics to study the property of the 
gravito-magnetic field, and they have been proposed in the past for axion search 
and Lorenz invariance violation.? GINGER would provide the first measurement of 
a GR dynamic effect of the gravitational field on the Earth surface (not considering 
the gravitational redshift). Though not in free fall condition, it would be a direct 
local measurement, independent from the global distribution of the gravitational 
field and not an average value, as in the case of space experiments. It is important 
to point out that this kind of measurement depends on the angular momentum of 
the Earth, so it provides a way to check whether dark matter is nearby rotating. 
There are space based project to further develop the gravito-magnetic measure- 
ments in space to test the presence of dark matter. !? The measurement is based 
on properties of the velocity of light and on the measurement of the frequency, en- 
suring fast response, large bandwidth, and a huge dynamical range. For example 
GINGERINO, our RLG prototype at LNGS, has recorded microseismic events in 
the range of fraction of nrad/s and high magnitude nearby earthquakes!! 5 orders 
of magnitude higher. Fig. 1 shows the typical lay-out of a square cavity RLG. The 
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Fig. l. Typical scheme of RLG with a square ring cavity. 


four mirrors are placed at the corners of the square ring, each contained inside small 
vacuum chambers connected by steel pipes. The whole setup is vacuum tight and 
filled with Helium and an isotopic 50/50 mixture of ??Ne and ??Ne. The r.f. dis- 
charge, located in one of the side, generates the laser plasma. In most of the cases, 
piezoelectric actuators are utilised to translate the mirrors, allowing a control of 
the RLG perimeter length. The Sagnac beat note signal is observed at one corner 
(bottom-left) by superimposing the two output beams on a photodiode. At the top 
left corner two amplified photodiodes monitor the clock-wise (cw) and the counter 
clock-wise (ccw) output beams optical power (mono-beam photodiodes). Another 
photodiode monitors the fluorescence from the discharge, filtered around 633nm by 
an interference filter, providing a rough indication of the density of excited atoms 
in the laser upper state. In normal operation, plasma discharge is electronically 
controlled in order to keep as much as possible constant the optical power of one of 
the two mono-beams. All these signals are acquired by an ADC card at a frequency 
rate of a 5 kHz, suitable to allow their reliable reconstruction from DC up to the 
Sagnac frequency. 


2. GINGER 


The effects of the gravito-magnetic (Lense-Thirring, LT) and gravito-electric (de 
Sitter, dS) fields are observable by the gyro as angular velocity Qur and Qas, that 
combine with Qg, the Earth angular velocity, seen in the Cosmic inertial frame. 
GR is extremely predictive, allowing to compute the orientation and the amplitude 
of Qr and Qas, in function of the latitude of the observer. Note also that several 
alternative theories of gravitation predict different dependence on latitude; so that a 
direct observation would, perhaps, discriminate between different theories.!? Fig. 2 
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shows the mutual orientation of the various vectors for ~ 45? of latitude (as e.g. at 
the GranSasso laboratories, LNGS). 


Q, 


Fig. 2. The three axial vectors Qe, Orr, and Gas are shown, with the relative orientation at the 
latitude of the underground laboratory of GranSasso (LNGS), following General Relativity. The 
angle œa and Qpr (dashed line) are shown in the picture. The graph is not to scale, it gives just 
a pictorial view of the relative orientations of the different components. In reality, the modulus 
of Qe is 9 orders on magnitude bigger than the GR terms, and the angle a is of the order of 
~ 3.5:10— 1? rad at the latitude of 45°. 


The idea is to measure the total angular velocity seen by the gyros array and 
to evaluate the GR terms comparing the results with the measurement done by the 
international system IERS (International Earth Rotation and reference System), 
which independently measures the kinematic term Ng. The problem of the Lense- 
Thirring test is a very general one, similar to any effect induced by geophysical 
phenomena; it is particularly challenging since it is a DC effect, and not only sen- 
sitivity is required, but also accuracy. The main points of the GINGER apparatus 
are the following: 


e reconstruct with very high precision a vector in the space using the infor- 
mation of the projectors, Eq. 2 shows that the geometry of the apparatus 
must be controlled, in particular the ratio 4, the wavelength and the 
variation of the absolute inclination 66; 

e in general at least 3 independent gyros, 4 or more would be better for 
redundancy; 

e it is necessary to study the noise related to any kind of variations of the 
apparatus, in particular all geophysical signals. 


The main difficulty is the required accuracy, because it is necessary to distinguish a 
DC signal 9 — 10 orders of magnitude smaller than the dominant signal Qg. It has 
been shown that in general the signal can be reconstructed combining the different 
RLG of the array,? but the relative angles between the different RLGs must be 
known with adequate accuracy. This means accuracy in the relative alignment of 
the RLGs of the order of nrad or better. One technique suitable to monitor with 
nanometer accuracy the distance between the mirrors has been tested.!? Utilising 
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the natural symmetry of the problem it is possible to mitigate the requirement of 
the relative alignment. It has been shown that aligning one of the RLG at the 
maximum signal and the other horizontally or vertically it is possible to evaluate 
the angle between the two and solve the problem." The RLG aligned at the maxi- 
mum signal, so with area versor along the Earth rotational axis, has the interesting 
property that delivers the modulus of the total angular velocity and is at first order 
insensitive to local tilts. In principle it delivers the variations of the modulus of 
Qe, or equivalently the Length of Day (LoD). The details of the specification have 
been published. &” Fig. 3 shows a picture of GINGER with 3 independent RLG, the 
location may be node B of LNGS, an area far apart from the main experiments. 
'The exact dimension of the ring laser resonators has not been decided yet, but they 
will be squared structures with side length of 5 — 6 meters. 


Fig. 3. Pictorial view of the GINGER project. 


3. GINGERINO and work toward GINGER 


Large effort has been pursued in Italy toward GINGER. Presently the most per- 
forming RLG is *G", situated at the Geodetic Observatory of Wettzell in Germany; 
it is composed of a monolithic structure, a rigid block of Zerodur with mirrors op- 
tically contacted in order to have a geometry fixed by construction. It is evident 
that such a structure cannot be extended to form a three axial array. Hetero-lithic 
mechanical structures have to be used instead, and in this case an electronic con- 
trol is necessary in order to keep constant the geometry. A suitable control scheme 
to keep constant the scale factor has been studied and tested.!^ 6 It is a well 
known fact that RLGs are affected by non linearity of the laser, and, in particular, 
optical back-scattered noise. In 2012-2014 Kalman filters have been successfully 
applied, ! 7:15 
construct the Sagnac frequency avoiding laser systematic.!? Fig. 4 shows the time 


more recently we have developed a novel analytical technique to re- 
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behaviour of the data of GP2, analysed with the standard method and with the new 
one. GP2 is a square ring laser with side of 1.6m, aligned at the maximum Sagnac 
signal and presently working in Pisa for test purposes. 1 Gingerino is a test RLG 


', 
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Fig. 4. One day of data of the prototype GP2 analysed with the standard method and the new 
one, the black line is the expected Earth angular rotation rate. GP2 is the RLG prototype with 
6.4m perimeter, aligned at the maximum Sagnac signal. 


3.6 m in side, installed at LNGS since 2014. In seismology, translation and strain are 
routinely observed by seismometer and strain meters. However, a full description of 
the ground movements requires also the acquisition of a third type of information, 
namely rotations. In particular, co-located translation and rotation sensors allow to 
estimate the local underground velocity structure, which is an information of high 
interest in geophysical survey. Rotational signals induced by seismic waves have a 
quite small amplitude. A strong seismic wave with a linear acceleration of 1 mm/s? 
produces a rotation velocity amplitude of some 1077 rad/s, while micro-seismic 
rotational background noise (around 0.1 Hz) is smaller than 10^ !? rad/s. 1 ?? GIN- 
GERINO has shown the advantage of the underground location, since it is the first 
large frame hetero-lithic RLG, which operates continuously unattended with high 
sensitivity and with 95% duty cycle.?! It has also shown that the local tilts on long 
time are below urad,” this is an important parameter for the installation of a RLG 
at the maximum signal. GINGERINO is taking data for seismology, so at present 
inside LNGS there is one of the few seismic station allowing to record at the same 
time both the three translation components and the rotation angle.!'?? Besides, 
GINGERINO is a very useful tool to develop new analysis technique, to investigate 
the very low frequency signals and to test all the equipment to remotely control and 
operate on the apparatus. 


4. Conclusion 


A large experimental work has been pursued toward GINGER, the array of RLGs 
designed to detect on ground the Lense-Thirring effect at 1% precision. Geometry 
control of each independent RLG, study of the optimal orientation of each RLG 
of the array, and reconstruction of the angular rotation rate taking into account 
the systematic of the laser. GINGERINO has been realized to validate LNGS 
for this experiment, and it has shown the advantage of an underground location 
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far from atmospheric perturbations and large thermal variation. In fact it is the 
first high sensitivity RLG based on a hetero-lithic mechanical structure operating 
with 95% duty cycle and with a sensitivity of the order of 10^ !?rad/s. It has 
detected microseismic signals of the order of 10^ !? rad/s and large teleseismic events 
5 orders of magnitude larger. It is the first and only RLG operative in one of the 
Mediterranean most important seismically active area. 
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With the technology development in the cold atomic clock etc. and the gyposcope etc., 
many relativistic geodetic project and the plan of Atomic Gravitational wave Interfero- 
metric Sensor (AGIS) was proposed. Here we introduce one plan of spacetime structure 
exploration in the earth-moon system by the above mentioned thecniques, which focus 
on surveying the gravitational potential and gravitational first order redshift in space- 
time geometry of the earth-moon system. We also discussed that apply those satellites 
and instrumenmts to find Geometrodynamic field moment which include gravitomag- 
netic clock, the possible CPT violation (Lorentz Invariance Violation) from Gravitional 
second order Redshift. 


Keywords: Gereral relativity experiments; the clock and gyposcope; gravity; spacetime; 
difference geometry. 


1. The Introduction 


With the technology development in the clock and the gyroscope, we propose our 
plan of relativistic geodetic project which based on spacetime geometry of the earth- 
moon system. In Sec. 2, we introduce the instrument onboard, then we explain the 
major scientific objectives in Sec. 3, and the other scientific objectives in Sec. 4. 


2. A Spacetime structure exploration plan in the earth-moon 
system 


2.1. The technology development in the clock and the gyposcope 


Recently, Space cold atomic clock (SCAC) had been test in the orbit!, and ACES 
(Atomic Clock Ensemble in Space) also been installed on the ISS (International 
Space Station). An atomic clock with 10718 instability on the ground had been 
about ten years??. Optical clock also arrive to high-accuracy*. 

In another side, the gyroscope from continuous cold-atom inertial sensor had 
reach 1 nrad/sec rotation stability?. Ring laser gyroscope have can detect earth 
tide and tilt detection?. Those technology provide the chance to check the relativity 
theory. 
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2.2. Our Spacetime structure exploration plan in the earth-moon 
system 


Our plan is that the spacetime structure exploration in the earth-moon system by 
the Full Tensor Gradiometry (FTG) from the above mentioned thecniques inlcude 
the clock and gyroscope (more than 5 units), which focus on surveying the gravita- 
tional potential and gravitational first order redshift in the spacetime geometry of 
the earth-moon system. The satellite (or the detector) will sent to the Earth-Moon 
Lagrangian points which difference with Italy project" ? after finished relativistic 
geodetic mission. 

And we will study the Psedo-Newtonian potenial in Kerr Spacetime like 
Paczyski-Wiita potential!?!! et al. Although all Psedo-Newtonian potenial can 
back to PPN (Parameterized Post-Newtonian formalism) in some order, we will 
check it in the experiment. we also will check the effectness of the diffecence local 
quasi-inertial frame defined of PPN in the experiment. 

Gyroscope in Local and nonlocal measurements of the Riemann tensor had 
study ?. We will try to study the relation between the precision of the clock and 
gyroscope array and the large scale structure of spacetime, and the later with local 
and nonlocal measurements. We will try to find time dilation symmetry violations 
in the Gravitational secondary Red-shift in the data of the clock and the gyroscope. 


3. The major scientific objectives 


3.1. Gravitational potential and Gravitational first order redshift 
for Relativitic geodesic 


Now atomic clocks is enough to measure relativity”, many relativistic experiments 
with atomic clocks has been proposed!*. A precision measurement of the gravita- 
tional red-shift by the interference of matter waves has been done!^, even a clock 
can directly linking time to a particle's mass 15. 

Based on the sample relation between the gravitational potential and gravita- 
tional first order redshift in general relativity, many relativitic geodesic plan has 
been proposed, for example, A spaceborne gravity gradiometer concept based on 
cold atom interferometers for measuring Earth's gravity field 18. Atomic clocks and 
gravity field determination for geodesy by many researcher!^!5, In USA, many 
theory work!? ?! was done with the plan of NASA??. In German, the plan of grav- 
itational clock compass?? based on the early direction study of the curvature?^ was 
done. Compared with them, our theoretical basis is gravitoelectromagnetism anal- 
ogy based on tidal tensor and the Terrae proper reference frame, and the instrument 
is FTG. 
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3.2. The symmetry violations of Gravitational second order 
redshift 


After measure the gravitational first order red-shift??, Jaffe and Vessot want to 
study the Second-Order gravitational redshift in the earth?®?". Then the symmetry 
violations of gravitational redshift is exist that was pointed out in the frame of 
parametrized post-Newtonian??. The similar result also had from the frame of 
gravitoelectromagnetism ??. If the precision of the instrument is enough, we will try 


to find it from the data with the orbital raw data. 


4. The other scientific objectives 
4.1. Gravitomagnetic effect in the clock and gyroscope 


Now many plan had been done for explore relativistic phenomena like LenseThirring 
(LT) effect and gravitational redshift et al. In clock, many gravitational redshift 


d?!?. In gyroscope, there are cold atomic 


detecting plan for geodesy was propose 
gyroscope? and superfluid gyroscope?? for LT precession like the project of Gravty 
Probe B?!. A multi-ring-laser gyroscope also designed for measuring gravitomag- 
netic effects??. In especial, OPTIS (http://www.exphy.uni-duesseldorf.de/ 
OPTIS/optis.html) design the plan include the core technologies for OPTIS are 
optical cavities, highly stabilized lasers, capacitive gravitational reference sensors, 
dragfree control, ion clocks, frequency combs, and laser tracking systems for the 
experiments include Special Relativity, and General Relativity, and constancy of 
speed of light, and gravitational redshift, and LenseThirring effect et al.°°. 

Recently, generalized gravitomagnetic clock effect was calculated for the GPS 
near the earth** after Mashoon give the gravitomagnetic clock effect for the circular 
orbits??. And some result shown it is in the order of 107836, consider our instrument 
is FTG which difference with GNSS, and the orbit is in the large ellipse, we will try 
to find it from the data with the orbital raw data. 


4.2. Gravitational moment and wave detecting by the clock and 
atomic interferometer 


With the technology development in the clock which include cold atomic interfero- 
metric and optical frequency comb et al., and in the gyroscope which include laser 
gyroscopes and fiber optic gyroscopes based on the Sagnac effect and the mat- 
ter wave gyroscopes et al., the plan of Atomic Gravitational wave Interferometric 
Sensor (AGIS) was proposed. A comparison between matter wave and light wave 
interferometers for the detection of gravitational waves had been done?". If our 
FTG instrument is well in the stability at long term, we will try to find the singal 
of gravitational wave from the data with the orbital raw data. 
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5. The Summary 


Our plan is that using high-precision FTG based the atomic clock or (and) gyro- 
scope to finishing relativistic geodetic mission and exploring spacetime geometry. 
About full tensor gravitational gradiometer (array) in measurement of gravitational 
theory and cosmology, we are applying the patent in China and in PCT (Patent 
Cooperation Treaty) ?5 40, 
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The dimensionality of the quantum spacetime is often understood in terms of the spectral 
dimension; a different notion of dimensionality, the thermal dimension, has recently been 
proposed by some of us in Ref. 1. We showed through the study of specific models of 
quantum gravity that, in those cases where the spectral dimension has puzzling physical 
properties, the thermal dimension gives a different and more meaningful picture. In 
Ref. 2, we applied the statistical mechanics developed to define the thermal dimension 
to the study of the production of primordial cosmological scalar perturbations, assuming 
a running Newton constant and Rainbow Gravity. Here, we briefly review the main 
arguments and results of these studies. 


1. Thermal dimension of quantum spacetime 


In the last decade it has been found that many different quantum gravity models 
share the common feature of *dynamical dimensional reduction" of spacetime: the 
familiar four-dimensional picture of spacetime in the IR is replaced by a quantum 
picture with an effective number of spacetime dimensions smaller than four in the 
UV. 

'This phenomenon has been studied mostly in terms of the spectral dimension, 
that provides a valuable characterization of classical Riemannian geometries?, but 
its proposed applicability to a quantum spacetime involves some adaptations that 
are arguably responsible for some of its inadequacies. 

When the IR Hausdorff dimension of spacetime is D + 1, and the Euclidean 
d'Alembertian of the theory is represented on momentum space as Cee ,p), the 
spectral dimension is computed via ds(s) = —2 ae Pte) where P(s) is given by 
P(s) x fdEdpp?-} e~*¢>“(Z:P) | Reasons to be concerned can be found in the 
use done of Euclidean d’Alembertian (it is in fact well known that the Euclidean 
version of a quantum-gravity model can be profoundly different from the original 
model in Lorentzian spacetime“), in the role played by off-shell modes and in the 
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invariance of P(s) under active diffeomorphisms on momentum space (an active 
diffeomorphism on momentum space amounts to an irrelevant change of integration 
variable for P(s)). Since an active diffeomorphism can map a given physical theory 
into a very different one, this degeneracy of the spectral dimension is worrisome. 

While these concerns are very serious, it must be acknowledged that several 
analyses centered on the spectral dimension give rather meaningful results. There- 
fore, the guiding idea is that it is necessary to replace the spectral dimension with 
some other fully physical notion of dimensionality of a quantum spacetime, with 
the requirement that in most cases the new notion should agree with the spectral 
dimension. Only when the unphysical content of the spectral dimension plays a par- 
ticularly significant role should the new notion differ significantly from the spectral 
dimension. 

'The guidance adopted in searching for such a new notion is the observation, 
reported in recent studies? ?, that in some instances the Stefan-Boltzmann law and 
the equation of state (EOS) parameter give indications on the dimensionality of 
spacetime that are consistent with the spectral dimension. One can view the Stefan- 
Boltzmann law and EOS parameter as indicators of spacetime dimensionality since 
for a gas of radiation in a classical spacetime with D + 1 dimensions they take 
the form U «x TP+! and w = 5 = 5. These observations inspire the proposal of 
assigning a “thermal dimension” to a quantum spacetime. 

Consider a class of generalized Hořava-Lifshitz (HL) scenarios These are 
cases where the momentum-space representation of the deformed d'Alembertian 
takes the form C,,,, (E, p) = E? — p? + C” Evo — (sg? 0-2), where E is 
the energy, p is the modulus of the spatial momentum, ^, and Yy are dimensionless 
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parameters, and £, and £, are parameters with dimension of length (usually assumed 
to be of the order of the Planck length). For this model it is known!? that the UV 
value of the spectral dimension, obtained from the Euclidean version of the above 
d'Alembertian (E? + p? + G” E2047) + (£s gf»). is ds (0) = 1 + ee. 

In deriving the thermal dimension for this case one can start from the logarithm 


of the thermodynamical partition function, written as 


2V 
log Qu. = — ps | dE dp |o(C,...) O(E) - 
:2Elog (1 — e°”) | i (1) 


where 8 — Er and the delta function ó(C,,4,) enforces the on-shell relation 
C4,4, = 0. From (1) one obtains the energy and pressure densities respectively as 
EE -+8 log Quriya and p»,+, = tae log Q.,+, . For the UV/high-temperature 
values of py,7, and wy,+, one can easily establish the following behaviours at high 
temperature, 

zm L+ 


1+3 
Prone THRE, unn = gE 
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One sees that both of these results give a consistent prediction for the “thermal 
dimension" at high temperature, which is 
zt o 

Yx 

In the context of generalized HL scenarios it is simple to show (see Ref. 1 for mo- 
re details) that while the spectral dimension is insensitive to the difference between 
active and passive diffeomorphisms on momentum space, the thermal dimension 
takes generally different values for different theories connected by an active diffeo- 
morphism. Since physics is not invariant under such diffeomorphisms, this difference 


dr=1+3 


of sensitivity gives the thermal dimension a stronger discrimination power than the 
spectral dimension. 

Another case which might deserve special interest from the quantum-gravity 
perspective, as stressed in Ref. 11, is that in which deformed d'Alembertian takes 
the form C,(E, p) = E? — p? — £77 (E? — p?) 1+7 | For this case one easily finds that 
the UV spectral dimension is dg(0) = T but the fact that the UV dimension- 
ality of spacetime depends on y is puzzling and points very clearly to the type of 
inadequacies of the spectral dimension previously mentioned. In fact, in the UV 
limit the parameter y has no implications for the on-shell/physical properties of 
the (massless) theory. In general, massless particles governed by Cy will be on-shell 
only either when E? = p? or when E? = p? + 5; , independently of the value of y. 
Also, in the UV limit the two possibilities become indistinguishable, all particles 
are governed by E ~ p just like in any 4-dimensional spacetime. So without any 
need to resort to complicated analyses one knows that this theory in the UV limit 
must behave like a 4-dimensional theory, in contradiction with the mentioned result 
for the UV spectral dimension. 

Indeed, exact computation confirms that the value of the thermal dimension 
is 4, as it is computed strictly on-shell. The disastrous failures of the spectral 
dimension in this case is to be attributed to a combination of its sensitivity to off- 
shell properties and its reliance on the Euclidean d'Alembertian. It is noteworthy 
that for the Euclidean d'Alembertian CP"* = E? + p? + (E? + p?)!** , in the UV 
limit one can neglect E? + p? with respect to I(E? + p?)!*?. Instead for on-shell 
modes of the original Lorentzian C} one can never neglect E? — p? with respect to 
I(E? — p). 

In summary, it should be evidently seen as advantageous for the thermal di- 
mension the fact that it assigns different UV dimension to very different theo- 
ries (connected by an active diffeomorphism) and not being dominated by off-shell 
modes. 


2. Primordial perturbations in a rainbow universe with running 
Newton constant 


It is interesting to investigate the implications that the proposed modified them- 
rodynamics could have in certain models of primordial Universe. In fact, recent 


1986 


results suggest that the properties of primordial cosmological fluctuations might 
be a consequence of quantum-gravitational effects, which are relevant in the early 
universe!?1?, with no need for inflation. In particular it has been shown 1214-18 
that a scale invariant power spectrum can be obtained in those theories for which 
the dimension of spacetime runs to 2. These results rely on rigid assumptions? that 
are can be relaxed in order to find a mechanism that would produce the observed 
small departure from exact scale invariance?. 

We assume that gravity is described by an energy-dependent metric as proposed 
in Ref. 19, an energy-dependent Newton constant” and we consider both perturba- 
tions of quantum origin for a vacuum state and perturbations that are originated 
in a thermal state?* °°. In the latter case it is assumed that the universe is filled 
with radiation and that both the background and the fluctuations are thermalized, 
so that they share the same (modified) thermodynamical properties ??. 

For a deformed dispersion relation E? = p?(1 + (€p)7) the associated rain- 
bow metric is ds? — dt? — et bij da da? . After lengthy but straightforward 


computations? one finds the evolution equation for perturbations modes v 


2y 7 
«-((8) eim eco. (4) 
a a 


where $ = m and k — ap is the comoving momentum. If the Newton constant 
has a power-law dependence on energy in the UV regime, G(E) = (?(€E)* ~ 
pg pps , then a must satisfy 
M xs NP im (5) 
ly Ley 
in order to solve the horizon paradox and having cosmological expansion (with 
positive conformal time 7). The spectral index of vacuum perturbations is 
n¥ —-1= QD- - (6) 
2—y+a(1+7) 
Clearly y = 2 gives a scale invariant power spectrum for any value of a allowed 
by the constraint? (5). One can require nY to match the present observational 
constraint from Planck?? nY = 0.968 + 0.006, obtaining the allowed range of values 
shown in Fig. 1 of Ref. 2. The values of a that are selected by observational 
constraints are all negative, suggesting a vanishing Newton constant in the deep UV 
regime. On the other hand, from the modified Hubble equation? one can see that 
observational constraints allow for both an accelerated or decelerated expansion. 


?Such as that the second order action for perturbations is the one of Einstein gravity and that the 
perturbations are produced in a quantum vacuum state. 

bThis is motivated by results in Horava-Lifshitz gravity and in Asymptotic Safety 20-23 
Newton constant tends to zero at super-Planckian energies. 

*'T'he fact that scale invariance is achieved independently of how the Newton constant scales with 
energy is due to the time perturbations being already scale-invariant and proportional to the scale 


factor a inside the horizon. 


, where the 
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Including the thermal contribution, the spectral index of perturbations becomes 


nl =n —1—. (7) 

Using the value of the vacuum spectral index found in the previous section, 
Eq. (6), the thermal spectral index can be written as 

ar -4V -070+ (8) 
E 2—^ 4 o(14- y) 

For a Æ 0, asking that the perturbations are scale invariant leads to a constraint 
linking a and y. Asking in addition that the horizon problem is solved, Eq. (5), 
introduces an inferior bound y > 2 on the allowed values of y. Then the values of 
a that are compatible with scale invariance and which allow to solve the horizon 
problem fall in the range —1/4 < a < 0. It is also possible to match the spectral 
index to the Planck observed value giving the constraints shown in Fig. 2 of Ref. 2. 
According to he modified Hubble equation?, these observational constraint on a 
and y only allow for a decelerating expansion of the universe. 


3. Concluding remarks 


'The exciting realization that the UV dimension of spacetime might be different from 
its IR dimension adds significance to the old challenge of describing the dimension 
of a quantum spacetime and it is argued that it is crucial to link this issue to ob- 
servable properties. The notion of thermal dimension reviewed here is free from the 
shortcomings of the spectral dimension, since it relies on the analysis of observable 
thermodynamical properties of radiation in the quantum spacetime. We showed 
how it is not only physical but also particularly useful, at least for studies of the 
early universe, which is anyway the context where the UV dimension of spacetime 
should find its most significant applications !?!”. 

We saw how a rainbow universe with running Newton constant can accommo- 
date primordial perturbations whose spectral index matches current constraints, 
without relying on inflation to solve the horizon problem. Crucially, it has been 
assumed a power-law dependence of the Newton constant on energy and that the 
background satisfies the thermodynamical relations peculiar to radiation subject to 
deformed dispersion relations. For both kinds of initial conditions for the pertur- 
bations (vacuum and thermal) the running of the Newton constant is essential in 
achieving a viable picture. In particular, the Newton constant is constrained to be 
decreasing with energy in the ultraviolet regime. This is consistent with intuition 
from quantum gravity theories, such as Horava-Lifshitz gravity and Asymptotic 
safety. It also resonates with the conjecture put forward in Ref. 17. 
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Nonlocal quantum gravity is a class of fundamental theories whose classical and quantum 
dynamics is specified by "form factors", operators with infinitely many derivatives. After 
briefly reviewing this paradigm and its role in the resolution of big-bang and black-hole 
singularities, we count the number of nonpertubative field degrees of freedom as well 
as the number of initial conditions to be specified to solve the Cauchy problem. In 
particular, in four dimensions and for the string-related form factor, there are 8 degrees 
of freedom (2 graviton polarization modes, which propagate, and 6 nonpropagating rank- 
2 tensor modes) and 4 initial conditions. The method to obtain this result is illustrated 
for the case of a nonlocal scalar field. 


1. Introduction 


“Nonlocal quantum gravity" is an umbrella name including at least two different 
settings. The first group, which includes general relativity, consists in classically 
local gravitational theories which receive quantum corrections such that the effec- 
tive one-loop action is nonlocal (i.e., it is made of operators with infinitely many 
derivatives). In this brief review of recent results, we will confine ourselves to the 
second meaning of the term, where nonlocality is fundamentally present already 
at the classical level and, thanks to the suppression of the graviton propagator in 
the ultraviolet (UV), the theory is renormalizable or finite. Nowadays, nonlocal 
quantum gravity has achieved a high degree of independence both from these an- 
tecedents and from other proposals, to the point where it can be considered as one 
of the most promising and accessible candidates for a theory where the gravita- 
tional force consistently obeys the laws of quantum mechanics. In particular, there 
exist several renormalization results, both at finite order and to all orders in a per- 
turbative Feynman-diagram expansion, which showed that the good UV properties 
guessed at the level of power-counting indeed hold rigorously (e.g., Ref. 1). 

Despite the investment of much effort in taming fundamental nonlocality, several 
questions remain open to date: (i) Is the Cauchy problem well-defined? (ii) If so, 
how many initial conditions must one specify for a solution? (iii) How many degrees 
of freedom are there? (iv) How to construct nontrivial solutions? (iv) Is causality 
violated? (v) Are singularities resolved at the classical or quantum level? 

Here we will give the following answers to some of these issues: (i) Yes, for 
the form factors appearing in fundamental theories (not for all conceivable form 
factors). (ii) Two or higher for a scalar field theory and four or higher for gravity 
(depending on the form factor), but finite. (iii) Eight (in D — 4 dimensions), but 
only the graviton modes propagate. (iv) Via the diffusion method. Let us now 
examine where these cryptic responses come from. The main results can be found 
in Refs. 2, 3. 
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2. Action and form factors 
The classical fundamental (not effective) action of the theory is 
1 


S = g5 | ^sv-g|R * Gu (D) n" , (1) 


where G, is the Einstein tensor and 4(L1) is a weakly or quasi-polynomial nonlocal 
form factor. Formally, y is an analytic function that can be expressed as an infinite 
series with infinite convergence radius, (L1) = 55, cnO”, although this expansion 
does not actually span the whole space of solutions in general.^ As long as we require 
good properties at the quantum level (in particular, locality of the counterterms), 
the coefficients cn can be selected in a subclass of entire functions having special 
asymptotic properties. > ° There are several form factors that preserve perturbative 
unitarity in (1) (see Table 1). In general, we can parametrized y as 


eH) _ PO) 1_ Fly 
{j= HO =a f jt 5400 (2) 


, 
W 


where H (L1) depends on the dimensionless combination [70 and | is a fixed length 
scale. The profile H (L1) can be defined through an integral where a > 0 is real and 
P(O) is a generic function of [?[1. The parameter a will not play any important role 
in what follows, but we included it to reproduce some form factors in the literature. 


Table 1. Form factors in nonlocal gravity. 


H (L1) Form factor name 


Kuz'min 
HP (O) := ofin PC) + T{0, PO) + ve} m 
string-related !? 


Krasnikov ! 


H (D) := aP(D) 


All these form factors share the common property of blowing up in the UV in 
momentum space. In general, this implies asymptotic freedom, i.e., interactions are 
subdominant at short scales. 


3. The wild beast of nonlocality 


Consider the scalar field theory on Minkowski spacetime 


s,- f ax [zene vio). (3) 


where V is an interaction potential. How could one explore its classical dynamics? 
As a first attempt, one can try to truncate the nonlocal operator up to some 
finite order, y(O) ~ Ss c5 LI" = co +a Ll +- + exUIN. However, the resulting 
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finite-order dynamics is physically inequivalent to the original one and there is no 
smooth transition between them. The free (V = 0) case illustrates the point well: 


(0) = et dispersion relation: — kel? k —0 
NE 
= propagator: — g ww 1 DOF, (4) 
g(Q) & 1 — O = dispersion relation: — k?(1+ 1?k?)¢, = 0 
1 1 
=> propagator: — Eg + [EUN => 2DOF,1 ghost i (5) 


This example provides a good occasion to comment also on how to determine the 
number of field degrees of freedom (DOF). In the free case, there is only one double 
pole, corresponding to 1 DOF. This can also be seen by making a nonlocal field 
redefinition ¢ := \/7(O)¢, so that the free Lagrangian reads Ly = (1/2)¢L¢. This 
operation is safe if y is an entire function; if y is not entire (for instance, y = O7”), 
then the field redefinition may result in the elimination of physical modes or the 
introduction of spurious ones. The Lagrangian £s is second-order in spacetime 
derivatives and features one local field ¢, hence there is only 1 DOF and solutions 
are specified by two initial conditions. However, when V is nonlinear of cubic or 
higher order the field redefinition does not absorb nonlocality completely and one 
is left with a possibly intractable problem, with extra nonperturbative degrees of 
freedom !? and an infinite tower of Ostrogradsky modes. 

In fact, the Cauchy problem can be naively stated as the assignment of an infinite 
number of values at some initial time ti, 


(ti), à(&), H(t), Pti) .... (6) 


Thus, paradoxically, we can solve the dynamics only if we already know the solu- 
tion: 1? 


+O j(n)(4, 
dy Gage. (7) 


If we do not specify all the initial conditions, the solution may be non-unique. 
Finally, a word on how to rewrite nonlocalities as a convolution. It is well known 
that infinitely many derivatives can be traded for integrated kernel functions: 


(D) (2) zl dPy F(y — 2) ply). (8) 


However, by itself this operator bears no practical advantage. Hiding infinitely many 
derivatives into integrals does not help in solving the Cauchy problem, unless the 
kernel F could be found by solving some auxiliary, finite-order differential equations. 
'This is precisely the leverage point we will focus on. 
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4. Diffusion method 


The diffusion method was proposed some years ago ^1?:115 to solve nonlocal scalar 
field theories with exponential form factor (4), a very specific nonlocal operator 
that arises in string theory. By trading nonlocal operators with shifts in a fictitious 
extra direction r, the method allows one to count the number of DOF and of 
initial conditions (which are finite) and to find nonperturbative solutions. All these 
features can be easily illustrated by the scalar field theory 


Sy = f Pa [5930 P(e) - vo) , (9) 


where /? is a constant. The equation of motion is 


—|? 


e "Ho — y'($) 20. (10) 


Define now a localized system, a priori independent of (9), living in D 4- 1 di- 
mensions and featuring two scalars ®(r, x) and x(r, x): 


S[6, x] = nz (La + Ly), (11) 


Le = =8(r, 2)OG(r — l, 2) — V[G(r, 2), (12) 


Ly )e(r, x), r'-2r4gq—U. (13) 


I 
wl 
Q 
Q 
Z 
3 
l 
S 
= 
g 
l 


= (0, E )®(r, x), 0= (0, = )x(r, z), (14) 
= Z &(r — 2,2) + x(r - P,2)] + H (r + 17) — x(r +Ê) — V'[&(r, x)]. 
(15) 


The first line is telling us that the fields are diffusing along the extra direction. 
At this point, one assumes that there exists a constant 8 such that the equation 
of motion (15) coincides with the one of the nonlocal system (9), Equation (10), 
on the slice r = GI? (the physical slice). This is achieved provided the following 
conditions hold: 


$(87,z)— ó(z), ^ x(87, x) = D(GI?, x). (16) 

The conclusion is that the localized system has 4 initial conditions ®(r, ti, x), 

$ (rt; x), x(r,ti, x), x(r,ti, x) and 2 field DOF © and x. On the physical slice, 
because of (16) the number of DOF reduces to 1 and the initial conditions are on the 
field ¢ and its first two derivatives (the initial conditions of x are not independent): 


(ti, x), (ti, x) : (17) 

With traditional methods, only perturbative solutions of the linearized EOM 

or what we call "static" (in the extra direction r) solutions are available to in- 
spection. By this name, we mean solutions where nonlocality is, in one way or 
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another, trivialized, such as when Dé = Ad. In contrast, the diffusion method 
gets access to nonperturbative solutions valid in the presence of nonlinear interac- 
tions and nontrivial nonlocality. These solutions are, in general, only approximate, 
and are found by searching for the value of 9 minimizing the equations of mo- 
tion^19!6, Examples are: $(t) = Kummer(t) on a Friedmann-Robertson- Walker 
(FRW) background; rolling tachyon ¢(t) = >, ane™ in string field theory, V = $?; 
kink ¢(x) = erf(z), V = $?; o(t) = y(a,t) (incomplete gamma function), V = à" 
on FRW background; instanton ó(x) = erf(z), V = ¢* (brane tension recovered at 
99.896 level); kink ¢(x) = erf(x), V = (e-$?)?; various profiles #(t) in bouncing 
and singular cosmologies. 


The main reason why diffusion works is that nonlocal operators are represented 
as a shift in an extra direction rather than as an infinite sum of derivatives. The 
latter representation does not span the whole space of solutions, as one can see by 
a toy example.^ Consider a D = 4 FRW background with Hubble expansion H = 
a/a = Ho/t, the Laplace-Beltrami operator 0 = —02 —3H0;, and the homogeneous 
power-law profile ¢(t) = tP. If we try to calculate the object e"-ó as a series, 
the result diverges: e'-ó = >>> )(rO)"¢/n! = oo. On the other hand, with the 
diffusion method one interprets ¢(t) = c(t, 0) as the initial condition in the diffusion 
scale r and the profile e"- (t, 0) = Kummer(t, r) is a linear superposition of well- 


defined Kummer functions. 


5. Initial conditions and degrees of freedom 


The diffusion method has been extended to the case of gravity in Ref. 2 for the 
string-related and Krasnikov exponential form factors and in Ref. 3 for the asymp- 
totically polynomial (Kuz'min and Tomboulis-Modesto) form factors. The reader 
can consult those papers for technical details; here we only quote the bottom line, 
which is that, for the string-related form factor, the localized system associated 


with (1) has 6 initial conditions gu,(ti, x), gusti, x), Buur, ti x), Bpv(7, ti x), 
Xuv(r.ti, X), Xuv(r.ti, x), two for each rank-2 symmetric tensor field (the metric 
gu», and the tensors ®,,, and Xuv). Since, on the physical slice, ®,,(81?, x) = Gur 
and xu, (8l, £) = Rav, the initial conditions on these fields are not independent. 
However, while x,, is an auxiliary field of the localized system and depends on 
the dynamical degrees of freedom of the nonlocal system, ®,,, is an auxiliary field 
already at the level of nonlocal dynamics and it encodes the two derivatives hidden 
in the Ricci tensor and scalar. Therefore, the solutions of the nonlocal system (1) 
are characterized by 4 initial conditions: 


Guv (ti, X), Guv (ti, X), Öpv(ti; X), I vitu X) . (18) 


Regarding the degrees of freedom, the counting for the exponential form factor 
is the following. (i) Graviton g,,: symmetric D x D matrix with D(D + 1)/2 
independent entries, to which one subtracts D Bianchi identities V^G,,, = 0 and D 
diffeomorphisms (the theory is fully diffeomorphism invariant). Total: D(D — 3)/2. 
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In D = 4, there are 2 degrees of freedom. (ii) Tensor ¢,,,: symmetric D x D matrix 
with D(D+1)/2 independent entries, to which one subtracts D transverse conditions 
Vo, — 0. Total: D(D — 1)/2. In D = 4, there are 6 degrees of freedom. Similar 
results hold for the asymptotically polynomial Kuz'min form factor, although in 
that case the diffusion method requires more elaboration.? 

The grand total is D(D — 2). In D — 4, there are 8 DOF. Two of them (the 
graviton) are visible already at the perturbative level, while the other 6 are of 
nonperturbative origin. Their role in phenomenology? has been determined only 
recently. 17 It was shown that the extra D(D — 1)/2 tensor degrees of freedom do 
not propagate on Ricci-flat backgrounds, at any perturbative order. 


6. Conclusions 


'The number of degrees of freedom and of initial conditions of fundamentally nonlocal 
gravitational theories with “well-behaved” form factors is finite. In the diffusion 
method, infinitely many initial conditions are traded for boundary conditions in an 
extra direction. Solving the diffusion equation and algebraic relations is way simpler 
than solving nonlocal equations. By making sense of the Cauchy problem in this 
class of theories, the doors of classical top-down phenomenology may open up. 
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We generalize the semiclassical treatment of graviton radiation to gravitational scattering 
at very large energies E >> Mp and finite scattering angles 0s, so as to approach the 
collapse regime. Our basic tool is the extension of the recently proposed, unified form 
of radiation to the Amati-Ciafaloni-Veneziano reduced-action model. By resumming 
eikonal scattering diagrams, we are able to derive the corresponding (unitary) coherent- 
state operator. The resulting graviton spectrum, tuned on the gravitational radius R, 
fully agrees with previous calculations for small angles 05 < 1 but, for sizeable angles 
Os ~ 1 acquires an exponential cutoff of the large frequency region (w > 1/R), due to 
energy conservation, so as to emit a finite fraction of the total energy. In the approach- 
to-collapse regime we find a radiation enhancement due to large tidal forces, so that the 
whole energy is radiated off, with a large multiplicity (N) ~ Gs >> 1 and a well-defined 
frequency cutoff of order 1/R. The latter corresponds to the Hawking temperature for 
a black hole of mass somewhat smaller than E. 


Keywords: Gravitational scattering; Gravitational radiation; Quantum gravity. 


1. Introduction 


One of the main unsolved problems in physics is to reconcile quantum mechanics 
(QM) with general relativity (GR). Its resolution is a formidable task, but important 
informations can be obtained by investigating some processes lying at the interface 
between QM and GR with the theories and tools at our disposal. 

This work aims at studying gravitational scattering of particles at very high 
energies E >> Mp beyond the Planck scale, in order to investigate graviton 
bremmsstrahlung and possibly macroscopic black-hole (BH) formation and evapo- 
ration at (semiclassical) quantum level, and therefore to shed light on the so-called 
"information paradox". What we would like to understand is whether a semiclassi- 
cal picture of collapse emerges from the quantum theory, or if something different 
happens. 

In this talk I present a model that describes gravitational processes in trans- 
planckian particle collisions. I shall show you that a quantum description of particle 
scattering at extreme energies gives rise to graviton radiation 


e whose properties are similar to Hawking radiation, thus suggesting a sort 
of gravitational collapse. 

e but can still be described by a unitary S-matrix, thus pointing towards a 
resolution of the information paradox. 


1997 


2. The Eikonal Model 


Following the pioneering works of Amati-Ciafaloni-Veneziano (ACV)! and others, 
we consider two massless particles (which could be strings) colliding at center of 
mass energy much larger than the Planck scale 2E = ys > Mp with some impact 
parameter b. Such a simple initial state allows us to use the formalism of QM, 
while the condition on the energy should imply the formation of a macroscopic BH 
of radius R = AGE, according to GR. 

In this high-energy regime the adimensional parameter ag = Gs/h > 1 is very 
large and plays the role of effective gravitational coupling. It also measures the 
typical action of such processes, in units of A. 

Actually, we are interested in the semiclassical regime where both R,b > Ap, As 
(the latter being the Planck and string lengths, respectively). 


2.1. Elastic scattering 


When b > R, scattering is essentially elastic. Let us consider the expansion of 
the elastic amplitude in terms of string diagrams. In the high-energy limit s > |t| 
and in the semiclassical regime R,b >> ls, the N-loop amplitude is factorized in 
the convolution of N single-graviton-exchange amplitudes between the colliding 
particles, represented by ladder-like effective diagrams (Fig. 1(a)). 


(a) 
Fig. 1. Leading eikonal diagrams: (a) elastic scattering; (b) graviton emission and rescattering. 
The red disk represents the Lipatov vertex. 


Such convolution in transverse momentum can be diagonalized by a Fourier 
transform in impact parameter space, and the ladder diagrams can be resummed 
in exponential series, yielding the elastic S-matrix in eikonal form, S = e!?°(5), 
The quantity ó(b, s) = GsA(b) = Gs log(L/b) can be interpreted as the (very large) 
phase shift in potential scattering. Here L is an IR cutoff needed to regularize 
the Coulomb-like infinite phase shift which occurs in long-range interactions like 
gravity. 

Note that the phase shift is real in this eikonal approximation, therefore the 
S-matrix is unitary. From the phase shift one can compute various observables, 
like the deflection angle, proportional to the gradient of the phase shift. One finds 
perfect agreement with the Einstein deflection angle 0, = 2R/b. 
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2.2. Graviton emission 


Graviton emission at high-energy (Regge kinematics) is described by the so-called 
effective Lipatov vertex? (Fig. 1(b)), which is accurate in the region where the 
graviton emission angle 0 is much larger than the deflection angle 0, of the incoming 
particles. However such vertex is inaccurate when 0 ~ @,. In this case, the emission 
amplitude for soft gravitons whose energy w < E is well described by the soft- 
graviton emission theorem in terms of the Weinberg current?. It turns out that, 
for spin-2 particles, a very simple and elegant unifying amplitude can be derived 
which interpolates both angular regimes for all the relevant graviton energies, even 
w >> Mp, provided w « E. 

In addition we have to take into account the so-called rescattering diagrams, 
which describe the gravitational interaction of the radiated gravitons with the orig- 
inal sources, as shown in the last two diagrams of Fig. 1(b). 

By neglecting correlations such as emissions from the same rung, we were able 
to resum all diagrams of Fig. 1(b) and we obtained a remarkably simple result: 


N 
Masa, = e 659 TT] omy, (b,j, 45) x [1+ O (w?/E’)] (1) 
j=l 
R iro dat NES 
] = LL ol^9q MENSAM ee 2 
MM (b, w, q) VGs—e [<== e OH (2) 


?4(z)- C[A(b- £«)- Alb], Sala) =[Ab-x)- Ab] (3) 


w 
In words, the total emission amplitude is given by the elastic amplitude times an 
emission factor M for each emitted gravition. 9N represents the basic object for the 
description of graviton radiation. 

Soft infrared divergencies coming from phase-space integrations of emitted soft 
gluons are cancelled by virtual correction, that we incorporate by means of the 
Weinberg method?, which amounts to write the final state of graviton in Fock space 
as a coherent state operator $ acting on the vacuum with creation (real emission) 
and destruction (virtual corrections) operators: 


S =e? exp ti 2. [Pa] (a) + 905 ax(a) (4) 


We are therefore able to construct an explicitly unitary S matrix for particle scat- 


tering and associated bremmsstrahlung. From Eq. (4) we can compute the energy 
spectrum of graviton radiation dE9W /dw which is given by 2w|M|?, integrated 
over all angular directions. The result is depicted in fig. Fig. 2(a). We notice 
that the spectrum at low frequencies tends to a constant, in agreement with the 
zero-frequency-limit?. 

It then shows a log(1/w) behaviour in the intermediate range 1/b < w < 1/R, 
while for w > 1/R the spectrum decreases as 1/w, almost independently of the 
impact parameter b, i.e., of the deflection angle 0, of the hard particles. Note 
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that R increases with energy E. This means that if we increase the energy of the 
process, the typical frequencies of the radiation decrease, in a way reminiscent of 
how Hawking radiation depends upon the BH mass. 


Log(wR) 


4 6 
(b) 
Fig. 2. Rescaled frequency spectrum of graviton radiation. (a) Spectrum in the leading eikonal 
approximation (b >> R) for various values of 05; the black dashes on the left represent the zero- 


frequency limit. (b) Resummed spectrum with subleading contribution at b ~ be ~ R, showing 
the intermediate enhanced region and the exponential fall-off when including energy conservation. 


Remarkably, this result agrees with the classical limit (hw/E — 0) frequency 
spectrum of Ref. 6. Of course, in our framework we can compute also the quantum 
corrections. 


3. Strong Gravity Regime 


By decreasing the impact parameter b towards the gravitational radius R, we enter 
the strong gravity regime, the one we are really interested in. In this regime we 
have to consider subleading corrections. 


3.1. Elastic scattering 


ACV were able to identify and resum also the class of subleading diagrams, the 
so-called H diagrams". These are diagrams with a trilinear interaction (the Lipatov 
vertex) which is responsible for graviton emissions from exchanged gravitons. 

As a consequence, a very interesting feature appears: the phase shift ó(b, s) 
acquires an imaginary part for impact parameters b < be ~ 1.6R so that the elastic 
S-matrix is suppressed. The question then arises: is this unitarity deficit in the 
elastic channel compensated by inelastic graviton production? Or is this critical 
value a signal of gravitational collapse? Let us note that the unitarity deficit has a 
fractional critical exponent — 3/2, resembling a sort of phase transition. 
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3.2. Graviton emission 


By including graviton production from the multi-H diagrams we argue that the 
resummed emission amplitude maintains the form of Eq. (1) by replacing the leading 
phase shift 6(b, s) with the resummed one. For b — b? the non-analytic behaviour 
of 6(b) severely affects the energy spectrum. In particular, for w > 1/R there is an 
intermediate region where the frequency spectrum decreases less rapidly than 1/w, 
actually w~?/3 (Fig. 2(b)), implying a much higher radiation due to strong tidal 


forces?. 


3.3. Energy Conservation 


Because of the logarithmic behaviour of dECW ~ Gs02dw/w, and also because of 
the enhanced emission of radiation at large angles, it is mandatory to take into 
account energy conservation, ie., to require that the energy carried by emitted 
gravitions be less than the total CM energy. 

Following the proposal of Ref. 9, we impose energy conservation event by event, 
by requiring $7 jj < Ein each hemisphere, and extending this bound to virtual 
corrections on the basis of AGK cutting rules!?. Without entering here into tech- 
nical details, such procedure amounts to multiply each amplitude by O(E — 57 j wj) 
and maintaining phase coherence them. By a saddle point evaluation of the usual 
integral representation of the O-function one can compute the radiated energy dis- 
tribution. We observe that, while b approaches the critical value be = 1.6 R, the 
energy distribution shows an intermediate regime where it is enhanced by tidal forces 
and decreases only as ~ w^ ?/?, before the eventual exponential decrease ~ e™“/T 
at large w’s. Such exponential behaviour is typical of a thermal radiation. But here 
the radiation is coherent since the S matrix is unitary. The “quasi-temperature” 
parameter T is of order of the Hawking temperature Ty = l/(A«R) for b > be: 
T c 0.8/ R. In particular it decreases with increasing energy of the collision. 


4. Conclusions 


To summarize, we claim we have a reliable model of gravity which allows us to 
compute graviton interactions and radiation in transplanckian collisions. 

Within this model, we now see the role of the gravitational radius as the inverse 
of the characteristic frequency for all values of CM energies and impact parameters. 

When the impact parameter b is smaller than the gravitational radius R, tidal 
forces cause a dramatic enhancement of graviton radiation and all energy is radiated 
off. By taking into account energy-conservation constraints, we obtain a coherent 
radiation pattern with an exponentially decreasing spectrum, resembling a thermal 
radiation with a temperature of the order of Hawking’s one T ~ Ty of a BH 
somewhat lighter than vys. 

All in all, these results suggest a possible mechanism of solving the information 
paradox. 
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The Hamiltonian formulation of modified dispersion relations (MDRs) allows for their 
implementation on generic curved spacetimes. In turn it is possible to derive phenomeno- 
logical effects. I will present how to construct the kappa-Poincare dispersion relation on 
curved spacetimes, its spherically symmetric realizations, among them the kappa de- 
formation of Schwarzschild spacetime, and its implementation on Friedmann-Lemaitre- 
Robertson-Walker spacetimes with arbitrary scale factor. In addition we will construct 
the general first order modifications of the general relativistic dispersion relation. After- 
wards we will use the perturbative MDRs to calculate specific observables such as the 
redshift, lateshift and photon circular orbits. 


Keywords: Quantum gravity phenomenology, modified dispersion relations, observables, 
lateshift, redshift, photon orbits. 


1. Traces of quantum gravity in point particle motion 


A large source of information about the gravitational interaction come from the 
observation of trajectories of freely falling particles, such as for example neutrinos 
or photons, through spacetime. Traces of the expected quantum nature of gravity 
and its influence on the particles! paths therefore should manifest itself in the data 
collected by telescopes and observatories. One approach to derive effects, one can 
search for in the available data, is provided by quantum gravity phenomenology}. 
Due to a still missing fundamental theory of quantum gravity, we proceed along the 
following convincing pictorial idea to set up an effective model for the interaction 
between point particles and gravity on small distances or high energies: When 
test particles propagate through spacetime they probe spacetime on lengths scales 
inverse proportional to their energy. Thus particles with larger energy probe smaller 
length scales then lower energetic ones. The quantum nature of gravity is expected 
to become relevant at the Planck scale, i.e. at the Planck energy £j; respectively the 
Planck length £j;j. Hence particles with larger energies, closer to the Planck energy, 
probe length scales closer to the Planck length and should thus interact stronger 
with the quantum features of gravity. 

This pictorial idea can be seen analogue to how a medium can be probed with 
photons of different energies, to obtain insights about its constituents. For very 
low energetic photons the medium may be invisible, while photons within a certain 
energy range may interact with the medium, get scattered and transport informa- 
tion about the medium to an observer. For the interaction between photons and 
the elementary constituents of the medium we know, that they are fundamentally 
explained by the standard model of particle physics. However effectively one can 
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describe several aspects of the system by an energy dependent propagation of the 
photons through the medium. The latter can be derived from an effective theory of 
electrodynamics, such premetric electrodynamics?, and leads to a non local lorentz 
invariant (LLI) dispersion relation of the photons. Thus even though a fundamental 
interaction is LLI, observables may be described effectively by a non LLI theory. 

Regarding the structure of spacetime and the quantum nature of gravity, we 
do not know the fundamental theory and of quantum gravity and its properties 
yet. In analogy to the effective description of the propagation of photons through 
media we will consider modifications of the general relativistic dispersion relation of 
point particles on spacetime. From such modifications we can calculate observables 
and look for their signatures in the available data. Any evidence or non-detection 
of such a signal then reveals properties, suitable semi-classical limits of quantum 
gravity must have. 

Most famous effects searched for are an energy dependent redshift and time of 
arrival (lateshift) of photons?. Preliminary analyses of the ICECUBE and Fermi 
Gamma-Ray Space telescope observations for a lateshift effect have recently been 
performed? " and shall be extended as soon as additional data is available. 

We demonstrate how modified dispersion relations (MDRs) are realized on gener- 
ically curved spacetimes we will derive observables such as the redshift, the lateshift 
and photon orbits. 


2. Dispersion relations as Hamilton functions 


The study of non LLI effects and MDRs as effective description of the interaction 
of point particles with the quantum nature of gravity has a long history in the 
literature, see for example? '? 

In Ref. 13 we demonstrated how to realize modified dispersion relations on 
curved spacetimes covariantly: A dispersion relation of a point particle on curved 


and references therein. 


spacetime is given by a level set of a Hamilton function H (x, p) on the point particle 
phase space (cotangent bundle) of spacetime. The particles motion is determined by 
the corresponding Hamilton equations of motion. Moreover the Hamiltonian defines 
the geometry of phase space in a canonical way. In general spacetime and momen- 
tum space are curved and their curvatures depend on positions and momenta. 

Using this covariant approach to dispersion relations we recall the Hamilton 
functions of general relativistic particles Her and construct its first order per- 
turbations Hz as well as its &-Poincaré deformations H, !^!? on general!9, static 
spherically symmetric! and homogeneous and isotropic spacetimes 16-18, 

On a generically curved spacetime the Hamiltonians are build from a spacetime 
metric g, a perturbation function h and unit timelike vector field of the metric Z 


Han(v,p) = g” (x)pape , (1) 
H(z, p) = g” (x)pape + Ch(a, p) , (2) 
H,(z,p) = —j sinh (£Z*(a)p.)" 4-o67 Re (g* (z)paps + (Z^(x)pa)). (3) 
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In static spherical symmetry the dependence of the Hamiltonians on the positions 


and momenta is restricted to H (z, p) = Hí(r, pi pr, v) with v? = pj + sin 07? p3 t6, 
Herle, p) = —a(r)pt + (rp? +r’, (4) 
He(x,p) = -a(r)pt + b(r)pz € r 7v?  th(r pi pr, v), (8) 


H, (s.p) = -$ sinh (&c(r)ps + d(r)p,))? + eller 
x ((-a(r)  e(r)?)p? + 2c(r)d(r)pepr + (b(r) + d(r))p? + z^). (6) 
Setting here a(r)~' = b(r) = 1 — = we obtain the «-Poincaré deformations of 
Schwarzschild spacetime parametrized by two free function c(r) and d(r). 


On homogeneous and isotropic spacetimes the form of the Hamiltonian is further 
restricted to H(z, p) = H(t, pi, w) with w? = dd — kr?) + rw? 


Han(v,p) = i + A(t)? (7) 
H¢(x,p) = =p} + A(t) ^w w+ tht pi, w), (8) 
H,(z, p) = —7 sinh ($p oe + e” A(t) W. (9) 


3. Observables 


A detection of traces of quantum gravity is most likely with high energetic photons 
and every MDR of interest can be expanded to first order around Her. Thus we 
focus on the derivation of observables for massless particles from H;(r, p). 


3.1. Redshift 


The redshift of photons involves a description of how observers measure the fre- 
quency of a photon. A classical observer, not subject to the MDR, on a worldline 
x(T) with tangent x(r), momentum px(T) and mass m2 = —Han(x, px), associates 
to a photon, subject to the MDR, on a worldline y(7) ,with momentum py,(r) and 
satisfying He(y, py) = 0, the frequency 

vx(y) = X"pya = gi-05, HaR(X, px) Pya = +9” (x) Pxb Pya- (10) 


The redshift of a photon between two observers x; and xy then is 


z(ti,Ti, tg, ry) 22 — zu 1 (11) 

Thus, two observers at rest at x; = (ti, ri, 5,0) and xs = (ty, ry, 5,0) find for a 
radially freely falling photon in spherical symmetry from (5) the redshift t6 

z= 48-1400), (12) 


while for the homogeneous and isotropic case (8) they find that the redshift becomes 
dependent of the constant of motion w, which is related to the photons frequency !? 


z= (FER — 1) - 4 (AC p)hltp, (tg, w), w) — AG) hlt PP (ti, w), w)) 


A(t A(tg)—A(t; 
= (458 Em 1) — tw —— L, (13) 


2005 


The first order momentum is p?(t, w) = —At8 and the last line displays the result 
for a first order in £ expansion of the &-Poincaré dispersion relation (9). 


3.2. Lateshift 


For the so called lateshift consider two massless particles with different frequency pa- 
rameters w; and we on radial trajectories r4 (t, w1) and r2(t, w2) solving the Hamil- 
ton equations of motion of (8). They shall be emitted at the same coordinates 
(ti, Ri), i.e. Ri = ri(t;,u1) = ro(t;, w2), and we ask when do they reach the same 
radial distance Ry = ri(t1, w1) = ra(f2, w2). The difference in their time of arrival 
At = tg — tı is the so called lateshift. For the solutions of the radial Hamilton 
equation of motion of (8), derived in Ref. 18, we find, 


At = LA(S) Í ‘ dr Lola) Fs) 01) (14) 

A 420) c9) i dr Adm - (15) 

where again p?(t, w) = — aq the last line is the first order in £ result of (9), and 
f (t, pi (t, w), w) = gps (A(t, pe, w) — prop, A(t pr, w) — WOwh(t, pp, w)]. (16) 


3.3. Innermost circular photon orbits 


To calculate the innermost circular photon orbits we solve the Hamilton equations 
of motion of (5) with the assumption that 7 = 0. Due to the spherical symmetry 
we can without loss of generality consider orbits in the equatorial plane 0 — $. The 
Hamilton equations of motion O5, He = 7 = 0 and 0,H = —p, with p, = p? + £pl, 
together with the fact that p, and v are constants of motion, then imply to first 
order in £ 


Op, h(r;pi,p?, ; : 
ph-0, p=- > pl =0=5;. (17) 


Using H;(z,p) = 0 to express p; as function of r and v, and solving 0,H = —p, = 0 
yields, 


a' (ro) o 
3-h(ro,p; (ro;v),0,v)— h(ro,p; (ro,v),0,v) 
— a(ro) , 2 = £ a(ro) i 
0 = "'a(ro) + To? = ( a" (ro) " a! (ro)? i 2a/ (ro) a 6 o? , (18) 
a(ro)rà a(ro)ra a(rors Te 


which determine the allowed circular photon orbits r = ro + fr; to first order in £. 

Considering MDRs on Schwarzschild spacetime by specifying the function 
a(r) ! =1— “ the zeroth order becomes ro = ars, as it must be, and the equation 
which determines the first order correction becomes 


739, h (rop (r0;0),0,0)— Eh (ro, ?(r.0),0.0)) 


32v (19) 


Ti — 


Specifying to the first order in @ of the spherically symmetric &-Poincaré dispersion 
relation (6) with d(r) = 0 and c(r) = —É (19) yields rı = 216. 


Vix 6 


2006 


3.4. Conclusion 


'The implementation of modified dispersion relation on curved spacetimes allows for 
the prediction of traces of the quantum nature of gravity, which can be confirmed or 
constraint by observations. Particularly promising are time of arrival measurements 
of high energetic gamma-rays, which can be compared against equation (14) and 
the search for rainbow effects in lensing images, for example in the shadows of black 
holes, which would correspond to a non-trivial v dependence in (18). 

To bridge the the gap between fundamental approaches to quantum gravity and 
the phenomenological one presented here, it is necessary to derive the perturbation 
function h(x, p) in (2) in some semi-classical limit from the fundamental approaches. 
'This is one of the major tasks for future research. 
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I present recent results concerning the statistical description of the Black Hole entropy in 
terms of trapped gravitons. In particular, I present a theorem depicting a possible physi- 
cal mechanism, from finite size effects induced by Planckian fluctuations, giving trapped 
gravitons with a linear equation of state. As a consequence, logarithmic corrections to 
the Black Hole entropy naturally arise. Finally, it is also shown that such a mecha- 
nism allows a statistical description of macroscopic configurations made of cosmological 
constant in terms of massless excitations within a spherical box. 


Keywords: Black Hole Thermodynamics; Black Hole Entropy; Trapped Gravitons. 


1. Corrections to the black hole entropy 


As well known!, black holes (BH) emit a thermal radiation with no information 
within and depending only from the mass (charge and angular momentum, no-hair 
theorem) and at the temperature (r — oo) Ta = T The entropy is Sy = TE. 


Many open questions are still unsolved: 


e What is the physical origin of the degrees of freedom implying Sh? 
e How can we obtain the log. corrections to the BH entropy? 


The physical origin of the BH entropy degrees of freedom is still obscure. In Refs. 
2, 3 we have proposed that the degree of freedom leading to the BH entropy are 
represented by trapped gravitons inside the event horizon. After imposing Dirichlet 
boundary conditions on the Zerilli or Regge-Wheeler functions (Gravitational waves 
in the vacuum) at r = R: Z2) (R,w) = 0, we obtain the following expression for 
the allowed frequencies: 


win = a= 2 C20) m, 022, n € N. (1) 


We assume, as usual, that the internal energy U; is provided by the ADM mass M, 
ie. U; = Mc?. A statistical entropy can thus be derived from (1) in the usual way 
by means of the Shannon (von Newmann) entropy: 


Bate. [m (1 e-*) + In (1 ex) 


exhNe-3 fi + 3e7ž] en Bh 


t—-Rü-eXj c *7URC e) 
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The equation of state is the one of a radaition field P;V = — . For the temperature 
we have T; = aTh = TEM € (0, oc). We find S = KY (a a) fr, with Y (a) 21 
with o ~ 2.2 ~ 2, where a = 2 is the theretical value: our model it gives viable 
results within the approximation made for the (1). How can be obtained logarithmic 
corrections to the BH entropy? BH entropy is semi-classical, so we expect some 
quantum (Planckian) effect leading to the well known In(A) corrections. First of 
all we expect modifications for the semi-classical formula U(R). In a quantum 
spacetime9 5, spacetime uncertainty relations are satured with AE ~ $, and the 


following modification of U; emerges with U;(R) — e mR + corn , {Ci} € RH. 
Unfortunately, the added term does not lead to Ioas fibi entropy corrections. To 
overcome this issue, in Ref. 4 and after in Ref. 5 for any massless excitation, we 
have proposed a physical mechanism, motivated by solid state physics, capable to 
depict a system with a gamma linear equation of state, i.e. quantum fluctuations 


change the equation of state PV = yU, y € R. The following theorem holds: 


Theorem: Let wo = wen denote the angular frequency of N trapped gravitons with 
internal energy UO (radiation). The so trapped gravitons with angular frequency 
w = wo +t ote) have a linear equation of state with U = U +h ó(R) iff there exists 
a differentiable function ó(R), satisfying the following equation 


ALR o, a(R) + (R)] = U(R)(1 — 39), 
together with the condition 
U —h ó(R) >0 


To start with, consider the semi-classical BH case U = SR. for ®(R) we have 
(R) = z£ R(1— 35). with limitation y > —} (independently on R), i.e. in the 
E 


semi-classical case the active MMC ME" mass is positive and gravity is attractive, 


a reasonable result. Consider now U — ZR + oe , we obtain 
cR c sa (1-37) R 
1— + ———— In | — |J. 3 
600 = F(t 89) + AE m ( (3) 


As a first important consequence of (2), since entropy, independently on the equation 
of state, is proportional to N, is that N ~ R(U — hid) and as a result logarithmic 
corrections — We must discuss te existence condition U — h ¢(R) > 0. After 
posing W = 7, we get: 
Ci W OC W 
W--—-—(1-3y)|—-—1n 0. 
+p onan tw) 
The results are: 
e y = —1, Cosmological constant: A maximum radius Ry is present of 
the order (greater) of Planck length Lp. This implies that BH filled with 


gravitons with a cosmological constant equation of state are only possible 
with microscopic Planckian sizes. 
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e By supposing C, < 0 we obtain a minimum radius Rm and a maximum 
one of the order of ~ Lp. 

e For y c (0, i] we have no restriction for R, while for y > i a minimum 
allowed value for R is present. In the stiff case (y = 1), we have Rm ~ ££. 

e For y < 0 a maximum allowed radius does appear Ray ~ Lp. As an 


example, for y = -i (s ~ 1) we have Rm = VeLp. 


2. The dark energy 


The treatment presented above can be extended to any massless excitation in a 
spherical box? 
considering the positive cosmological constant case p = B, B € R*,y = —1 with 
U = BV + Z (Planck effects again), macroscopic dark energy configurations can 
be obtained. It is worth to be noted that with C — 0 we obtain the constraint 
y > —1. The case y = —1 is only possible with the quantum correction term ~ 1/R 
in U(R). This fact, in my opinion, strongly suggests the quantum-gravity nature 
of the cosmological comstant as due to strong Planckian fluctuations. In fact, in a 
cosmological de Sitter spacetime, an effective cosmological constant A emerges after 
applying the technology depicted above: 


= 3éL? 
A=A+ -~ (4) 


. In this frame, the theorem proven is still valid. In particular, by 


where L denotes the physical scale and £ is a positive constant expected to be 
less than unity and A denotes the bare cosmological constant without Planckian 
fluctuations. It is important to stress that the (4) does not represent a quintessence 
dark energy, but rather the effective value of the cosmological constant depends on 
the scale at which the physics is considered that in turn depends on the volume 
V = 4rL3/3. In my view the cosmological constant is averaged over bigger and 
bigger scales up to a scale Lp, decoherence scale, such that the quantum Planckian 
fluctuations are negligible and a de Sitter universe emerges thus representing the 
crossover to classicality. Exactly at L — Lp we have an absolute minimum for 
U(L) with zero specific heat: the cosmological constant is thus fixed (frozen) at this 
critical scale. This scale depends crucially on the phenomenological parameter £. 
As an example, for £ ~ 1 at scales L ~ 107?m — A ~ 10752/m?. This seems a 
rather huge value, but no arguments to reject this value are at our disposal, although 
a scale of decoherence near the Planck length could be more appropriate. In any 
case, the important fact is that a new view concerning the origin of the cosmological 
constant emerges in the context depicted above. 
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Fermionic backreaction in hybrid Loop Quantum Cosmology 
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We study how one can avoid some ultraviolet problems in the description of a per- 
turbative inhomogeneous Dirac field in inflationary hybrid Loop Quantum Cosmology 
(LQC). Within a canonical approach for the entire cosmology, we consider different sepa- 
rations between the canonical variables that describe the homogeneous geometry and the 
fermionic perturbations. Each of such choices leads to a different fermionic contribution 
to the total Hamiltonian. In the hybrid quantization scheme, a quantum version of that 
contribution contains a backreaction term on the homogeneous part of the wavefunc- 
tion. We provide the conditions on the choice of fermionic variables that lead to a finite 
backreaction. 


Keywords: Loop Quantum Cosmology, Fermionic Perturbations, Quantum Backreaction. 


1. Introduction 


In conventional Quantum Field Theory (QFT) in curved spacetimes, one is forced 
to employ, in one way or another, some type of regularization procedure to cure 
the infinities that generically arise in possible observables, such as the Hamiltonian, 
constructed out of products of the field operators!. It is commonly believed that 
the reasons behind these issues can be traced to the treatment of the spacetime as 
a Classical, continuum background. 

We investigate here whether these problems can be avoided in cosmology by 
treating the entire system, including the spacetime background, as a dynamical 
entity to be quantized. For that purpose, we adopt the so-called hybrid approach 
in LQC to the quantization of a homogeneous and isotropic cosmology minimally 
coupled to a Dirac field, that we treat as a perturbation?. The approach is based on 
a splitting of the phase space into a homogeneous sector, that is represented with 
LQC techniques?, and an inhomogeneous one, which is treated with conventional 
QFT methods. In this context, we exploit the freedom in performing canonical 
transformations that assign different dynamical roles to the homogeneous sector and 
the inhomogeneities. We show that this freedom permits a fermionic contribution 
to the Hamiltonian constraint that, in particular, gives rise to a non-divergent 
backreaction on the homogeneous background in the quantum theory. 


2. The Cosmological System 


The starting point for the construction of the cosmology under study is a Friedmann- 
Lemaitre-Robertson-Walker (FLRW) spacetime with flat and compact spatial 
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hypersurfaces (isomorphic to a three-torus, 7?). We employ spatial coordinates 
adapted to the homogeneity. The matter content is given by a homogenous scalar 
(inflaton) field subject to a potential, and a Dirac field, both of them minimally 
coupled. The Dirac field is treated entirely as a perturbation. We truncate our 
perturbed system so that its Einstein-Dirac action is at most quadratic in all the 
perturbations. Our canonical formulation is obtained from the symplectic struc- 
ture and from the Hamiltonian associated with this truncated action. 

In view of the symmetries of the homogeneous FLRW background, it is conve- 
nient to expand each of the two chiral components of the Dirac field in a complete 
set of eigenspinors of the Dirac operator on T°, after imposing the time gauge on the 
homogeneous tetrads?. The spectrum of that operator is discrete and characterized 
by eigenvalues +wx that grow asymptotically as Qn |k| /lo, where k € Z? and lo is the 
compactification length of the tori. In the expansion of the left-handed component 
of the Dirac field, we call e?*/?m; and e-?*/?r; the time-dependent coefficients 
of the eigenspinors of the Dirac operator on 7? with respective eigenvalues wọ and 
—wp,. Here, o is, up to an additive constant, the logarithm of the scale factor of 
the FLRW cosmology. Similarly, e~°°/?5; and e~3°/?t; respectively denote the 
coefficients of the complex conjugates of the eigenspinors with eigenvalues wg and 
—wp in the expansion of the right-handed component of the Dirac field. All of these 
eigenspinor coefficients are taken as Grassmann variables. Besides, each of them 
forms a canonical pair with its complex conjugate, with a Dirac bracket equal to —i, 


and vanishing anticommutation relations with the rest of coefficients. Introducing 
these mode decompositions in the action, one obtains the fermionic contribution to 
the total Hamiltonian. This contribution is quadratic in the fermionic variables, 
and is given by a sum over all modes, which decouple from each other. It appears 
multiplied by the homogeneous lapse function No, so we call it No Hp, hence it only 
affects the zero mode of the Hamiltonian constraint. 


3. Fermionic Annihilation and Creationlike Variables 


To describe the fermionic degrees of freedom, in this section we will consider a 
rather generic family of definitions of annihilation and creationlike variables for the 
Dirac field. For this purpose, we will exploit the freedom to perform linear canonical 
transformations of the fermionic variables that depend on the homogeneous back- 
ground geometry described by o and its momentum Ta. Specifically, we restrict to 
definitions that respect the symmetries of the fermionic Hamiltonian?: 


ae = fila, Ta) Tg T CT Ta) U E og 


p = gi (o, Ta) BE T gi (Q, Ta) E27 (1) 


where (xg, yz) is any of the ordered pairs (mg, sz) or (tz, rg), the constant tuple 27 in 
Z? fixes the spin structure? on T3, and a) and pow) correspond to annihilation- 
like variables for particles and creationlike variables for antiparticles, respectively. 
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These variables only satisfy the standard canonical anticommutation relations if?: 
a ; . nk la ; L. rk 
gi = prp. 95 = —es fi , (2) 


fk = é8A- FEl, (3) 


with Jẹ and F7 being some (possibly background-dependent) phases. 

One can restrict the selection of annihilation and creationlike variables to a 
privileged family by imposing some physically desirable properties. A satisfactory 
criterion is the imposition that, in the context of QF'T in curved spacetimes, the 
dynamics of the annihilation and creationlike variables can be implemented as uni- 
tary nontrivial transformations in Fock space. This condition, together with the 
invariance of the vacuum under the symmetries of the fermionic Hamiltonian, and 
a standard convention for the notions of parie e and antiparticles, leads to a fam- 
ily of unitarily equivalent Fock representations”. The family of fermionic variables 
(1)-(3) that satisfies the explained selection criterion is totally specified by the 
following asymtpotic behavior in the limit of large wy: 


gae VLDE un 


1| P. with lil < o0, 4 
36 m +0, with $ [64 < oo (4) 


kez3 


& = yw? + M22, (5) 


and M = 2M /z/(3I3) where M is the mass of the Dirac field. 
The family of annihilation and creationlike variables defined by (1)-(3), together 
with condition (4), is obtained by means of an (o, 74)-dependent transformation 


where we have defined 


that is canonical within the fermionic sector of the phase space. In order to be 
canonical in the entire truncated system, the geometric variables (a, ta) of the ho- 
mogeneous sector must be replaced with a new, corrected, canonical pair (à, 7a). 
'These new homogeneous variables differ from the old ones by some known correc- 
tions that are quadratic in the fermionic perturbations?. At the quadratic order of 
our perturbative truncation, the expression of the total Hamiltonian of the cosmo- 
logical system in terms of these new variables can be obtained by directly substi- 
tuting the new pair (à, ña) in its functional dependence on (a, Ta), and replacing 
the Dirac Hamiltonian NoHp by NoHp, where Hp is the sum over all k € Z? of 
some functions H z that, when uy — oo, behave as??: 


i= y (es + 2j Cu + um + ani (6 eae J 


(x,y) 
eg Rl) ca (244. + 2 qM + He. ; (6) 


where £i, is evaluated at à, H.c. stands for Hermitian (complex) conjugate, and 


l Me? pr 
hy =O(1), M-OQ) hE = iña e +O (Maxno). (7) 
k 
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Here, a contribution is O(.) when it is of the asymptotic order of the correspond- 
ing argument (or smaller), and the function Max|.,.] picks out the argument of 
dominant asymptotic order. To arrive at these asymptotic expressions, we have 
further restricted to functions ff, f$, g}, and g with asymptotic expansions (when 
wk — oc) such that their partial derivatives with respect to a and Ta maintain the 
asymptotic order of each term of those expansions. 


4. Backreaction and Unitarity in Hybrid LQC 


'The two sectors of the phase space to be quantized are the homogeneous FLRW 
background [with geometry described by (à, ,)] and the fermionic degrees of free- 
dom described above. For the former, we select a LQC-inspired representation ?? 
with kinematical Hilbert space that we denote by 7/57". On the other hand, for the 
inflaton field ó and its momentum we choose a standard Schródinger representa- 
tion, with Hilbert space given by L?(R, d$). Finally, for the fermionic perturbations 
we consider the Fock representation associated with any choice of annihilation and 
creationlike variables within the family defined by (1)-(4). We call Fp the corre- 
sponding Fock space. Besides gon and pon respectively denote the annihilation 
operators of particle excitations and the creation operators of antiparticle excita- 
tions, with their adjoints acting reversely. Both of these sectors are jointly subject 
to the zero mode of the Hamiltonian constraint, formed by the sum of the constraint 
of the unperturbed inflationary model and the new fermionic contribution formed 
by Hp. In the hybrid approach, one attempts to represent this constraint on the 
resulting tensor product space, and then imposes that it annihilates the physical 
states of the system?. 

In order to find physical states of interest, we consider wave functions of the 
form T(V, $)U p (Ap, ¢), where V is the physical volume of the homogeneous sector 
of our cosmology, and Np refers to the fermionic occupation numbers. Moreover, we 
restrict our considerations to normalized states I in Hy," with a unitary evolution 
in œ, which furthermore is generated by certain positive operator?. The only restric- 
tion that we impose on this operator is to be such that the partial state I differs from 
being an exact solution of the unperturbed FLRW cosmology at most in a quadratic 
contribution of the perturbations. With this ansatz for the states, we impose the 
Hamiltonian constraint. If in the partial state I we can ignore any transition in the 
homogeneous geometry mediated by the action of our quantum Hamiltonian con- 
straint, and the contribution of the perturbations to the momentum of the inflaton 
is negligible with respect to that of T, a sort of Born-Oppenheimer approximation 
can be applied. Then, one arrives at the following Schródinger-like equation for the 
fermionic part of the wave function?: 


lo(V2/3e Fp)r — CEP (o) 


ids p(Np, $) = z 
(Ho)r 


wp(Np, $). (8) 
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Here, the hat over classical observables indicates their corresponding representation 
as operators. Besides, the brackets (.)r stand for the expectation value in I’, taken 
with respect to the inner product in Hye’. Since the momentum of ¢ does not 
appear in Hp, the right-hand side of (8) represents a ¢-dependent Hamiltonian 
operator acting on the fermionic sector. On the other hand, the function CO? (d) 
is a backreaction term that provides, in mean value, how much I departs from an 
exact solution of the unperturbed system®. 

The solutions of (8) can be studied by considering its associated Heisenberg 
equations for the annihilation and creation operators. Taking initial data an ) and 


pou at @ = ġo, these are generally solved by the linear combinations: 


al (6, do) = arlo, do)àC + Bk (6, bo dO", 
ptus oo) = —eiX« (9,90) B, (05, $a + eiXk($:0) Gy, (o, do)óe (9) 
where |o|? + |B,|? = 1 and, in the asymptotic limit wp — 008, 
Xe =O(1), o&—O(1, &-O(G(Du;')-O(Max,w?] (10) 
with: 
c. 2i (F2 — Je) V2/39,) p + i (e F2 — 8) V2/3 AE) 
k (V2/3.. ` 
The Heisenberg evolution is thus described by a -dependent family of Bogoliubov 
transformations, which are all unitarily implementable in Fp since the sequence of 
beta coefficients is clearly square summable? over all k € Z?. It is actually possible 
to explicitly construct the corresponding unitary operators, which are completely 
specified by the alpha and beta coefficients, up to an arbitrary phase. The state 


obtained from evolving the vacuum in Fp with these operators then indeed solves 
(8), with a backreaction term given by®: 


(11) 


Ch) =b 5» Y^ S(GIP A&), An = O(Br), (12) 
k, (x,y) 


up to a term coming from the ¢-derivative of the mentioned arbitrary phase in the 
evolution operator. Our aim is to obtain a backreaction contribution which needs 
not any regularization techniques by means of, e.g., a choice of the arbitrary phase 
that absorbs any possible divergences in (12), or an specific conditional summation 
rule that ensures the convergence of such equation. We therefore impose that the 
sum that specifies of is absolutely convergent. Besides, we naturally require 
that this contribution to the backreaction converge independently of the choice of 
homogeneous state T, and for all œ. This univocally leads to impose?: 

.Me-? 


0, = — 
k ‘ Aw? 


ter? + Vp, 5 uy |o. [2 <00. (13) 
kez3 
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Finally, let us comment that one can restrict even further the choice of fermionic 
variables in order to guarantee that the Hamiltonian operator that appears in the 
Schródinger equation (8) has, with normal ordering, a well-defined action on the 
Fock vacuum. This amounts to require that the coefficients of the ae" a terms 


in Hp form a square summable sequence over all k € Z3. This happens if and only if 
(13) is again satisfied, but now requiring the stronger condition: 37; w|0&|^ < oo?. 


5. Conclusions 


We have studied how to split the phase space of an inflationary cosmology minimally 
coupled to a perturbative Dirac field in such a way that, within the hybrid approach 
to LQC, one obtains a well-defined fermionic contribution to the quantum backre- 
action without the need of any regularization scheme. This criterion leads to a very 
specific choice of annihilation and creationlike variables for the fermionic degrees of 
freedom, something that amounts to a restriction on the dynamical characterization 
of their quantum excitations, as well as on the choice of their vacua. 
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Cosmology appears as the most promising way to test and constrain quantum gravity 
theories. Loop quantum gravity is among the most advanced attempts to perform a 
non-perturbative quantization of general relativity. Its cosmological counterpart, loop 
quantum cosmology, has clear predictions both for the cosmological background and for 
the perturbations. In particular, the initial Big Bang singularity is replaced by a bounce 
due to quantum geometry effects. In this proceeding I will focus on new results obtained 
in loop quantum cosmology: i) the prediction of the duration of inflation as a function of 
all the unknown parameters of the model and ii) new primordial power spectra obtained 
with modified dispersion relations accounting for trans-planckian effects. 


Keywords: Loop quantum cosmology, inflation, trans-planckian problem, primordial 
power spectra. 


1. Introduction 


Loop quantum gravity [1, 2] (LQG) might be the most advanced non-perturbative 
and background-invariant quantization of general relativity. Loop quantum cos- 
mology [3] (LQC) is a quantum theory inspired by the LQG quantization scheme 
that takes into account the cosmological symmetries. Its background dynamics, 
governed by the effective modified Friedmann equation 


(iB). : 


leads to a bounce and is now well established. It has been confirmed by numerical 
simulations [4], but also by calculations in group field theory [5], underlining the 
robustness of the model. In this equation H is the Hubble parameter, & — 87, p 
stands for the energy density, and pe ~ pp; for its value at the bounce. 

The situation is however less clear for perturbations. Not only because different 
settings are being considered (mainly the deformed algebra [6] and the dressed met- 
ric [7] approaches) but most importantly because trans-planckian effects are often 
neglected or not treated as a dominant process. It seems that too much emphasis 
has been put on density effects and not enough on length effects. Even if the former 
do trigger the bounce the latter cannot be ignored in a theory that modifies the 
space structure at the Planck length. In this proceeding I will therefore focus on 
two new results in LQC : i) the prediction of the duration of inflation as a function 
of all the unknown parameters of the model and ii) new primordial power spectra 
obtained with modified dispersion relations accounting for trans-planckian effects. 
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2. Exhaustive investigation of the inflation duration in the loop 
quantum cosmological framework 


Remarkably, inflation is a strong attractor and appears naturally in the LQC model 
as long as the matter content of the universe is assumed to be a massive scalar field. 
One of the most interesting consequence of this cosmological framework is therefore 
that the inflation duration can, to some extent, be predicted. 

However, even at the background level, three main uncertainties remain to be ad- 
dressed systematically. The first one is related with the way to set initial conditions. 
There are mainly two schools of thought : the first one sets them in the remote past 
of the contracting branch whereas the other one sets them at the bounce. Since 
those initial conditions are in a one-to-one correspondence with each other the key 
point is to look for a variable to which a known probability distribution function 
(PDF) can be assigned. The second uncertainty is associated with the amount of 
anisotropic shear at the bounce, which is expected to play an important role in any 
bouncing model. Finally the third main uncertainty is the inflaton potential shape, 
as the matter content of the universe is not predicted by LQG (but can be partially 
experimentally determined). 

Within this framework we have performed an exhaustive investigation of the 
duration of inflation by varying those three unknowns [8]. 

When dealing with the initial conditions issue, it is in our opinion more appealing 
to set them in the remote past of the classical contracting branch of the Universe. 
In this case, a flat PDF can easily be associated to the initial phase of the scalar 
field. If we do so, and if the inflaton potential is confining, the duration of inflation 
appears to be severely constrained and, most interestingly, the predicted number 
of e-folds is not much higher than the minimum value required by observations. 
'This result is an important feature of the loop quantum cosmological model and 
underlines its strong predictive power for a massive scalar field. This predictive 
power is even increased when anisotropies are taken into account as the number of 
e-folds associated with the PDF mean value decreases. However the LQC predictive 
power is basically lost if initial conditions are set at the bounce as there is apparently 
no variable to which a known PDF can be assigned. 

In summary, once the inflaton potential is determined and if initial conditions 
are set in the contracting branch, in agreement with the intuition of causality, 
there is an obviously interesting predictive power of LGC for the inflation duration. 
'This predictive power is stronger when the potential is confining and weaker if it 
features a plateau-like shape. The initial amount of shear remains however unknown 
but this is not necessarily a problem if the inflaton potential is confining as the 
predicted e-folds number is then restricted to a small interval, bounded from below 
by observations and from above by the isotropic case. 
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3. A first step towards the inflationary trans-planckian problem 
treatment in loop quantum cosmology 


The trans-planckian problem is a well-known cosmological issue [9] that cannot be 
ignored in the LQG framework. As soon as the number of e-folds of inflation is 
higher than 70, all modes of physical interest were highly trans-planckien at the 
bounce time. 

As a first elementary step to account for trans-planckian effects, we have sug- 
gested the use of modified dispersion relations (MDRs) in the LQC framework [10]. 
This is obviously not the final word on this question and trans-planckian effects 
should ideally be considered in the full theory setting but we believe that MDRs 
are a meaningful first step. 

Modified relations need to be applied to physical quantities and are therefore 
introduced in the Mukhanov-Sasaki equation by the replacement: k, — F(k,). The 
F(k,) function depends on the considered dispersion relation, the standard case 
corresponding to F(ky) = ky. The Mukhanov-Sasaki equation in the Deformed 
Algebra approach then becomes: 


vi (n) + (amera E —; vn(n) = 0, (2) 


where Q(7) = 1 — 2p(g)/pe. It is usually thought that the Deformed Algebra 
approach is excluded by data because of an exponential increase of the power spectra 
in the ultraviolet regime due to the Q factor. One should however keep in mind that 
what is excluded is just a very specific scenario in which anisotropies, backreaction, 
and more importantly the trans-planckian problem, have been neglected. Namely 
we have shown that considering the MDR 


1 1 
F (kip) = ko tanh LG P = hy tanh (ac) | » (3) 


where ko is the transition scale in physical coordinates and p determines the sharp- 
ness of the transition, cures the pathological behaviour of the deformed algebra, 
and leads to almost scale-invariant spectra in the observed regime both for tensor 
and scalar perturbations, as it can be seen in Figs. 1 and 2. 

'This is a significant result in the sense that the Deformed Algebra approach is 
now shown, when trans-planckian effects are taken into account, to be possibly in 
agreement with data. This also shows that the spectra are actually highly sensi- 
tive to quantum gravity effects and a better understanding of the trans-planckian 
behaviour from the full LQG theory is necessary to go ahead in this direction. 
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Fig. 1. Primordial tensor power spectrum in the deformed algebra approach with the Unruh-like 
MDR F(ky) = ko tanh [(ke/(a(t)ko))P]!/?, ko = 10 and p — 1. 
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Fig. 2. Primordial scalar power spectrum in the deformed algebra approach with the Unruh-like 
MDR F(ky) = ko tanh ((kc/(a(t)ko))?]/?, ko = 10 and p = 1. 
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Loop Quantum Cosmology has recently been applied to extend the analysis of primordial 
perturbations to the Planck era. Two approaches to Loop Quantum Cosmology leading 
to predictions that can be compatible with observations are the so-called hybrid and 
dressed metric approaches. In spite of their similarities, we show that the effective 
equations that they provide for the evolution of the perturbations are different. When 
backreaction is neglected, the discrepancy appears only in the time-dependent mass term 
of the corresponding field equations. We explain the origin of this difference. 


Keywords: Loop Quantum Cosmology, Cosmological Perturbations. 


1. Introduction 


'The present era of precision cosmology is opening potential windows to falsify al- 
ternative theories of gravity, including those that contain quantum effects. One of 
these theories is Loop Quantum Cosmology (LQC).! By applying the methods of 
Loop Quantum Gravity, LQC enables us to extend the study of cosmological per- 
turbations beyond the onset of inflation. In particular, in LQC there exist physical 
states that are peaked on effective trajectories which avoid the Big Bang singularity 
by means of a quantum bounce, known as the Big Bounce.! 

Two approaches to LQC that have a conventional ultraviolet behaviour and 
have led so far to predictions compatible with the observations are the so-called 
hybrid? ? and dressed metric? approaches. In both of them, quantum geometry 
effects around the bounce change not only the cosmological evolution, but also the 
propagation of the perturbations and their vacuum. Moreover, in both cases the 
primordial perturbations can be described by a collection of *harmonic" oscillators 
with a time-dependent mass. The aim of this work is to show that those masses are 
different, and therefore the evolution of the perturbations and the imprints left on 
them by quantum effects can differ. We use units with c = A = 1. 


2. Cosmological Perturbations in Loop Quantum Cosmology 


We start with a homogeneous and isotropic cosmology with flat compact sections, 
with metric ds? = —N@(t)dt? + a?(t) ?h;;d0;d0;. The angular coordinates 0; have 
a period lo, a is the scale factor, ?^;; the Euclidean metric, and No the lapse. We 
include a homogeneous scalar field, the inflaton, subject to a potential V (à). 

The phase space of this cosmology can be described with the canonical pairs 
(a, Ta) and (¢,7¢). In LQC it is usual to replace (a, a) with the pair! (v, 5/2), 
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where v is the volume of the spatial sections, up to a constant, and b is proportional 
to the Hubble parameter; a? = 27Gy./Ag|v|/lj and ay, = —3vb/2. The sign 
of v determines the orientation of the triad, y is the Immirzi parameter, and A, 
is the area gap (the minimum positive area eigenvalue allowed by Loop Quantum 
Gravity).! 

To consider small anisotropies and inhomogeneities, we next introduce pertur- 
bations in the geometry and the inflaton.? We expand them in scalar, vector, and 
tensor harmonics (of the spatial Laplacian) taking advantage of the background 
symmetries.? This perturbed cosmology is the system that we are going to analyze. 

In the hybrid approach, one starts the analysis by truncating the action at 
quadratic order in perturbations. Zero modes are treated exactly at this order. 
After the truncation, the system can be shown to be symplectic and subject to 
constraints, inherited from General Relativity (GR).? Moreover, at our perturbation 
order, one can introduce canonical variables that include a gauge-invariant set for 
the perturbations [namely, the tensor modes and the Mukhanov-Sasaki (MS) scalar] 
and corrected zero modes, the rest of variables being perturbative constraints and 
gauge degrees of freedom.? The corrected zero modes differ from the original ones in 
quadratic perturbative contributions that can be understood as backreaction terms. 
In the following, we will adopt the same notation for the original and the corrected 
zero modes, to simplify the discussion and because we will assume that backreaction 
does not play an important role in our states. 

Physical states depend only on zero modes and perturbative gauge invariants. 
In the hybrid approach, these states are still subject to a global constraint. It is the 
zero mode of the Hamiltonian constraint, obtained from that of the homogenous 
cosmology, Ho, by adding to it the Hamiltonians of the tensor and MS modes. To 
find solutions, it is common to adopt an ansatz with separation of variables in the 
different gauge invariants and the homogeneous geometry, with the inflaton viewed 
as an internal time (so that each partial state can vary with it). Moreover, as part of 
the ansatz, we consider states of the homogeneous geometry that are: 1) supported 
on the superselection sectors of homogenous LQC;? 2) solutions to homogeneous 
LQC (thus, we ignore the possible backreaction of the perturbations); and 3) peaked 
on trajectories of the so-called effective LQC dynamics. ! 

We recall that in LQC the connection variable b does not admit a straightfor- 
ward operator representation, and needs to be represented in terms of holonomies, 
which have elements of the form e*/'/2, In practice, this has the effect of replacing 
the powers of b in the Hamiltonian constraint by powers of sine functions. For 
the homogeneous cosmology, instead of Ho, the resulting effective Hamiltonian is 
Hel? = [12 — 31 Gv? sin? b + 817? G?4? Av? V ($)]/(4&G^4/ ^v). The correspond- 
ing dynamics corrects the trajectories of GR.! In the rest of our discussion, we are 
going to consider precisely such effective trajectories. 

If we define the density and pressure of the inflaton as in the homogenous case, 
ie. p = V(9) + n2/(81^ G^" Agu?) and P = p — 2V(9), from the fact that the 
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volume has a minimum at the bounce one can check that the density reaches there 
a maximum, known as the critical density: pmax = 3/(81G4?A5). Note also that, 
since the kinetic energy of the inflaton is positive, the potential contribution can 
never be larger than the density, and hence V(9) € pma. 

On effective trajectories of LQC, one gets in the hybrid approach a constraint 
for the perturbations that, in conformal time (with the corresponding derivative 
indicated with a prime), leads to the following mode equations: ^? 


4nrG 
3 


n 4rG n ~ 
di + L ae a (p—3P)|dg, —0, vg + |k^— a° (p — 3P) + J vg =0, 
for the tensor modes dz , and the modes vz of the MS scalar, respectively. Here, k 
is the (constant) wave edo k is its norm, and e indicates the two polarizations 
of the tensor perturbations. Besides, for the MS scalar, we have defined 
81 G^ / A, sin(2b) 1287 G A, 1,2 J 


U =a? |V oo + 


4 
Eo dub Ws + 487GV (¢) sin? b 


We will refer to this function as the MS potential. The ratio of sine functions in 
U appears because, in the hybrid quantization, one must adopt a prescription that 
respects the homogeneous superselection sectors, as we will further explain below. 5 
The comma followed by $ denotes the derivative with respect to the inflaton. 

We will call time-dependent mass the k-indepedent term that multiplies the 
perturbation mode in these equations of harmonic-oscillator type. In particular, 
for dz, this mass can be rewritten as 4«Ga?(3P — p)/3 = —({a{a, Ho}, Ho})esff, 
she the result of the double Poisson bracket with the generator of the MU NE 
dynamics, Ho, must be evaluated on effective trajectories after its computation. 8 

'The dynamical equations for the gauge invariant perturbations in GR are actu- 
ally very similar to those displayed above. In the case of GR, the MS potential is 
provided by the following slightly different function 


6 
U =a? V4$ — ip yn + 487GV (à) — Bho ay2() 

aTa T2 
and the time-dependent mass of the tensor modes, though given by the same double 
Poisson bracket, is not evaluated on effective trajectories, but on Einsteinian ones. 
Let us now discuss the dressed metric approach. In this case, one first imposes 
as a constraint the zero mode of the Hamiltonian in homogeneous LQC, Ho. There- 
fore, no backreaction is contemplated. Peaked solutions of this constraint determine 
a dressed metric, which incorporates quantum corrections. This homogeneous peak 
trajectory is then lifted to the truncated phase space, obtaining dynamical equa- 
tions for the tensor and MS modes. In the description of these gauge-invariant 
perturbations in the dressed metric approach, one often uses mode coefficients T 
and Qg that are related by a e to the variables that satisfy equations of the 
harmonic-oscillator type: qe = y321Glidy. </a and Qg = = RP vela (this scaling 
can be completed into a PE adedd transformation; for details see Ref. 5). After the 
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scaling one gets, in the corresponding conformal time, propagation equations that 
are similar to those of the hybrid approach, but with the time-dependent mass of 
the tensor modes and the MS potential replaced, respectively, with? 
4rG 
—(a(a, HF) HST) = 4nGa? P (1 apt ) E Zap (: d gc ) 


Pmax Pmax 


A8nG3 
— m2 + I§aSV ($) 
We end with a caveat. Compatibility of the expression of W with the value of the 


MS potential in GR requires that the sign of yf coincides with the sign of 75/75, 
7,8 


W-e|vas-2/fvs-fve). f 


which changes from collapsing to expanding branches in effective trajectories. 


3. Differences in The Time-Dependent Mass 


We can now specify and explain the difference between the time-dependent masses 
of the hybrid and the dressed metric approaches. Let us start with the mass of 
the tensor perturbations. This mass is in fact minus the second derivative of the 
scale factor with respect to the conformal time, divided by the scale factor.? The 
difference arises because in the hybrid approach one obtains this second derivative 
in terms of canonical expressions, which are evaluated on the effective trajectory 
only at the very end of the calculation, whereas in the dressed metric approach the 
derivatives are computed with the generator of the effective dynamics. Thus, the 
difference comes from the fact that ((a(a, Ho), Ho])er; + (a(a, HET}, He}. 

Consider now the time-dependent mass of the MS scalar which, compared to 
the mass of the tensor modes, includes the MS potential as an additional contribu- 
tion. Differences in this potential appear only in the term proportional to V. On 
the one hand, as we have commented, its coefficient must have the sign of —74/7a, 
something that is granted in the hybrid approach, but that in the dressed metric ap- 
proach requires a cautious definition of the square root of f. On the other hand, this 
coefficient is not exactly the same in the two approaches. This is due to the different 
prescriptions adopted to represent the function 1/b.? In fact, in GR the coefficient 
is —12am4/7 = 8a?ns/ (vb). This becomes 81G^/ A7, sin (2b) /(Iga sin? b) in the 
hybrid approach to respect the homogeneous superselection sectors (and assure a 
non-negative denominator). In the dressed metric approach, however, it has the 
effective counterpart 167Gy.\/A,74/(Igasin b), obtained with the direct promotion 
of b to sinb without having to comply with any superselection issue. 

It is worth noting that the differences that affect the MS potential are not rel- 
evant for kinetically dominated solutions, on which the inflaton potential has a 
small influence. This type of solutions are of the greatest interest in LQC, be- 
cause they may lead to power spectra for the fluctuations that are compatible with 
the observations while retaining quantum features at large scales. These features 
were considered e.g. in Ref. 5 for the case of a quadratic potential, with a mass 
of 1.2 x 10-9 Planck units. In the following, we will call s®, s(2, &(0, and à(9 
the time-dependent masses of the tensor (t) and scalar (s) modes in the hybrid and 
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the dressed metric approaches, respectively. With kinetic dominance, therefore, 
the tensor and scalar masses are almost identical. However, the masses of the hy- 
brid and the dressed metric approaches are in general significantly different around 
the bounce, owing to the effects of the two distinct generators of the homogenous 
dynamics. 8 

On the other hand, in the effective trajectories of LQC the Big Bounce provides a 
distinguished spatial section that can be used to set initial conditions. The positivity 
of the time-dependent mass at the bounce becomes then a relevant issue, because the 
initial oscillatory or exponential behavior of the modes far from the ultraviolet sector 
depends just on it. Moreover, a negative mass can be an obstacle to impose initial 
conditions corresponding to adiabatic vacuum states, determined by a frequency €); 
that is defined iteratively as a solution of a differential equation, starting with the 
value Vk? + s, where s is the time-dependent mass.^? 

Since the density of the inflaton equals its critical value pmax at the bounce, the 
pressure is determined there by the potential. Therefore, the tensor mass depends 
only on the potential at the bounce, Vg. We get? sË /(81Ga?,) = —Vg + Pmax/3 
and 3 (B Ga) = Vp — Pmaz, Where ag is the scale factor at the bounce. From 
this, we see that the mass is positive in the hybrid approach for Vg € [0, Pmax/3], 
which includes the interesting sector of kinetic dominance. However, the mass of 
the dressed metric approach can never be positive at the bounce, since Vg < pmaz. 

We analyze now the scalar mass in the hybrid approach. The corresponding 
MS potential at the bounce has a quadratic expression in terms of Vg, namely 
Us = a3 V +487GVp — 128r°G?~? A V$]. Let us consider non-negative inflaton 
potentials, and treat the second derivative at the bounce VE, as a non-negative 
parameter. Actually, in the case of a quadratic potential, this derivative is just the 
inflaton mass. The expression of s?) is also a quadratic polynomial, with only one 
positive root, x4 = (5+ 4/33 + 85? A,V 2,)pmas/12. It is not difficult to check? 
that, with our assumptions, the mass is positive for Vg X r,. This includes the 
region of kinetic dominance. Besides, since rz, > z4(VÀ, — 0) z 0.895, we can 
assure that the mass is always positive for Vg € [0,0.895 pmaz]- 

For the case of the dressed metric approach, the MS potential at the bounce 
is We = aSV5, + 165 G^ /As(|ó5|/ap)V + 481 GVg — 1287? G?? A V2]. Let 
us assume that val < Ci /2V 5, Vp, for a certain quantity C = C(V 8.) of the 
order of the unit. Actually, for a mass term, we have C = 1. Then we can bound 
the term of VË and, defining the two polynomials of Vg (with V, regarded as a 


parameter) Py = 89) +03[V 3, +48rGVg +6C,/V 2, / (y / A,) - 1282? G?? A, V8], 


we conclude? that P_ < je < P}. Moreover, for small "A the roots of these 
polynomials satisfy y- (P+) € y_(P_) € y4(P_) € y4 (P4). Indeed, for a mass term 
as the inflaton potential, and values of the inflaton mass close to that considered 
in Ref. 5, one gets y?A,V2, ~ 107^, which is certainly very small. For such 
negligible values, the lowest root of the analyzed polynomials is y- (P) © Pmaz/6. 
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As a consequence, the time-dependent mass of the scalar modes in the dressed metric 
approach is negative for Vg € [0, y_(P+)] ~ [0, 9545/6]. In addition, for negligible 
PAV S one can show that 37 is negative in the interval [y;(P+), Pmax] around 


the region of potential dominance. 


4. Conclusions 


We have seen that the hybrid and the dressed metric approaches lead to differ- 
ent time-dependent masses for the cosmological perturbations, and therefore they 
predict different departures from GR in the early evolution of the primordial fluc- 
tuations. The most relevant difference is a consequence of the tension between the 
canonical methods and the effective dynamics when computing time derivatives in 
the expression of the tensor mass. There exist other differences arising from the dis- 
tinct quantization prescriptions adopted for the term proportional to the derivative 
of the inflaton potential in the scalar mass, but this are not important in scenarios 
with kinetic dominance. Particularizing our study to the Big Bounce, we have seen 
that the time-dependent mass is positive in the hybrid approach in an ample sector 
of solutions that contains all kinetically dominated ones. Around those solutions, 
however, the mass is negative for the dressed metric approach. This negativity may 
be an obstruction for the definition of initial conditions for certain vacua. 
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Some recent results on black holes in effective loop quantum gravity are presented. Quan- 
tum gravity effects might allow the transition of a black hole into a white hole, when the 
Planck density is reached. I briefly review previous studies and focus on the random na- 
ture of the bouncing lifetime which was not previously taken into account. I show that, 
when we consider a stochastic lifetime, the signal emitted by bouncing black holes might 
explain fast radio bursts. Then, I present new results on the absorption cross sections 
calculated for a quasi Schwarzschild black hole including loop quantum gravity correc- 
tions. The black hole geometry deformation due to quantum effects has consequences 
for the cross sections and the Hawking spectrum. 


Keywords: Black hole, quantum gravity, quantum field theory. 


1. Bouncing black holes 


This part is based on [1]. A bouncing black hole (BH) is described by a classical 

collapsing solution which is linked to the classical exploding one by a quantum tun- 

neling. It was argued [2, 3] that a BH of mass M would have a lifetime in the order 

of M?. Because of the quantum nature of the process, the lifetime of a bouncing 

BH should be considered as a random variable. The mean lifetime of a BH would 

be t = kM?, with k chosen to be around 0.05 [2]. The probability that a BH has 
t 


not bounced yet after a time t is given by P(t) = ie 7. This is similar to the usual 
nuclear decay behavior. We focus on local effects and consider primordial black 
holes (PBHs) as we are interested in BH bouncing in the contemporary universe. 


The number of BHs bouncing after the Hubble time ty in a time interval dt is 


No 
kM? 


dN = e^ EM? dt, (1) 
where No is the initial abundance. The initial differential mass spectrum of the 
considered PBHs is given by dN/dM. Photons emitted have a characteristic wave- 
length in the order of the size of the BH. The shape of the signal emitted by a single 
BH is assumed to be given by a Gaussian function: 


dNBH _ (E- Eg)? 
= AcE, (2) 


where Ey = 1/(2Rs) = 1/(4M), with Rs the Schwarzschild radius. The width 
is fixed to be og = 0.1E but the results do not critically depend on this value. 
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The full signal due to a local distribution of bouncing BHs is given by 


oo (E— Eg)? 
on = Ae ME YM) ge (3) 
Mpi 
We considered two types of mass spectra for the PBHs. The first one is peaked 
around a value Mo (4). It is justified if the PBHs are created during a phase 
transition [4], for exemple. The second one is quite wide (5). It could be explain 
if PBHs are produced by a scale-invariant density pertubations in a perfect fluid 
[5]. In that case the spectrum is proportional to M^. Here we considered o as an 
unknown parameter. 


_ (M- Mg)? dN 
cud «e 2 i (4) — x M*. (5) 


6$ (arbitary units) 
| 


1000.0 


0.1 


E (eV) 


Fig. 1. Differential electromagnetic flux emit- Fig.2. Signalexpected from a wide mass spec- 
ted by bouncing PBHs for a central mass Mo trum, with a = (—3, —2, —1, 0} from the lower 
equal (from right to left) to Mity, 10Mig, 
100M;, , and 1000Mi, . 


curve to the upper curve at 10-9 eV. 

In Fig. 1, the expected emitted flux is shown for different values of the central 
mass Mo. Actually the mean energy of the signal might not be the one naively 
expected: E ~ 1/4M;,, with Mj, the mass satisfying ty = kKM?, (corresponding 
to BHs with a mean lifetime equal to the age of the universe). Because of the 
stochastic nature of the process, the mean energy of the emitted signal can be 
different from the one obtained in previous studies. The central mass Mo can in 
principle be different than M;,. If the mass spectrum is peaked around masses 
higher than M;,,, it is possible to have a signal in the energy range of the fast 
radio bursts (FRBs): the curve on the left in Fig. 1 is peaked around 10-9 eV. It 
was not the case when the lifetime was taken to be deterministic. Then, in Fig. 1, 
we observe that the mean signal highly depends on the value of the peak mass 
and at this stage, there is no obvious motivation for choosing a specific value. In 
Fig. 2, we present the expected signal for a wide spectrum. The shape of the mass 
spectrum does influence the shape of expected signal as the probabilistic nature 
of the lifetime is now taken into account: BHs with masses smaller or larger than 
Mi, do also contribute to the emitted radiation and changing their relative weights 
influences the result. Because of the probabilistic lifetime, we could observed a 
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signal in FRBs energy range. As a conclusion, one should expect a higher flux as 
the energy increases (up to the infrared band). The slope of the signal spectrum 
reflects that of the mass spectrum. 

The key point of this study was to show that the randomness of the lifetime 
of BHs in quantum gravity can drastically change the spectral characteristic of the 
expected signal and can lead to predictions. 


2. Emission cross section for loop black holes 


The Hawking evaporation process [6] predicts that BHs emit a blackbody spectrum 
at temperature Ty = 1/(87M/), with M the mass of the BH. However, the real 
spectrum is slightly more complicated because the emitted particles have to cross a 
potential barrier before escaping to infinity. This induces a modification, captured 
by the cross section c, it encode information on the spacetime structure considered. 
'The spectrum reads as: 


dN 1 Bk 
— = -o (M, 5, uns 6 
dt = eT + rh ^e) (21)? E 


with s the particle spin and w its energy. We have calculated this cross section 
for an effective loop BH [7]. The resulting metric (7) is obtained by considering a 
minisuperspace, based on polymerization procedure. It take into account that, in 
LQG, there is a minimal area. 


ds? = -G(r)dt? + dr? +H (r)dQ?, (7) G(r) — Porr uM (8) 


F(r) r^ + a2 
(rr - rr a 
F(r)2 X———À———— 9 $2400 
(r) (r + r4) (r4 m a2) , ( ) H(r) ro + p ; (10) 
: 00 y330 : _ = 2 = 
with ag = —;. There are two horizons rj = 2M and r- = 2MP*, rą = 


VT4T- = 2MP and d9? = dé? + sin?@d¢*. y is the Barbero-Immirzi parameter, 
P = (V1 + —1) is the polymeric function, e = 76, with ó the polymeric parameter. 
With ag = 0, the metric (7) tends to the Schwarzschild one when 6 tends to zero. 
According to the optical theorem [8], the cross section reads 


o(w) = V^ SA 4,2, (11) 


where A; is the transmission coefficient of the angular momentum mode l, and 
j = l+ sis the total angular momentum. 


2.1. Massless scalar field 


Considering the underlying symmetries, the scalar field can be written as 
$(r,0,0,t) = R(r)A(0)e' "9. where w is the frequency and m is an integer. 
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'The dynamics of a massless scalar field minimally coupled to a gravitational field is 
described by the generalized Klein-Gordon equation. With the metric (7) we obtain 
the radial equation (12): 


VGF G 

a (HVGFo,R) + (^^ - SUI + D) R=0. (12) 
We define the tortoise coordinate r*: dr* = dr/ V GF. At the horizon r+, the radial 
part of the wave function R^ will be a plane wave (13) with respect to r*. At 
infinity, the radial wave function R® is a spherically wave (14): 


oo oo 


iur" iwr” oo AT —iwr A iwr 
Rh(*)- Abe 97 yAn — R*(r) = entr + mM, (14) 


with A^ (respectively A”,,) the probability amplitude for the incoming modes 
(resp. outgoing modes) at the horizon. Same definitions for A?? at the infinity. For 
convenience, we choose the absorption point of view. With this convention, there are 
incoming and outgoing modes infinitively far from the BH and only incoming ones 
at the horizon. We therefore impose A’, = 0. With the asymptotic solutions and 
by solving the differential equation (12), we obtained numerically the transmission 
amplitude from which the cross section can be obtained: 


Fig. 3. Emission cross section for a scalar 


100 field with energy w in the background space- 
time of a loop BH of mass M for different 
90 values of e (e = yô measures the “quantum- 
ness" of spacetime). From bottom to top: 
80 e = 101-9.3.-0.6,-0.8,-1,-3). The blue line, 


corresponding to e = 1073, is superposed with 
the cross section for a Schwarzschild BH. 


0.2 0.4 0.6 0.8 1.0 


In Fig. 3 we observe that the cross section does decrease when e increases. When 
e < 10-9 it is hard to distinguish between the solutions. It therefore seems that 
taking into account the quantum correction does not influence the cross section of 
a scalar field for reasonable value of e, that is e << 1. Howerver, the main trend is 
clear. 
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2.2. Massless spin i field 


For spin-4 fields, we have used the Newman-Penrose formalism [9]. We choose the 
following basis: 


1 1 1 1 
UE AP). n= (z 
v2 E- v2 \ vG 

i 1 ( 0.0 1 i ) 4 1 ( 0.0 1 —i ) 
m = -F Ye] oj M S r C FETU Jo A 
V2 VH VHsiné V2 VH VHsiné 
Then we calculate me spin coefficients. The wavefunction is represented by a pair 
of spinors, P^ and g^ with A — 0,1 and A' — 0,1. We use the ansatz 


il 


VF.0,0) 


got m) gott mo) 
P? = M — R (r)S4 (0), P! = —— R- (r)8. (0), 
H(r)(G(r)F(r)8 H(r)(G(r)F(r))s 
Eu ei(wttme) -— got m9) 
Q'-. 8 7 7 ks), Q' = —— B — — HR (08.0). 
H(r)(G(r)F(r))s H(r)(G(r)F(r))8 


Following the Chandrasekhar procedure [10], we obtain the radial equation 


GC F' iw 
HFD (VHFDİ R, | -X° R, = ith D= = (li 
v (v Ry) MR, =0, wi 8, +(S- s) (16) 


and A = l + 1a separation constant. At the horizon, the solution at the horizon 


reads as: 

Ry(r*) = Aye, (17) 
with A; a complex number and zı a complex number with a positive imagi- 
nary part. As before, we normalize such that R4(rini) = 1, which leads to 
dR4 (fini) _ zı 


dr TC At spacial infinity, the solution is a plane wave. 


It has been shown in [11] that the transmission coefficient for spin 1/2 fields is 
given by: 


(18) 


By the same procedure described in the scalar field section, we obtain the cross 
section 

In Fig. 4 we observe that the general trend is to decrease the cross section when 
the quantum correction increases. This should leave a footprint through a distortion 
of the instantaneous Hawking spectrum which will exhibit slight suppression of its 
UV tail because the relative effect is getting bigger with an increasing energy of the 
emitted particle. For scalar and fermionic fields, the trend is clear but the effects are 


o 
26 
Fig. 4. Emission cross section for a fermionic 
24L A . 
field, with energy w, in the background space- 
22* time of a LBH of mass M. From bottom to top: 
2ol e = 10070.3,—0.6,—0.8,-1,—3), The dashed dark 
curve corresponds to the Schwarzschild cross 
18r section. 
16r 


0.0 0.2 0.4 0.6 0.8 1.0 


generically small. From the phenomenological point of view, if the polymerisation 
parameter is large we could probe a decreased cross section. 
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We summarize our investigations of the second-order perturbations in loop quantum 
cosmology (LQC). We shall discuss, primarily, two aspects. Firstly, whether the second- 
order contributions arising from the cosmic bounce, occurring at Planck scale, could be 
large enough to break the validity of perturbation theory. Secondly, the implications of 
the upper bounds on primordial non-Gaussianity, arrived at by the Planck collaboration, 
on the LQC phenomenology. 


Keywords: Loop quantum cosmology; Primordial non-Gaussianity. 


1. Introduction 


Loop quantum cosmology (LQC) provides an extension of the inflationary paradigm 
to the Planck era (see, for instance, Ref. 1). Over the past decade or so, there has 
been a research program aimed at investigating the viability of LQC as a theory 
of the pre-inflationary universe. Until now, investigations of primordial perturba- 
tions generated in LQC have focused mainly at the level of the power spectrum. 
In this work, we extend the analysis to the level of three-point functions, namely, 
the bispectrum of curvature perturbations. We will analyze primarily two aspects. 
Firstly, we check whether next-to-leading order corrections to the power spectrum 
are sub-leading. Secondly, we verify that the amount of non-Gaussianity as quanti- 
fied by the dimensionless quantity fwr is compatible with the observations of cosmic 
microwave background (CMB) and investigate new predictions. 


2. Computation of the Bispectrum in the Dressed Metric 
Approach 


The system of interest is scalar perturbations ó$ living on a Friedmann-Lemaitre- 
Robertson-Walker (FLRW) metric sourced by a scalar field ¢. In LQC, such a 
system is described by a wavefunction W(v, ¢, 6¢), where v = a? Vo4/kK with a 
being the scale factor and Yo, the volume of the universe, introduced to regulate 


2036 


infrared divergence. The dynamics is governed by the constraint equation, HV = 0, 
where the Hamiltonian operator can be split in to the background and perturbed 
part as H = Hrrnw t Apert. We are interested in solutions wherein Y (v, ¢, 6¢) = 
Vo(v, $,) & óW(v, $, 09), where Yo describes a quantum FLRW geometry and Y 
describes the scalar perturbations. 

The states V, satisfies the equation Urrirw Vo = 0. It has been shown that, 
for states that are sharply peaked in the volume v during the entire evolution, the 
background geometry can be described by an effective classical Hamiltonian (see 
e.g. Ref. 1 and references therein). In the dressed metric approach, we are inter- 
ested in quantum states dW(v, ¢, 69) that are a small perturbation around such 
a quantum FLRW state Vo(v, $). A detailed analysis shows that óW(v, ¢, 6¢) 
are solutions to the Schrödinger equation, ih 050 = (WolHpert{[Ny]|Vo) OV, where 
Apert = ÅP + 409, namely the Hamiltonian at second and third order in per- 
turbations respectively and Ng is the lapse associated with relational time $.? 

We are interested in computing the correlation functions of these scalar pertur- 
bations. The first step is to expand the perturbations in Fourier space and introduce 
creation and annihilation operators 


n a ol " 
óQ(a,m) = / ns (A ex(n) + A Z0) gi (1) 


where [A;, Al] = ñ (2x)? 5) (k-- K') and [Az, Àj] = 0. The dynamics of perturba- 
tions are governed by the second-order Hamiltonian with the background quantities 
determined using the effective background Hamiltonian. The scalar power spectrum 
of à is defined as 


(0165 (1)565, (n)10) = (2r) 80 (k + k^) —Pss(k,m) (2) 


where |0) is the vacuum annihilated by the operators A; for all k. For the purpose of 
relating perturbations to the late time physics, it is convenient to express the power 
spectrum in terms of comoving curvature perturbations. The power spectrum of 
curvature perturbation, R, in terms of inflaton perturbation 6¢, evaluated at the 


2 
end of inflation is Pr(k) = (=) aa lek(rena)? , where z = —£2e with 


k = 871 G and pg and Ta are momenta conjugate to @ and a respectively. 

The self-interaction of scalar perturbation, at lowest order, is described by the 
third-order interaction Hamiltonian, Hint = (Vo/H® [Ng]|Wo).2 The perturbations 
at this order are quantified using the scalar bispectrum, Br(ki,k2,k3), that is 
defined in terms of curvature perturbations by 


(0|. Rg, Rg |0) = (2r)°5 (ky + kz + ks) Bg (V, k2, ka) (3) 


It is often convenient to quantify the bispectrum using a dimensionless function, 
fi, which can be defined as, 


6 
Bg (ki, ko, k3) = —= fun (ki, ko, ka) x (An, Aka + Akı Ag, + Ak-Aks), (4) 
5 
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where Aj, = ast Pr(k) is the dimensionful power spectrum. 
In order to compute bispectrum, we need to express it in terms of 6¢@ as follows, 


M " " 3 nu H a» 3 V. 5 2 4 

Or Raat) = (E) mind m Cr) CS 
dè 5 ^ Nu E 3 PA 2 

SPESE + (Ki € Ka) + (ko € ks) 4 ZI (5) 


where the symbols (ki e k;) indicate terms obtained by replacing k; with k; in the 
first term of the second line and the dots indicate higher order terms. At leading 
order in perturbations, the first term on RHS can be evaluated using time dependent 
perturbation theory 


(056g. (MEg, (MEg MIO) = (01567, (n) 54%, (0)561, (7) 10) 
= ih [ dn (0l [ior (mo mos (0). 0] 10), 
(6) 


where the superscript I indicates fields in the interaction picture. Since, 6d! is a 
Gaussian field, the first term vanishes and only the second term contributes. The 
second term in the RHS of Eq. (5) can be evaluated using Wick's theorem and 
Eq. (2). Using Eqs. (5) and (6), one can compute the bispectrum and hence the 
function fwr, using Eq. (4). 


3. Numerical Method and Results 


In this section, we will briefly describe our implementation of the formalism for 
computing fwr, and the results we obtain. In order to compute fng at the end 
of inflation, one needs to evolve the perturbations from an early time before the 
bounce until the perturbations leave the horizon during inflation at which point their 
amplitude freezes in time. We need to make three choices to do this computation. 
Firstly, we need to specify the potential governing the field $. We choose the 
quadratic potential, V(¢) = m? $?/2, where m = 6.4x10- 9M p;. Secondly, we need 
to choose a background geometry by specifying the value of ¢ and energy density, p, 
at the bounce. We work with g = 7.62 Mp; and pp = 1 Mbe where subscript B 
denotes the bounce, so that the effects due to LQC appear at observable scales while 
respecting the Planck constraints on power spectrum. Finally, we need to choose 
an initial state for perturbations, which we choose to be a Minkowski initial state. 


More specifically, we choose gi (ro) = am EE and p! (no) = [-i k + — tx (rio) 
as initial data for the modes, at conformal time gg = —2.8 x 10? Tp; (the bounce 


takes place at 7 = 0). The initial time was chosen so that all the modes of interest, 
namely those between kmin = k./10, and kmax = 1000k., where k,/a(ttoday) = 
0.002 Mpc ^! is the pivot scale, were in the adiabatic regime. We have investigated 
the effects of varying these choices in detail in Ref. 2. 
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To perform this computation, we use the platform provided by class. The 
computation was done in two stages. In the first stage we evolve the background 
from very early times to the end of inflation. In the second step, we convert the 
time integral in Eq. (6) to a differential equation and evolve it together with the 
differential equation for the fourier modes. In the remaining part of this section, we 
will discuss the various results. 


1077E 
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Fig. 1. The power spectrum and fwr(ki, ko, k3) evaluated in the equilateral limit. 
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Fig. 2. The shape of the non-Gaussianity, fni (k1, ko, ka), evaluated with ki = k./2 and kx. 
'The figure shows the portions allowed by the condition kı + ko + k3 = = 0: 


Fig. 1 depicts the scalar power spectrum and fyi in the equilateral limit. One 
can see that for k < koc, where kroc is the scale set by the spacetime curvature 
at the bounce, the spectra are strongly scale dependent while for k >> kr oc, the 
spectra approach their slow roll values. At low wave numbers, the figure shows that 
fu is oscillatory. We have depicted the fwr, for all configurations in Fig. 2. In this 
figure, we have fixed the value of kı and varied ko and kg in such a way that they 
obey the triangle condition. This figure illustrates the shape of the non-Gaussianity. 
It can be seen that, in both the figures, the fy, peaks in the squeezed(k3 << kı ~ k2) 
- flattened (ky ~ k2 + k3) limit. 

The primordial non-Gaussianity generated due to LQC has a characteristic en- 
hancement of amplitude at scales comparable to kroc. By analyzing the integrals 
involved in the computation of fwr, we can estimate the contribution to fwr, from 
the epoch around the bounce. For modes, k > kroc, we can approximate the mode 
function as pp ~ e~t", Then the contribution to the integral from time around 
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Fig. 3. On left, we have plotted a comparison of the analytical expression, e okt /kiqc | for 
contribution to fwr, from the bounce to the numerical result in different configurations. On right, 
we compute the relative amplitude of the leading order correction to the power spectrum. 


the bounce can be schematically written as, 


An P , oo " 
Is kasko) ~ f dy gln) et ern f dn g(n) e^" W(n, A), (T) 


—An —oo 
where, g(7) is a combination of the functions depending on the background and 
the wavenumbers, ky = kı + k2 + ka and W (n, An) is a window function which 
selects only the contribution from the time range — Ar < 7 < An. This integral can 
be computed using Cauchy's residue theorem and the spectral dependence of the 
integral can be written as e-?^*/*tac, In Fig. 3, we have compared the analytical 
expression with numerical result and we find a good match between the two. 
Finally let us compute the contribution to the power spectrum from the bis- 
pectrum. For the perturbation theory to be valid, this contribution has to be sub- 
dominant. The first perturbative correction to the two-point function of curvature 
perturbation is given by 


(0I Rg, 10) = (2n)%5 (Ky + Fe) ZE h [Pr (ki) + APR()]. — (9) 


where 


ke a\3 3 Va a? kz? d?p IE: 
apet) =a | (-2) EE | a Bol. -R — 7) 


antf 3 Vg až k2] d?p 2 5 
+(-5) Mitia | aol le ab | (9) 


where Bso(ka P, = p) is the bispectrum of inflaton perturbations and all the 
quantities on the right are evaluated at the end of inflation. We have numerically 
ploted the relative amplitude of the first order correction, |APR/Pr|, in Fig. 3. 
We find that, as expected, the magnitude of first-order correction to the power 
spectrum is negligible. This result can be qualitatively understood as follows. The 
leading order contribution to APR (kı) is given by the first term in Eq. (9) and it is 
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given by e fui, P2, where e is the slow roll parameter of O(10~7). Since, fur, < 104 
and Pr < 1077, we obtain APr/Pr < 1074 as in Fig. 3. 


4. Discussion 


Let us conclude by making some remarks on the robustness of the results and its 
implication in the light of Planck data. We have verified the robustness of the 
results to a variation of the basic assumptions discussed in Sec. 3.? For instance, 
we find that the effect of changing œ» is only a shift in the scale which is sensitive 
to the effect of the bounce with respect to the scales observable today. An increase 
in pg also leads only to a similar shift in the scales sensitive to the curvature of the 
bounce, in addition, to an increase in amplitude of fwr. The Planck mission has 
put strong constraints on certain models of scale invariant non-Gaussianity, but, it 
provides little information on the scale dependent non-Gaussianity as produced in 
LQC.? Moreover, since the error bar on fyi goes as 1/ V£, at low multipoles, where 
the non-Gaussianity due to LQC is expected to be large, the error bar would be 
large. Considering the Planck error bars at low multipoles and demanding that the 
enhancement in fng due to the LQC bounce appears at £ €; 50, one could try to 
arrive at constraints on the minimum value of scalar field at the bounce, for a given 
value of pp. Furthermore, by demanding that the imprint of the bounce should 
be at observable scales, we can arrive at an upper bound on óg. For instance, for 
pp = 1 Mg we obtain 7.46Mp| € op € 7.82Mp). It should be kept in mind that 
the constraint described above is a very conservative estimate. Most probably, the 
oscillations in fn, will relax the constraint on op discussed above. A more detailed 
account of this work has been published in Ref. 2. 
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In this proceeding we consider a massive charged scalar field in a uniform electric field 
background in a de Sitter spacetime (dS). We compute the in-vacuum expectation value 
of the trace of the energy-momentum tensor for the created Schwinger pairs, and using 
adiabatic subtraction scheme the trace is regularized. The effect of the Schwinger pair 
creation on the evolution of the Hubble constant is investigated. We find that the pro- 
duction of the semiclassical pairs leads to a decay of the Hubble constant. Whereas, the 
production of a light scalar field in the weak electric field regime leads to a superaccel- 
eration phenomenon. 


Keywords: de Sitter Spacetime; Schwinger Effect; Trace of the Energy-Momentum Ten- 
sor; Evolution of the Hubble Constant. 


1. Introduction 


In a flat spacetime the phenomenon of the pair creation in a strong electric field 
background is referred to as the Schwinger effect.! The presence of the strong elec- 
tromagnetic and gravitational fields in the early Universe motivates the study of 
the Schwinger effect in dS.? The Schwinger effect and the induced current of the 
created pairs were investigated in a uniform electric field for various dimensions 
of the de Sitter spacetime in Refs. 3, 4, 5, 6, 7. Recently, the effect of a con- 
served flux magnetic field on the Schwinger effect in dS has been investigated in 
Ref. 8, see also Ref. 9. Without considering an electromagnetic field, the energy- 
momentum tensor of the created scalar particles in the gravitational background 
field of dS has been investigated in Refs. 10, 11, 12, 13, 14, 15, 16, 17, 18. The 
results of Refs. 10, 15, 16 show that the Hubble constant of dS decays due to the 


2042 


particle creation. Furthermore, the gravitational backreaction effects of the quan- 
tum fluctuations may lead to a superacceleration phase, where the Hubble constant 
increase. 15 Using a semiclassical approach the energy-momentum tensor of the cre- 
ated Schwinger scalars in a dS has been computed in Refs. 6, 19, which showed that 
the Hubble constant decays. The trace of the induced energy-momentum tensor of 
the Schwinger scalars in a three dimensional dS has been investigated in Ref. 20, 
and the authors found that the creation of the semiclassical pairs may lead to an 
increase of the Hubble constant. With the aim of developing the renormalization 
theory in the curved spacetime, recently the Schwinger effect and the conformal 
anomaly for both of the scalar and spinor de Sitter QED cases have been investi- 
gated in Ref. 21. With the aim of completing the work started in Ref. 6 and with 
cosmological applications in mind, in this proceeding we compute the trace of the 
energy-momentum tensor for the Schwinger scalars created in a uniform electric 
field background in a four-dimensional dS. The proceeding is organised as follows: 
in Sec. 2 the preliminary explanation of our model is introduced. We compute the 
regularized trace of the induced energy-momentum tensor in Sec. 3. In Sec. 4 we 
give some conclusions. 


2. Preliminaries 


We begin our study by considering the scalar QED action in a four-dimensional d$ 
as 


1 
s= [ds Isi [ 9%” (8, --ieA,) e (8 — ies) — (m?+ER) pp" -Fu F" ), (1) 


where o(x) is a complex scalar field with mass m and electric charge e which is 
coupled to an electromagnetic vector potential background A, (x). The parameter 
€ is a dimensionless nonminimal coupling of the scalar field to the Ricci scalar R, 
and in this proceeding from now on we set £ — 1/6. The |g| denotes the absolute 
value of the metric determinant. In Secs. 2 and 3, we assume that the gravitational 
and electromagnetic fields are not affected by the pair creation. This assumption 
on the gravitational field does not hold when we discuses backreaction effects in 
Sec. 4. We consider the Poincaré patch of dS, whose metric reads 

ds? = 0?(r)(dr? —dx2),  Q(r) = - 7€(—o40) xe€R, (2) 
where H is the Hubble constant and 7 is the conformal time which relates to the 
cosmological proper time f£ as 

l -m 
paee, (3) 

Having a uniform electric field with the constant energy density in the metric back- 
ground given by Eq. (2), we choose the electromagnetic vector potential in the 
gauge 


y (4) 
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where E is a constant. The the Klein-Gordon equation for the scalar field reads from 
the action (1). We impose that the mode functions of the Klein-Gordon equation 
have the asymptotic behavior similar to those mode functions in the Minkowski 
spacetime at the early times, 7 — —oo. Then, these mode functions that describe 
the Hadamard? in vacuum state are given by 9 


ink 


Uink (a) = (2k) 2e Q7! (r)e ***W, q (2ikr), (5) 


Vink(a) = (2k) 3e 9 Q7! (7)e**W,...., ( — 2ikr), (6) 


where Uink and Vink are positive and negative frequency mode functions, respec- 
tively. The function W is the Whittaker function, and the variables are defined 
as 


- m _ eE ke "EM ;. 1 2 2 
k :— |k], H= Fp Acc—gm r =T k := —dAr, g= — A*. (T) 
Then we can expand the scalar field operator ¢(x) as 
dk 
olz) = I 27)? [ink (@)aink + Vink (2)b! i. , (8) 


where dink and bl are the annihilation and creation operators for particle and an- 
tiparticles with comoving momentum k, respectively, which satisfy the commutation 
relations. Then, the in vacuum state is defined by 


ink |in) = bink in) = 0, Vk. (9) 


3. Trace of the Induced Energy-Momentum Tensor 


'The induced energy-momentum tensor of the created Schwinger pairs is necessary 
to study evolution of the de Sitter spacetime. We will compute all of the induced 
energy-momentum tensor's components in a future work. However, in this proceed- 
ing we assume that the created Schwinger pairs take the form of a perfect fluid with 
the vacuum equation of state. Consequently, the energy-momentum tensor Tj, is 
related to its trace T as 

Ty, = A (10) 
Hence, it is sufficient to compute the trace of the induced energy-momentum tensor 
which is defined by the variation of the action (1) with respect to the variation of 
the metric óg,, as 


T= a um 


vigl d Juv 
In the action (1) the Maxwell term, F,,, F"", is the pure electromagnetic part of the 
action which is constant, and according to our assumption is not affected by the 
Schwinger pair creation, hence to obtain the trace of the induced energy-momentum 
tensor of the Schwinger pairs we do not consider this term. We then obtain 


T —2m?^pp*. (12) 


(11) 
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Substituting the scalar field operator (8) into the expression (12) and using Eq. (9) 
leads to 


5 dk 2 
ün|T|in) = 2m J [Ue l (13) 
Equation (13), in terms of a dimensionless integral variable p = —kr can be written 
as 
H^ 2 1 A 2 
(in|T\in) = = E li are” | dp p|W—irra( = 2ip) (14) 
T -1 0 


where the dimensionless momentum cutoff A is defined to regularize the ultraviolet 
divergency. Following the integration procedure introduced in Refs. 4, 5 we obtain 
the mee expression for the trace of the induced energy-momentum tensor 


(in|T'|in) = fan? 4u? log(2A) + 24? — oe 4 2-F2iny? — 2 csc(27»y) 


aa 
1 
(24A) — Eee sinh(27A)) + iesu) f dr(3r? X — X — p’) 


; 1 
enr y. +errnu(s + ir + 7) Er (e? 4 e?) (5 igir = j| 
(15) 
where w is the digamma function. In order to remove the ultraviolet divergences 
from the expression (15) we apply the adiabatic subtraction scheme as introduced 
in Ref. 22. However, a new condition for renormalization the vacuum expectation 


value of the quantities in the context of de Sitter QED has been introduced in 
Ref. 23. The positive frequency mode function of adiabatic zeroth order is given by 


Ua (£) = (Q71(r) (20(r)) = exp (ix — i f w(r)dr), (16) 
where the time dependent frequency is 


w(T) = HA(T) y k?T2 + 2ArkrT + M + u?2. (17) 


Using the mode function (16) the zeroth order of the adiabatic expansion of the 
trace of the energy-momentum tensor is obtained 
HA? 8)2 
4A? — 4p? log(2A) + 25? — — }. 18 

E p“ log(2A) + 24“ — — (18) 
The adiabatic regularized trace of the induced energy-momentum tensor is given by 
subtracting the counterterm (18) from the unregularized expression (15). We then 
obtain the regularized trace as 
H^y? 
16x? 


TA = 


6 
T = (in|T|in) = TA = (2 + inp? — di csc(27y) ( cosh(22A) 
T 


1 . dk 
E sinh(27A)) + icsc(277) J 


—1 


dr (3r? ? _ y2 Sia p?) le aj en) 


x v(5 +idr +7) - (er «ems +irr—7) |} (19) 
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Fig. 1. The normalized trace T/H* is plotted as functions of the normalized electric field \ = 
| — eE|/ H?, for different values of the normalized scalar field mass jj = m/H. 


In Fig. 1 the regularized trace (19) is plotted as function of the electric field for 
different values of the scalar field mass. A numerical investigation shows that for 
a massive scalar field u = 1, the sign of the trace is positive. However, for a light 
scalar field u S 1, the trace vanishes at A = L. In the domain A < L the sign 
of the trace is negative, whereas in the domain A > L the sign of the trace is 
positive. Further numerical investigations illustrate that L ~ 0.44. Therefore in 
the semiclassical regime A? + u? >> 1 the sign of the trace is positive, whereas in 
the infrared regime A? + u? <1 the sign of the trace is negative. 


4. Conclusions 


'These results for the trace of the energy-momentum tensor would be important for 
discussing the gravitational backreaction effect of the Schwinger pair creation. As a 
consequence of considering the vacuum equation of state for the created Schwinger 
pairs, see Eq. (10), the Einstein equation leads to the time evolution equation for 
the Hubble constant as? 
Um (20) 
dt 3M$ 
where t is the proper cosmological time, see Eq. (3), and Mp is the Planck mass. 
Considering the results of Sec. 3 for the trace (19) and Eq. (20), we conclude that 
in the semiclassical regime A? + u? > 1, that the sign of the trace is positive the 
Hubble constant decays dH/dt « 0. 'This result is in agreement with the results 
obtained in Ref. 6 for the decay of the Hubble constant due to the semiclassical 
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Schwinger pair creation. We find that in the infrared regime A? + u? < 1, that the 
sign of the trace is negative, Eq. (20) implies that dH/dt > 0. In Ref. 15 the authors 
found that the gravitational backreaction effects of the quantum fluctuations may 
lead to a similar behavior of the Hubble constant, i.e., a period of superacceleration 
with dH /dt > 0. 
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Quantum corrections to the Maxwell equations induced by light-by-light (LbL) scattering 
can significantly modify the propagation of light in vacuum. Studying the Heisenberg- 
Euler Lagrangian, it can be shown that, in some configurations, the polarization of plane 
monochromatic waves oscillates periodically between different helicity states, due to LbL 
scattering. We discuss the physical implications of this finding, and the possibility of 
measuring this effect in optical experiments. 


Keywords: Nonlinear optics in vacuum, light-by-light scattering, multiscale perturbative 
approach. 


Despite the fact that the equations of the classical electromagnetic field are linear, 
quantum corrections due to photon-photon scattering introduce nonlinear effects 
in vacuum. The quantum corrections due to photon-photon scattering were calcu- 
lated a long time ago by Heisenberg and Euler!, and extensively studied by other 
authors? ?. The effective Lagrangian of the electromagnetic field, obtained retain- 


ing only one electron loop corrections, is? 


1 D D 7 [v 2 
De E uu ecc (Fi) | (1) 
where F"" = AM” — A^" is the electromagnetic field, A^ is the electro- 
magnetic four-potential, F” = e°% Fap, and e = a?(h/mec)?/90m-c?, 


a = e?/Aneohc c 1/137 is the fine structure constant, eg the dielectric permeability 
of vacuum, and m. the electron mass. The Lagrangian (1) is accurate when it is 
possible to neglect other quantum effects. For instance, for low energetic photons 
of energies Ey < mec’, particles creation is inhibited, and the photon-photon scat- 
tering is the only process inducing quantum correction to the Maxwell equations. 
The terms œ €? in the Lagrangian (1) take into account photon-photon scatter- 
ing, and induce cubic corrections in the equations for the four-potential A". Since 


0 


*TIn this paper we use the covariant formalism, so that the zeroth coordinate is defined as x” = ct. 


2048 


€ ~ 4 x 107?! m?/J, so that €? Fu, F"" is extremely small in realistic laboratory 
conditions, such corrections are usually negligible with high accuracy. 

However, in many physical situations, tiny perturbations produce huge effects 
on a system, due to the action of hidden resonances. Indeed, resonances can be 
used to amplify the effect of extremely small perturbations. Exploiting this idea, in 
Refs. 6, 7 it has been shown that the dynamics described by the Lagrangian (1) is 
unstable for some configurations of the electromagnetic field, due to resonances. 

For instance, considering two plane counterpropagating electromagnetic waves 
in vacuum, the nonlinear terms in (1) generate resonant (or secular) corrections in 
the equations of the electromagnetic field. Introducing a slow time variable, the 
secular terms can be treated in a multiscale scheme. In fact, the amplitudes of 
the two counterpropagating waves satisfy a system of nonlinear coupled ordinary 
differential equations in the slow time. The analysis of this system shows that, 
for some initial conditions, the effect of photon-photon scattering is unexpectedly 
relevant, and consists of a continuous oscillation in the polarization of the two beams 
between different helicity states. 

Without loss of generality, we use the Lorentz gauge 0, A? = 0; and we express 
the polarization vectors in terms of left and right polarizations êr = (1,i,0)//2 
and êr = (1, —i,0)/V/2. Let us express the four-potential A of the classical electro- 
magnetic field in the form 


A=a°+b*+ec, with a= (arê” + ape”) e b= (brê” + bre”) git. (2) 
where c.c. stands for complex conjugate. The wave vectors in (2) are given by 
k= (ko, 0, 0, ka), h= (ho, 0, 0, hs), (3) 


with ko/ka = —ho/h3 = 1, so that the two waves a and b are counterpropagating. 

When nonlinearities are neglected, (1) reduces to the Maxwell Lagrangian, and 
(2) is a solution when polarization vectors are constant. When nonlinearities are 
considered, the solutions for the Lagrangian (1) are still in the form (2), but with 
the polarization vectors depending on a slow time 


y? = ex. (4) 


The dependence of the polarization vectors from the slow time is given by the 
following system 


iO,o ar, T 16ko he 


3a; (|br|? + |br|?) + 22anbrbg) = 0 
)=0 


( 
iOyoar + 16koh2 (—3ar (|br]? + |brl?) + 22azbrbr 
( 
( 


iðyobr + 16keho (—3bz (larl? + |ar|?) +22brarār 


)=0 
; 2 2 2 = m 
10yobR + 16k5ho 3bR (laz| + |ar| +22brarāz) =0. 
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that has been obtained by a multi-scale perturbative expansion of the equations 
of motion 9". We recall that the multiscale approach is useful when the dynamics 
evolves on widely different scales. In this case, the time dependence of the electro- 
magnetic field is split into fast and slow time variables z? and y. 

Let us study (5) in detail. It is quite immediate to recognize that the en- 
ergy densities < pa >= kê (|ar|? + |ar|?) and < py >= h$(|br|? + |bn|?) are 
constant. Therefore, the intensities of the two plane waves a" and b” are con- 
served separately. Furthermore, the spin conservation implies that the quantity 
S = ko (|ar|? — |ar|?) + ho (Jb |? — |bg]?) is also constant. Exploiting these rela- 
tions, the system can be simplified and then integrated, see Refs. 6, 7. However, to 
understand the dynamics under study, it is sufficient to solve (5) numerically. 

We choose the initial conditions in such a way that, at least one of the products 
ay Gg Or br, bg is nonzero at the initial time. Numerical solutions show that, in such 
case, the polarizations of the two counterpropagating waves change periodically. In 
Fig. 1, we plot |az|?/|a2 |? + |a$|? and |ag|?/|a2 |? + |a%|? for the solution of (5) 
with realistic initial values of the electromagnetic potential, that is |a9 |? = 10°.J/m, 
a% = 0, |b? |? = |b%|? = 10°J/m, ko = ho = 10° m~t, corresponding to a laser of 
intensity 7 c 10?? W/cm? and wavelenght A ~ 1 um. We see that |ar| is initially 
zero, but it grows to |ar| = |a? |, while |az| goes from |a? | to zero. Thus, the a beam, 
initially in the left-handed polarization, switches to the right-handed polarization. 
It remains in this state most of the time, until it returns to its initial left-handed 
configuration. The variation of the b beam is depicted in Fig. 2, where we plot 
[br |? /|09 |? + |b%|? and [6]? /|09 |? + |b0,|? for the same initial values. The beam b is 
initially circularly polarized, since |b? |? = |b%|*, but it rapidly goes to a left-handed 
configuration with |bg| = 0 and |bz|? = 2|b9|?. It remains in this state most of the 
time, until it returns to its initial state. This dynamics is repeated periodically. 

Thus, the beam a oscillates between left and right polarizations, while the beam b 
switches periodically between linear and right-handed helicities. The period of such 
polarization oscillations is Ay ~ 10776 m4/J in the slow time y°. This value is in 
good agreement with theoretical estimations Ay? ~ inf (1/koh2|bo|?, 1/k2ho|ao|? } 
obtained in Refs. 6, 7. The corresponding period in the physical time z? = t is 
T = Aye c e 1074 s. 

Finally, we consider the possibility of observing the polarization oscillations 
in optical experiments. The search for signatures of the photon-photon scatter- 
ing in optics is in progress? ??. We can estimate the time of recurrence of the 
polarization oscillations for light beams produced in petawatt class lasers, which 
will be available in the near future. The intensities attainable in these lasers 
reach IT ~ 10?? W/cm? 3334, giving a recurrence time T; ~ 4 x 10? (A/m) s, 
where A/m is the laser wavelength in meters (we used k ~ h ~ 2«-/A and 
k?a? ~ k?b? ~< p >~ Ifc). Therefore, for realistic lasers with A ~ 1pm, ob- 
servation times can be of the order of 107? s; to be compared with those estimated 
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Fig.1. We plot the evolution of Ja; |? /|a9 |? J-|a9. |? (solid red line) and |an|?/|a9 |? --|a9, |? (dashed 
blue line) against y? (in units of m*/J) for |a} |? = 103J/m, a% = 0, |b9 |? = |b%|? = 103J/m, 
ko = ho = 107 m-1. 


Fig. 2. We plot the evolution of |bz |? /|b9 |? +|6%|? (solid red line) and |bg|?/|b° |? +|b%,|? (dashed 
blue line) against y? (in units of m*/J) for |a} |? = 103J/m, a% = 0, |b9 |? = |b%|? = 103J/m, 
ko = ho = 107 m-1. 


in Ref. 14. This lets us hope to be able to observe polarization oscillations in two 
counterpropagating petawatt laser beams. 

In conclusion, the extremely weak photon-photon interaction might be respon- 
sible for surprisingly strong deviations from the free dynamics of electromagnetic 
waves. In the case of two counterpropagating laser beams, the evolution of the 
electromagnetic waves can change dramatically with respect to the linear Maxwell 
equations, entailing slow oscillations of the polarizations of the beams. 
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Using the symmetry of the near-horizon geometry and applying quantum field theory 
of a complex scalar field, we study the spontaneous pair production of charged scalars 
from near-extremal rotating, electrically and/or magnetically charged black holes. Ana- 
ytical expressions for pair production, vacuum persistence and absorption cross section 
are found, and the spectral distribution is given a thermal interpretation. The pair 
production in near-extremal black holes has a factorization into the Schwinger effect in 
AdS and Schwinger effect in Rindler space, measuring the deviational from extremal- 
ity. The associated holographical correspondence is confirmed at the 2-point function 
evel by comparing the absorption cross section ratio as well as the pair production rate 
both from the gravity and the conformal field theories. The production of monopoles is 
discussed. 


Keywords: Charged black holes; Schwinger pair production; AdS/CFT correspondence. 


1. Introduction 


Black holes, as a consequence of vacuum fluctuations, create all species of parti- 
cle pairs near their horizons, half of which radiate to the spatial infinity, leading 
to the so-called Hawking radiation. +? Schwinger mechanism has also been known 
for long that virtual pairs created from vacuum fluctuations could be physically 
separated by a strong external electric field and substantiated as real pairs leading 
to spontaneous pair production.” Charged black hole thus provide both strong 
gravitational and electric fields resulting in either the Hawking radiation and/or 
Schwinger pair production, which intermingles part of quantum gravity effects and 
strong field quantum electrodynamics (QED) effects. The emission of charges from 
charged black holes has been studied independently of the Hawking radiation® !? 
and intensively studied since then both for nonextremal and extremal cases 11714 
(for a review and references, see Refs. 15 and 16). 

In this paper, we review the emission of scalar charges from near-extremal 
charged black holes from the view point of quantum field theory in near-horizon 
geometry. A near-extremal black hole has an extremely small Hawking tempera- 
ture, and therefore its Hawking radiation is exponentially suppressed. On the other 
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hand, the electric field on the horizon becomes strong enough to trigger the emission 
of charges dominantly through the Schwinger mechanism. This study differs from 
those early works in the following aspect. A conventional wisdom was to calculate 
the tunneling probability of virtual particles in negative energy states of the Dirac 
sea into positive energy states, whose mass gap is modified by the charged black hole 
to allow finite tunneling probability." !^ In the phase-integral method the leading 
contribution to the pair production comes from the poles near the horizon.!” In 
our approach, we make use of the local geometry near the horizon: the geometry 
of a near-extremal charged black hole has the structure of AdS2 x S? for a nonro- 
tating one and it has the warped AdS; for a rotating one, while the geometry of a 
non-extremal charged black hole is Rindler? x S? for a nonrotating one. Hence, the 
symmetry of near-horizon geometries allows the separation of quantum fields, which 
leads to analytical expressions for the in-vacuum and the out-vacuum and thereby 
the spectral distribution of spontaneously created pairs. The Schwinger mechanism 
and QED vacuum polarization in dS2 and AdS»5 and their relation to black holes 
are discussed in Ref. 17. 

The Schwinger mechanism and the Hawking radiation as quantum tunneling 18 
are, however, intertwined for the spontaneous pair production occurring in charged 
black holes, whose dominant contribution comes from the near-horizon region. Here 
we review and study the scalar particle emission in the spacetime of the near- 
horizon region of the near-extremal charged black holes. The simplest model is 
the scalar production in Reissner-Nordstróm (RN) black holes!? (see Ref. 20 for 
spinor production). In this case the spacetime has an AdS8» x S? structure and the 
electric field is constant near the horizon. Using the symmetry of geometry, one can 
analytically solve the Klein-Gordon (KG) equation and give an exact expression 
for the production rate. The analysis can be generalized to Kerr-Newman (KN) 
black holes?! and also include a magnetic charge.?? Then, the angular momentum 
deforms the near-horizon spacetime geometry to be a warped AdS3, but the KG 
equation still can be separated and solved analytically. The pair production has a 
remarkable thermal interpretation based on the discussions in Refs. 23, 24, 25, 26 
and 17. Moreover, the scalar production has a nice conformal field theory (CFT) 
dual picture supporting the KN/CFTs correspondence. ?7:28 


2. Emission of Charges from near-extremal KN black holes 


The near-horizon geometry of a near-extremal dyonic KN black hole has the struc- 
ture of a warped AdS3 as in Ref. 22 


dp? 
Q(rà — a? cos? 8) — 2Proacos 6 


Sen TO) 


Qroa sin? 6 — P(r? + a?) cos 0 + PT (0) 
14) 


dy, (2) 
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where 
(rà 4- a2)? sin? 0 
rà + a? cos? 0 


2 
mom ne JOP rs. (3) 


m 2? 
ro +a 


T(8) = rà + a? cos? 0, y(0) = 


, 


Here, a is the angular momentum parameter and Q, P are the electric and magnetic 
charges of the original dyonic KN black holes, and B measures a deviation from 
the extremal limit and acts as the new horizon pg — B in this geometry. The 
zero magnetic charge (P — 0) corresponds to the KN black hole while the zero 
angular momentum (a — 0) corresponds to the RN black hole with both electric 
and magnetic charges and the gauge potential for the electric charge and Dirac 
monopole in the near-horizon geometry 


An] = —Qpdr + P(cos0 F 1)dy. (4) 


Associated to the black hole thermodynamics, the Hawking temperature, en- 
tropy, angular velocity, and chemical potentials (®y is given from the Hodge dual 
of Maxwell field dA; in the original KN metric) are 


B j : 2arg B 
Ty = p Sgu = "(ro +a" + 2Bro), aor 
Q(Q?+P)B = _ P(Q?+P)B 
gc eg E 2 
ro ta To +a 


The thermodynamical variables (5), as the metric (1) and the gauge field (2) do, 
contain the KN black hole, RN black hole as well as dyonic RN black hole with 
both electric and magnetic charges in the limit of P = 0, a = P = 0, and a = 0, 
respectively. The KG equation for scalar dyons can be exactly solved. An effective 
potential due to the electromagnetic and gravitational interactions induces tunnel- 
ing processes for the pair production. By imposing a suitable boundary condition, 
one can obtain the production rate from the incoming and outgoing fluxes on the 
horizon and the asymptotic boundary of the near-horizon geometry. 1° For instance, 
without an incoming flux at the asymptotic outer boundary, the relative ratio of 
the outgoing (transmitted) flux in the asymptotic region to the incoming (reflected) 
flux at the horizon counts the spontaneously produced particles while the ratio of 
the outgoing (incident) flux to the incoming flux at the horizon gives the vacuum 
persistence amplitude due to vacuum fluctuations. On the other hand, the group 
velocity for created fermions leads to the relative ratio of the outgoing flux in the 
asymptotic region to the outgoing flux at the horizon for the fermion production 
probability. 

We now focus on production of bosonic particles. Following Ref. 29, the flux 
conservation 


| Dincident| = | Dreflected| + |Dtransmitted|; (6) 
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is related to the Bogoliubov relation 
|A}? — |B)? = 1, (7) 


where the vacuum persistence amplitude |A|? and the mean number of produced 
pairs |B|? are given by the ratios of the flux components 


A PEN |Dinciaentl B 2 o |Dtransmitted | 8 
JAP = pected BP s errem (8) 
| reflected| | reflected] 
Moreover, from the viewpoint of scattering of an incident flux from the asymptotic 
boundary, we can define the absorption cross section ratio as 
2 
|Diransmittea| — |B| 


= (9) 


Cabs = 
s | Dincident| 


In comparison, the group velocity for fermions leads to the vacuum persistence 
amplitude and the mean number of produced fermion pairs 


Al? = | Dreflected| BI? = | Dtransmitted| (10) 
|Dincident| | Dincident| 
where the fluxes Dincident,; Dreflectea ANd Dtransmitted are computed from the spin- 
diagonal equations. 
Using the following ansatz (hereafter parameters m, q, and p are the mass, elec- 


tric and magnetic charges of a scalar field) 


&(r, p,0,g) = e A aP-»9le R(p)S(6), (11) 


a straightforward calculation leads to the Bogoliubov coefficients and the absorption 
cross section ratio as (the derivation in detail can be found in Ref. 22) 


4  cosh(z& — mp) cosh(v & + 4) 
» a) 12 
Al cosh(z& + 7) cosh(tă — ryu)’ ve) 


sinh(27j2) sinh(x& — rK) 


IB, = (13) 


cosh(z& + 14) cosh(r& — mp)’ 
_ |B? sinh(27p) sinh(zk& — rK) (14) 
THp A? — cosh(r& — mp) cosh(z& + mp)’ 


where three essential parameters are (A; being a separation constant) 


-_ W (qQ+pP)(Q?+P?) -2naro 1 
pex A y — ae 


3 
a 


5) 
3) 


in which y? is positive due to the BF bound violation in the AdS spacetime. ? 
Following our previous studies,!??! the mean number of produced pairs 
can be rewritten as 


—2nK+2THU —  Q4—2nk—2mu — o` 27K+27K 
2 [€ e =e 
N = |B| a ( 1+ e-2"75—2mp ) (s +4 — j (16) 
Note that the mean number (16) has a similar form as those of charged scalars with 
A, = I(l + 1) for spherical harmonics in a near-extremal RN black hole!? and with 
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the same quantum number in KN black hole?! since the near-horizon geometry 
has an AdS x S? and a warped AdS; for the near-extremal RN and KN black 
holes, respectively. According to Refs. 24 and 25, one may introduce an effective 
temperature and its associated counterpart 


m R - m R 
Tkn = ———— = T T2 + — Teu = ———— = Ty -T2 + — 
KN OK — 2mp n ea 872’ NN Onn + 2ng 9 ut 812” 


(17) 
where the effective mass 7n is 
A+ 1/4 
m= m — a ig (18) 
and the corresponding Unruh temperature Ty and AdS curvature R are 
K + pP)(Q? + P?) — 2nar 2 
Ty = oe ee lad OA R=-=z—,. (19) 
2rm(r + a?) 2mm(rg + a?) rota 


Note that an AdS space binds a pair and thus increases the effective mass in contrast 
to a dS space which separates a pair and reduces the effective mass. 

Finally, we may introduce a thermal interpretation by factorizing the mean 
number (16) as 


"m _ w—q9bg—-pby-nQOg 
EE: __m e TKN l-—e Ta CO 
m e TKN — e TKN 
Naa x| s MU ———————— EEUU 


= w—qPy — phy —nQy m 
l4-e TH e TKN 


m 


l+e Tku 


Schwinger effect in AdS2 \ x Amam 
Schwinger effect in Rindlerg 

The first parenthesis is the Schwinger effect with the effective temperature 7kw in 
AdS5?? and the second parenthesis is the Schwinger effect in the Rindler space, °° 
in which the Unruh temperature is given by the Hawking temperature and charges 
have the chemical potentials 6y,®y, and Ny while the effective temperature for 
the Schwinger effect due to the electric field on the horizon is still given by Txn. 
The extremal KN black hole can be obtained by taking the limit Ty = 0 and 
k = 0, in which the second parenthesis multiplied by the prefactor becomes unity. 
An interesting physics is the monopole production: upon the Dirac quantization 
(ep) = 27 of charges and a small electric coupling a = e? = 1/137, the symmetry 
of the pair production of electric and magnetic charges from dyonic black holes is 
broken due to e/p = a/2r. Monopole production and related physics go beyond 
the scope of this paper and will be addressed elsewhere. 


3. KN/CFT duality 


According to the KN/CFTs duality,?5?! the absorption cross section ratio of scalar 
field in Eq. (14) corresponds to that of its dual operator in the dual two-dimensional 
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CFT with left- and right-hand sectors 


2hy,—lrp2hg—1 
Ty TR 


T E nt 2 
š WL WR, NEN 
Tabs ~ TOR Ihe (atom) ( tigate) 


m 2 
. UR 
r(h 
( veg) 
(21) 


ri 


where T, Tg are the temperatures, hg, hg are the conformal dimensions of the dual 
operator, ČL = WL— qr 9r, and WR = wg —qRËr are the total excited energy in which 
(qu, qn) and (ØL, r) are respectively the charges and chemical potentials (both 
including the electric and the magnetic contributions for the dyonic KN black hole 
case) of the dual left and right-hand operators. The complex conformal dimensions 
(hy, hg) of the dual operator be read out from the asymptotic expansion of the bulk 
dyonic charged scalar field at the AdS boundary ?? 

hy — hg = : tip. (22) 
For dyonic KN black holes, there are in general three different pictures, namely 
J-, Q- and the P-pictures, in the dual CFTs descriptions. Here, we only show the 
result of J-picture (for the other two pictures, see Ref. 22). 


In the J-picture, the left- and right-hand central charges of the dual CFT are 
28,31 


determined by the angular momentum 
a = ch = 12J, (23) 
and the associated left- and right-hand temperatures for the near-extremal dyonic 
KN black hole are 
y_ rota ; B 


T= Tg = —. 24 
L 4maro ' R 2ra (24) 


The CFT microscopic entropy from the Cardy formula 
2 
T 
Scrr = 3 (ate te) = a(r2 +a? + 2roB), (25) 


agrees with the macroscopic entropy (5) of the near-extremal KN black hole. 
Besides, by matching the first law of black hole thermodynamics with that of 
the dual CFT, i.e., bSpy = 6Scrr, the following relation holds 
M —QOydJ — PyôQ — ÖyðP ÕL | Gn 
Tu Ty r 
where the angular velocity and chemical potentials at p = B are given in Eq. (5). 
To probe the rotation we need to turn off the charges of the probe scalar field and 
set Tj, = Tu and TR = Ts then for the dyonic KN black hole 6M = w, àJ = 

n, Q =0, ôP = 0. Thus, we have 


(26) 


Qj =n and aR = = => ayy =~ and arg 75 (27) 
where q,p are set to zero. Consequently, the agreement between the absorption 
cross section ratio (14) of the scalar field (with q = p = 0) in the near-extremal 
dyonic KN black hole and that of its dual scalar operator in Eq. (21) is confirmed 


in the J-picture. 
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4. Conclusion 


We have reviewed and studied the emission of charges from near-extremal dyonic 
KN black holes within the framework of the quantum field in the near-horizon 
geometry.?? The symmetry of the near-horizon geometry of near-extremal black 
holes leads to analytic expressions for the solutions and therefrom the in-vacuum 
and the out-vacuum and pair production rate. This makes a drastic difference 
from the conventional wisdom which computes the tunneling probability of virtual 
particles from the Dirac sea in charged black holes.9 19 In fact, the phase-integral 
formulation or the Hamilton-Jacobi equation for spinless charges has simple poles 
near the horizon, whose residues determine the leading term of pair production. On 
the other hand, the quantum field theory in the near-horizon geometry exhibits a 
rich structure of the spectral distribution of produced particles. A caveat, however, 
is that the exact solutions in the near-horizon are not the solutions in the original 
global spacetime of black holes but carry the essential information of pair production 
that occurs the near horizon and that the back-reaction due to produced pairs and 
the induced current is not considered. 

The near-horizon region contains a causal horizon and the electric field effect 
near the horizon dominantly gives rise to both the Hawking radiation and the 
Schwinger mechanism. By imposing the proper boundary condition on the ex- 
act solutions, the pair production, vacuum persistence amplitude and absorption 
cross section can be obtained from the relative ratios of the fluxes on the asymp- 
totic boundary and horizon. This approach provides one with a systematic method 
for the pair production and vacuum polarization in a proper-time integral repre- 
sentation.!7^?? The thermal interpretation of the pair production rate for the near- 
extremal dyonic KN black holes consists of the Schwinger effect in the AdS2 space 
mainly due to the electromagnetic field of black holes and the Schwinger effect in 
the Rindler space due to the Hawking temperature. The dual CFTs descriptions of 
the Schwinger pair production of the near-extremal KN black hole?! can be gen- 
eralized into the threefold dual CFTs pictures for the dyonic KN black hole which 
includes an additional magnetic charge. The third P-picture is associated with the 
dual gauge potential, a new “magnetic hair" of the dyonic KN black hole and a 
U(1) fiber on the base manifold. Based on the threefold dyonic KN/CFTs duality, 
the dual CFTs descriptions of the absorption cross section ratios and the pair pro- 
duction rate of the dyonic charged scalar field can be confirmed in the J-, Q-, and 
P-pictures, respectively. 

'The near-extremal dyonic KN black hole is the most general model in the sense 
that the zero magnetic charge limit corresponds to the KN black hole and the 
zero angular momentum (nonrotating) limit recovers the RN black hole with both 
electric and magnetic charge. Further restricting to zero angular momentum and 
magnetic charge reduces to the RN black hole. The formulae in this paper have such 
limits by replacing the separation parameter A, by I(l + 1) for spherical harmonics 
for nonrotating black holes. The magnetic charge has the Dirac monopole for the 
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black hole, and the quantization condition ep — 27 of electric charges and the 
fine structure constant e? = a leads to e/p = a/27, which implies the magnetic 
charge is larger by order of three than the electric charge. Then, the monopole 
production from a magnetic black hole is suppressed since the Unruh temperature 
is proportional to p/P compared to e/Q of an electric black hole. The physics 
related to production of electric charges and magnetic monopoles from dyonic black 
holes will be addressed in a future publication. 
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We consider pair production phenomena in spatially homogeneous strong electric fields. 
We focus on spinor QED in two-dimensions and discuss the potential ambiguity in the 
adiabatic order assignment for the electromagnetic potential required to fix the renor- 
malization subtractions. This ambiguity can be univocally fixed by imposing, at the 
semiclassical level, stress-energy conservation when both electric and gravitational back- 
grounds are present. 


Keywords: Schwinger effect; pair creation; adiabatic renormalization; semiclassical 
Maxwell equations. 


1. Introduction 


A time-dependent gravitational field yields the creation operators of quantum fields 
to evolve into a superposition of creation and annihilation operators. This produces 
the spontaneous creation of particle-antiparticle pairs out of the vacuum. This effect 
was first discovered, including the precise probability distribution of the produced 
particles, in the physical context of an expanding universe!. A similar superposition 
of creation and annihilation operators takes place if the quantized field is coupled 
to a time-varying gauge field background?. In this contribution we want to focus 
on the particle creation phenomena induced by electric fields in presence of gravity, 
which are of major relevance in astrophysics and cosmology ?. 

A fundamental problem in the physical understanding of gravitational particle 
creation processes is the calculation of the expectation values (T,,). The com- 
putations require methods of regularization and renormalization to deal with new 
ultraviolet divergences (UV) not present in Minkowski space. Equivalently, in a 
time-dependent electric field the fundamental problem is to evaluate the renor- 


malized electric current (j,), which acts as the proper source of the semiclassical 


Maxwell equations. 

In this work we discuss an improvement of the adiabatic regularization method, 
originally introduced in cosmological scenarios and for quantized scalar fields*, to 
include homogeneous electric fields and Dirac quantized fields. We will reexamine 
the method to consistently deal with both electric and gravitational fields. By 
doing this we will fix an inherent ambiguity of the method. The adiabatic order 
assignment of the vector potential has been traditionally assumed in the literature of 
order zero. We will argue that the correct adiabatic order assignment is one, instead 


of zero, at least if a gravitational field is present. This problem has been discussed 
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for scalar fields in Refs. 5, 6. Here we extend the discussion to Dirac fields. To focus 
on the main ideas we will restrict the analysis to two-dimensional spacetime. 


2. Spinor QED: and the adiabatic renormalization scheme 


We consider two-dimensional spinor QED in an expanding spacetime described by 
the metric ds? = dt? — a?(t)dx?. The classical action is given by 


1 P » 
S= f a? cs ( rur eiie - miu) . (1) 
and the corresponding Dirac equation reads 


(iy^ D, —m)p =0, (2) 


where D,, = 0,—T,—igA, and T, is the spin connection. ^" (zr) are the spacetime- 
dependent Dirac matrices satisfying the anticommutation relations (4^, y} = 2g^". 
These gamma matrices are related with the Minkowskian ones by 49(t) = 4? and 
y(t) = 4!/a(t), and the components of the spin connections are Tọ = 0 and 
D = (4/2)yo"1. Therefore, "T, = — 0. It is very convenient to fix the gauge 


for the vector potential as A, = (0, — A(t)). The Dirac equation (2) becomes?" 
1 ià i A 
(ra sy (o A) y! ~m) ib — 0. (3) 
a a a 


0 01 1 0 1 5 -10 
P= (20): a, Pet. 


We expand the quantized field in momentum modes 


w(t, £) = J dk [Byus(t, 2) + Dj (t2) , (4) 
where the two independent spinor solutions are 
ci^? hI (£) e tke nll (t) 
== k — —k 
Un E (o) und "T. Go) © 


and Bj and Dy, the creation and annihilation operators which fulfill the usual anti- 
commutation relations. The field equations (3) are now converted into 


hl — 5 (k+qA)hl — imh! = 0 
a 


hi + z (k + GA) hi! —imhi =0. (6) 
We also assume the normalization condition |hZ|? + |h{/|? = 1. The classical elec- 
tric current is given by j" = =q” y, and the formal expression for the vacuum 
expectation value of (57) is 


G) gis euer = up). (7 


2ra? 
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The above expression possesses, as expected, UV divergences. To obtain the finite, 
physical values, we have to perform appropriate subtractions 


G^ )ren = E J dk (|hz! P — |h}? - SUBSTRACTIONS) . (8) 
Ta 
The semiclassical Maxwell equations for Fy, = 0, A, — OVA, are 
Vir = (5 ee (9) 


Equations (6) and (9) determine the continuous interchange of energy between the 
electric field and matter, via charged pair production and backreaction. Now, the 
main problem is to obtain the required subtractions consistently. In this context, 
the most natural way to determine the renormalization subtractions is the adiabatic 
regularization method. The basic principles for scalar fields can be borrowed from 
Ref. 8, while for spin-1/2 fields one can see Refs. 7, 9. The main idea here is 
to consider an adiabatic expansion of the mode functions. For scalar fields, this 
expansion is based on the WKB-type ansatz , namely 

h(t) = eee HO Ont) = HOM tw 4... — (10) 

eO 

where the order of the expansion is determined by the number of derivatives of the 
background fields. A different type of expansion is required for fermionic fields”. 
A very crucial point to properly define the adiabatic expansion, for both scalar 
and Dirac fields, is to fix the leading order. The zeroth order adiabatic term is 


determined by wo) : 


3. Two attempts toward the backreaction equations in Minkowski 
space 


Let us first assume for simplicity that we are in Minkowski space and a(t) = 1. 
Therefore, the gauge field is now the only background field. In this scenario it is 
very natural to define «oO = /(k+qA)?+m?. This means that the adiabatic 
order assignment for the gauge field A(t) has been implicitly chosen as 0, as first 
assumed in Ref. 10 and in all subsequent papers on this topic. Therefore, A(t) 
should be of order 1, etc. The proposed renormalized current is then given by 


4 © dk k+qA 
Haaf m (vto nee - Rg) (11) 
—oo 47 Wk 


Plugging this expression into the semiclassical Maxwell equations (9), we get the 
following backreaction equation, 


2. 8 © dk k + qA) 
-= ä=q f L E i E 09 __ 
2n (k + gA)? + m? 


together with the equation for the field modes (6). It is important to stress that the 
above semiclassical Maxwell equations are compatible with the conservation of the 


; (12) 


—OQO9 
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energy if the renormalized stress-energy tensor is constructed by subtracting up to 
the zero adiabatic order 
oo 
(Lus = (Tos = z- |  dki [M hi + hA + 2. (13) 
—oo 
It is easy to check that 0,(T"”)ren + 0, T! = 0, where Telee = 1E?n,,. 
Alternatively, we can define 


wO = Vk? +m zw, (14) 


which assumes that A is of adiabatic order 1, and proceed according to the rules of 
the adiabatic expansion. With this choice we obtain 
œ dk k qm? 
II __ IIj2 Ij2 
unt. -af E (mep - mp- E- Ta). (15) 


Hence, the semiclassical Maxwell equation reads —E = A = (j*)!, and the mode 


functions hd and hi! satisfy again Eq. (6). The choice (14) is also compatible with 
the conservation of energy, defined now by subtracting up to second adiabatic order 


kqA | mq? A? 


(Tio), = = J dki [nM e np] +o 4 T (16) 
It is immediate to see that the fermionic currents (11) and (15) are equivalent, 
= dk k k+qA m?qA 
AG beret] Dm ape LU. M a zt 3 =0. (17) 
-œ 4T |W (k 4- qA)? +m Ww 


The first two terms of the equation above correspond to linearly divergent integrals, 
differing by a constant shift, and hence, their difference is finite —q? A(t)/r. On the 
other hand, the last term is a finite integral, which cancels out with the previous 
quantity. In conclusion, in Minkowski space the choice of the adiabatic order of the 
background field A(t) does not affect the physical observables and, therefore, both 
options are equally valid. However, this conclusion is misleading as soon as one 
introduces the gravitation field. 


4. The role of gravity 


Now, let us assume that our space-time is a two-dimensional expanding universe 
with metric ds? — dt? — a?(t)da?. In this case, the prescription for a(t) is to fix it at 
adiabatic order 0, and the rules for the adiabatic subtraction terms are univocally 
fixed according to the scaling dimension of the relevant operators. The stress- 
energy tensor must be renormalized at second adiabatic order!!, while the electric 
current should be renormalized at adiabatic order 1. With this restrictions, the only 
possibility is to choose A(t) of adiabatic order 1, in the same footing as a(t). That 
is, we should have a hierarchy between the two background fields. T'he leading order 
corresponds to gravity, and consequently one should replace the definition (14) by 


wO —Jk?/a? +m zw, (18) 


2066 


instead of the naive generalization «oO = J/(k-- qA)?/a? +m? . This point has 
been overlooked in the literature, as recently stressed in Ref. 5. The gauge field 
should enter at the next to leading order in the adiabatic expansion. 

Therefore, the renormalized expression for the electric current should be 


q [^ k qm? 
Urn =e fae (inet inte - -Za 09 
and the backreaction equations are 
. A Aa q [^ k qm 
die eara a (fff - nP- - gn ) . (Q0) 


together with the equation for the field modes (6). 

As in Minkowski space, one should expect stress-energy conservation, namely 
Nat ren + VITE. = 0, with Tue = zE?g,,. After the required adiabatic 
subtractions, one obtain the following expressions for the diagonal components of 


(Ty): 


II;II I kqA | m?^q? A?  k?m?à? 
(ure mgr J oae [HERE + nh] eue BE RE SE, Qn 
k?  km?qA , kqA  m?à 
T = k(k + qA(t (Ink P — ni! P) — —— — 
(T11)ren JE + qA(t)) ( [hel Lr? * "T * au? pr "WE 
ma | 5m9à?  3m*aà? mà? 3m*q? A? mgA? 
BUB e bL BULL T-i (22) 
4w Saw! daw 8aw 2aw 2aw 


The conservation equation for the zeroth Seinen can be decomposed as 


V "had )ren + VuT!H... = Oo(Too)ren + — 2 (Too) ren Tm = r)een + aT Eee = —0. (23) 


t 


Plugging (21) and (22) into (23) and using the on (6) we get 


Vil o VI = : E E e =0. (24) 
Note that the factor in parentheses is precisely the semiclassical Maxwell equation 
for the electric field (20). A similar result is trivially obtained for the remain- 
ing component: V, (T”t}ren + V ie = 0. Therefore, the semiclassical Maxwell 
equations must be satisfied to ensure stress-energy conservation. 

If one assumes that A(t) is of adiabatic order 0, the stress-energy conservation 
does not hold anymore. With this alternative adiabatic assignment, and renormal- 


izing (T"") up to and including the second adiabatic order, one obtains 
Vile at Val 0. (25) 


In this case, the left-hand side in the above equation is proportional to E(j*)®), 
where (j*)(2 is the second adiabatic order of the electric current, which cannot 
be properly absorbed into the renormalization substractions of the electric current. 
We note that another inconsistency is the disagreement with the trace anomaly? 
the massless limit. 
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5. Conclusions 


The role of gravity is essential to fix the ambiguity in the adiabatic order assignment 
of the electromagnetic potential A(t), and therefore to obtain the correct renormal- 
ization subtractions of physical observables. Although in absence of a gravitational 
background the two different prescriptions for the adiabatic subtraction terms are 
equivalent, when gravity is incorporated into the game only the adiabatic order 
assignment 1 for the gauge field A(t) is compatible with stress-energy conservation. 
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In this proceedings article, we review the results presented in [Fabienne Schneiter et al. 
2018 Class. Quantum Grav. 35 195007] on the gravitational field of light in a laser 
beam, modeled as a solution to Maxwell's equations perturbatively expanded in the 
beam divergence. Using this approach, wave properties of light, such as diffraction, are 
taken into account that have been neglected in earlier studies. Interesting features of 
the gravitational field of laser beams become apparent like frame-dragging due to the 
intrinsic angular momentum of light and the deflection of parallel co-propagating test 
beams for short distances to the source beam. 


Keywords: Gravitational properties of light, laser beams, linearized gravity. 


1. Introduction 


The gravitational field of a light beam has first been studied in Ref. 15 by Tolman, 
Ehrenfest and Podolski in 1931, who described the light beam as a one-dimensional 
“pencil of light”. Later in Ref. 3 by Bonnor, a description for the gravitational field 
of a cylindrical beam of light of a finite radius was presented. Light was modeled 
as a continuous fluid moving at the speed of light. A central feature of the models 
of Ref. 15 and Ref. 3 is the lack of diffraction; the beams do not diverge. This 
corresponds to the short wavelength limit where all wavelike properties of light are 
neglected. Further studies to the gravitational field of light that share this feature 
include the investigation of two co-directed parallel cylindrical light beams of finite 
radius?:10 ?; non-divergent light beams in the 
framework of gravito-electrodynamics? and the gravitational field of a point like 
particle moving with the speed of light 117. 

In contrast, the wavelike properties of light were taken into account in Ref. 16, 
where the gravitational field of a plane electromagnetic wave was investigated. An 
approach to take finite wavelengths into account for the case of a laser pulse was 
given in Refs. 11, 12, where, however, diffraction was neglected. Here, we describe 
the laser beam as a solution to Maxwell's equations. This is done perturbatively by 
an expansion in the beam divergence, which is considered to be small. The zeroth 
order of the expansion corresponds to the paraxial approximation and coincides 


, Spinning non-divergent light beams 
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with the result of Ref. 3. In the first order in the beam divergence, frame-dragging 
due to the internal angular momentum of circularly polarized beams occurs. In the 
forth order, a parallel co-propagating test beam of light is found to be deflected by 
the gravitational field of the laser beam. 


2. The model 


In the following, we will employ dimensionless coordinates by dividing the Cartesian 
coordinates corresponding to the lab reference by the beam waist wo as T = ct/wo, 
€ = z/wo, x = y/wo and ¢ = z/wo, where c is the speed of light. A laser beam in 
its simplest mode is accurately described by a Gaussian beam. The Gaussian beam 
is an almost monochromatic electromagnetic plane wave which has the property 
that its intensity distribution decays with a Gaussian factor with the distance to 
the beamline. It is obtained as a perturbative solution of Maxwell's equations, 
an expansion in the beam divergence 0, the opening angle of the beam, which is 
assumed to be small. When the beam divergence is small, the beam may be thought 
of as a bunch of almost, but not exactly, parallel propagating rays of light. The 
electromagnetic four-vector potential describing the Gaussian beam is obtained by 
a plane wave multiplied by an envelope function, which is assumed to be varying 
slowly in the direction of propagation, in agreement with the property that the 
divergence of the beam is small. Corresponding to these features, we make the 
ansatz for the four-vector potential Ag = Ava(&, x, 0C) exp(2i(¢ — 7T)/0), were A 
is the amplitude, v, the envelope function, and the exponential factor describes a 
plane wave propagating in C-direction with angular wave number k = 2/0, where 
wo is the beam waist at its focal point, a measure of the radius of the beam (see 
Fig. 1). 


Fig. l. Schematic illustration of the Gaussian beam, the beam waist wo and the beam divergence 
0. More specifically, the figure illustrates the scalar envelope function vo of the vector potential of 
the Gaussian beam in a plane that contains the optical axis (represented by the dashed horizontal 
line). Due to the rotational symmetry of the envelope function around the optical axis, the vertical 
axis can be any direction transversal to the optical axis. The thick curved lines mark the distance 
w(C) = wo4/1 + (0C)? from the optical axis at which the absolute value of the envelope function 
reaches 1/e times its maximum. 


In the following, the beam waist is kept constant. In this case, since the beam 
divergence is small, the angular wave number is large. As for any beam of ra- 
diation in flat spacetime, the four-vector potential satisfies the wave equations 
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(o? +0? + 0? — a?) A, = 0, which follow from Maxwell’s equations when the 
Lorenz gauge is chosen. The wave equations for the four-vector potential reduce to 
a Helmholtz equation for the envelope function, (22 + 02-0705. Ais, ) Va = 0. 
We assume that the envelope function is slowly varying in the direction of prop- 
agation, ie. Va is a function of 0C. Then, the Helmholtz equation can be solved 
iteratively by writing the envelope function as a power series in the divergence angle 
0 (see Ref. 4). For each term in the expansion of the envelope function, one obtains 
a Helmholtz equation with a source term. These source terms are proportional to 
terms of lower order in the expansion of the envelope function, and even and odd 
orders do not mix. We start from the zeroth order solution, which we assume to 
have a Gaussian profile in the focus plane, and derive the vector potential up to 
fourth order in the divergence angle. 

To obtain the gravitational field of the laser beam, the energy momentum 
tensor Tyg has to be calculated from the field strength Fag = OgAg — OgAa. 
We only consider vector potentials with field strength tensors that are eigenfunc- 


tions with eigenvalue A = +1 of the generator of the duality transformation of 
the electromagnetic field, which in our case is given by Fog e —icagy F9 /2, 
where €gg 5 is the completely anti-symmetric tensor with €9123 = —1. In that 


case the rapidly oscillating contributions of the plane wave factor in the vector 
potential drop out and the energy momentum tensor assumes the simple form 
Tag = c?eg Re (Ez Fx, = Inas F? F5, ) /2. We interpret the eigenvalues A of the 
generator duality transformation as the helicity of the beam since the standard 
notion of circular polarization is recovered in the zeroth order in 0. 


3. The gravitational field 


Since the energy of a laser beam is small, we may expect its gravitational field 
to be weak. The spacetime metric describing the gravitational field is thus as- 
sumed to consist of the metric for flat spacetime in the rescaled coordinates 7 = 
wediag(—1,1,1,1) plus a small perturbation hag, where small means |hag| << wå 
for all a and 8. Terms quadratic in the metric perturbation are neglected; this is 
the linearized theory of general relativity. When the Lorenz-gauge 0° hag = Op he, 
is chosen, Einstein’s field equations reduce to wave equations for the metric per- 
turbation?: (a? +3? Oe = a2) hag = —&welag, where k = 167G/c* and G is 
Newton’s constant. Solving the linearized Einstein equations for the energy mo- 
mentum tensor of the laser beam with emitter and absorber at general positions 
can be quite cumbersome. Therefore, we consider two different limiting situations 
instead; the distance between emitter and absorber being very large in one case and 
very small in the case. 

For a large distance between emitter and absorber, we can neglect the rapid 
change of the field strength at the emitter and the absorber. Then we can take into 
account that Tag is changing slowly in C. In particular, we have Toa =f Ag (€, x, 0C). 
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Therefore, the metric perturbation can be expanded in orders of the beam diver- 
gence angle as hag = 355.9 Ha Se The linearized Einstein equations lead to the 


differential equations 


P A(0 
(88 02) ho) = -WRD , (1) 
A(1 A(1 
(82 + 92) hay? = -WERE > (2) 
(92 + 82) AAG? = -winta — a2 AAG?) , for n > 1, (3) 
where the t2 5 (€, x, 0C) are given by TA,(E,x, 00) = EZ o 0^ t2? (E, x, 0). The 
B B 


solutions hr of Eqs. (1), (2) and (3) can be found by direct calculation as we 
did in Ref. 13. These solutions have to be constructed such that the components of 
the Riemann curvature tensor vanish at infinite distance from the beamline. The 
Riemann curvature tensor governs the spread and the contraction of the trajectories 
of test particles. This means, if the Riemann tensor vanishes, parallel geodesics stay 
parallel and there is no physical effect as the only reference for a test particle in 
linearized gravity can be another test particle. As the energy distribution of the 
laser beam decays like a Gaussian function with the distance from the beamline, no 
gravitational effect should remain at infinite spatial distances from the beamline. 
Therefore, we have to ensure that the Riemann curvature tensor R” poa vanishes 
for p — oo. General solutions of Eqs. (1), (2) and (3) can be given in terms of the 
free space Green's function for the Poisson equation in two dimensions as 
oo 
PELO = i.f axol- TY xx) RPE, A 
— oo 
where Q^? are the right hand sides of Eqs. (1), (2) and (3), respectively. 

In the second situation, where we assume a short distance between emitter and 
absorber, the rapid change of the field strength at emitter and absorber cannot be 
neglected. Then, we solve the linearized Einstein equations by making use of the 
corresponding Green's function. 

Iteratively solving the Poisson equations for the terms in the expansion of the 
metric perturbation up to a given order in the divergence angle, we obtain an expres- 
sion for the spacetime metric which contains all information about the gravitational 
field of the laser beam to the given order. Knowing the spacetime metric allows 
us to study the motion of test particles in the gravitational field of the laser beam; 
their world lines 7" satisfy the geodesic equations which depend on the Christoffel 
symbols, and the distance between two initially parallel geodesics is governed by 
the geodesic deviation equation which is given in terms of the Riemann curvature 
tensor. Both Christoffel symbols and curvature tensor are expanded in orders of 
the divergence angle 0. 


4. Conclusions 
In zeroth order in 6, all non-vanishing components of the metric perturbation are 


equal up to a sign. Explicitly, we have n Q DA A) -a9 : LO. For 
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Fig. 2. These plots show the value of the leading order of the metric perturbation I(9 and its 
first derivatives for the Gaussian beam with infinite distance between emitter and absorber (plain, 
blue), the Gaussian beam with short distance between emitter and absorber (dashed, red), and the 
infinitely thin beam (dotted, purple). p is defined as 4/£? + x2. In the second and the third case, 
the distance between emitter and absorber is chosen to be 6wo. In the first row, the functions are 
plotted for ¢ = 1 and in the second row for p = 1/2. The second row does not contain plots for 
large distances between emitter and absorber as there is no dependence of I(9 on ¢ in that case. 
We find that the values for [© and its first derivatives are usually larger for the infinitely thin 
beam than for the other two cases. This is due to the divergence at the beamline for the case of 
the infinitely thin beam. In the other two cases, the gravitational field is spread out as the sources 
are. In b), we see that the absolute value of the first p-derivative of I) reaches a maximum at 
a finite distance from the beamline. Note that 9510) is proportional to the acceleration that a 
test particle experiences if it is initially at rest at a given distance p to the beamline. We see that 
the acceleration is always directed towards the beamline. It is larger in the case of an infinite 
distance between emitter and absorber than in the case of a finite distance, which we can attribute 
to the larger extension of the source (and thus the larger amount of energy) in the former than in 
the latter. In d), which shows plots for finite distance between emitter and absorber, we see that 
3p IA still is the largest at the center between emitter and absorber and decays quickly once their 
positions at ¢ = +3 are passed. 


small values of the beam waist and for 6 = 0, which corresponds to the paraxial 
approximation in our case, our solution for the laser beam corresponds to the so- 
lution for the infinitely thin beam !?. If we consider the laser beam to be infinitely 
long and assume 0 = 0, we recover the solution for an infinitely long cylinder?. 
In Fig. 2, the function [© and its derivatives are illustrated for the three cases of 
the infinitely long Gaussian beam, the Gaussian beam with short distance between 
emitter and absorber, and the infinitely thin beam. 

In first order in the divergence angle, we find frame dragging due to spin angular 
momentum of the circular polarized laser beam. This is similar to the result of 
Ref. 14 for beams with intrinsic orbital angular momentum. In contrast to frame 
dragging induced by orbital angular moment, the effect that we find decays like a 
Gaussian with the distance from the beamline. 

The statement of Ref. 15 by Tolman et al. that a non-divergent light beam 
does not gravitationally deflect a co-directed parallel light beam has been recovered 
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Fig. 3. Schematic illustration of the laser beam and the parallel co-propagating test ray of light: 
We look at the deflection of the test ray of light due to the gravitational field of the laser beam. 


in different contexts: two co-directed parallel cylindrical light beams of finite 
2,3,10 9; non-divergent light beams in the 
framework of gravito-electrodynamics? and parallel co-propagating light-like test 
particles in the gravitational field of a one-dimensional light pulse!!. In fourth 
order in the divergence angle, we find a deflection of parallel co-propagating test 
beams. This shows that the result of Ref. 15 and Ref. 3 only holds up to the third 
order in the divergence angle. This could have been expected from the fact that the 
group velocity of light in a Gaussian beam along the beamline is not the speed of 
light ^". However, the deflection of parallel co-propagating light beams by light in 
a focused laser beam decays like a Gaussian with the distance from the beamline. 
This means that the effect does not persist outside of the distribution of energy 
given by the laser beam. 

In Ref. 13, we compare the result to the deflection that one obtains from a rod 
of matter boosted to a speed close to the speed of light. We conclude that focused 
light does not simply behave like massive matter moving with the reduced velocity 
identified in Refs. 11, 14. We argue that this difference is due to the divergence of 
the laser beam along the beamline which leads to additional non-zero components 
of the metric perturbation which do not appear in the case of the boosted rod. 
'These additional contributions cancel the effect of the reduced propagation speed 
of light in the focused beam for large distances from the beamline. 


radius , spinning non-divergent light beams 
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We explore the enhancement of an electromagnetic field in an inflationary background 
with an anti-conductive plasma of scalar particles. The scalar particles are created by 
Schwinger effect in curved spacetime and backreact to the electromagnetic field. The 
possibility of a negative conductivity was recently put forward in the context of the 
renormalization of the Schwinger induced current in de Sitter spacetime. While a neg- 
ative conductivity enhances the produced magnetic field, we find that it is too weak 
to seed the observed intergalactic magnetic field today. This result on pair creation in 
inflationary scenario is however important for primordial scenarii of magnetogenesis as 
the presence of a conductivity alters the spectral index of the magnetic field. This also 
shows on a specific example that backreaction can increase the electromagnetic field and 
not only suppress it. 


Keywords: Cosmology, Quantum field theory in curved spacetime, Inflation, Magneto- 
genesis, Backreaction. 


1. Introduction 


The generation of cosmological scale magnetic fields is an open question nowadays!. 
From blazar observation, it is possible to put a lower bound on the intergalactic 
magnetic field today: Bo > 10718 G?. A primordial (inflationary) generation of 
magnetic fields is appealing because it would explain the large coherence length of 
the present magnetic field. However, most scenarii are plagued with the so-called 
backreaction problem and strong coupling problem?. On the other hand, if strong 
electromagnetic fields are present during inflation, they may trigger particle pro- 
duction also known as Schwinger effect. In inflationary spacetime, the production of 
particles has very peculiar effects: negative conductivity, infrared-hyperconductivity 
that could lead to exotic phenomenology. 

In this proceeding, we report on Ref. 4, which investigated the backreaction 
of particles produced via Schwinger mechanism to the electromagnetic field. It is 
found that: provided that the particules are produced in a weak electric field regime 
(assumption required in order to have a negative conductivity), the electromagnetic 
field is enhanced. But not enough to seed the observed present magnetic field. Our 
model is specific in the sense that it does not break the conformal invariance by 
hand but with backreaction effects. Besides, it shows on a specific example how 
the electromagnetic fields is impacted by particle production. A more complete 
numerical investigation was carried out in Ref. 5. 

In section 2, we review the latest results on Schwinger effect in de Sitter space. 
In section 3, we present the basic equations for our setup and calculate the elec- 
tromagnetic power spectra at the end of inflation. Eventually in section 4, we give 
some concluding remarks and discuss some possible extensions of this work. 
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2. Schwinger effect 


We consider the production of charged scalar particles y of mass m in 14-3 D under 
the influence of a constant electric field in dS: 


Sz]4-gdz LUE ,F"" + g""(8, — ieA,)p* (0, + iedo) — m^p? |. (1) 
a [T m 


The scale factor a of the de Sitter metric reads: 
1 


 1- Hg (2) 


a(n) = 
where 7) is the conformal time running from —oo to H^! and H is the Hubble 
constant. The gauge field A,, (u = 0, 1, 2, 3) is considered pointing in the z-direction 
with a constant amplitude E?. We will discuss in more detail in section 3 the 
relevance of modeling the electric field as a constant one. In dS, (2), it reads: 


E 


Ay = —F (atm - 1) dj. (3) 


With such as choice, the Lorentz and Coulomb gauge conditions are satisfied: Ag = 
iA; = 0. In order to quantize, the rescaled complex scalar field x = aq is expanded 
on modes function: 


3 
x(n) = f se Qt oxi) (4 


The commutation relation for the annihilation and creation operators are: 
[o bi] = [deal] = 0096 k- 5, (5) 


the other commutators being 0. Varying the action (1) with respect to the scalar 
field gives the Klein-Gordon equation for each modes: 


[87 e (m)] xi = 0, (6) 


where the effective pulsation is: w? = p? + —— + amy the shifted momentum 


is: p= k+ (0,0, Æ), a= m+ (8y and 8 = —2£Pp,. Changing the time 
variable to z = —2ip (4 — n), two independent solutions to (6) are the Whittaker 
functions W,,,,, and .M ,,,, which are hypergeometric functions. The Maxwell current 
is defined as: 


Jy, = ie (Duo e E e D,e] ; (7) 


where D, = 0, + ieA,. This current can be shown to be conserved and the only 
non-vanishing component of it is the z-component. It is possible to calculate it in 
term of the solutions to the Klein-Gordon equation (6): 


2 dèk 
<J; >= E eae ie: (8) 
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With the ingredients given above, it is in principle a mechanical task to calculate 
the current (8). But this current is UV divergent and needs to be renormalized. The 
issue of renormalization is not as well understood in curved spacetime than in flat 
spacetime, as Prof. Navarro-Salas also discussed during his talk of the session®”, 
see also Ref. 8 for related issues. While, the exact details of the renormalization 
scheme are still debated, it seems that most of the groups? !! agree that the current 
(8) in the weak electric field regime (6 « 1) is negative: 


J= =m exp(-21M)L, (9) 
T 


where we further defined the dimensionless electric field and mass: M = 7, L = 2 


This results will be our starting point to investigate how magnetogenesis is impacted 
by the presence of such a negative current. À negative current is somehow counter- 
intuitive because it would means that charged particles move opposite to the electric 
field, which gives intuitively an anti-screening of the electromagnetic field. This 
effect exist only in the infrared regime of de Sitter and therefore deserve special 
attention because of its peculiarity. 


3. Inflationary magnetogeneis 


We now also use the action (1) but focus on the electromagnetic side of the theory. 
We will be using the results of section 2 for Schwinger effect in dS: at each Hubble 
time, pairs are created. Since those pairs were derived for a constant electric field, 
our model is not valid for any situation: the typical time of pair creation tpair = Z 
has to be much smaller that the typical time of evolution of the electromagnetic 
field tg — i. In other words, our model is valid, as soon as one focuses large scales. 
Intuitively, particle creation is a local quantum process, therefore the time variation 
of the electric field have to be on scale larger than the scale of production of the 
pairs. Besides, as we investigate the possibility of a negative conductivity as in 
equation (9) which appears in the weak electric field limit: L « 1, this avoids, 
in passing, the backreaction problem present in many models of magnetogenesis. 
Inspired by (9), we assume that a Maxwell current of the form 


o is a dimensionless negative constant. It depends on the details of the pair cre- 
ation process. The conformal invariance prevents perturbations of a gauge-field to 
develop, however here, the Schwinger mechanism breaks it with quantum fluctua- 
tions inducing a current and leading to the possibility of parametric amplification 
of the gauge field. The case of a strong electric field (L >> 1) leads to a positive 
conductivity which screens the amplification of the EM field 2:29, 

Varying (1), including the Maxwell current and changing variable to the canon- 
ical one, one gets*: 


A" (kn) + |k? = HP a? (2) (1- z)] A(k,n) =0 (11) 
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which is the equation of an harmonic oscillator with a time dependent frequency. 
The detailed calculation for the quantization procedure can found in Ref. 14. It is 
possible to solve explicitly (11) to eventually find the electric and magnetic power 


spectra. 
k o+4 
Pg x H* | — 12 
eir (5) (12) 
k 5—|o+1| 
Pg x H* | — 13 
dd (= ) d 
Discussion of the parameters We define the electric and magnetic spectral index 
np and ng as ng/g = 2e To avoid the backreaction problem and validate 


the scheme of pair production considered by taking an induced current of the form 
(10), one needs to consider a scenario where the electric field does not dominate 
the dynamics: ng > 0 implying: e € ]—4,0]. The strong coupling problem is 
also solved for these values. In that case ng € ]2,5]: the magnetic spectrum is 
blue, dominated by UV contributions and is more damped than its electric counter 
part. For those values, it has been shown however that the maximal magnetic field 
today at Mpc scales would be 1073? G?, which is lower than the observed lower 
bound?. In more standard scenarii, where conformal symmetry is broken by hand, 
for instance by a non-minimal kinetic term J parameterized as I(7) x a”, the same 
equation of motion for the gauge field (11) would hold provided that 2n = ø. This 
is an important result of this work as particle creation is expected as soon as the 
gauge field is present and our result is a clear backreaction results on how the gauge 
field dynamics would change in the presence of this particle: the spectral index of 
the magnetic field for instance would be shifted by $. Similar results were found in 
Ref. 5. 


4. Conclusion 


In this proceeding, we reported on the backreaction of the particles produced 
by Schwinger effect in de Sitter to the electromagnetic field^. We showed that 
Schwinger effect impacts on the amplification of the EM quantum fluctuations. In 
Ref. 12, it was already remarked that strong electric fields constrain a branch of 
the IFF scenarios in a similar manner than the backreaction problem. In this work, 
we completed this statement by considering negative conductivity (for weak electric 
fields) as a way to break the conformal invariance and to amplify EM quantum 
fluctuations. The presence of a negative conductivity is either motivated by a new 
implementation of the adiabatic subtractions in the renormalization of the electric 
current presented in Ref. 10 or by the presence of non-linear terms generalizing the 
Einstein-Maxwell equation and a logarithmic running of the coupling constant e!. 
We found models where both the strong coupling and the backreaction problem 
are avoided for c € |—4,0] however these models do not fulfill the lower bound of 
observed magnetic fields?. 
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Those results are also relevant for primordial magnetogenesis model builder as 
the pair creation process depicted here matters as soon as EM fields are present 
during inflation. While in the case, of strong (backreacting) electric fields, one 
expects a dwindling of the EM field!?, for weaker fields this effects could add up 
to any other way to break the conformal invariance. The global effect of Schwinger 
pair creation on the power spectrum of quantum fluctuations would be to have a 
redder spectral index, more concretely: ng + ng + $. 

Several directions are fruitful for the future. Prof. Navarro-Salas showed during 
his talk that the electric field (as any connection) has to be taken to be adiabatic 
order 1 in order to recover the trace anomaly®. Prof. Bavarsad discussed during 
his talk that backreaction can also happen to the gravitational field and Schwinger 
pairs could challenge the stability of de Sitter space’, see also Ref. 16 for recent 
results. Producing Schwinger particles from a SU(2) gauge field and not U(1) leads 
to a different phenomenology!’ and in particular, it is known that SU(2) particles 
typically produce huge amount of gravitational waves, which may be constrained 
by the standard cosmological observables (CBM...). Finally, directly coupling the 
particle produced to the inflaton, with the Schwinger-Keldysh formalism, allow to 
produce a unique type of non-gaussianities!? which in principle allow to measure 
Schwinger effect in the CMB or in LSS. 
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We investigate the influence of the surface electrical charge in the static equilibrium 
configuration of white dwarfs, this is possible by solving numerically the hydrostatic 
equilibrium equation for the charged case. We consider that the fluid in the star is 
described by a fully degenerate electron gas and that the electric charge is distributed 
close to the surface of the white dwarf. We found that super-Chandrasekhar mass white 
dwarfs are found for a large surface electrical charge. 


Keywords: White dwarfs; stellar structure. 


1. Introduction 
1.1. Super-Chandrasekhar white dwarfs 


In the last few years have been disclosed observations concerning the existence of a 
particular event in the universe, the super-luminous type Ia supernovae (SNIa) 14. 
These events are very interesting because their explosion are the more foreseeables 
and frequently the brightest incidents in the sky. Some authors argue that the 
possible progenitor of the event SNIa is the super-Chandrasekhar white dwarf, star 
which ultrapass the standard Chandrasekhar mass limit, 1.44 Mo ?9. It is estimated 
that the super-Chandrasekhar white dwarfs’ masses are in the range 2.1—2.8 M ^5. 

Several authors hint models to explain super-Chandrasekhar white dwarfs. In 
literature, for example, we found white dwarf models where are considered a strong 
magnetic field?:!9, in rotation and with different topologies for magnetic field 11714 
and with a electric charge distribution 15. 

It is found that white dwarfs with an uniform and very strong magnetic field 
can attain masses of ~ 2.9 Mo. Although these objects exceeds significantly the 
Chandrasekhar limit, they suffer from severe stability 9 ??. The effect of the rota- 
tion and different topology for the magnetic field help to reach white dwarfs’ masses 
around 5Mọ ! ^14. A similar effect to the ones aforementioned are produced by the 
electric charge, which produces a force which helps to the one generated by the fluid 
pressure to counteract more mass and thus avoid gravitational collapse P^. 
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1.2. This work 


Such as is realized in Ref. 15, in this article we also studied the influence of the 
electric charge in the structure of white dwarfs. The main difference between these 
two works is the profile of the electric charge. Instead of consider the electric charge 
density proportional to the energy density, pe = ap, with a being a dimensionless 
constant, such as is considered in Ref. 15, here we consider that the electric charge 
is distributed at the star's surface?! of the form: 


2 
E T 
where r and R represent the radial coordinate and the total radius of the uncharged 
star. Moreover, b represents the width of the electric charge distribution, here we 
consider that b — 10[km]. The charge profile (1) is taking into account since elec- 
trons and ions at white dwarfs could important producing surface's strong electric 
fields. 
With the aim of found k, we use the equality: 


o= f Arr” pedr, (2) 
0 


where c bears the magnitude directly proportional to the electric charge distribu- 
tion. Considering Eq. (1) in Eq. (2), it is found: 
_ o (nb R? | Vm? = 
~ An ( 2 4 ) 
As can be seen, Eq. (3) connects k and c. 
For the fluid, we consider that the fluid pressure and fluid energy density within 
the object are given by the relations: 


1 kp kt 


pe = k ezp |- 


+ 


(3) 


a p e Se E 4 

Pike) = mago ETT E 
1 kr è 

plkr) = VI + mekedk + DNB k3, (5) 


Th Jo 377h3 
with Me, my, h, He and kp being respectively the electron mass, the nucleon mass, 
the reduced Planck constant, the ratio between the nucleon number and atomic 
number for ions and the Fermi momentum of the electron ??. It is important to say 
that we consider jj, = 2. 


2. Stellar structure equations 


We shall study the stellar equilibrium configuration of charged white dwarfs using 
the profile of the electric charge and the equation of state showed in the previous 
section. We consider that within the star the charged fluid is described by the 
energy-momentum tensor (EMT): 


1 1 
Ty» = (P + p)uyuy + pgu» + um (r5. — M) ; (6) 
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where p and p represent respectively the energy density and fluid pressure. In 
addition, u, beings the fluid's four velocity, guy stands the metric tensor and F^? 
represents the Faraday-Maxwell tensor. 

'The interior space-time of the charged star is described, in Schwarzschild coor- 
dinates, by the following line element: 


ds? = -eO dt? + XM dr? + r? (d6? + sin? Odd”) , (7) 


as indicated, the functions v(r) and A(r) dependent on the radial coordinate r only. 
For the line element (7), the nonzero components of the Maxwell-Einstein equa- 
tion are given by the equalities: 
q'(r) = 4npe(r)r?e* 02, (8) 
g(r)q (r) 


r 


vf) =-00) pte) (m 2D - 0T) xin, MOL) qo 


m'(r) = 4nr?p(r) + 


with the potential metric of the form: 


2m(r 2(r 

e), d) m 
primes indicate the derivations with respect to r. The functions q and m represent 
the electric charge and the mass inside the sphere of radial coordinate r. Moreover, 
Eq. (10) represents the hydrostatic equilibrium equation, known also as the Tolman- 
Oppenheimer-Volkoff equation???^. This equation is modified from its original 
version to include the electrical part??. 


e ^X)21-— 


T T 


3. Results and conclusions 


'The static equilibrium configurations of charged white dwarfs are presented in Fig. 1. 
On the left and on the right hand side are shown the behavior of total mass M/Mo 
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Fig. l. The mass as a function of the central energy density and against the radius are plotted 
on the left and right hand side, respectively. The full circles represent the maximum mass points. 
In both figures are used different values of c. 
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versus with central energy density p. and with the radius R, respectively, for dif- 
ferent values of c. For c lower than 0.8 x 10?? [C], it can be observed that M/Mo 
grows with p. until to attain Mmax/Mo (marked with a full circles in purple), after 
that point, M/Mọo begins to decreases with the increment of pe. At the same time, 
it is important to say that for c = 1.0 x 10% [C], M/Mo increases monotonically 
with pe, in this way, not maximum mass point is found. In addition, we highlight 
that the maximum mass found in this model is 2.199 M5, which is obtained us- 
ing ø = 1.0 x 107? [C]. This total mass in the interval masses estimated for the 
super-Chandrasekhar white dwarfs, 2.1-2.8Mo, check Refs. 8, 7. 

In Fig. 1 we can also note that in the uncharged case we obtain a maximum mass 
is found in a central energy density pz, in turn, in the charged cases this points are 
attained for p. > pz. Additionally, such as happen for the total mass, the radius 
change with the total charge. 

From the results aforementioned, we can conclude that the electric charge affects 
notably the static equilibrium configuration of white dwarfs. For a larger c, white 
dwarfs with larger masses are found. This can be understand since ø is directly 
related with the total charge in the star. An increment of the electric charge produce 
an increment of a force which helps to the fluid pressure to support more mass, thus 
avoiding the gravitational collapse. More details are presented in Ref. 26. 


Acknowledgments 


Authors thanks to Coordenação de Aperfeiçoamento de Pessoal de Nivel Superior- 
CAPES and Fundação de Amparo à Pesquisa do Estado de São Paulo-FAPESP, 
thematic project 2013/26258-4, for grants. 


References 

1. R. A. Scalzo et al., Astrophys. J. 713, 1073 (2010). 

2. D. A. Howell et al., Nature (London) 443, 308 (2006). 

3. M. Hicken et al., Astrophys. J. 669, L17 (2007). 

4. M. Yamanaka et al., Astrophys. J. 707, L118 (2009). 

5. S. Chandrasekhar, Mon. Not. R. Astron. Soc. 91, 456 (1931). 

6. S. Chandrasekhar, Mon. Not. R. Astron. Soc. 95, 207 (1935). 

7. J. M. Silverman et al., Mon. Not. R. Astron. Soc. 410, 585 (2011). 
8. S. Taubenberger et al., Mon. Not. R. Astron. Soc. 412, 2735 (2011). 
9. U. Das and B. Mukhopadhyay, Phys. Rev. D86, 042001 (2012). 
10. U. Das and B. Mukhopadhyay, Phys. Rev. Lett. 110, 071102 (2013). 
11. K. Boshkayev, J. A. Rueda, R. Ruffini and I. Siutsou, Astrophys. J. 762, 117 


(2013). 

12. B. Franzon and S. Schramm, Phys. Rev. D92, 083006 (2015). 

13. S. Subramanian and B. Mukhopadhyay, Mon. Not. R. Astron. Soc. A54, 152 
(2015). 


2085 


P. Bera and D. Bhattacharya, Mon. Not. R. Astron. Soc. 456, 3375 (2016). 

. H. Liu, X. Zhang, and D. Wen, Phys. Rev. D89, 104043 (2014). 

. J. M. Dong, W. Zuo, P. Yin, and J. Z. Gu, Phys. Rev. Lett. 112, 039001 (2014). 

N. Chamel, A. F. Fantina, and P. J. Davis, Phys. Rev. D88, 081301(R) (2013). 

. J. G. Coelho et al., Astrophys. J. 794, 86 (2014). 

. R. Nityananda and S. Konar, Phys. Rev. D91, 028301 (2015). 

. G. A. Carvalho, R. M. Marinho Jr and M. Malheiro, Gen. Relativ. Gravit. 50, 
38 (2018). 

. R. P. Negreiros, F. Weber, M. Malheiro and V. Usov, Phys. Rev. D80, 083006 
(2009). 

. S. Shapiro and S. Teukolsky, Black Holes, White Dwarfs and Neutron Stars: 
The Physics of Compact Objects, (Wiley, 2008) 

. R. C. Tolman, Phys. Rev. D55, 364 (1939). 

J. R. Oppenheimer and G. Volkoff, Phys. Rev. D55, 374 (1939). 

. J. Bekenstein, Phys. Rev. DA, 2185 (1971) 

. G. A. Carvalho, J. D. V. Arbanil, R. M. Marinho Jr. and M. Malheiro, Fur. 

Phys. J. C78, 411 (2018). 


2086 


Possible formation of lowly luminous highly magnetized white dwarfs 
by accretion leading to SGRs/AXPs 
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We sketch a possible evolutionary scenario by which a highly magnetized super- 
Chandrasekhar white dwarf could be formed by accretion on to a commonly observed 
magnetized white dwarf. This is an exploratory study, when the physics in cataclysmic 
variables (CVs) is very rich and complex. Based on this, we also explore the possibility 
that the white dwarf pulsar AR Sco acquired its high spin and magnetic field due to 
repeated episodes of accretion and spin-down. We show that strong magnetic field dra- 
matically decreases luminosity of highly magnetized white dwarf (B-WD), letting them 
below the current detection limit. The repetition of this cycle can eventually lead to a 
B-WD, recently postulated to be the reason for over-luminous type Ia supernovae. A 
spinning B-WD could also be an ideal source for continuous gravitational radiation and 
soft gamma-ray repeaters (SGRs) and anomalous X-ray pulsars (AXPs). SGRs/AXPs 
are generally believed to be highly magnetized, but observationally not confirmed yet, 
neutron stars. Invoking B-WDs does not require the magnetic field to be as high as for 
neutron star based model, however reproducing other observed properties intact. 


Keywords: White dwarfs; strong magnetic fields; CVs; pulsars; SGRs/AXPs. 


1. Introduction 


Several independent observations repeatedly argued in recent past for the existence 
of highly magnetized white dwarfs (B-WDs). Examples are overluminous type Ia 
supernovae !?, white dwarf pulsars?^ etc. Also soft gamma-ray repeaters (SGRs) 
and anomalous X-ray pulsars (AXPs) could be explained as B- WDs* 7, while they 
are generally believed to be highly magnetized neutron stars® without however any 
direct detection of underlying required high surface field B, ~ 10!? G. Interestingly, 
explaining SGR/AXP by a magnetized white dwarf requires a lower B, < 10? G, 
which may however correspond to central field > 1014 G. Nevertheless, the origin 
of such fields in a white dwarf remains a question, when the observed confirmed 
surface field is < 10? G. 

Here we explore a possible evolution of a conventionally observed magnetized 
white dwarf to a B-WD by accretion, which may pass through a phase exhibiting 
currently observed AR Sco. This is an exploratory study, and the present venture 
is based more on an idealized situation, when the physics in accreting white dwarfs, 
ie. cataclysmic variables (CVs), is very rich and complex. We also show, based on 
some assumption, that the thermal luminosity of such a B-WD could be very small, 
below their current detection limit. However, due to high field and rotation, their 
spin-down luminosity could be quite high. Hence, they could exhibit SGRs/AXPs. 
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2. Accretion induced evolution 


'The detailed investigation of the accretion induced evolution faces several difficulties 
including nova eruptions (hence nonsteady increase of mass) and the eruption and 
ejection of accumulated shells. Nevertheless, the discovery of AR Sco, which is a 
fast rotating magnetized white dwarf, argues for the possibility of episodic increase 
of mass in a CV. Hence, we sketch a tentative evolutionary scenario with repeated 
episodes of accretion phase leading to the high magnetic field via flux freezing and 
spin-power phase decreasing field. Eventually this mechanism can plausibly lead 
to a B-WD. Note that there are already observational evidences for transitions be- 
tween spin-power and accretion-power phases in a binary millisecond pulsar?. The 
conservation laws controlling the accretion-power phase around the stellar surface 
of radius R and mass M, which could be inner edge of accretion disk, are given by 


_ GM(t) 


IQ)? R(t) RO?” 


I(t)O(t) = constant, B,(t) R(t? — constant, (1) 
where | takes care of inequality due to dominance of gravitational force over the 
centrifugal force in general, J is the moment of inertia of star and 2 the angular 
velocity of the star which includes the additional contribution acquired due to ac- 
cretion as well. Solving the conservation laws given by equation (1) simultaneously, 
we obtain the time evolution of radius (or mass), magnetic field and angular velocity 
during accretion. Accretion stops when 


GM 1d (B? B? 
= ER udis 


= R pdr \ 8r 8r Rp' 


8m (2) 


where p is the density of inner edge of disk. 

For a dipolar fixed field, Q ox 927, where over-dot implies time derivative. Gen- 
eralizing for the present purpose it becomes Q = kQ” with k being constant. There- 
fore, during the phase of spin-power pulsar (when accretion inhibits), the time evo- 


lution of angular velocity and surface magnetic field may be given by 


m T" e TRO 
Q = [ng ^ - ka -n)E-t9]*", Bs = mero (3) 


where Qo is the angular velocity when accretion just stops at the beginning of spin- 
power phase at time t = to, k is fixed to constrain Bs at the beginning of first 
spin-powered phase, which is determined from the field evolution in the preceding 
accretion-power phase, o is the angle between magnetic and spin axes. Note that 
n = m = 3 corresponds to dipole field. 

Figure 1 shows a couple of representative possible evolutions of angular velocity 
and magnetic field with mass (time). It is seen that initial larger Q with accretion 
drops significantly during spin-power phase (when accretion stops and hence no 
change of mass), followed by its increasing phase. Similar trend is seen in B, profiles 
with a sharp increasing trend (with value ~ 10!* G) at the last cycle leading to the 
increase of Be as well, forming a B-WD. At the end of evolution, it could be left 
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out as a super-Chandrasekhar B-WD and/or a SGR/AXP candidate with a higher 
spin frequency. Of course, in reality they may depend on many other factors and 
the current picture does not match exactly with what is expected in AR Sco itself. 


log(Q) 
Log(B,) 


wg Leet goa titi 
0 05 1 15 0 0.5 1 1.5 
M M 


Fig. 1. Time evolution of (a) angular velocity in s71, (b) magnetic field in G, as functions of mass 
in units of solar mass. The solid curves correspond to n = 3, m = 2.7, p= 0.05 gm cm ?, 1 = 1.5 
and dotted ones to n = 3, m = 2, p= 0.1 gm cm-?, 1 = 2.5; k = 10-14 CGS, M= 10-8 Mo Yr-!, 
a = 10 degree and R = 10+ km at t = 0. This is reproduced from a previous work’. 


3. Luminosity 


With the increase of mass, the radius of white dwarfs, hence B-WDs, becomes very 
small^!?, Indeed, the increase of magnetic field is due to decreasing radius via 
flux-freezing. Now due to smaller radius, UV-luminosity of B-WDs turns out to be 
very small if the surface temperature is same as their nonmagnetic counterpart”. 
However more interestingly, from the conservation of energy, it is expected that 
the presence of strong magnetic field enforces decreasing thermal energy and hence 
lowering luminosity in stable equilibrium. 

Combining the magnetostatic and photon diffusion equations in the presence of 
magnetic field but ignoring tension, we obtain 


d 4ac AxGM T? 
ap (P + Pa) = => T uw (4) 


K 
which we solve to obtain the envelop properties. Here P is the matter pressure, Pp 


the magnetic pressure, & the opacity, T the temperature, a the radiation constant, 
M the mass of white dwarf within the core radius r, which is practically the whole 
mass of white dwarf because the envelop is very thin, and L is the luminosity. 
For the strong field considered here, the radiative opacity variation with B can be 


modelled similarly to neutron stars as & = Kp © 5.5 x 1031 9T-15 B7? cm?g 1 H, 


2089 


We use a field profile proposed earlier for neutron stars!? to enumerate the field 
magnitude at a given density (radius), irrespective of other complicated effects, 


TORTETO n 


where Bo (similar to central field) is a parameter with the dimension of B, other 
parameters are set as 7 = 0.1, y = 0.9, po = 10? g cm"? for all the calculations. 
Further equating the electron pressure for the non-relativistic electrons on both 
sides of the core-envelop interface gives 


p. (B.) ~ 1.482 x 107? TI? B, (6) 


given by 


at interface. Now we solve equation (4) along with the photon diffusion equation 


dr dac T°? Arr?’ 
with boundary conditions p(T.) = 1071? g cm ?, r(T;) = R = 5000 km and 
M = Mo, where T; is the surface temperature, and obtain p — T and r — T profiles. 
Further T, and p, can be obtained by solving for the p — T profile along with 
equation (6), as shown in Fig. 2, and knowing T}, we can obtain r, from the r — T 
profile. We see that interface moves inwards (r, decreases) with increasing B and 
L. But p, increases with increasing L and/or B, as p. « Ti? pg. 
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Fig. 2. Variation of density with temperature for B = (Bs, Bo) = (101? G, 101^ G) and L = 
107? Lc (dashed line), 107^ Lc (dotted line) and 107? Lc (dot-dashed line). The solid line repre- 
sents equation (6). This is reproduced from a previous work ?. 


With above benchmarking, we now explore, based energy conservation, if the 
luminosity of a magnetized white dwarf or B-WD changes. For B = 0 and L = 
10-°Lo, we have r, = 0.9978R, p, = 170.7 g cm? and T, = 2.332 x 106 K. Using 
the same boundary condition as described above, we now solve equations (4) and 
(7) with B Æ 0, but vary L in order to fix rą = 0.9978R. We find interestingly 
that L decreases for B Z 0, as shown in Table 1. Physically this corresponds to 
increasing B, and thence magnetic energy, is compensated by decreasing thermal 
energy (decreasing T.) and thence L, when total energy is conserved. Similarly, 
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increasing B may be compensated by decreasing gravitational energy (decreasing 
rx). In either of the cases, L decreases. 


Table 1. Variation of luminosity with magnetic field for fixed rą = 0.9978R 
B/G = (Bs/G, Bo/G) L/Lo T/K px/gcm 3 Ts/K 
(0, 0) 1.00 x 10-> 2.332 x 109 1.707 x10? 3.85 x 10° 


J 


(10°, 6 x 1013) 2.53 x 107 4.901 x10? 1.037 x 10° 1.53 x 10? 
(5 x 109,2 x 1013) 3.96 x 10-35 3.262x 10° 4.2322 x 100 9.65 x 102 
(1070, 1013) 1.02x10-9  7.188x10? 1257 x10. 2.17 x 10° 
(2x 1077, 8 x 1012) 440x 10-9 2.063x 10? 1.346 x 10! 5.57 x 102 
(5 x 1010/4 x 1077) 2.59x 10-8 3.188 x 10?  4182x10! 8.68 x 107 
(5 x 1017, 1072) 2.93 x 10-9 2.206 x 100 3.480 x 107 5.03 x 102 


4. SGRs/AXPs as B-WDs 


Paczynski? and Usov® independently proposed that SGRs and AXPs are mod- 
erately magnetized white dwarfs but following Chandrasekhar's mass-radius rela- 
tion!^. Many features of SGRs/AXPs are explained by their model at relatively 
lower magnetic fields, while the more popular magnetar model? requires field > 1015 
G, which is not observationally well established yet. Nevertheless, such a white 
dwarf based model suffers from a deep upper limit on the optical counterparts of 
some AXPs/SGRs, e.g. SGR 04184-5729, due to their larger moment of inertia. 

Now B-WDs established here could be quite smaller in size and hence have 
smaller moment of inertia. Therefore, their optical counterparts, with very low 
UV-luminosities, are quite in accordance with observation. Hence, the idea of B- 
WD brings a new scope of explain SGRs/AXPs at smaller magnetic fields, which 
are observationally inferable, compared to highly magnetized magnetar model. For 
details see the work by Mukhopadhyay & Rao’. 


5. Continuous Gravitational Radiation 


Due to smaller size compared to their regular counterpart, B-WDs rotate relatively 
faster. Now if the rotation and magnetic axes are misaligned, they serve as good 
candidates for continuous gravitational radiation due to their quadrupole moment, 
characterized by the amplitude 15 


ht) = ha + cos? ag) cos &(t), hy (t) = ho cosaosin (t), ho = Att Glee (8) 
2 c*P?2D 

where apo is the inclination of the star's rotation axis with respect to the observer, 

$(t) is the signal phase function, e amounts the ellipticity of the star, I,, is the 

moment of inertial about z-axis, and D is the distance between the star and detector. 

A B-WD of mass ~ 2Mo, polar radius ~ 700 km, spin period P, ~ 1 s!6, 

e~ 5 x 107^ and D ~ 100 pc would produce hg ^ 10-??, which is within the 
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sensitivity of the Einstein GHome search for early Laser Interferometer Gravitational 
Wave Observatory (LIGO) S5 data!?. However, DECIGO/BBO would give a firm 
confirmation of their gravitational wave because they are more sensitive in their 
frequency range. In fact, if the polar radius is ~ 2000 km with P, ~ 10 s and other 
parameters intact, DECIGO/BBO can detect it with ho ~ 107?3. Nevertheless, 
(highly) magnetized rotating white dwarfs approaching B-WDs are expected to be 
common and such white dwarfs of radius ~ 7000 km, P, ~ 20 sec and D ~ 10 pc 
could produce ho = 1072? which is detectable by LISA. 


6. Summary 


'The idea of B-WD has been proposed early this decade, mainly to explain observed 
peculiar type Ia supernovae inferring super-Chandrasekhar progenitor mass. Lately 
it has been found with various other applications, e.g. SGRs/AXPs, white dwarf 
pulsars like AR Sco, continuous gravitational wave etc. Here we have attempted 
to sketch a plausible evolution scenario to explain the formation of such a highly 
magnetized, smaller size white dwarf. In our simplistic picture, ignoring many 
complicated CV features, we are able to show that a commonly observed magnetized 
white dwarf could be evolved to a B-WD via accretion. Hence, the existence of 
highly magnetized, rotating, smaller white dwarfs is quite plausible. 
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The effect of positrons in hot white dwarfs 
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White dwarf stars are widely studied as being composed of an ion lattice embedded in a 
degenerate fermion gas. However, at the beginning of their lives these stars are subject 
to temperatures that can reach up to T = 10? K. In this limit there is no longer total 
degeneracy and a temperature-dependent equation of state (EOS) is needed to take in 
account the Fermi-Dirac occupation factor of fermion levels. In this article, we will study 
this regime, in particular the effect of positrons in the EOS and in the hot white dwarf 
structure. 


Keywords: White Dwarfs, Hot White Dwarfs. 


1. Introduction 


White dwarfs (WDs) are known as stars that have mass of about one solar mass, 
radii of about 5000 km and mean densities around 10° g/cm?. These stars are also 
associated, after thermonuclear detonation in their interior, with supernova Ia for- 
mation?. As any other star, the WD also have a life, they are born with AGBs stars 
or even in mergers? and pass their lives cooling until they reach a totally degenerate 
state. Until this cold matter state is reached, the star can reach temperatures of 
about 105 K in the core, as already studied in Ref. 3, 4. Furthermore, temperatures 
of about 2 x 10? K have already been discussed in the white dwarf interior.? 

In this article we propose the WD star may reach temperatures of 10?K and 
study the consequences of this value for the stellar interior, as the degeneracy breaks 
down. Also, we ended up struggling with a possible positron presence in the edge 
of the star, and analyzed their consequences in the star structure. 


2. The relativistic frame 


'The Schwarzschild metric describes a spherical body with no rotation and can be 
used for WDs? 


2GM 2GMN 7} 
d? = ° (: G ) ae (1 zi ) dr? — r?qe? (1) 


cr cr 


from which we can derive the Tolman-Oppheimer-Volkoff equation and the mass 
conservation in the relativistic frame 


dP(r) Anr?G P(r)/c? + M(r) 
deci P (1 3 ZO [e(r) + P(r)], (2) 


dM (r) 


ae Arpr?. (3) 
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3. Chandrasekhar EOS at T—0 


In the final state of a WD, the composition of this star can be described as a Fermi 
gas having degenerate matter, also known as the ideal Fermi gas. This was first 
described by Chandrasekhar in 1964 and the equation of state, responsible for the 
matter description as a function of the Fermi momentum pp is 


p 1 PF p! 
T P: am , 4 
3m?h* Jo y/(me?) + (pe)? m 
1 PF j 
ne = —3 f p*dp, (5) 
A 
E X EN = ghe, (6) 


where P, is the electron pressure, A the mass number, Z the atomic number, and 
ma, = 1.6604 x 107?4g the unified atomic mass. 

Although the degenerate approximation is good for temperatures below 109 K, 
there is a limit where this can not be used. In Fig. 1 we show the limit 
where the matter can be degenerate in the hatched area, with the condition 
px = (2.4 x 1078g em-3)u, T2. As the temperature arises, more the star will 
be nondegenerate. For temperatures below about 109 X a small part of the star is 


nondegenerate, which does not interfere with the star structure. 


T [kK] 


10* 107 10° — 40 105 10° — 10 
p [g/cm"] 


Fig. l. The effects of nondegeneracy inside the WD star with a Fermi gas matter. 
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4. The equation of state for hot stars 


For temperatures above 109 the degenerate matter does not represent the whole star. 
So, the thermodynamics parameters have the Fermi-Dirac distribution instead of 
using the one particle per quantum level until the Fermi momentum. The pressure 
and the number density of the Fermi gas will be 


1 pr p! = 
P=P.= 35 =p (7) 
377h? Jo CE (pc)? exp ao r 
1 T á 1 
Ne = ra p — —— dp, (8) 
TAP Jo exp 45H) +1 


where Sa is the Fermi-Dirac occupation factor. The same approximation 
can be used as Chandrasekhar for the energy density, as there are no new particles 
contributing. In Fig. 2 we can see the degeneracy behavior at different temperatures. 
For temperatures until 109 K the curves converge for densities above 10? g/cm? 
which tells us that this may not influence on the star structure. The difference 
between the curves for small densities increases with the temperature. Using the 
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Fig. 2. The equation of state of a C!? Fermi gas for various temperatures. 


TOV equation, it is possible to find the mass as a function of the radius and the 
central density as shown in Fig. 3. In the left figure we can see that the radius of 
the star increases as the temperature increases. Furthermore, this effect is more 
noticeable for higher temperatures as T = 105 K. 

The stability criteria can be determined considering a density p*, where 
dM /dp = 0, then, configurations with densities p. > p* are considered stable against 
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perturbation. We can notice in the right panel of Fig. 3 that the star stable region 
decreases with the temperature increasing. 


Sun 


M/M 


R [10° km] p [g/cm] 


Fig. 3. Mass as a function of radius and mass as a function of central density for selected values 


of temperature in several stars. 


4.1. High temperatures inside white dwarfs 


The above treatment was done for temperatures above 108, where the degenerate 
region still consists of a great part of the star. Considering now temperatures in 
the range 108 to 10? K we show the equation of state in Fig. 4. 
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Fig. 4. The equation of state for a C!2 WD with high temperatures. 
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Increasing the white dwarf temperature we are struggling with a negative chem- 
ical potential in the end of the star. This can be understood if we consider a photon 
annihilation, where y $$ e^ + et. Since the photon has zero chemical potential, the 
positron chemical potential is related with the electron one as ue- = —He-. So, the 
negative chemical potential indicates an antimatter (positron) presence. 

To investigate the effect of positrons, we calculated the same equation of state 
with the negative chemical potential. In Fig. 5 we present the mass as function of 
the star radius and central density. The same conclusion can be made in relation to 
the stability, the increasing temperature generates a smaller stability region. The 
increase of the radius to a fixed mass is more noticeable when the thermal effects 


arise. 
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Fig. 5. Mass as a function of radius and mass as a function of central density for selected values 
of temperature in several stars. 


4.2. The effect of positrons in hot white dwarfs 


The negative chemical potential, as already discussed, is interpreted as a positron 
presence. This particle presence will give a residual positive charge in the last layers 
of the star. Instead of using equations 2 and 3, we will use a modified TOV, derived 
in the Reissner-Nordström spacetime solution, that includes new terms related to 
the electrostatic contribution 


a = Arper?e!?, (9) 
m 

dm q dq 

—— = 4rr? aa 1 
d nr p+ rdr (10) 
dP m Ê q dq 

a —(P +p) Caz + " 5) eò + Tari dr’ (11) 


where q is the charge and pe the charge density. 
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We considered the charge density as 
pe = —E€Net+, (12) 


where e is the electron charge and n,+ the positron number density. Here we find 
2 

a hindrance, since the metric term e^ = (1 — 2 + 2,)^! reaches negative values, 

and so the square root has an imaginary value. 


Conclusion 


In this preliminary study we concluded that the effects of positrons in the high 
temperature regime need to be better studied, since they are complex. In the next 
steps of this work we are going to study carefully the degenerate effects and the 
cooling of these stars under the antimatter presence. 
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Anomalous X-ray pulsars (AXPs) and soft-gamma repeaters (SGRs) form together a 
single class of astrophysical sources characterized by the emission of strong X-ray bursts 
and persistent emission with luminosity 1031—1036 erg/s in the 0.2-10 keV energy range. 
These objects are commonly associated to magnetars, i.e. neutron stars endowed with 
ultra-strong magnetic fields. New-generation X-ray polarimeters like IXPE (NASA 
SMEX program), to be launched in 2021, will play a key role in assessing the nature of 
these sources by directly probing the star magnetic field. In fact, in the highly magne- 
tized environment radiation is expected to be strongly polarized and such a measure will 
be easily within reach of IXPE. Polarization measurements will eventually confirm the 
presence of ultra-strong magnetic fields, probing the magnetar scenario. In this work I 
will discuss theoretical expectations, within the magnetar scenario, for the polarization 
signature of AXPs and SGRs and present numerical simulations for the response of the 
new-generation polarimeters currently under construction. I will also show how these 
sources can be used to test vacuum birefringence, a QED effect predicted by Heisemberg 
and Euler in the ’30s and not experimentally verified as yet. 


Keywords: Polarization — instrumentation: polarimeters — X-rays: stars — stars: magne- 
tars. 


1. Introduction 


Soft gamma repeaters (SGRs) and anomalous X-ray pulsars (AXPs) are commonly 
considered to be different manifestations of the same class of isolated neutron stars 
(NSs), called magnetars.! They show a number of common distinctive properties, 
such as long (2-12 s) spin periods and large (10~!°-10~!° s/s) spin-down rates, 
which lead to magnetic dipole fields up to 10'4-10" G, and persistent X-ray lumi- 
nosities (1081—1036 erg/s in the 0.2-10 keV range) that exceed the rotational energy 
loss rate (see e.g. Ref. 2 for a review). Persistent spectra are usually fitted by the 
superposition of a thermal (blackbody) component (with temperature z 0.5 keV) at 
lower energies and a power-law like tail (with photon index ~ 2-4) at higher ones. 
However, purely thermal spectra, characterized by the superposition of two BBs 
with similar temperatures, have been observed in the case of transient sources,? 
which undergo quite long (~ 1 yr) outburst phases in which the persistent flux can 
be enhanced up to a factor of 1000 with respect to quiescence. 

The most peculiar observational manifestation of AXPs and SGRs is the emis- 
sion of short (0.1—1 s), energetic (1095—10*! erg/s) X-ray bursts and longer (1-100 s), 
even more energetic (1041-1043 erg/s) flares. In the case of three SGRs, giant flares, 
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characterized by peak luminosities up to ~ 1047 erg/s and long-lasting (100-1000 s) 
pulsating tails, modulated at the spin frequency of the star, have been detected. 
'This phenomenology has been successfully explained in terms of the twisted mag- 
netosphere model,^ which invokes the occurrence of resonant Compton scattering 
(RCS) onto electrons flowing along the NS twisted magnetic field lines. Moreover, 
according to this model short bursts and intermediate/giant flares can originate ei- 
ther in plastic displacements of the crust (deformed under the action of the internal 
field toroidal component) or in sudden reconnections of the field lines high in the 
magnetosphere. 56 

In the presence of magnetar-like magnetic fields, radiation emitted from the NS 
surface and propagating in vacuo is expected to be linearly polarized at a high de- 
gree. ^? The polarization state of propagating photons (which can change due to 
interactions with magnetospheric particles) depends on the dielectric and magnetic 
properties of the vacuum around the star. These are affected by vacuum birefrin- 
gence, a quantum electro-dynamics (QED) effect predicted by Heisenberg & Euler 
in the 1930's? and never tested yet, which becomes important for magnetic fields 
in excess of the quantum critical field Bo ~ 4.414 x 101? G. New polarimetric tech- 
niques developed in the last years promise to open a new window in astrophysical 


10 improving the contributions of 


observations of compact objects like magnetars, 
previous X-ray polarimetry missions!! which failed in achieving conclusive results. 
In this work we discuss in particular the observational prospects of the NASA 
SMEX mission IXPE, !? scheduled for launch in 2021, which will allow to test vac- 
uum birefringence and probe the existence of ultra-strong magnetic fields around 
magnetars. 

In section 2 we illustrate the theoretical model. The issue of the polarization 
properties of magnetar emission is addressed in section 3. Finally, we discuss the 
results of some numerical simulations performed until now for IXPE in section 4 
and present our conclusions in section 5. 


2. Theoretical model 


According to the twisted magnetosphere model,* the strong (up to œ 101° G) inter- 
nal magnetic field of magnetars is expected to be highly wound-up, with a toroidal 
component of the same order of magnitude of the poloidal one. This can exert 
a magnetic stress on the conductive surface, that can deform the crust displacing 
small portions of the star surface, at which the external magnetic field lines are 
anchored. As a result, the external field acquires in turn a toroidal component, 
becoming twisted. Although the twist is reasonably localized into bundles of field 
lines, for the sake of simplicity we will consider in the following the case of a global 
twist, which is characterized by the twist angle 


T B 
Aów-s = im f ? —dó (1) 
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where B = (B,, Be, By) is the star magnetic field expressed in polar components 
(0 is the magnetic colatitude). Magnetar bursts and flares could also originate in 
the crustal displacements induced by the strong internal magnetic field. In fact, ac- 
cording to the model discussed in Ref. 5 these deformations would inject in the mag- 
netosphere an Alfvén pulse, which dissipates into an electron-positron pair plasma, 
magnetically confined within the closed field line region (the so-called “trapped fire- 
ball"). The presence of this fireball can also explain the pulsating tails observed in 
the spectra of many burst-emitter sources (see e.g. Ref. 6 and references therein). 

Since a twisted magnetic field is non-potential (i.e. V x B # 0), currents 
must flow along the closed magnetic field lines, contrary to the case of ordinary 
NSs, where potential (dipolar) fields are believed to be more likely. For simplicity, 
we assumed that the charge carriers are electrons and ions lifted from the star 
surface (uni-directional flow, see Refs. 4, 13, 14). These particles make the medium 
in which photons propagate optically thick for RCS: a scattering occurs once the 
resonance condition is met, i.e. when the photon energy equals the particle cyclotron 
energy in the particle rest frame. In particular, for a surface magnetic field strength 
e 104 G one finds that photons scatter onto electrons typically at a distance fres © 
10 Rys. Numerical simulations? show that RCS onto magnetospheric electrons can 
indeed account for the power-law tails observed in the soft X-ray spectra of many 
objects.?:19 Resonant scatterings onto ions may also occur; however, ions are much 
heavier than electrons and they are lifted at much smaller heights above the star 
surface. At variance with electrons, one can expect that scattering onto ions can 
rather give origin to narrow absorption features in the spectra. !? 


3. Polarization of radiation in strong magnetic fields 


Photons emitted from the surface of an ultra-magnetized NS and propagating in 
vacuo turn out to be linearly polarized in two normal modes, the ordinary (O) 
and the extraordinary (X) ones, in which the photon electric field oscillates either 
parallel or perpendicular to the k-B plane, respectively, ^? where k is the photon 
propagation direction. The evolution of the polarization state of photons during 
propagation is determined by the wave equation, which can be written as 


y 
V x (B: Vx E)=-76 E, (2) 


with E the photon electric field, w their frequency, e the dielectric tensor of the 
medium in which photons propagate, f the inverse of the magnetic permeability 
tensor and c the speed of light. In general, € is expected to deviate from unity 
due to terms which account for plasma effects (e.g. collisions, radiation damping, 
etc., see Ref. 8). Photons can also change their polarization state upon scatterings 
with particles which flow along the closed magnetic field lines. !? 1? However, in the 
presence of strong magnetic fields further additional terms appear in both e and pi, 
due to the vacuum polarization effect.? In fact, virtual electron-positron pairs, that 
are present in the vacuum around the star, are polarized by the strong NS field, 
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modifying the dielectric and magnetic properties of the vacuum. It can be shown 
that, close to the surface of magnetars, vacuum contributions in the dielectric tensor 
are by far dominant with respect to those of plasma (see e.g. Ref. 13 and references 
therein). Hence, neglecting the plasma terms in € one can reduce equation (2) to a 
simpler differential equation system, 


dQ kod 


ae 3 PVP 

dU kod 

d; 7o. (N - MV (3) 
dV . kod 


eaa [2PQ+(N-—M)U], 
where ko = w/c, ô = ar (B/Ba)?/(457) (with ap the fine-structure constant), Q, 
U and V are the photon Stokes parameters and M, N and P are coefficients that 
depend on the star magnetic field and the e and ji components (see e.g. Ref. 14). 

Equations (3) show that, due to vacuum polarization effects, the photon electric 
field evolves along a typical scale-length £4 = 2/(kod), which depends on B^? and, 
through it, on the distance r from the star. So, it should be compared with the scale- 
length £5 = B/|k- V B| along which the star magnetic field itself changes along the 
photon trajectory. This comparison allows to divide the photon propagation region 
into three zones:!?!" close to the star surface, in the adiabatic region, (4 «& lp, 
so that the photon electric field can instantaneously adapt to the star magnetic 
field (which is in turn evolving along the photon trajectory), leaving unchanged the 
original polarization state; outward, in the intermediate region, la ~ (pg and the 
photon electric field cannot adapt so promptly as before to the star magnetic field, 
causing a deviation of the polarization states with respect to the emission ones; 
finally, in the external region (far from the star surface) Za >> /g and the photon 
electric field is practically frozen with respect to the star magnetic field, so that 
the polarization states can change (also dramatically) with respect to those at the 
emission. In fact, if the magnetic field topology in the external region is still rather 
chaotic the observed polarization degree turns out to be strongly reduced (even for 
100% intrinsic polarization degree), due to the Stokes parameter rotation. 17 

This scenario can be further simplified by introducing the adiabatic radius, !" or 
polarization limiting radius,!? i.e. the distance at which ZA = /p, 


ra ~ 4.8 BO E1 RI) Rys, (4) 


where By,11 is the polar magnetic field strength in units of 101! G, E; is the photon 
energy in units of 1 keV and Rio is the NS radius in units of 10 km. Looking at 
equation (4) it can be seen that the adiabatic radius is larger for NSs with a stronger 
magnetic field and for photons with higher energy. Since the farther from the NS 
surface the more uniform the magnetic field topology, one can expect to observe 
more polarized X-ray photons for stronger magnetized NSs, with r4 placed at a 
sufficiently large distance from the star surface to prevent the original polarization 
pattern to be washed out by geometrical effects (see e.g. Ref. 17). 
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4. Numerical simulations 


To implement our numerical simulations, we used the Monte Carlo code developed 
by Nobili, Turolla & Zane,!? with the addition of a specific module to account 
for the polarization transport described in section 3. We used a globally twisted 
magnetic field, with the polar strength Bp, the twist angle A@n—g and the cor- 
responding velocity 6 of the magnetospheric particles as input parameters. Since 
for the ultra-strong magnetic fields expected in the case of magnetars the free-free 
opacity for X-mode photons turns out to be much suppressed with respect to that of 
the O-mode ones, we assumed that the emitted photons are 100% polarized in the 
X-mode at the surface. !? Furthermore, owing to the fact that, in the case of inter- 
est, the adiabatic radius largely exceeds the typical radius fres at which RCS onto 
magnetospheric electrons may occur, we treated separately the change in polariza- 
tion state of photons due to scatterings and the evolution of the Stokes parameters 
determined by vacuum effects. The outputs of the Monte Carlo code are eventually 
reprocessed in an IDL script to account for the viewing geometry, i.e. the angles x 
and é that the NS rotation axis makes with the observer line-of-sight (LOS) and 
the star magnetic axis, respectively. 

We computed the observed flux, polarization degree and polarization angle 
(as functions of the photon energy and the rotational phase) in the case of the 
AXP 1 RXS J170849.0-400910 (By = 4.7 x 101* G, Aóu.s = 0.5, B = 0.34, 
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Fig. l. Flux (left), linear polarization fraction (center) and polarization angle (right) simulated 
for a 250 ks observation with IXPE of the AXP 1 RXS J170849.0-400910, for x = 90°, € = 60° 
and in the 2-6 keV range (filled circles with error bars). The model from which data are extracted 
(blue-dashed line) and that obtained for the same values of the input parameters but without 
accounting for QED effects (red-dashed line) are also shown. The best fit of data obtained using 
the entire model archive is marked by a blue, solid line. 


Table 1. Input and best fit parameters of the simulation shown in Figure 1. 
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see Refs. 18, 19), and simulated the response of the IXPE polarimeter for this source 
(for x = 90? and € = 60?) exploiting the instrumental effective area and modulation 
factor. The results are shown in Figure 1: the simulated data in the 2-6 keV energy 
range (filled circles with error bars) are plotted as functions of the rotational phase 
together with the model from which they are extracted (blue-dashed line) and the 
same model but with QED effects turned off (red-dashed line).1^!" A best fit of 
the simulated data has been then performed, using an archive of models obtained 
leaving the input parameters x, £, Aóyw..s and f free to vary over a wide range 
of values. The fit (blue-solid line in Fig. 1) recovers the original input parame- 
ters within an acceptable degree of accuracy (within 1e, see Table 1), showing the 
strength of X-ray polarization measurements in extracting the physical and geomet- 
rical information of the source. Moreover, the QED-off case turns out to be ruled 
out at a high confidence level; this would allow us to say to have tested vacuum 
birefringence effects for the source at hand. 


5. Discussion and conclusions 


In this work we illustrated the commonly accepted theoretical model to explain 
the phenomenology of AXPs and SGRs, isolated NSs endowed with ultra-strong 
magnetic fields (magnetars). We focused in particular on the polarization of the 
X-ray photons emitted from these sources. In fact, radiation from magnetars is 
expected to be highly polarized and, due to their strong magnetic fields, these NSs 
are believed to be the best targets to test vacuum polarization effects, which has 
not been detected at the magnetic field strengths currently achievable in laboratory. 

After having presented the twisted magnetosphere model and discussed the po- 
larization evolution for photons propagating in the magnetized vacuum, we showed 
the output of our code in the case of the AXP 1 RXS J170849.0-400910, simulating 
the response of the NASA SMEX polarimeter IXPE, scheduled for the launch in 
2021. Throughout our investigation, we assumed, for the sake of simplicity, that 
photons are emitted from the star surface 10096 polarized in the X-mode. However, 
we point out that our code can also account for different intrinsic polarization pat- 
terns. A detailed analysis based on different, more realistic surface emission models 
is currently under development. 

Our plots (see Fig. 1) show that X-ray polarization measurements are poten- 
tially able to distinguish between the expectations of our model with and without 
accounting for vacuum polarization effects. Besides to extract important informa- 
tion on the physics and geometry of the source (such as the values of the viewing 
angles x and € and the parameters Ady_g and 0, see Table 1), X-ray polarimetry 
will allow to test QED effects in strong magnetic fields for the first time. Further- 
more, since vacuum birefringence can prevent the geometrical depolarization of the 
collected radiation more effectively for stronger magnetized NSs, (see Sec. 3), the 
detection of a high degree of polarization can be considered as an indirect evidence 
for ultra-strong magnetic fields in magnetars. 
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The persistent emission of the anomalous X-ray pulsar 4U 0142+61 extends over a broad 
range of energy, from mid-infrared up to hard X-rays. In particular, this object is 
unique among soft gamma-ray repeaters (SGRs) and anomalous X-ray pulsars (AXPs) 
in presenting simultaneously mid-infrared emission and also pulsed optical emission. In 
spite of having many propositions to explain this wide range of emission, it is still lacking 
one that reproduces simultaneously all the observations. Filling this gap, we present a 
model that is able, for the first time, to reproduce simultaneously the entire spectral 
energy distribution of 4U 0142+61 using plausible physical components and parameters. 
We propose that the persistent emission comes from an accreting white dwarf (WD) 
surrounded by a debris disk. This model is thoroughly discussed at Ref. 2 and assumes 
that: (i) the hard X-rays are due to the bremsstrahlung emission from the post-shock 
region of the accretion column; (ii) the soft X-rays are originated by hot spots on the 
WD surface; and (iii) the optical and infrared emissions are caused by an optically thick 
dusty disk, the WD photosphere, and the tail of the post-shock region emission. In this 
scenario, 4U 0142+61 harbors a fast-rotator near-Chandrasekhar WD, which is highly 
magnetized. Such a WD can be formed by a merger of two less massive WDs. 


Keywords: Accretion, magnetic field, rotation, white dwarfs. 


1. Introduction 


4U 0142+61 is an Anomalous X-ray Pulsar (AXP) that presents quiescent emission 
in a broad range of energy, from mid-infrared up to hard X-rays. In particular, 
this object is unique among SGR/AXPs in presenting simultaneously mid-infrared 
emission and pulsed optical emission, which are rare features for the class. Its period 
is 8.68 s, the spin-down is around 2.0 x 1071? s.s^! and the soft X-rays luminosity 
is about 109? erg.s~!?8, 

The emission nature of AXP/SGRs is still reason for debate and several sce- 
narios have been proposed to explain their observed spectra and properties, such 
as the magnetars®, accreting NSs?5, quark stars?^, or WD pulsars>?°. All the 
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current models fail to explain the entire spectral range of 4U 0142+61. That prob- 
lem is not exclusive of 4U 0142+61, since no scenario presents a complete model 
for the SGR/AXPs class. In this context, we propose that the persistent emission 
of 4U 0142+61 comes from an accreting isolated WD surrounded by a debris disk, 
having gas and dusty regions. This scenario is inspired by the periodic flux modu- 
lation and by the presence of mid-infrared emission, which is rare for NSs. In fact, 
apart from the SGR/AXP class in which only 1E 22594-586 and 4U 0142+61 have 
mid-infrared;!?:9. only three isolated NSs have detected mid-infrared: the radio 
pulsars Crab, Vela, and Geminga9?", Thus, mid-infrared appears in about 0.3% of 
all isolated NSs. On the other hand, the presence of mid-infrared in WDs is quite 
common. Ref. 7 found that about 796 of all isolated WDs presents mid-infrared 
excess detected by WISE, which reinforces the WD origin for 4U 0142+61. This 
proceedings presents a study of 4U 0142+61 emission in the context of a WD na- 
ture. It is organized as follows. In section 2, we describe the WD accreting model 
we use to fit 4U 0142+61 data. In section 3, we show the spectral fit of 4U 0142+61. 
In section 4, we summarize our findings. 


2. An accreting WD model for 4U 0142+61 


We propose that the components of 4U 0142+61 persistent emission are the WD 
photosphere, a disk, and an accretion column. The disk is formed by a dusty 
external region and a gaseous internal region. The dusty disk is optically thick and 
emits such as a multi-temperature blackbody. The temperature of its inner radius is 
the grain sublimation temperature, which is about 1500 K for silicates. Conversely, 
the internal gaseous disk is optically thin and its emission can be neglected. The 
inner radius of the gaseous disk is equal to the magnetosphere radius. From that 
point on, the matter flows into the WD surface following the magnetic field lines 
and the debris disk ceases to exist. 

Close to the WD photosphere, the in-falling flow of matter produces a shock, 
forming an extremely hot region, the so called post-shock region that emits 
bremsstrahlung. About half of that energy reaches the WD surface, where it is 
reprocessed, forming a hot spot. Once the high-energy emission for 4U 0142+61 is 
pulsed, with two peaks per phase, we assume that there are two accreting regions. 
Thus, we can express the total flux by: 


Frotal = Faisk + Fwa -+ Fspot EE Tirem: (1) 


The WD photosphere (Fwa) and the hot spots (Fspot) emit as blackbodies, in 
which the intensity for a given wavelength A and temperature T is the Planck 
function, B(A, T), whereas the post-shock region emits by thermal bremsstrahlung 
(Forem). According to Ref. 21, the bremsstrahlung emitted power is: 


7 —143.9 
P(A, Torem) = 2.051 x 107229 pn AIT l exp E (2) 
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Assuming that the region is cylindrical, with a height Herem, the optical depth 
of the bremsstrahlung emission, Terem, is: 


HoremP(A, Tooomn) 


An B(A, Torem) (3) 


Tbrem = 


Assuming that the radius is Rp-em, and the electron number density is ne, the 
flux of the bremsstrahlung emission can be written as 


Firem (Tig, Rorem; Hirem, Lorem: d) = 


2 
=(1- eme )BO Trem) ( ren) : (4) 


At last, we have the multi-temperature disk component (Fyisr)*: 


2 
Rw 
Faisk (v, Tii Tout: Twa, Fwd; d) = 1241/3 cos(i) (=) 


8/3 
" 2kT,a hy? l| 7/3 d (5) 
3hv ce a, €-1 T 
In this equation, x = hv/kT, where T is the debris disk temperature, which 


ranges from Tout to Tin and Twa is the WD effective temperature. The model, as 
well as the parameters for each flux component, are described thoroughly in Ref. 2. 


3. Fitting 4U 0142+61 SED 


As the model parameters for each spectral region are not the same, we opted to fit 
spectral regions separately. To fit the SED of 4U 0142+61, we use the data presented 
in Figure 1. These data are dereddened and deabsorbed. We have used Markov 
Chain Monte Carlo MCMC -" to estimate the parameters and their uncertainties. 
The results are shown in Table 1 and Figure 1. We consider a distance of 3.78 kpc? 
and Ny = 6.4 x 10?! cm-?.? 

The fit quality of the hard X-rays increases for high bremsstrahlung tempera- 
tures, which can only be achieved for near-Chandrasekhar white dwarfs. We adopt 
a WD having mass of 1.41 Mo and radius of 1021 km?. This corresponds to a 
bremsstrahlung temperature of 674.5 keV, which was considered as a fixed param- 
eter. 

After modelling the hard X-rays, we find the best fit for soft X-rays. The 
bremsstrahlung component is also included in the fit of the soft X-ray SED. To be 
consistent with the double peak in the soft X-rays light curve, we use two black- 
bodies components, which can have different temperatures and radii. 
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'To fit the optical and infrared emission, we use the WD photosphere blackbody 
and the debris disk. The high-energy components are included in the fit and the 
tail of bremsstrahlung component from the post-shock region also contributes to 
the optical emission as shown in Figure 1. The flux of the disk is given by Eq. (5). 
We use the same values of Rwa derived from the bremsstrahlung fit. 
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Fig. 1. Derreddened and deabsorbed SED of 4U 10142+61 along with the best fit. The continuous 
black curve is the complete fit, the long-dashed curve is the disk component, the dot-dashed curve 
is the WD photosphere, the two dotted curves are the hot spots components, and the short-dashed 
curve is the bremsstrahlung component. 'The black crosses are the data in low-energies used to fit 
the model and are from Spitzer (mid-infrared) °°, Gemini (near-infrared) !? and GTC (optical)??; 
green crosses represent the soft X-ray data from Suzaku!!; the blue crosses are the INTEGRAL 
data. Left-bottom panel: Zoom at the high-energy end. Right-bottom panel: Optical and infrared 
region. The red data 15:16 is displayed for comparison. 


4. Conclusions 


We obtained a good fit for the entire SED of 4U 0142+61. The optical/infrared 
emission of 4U 0142+61 comes from the WD itself and from the debris disk with a 
non-negligible contribution from the low-energy tail of the post-shock region. The 
hard X-rays is emitted by the accretion column and the soft X-rays by two hot spots 
in the WD photosphere. 

'The hard X-rays bremsstrahlung implies a near-Chandrasekhar WD, assumed 
to have a mass of 1.41 Mo and a radius of 1021 km. Moreover, from the opti- 
cal/infrared emission, we obtain an WD effective temperature of 9.4 x 10^ K. Those 
radius and temperature point out to an young WD. The inner and outer disk tem- 
peratures are 1991 K and 285 K. 

In short, we were able to present a model that explains all the quiescent emission 
of 4U 0142+61, as well as the observed spin-down. Such a WD can be understood 
as the result of a recent merger of two less massive WDs. 


Table 1. 


Parameter 


M 
Rorem 
Hirem 

Ne 

P /dof 
Tspoti 
Rspot1 
Tspot2 
Rspot2 
x?/dof 


Twp 
Ti 
Tout 
Rin 
Rout 


Description 
X-rays 
FIXED PARAMETERS 
distance of 4U 0142+61 
columnar density of hydrogen 
temperature of the emission 
for the accretion column 
WD's mass 
WD’s radius 
FITTED PARAMETERS 


accretion rate 
radius of the hard X-ray emission 
height of the accretion column 
electrons number density 
reduced chi square for the hard X-rays 
temperature of the spot 1 
radius of the spot 1 
temperature of the spot 2 
radius of the spot 2 
reduced chi square for the soft X-rays 
Optical/Infrared 
FITTED PARAMETERS 
WD’s effective temperature 
inner temperature of the debris disk 
outer temperature of the debris disk 
inner radius of the debris disk 
outer radius of the debris disk 
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Parameters of the fitting of 4U 0142+61 in the accreting WD model. 


Value 


3.78 kpc 
6.4 10?! cm-? 


674.5 keV 
1.41 Mo 
1,021 10? cm 


3.43 107g s7! 
14.03 105 cm 
1.27 10? cm 

2.05 101? cm-? 

0.85 
0.632 + 0.033 keV 
2.35+0.45 10° cm 
0.337+0.012 keV 
13.8340.73 10° cm 
1.06 


9.4+7.3 104 K 
1,991+16 K 
285 + 200 K 

2.35 + 0.03 Re 
87-127 Hs 


Note. The fixed parameters were derived before the fit by independent meth- 
ods. For the infrared/optical fit all the X-rays parameters are considered fixed, 
therefore, Rwa is not a fitted parameter for this range of energy. The lo 
uncertainties for the last digit for the fitted parameters are in parenthesis. 
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